
❲■▲❨ ❙❆❘▼■❊◆❚❖ ❨❯❈❘❆

❉❊◆❙■❉❆❉❊ ❉❊ ❱❆❘■❊❉❆❉❊❙ ❊❙❚➪❱❊■❙ ❋❖❘❚❊❙ ❊▼ ❋▲❯❳❖❙
❆◆❖❙❖❱

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ à ❯♥✐✈❡rs✐❞❛❞❡
❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❝♦♠♦ ♣❛rt❡ ❞❛s ❡①✐✲
❣ê♥❝✐❛s ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦
❡♠ ▼❛t❡♠át✐❝❛✱ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦
❞❡ ▼❛❣✐st❡r ❙❝✐❡♥t✐❛❡✳

❱■➬❖❙❆
▼■◆❆❙ ●❊❘❆■❙ ✲ ❇❘❆❙■▲

✷✵✶✼







❉❡❞✐❝♦ ❡st❡ tr❛❜❛❧❤♦ ❛♦s ♠❡✉s ♣❛✐s✱
❉✐♦♠❡❞❡s ❙❛r♠✐❡♥t♦ ❡ ▼❛r✐❛ ❨✉❝r❛✳

✐✐



❉❡♣♦✐s ❞❡ ❡s❝❛❧❛r ✉♠❛ ♠♦♥t❛♥❤❛
♠✉✐t♦ ❛❧t❛✱ ❞❡s❝♦❜r✐♠♦s q✉❡ ❤á
♠✉✐t❛s ♦✉tr❛s ♠♦♥t❛♥❤❛s ♣♦r
❡s❝❛❧❛r✳

◆➱▲❙❖◆ ▼❆◆❉❊▲❆

✐✐✐



❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ♣r✐♠❡✐r❛♠❡♥t❡ ❛ ❉❡✉s✱ ♣❡❧♦s ❞♦♥s q✉❡ ♠❡ ❢♦r❛♠ ❞❛❞♦s✳ ❉♦♥s q✉❡
♥ã♦ tr❛❜❛❧❤❡✐ ♣❛r❛ ♦❜t❡r✱ ♠❛s ❧✉t❡✐ ♣❛r❛ ❝✉❧t✐✈❛r✳ ❊ ♣♦r t❡r ♠❡ ❞❛❞♦ s❛ú❞❡ ❡
❢♦rç❛s ♣❛r❛ ❛❧❝❛♥ç❛r ♠❡✉s ♦❜❥❡t✐✈♦s✱ ❛❧é♠ ❞❡ s✉❛ ✐♥✜♥✐t❛ ❜♦♥❞❛❞❡ ❡ ❛♠♦r✳

❙♦✉ ♠✉✐tíss✐♠♦ ❣r❛t♦ ❛♦s ♠❡✉s ♣❛✐s✱ ❉✐♦♠❡❞❡s ❙❛r♠✐❡♥t♦ ❡ ▼❛r✐❛ ❨✉❝r❛✱
q✉❡ ❞❡r❛♠ t♦❞♦ s❡✉s ❡s❢♦rç♦s ♣❛r❛ q✉❡ ❛❣♦r❛ ❡st❡❥❛ ❝✉❧♠✐♥❛♥❞♦ ❡st❛ ❡t❛♣❛ ❞❡
♠✐♥❤❛ ✈✐❞❛✳ P❡❧♦ ❡①❡♠♣❧♦ ❞❡ s✉♣❡r❛çã♦✱ ❛♠♦r ❡ ♠♦t✐✈❛çã♦ ❝♦♥st❛♥t❡ q✉❡ ♠❡ ❤á
♣❡r♠✐t✐❞♦ s❡r ✉♠❛ ♣❡ss♦❛ ❞❡ ❜❡♠✱ ✈♦❝ês sã♦ ♠✐♥❤❛ ✈✐❞❛✳

❯♠ ❛❣r❛❞❡❝✐♠❡♥t♦ ❡s♣❡❝✐❛❧ ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ❊♥♦❝❤ ❍✉♠❜❡rt♦ ❆♣❛③❛ ❈❛❧❧❛
❡ ❛ ♠❡✉ ❝♦♦r✐❡♥t❛❞♦r ❇❡r♥❛r❞♦ ▼❡❧♦ ❞❡ ❈❛r✈❛❧❤♦ ♣❡❧❛s s✉❛s ❡✜❝✐❡♥t❡s ♦r✐❡♥t❛çõ❡s✱
♣❛❝✐ê♥❝✐❛✱ ❜♦❛ ✈♦♥t❛❞❡✱ ❛♠✐③❛❞❡ ❡ ♣❡❧❛s ❝♦rr❡çõ❡s ❡ ✐♥❝❡♥t✐✈♦ ❛♦ ❧♦♥❣❡ ❞❡st❡
tr❛❜❛❧❤♦✳

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ✐r♠ã♦s✿ ▼❛r❝♦✱ ❋r♦✐❧❛♥✱ ❨♦♥✐✱ ❘❛✉❧✱ ❏✉❛♥❛ ❡ ▼❛r✐❜❡❧✱ q✉❡
♠❡ ❞❡r❛♠ ❝♦r❛❣❡♠ ❡ ✐♥❝❡♥t✐✈♦ ♣❛r❛ q✉❡ ♣✉❞❡ss❡ ❡♥❝❛r❛r ❡st❡ ❞❡s✜♦✳

❆❣r❛❞❡ç♦ ❛♦ ♣r♦❢❡ss♦r ❲❛❧t❡r ❍✉❛r❛❝❛ ❡ ❇✉❧♠❡r ▼❡❥í❛ ♣♦r s✉❛s ❡♥✉♠❡rá✈❡✐s
❡ ✈❛❧✐♦s❛s ❝♦♥tr✐❜✉✐çõ❡s ❞✉r❛♥t❡ ♦ ♣❡rí♦❞♦ ❞❡ ♣❡sq✉✐s❛✳

❆❣r❛❞❡ç♦ ❛ t♦❞♦s ♦s ♠❡✉s ❛♠✐❣♦s ❡ ❝♦❧❡❣❛s ❞❡ ❝✉rs♦ ♣❡❧❛ ❛♠✐③❛❞❡✱ ♠♦♠❡♥t♦s
❞❡ ❞❡s❝♦♥tr❛çã♦ ❡ ❞❡ ❡st✉❞♦s✳ ❱♦❝ês ✜③❡r❛♠ ♣❛rt❡ ❞❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❡ ✈ã♦
❝♦♥t✐♥✉❛r ♣r❡s❡♥t❡s ❡♠ ♠✐♥❤❛ ✈✐❞❛ ❝♦♠ ❝❡rt❡③❛✳

❆♦s ❢✉♥❝✐♦♥ár✐♦s ❞♦ ❉▼❆✲❯❋❱✱ ♣♦r ❝♦❧❛❜♦r❛r❡♠ ❝♦♠ ❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❡
♣❡❧♦s ❡✜❝✐❡♥t❡s s❡r✈✐ç♦s ♣r❡st❛❞♦s✳

❆❣r❛❞❡ç♦ ❛ t♦❞♦s q✉❡ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡
tr❛❜❛❧❤♦✳

❋✐♥❛❧♠❡♥t❡✱ ❛❣r❛❞❡ç♦ à ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ✐♥❞✐s♣❡♥sá✈❡❧ ♣❛r❛ ❛
r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳

✐✈



❙✉♠ár✐♦

❘❡s✉♠♦ ✈✐

❆❜str❛❝t ✈✐✐

■♥tr♦❞✉çã♦ ✶

✶ Pr❡❧✐♠✐♥❛r❡s ✹

✶✳✶ ❚❡♦r✐❛ ❜ás✐❝❛ ❞❛ ●❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✷ ◆♦çõ❡s ❞❡ ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

✶✳✸ ❋❧✉①♦s ❆♥♦s♦✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷ ❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧ ✷✻

✷✳✶ Pr♦♣♦s✐çõ❡s ❡ ▲❡♠❛s Pré✈✐♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷✳✷ ❋♦❧❤❡❛çõ❡s ❈♦♥❥✉♥t❛♠❡♥t❡ ■♥t❡❣rá✈❡✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✷✳✸ Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✺✽



❘❡s✉♠♦

❨❯❈❘❆✱ ❲✐❧② ❙❛r♠✐❡♥t♦✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❥✉❧❤♦ ❞❡ ✷✵✶✼✳
❉❡♥s✐❞❛❞❡ ❞❡ ❱❛r✐❡❞❛❞❡s ❊stá✈❡✐s ❋♦rt❡s ❡♠ ❋❧✉①♦s ❆♥♦s♦✈✳ ❖r✐❡♥t❛❞♦r✿
❊♥♦❝❤ ❍✉♠❜❡rt♦ ❆♣❛③❛ ❈❛❧❧❛✳ ❈♦♦r✐❡♥t❛❞♦r✿ ❇❡r♥❛r❞♦ ▼❡❧♦ ❞❡ ❈❛r✈❛❧❤♦✳

◆♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✱ ♣r♦✈❛r❡♠♦s q✉❡ ♣❛r❛ ✉♠ ✢✉①♦ ❆♥♦s♦✈ φ :M×R −→M ❞❡

❝❧❛ss❡ Cr (r ≥ 1)✱ ♦♥❞❡M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛✱ ❝♦♥❡①❛✱ s✉❛✈❡

❡ t❛❧ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ♥ã♦ ❡rr❛♥t❡s s❡❥❛ ✐❣✉❛❧ ❛ M ✱ ❡①✐st❡♠ ❡①❛t❛♠❡♥t❡

❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✿ q✉❡ ❝❛❞❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❢♦rt❡ ❡ ✐♥stá✈❡❧ ❢♦rt❡ é ❞❡♥s❛ ❡♠

M ♦✉ φt é ❛ s✉s♣❡♥sã♦ ❞❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈ ❞❡ ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡

❝♦♠♣❛❝t❛ C1 ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❡♠ M ✳

✈✐



❆❜str❛❝t

❨❯❈❘❆✱ ❲✐❧② ❙❛r♠✐❡♥t♦✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❏✉❧②✱ ✷✵✶✼✳
❉❡♥s✐t② ♦❢ ❙tr♦♥❣ ❙t❛❜❧❡ ▼❛♥✐❢♦❧❞s ✐♥ ❆♥♦s♦✈ ❋❧♦✇s✳ ❆❞✈✐s❡r✿ ❊♥♦❝❤
❍✉♠❜❡rt♦ ❆♣❛③❛ ❈❛❧❧❛✳ ❈♦✲❛❞✈✐s❡r✿ ❇❡r♥❛r❞♦ ▼❡❧♦ ❞❡ ❈❛r✈❛❧❤♦✳

■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ❢♦r ❛ ✢♦✇ φ :M ×R −→M ♦❢ ❝❧❛ss❡ Cr (r ≥ 1)✱

✇❤❡r❡ M ✐s ❛ s♠♦♦t❤ ❝♦♠♣❛❝t ❝♦♥♥❡❝t❡❞ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞ ❛♥❞ s✉❝❤ t❤❛t

t❤❡ s❡t ♦❢ ♥♦♥✇❛♥❞❡r✐♥❣ ♣♦✐♥ts ✐s ❡q✉❛❧ t♦ M ✱ t❤❡r❡ ❛r❡ ❡①❛❝t❧② t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✿

❡❛❝❤ str♦♥❣ st❛❜❧❡ ❛♥❞ ❡❛❝❤ str♦♥❣ ✉♥st❛❜❧❡ ♠❛♥✐❢♦❧❞ ✐s ❞❡♥s❡ ✐♥ M ✱ ♦r φt ✐s

t❤❡ s✉s♣❡♥s✐♦♥ ♦❢ ❛♥ ❆♥♦s♦✈ ❞✐✛❡♦♠♦r♣❤✐s♠ ♦❢ ❛ ❝♦♠♣❛❝t C1 s✉❜♠❛♥✐❢♦❧❞ ♦❢

❝♦❞✐♠❡♥s✐♦♥ ♦♥❡ ✐♥ M ✳

✈✐✐



■♥tr♦❞✉çã♦

P❛r❛ ❝♦♠❡ç❛r ❛ ❡st✉❞❛r s✐st❡♠❛s ❞✐♥â♠✐❝♦s ♣r❡❝✐s❛r❡♠♦s ❞❡ três ✐♥❣r❡❞✐❡♥t❡s✿

✭✐✮ ❯♠ ❡s♣❛ç♦ ❞❡ ❢❛s❡ M ❛r❜✐trár✐♦✱ q✉❡ é ♦ ❝♦♥❥✉♥t♦ ♦♥❞❡ ✈❛♠♦s ❛ t❡r ❛
❞✐♥â♠✐❝❛✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛✱ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✱
❡ ✉♠❛ ❞❛s ♠❛✐s ✐♥t❡r❡ss❛♥t❡s q✉❡ ❞á ♣r♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛r❡s s♦❜r❡
s✐st❡♠❛s ❞✐♥â♠✐❝♦s ❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐❛❧✳ ◆❡st❡ tr❛❜❛❧❤♦ M ✈❛✐ s❡r
✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛✱ ❝♦♥❡①❛ ❡ s✉❛✈❡✱ ❝✉❥♦s ❡❧❡♠❡♥t♦s
♦✉ ♣♦♥t♦s r❡♣r❡s❡♥t❛♠ ♦s ♣♦ssí✈❡✐s ❡st❛❞♦s ❞♦ s✐st❡♠❛✳

✭✐✐✮ ❯♠ t❡♠♣♦✱ q✉❡ ♣♦❞❡ s❡r ❞✐s❝r❡t♦ ♦✉ ❝♦♥t✐♥✉♦✳

✭✐✐✐✮ ❆ ❧❡✐ ❞♦ ♠♦✈✐♠❡♥t♦✱ ❡st❛ ❧❡✐ é ✉♠❛ r❡❣r❛ q✉❡ ♣❡r♠✐t❡ ❞❡t❡r♠✐♥❛r ♦ ❡st❛❞♦
❞❡ s✐st❡♠❛ ❡♠ ❝❛❞❛ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦ t ❛ ♣❛rt✐r ❞♦s ❡st❛❞♦s ❞♦ s✐st❡♠❛ ❡♠
t♦❞♦s ♦s ✐♥st❛♥t❡s ❞❡ t❡♠♣♦ ❛♥t❡r✐♦r❡s✳ ❉✐t❛ ❧❡✐ ♣❛r❛ ♥♦s s✐♠♣❧❡s♠❡♥t❡ ✈❛✐
s❡r ❞❛❞♦ ♣♦r ✉♠ ✢✉①♦ φ✳

❖ ❡st✉❞♦ ♠♦❞❡r♥♦ ❞❛ ❞✐♥â♠✐❝❛ ❞♦s ✢✉①♦s ❢♦✐ ✐♥✐❝✐❛❞❛ ❛ ✜♥❛✐s ❞♦ sé❝✉❧♦ ❳■❳
❡ ✐♥í❝✐♦s ❞♦ ❳❳✱ ♣♦r ▲✐❛♣✉♥♦✈✱ ❇✐r❦❤♦✛ ❡ P♦✐♥❝❛ré q✉❡ ✐♥tr♦❞✉③ ❛ ✐❞❡✐❛ ❞❡
❞❡s❝r❡✈❡r q✉❛❧✐t❛t✐✈❛♠❡♥t❡ ❛s s♦❧✉çõ❡s ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s q✉❡ ♥ã♦ ♣♦❞❡♠
s❡r r❡s♦❧✈✐❞❛s ❛♥❛❧✐t✐❝❛♠❡♥t❡✳

❯♠ ❞♦s ♣r❡❝✉rs♦r❡s ❞❛ t❡♦r✐❛ ❤✐♣❡r❜ó❧✐❝❛ ❡♠ s✐st❡♠❛s ❞✐♥â♠✐❝♦s é ❉✳
❱✳ ❆♥♦s♦✈✱ q✉❡ ❡♠ 1967 ❡st✉❞❛ ♦s U − systems✱ ❛❣♦r❛ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦
Fluxos Anosov✱ q✉❡ ♣♦r ❞❡✜♥✐çã♦ é q✉❛♥❞♦ ❡①✐st❡ ✉♠❛ ❞❡s❝♦♠♣♦s✐çã♦ ❝♦♥t✐♥✉❛
❞♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❞❡ M s♦❜r❡ t♦❞❛ ❛ ✈❛r✐❡❞❛❞❡ ❡♠ ✉♠ s✉❜✜❜r❛❞♦ ❝♦♥tr❛t♦r✱
✉♠ s✉❜✜❜r❛❞♦ ❡①♣❛♥s♦r ❡ ❛ ❞✐r❡çã♦ ❞♦ ✢✉①♦✳ ❖ ✢✉①♦ ❆♥♦s♦✈ ❞❡s❡♠♣❡♥❤♦✉ ✉♠
♣❛♣❡❧ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♥❛ ❝♦♠♣r❡❡♥sã♦ ❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛ ❞❡ s✐st❡♠❛s
❞✐♥â♠✐❝♦s ❞✐❢❡r❡♥❝✐á✈❡✐s✱ s❡♥❞♦ ❡st❡ ❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡❧ ❡ ❣❧♦❜❛❧♠❡♥t❡
❤✐♣❡r❜ó❧✐❝♦✳ ■st♦ é ✉♠ ❞♦s ♠♦t✐✈♦s q✉❡ ✐♥❝❡♥t✐✈❛♠ ♦ ❡st✉❞♦ ❞❡ ✢✉①♦s ❆♥♦s♦✈✳

❯♥s ❞♦s ♣r✐♥❝✐♣❛✐s ❡①❡♠♣❧♦s ❞❡ ✢✉①♦s ❆♥♦s♦✈ sã♦ ♦s ✢✉①♦s ❣❡♦❞és✐❝♦s ♥♦
✜❜r❛❞♦ t❛♥❣❡♥t❡ ✉♥✐tár✐♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ ❞❡ ❝✉r✈❛t✉r❛
♥❡❣❛t✐✈❛ ❡ ❛s s✉s♣❡♥sõ❡s ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ❞❡ ❆♥♦s♦✈ ✭✈❡r ❬✷✷❪✮✳ ❊st❡s ✢✉①♦s
s❡rã♦ tr❛♥s✐t✐✈♦s✱ ♥♦ ♣r✐♠❡✐r♦ ❝❛s♦ s❡ ♦ ✢✉①♦ ❣❡♦❞és✐❝♦ é ❞❡✜♥✐❞♦ ♥✉♠ ✜❜r❛❞♦
t❛♥❣❡♥t❡ ✉♥✐tár✐♦ ♥✉♠❛ s✉♣❡r✜❝✐❡ ❢❡❝❤❛❞❛ ❞❡ ❝✉r✈❛t✉r❛ ❣❛✉ss✐❛♥❛ ❝♦♥st❛♥t❡ ❡
✐❣✉❛❧ ❛ −1 ❬✸❪✱ ♥♦ s❡❣✉♥❞♦ ❝❛s♦ s❡ ♦ ❞✐❢❡♦♠♦r✜s♠♦ é ❞❡ ❝♦❞✐♠❡♥sã♦ 1 ❬✷✷❪ ✳

❆✳ ❱❡r❥♦✈s❦② ❝♦♥❥❡t✉r♦✉ q✉❡ t♦❞♦ ✢✉①♦ ❆♥♦s♦✈ ❞❡ ❝♦❞✐♠❡♥sã♦ 1 ♥✉♠❛
✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ ❞❡ ❞✐♠❡♥sã♦ ♠❛✐♦r ✐❣✉❛❧ ❛ 3 é tr❛♥s✐t✐✈♦✱ ✐st♦ é✱ q✉❡ Ω(φt) =

✶



✷

M ✳ ❖ q✉❡ ♥ã♦ é ✈á❧✐❞♦ ❡♠ ❞✐♠❡♥sã♦ ✸ ♣♦✐s ❏✳ ❋r❛♥❦ ❡ ❘✳ ❲✐❧❧✐❛♠s ❝♦♥str✉✐r❛♠
❡♠ ✶✾✽✵ ♦ ♣r✐♠❡✐r♦ ❡①❡♠♣❧♦ ❞❡ ✢✉①♦s ❞❡ ❆♥♦s♦✈ ♥ã♦ tr❛♥s✐t✐✈♦s ❝♦♥❤❡❝✐❞♦s ❝♦♠♦
❋❧✉①♦s ❞❡ ❆♥♦s♦✈ ❆♥ô♠❛❧♦s ❬✼❪✳ ❊♠ 1974✱ ❆✳ ❱❡r❥♦✈s❦② ♣r♦✈♦✉ q✉❡ t♦❞♦ ✢✉①♦
❆♥♦s♦✈ ❞❡ ❝♦❞✐♠❡♥sã♦ 1 ♥✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ ❞❡ ❞✐♠❡♥sã♦ ♠❛✐♦r ❛ 3 é
tr❛♥s✐t✐✈♦✱ ♦✉tr❛ ❞❡♠♦♥str❛çã♦ q✉❡ é ✉♠❛ s✐♠♣❧✐✜❝❛çã♦ ❞❡ ❆✳ ❱❡r❥♦✈s❦② é ❞❛❞❛
♣♦r ❚✳ ❇❛r❜♦t ❬✷❪✱ ♥♦ q✉❛❧ ❡①♣❧✐❝❛ ♣♦r q✉❡ ❝♦♥❥❡t✉r❛ ❢❛❧❤❛ ❡♠ ❞✐♠❡♥sã♦ 3✳

❙❡ Ω(φt) =M ♣❛r❛ ✉♠ ✢✉①♦ ❆♥♦s♦✈✱ ❡♥tã♦W u(x) ❡ W s(x) sã♦ ❞❡♥s♦s ❡♠M

♣❛r❛ ❝❛❞❛ x ∈M ❬✶✼❪ ✳ ▼❛s✱ ♥❡♠ s❡♠♣r❡ é ♦ ❝❛s♦ ❞❡ q✉❡ ❝❛❞❛ ✉♠❛ ❞❛s ❢♦❧❤❛s ❞❡
Fuu ♦✉ ❞❡ F ss é ❞❡♥s♦ ❡♠ M ✳ ■st♦ ♥ã♦ ♦❝♦rr❡✱ ♣♦r ❡①❡♠♣❧♦✱ s❡ φt é ❛ s✉s♣❡♥sã♦
❞❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❆♥♦s♦✈✳ ◆❡st❡ ❝❛s♦✱ ❝❛❞❛ ❢♦❧❤❛ ❞❡ Fuu ❡ ❝❛❞❛ ❢♦❧❤❛ ❞❡
F ss s✐t✉❛♠✲s❡ ♥✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ ❞❡ ❝♦❞✐♠❡♥sã♦ 1 ❡♠ M ✳

❖ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛ ❞✐s❡rt❛çã♦ é ♠♦str❛r ✉♠ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ♣♦r
❏♦s❡♣❤ ❋✳ P❧❛♥t❡ ❡♠ ❬✶✼❪✳ ❈✉❥♦ ❡♥✉♥❝✐❛❞♦ é ♦ s❡❣✉✐♥t❡✿

❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧✳ ❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛✱
❝♦♥❡①❛✱ s✉❛✈❡ ❡ φ : M × R −→ M ✉♠ ✢✉①♦ ❆♥♦s♦✈ ❞❡ ❝❧❛ss❡ Cr (r ≥ 1) t❛❧
q✉❡ Ω(φt) =M ✳ ❊♥tã♦ ❡①✐st❡♠ ❡①❛t❛♠❡♥t❡ ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✿

✐✮ ❈❛❞❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❢♦rt❡ ❡ ✐♥stá✈❡❧ ❢♦rt❡ é ❞❡♥s♦ ❡♠ M ✱ ♦✉

✐✐✮ φt é ❛ s✉s♣❡♥sã♦ ❞❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈ ❞❡ ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡
❝♦♠♣❛❝t❛ C1 ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❡♠ M ✳

■st♦ é✱ ♦s ✢✉①♦s ❆♥♦s♦✈ tr❛♥s✐t✐✈♦s q✉❡ ♥ã♦ sã♦ s✉s♣❡♥sõ❡s t❡♠ ❢♦❧❤❡❛çõ❡s
❡stá✈❡✐s ❡ ✐♥stá✈❡✐s ❢♦rt❡s ❞❡♥s❛s ❡♠M ✳ ❆❣♦r❛✱ ❞❛q✉✐ s✉r❣❡ ✉♠❛ ♣❡r❣✉♥t❛ ♥❛t✉r❛❧✱
❡①✐st❡♠ ✢✉①♦s ❆♥♦s♦✈ tr❛♥s✐t✐✈♦s q✉❡ ♥ã♦ s❡❥❛♠ s✉s♣❡♥sã♦❄ ❈✳ ❇♦♥❛tt✐ ❡ ❘✳
▲❛♥❣❡✈✐♥ r❡s♣♦♥❞❡♠ ❡st❛ ♣❡r❣✉♥t❛ ❡♠ ❬✸❪ ❞❡ ♠❛♥❡✐r❛ ♣♦s✐t✐✈❛✳

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❡st❛ ♦r❣❛♥✐③❛❞♦ ❝♦♠♦ s❡❣✉❡✿

◆♦ ❝❛♣✐t✉❧♦ 1✱ ❛♣r❡s❡♥t❛♠♦s ♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❝♦♠♦ ✈❛r✐❡❞❛❞❡s
❞✐❢❡r❡♥❝✐á✈❡✐s✱ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✱ ❢♦❧❤❡❛çõ❡s✱ ❡ ♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ✢✉①♦s
❆♥♦s♦✈ ❥✉♥t♦ ❝♦♠ s✉❛s ♣r♦♣r✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛✐s ❡ ❡♥tr❡ ♦✉tr♦s ❢❛t♦s ♥❡❝❡ssár✐♦s
♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ tr❛❜❛❧❤♦✳

◆♦ ❝❛♣✐t✉❧♦ 2✱ ❛♣r❡s❡♥t❛♠♦s ❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣♦s✐çõ❡s ❡ ❧❡♠❛s ❝♦♠ ❛ ✜♥❛❧✐❞❛❞❡
❞❡ ♠♦str❛r ♦ ❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧✳ ❆ ❡str❛té❣✐❛ ♣❛r❛ ♣r♦✈❛r ♦ ❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧✱ ❛
❣r♦ss♦ ♠♦❞♦✳ s❡rá ❛ s❡❣✉✐♥t❡✳ ❙✉♣♦r q✉❡ ♥ã♦ ❛❝♦♥t❡❝❡ ♦ ✐t❡♠ (i)✱ ❡♥tã♦ ❡①✐st❡ ✉♠
♣♦♥t♦ x ∈ M t❛❧ q✉❡ W uu(x) ♦✉ W ss(x) ♥ã♦ é ❞❡♥s❛ ❡♠ M ✳ ▲♦❣♦✱ ♦ ▲❡♠❛ ✷✳✹
❣❛r❛♥t❡ ❛ ❡①✐st❡ ❞❡ ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ p ❞❡ φt t❛❧ q✉❡ W uu(p) ♥ã♦ é ❞❡♥s❛ ❡♠
M ✳ ❉❛q✉✐✱ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶ s❡❣✉❡ q✉❡ φt é ❛ s✉s♣❡♥sã♦ ❞❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦
φr|Wuu(p)✱ ♦♥❞❡ r é ♦ ♣❡rí♦❞♦ ❞❡ p✳

❆ss✐♠✱ ♣❛r❛ ❝♦♥❝❧✉✐r ❜❛st❛ ♠♦str❛r q✉❡ W uu(p) s❡❥❛ ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❞❡ M ✳
❈♦♠ ❡ss❡ ♣r♦♣ós✐t♦ ♦❜s❡r✈❡♠♦s q✉❡✱ ❝♦♠♦W uu(x) ♦✉W ss(x) ♥ã♦ é ❞❡♥s❛ ❡♠M ✱
s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✸ q✉❡ Fuu ❡ F ss sã♦ ❝♦♥❥✉♥t❛♠❡♥t❡ ✐♥t❡❣rá✈❡❧✱ ❞❛q✉✐ ❞❛
Pr♦♣♦s✐çã♦ ✷✳✷ s❡❣✉❡ q✉❡ Eu⊕Es é ✐♥t❡❣rá✈❡❧✳ ▲♦❣♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ s✉❜❡s♣❛ç♦
✐♥t❡❣rá✈❡❧✱ ❡①✐st❡ ✉♠❛ ❢♦❧❤❡❛çã♦ F ❞❡ ❝❧❛ss❡ C1 t❛♥❣❡♥t❡ ❛ Eu ⊕Es✳ ❙❡❥❛ L ✉♠❛



✸

❢♦❧❤❛ ❞❡ F ✳ ❙❡ ♠♦str❛♠♦s q✉❡ L = W uu(p) s❡ ❝♦♥❝❧✉✐r✐❛ ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛✱
♣♦✐s t❡rí❛♠♦s q✉❡ W uu(p) é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❞❡ ❝❧❛ss❡ C1✱ ❥á q✉❡ L ∈ F é ✉♠❛
s✉❜✈❛r✐❡❞❛❞❡ ❞❡ ❝❧❛ss❡ C1 ❞❡ M ✳ ❆❧é♠ ❞✐ss♦ ❝♦♠♣❛❝t❛✱ ❞❡s❞❡ q✉❡ M é ❝♦♠♣❛❝t❛
❡ W uu(p) ⊂ M ❢❡❝❤❛❞❛✳ ❊ ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❡♠ M ❞❡s❞❡ q✉❡ φt é ❛ s✉s♣❡♥sã♦
❞❡ φr|Wuu(p)✳

P❛r❛ ✐st♦✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡ L é ❞❡♥s♦ ❡♠ W uu(p) ✭✐st♦ é✱ L = W uu(p)) ❡
q✉❡ L é ❢❡❝❤❛❞♦ ✭✐st♦ é✱ L = L)✱ ♣♦✐s ❝❧❛r❛♠❡♥t❡ ❞❛q✉✐ t❡rí❛♠♦s q✉❡ L = W uu(p)✳



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ ✉s❛❞♦s ♥♦
❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ♥♦ss♦ tr❛❜❛❧❤♦✱ ❞❡♥tr❡ ❡❧❡s✿ ❛ ♥♦çã♦ ❞❡ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐❛❧✱
✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✱ ❢♦❧❤❡❛çõ❡s ❡ ✢✉①♦s ❆♥♦s♦✈ ❥✉♥t♦ ❝♦♠ s✉❛s ♣r♦♣r✐❡❞❛❞❡s
❢✉♥❞❛♠❡♥t❛✐s✳ ❆❧é♠ ❞❡ ✐ss♦ ✜①❛r❡♠♦s ❛s ♥♦t❛çõ❡s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s ❛♦ ❧♦♥❣♦
❞♦ tr❛❜❛❧❤♦✳ ❚❡♠✲s❡ ❝♦♠♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❛❥✉❞❛r ♦ ❧❡✐t♦r ❢❛♠✐❧✐❛r✐③❛r ❝♦♠
❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❜ás✐❝♦s q✉❡ sã♦ ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ♥♦ss♦ tr❛❜❛❧❤♦✳

❆s ♣r✐♥❝✐♣❛✐s r❡❢❡r❡♥❝✐❛s sã♦✿ ❬✺❪✱ ❬✻❪✱ ❬✶✶❪✱ ❬✶✷❪✱ ❬✶✸❪✱ ❬✶✹❪✱ ❬✶✼❪✱ ❬✷✷❪ ❡ ♦✉tr❛s
r❡❢❡r❡♥❝✐❛s q✉❡ s❡r✈✐r❛♠ ♥❛ ❝♦♠♣❧❡♠❡♥t❛çã♦ ❞❛ t❡♦r✐❛ ❢♦r❛♠ ❬✹❪✱ ❬✶✵❪✱ ❬✶✻❪✱ ❬✷✵❪✱
❬✷✶❪✱ ❬✷✸❪ ❡ ❬✷✹❪

✶✳✶ ❚❡♦r✐❛ ❜ás✐❝❛ ❞❛ ●❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛

■♥✐❝✐❛r❡♠♦s ♦ tr❛❜❛❧❤♦ ❢❛③❡♥❞♦ ✉♠❛ ❜r❡✈❡ r❡✈✐sã♦ ❞❡ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐❛✐s ❡
❣❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛✱ ❢♦❝❛♥❞♦ ❡♠ ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ ❥✉❧❣❛♠♦s ♥❡❝❡ssár✐♦s
♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞❛ ❞✐ss❡rt❛çã♦✳ P❛r❛ ✐st♦ s❡❣✉✐♠♦s ♦ ❧✐✈r♦ ❞♦ ♣r♦❢❡ss♦r
▼❛♥❢r❡❞♦ ❬✻❪✳

❱❛r✐❡❞❛❞❡s ❉✐❢❡r❡♥❝✐á✈❡✐s

❉❡✜♥✐çã♦ ✶✳✶✳ ❙❡❥❛ M ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✳ ❯♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛s
❧♦❝❛✐s ♦✉ ❝❛rt❛ ❧♦❝❛❧ ❡♠ M é ♦ ♣❛r (U, ϕ) ♦♥❞❡ ϕ : U −→ ϕ(U) é ✉♠
❤♦♠❡♦♠♦r✜s♠♦ ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ U ⊂M sô❜r❡ ✉♠ ❛❜❡rt♦ ϕ(U) ⊂ R

m✳

❉❡✜♥✐çã♦ ✶✳✷✳ ❯♠ ❛❧t❛s ❞❡ ❞✐♠❡♥sã♦ m sô❜r❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ M é ✉♠❛
❝♦❧❡çã♦ A ❞❡ s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ϕ : U −→ R

m ❡♠ M ✱ ❝✉❥♦s ❞♦♠í♥✐♦s
U ❝♦❜r❡♠ M ✳ ❖s ❞♦♠í♥✐♦s U ❞♦s s✐st❡♠❛s ❝♦♦r❞❡♥❛❞❛s ϕ ∈ A sã♦ ❝❤❛♠❛❞♦s ❛s
✈✐③✐♥❤❛♥ç❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ A✳

❉❡✜♥✐çã♦ ✶✳✸✳ ❉❛❞♦s ♦s s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ϕ : U −→ R
m ❡

ψ : V −→ R
m ♥♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ M ✱ t❛✐s q✉❡ U ∩ V 6= ∅✳ ❖ ❤♦♠❡♦♠♦r✜s♠♦

ψ ◦ ϕ−1 : ϕ(U ∩ V ) −→ ψ(U ∩ V ) é ❝❤❛♠❛❞♦ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛✳

✹



✺ ✶✳✶✳ ❚❡♦r✐❛ ❜ás✐❝❛ ❞❛ ●❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛

❋✐❣✉r❛ ✶✳✶✿ ❈❛rt❛ ▲♦❝❛❧✳

❋✐❣✉r❛ ✶✳✷✿ ▼✉❞❛♥ç❛ ❞❡ ❈♦♦r❞❡♥❛❞❛✳

❯♠ ❛t❧❛s A é ❞✐t♦ ❞❡ ❝❧❛ss❡ Cr✱ 1 ≤ r ≤ ∞✱ s❡ t♦❞❛s ❛s ♠✉❞❛♥ç❛s ❞❡
❝♦♦r❞❡♥❛❞❛s ❞♦ ❛t❧❛s sã♦ ❞❡ ❝❧❛ss❡ Cr✳

❯♠ s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ϕ : U −→ R
m ❞❡ M ❞✐③✲s❡ ❛❞♠✐ssí✈❡❧

r❡❧❛t✐✈❛♠❡♥t❡ ❛ ✉♠ ❛t❧❛s A ❞❡ ❞✐♠❡♥sã♦ m ❡ ❝❧❛ss❡ Cr✱ r > 0✱ ❞❡ M s❡ ♣❛r❛
❝❛❞❛ ψ ∈ A ❝♦♠ U ∩ V 6= ∅✱ ♦♥❞❡ ψ : V −→ R

m t❡♠✲s❡ q✉❡ ❛s ♠✉❞❛♥ç❛s ❞❡
❝♦♦r❞❡♥❛❞❛s ψ ◦ ϕ−1 ❡ ϕ ◦ ψ−1 sã♦ ❞❡ ❝❧❛ss❡ Cr✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ s❡ A∪ {ϕ}
é ❛✐♥❞❛ ✉♠ ❛t❧❛s ❞❡ ❝❧❛ss❡ Cr ❡♠ M ✳

❉❡✜♥✐çã♦ ✶✳✹✳ ❯♠ ❛t❧❛s A ❞❡ ❞✐♠❡♥sã♦ m ❡ ❝❧❛ss❡ Cr✱ r > 0✱ ❞❡ M é ❝❤❛♠❛❞♦
♠á①✐♠♦ s❡ ❝♦♥té♠ t♦❞♦s ♦s s✐st❡♠❛s ❝♦♦r❞❡♥❛❞❛s q✉❡ sã♦ ❛❞♠✐ssí✈❡✐s ❡♠ r❡❧❛çã♦



✻ ✶✳✶✳ ❚❡♦r✐❛ ❜ás✐❝❛ ❞❛ ●❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛

❛ A✳

➱ ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r q✉❡ t♦❞♦ ❛t❧❛s ❞❡ ❞✐♠❡♥sã♦ m ❡ ❞❡ ❝❧❛ss❡ Cr✱ r > 0✱
❞❡ M ✱ ♣♦❞❡ s❡r ❛♠♣❧✐❛❞♦ ❛té s❡ t♦r♥❛r ✉♠ ❛t❧❛s ♠á①✐♠♦ ❞❡ ❝❧❛ss❡ Cr✱ ♣❛r❛ ✐ss♦
❜❛st❛ ❛❝r❡s❝❡♥t❛r✲❧❤❡ t♦❞♦s ♦s s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❛❞♠✐ssí✈❡✐s✳

❉❡✜♥✐çã♦ ✶✳✺✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❞✐♠❡♥sã♦ m ❡ ❝❧❛ss❡ Cr✱
r > 0✱ é ✉♠ ♣❛r (M,A) ♦♥❞❡ M é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❞❡ ❍❛✉s❞♦r✛✱ ❝♦♠ ❜❛s❡
❡♥✉♠❡rá✈❡❧ ❡ A é ✉♠ ❛t❧❛s ♠á①✐♠♦ ❞❡ ❞✐♠❡♥sã♦ m ❡ ❝❧❛ss❡ Cr✳

❊①❡♠♣❧♦ ✶✳✶✳ ❚♦❞❛ s✉♣❡r❢í❝✐❡ ❞❡ ❞✐♠❡♥sã♦ m ❡ ❝❧❛ss❡ Cr✱ é ✉♠❛ ✈❛r✐❡❞❛❞❡
❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❞✐♠❡♥sã♦ m ❡ ❝❧❛ss❡ Cr✱ ❝♦♠ ♦ ❛t❧❛s A ❢♦r♠❛❞♦ ♣❡❧♦s s✐st❡♠❛s
❞❡ ❝♦♦r❞❡♥❛❞❛s ϕ : U −→ R

m q✉❡ sã♦ ✐♥✈❡rs❛s ❞❛s ♣❛r❛♠❡tr✐③❛çõ❡s ❞❡ ❝❧❛ss❡ Cr✳

❉❡✜♥✐çã♦ ✶✳✻✳ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ ❞✐♠❡♥sã♦ m ❡ n

r❡s♣❡t✐✈❛♠❡♥t❡✳ ❉✐③❡♠♦s q✉❡ f :M −→ N é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ s❡ f é ❜✐❥❡t♦r❛✱
❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ❝♦♠ ✐♥✈❡rs❛ ❞✐❢❡r❡♥❝✐á✈❡❧✳

❙❡ ❡①✐st❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❡♥tr❡ ❞✉❛s ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s M ❡ N

❞✐③❡♠♦s q✉❡ ❡❧❡s sã♦ ❞✐❢❡♦♠♦r❢❛s✳

❉❡✜♥✐çã♦ ✶✳✼✳ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ ❞✐♠❡♥sã♦ m ❡ n

r❡s♣❡t✐✈❛♠❡♥t❡✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ f :M −→ N é ✉♠❛ s✉❜♠❡rsã♦ s❡
Df(p) : TpM −→ Tf(p)N é s♦❜r❡❥❡t♦r❛ ♣❛r❛ t♦❞♦ p ∈M ✱ ✐st♦ é✱ ♦ ♣♦st♦ ❞❛ ♠❛tr✐③
❥❛❝♦❜✐❛♥❛ (Jf)p é ✐❣✉❛❧ ❛ n ♣❛r❛ t♦❞♦ p ∈M ✳

❱❛❧❡ r❡ss❛❧t❛r q✉❡ s❡ f :M −→ N é ✉♠❛ s✉❜♠❡rsã♦ ❡♥tã♦ m ≥ n✳

❚❡♦r❡♠❛ ✶✳✶✳ ✭❋♦r♠❛ ▲♦❝❛❧ ❞❛s ❙✉❜♠❡rsõ❡s✮✳

❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ ❞✐♠❡♥sã♦ m ❡ n r❡s♣❡t✐✈❛♠❡♥t❡
❡ f : M −→ N ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❝❧❛ss❡ Cr✱ r ≥ 1 q✉❡ é ✉♠❛
s✉❜♠❡rsã♦ ♥✉♠ ♣♦♥t♦ p ∈ M ✳ ❊♥tã♦ ❡①✐st❡♠ ❝❛rt❛s ❧♦❝❛✐s ϕ : U −→ R

m✱ p ∈ U

❡ ψ : V −→ R
n✱ q = f(p) ∈ V ❡ ✉♠❛ ❞❡s❝♦♠♣♦s✐çã♦ R

m = R
n × R

m−n t❛❧ q✉❡
f(U) ⊂ V ❡ ψ ◦f ◦ϕ−1(x, y) = x✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ f é ❧♦❝❛❧♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡
❛ ♣r♦❥❡çã♦ (x, y) 7→ x✳

❉❡✜♥✐çã♦ ✶✳✽✳ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ ❞✐♠❡♥sã♦ m ❡ n

r❡s♣❡t✐✈❛♠❡♥t❡✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ f : M −→ N é ✉♠❛ ✐♠❡rsã♦
s❡ Df(p) : TpM −→ Tf(p)N é ✐♥❥❡t♦r❛ ♣❛r❛ t♦❞♦ p ∈ M ✳ ❙❡ ❛❧é♠ ❞✐ss♦✱ f ❢♦r
✉♠ ❤♦♠❡♦♠♦r✜s♠♦ s♦❜r❡ s✉❛ ✐♠❛❣❡♠ f(M) ⊂ N ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛ ♣♦r
N ✱ ❞✐③❡♠♦s q✉❡ f é ✉♠ ♠❡r❣✉❧❤♦✳ ❙❡ M ⊂ N ❡ ❛ ✐♥❝❧✉sã♦ i : M −→ N é ✉♠
♠❡r❣✉❧❤♦ ❡♥tã♦ M é ❝❤❛♠❛❞❛ s✉❜✈❛r✐❡❞❛❞❡ ❞❡ N ✳

❖❜s❡r✈❡ q✉❡ ♣❛r❛ f : M −→ N s❡r ✉♠❛ ✐♠❡rsã♦ é ♥❡❝❡ssár✐♦ q✉❡ m ≤ n✱ ❛
❞✐❢❡r❡♥❝✐❛ n−m é ❝❤❛♠❛❞❛ ❞❡ ❝♦❞✐♠❡♥sã♦ ❞❛ ✐♠❡rsã♦ f ✳

❉❡✜♥✐çã♦ ✶✳✾✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❉❡✜♥✐♠♦s ♦ ✜❜r❛❞♦
t❛♥❣❡♥t❡ ❞❡ M ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦✿

TM = {(x, v) : x ∈M, v ∈ TxM}



✼ ✶✳✷✳ ◆♦çõ❡s ❞❡ ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s

❱❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛

❉❡✜♥✐çã♦ ✶✳✶✵✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❯♠❛ ♠étr✐❝❛
❘✐❡♠❛♥♥✐❛♥❛ ✭♦✉ ❡str✉t✉r❛ ❘✐❡♠❛♥♥✐♥❛ ✮ ❡♠M é ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ q✉❡
❛ss♦❝✐❛ ❛ ❝❛❞❛ ♣♦♥t♦ p ∈ M✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ <,>p ♥♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ TpM ✱
q✉❡ ✈❛r✐❛ ❞❡ ❢♦r♠❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ✐st♦ é✱ s❡ X : U ⊂ R

n −→ M é ✉♠ s✐st❡♠❛
❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ❡♠ t♦r♥♦ ❞❡ ✉♠ ♣♦♥t♦ p✱ ❝♦♠ X(x1, ..., xn) = p ∈ X(U)

❡ ∂(p)
∂xi

= dxp(0, ..., 1, ...0)✱ ❡♥tã♦ <
∂(p)
∂xi

,
∂(p)
∂xj

>p= gij(x1, ..., xn) é ✉♠❛ ❢✉♥çã♦
❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ U ✳

❯♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ♠✉♥✐❞❛ ❞❡ ✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐♥❛ ❝❤❛♠❛✲s❡
✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✳

❉❡✜♥✐çã♦ ✶✳✶✶✳ ❉✐③✲s❡ q✉❡ ✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ g ♥✉♠❛ ✈❛r✐❡❞❛❞❡
❞✐❢❡r❡♥✐❝✐á✈❡❧ M ❞❡ ❞✐♠❡♥sã♦ m é ❞❡ ❝❧❛ss❡ Cr✱ r > 0✱ s❡✱ ♣❛r❛ ❝❛❞❛ ❝❛rt❛
x : U ⊂M −→ x(U) ⊂ R

m ❛ ❢✉♥çã♦ gx : x(U)×R
m ×R

m −→ R é ❞❡ ❝❧❛ss❡ Cr✱
♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ s❡ ❛s ❢✉♥çõ❡s gxij : U −→ R sã♦ ❞❡ ❝❧❛ss❡ Cr✳

❈♦♠♦ ❛s ♠✉❞❛♥ç❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s sã♦ ❞✐❢❡♦♠♦r✜s♠♦✱ ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ♥ã♦
❞❡♣❡♥❞❡ ❞❛ ❝❛rt❛ x✳

Pr♦♣♦s✐çã♦ ✶✳✶✳ ❚♦❞❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M ❞❡ ❝❧❛ss❡ Cr✱ r > 0✱ ❛❞♠✐t❡
✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ ❝❧❛ss❡ Cr−1✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❡♠ ❬✶✷❪✱ ♣á❣✐♥❛ 210✳

❉❡✜♥✐çã♦ ✶✳✶✷✳ ❉✉❛s ✈❛r✐❡❞❛❞❡s M1 ❡ M2 sã♦ tr❛♥s✈❡rs❛✐s ❡♠ M s❡ ♣❛r❛ t♦❞♦
♣♦♥t♦ p ∈M1∩M2 t❡♠♦s q✉❡ ♦s ❡s♣❛ç♦s t❛♥❣❡♥t❡s ❞❡ TpM1 ❡ TpM2 ❣❡r❛♠ TpM ✳

✶✳✷ ◆♦çõ❡s ❞❡ ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s

◆❡st❡ s❡çã♦ s❡rã♦ ❞❛❞♦s ♦s ❝♦♥❝❡✐t♦s✱ ♥♦t❛çõ❡s ❡ r❡s✉❧t❛❞♦s ❡ss❡♥❝✐❛✐s s♦❜r❡
✢✉①♦s✱ ❢♦❧❤❡❛çõ❡s ❡ ✢✉①♦s ❆♥♦s♦✈✳ ❉❛q✉✐ ❡♠ ❞✐❛♥t❡ M ❞❡♥♦t❛✱ s❛❧✈♦ ♠❡♥çã♦ ❡♠
❝♦♥trár✐♦✱ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ ✱❝♦♥❡①❛ ❡ s✉❛✈❡✳ ❆s ♣r✐♥❝✐♣❛✐s
r❡❢❡r❡♥❝✐❛s ♣❛r❛ ❡st❡ s❡ç❛♦ ❢♦r❛♠ ❬✺❪✱ ❬✻❪✱ ❬✶✶❪✱ ❬✶✷❪✱ ❬✶✸❪✱ ❬✶✹❪✱ ❬✶✼❪ ❡ ❬✷✷❪✳

❚❡♦r✐❛ ❞❡ ✢✉①♦s

❉❡✜♥✐çã♦ ✶✳✶✸✳ ❯♠ ✢✉①♦ ❞❡ ❝❧❛ss❡ Cr (r ≥ 1) ❡♠ M é ✉♠❛ ❛♣❧✐❝❛çã♦
φ :M × R −→M ❞❡ ❝❧❛ss❡ Cr (r ≥ 1) t❛❧ q✉❡✿

✐✮ φ(x, 0) = x✳

✐✐✮ φ(x, t+ s) = φ(φ(x, t), s) ♣❛r❛ t♦❞♦ s, t ∈ R✳



✽ ✶✳✷✳ ◆♦çõ❡s ❞❡ ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s

P♦❞❡♠♦s ❞❡♥♦t❛r φt(x) ❛ φ(t, x)✱ ❞❡♥♦♠✐♥❛r φt ❛♦ ✢✉①♦ ❡ ❡s❝r❡✈❡r φt :M −→
M ✳

❉❡✜♥✐çã♦ ✶✳✶✹✳ ❆ ór❜✐t❛ ❞❡ ✉♠ ♣♦♥t♦ x ∈ M ❝♦♠ r❡s♣❡✐t♦ ❛♦ ✢✉①♦ φt é ♦
❝♦♥❥✉♥t♦

O(x) = {φt(x) : t ∈ R}.

❯♠❛ ór❜✐t❛ ❢❡❝❤❛❞❛ ❞❡ ✉♠ ♣♦♥t♦ x ∈ M é q✉❛♥❞♦ O(x) é ✉♠ ❝♦♥❥✉♥t♦
❢❡❝❤❛❞♦✳

❉❡✜♥✐çã♦ ✶✳✶✺✳ ❯♠ ♣♦♥t♦ x ∈ M é ❝❤❛♠❛❞♦ ♣♦♥t♦ ✜①♦ ♣❛r❛ ✉♠ ✢✉①♦ φt s❡
φt(x) = x ♣❛r❛ t♦❞♦ t ∈ R✳

❉❡✜♥✐çã♦ ✶✳✶✻✳ ❯♠ ♣♦♥t♦ p ∈ M é ❝❤❛♠❛❞♦ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ♣❛r❛ ✉♠ ✢✉①♦
φt s❡ ❡①✐st❡ T > 0 t❛❧ q✉❡ φT (p) = p ❡ φt(p) 6= p✱ ♣❛r❛ t♦❞♦ t ∈ (0, T )✳

❆ ór❜✐t❛ ❞❡ ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ é ❝❤❛♠❛❞❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✳ ❉❡♥♦t❛♠♦s
♣♦r Per(φt) ❛♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s✳

❉❡✜♥✐çã♦ ✶✳✶✼✳ ❯♠ ♣♦♥t♦ p ∈ M é ❞✐t♦ ♥ã♦✲❡rr❛♥t❡ ♣❛r❛ ♦ ✢✉①♦ φt s❡✱ ♣❛r❛
q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ U ⊂M ❞❡ p ❡ q✉❛❧q✉❡r ♥✉♠❡r♦ r❡❛❧ T > 0✱ ❡①✐st❡ |t| > T t❛❧
q✉❡ φt(U) ∩ U 6= ∅✳ ❈❛s♦ ❝♦♥tr❛r✐♦ p é ❞✐t♦ ♣♦♥t♦ ❡rr❛♥t❡✳

❖ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥ã♦ ❡rr❛♥t❡s ❞❡ ✉♠ ✢✉①♦ φt s❡rá ❞❡♥♦t❛❞♦ ♣♦r Ω(φt)
♦✉ s✐♠♣❧❡s♠❡♥t❡ Ω✳ ❆♦ ❧♦♥❣❡ ❞❡st❡ tr❛❜❛❧❤♦ ❛ss✉♠✐♠♦s q✉❡ Ω =M ✳

❊①❡♠♣❧♦ ✶✳✷✳ ❙❡ x ∈ M é ✉♠ ♣♦♥t♦ ✜①♦ ❞❡ ✉♠ ✢✉①♦ φt✱ ❡♥tã♦ x é ✉♠ ♣♦♥t♦
♥ã♦ ❡rr❛♥t❡ ♣❛r❛ φt✱ ♣♦✐s ♣❛r❛ t♦❞❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ x ❡ q✉❛❧q✉❡r t❡♠♣♦ T > 0
t❡♠♦s x ∈ φt(U) ∩ U ✳

❊①❡♠♣❧♦ ✶✳✸✳ ❙❡ p ∈M é ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❝♦♠ ♣❡rí♦❞♦ r > 0 ♣❛r❛ ✉♠ ✢✉①♦
φt✱ ❡♥tã♦ p é ✉♠ ♣♦♥t♦ ♥ã♦ ❡rr❛♥t❡ ♣❛r❛ φt✱ ♣♦✐s ❡①✐st❡ ✉♠ ♥✉♠❡r♦ ♥❛t✉r❛❧ n t❛❧
q✉❡ nr > 0 ❡ φnr(p) = p✱ ❞❡ ♦♥❞❡ t❡♠♦s q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ U ❞❡ p
φt(U) ∩ U 6= ∅✳

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ Λ ⊂M é ❞✐t♦ ✐♥✈❛r✐❛♥t❡ ❝♦♠ r❡s♣❡✐t♦
❛♦ ✢✉①♦ φt✱ s❡ φt(Λ) = Λ ♣❛r❛ t♦❞♦ t ∈ R✳

❊①❡♠♣❧♦ ✶✳✹✳ ❙❡ φt é ✉♠ ✢✉①♦ s♦❜r❡ M ✱ ❡♥tã♦ ∅ ❡ M sã♦ ✐♥✈❛r✐❛♥t❡s ❝♦♠
r❡s♣❡✐t♦ ❛ φt✳

❊①❡♠♣❧♦ ✶✳✺✳ ❖ ❝♦♥❥✉♥t♦ Ω(φt) ⊂M é ✐♥✈❛r✐❛♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ✢✉①♦ φt✳

❉❡ ❢❛t♦✿ Pr♦✈❛r❡♠♦s q✉❡ φt (Ω(φt)) = Ω(φt), ∀t ∈ R✳

✐✮ ▼♦str❡♠♦s q✉❡✱ φt (Ω(φt)) ⊂ Ω(φt)✳

❙❡❥❛ y ∈ φt (Ω(φt)) ❝♦♠ t ∈ R✱ ❛ss✐♠ ❡①✐st❡ x ∈ Ω(φt) t❛❧ q✉❡ y = φt(x)✳
❆❣♦r❛ ❝♦♠♦ x ∈ Ω(φt) t❡♠♦s q✉❡ ♣❛r❛ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ V ❞❡ x ❡ q✉❛❧q✉❡r
♥✉♠❡r♦ r❡❛❧ T > 0✱ ❡①✐st❡ |t0| > T t❛❧ q✉❡✿

φt0(V ) ∩ V 6= ∅.
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P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ U ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ y = φt(x)✱ ❞❛q✉✐ s❡❣✉❡ q✉❡
x = φ−t(y) ∈ φ−t(U)✳ ▲♦❣♦ φ−t(U) é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x✱ ❡♥tã♦✿

φt0 (φ−t(U)) ∩ φ−t(U) 6= ∅.

❆ss✐♠✱

φt (φt0 (φ−t(U)) ∩ φ−t(U)) = φt (φt0 (φ−t(U))) ∩ φt (φ−t(U)) 6= ∅.

❉❡ ♦♥❞❡✱
φt0(U) ∩ U 6= ∅.

P♦rt❛♥t♦ y ∈ Ω(φt) ❡✱ ❛ss✐♠ φt (Ω(φt)) ⊂ Ω(φt), ∀t ∈ R✳

✐✐✮ ❆❣♦r❛✱ ♣r♦✈❡♠♦s q✉❡ Ω(φt) ⊂ φt (Ω(φt))✳

❙❡❥❛ x ∈ Ω(φt)✱ ❧♦❣♦ φ−t(x) ∈ φ−t(Ω(φt))✳ ❆❣♦r❛✱ ❝♦♠♦ φt (Ω(φt)) ⊂ Ω(φt)
♣❛r❛ t♦❞♦ t ∈ R✱ s❡❣✉❡ q✉❡ φ−t(x) ∈ Ω(φt)✱ ❞❡ ♦♥❞❡ x ∈ φt (Ω(φt))✳

■st♦ é✱ Ω(φt) ⊂ φt (Ω(φt)) ♣❛r❛ t♦❞♦ t ∈ R✳

❆ss✐♠✱ Ω(φt) ⊂M é ✐♥✈❛r✐❛♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ✢✉①♦ φt✳

❆ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ é ❞❡ ❢á❝✐❧ ✈❡r✐✜❝❛çã♦ ❡ s✉❛ ♣r♦✈❛ ♣♦❞❡ s❡r ❛❝❤❛❞❛✱ ♣♦r
❡①❡♠♣❧♦✱ ❡♠ ❬✶✶❪ ❡ ❬✷✹❪✳

Pr♦♣♦s✐çã♦ ✶✳✷✳ ✐✮ ❖ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ q✉❡ é ✐♥✈❛r✐❛♥t❡ ❝♦♠
r❡s♣❡✐t♦ ❛ ✉♠ ✢✉①♦ é ✐♥✈❛r✐❛♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ✢✉①♦✳

✐✐✮ ❆ ✐♥t❡rs❡çã♦ ❞❡ q✉❛❧q✉❡r ❝♦❧❡çã♦ ❞❡ ❝♦♥❥✉♥t♦s q✉❡ sã♦ ✐♥✈❛r✐❛♥t❡s ❝♦♠
r❡s♣❡✐t♦ ✉♠ ✢✉①♦ é ❛✐♥❞❛ ✐♥✈❛r✐❛♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ✢✉①♦✳

✐✐✐✮ ❆ ✉♥✐ã♦ ❞❡ q✉❛❧q✉❡r ❝♦❧❡çã♦ ❞❡ ❝♦♥❥✉♥t♦s q✉❡ sã♦ ✐♥✈❛r✐❛♥t❡s ❝♦♠ r❡s♣❡✐t♦
❛ ✉♠ ✢✉①♦ é ❛✐♥❞❛ ✐♥✈❛r✐❛♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ✢✉①♦✳

❋♦❧❤❡❛çõ❡s

■♥tr♦❞✉③✐♠♦s ♥❡st❛ s❡çã♦ ❛ ♥♦çã♦ ❞❡ ❢♦❧❤❡❛çã♦ ❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ♠❛✐s
❡❧❡♠❡♥t❛r❡s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s ♥♦ r❡st❛♥t❡ ❞♦ tr❛❜❛❧❤♦✳ ❱❡r❡♠♦s t❛♠❜é♠ ❛❧❣✉♥s
❡①❡♠♣❧♦s q✉❡ ✐❧✉str❛♠ ♦ ❝♦♥❝❡✐t♦✳

❆ ❞❡s❝♦♠♣♦s✐çã♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ M ❡♠ s✉❜✈❛r✐❡❞❛❞❡s ✐♠❡rs❛s✱ t♦❞❛s ❞❛
♠❡s♠❛ ❞✐♠❡♥sã♦✱ ❞á ♦r✐❣❡♠ ❛ ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❛ ✈❛r✐❡❞❛❞❡ M ✳ ❯♠❛ ❢♦❧❤❡❛çã♦
❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ M ✱ ❛ ❣r♦ss♦ ♠♦❞♦✱ é ❛ ❞❡s❝♦♠♣♦s✐çã♦ ❞❡ M ♥✉♠❛ ✉♥✐ã♦ ❞❡
s✉❜✈❛r✐❡❞❛❞❡s ❝♦♥❡①❛s✱ ❞✐s❥✉♥t❛s ❡ ❞❡ ♠❡s♠❛ ❞✐♠❡♥sã♦ ❝❤❛♠❛❞❛s ❢♦❧❤❛s✱ ❛s q✉❛✐s
s❡ ❛❝✉♠✉❧❛♠ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♦ ❛s ❢♦❧❤❛s ❞❡ ✉♠ ❧✐✈r♦✳

P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ✈❡r ❬✺❪✳

❉❡✜♥✐çã♦ ✶✳✶✾✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❞✐♠❡♥sã♦ m ❡ ❝❧❛ss❡
C∞✳ ❯♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ❝❧❛ss❡ Cr ❡ ❞✐♠❡♥sã♦ n ❞❡ M ✱ é ✉♠ ❛❧t❛s ♠á①✐♠♦ F ❞❡
❝❧❛ss❡ Cr ❡♠ M s❛t✐s❢❛③❡♥❞♦✿
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✐✮ ❙❡ (U, ϕ) ∈ F ❡♥tã♦ ϕ(U) = U1×U2 ⊂ R
n×R

m−n✱ ♦♥❞❡ U1 ❡ U2 sã♦ ❞✐s❝♦s
❛❜❡rt♦s ❞❡ R

n ❡ R
m−n r❡s♣❡t✐✈❛♠❡♥t❡✳

✐✐✮ ❙❡ (U, ϕ)✱ (V, ψ) ∈ F sã♦ t❛✐s q✉❡ U ∩ V 6= ∅ ❡♥tã♦ ❛ ♠✉❞❛♥ç❛ ❞❡
❝♦♦r❞❡♥❛❞❛s ψ ◦ ϕ−1 : ϕ(U ∩ V ) −→ ψ(U ∩ V ) é ❞❡ ❝❧❛ss❡ Cr ❡ ❡st❛ ❞❛❞❛
♣♦r ψ ◦ ϕ−1(x, y) = (h1(x, y), h2(y))✱ ♦♥❞❡ (x, y) ∈ R

n × R
m−n

❉✐③❡♠♦s q✉❡M é ❢♦❧❤❡❛❞❛ ♣♦r F ✱ ♦✉ ❛✐♥❞❛ q✉❡ F é ✉♠❛ ❡str✉t✉r❛ ❢♦❧❤❡❛❞❛
❞❡ ❞✐♠❡♥sã♦ n ❞❡ ❝❧❛ss❡ Cr s♦❜r❡ M ✳

 

((

(

(

(

(

((

❋✐❣✉r❛ ✶✳✸✿ ❋♦❧❤❡❛çã♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ m✲ ❞✐♠❡♥s✐♦♥❛❧✳

❆s ❝❛rt❛s ❞❡ (U, ϕ) ∈ F sã♦ ❝❤❛♠❛❞❛s ❝❛rt❛s ❢♦❧❤❡❛❞❛s✳

❉❡✜♥✐çã♦ ✶✳✷✵✳ ❙❡❥❛♠ F ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ❝❧❛ss❡ Cr ❞❡ ❞✐♠❡♥sã♦ n✱ ❝♦♠ 0 <
n < m✱ ❞❡Mm ❡ (U, ϕ) ✉♠❛ ❝❛rt❛ ❧♦❝❛❧ ❞❡ F t❛❧ q✉❡ ϕ(U) = U1×U2 ⊂ R

n×R
m−n✳

❖s ❝♦♥❥✉♥t♦s ❞❛ ❢♦r♠❛ ϕ−1(U1 × c), c ∈ U2 sã♦ ❝❤❛♠❛❞♦s ♣❧❛❝❛s ❞❡ U ✱ ♦✉ ❛✐♥❞❛
♣❧❛❝❛s ❞❡ F ✳

❋✐①❛♥❞♦ c ∈ U2✱ ❛ ❛♣❧✐❝❛çã♦ g = ϕ−1 |U1×{c}: U1×{c} −→ U é ✉♠ ♠❡r❣✉❧❤♦ ❞❡
❝❧❛ss❡ Cr✱ ♣♦rt❛♥t♦ ❛s ♣❧❛❝❛s sã♦ s✉❜✈❛r✐❡❞❛❞❡s ❝♦♥❡①❛s ❞❡ ❞✐♠❡♥sã♦ n ❞❡ ❝❧❛ss❡
Cr ❞❡ M ✳ ❆❧é♠ ❞✐ss♦✱ s❡ α ❡ β sã♦ ♣❧❛❝❛s ❞❡ U ✱ ❡♥tã♦ α ∩ β 6= ∅ ♦✉ α = β✳

❉❡✜♥✐çã♦ ✶✳✷✶✳ ❯♠ ❝❛♠✐♥❤♦ ❞❡ ♣❧❛❝❛s ❞❡ F é ✉♠❛ s❡q✉ê♥❝✐❛ α1, ..., αk ❞❡
♣❧❛❝❛s t❛❧ q✉❡ αj ∩ αj+1 6= ∅✱ ♣❛r❛ t♦❞♦ j ∈ {1, ..., k − 1}✳

❈♦♠♦ M é r❡❝♦❜❡rt❛ ♣❡❧❛s ♣❧❛❝❛s ❞❡ F ✱ ❞❡✜♥✐♠♦s ❡♠ M ❛ r❡❧❛çã♦ ❞❡
❡q✉✐✈❛❧ê♥❝✐❛✿ “pRq s❡ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ❞❡ ♣❧❛❝❛s α1, ..., αk ❝♦♠ p ∈ α1 ❡
q ∈ αk”✳ ❆s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ r❡❧❛çã♦ R sã♦ ❝❤❛♠❛❞♦s ❢♦❧❤❛s ❞❡ F ✳
❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ q✉❡ ✉♠❛ ❢♦❧❤❛ ❞❡ F é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ M ❝♦♥❡①♦ ♣♦r
❝❛♠✐♥❤♦s✳
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❊①❡♠♣❧♦ ✶✳✻✳ ❙❡❥❛ f : Mm −→ Nn ✉♠❛ s✉❜♠❡rsã♦ ❞❡ ❝❧❛ss❡ Cr✳ ❊♥tã♦ ❛s
❝✉r✈❛s ❞❡ ♥í✈❡❧ f−1(c)✱ c ∈ N ✱ sã♦ ❢♦❧❤❛s ❞❡ ✉♠❛ ❢♦❧❤❡❛çã♦ F ❞❡ ❝❧❛ss❡ cr ❞❡ M ✳

❉❡ ❢❛t♦✱ ✉t✐❧✐③❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❛ ❋♦r♠❛ ▲♦❝❛❧ ❞❛s ❙✉❜♠❡rsõ❡s t❡♠♦s q✉❡
❞❛❞♦s✱ x ∈ M ❡ q = f(x) ∈ N ✱ ❡①✐st❡♠ ❝❛rt❛s ❧♦❝❛✐s (U, ϕ) ❡♠ M ✱ (V, ψ) ❡♠ N

t❛✐s q✉❡ x ∈ U ✱ q ∈ V t❡♠✲s❡ q✉❡✿

✶✮ ϕ(U) = U1 × U2 ⊂ R
m−n × R

n

✷✮ ψ(V ) = V2 ⊃ U2

✸✮ ψ ◦ f ◦ ϕ−1 = π2✱ ♦♥❞❡ π é ❛ ♣r♦❥❡çã♦ t❛❧ q✉❡ (x, y) 7→ y

❆s ❝❛rt❛s ❞❛❞❛s ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❋♦r♠❛ ▲♦❝❛❧ ❞❛s ❙✉❜♠❡rsõ❡s ❞❡M ❞❡✜♥❡♠
✉♠❛ ❢♦❧❤❡❛çã♦ F ❞❡M ✳ ❈♦♠ ❡❢❡✐t♦✱ ♦ ✐t❡♠ (i) ❞❛ ❉❡✜♥✐çã♦ ✶✳✶✾✱ é s❛t✐s❢❡✐t♦ ❝♦♠♦
♣♦❞❡♠♦s ✈❡r ❛❝✐♠❛✳ P❛r❛ ♠♦str❛r ♦ ✐t❡♠ (ii) ❞❛ ❉❡✜♥✐çã♦ ✶✳✶✾ ❜❛st❛ ♠♦str❛r
q✉❡ ❛ ❝♦♠♣♦s✐çã♦ ❞♦ ✐t❡♠ (ii) é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ x✳ ❙❡❥❛♠ (U, ϕ) ❡ (U, ϕ) ❝❛rt❛s
❞❡ M ❢♦r♥❡❝✐❞♦s ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❋♦r♠❛ ▲♦❝❛❧ ❞❛s ❙✉❜♠❡rsõ❡s✳ ▼♦str❛r❡♠♦s
q✉❡✱ ϕ ◦ ϕ−1 é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ x ∈ U1✳

π2 ◦ ϕ ◦ ϕ−1 = ψ ◦ f ◦ ϕ−1 ◦ ϕ ◦ ϕ−1

= ψ ◦ f ◦ ϕ−1

= ψ ◦ ψ−1 ◦ ψ ◦ f ◦ ϕ−1

= ψ ◦ ψ−1 ◦ π2

❡♥tã♦✱
π2 ◦ (ϕ ◦ ϕ−1) = (ψ ◦ ψ−1) ◦ π2.

❉❛q✉✐✱ ❛ ❝♦♠♣♦s✐çã♦ ❞♦ ✐t❡♠ (ii) ❞❛ ❉❡✜♥✐çã♦ ✶✳✶✾ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ x ∈ U1✳
■st♦ ♣r♦✈❛ q✉❡✱ F é ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ❝❧❛ss❡ Cr ❞❡ M ✳ P♦r ❞❡✜♥✐çã♦ ❛s ♣❧❛❝❛s
❞❡ F ❡stã♦ ❝♦♥t✐❞❛s ♥❛s ❝✉r✈❛s ❞❡ ♥í✈❡❧ ❞❡ f ✳ ■st♦ ♣r♦✈❛ q✉❡✱ ❛s ❢♦❧❤❛s ❞❡ F sã♦
♣r❡❝✐s❛♠❡♥t❡ ♦s ❝♦♥❥✉♥t♦s ❞❡ ♥í✈❡❧ ❞❡ f ❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❯♠ ❡①❡♠♣❧♦ ♠❛✐s ❡s♣❡❝✐✜❝♦ é ♦ s❡❣✉✐♥t❡✳

❊①❡♠♣❧♦ ✶✳✼✳ ❙❡❥❛ f : R3 −→ R ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ♣♦r

f(x, y, z) = α(r2)ez,

♦♥❞❡ r2 = x2 + y2✱ ❡

α : R −→ R

é ✉♠❛ ❛♣❧✐❝❛çã♦ C∞ t❛❧ q✉❡ α(0) = 1✱ α(1) = 0 ❡ α′(t) < 0✱ ♣❛r❛ t♦❞♦
t > 0✳ ❊♥tã♦ f é ✉♠❛ s✉❜♠❡rsã♦✱ ♦♥❞❡ ❛s ❢♦❧❤❛s sã♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❛s
s✉♣❡r❢í❝✐❡s ❞❡ ♥í✈❡❧ f−1(c) ♦♥❞❡ c ∈ R✳



✶✷ ✶✳✷✳ ◆♦çõ❡s ❞❡ ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s

❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ f ♥ã♦ s❡❥❛ ✉♠❛ s✉❜♠❡rsã♦✳ ❊♥tã♦
❡①✐st❡ ✉♠ ♣♦♥t♦ (x, y, z) t❛❧ q✉❡

∇f(x, y, z) = 0,

♦✉ s❡❥❛✱

(2α′(r2)xez, 2α′(r2)yez, α(r2)ez) = (0, 0, 0)

✳

❉❛í✱ x = y = 0 ❡ α(r2) = 0

P♦rt❛♥t♦✱ x = y = 0✱ ❛❧é♠ ❞✐ss♦✱ ❞❡ α(r2) = 0 t❡♠♦s q✉❡ x2 + y2 = 1✱ ♦ q✉❡ é
✉♠❛ ❝♦♥tr❛❞✐çã♦✳

▲♦❣♦ f é ✉♠❛ s✉❜♠❡rsã♦ ❡ ❝♦♠♦ ✈✐st♦ ♥♦ ❊①❡♠♣❧♦ ✶✳✻ ❛s ❝✉r✈❛s ❞❡ ♥í✈❡❧ sã♦
❢♦❧❤❛s ❞❡ ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❡ ❞❡ ❝❧❛ss❡ C∞ ❞❡ M ✳

❆s ❢♦❧❤❛s ❞❡st❛ ❢♦❧❤❡❛çã♦ sã♦ ❞❡s❝r✐t❛s ♣♦r

f(x, y, z) = c,

♦✉ s❡❥❛✱
α(r2)ez = c.

✐✮ ❙❡ c = 0✱ ❡♥tã♦ α(r2) = 0 ❡✱ ♣♦r t❛♥t♦✱ x2 + y2 = 1✳ ❆q✉✐ ❛s ❝✉r✈❛s ❞❡ ♥í✈❡❧
❝♦rr❡s♣♦♥❞❡♠ ❛♦ ❝✐❧✐♥❞r♦ ❞❡ r❛❞✐♦ 1 q✉❡ é r❡♣r❡s❡♥t❛❞♦ ♣♦r f−1(0)✳

✐✐✮ ❙❡ c > 0✱ ❡♥tã♦ α(r2)ez = c > 0✳ ❆ss✐♠ α(r2) > 0✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

z = ln(c)− ln(α(r2)).

◗✉❛♥❞♦ c = 1 t❡♠♦s✱

z = −ln(α(r2)).

❖ ❣rá✜❝♦ ❞❛ ❝✉r✈❛ ❛❝✐♠❛ ♥♦ ♣❧❛♥♦ y = 0 é ❞❛❞♦ ♣♦r

z = −ln(α(r2)).

❉❛í✱

z′ = −
2α(x2)

α(x2)
.x = 0 ⇒ x = 0.

❊♥tã♦ x = 0 é ♦ ú♥✐❝♦ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ z✳ ❚❡♠♦s z → ∞ q✉❛♥❞♦ x → 1+

♦✉ 1−✳ ❖ ❣rá✜❝♦ ❞❡ z é ✉♠❛ ♣❛rá❜♦❧❛✳
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◆♦ ❝❛s♦ c < 0 ❛ ❛♥á❧✐s❡ é s✐♠✐❧❛r✳ ❖ ❣rá✜❝♦ ❞❛s ❢♦❧❤❛s ❞❡ F ❡stã♦
r❡♣r❡s❡♥t❛❞♦s ♥♦ ❣rá✜❝♦ ✶✳✹✳

❋✐❣✉r❛ ✶✳✹✿ ❊①❡♠♣❧♦ ❞❡ ❋♦❧❤❡❛çã♦✳

❊①❡♠♣❧♦ ✶✳✽✳ ❯♠ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ❞✐♠❡♥sã♦ 1 é ❛ ❢♦❧❤❡❛çã♦ ❞❡
R

2 = R
1 × R

2−1 ♦♥❞❡ ❛s ❢♦❧❤❛s sã♦ r❡t❛s ❞❛ ❢♦r♠❛ R× {c} ❝♦♠ c ∈ R
2−1✳

◆❛ t❡♦r✐❛ ❞❡ ❢♦❧❤❡❛çõ❡s é ✉s✉❛❧ ❝♦♥s✐❞❡r❛r t❛♠❜é♠ ❛s ❢♦❧❤❡❛çõ❡s ❞❡✜♥✐❞❛s✿

✐✮ P♦r ✉♠❛ ✜❜r❛çã♦ (E, π,B, F )✱ ♦♥❞❡ ❛s ✜❜r❛s✱ π−1(b)✱ b ∈ B✱ ❞❡✜♥❡♠ ✉♠❛
❢♦❧❤❡❛çã♦ ❞❡ E✱ ❝✉❥❛s ❢♦❧❤❛s sã♦ ✐s♦♠♦r❢❛s às ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡ F ✳

✐✐✮ P♦r ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s X s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s✱ ♦♥❞❡ ❛s ❢♦❧❤❛s sã♦ ❛s ❝✉r✈❛s
s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ dx

dt
= X(x)✳

✶✳✸ ❋❧✉①♦s ❆♥♦s♦✈

◆❡st❛ s❡çã♦ ❞❡✜♥✐r❡♠♦s ✉♠ ❞♦s ❝♦♥❝❡✐t♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s ♥❡st❛ ❞✐ss❡rt❛çã♦✱
✢✉①♦s ❆♥♦s♦✈ ❡ ❛❜♦r❞❛r❡♠♦s ❛❧❣✉♠❛s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ❞❛ t❡♦r✐❛ ❞❡ ✢✉①♦s
❆♥♦s♦✈✳ ❆s ♣r✐♥❝✐♣❛✐s r❡❢❡r❡♥❝✐❛s ♣❛r❛ ❡st❡ s❡çã♦ ❢♦r❛♠ ❬✶✶❪✱ ❬✶✹❪✱ ❬✶✼❪ ❡ ❬✷✷❪✳

❉❡✜♥✐çã♦ ✶✳✷✷✳ ❯♠ ✢✉①♦ φt : M −→ M ✱ (t ∈ R) é ✉♠ ✢✉①♦ ❞❡ ❆♥♦s♦✈
❞❡ ❝❧❛ss❡ Cr✱ (r ≥ 1) s❡ ❡①✐st❡ ✉♠❛ ❞❡s❝♦♠♣♦s✐çã♦ ❝♦♥t✐♥✉❛ ❡ φt✲✐♥✈❛r✐❛♥t❡ ❞♦
✜❜r❛❞♦ t❛♥❣❡♥t❡ ❞❡ M ❡♠ três s✉❜✜❜r❛❞♦s✱ ✐st♦ é✱

TxM = Es
x ⊕ ET

x ⊕ Eu
x , ∀x ∈M.

❖♥❞❡ ET é ♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❞❡ ❞✐♠❡♥sã♦ 1 ♣❛r❛ ♦ ✢✉①♦ φt ♥ã♦✲s✐♥❣✉❧❛r ❡ Eu ❡
Es s❛t✐s❢❛③❡♠ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✐✮ ❊①✐st❡♠ ❝♦♥st❛♥t❡s A > 0✱ µ > 1 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ t ∈ R✱ v ∈ Eu ✐♠♣❧✐❝❛

||Dφt(x).v|| ≥ Aµt||v||.
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✐✐✮ ❊①✐st❡♠ ❝♦♥st❛♥t❡s B > 0✱ λ < 1 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ t ∈ R✱ v ∈ Es ✐♠♣❧✐❝❛

||Dφt(x).v|| ≤ Bλt||v||

❋✐❣✉r❛ ✶✳✺✿ ❋❧✉①♦ ❆♥♦s♦✈✿ Es ❝♦♥tr❛❡ ❡ Eu ❡①♣❛♥❞❡

◆♦t❡♠♦s✱ q✉❡ ❞❡s❞❡ q✉❡ M ❡ ❝♦♠♣❛❝t❛✱ s❡ ❡s❝♦❧❤❡ss❡ ♦✉tr❛ ♠étr✐❝❛
❘✐❡♠❛♥♥✐❛♥❛ q✉❡ ❞❡t❡r♠✐♥❡ ❛ ♥♦r♠❛ |.|1✱ s❡ t❡r✐❛ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ k > 0
t❛❧ q✉❡ k|v|1 ≤ |v| ≤ k−1|v|1✱ ♣❛r❛ t♦❞♦ x ∈ TxM ✱ ❡ ♣♦rt❛♥t♦ (i) ❡ (ii) s❡ ✈❡r✐✜❝❛
✭ ❝♦♠ ❝♦♥st❛♥t❡s ❞✐❢❡r❡♥t❡s ❛ A ❡ B✮✳ ▲♦❣♦ ❛ ❞❡✜♥✐çã♦ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ ♠étr✐❝❛
❘✐❡♠❛♥♥✐❛♥❛ ❡s❝♦❧❤✐❞❛✳

❖s ♣r✐♥❝✐♣❛✐s ❡①❡♠♣❧♦s ❞❡ ✢✉①♦s ❆♥♦s♦✈ sã♦ ✢✉①♦s ❣❡♦❞és✐❝♦s ♥♦ ✜❜r❛❞♦
t❛♥❣❡♥t❡ ✉♥✐tár✐♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ ❞❡ ❝✉r✈❛t✉r❛ ♥❡❣❛t✐✈❛
✭✈❡r ❬✷✷❪✮✱ ❡ s✉s♣❡♥sõ❡s ❞❡ ❞✐❡❢❡♦♠♦r✜s♠♦ ❆♥♦s♦✈✳ ❊st❡ ú❧t✐♠♦ ❡①❡♠♣❧♦ é ❞❡s❝r✐t♦
❝♦♠♦ s❡❣✉❡✿

❙❡❥❛ f : N −→ N ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛
N ✭✐st♦ s✐❣♥✐✜❝❛ q✉❡ ❡①✐st❡ ✉♠ f ✲✐♥✈❛r✐❛♥t❡ ❞❡❝♦♠♣♦s✐çã♦ TN = Eu ⊕ Es✱ ❛s
q✉❛✐s s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s ❛♥á❧♦❣❛s ❛♦ (i) ❡ (ii) ❞❛ ❞❡✜♥✐çã♦ ✶✳✷✷✮✳ ❈♦♥s✐❞❡r❡
♦ ✢✉①♦

ηt : N × R −→ N × R

(x, s) 7−→ η(x, s) = (x, s+ t)

❛ s✉s♣❡♥sã♦ ❞❡ f é ♦ ✢✉①♦ ✐♥❞✉③✐❞♦ ♣♦r ηt ♥❛ ✈❛r✐❡❞❛❞❡ ♦❜t✐❞♦ ❞❡ N × R

t♦r♥❛♥❞♦ ❛s ✐❞❡♥t✐✜❝❛çõ❡s (x, s) ∼ (f(x), s+ 1)✳

❉❡✜♥✐çã♦ ✶✳✷✸✳ ❙❡❥❛M ✉♠❛ ✈❛r✐❡❞❛❞❡ s✉❛✈❡ ❡ E ⊂ TM ✉♠ s✉❜✜❜r❛❞♦ ❝♦♥tí♥✉♦
❞♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡✳ E é ❝❤❛♠❛❞♦ ✐♥t❡❣rá✈❡❧ s❡ é ♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❞❡ ✉♠❛
❢♦❧❤❡❛çã♦ C1 ✭♦✉ s❡❥❛ ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ✉♠❛ ❝❛rt❛ ❝♦♦r❞❡♥❛❞♦ ❞❡
❝❧❛ss❡ C1 ❬✾❪ ✮✳
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❖❜s❡r✈❛çã♦ ✶✳ ❛✮ Eu ❡ Es sã♦ ❝❤❛♠❛❞♦s ♦s s✉❜✲✜❜r❛❞♦s ❞❡ ❡①♣❛♥sã♦ ❡
❝♦♥tr❛çã♦ ❞❡ TM ✱ r❡s♣❡t✐✈❛♠❡♥t❡✳

❜✮ ❖ s✉❜❡s♣❛ç♦ Eu ⊕ Es ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ é ✐♥t❡❣rá✈❡❧✳ ❙❡ Eu ⊕ Es ❢♦r
✐♥t❡❣rá✈❡❧ ❡♥tã♦✱ ❡①✐st❡ ✉♠❛ ❢♦❧❤❡❛çã♦ F ❞❡ ❝❧❛ss❡ C1 t❛❧ q✉❡ ♦ s✉❜❡s♣❛ç♦
Eu ⊕ Es é t❛♥❣❡♥t❡ ❛ F ✳ ❙❡ L é ✉♠❛ ❢♦❧❤❛ ❞❡ F ❡♥tã♦ L é t❛♥❣❡♥t❡ ❛
Eu ⊕ Es✱ ❛❧é♠ ❞✐ss♦ L é Fuu✲s❛t✉r❛❞♦ ❡ F ss✲s❛t✉r❛❞♦✳

❝✮ ❖s ✜❜r❛❞♦s Eu ⊕ ET ✱ Es ⊕ ET ✱ Eu✱ Es sã♦ ✐♥t❡❣rá✈❡❧ ❡ ❛s ✈❛r✐❡❞❛❞❡s
✐♥t❡❣r❛✐s sã♦ ❞❡ ❝❧❛ss❡ Cr✳ ❊st❛s ✈❛r✐❡❞❛❞❡s ✱ ❞❡ ❢❛t♦✱ ❞❡t❡r♠✐♥❛ ❢♦❧❤❡❛çõ❡s
❝♦♥tí♥✉❛s ❞❡ M q✉❡ ✈❛♠♦s ❞❡♥♦t❛r ♣♦r Fu✱ F s✱ Fuu✱ F ss✱ r❡s♣❡t✐✈❛♠❡♥t❡✳

❞✮ ❙❡ x ∈ M ✱ ❡♥tã♦ ❛s r❡s♣❡t✐✈❛s ❢♦❧❤❛s ❞❡st❛s s♦❧✉çõ❡s q✉❡ ❝♦♥tê♠ x sã♦
❞❡♥♦t❛❞❛s ♣♦rW u(x),W s(x),W uu(x),W ss(x) ❡ sã♦ ❝❤❛♠❛❞❛s ❛s ✈❛r✐❡❞❛❞❡s
✐♥stá✈❡❧✱ ❡stá✈❡❧✱ ✐♥stá✈❡❧ ❢♦rt❡✱ ❡stá✈❡❧ ❢♦rt❡ ❞❡ x✱ r❡s♣❡t✐✈❛♠❡♥t❡✳ ❉❡
♠❛♥❡✐r❛ ♠❛✐s ♣r❡❝✐s❛✳

▼❛✐♦r❡s ❞❡t❛❧❤❡s ❞❛ ❖❜s❡r✈❛çã♦ ✶ ♣♦❞❡♠ s❡r ❡♥❝♦♠tr❛❞♦s ❡♠ ❬✶✶❪ ❡ ❬✷✷❪✳

❉❡✜♥✐çã♦ ✶✳✷✹✳ ❖s ❝♦♥❥✉♥t♦s✿

W ss(x) = {y ∈M : d(φt(x), φt(y)) → 0, quando, t→ +∞}

❡

W uu(x) = {y ∈M : d(φt(x), φt(y)) → 0, quando, t→ −∞}

❙ã♦ ❝❤❛♠❛❞♦s r❡s♣❡t✐✈❛♠❡♥t❡ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❡ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧
❢♦rt❡ ❞♦ ♣♦♥t♦ x ♣❛r❛ ♦ ✢✉①♦ φt✳ ❖♥❞❡ d ❞❡♥♦t❛ ❛ ❢✉♥çã♦ ❞✐st❛♥❝✐❛
❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ M ✳

❉❡✜♥❛♠♦s ❛ ✈❛r✐❡❞❛❞❡s ❡stá✈❡❧ ❡ ✐♥stá✈❡❧ ❞❡ ✉♠ ♣♦♥t♦ x ∈M ♣❛r❛ ♦ ✢✉①♦
φt ❝♦♠♦ s❡♥❞♦ r❡s♣❡t✐✈❛♠❡♥t❡ ♦s ❝♦♥❥✉♥t♦s

W u(x) =
⋃

t∈R

φt (W
uu(x))

W s(x) =
⋃

t∈R

φt (W
ss(x)) .

P♦❞❡♠♦s ❡s❝♦❧❤❡r ❛ ♠étr✐❝❛ ❡♠ M ✱ ❞❡ ♠♦❞♦ q✉❡ ♣❛r❛ ❛ ❞❡❝♦♠♣♦s✐çã♦
✐♥✈❛r✐❛♥t❡ t❡♠♦s A = B = 1✳ ❊st❡ ♣r❡ss✉♣♦st♦ ♥❛ ♠étr✐❝❛ ✐♠♣❧✐❝❛ ❛s s❡❣✉✐♥t❡s
❝♦♥❞✐çõ❡s s♦❜r❡ ❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ d✳

✭❛✮ ❙❡ x ❡ y ❡st✐✈❡r❡♠ ♥❛ ♠❡s♠❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❡♥tã♦

d(φt(x), φt(y)) ≤ d(x, y), ♣❛r❛ t ≥ 0
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❋✐❣✉r❛ ✶✳✻✿ ❱❛r✐❡❞❛❞❡s ❡stá✈❡❧ ❡ ✐♥stá✈❡❧

❡ s❡ x ❡ y ❡st✐✈❡r❡♠ ♥❛ ♠❡s♠❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ ❡♥tã♦

d(φt(x), φt(y)) ≥ d(x, y), ♣❛r❛ t ≥ 0.

✭❜✮ ❙❡ x ❡ y ❡st✐✈❡r❡♠ ♥❛ ♠❡s♠❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❢♦rt❡ ❡♥tã♦

d(φt(x), φt(y)) ≤ λtd(x, y), ♣❛r❛ t ≥ 0

❡ s❡ x ❡ y ❡st✐✈❡r❡♠ ♥❛ ♠❡s♠❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ ❢♦rt❡ ❡♥tã♦

d(φt(x), φt(y)) ≥ utd(x, y), ♣❛r❛ t ≥ 0

♦♥❞❡ λ < 1 ❡ µ > 1 sã♦ ♦s ❞❛❞♦s ♣❛r❛ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠
r❡s♣❡✐t♦ ❛ ♠étr✐❝❛✳

❯♠❛ ♠étr✐❝❛ s❛t✐s❢❛③❡♥❞♦ ❡st❛s ❝♦♥❞✐çõ❡s é ❞✐t❛ ✧❛❞❛♣t❛❞❛✧♥♦ r❡st♦ ❞❡st❛
❞✐ss❡rt❛çã♦✱ ♥♦s ❛ss✉♠✐♠♦s q✉❡ ❛ ♠étr✐❝❛ s❛t✐s❢❛③ (a) ❡ (b)✳

❆❣♦r❛✱ s❡ du, ds, duu, dss ❞❡♥♦t❛ ❛ ♠étr✐❝❛ ✐♥❞✉③✐❞❛ ♣♦r d s♦❜r❡ ❛s ❢♦❧❤❛s ❞❡
❢♦❧❤❡❛çõ❡s Fu✱ F s✱ Fuu✱ F ss✱ r❡s♣❡t✐✈❛♠❡♥t❡✱ ❞❡✜♥❡✲s❡ ♣❛r❛ ❝❛❞❛ x ∈M ✱ δ > 0✳

Bδ(x) = {y ∈M : d(x, y) < δ}

Bu
δ (x) = {y ∈ W u(x) : du(x, y) < δ}

Bs
δ(x) = {y ∈ W s(x) : ds(x, y) < δ}

Buu
δ (x) = {y ∈ W uu(x) : duu(x, y) < δ}

Bss
δ (x) = {y ∈ W ss(x) : dss(x, y) < δ}.

❚❡♦r❡♠❛ ✶✳✷✳ ✭ ❚❡♦r❡♠❛ ❞❛ ❱❛r✐❡❞❛❞❡ ❊stá✈❡❧ ♣❛r❛ ❋❧✉①♦s✮✳ ❙❡❥❛ Λ ⊂M

✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ✐♥✈❛r✐❛♥t❡ ♣❛r❛ ✉♠ ✢✉①♦ φt✳ ❊♥tã♦ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡
♣❛r❛ ❝❛❞❛ ♣♦♥t♦ p ∈ Λ ❡①✐st❡♠ ❞♦✐s ❜♦❧❛s ♠❡r❣✉❧❤❛❞❛s Bss

δ (p) ❡ Buu
δ (p) ♦s q✉❛✐s

sã♦ t❛♥❣❡♥t❡s ❛ Es
p ❡ Eu

p ✱ r❡s♣❡t✐✈❛♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❡♠ ❬✶✵❪ ♦✉ ❬✶✾❪
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❚❡♦r❡♠❛ ❞❡ ❱✐③✐♥❤❛♥ç❛ Pr♦❞✉t♦ ▲♦❝❛❧ ♣❛r❛ ❋❧✉①♦s ❞❡

❆♥♦s♦✈

❚❡♦r❡♠❛ ✶✳✸✳ ❙❡❥❛ Ω(φt) = M ♣❛r❛ ✉♠ ✢✉①♦ ❆♥♦s♦✈ φt ❡♥tã♦ ❡①✐st❡ δ0 > 0
✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ x ∈M t❛❧ q✉❡ ♣❛r❛ 0 < δ ≤ δ0 ❛s ❛♣❧✐❝❛çõ❡s

G : Bs
δ(x)× Buu

δ (x) −→M

(y, z) 7−→ G(y, z) = Bs
2δ(z) ∩ B

uu
2δ (y)

❡

H : Bss
δ (x)× Bu

δ (x) −→M

(y, z) 7−→ H(y, z) = Bss
2δ(z) ∩ B

u
2δ(y)

sã♦ ❞❡✜♥✐❞❛s ✉♥✐✈♦❝❛♠❡♥t❡ ❡ sã♦ ❤♦♠❡♦♠♦r✜s♠♦s s♦❜r❡ s✉❛s r❡s♣❡t✐✈❛s ✐♠❛❣❡♥s✳

❉❡♠♦♥str❛çã♦✿

Pr✐♠❡✐r♦ ♠♦str❛r❡♠♦s q✉❡✱ s❡ y, z ∈ Ω ❡ d(y, z) < δ0 ♣❛r❛ ❛❧❣✉♠ δ0 ❡♥tã♦ ♣❛r❛
t♦❞♦ δ ≤ δ0 t❡♠✲s❡ q✉❡ Bs

2δ(z) ∩ B
uu
2δ (y) 6= ∅✱ ✐st♦ é✱ ❡①✐st❡ p ∈ Bs

2δ(z) ∩ B
uu
2δ (y)✳

❊st❡ ❢❛t♦ s❡❣✉❡ ❞❛ tr❛♥s✈❡rs❛❧✐❞❛❞❡ ✉♥✐❢♦r♠❡ ❞❡ Es ⊕ ET ❡ Eu✳ ❆❧é♠ ❞✐ss♦✱
❝❧❛r❛♠❡♥t❡ p ∈ Ω ❞❡s❞❡ q✉❡ Bs

2δ(z) ∩ B
uu
2δ (y) ⊂M = Ω✳

❛❣♦r❛✱ ♣❛ss❛♠♦s ❛ ♣r♦✈❛r q✉❡ p é ú♥✐❝♦✳

❆✜r♠❛çã♦ ✶✳✶✳ p ∈ Bs
2δ(z) ∩ B

uu
2δ (y) é ú♥✐❝♦✳

❉❡ ❢❛t♦✱ ❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❛ ♦✉tr♦ ♣♦♥t♦ p′ ∈ Bs
2δ(z)∩B

uu
2δ (y)♠♦str❛r❡♠♦s

q✉❡ p′ = p✳

❈♦♠♦ p ∈ Bs
2δ(z) ∩B

uu
2δ (y) t❡♠♦s q✉❡ p ∈ Bs

2δ(z)✱ ❡♥tã♦

ds(p, z) < 2δ. ✭✶✳✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ p′ ∈ Bs
2δ(z) ∩ B

uu
2δ (y) t❡♠♦s q✉❡ p′ ∈ Bs

2δ(z)✱ ❞❡ ♦♥❞❡ s❡❣✉❡
q✉❡

ds(p
′, z) < 2δ. ✭✶✳✷✮

❆❣♦r❛✱ ❞❡ ✭✶✳✶✮✱ ✭✶✳✷✮ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r t❡♠♦s q✉❡✱

ds(p
′, p) < ds(p

′, z) + ds(z, p)

< 2δ + 2δ = 4δ

⇒ ds(p
′, p) < 4δ.

❉❡ ♦♥❞❡✱
p′ ∈ Bs

4δ(p). ✭✶✳✸✮



✶✽ ✶✳✸✳ ❋❧✉①♦s ❆♥♦s♦✈

❉❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r ♣r♦✈❡♠♦s q✉❡✱

p′ ∈ Buu
4δ (p). ✭✶✳✹✮

P♦✐s✱ ❞❡s❞❡ q✉❡ p ∈ Bs
2δ(z) ∩ B

uu
2δ (y) t❡♠♦s q✉❡ p ∈ Buu

2δ (y)✱ ❡♥tã♦

duu(p, y) < 2δ. ✭✶✳✺✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ p′ ∈ Bs
2δ(z) ∩ Buu

2δ (y) t❡♠♦s q✉❡ p′ ∈ Buu
2δ (y)✱ ❞❡ ♦♥❞❡

s❡❣✉❡ q✉❡✱
duu(p

′, y) < 2δ. ✭✶✳✻✮

❉❛q✉✐✱ ❞❡ ✭✶✳✺✮✱ ✭✶✳✻✮ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✱ t❡♠♦s q✉❡✱

duu(p
′, p) < duu(p

′, z) + duu(z, p)

< 2δ + 2δ = 4δ

⇒ duu(p
′, p) < 4δ.

❉❡ ♦♥❞❡✱
p′ ∈ Buu

4δ (p).

▲♦❣♦✱ ❞❡ ✭✶✳✸✮ ❡ ✭✶✳✹✮ t❡♠♦s q✉❡ p′ ∈ Bs
4δ(p) ∩ Buu

4δ (p) = {p}✳ ❉❛q✉✐✱ s❡❣✉❡
q✉❡ p′ ∈ {p}✳ ❊ ❛ss✐♠✱

p′ = p.

❋✐❣✉r❛ ✶✳✼✿ ❱✐③✐♥❤❛♥ç❛ Pr♦❞✉t♦ ▲♦❝❛❧
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❚❡♦r❡♠❛ ❞❡ ❆♥♦s♦✈

❉❡✜♥✐çã♦ ✶✳✷✺✳ ❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❡ φt : M −→ M ✉♠
✢✉①♦✱ δ, T > 0 ❛ ❛♣❧✐❝❛çã♦ c : R −→M é ❝❤❛♠❛❞❛ ✉♠❛ δ ✲♣s❡✉❞♦ ór❜✐t❛ s❡✿

d(φt(c(τ)), c(τ + t)) ≤ δ

♣❛r❛ t♦❞♦ | t |≤ T ❡ ∀τ ∈ R✳

❉❡✜♥✐çã♦ ✶✳✷✻✳ ❯♠❛ ❝✉r✈❛ c : R −→M é ǫ ✲s♦♠❜r❡❛❞♦ ♣❡❧❛ ór❜✐t❛ ❞❡ x ∈M

s❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ s : R −→ R ❝♦♠ |
d

dt
s − 1| < ǫ t❛❧ q✉❡ d(c(s(t)), φt(x)) < ǫ

♣❛r❛ t♦❞♦ t ∈ R✳

▲❡♠❛ ✶✳✶✳ ✭❙♦♠❜r❡❛♠❡♥t♦ ♣❛r❛ ✢✉①♦s✮✳

❙❡❥❛M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐♥❛✱ φt ✉♠ ✢✉①♦ ❞✐❢❡r❡♥❝✐❛✈❡❧ ❡ Λ ✉♠ ❝♦♥❥✉♥t♦
❤✐♣❡r❜ó❧✐❝♦ ❝♦♠♣❛❝t❛ ♣❛r❛ φt✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U(Λ) ⊃ Λ t❛✐s q✉❡ ♣❛r❛
t♦❞♦ ǫ > 0 ❡①✐st❡✱ δ > 0 t❛❧ q✉❡ t♦❞❛ ❛ δ ✲♣s❡✉❞♦ ♦r❜✐t❛ é ǫ ✲ s♦♠❜r❡❛❞❛ ♣♦r ✉♠❛
ór❜✐t❛ ❞❡ φt✳

❈♦r♦❧ár✐♦ ✶✳✹✳ ❙❡❥❛M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐♥❛✱ φt ✉♠ ✢✉①♦ ❞✐❢❡r❡♥❝✐❛✈❡❧ ❡ Λ
✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠♣❛❝t❛ ♣❛r❛ φt✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U(Λ) ⊃ Λ
t❛✐s q✉❡ ∀ǫ > 0, ∃δ > 0 t❛❧ q✉❡ t♦❞❛ ❛ δ ✲♣s❡✉❞♦ ór❜✐t❛ é ǫ ✲ s♦♠❜r❡❛❞❛ ♣♦r ✉♠❛
ór❜✐t❛ ♣❡r✐ó❞✐❝❛✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✶✶❪✳

❆ ❞❡♠♦♥str❛çã♦ ❞♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ t❛♠❜é♠ ❡♠ ❄❄

❚❡♦r❡♠❛ ✶✳✺✳ ✭❚❡♦r❡♠❛ ❞❡ ❆♥♦s♦✈ ✮✳ ❙❡ Ω(φt) = M ♣❛r❛ ✉♠ ✢✉①♦ ❆♥♦s♦✈
❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s ❞❡ φt é ❞❡♥s♦ ❡♠ Ω✳

❉❡♠♦♥str❛çã♦✿

◗✉❡r❡♠♦s ♠♦str❛r q✉❡ Per(φt) = Ω✳

❉❡ ❢❛t♦✿

✐✮ Per(φt) ⊂ M❂Ω ❡♥tã♦ Per(φt) ⊂ Ω é ✐♠❡❞✐❛t♦✱ ❛ss✐♠✱ ❜❛st❛ ♠♦str❛r q✉❡✱

✐✐✮ Ω ⊂ Per(φt)✳

■st♦ é✱ ❞❛❞♦ x ∈ Ω ♠♦str❛r❡♠♦s q✉❡ x ∈ Per(φt)✳

▲❡♠❜r❡♠♦s q✉❡ x ∈ Per(φt) s❡✱ s♦♠❡♥t❡ s❡✱ ∀Vx ✱ Vx ∩ per(φt) 6= ∅ ✐st♦ é✱ s❡
∀Vx, ∃p ∈ Vx ∩ per(φt)✳

❉❛❞♦s x ∈ Ω ❡ ǫ > 0 ❛r❜✐trár✐♦✱ s❡❥❛ V ǫ
x ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x✱ ❈♦♠♦ φt é

✉♠ ✢✉①♦ ❆♥♦s♦✈✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ♣r♦❞✉t♦ Nδ(x) ❞❡ x ♦♥❞❡ δ > 0 ❝♦♠
Nδ(x) ⊂ V ǫ

x ✳
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▲♦❣♦✱ ❝♦♠♦ x ∈ Ω ❡♥tã♦ ∀t > 0, ∀Vx = V, ∃T ≥ t t❛❧ q✉❡ φT (V ) ∩ V 6= ∅✳
❈♦♠♦ ✐st♦ é ✈á❧✐❞♦ ♣❛r❛ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ ❞❡ x✱ ❡♠ ♣❛rt✐❝✉❧❛r ♣❛r❛ ❛ ✈✐③✐♥❤❛♥ç❛
♣r♦❞✉t♦✱ ❛ss✐♠ ♣♦❞❡♠♦s t♦♠❛r V = Nδ(x)✳

❉❡ ❛q✉✐✱ ❡①✐st❡ q ∈ φT (V ) ∩ V ✳

❆ss✐♠✱
φ−T (q) ∈ V ∩ φ−T (V ).

❆❣♦r❛✱ ❞❡♥♦t❡♠♦s z = φ−T (q)✱ ❞❛q✉✐ s❡❣✉❡ q✉❡ ❡①✐st❡ z ∈ V ∩ φ−T (V ) ❡ ❛❧é♠
❞✐ss♦ φT (z) ∈ φT (V ) ∩ V ✳

■st♦ é✱
d(φT (z), z) < δ. ✭✶✳✼✮

❆✜r♠❛çã♦ ✶✳✷✳ ❊①✐st❡ ✉♠❛ δ− ♣s❡✉❞♦ ór❜✐t❛ c : R −→M ❞❡ φt ♣❛r❛ |t| ≤ T ✳

❉❡ ❢❛t♦✱ s❡❥❛ T > 0 ❡✱

c : R −→M

t 7−→ c(t) = φtmodT (z)

♣❛r❛ |t| ≤ T ✳

✐✮ P❛r❛ |t| < T ✱ t❡♠♦s q✉❡ ❡①✐st❡ δ > 0 t❛❧ q✉❡ d(φt(c(τ)), c(t+ τ)) < δ✱ ♣❛r❛
t♦❞♦ τ ∈ R✳

P♦✐s✱ ♦❜s❡r✈❡ q✉❡

c(τ + t) = φ(τ+t)modT (z)

= φτmodT (φtmodT (z))

= φτmodT (φt(z))

= φt(φτmodT (z))

= φt(c(τ)).

❉❡ ♦♥❞❡✱

d(φt(c(τ)), c(t+ τ)) = 0 < δ, ∀τ ∈ R ❡ |t| < T ✳

✐✐✮ P❛r❛ |t| = T ✱ t❡♠♦s q✉❡ d(φt(c(τ), c(t+ τ)) < δ✱ ∀τ ∈ R✳

❖❜s❡r✈❡ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡✱ c(T ) = φT (z), z ∈ W s(z) ❡✱

d (φt(c(τ), c(t+ τ)) = d(φt(φτmodT (z)), φ(t+τ)modT (z))

t=T
= d(φT (φτmodT (z)), φτmodT (φTmodT (z)))

= d(φτmodT (φT (z)), φτmodT (z))

< d(φT (z), z)
(1.7)
< δ.
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❆ss✐♠✱
d(φt(c(τ), c(t+ τ)) < δ, ∀τ ∈ R.

❉❡ ♦♥❞❡ s❡ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞❛ ❆✜r♠❛çã♦ ✶✳✷✳

❉❛í✱ ♣❡❧♦ ❝♦r♦❧ár✐♦ ✶✳✹ ❛ δ− ♣s❡✉❞♦ ór❜✐t❛ é ǫ✲ s♦♠❜r❡❛❞❛ ♣♦r ✉♠❛ ór❜✐t❛
♣❡r✐ó❞✐❝❛✳

P❡❧♦ q✉❡ ❡①✐st❡✱
p ∈ per(φt) ∩ V

ǫ
x , ∀V

ǫ
x

✳

❉❡ ♦♥❞❡✱
x ∈ per(φt).

❉❛í✱
Ω ⊂ per(φt).

❆ss✐♠✱ ✜♥❛❧♠❡♥t❡ t❡♠♦s q✉❡ per(φt) = Ω✳ ✭❱❡r ✜❣✉r❛ ✶✳✽✮✳

❋✐❣✉r❛ ✶✳✽✿ ❚❡♦r❡♠❛ ❞❡ ❆♥♦s♦✈

❈♦♥❥✉♥t♦s Fσ✲s❛t✉r❛❞♦ (σ = u, s, uu, ss)

❉❡✜♥✐çã♦ ✶✳✷✼✳ ❙❡❥❛ Fσ ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ M ✳ ❊♥tã♦ ♦ ❝♦♥❥✉♥t♦
K ⊂ M é ❝❤❛♠❛❞♦ Fσ✲s❛t✉r❛❞♦ s❡ é ✉♠❛ ✉♥✐ã♦ ❞❡ ❢♦❧❤❛s ❞❡ Fσ ♦♥❞❡
(σ = u, s, uu, ss)✳
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▲❡♠❛ ✶✳✷✳ ❙❡❥❛ Fσ ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ M ✳ ❊♥tã♦ ♦ ❝♦♥❥✉♥t♦
K ⊂M é Fσ✲s❛t✉r❛❞♦ s❡✱ s♦♠❡♥t❡✱ s❡ ♣❛r❛ t♦❞♦ x ∈ K t❡♠✲s❡ q✉❡ W σ(x) ⊂ K✱
♦♥❞❡ (σ = u, s, uu, ss)✳

❉❡♠♦♥str❛çã♦✿

❙✉♣♦♥❤❛♠♦s q✉❡ K ⊂M é Fσ✲s❛t✉r❛❞♦✱ ❡♥tã♦ ♠♦str❛r❡♠♦s q✉❡ ❞❛❞♦ x ∈ K

❛r❜✐trár✐♦ t❡♠✲s❡ q✉❡ W σ(x) ⊂ K✳

❉❡ ❢❛t♦✿

❈♦♠♦ K ⊂M é Fσ✲s❛t✉r❛❞♦✱ t❡♠♦s ♣❡❧❛ ❞❡✜♥✐çã♦ q✉❡✿

K =
⋃

x∈K

W σ(x).

❉❛❞♦ x ∈ K q✉❡r❡♠♦s ♠♦str❛r q✉❡ W σ(x) ⊂ K✳

❙❡❥❛ y ∈ W σ(x)✱ ❧♦❣♦ ❝♦♠♦ W σ(x) ⊂
⋃

x∈K

W σ(x)

t❡♠♦s q✉❡✱
y ∈

⋃

x∈K

W σ(x) = K.

■st♦ é✱
y ∈ K.

❆❣♦r❛✱ s✉♣♦♥❤❛♠♦s q✉❡ ❞❛❞♦ x ∈ K ❛r❜✐trár✐♦✱ s❡ W σ(x) ⊂ K ❡♥tã♦ K é
Fσ✲s❛t✉r❛❞♦✳ ■st♦ é q✉❡✱

K =
⋃

x∈K

W σ(x).

✐✮ Pr♦✈❡♠♦s q✉❡✱
⋃

x∈K

W σ(x) ⊂ K✳

❙❡❥❛ y ∈
⋃

x∈K

W σ(x) ❡♥tã♦ y ∈ W σ(x) ♣❛r❛ ❛❧❣✉♠ x ∈ K✳

▲♦❣♦✱ ❝♦♠♦ W σ(x) ⊂ K s❡❣✉❡ q✉❡ y ∈ K✳

✐✐✮ Pr♦✈❡♠♦s q✉❡✱ K ⊂
⋃

x∈K

W σ(x)✳

❙❡❥❛ y ∈ K✱ ❧♦❣♦ ❝♦♠♦ y ∈ W σ(y) ⊂
⋃

x∈K

W σ(x) t❡♠♦s q✉❡✱

y ∈
⋃

x∈K

W σ(x).
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❖❜s❡r✈❛çã♦ ✷✳ ❛✮ ❙❡ K ⊂ M é Fσ✲s❛t✉r❛❞♦ ❡♥tã♦ K ✭♦ ❢❡❝❤♦ ❞❡ K✮ é Fσ✲
s❛t✉r❛❞♦✱ ♦♥❞❡ (σ = u, s, uu, ss)✳

❉❡ ❢❛t♦✿

❙❡❥❛ x ∈ K ♠♦str❛r❡♠♦s q✉❡ W σ(x) ⊂ K✳

❈♦♠♦ x ∈ K✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s (xn)n∈N ∈ K t❛❧ q✉❡
lim

n−→∞
xn = x✱ ❛❣♦r❛ ❝♦♠♦ K é Fσ✲s❛t✉r❛❞♦ t❡♠✲s❡ q✉❡ W σ(xn) ⊂ K✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ y ∈ W σ(x)✳ ❉❛í✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s ❢♦❧❤❛s W σ ❡ ❞♦
❢❛t♦ q✉❡ lim

n−→∞
xn = x✱ ❡①✐st❡ (nk)k∈N t❛❧ q✉❡ Brk(y) ∩W

σ(xnk
) 6= ∅✱ ♦♥❞❡✱

Brk(y) é ✉♠❛ ❜♦❧❛ ❞❡ y ❡ r❛❞✐♦ rk > 0✳ ■st♦ é✱ ❡①✐st❡ yk ∈ Brk(y)∩W
σ(xnk

)
t❛❧ q✉❡ lim

k−→∞
yk = y✳ ▲♦❣♦ ❝♦♠♦ Brk(y) ∩W

σ(xnk
) ⊂ W σ(xnk

) ⊂ K t❡♠♦s

q✉❡✱ yk ∈ K✳ ❆ss✐♠✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (yk)k∈N ∈ K t❛❧ q✉❡ lim
k−→∞

yk = y

❞❛í✱ s❡❣✉❡ q✉❡ y ∈ K✳

❜✮ ❙❡ K ⊂M é Fσ✲s❛t✉r❛❞♦✱ ❡♥tã♦ Kc ✭♦ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ K✮ é Fσ✲s❛t✉r❛❞♦✱
♦♥❞❡ (σ = u, s, uu, ss)✳

❉❡ ❢❛t♦✿

P♦r ❝♦♥tr❛❞✐çã♦✱ s✉♣♦♥❤❛♠♦s q✉❡ ❞❛❞♦ y ∈ Kc t❡♠✲s❡ q✉❡ W σ(y) 6⊂ Kc✳
❊♥tã♦ ❞❛❞♦ z ∈ W σ(y) t❡♠♦s q✉❡ z 6∈ Kc✱ ❧♦❣♦ z ∈ K ❛❣♦r❛✱ ❝♦♠♦ K é
Fσ✲s❛t✉r❛❞♦ s❡❣✉❡ q✉❡ W σ(z) ⊂ K✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ z ∈ W σ(y) ❡♥tã♦
y ∈ W σ(z) ❞❛í✱ y ∈ K ✐st♦ é✱ y 6∈ Kc ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❆❣♦r❛ ❞❡♠♦s ✉♠ ❡①❡♠♣❧♦ ♠❛✐s ❡s♣❡❝í✜❝♦✳

❊①❡♠♣❧♦ ✶✳✾✳ W u(x) é Fu✲s❛t✉r❛❞♦✳

❉❡ ❢❛t♦✱ ❞❛❞♦ y ∈ W u(x) q✉❡r❡♠♦s ♠♦str❛r q✉❡ W u(y) ⊂ W u(x)✳

❙❡❥❛ z ∈ W u(y)✱ ❝♦♠♦ y ∈ W u(x) t❡♠♦s q✉❡ W u(y) = W u(x)✱ ❞❡ ♦♥❞❡
z ∈ W u(x)✳

❖❜s❡r✈❛çã♦ ✸✳ W u(x) é Fu✲s❛t✉r❛❞♦✳ ❊st❡ ❢❛t♦ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❊①❡♠♣❧♦
✶✳✾ ❡ ❞♦ ✐t❡♠ (a) ❞❛ ❖❜s❡r✈❛çã♦ ✷✳

❯♠❛ ❈♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❆♥♦s♦✈

❆❣♦r❛✱ ♠♦str❛♠♦s ✉♥s ❞♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❞❡st❛ s❡ç❛♦✱ q✉❡ ❛✜r♠❛ q✉❡
W u(x) ❡ W s(x) sã♦ ❞❡♥s♦s ❡♠ M ♣❛r❛ ❝❛❞❛ x ∈ M ✳ ▼❛s ♣♦st❡r✐♦r♠❡♥t❡ ♥♦
❝❛♣✐t✉❧♦ 2 ♣r♦✈❛r❡♠♦s q✉❡ ♥❡♠ s❡♠♣r❡ é ♦ ❝❛s♦ ❞❡ q✉❡ ❝❛❞❛ ✉♠❛ ❞❛s ❢♦❧❤❛s ❞❡
Fuu ♦✉ ❞❡ F ss é ❞❡♥s♦ ❡♠ M ✳

❚❡♦r❡♠❛ ✶✳✻✳ ❙❡ Ω(φt) = M ♣❛r❛ ✉♠ ✢✉①♦ ❆♥♦s♦✈ ❡♥tã♦ W u(x) ❡ W s(x) sã♦
❞❡♥s♦s ❡♠ M ♣❛r❛ ❝❛❞❛ x ∈M.



✷✹ ✶✳✸✳ ❋❧✉①♦s ❆♥♦s♦✈

❉❡♠♦♥str❛çã♦✿ ◗✉❡r❡♠♦s ♠♦str❛r q✉❡ W u(x) =M ✱ ♣❛r❛ t♦❞♦ x ∈M ✳

❉❡ ❢❛t♦✿

❙❡❥❛ x ∈M ✱ ❝♦♠♦ M é ❝♦♥❡①♦ ♥ã♦ ❛❞♠✐t❡ ♦✉tr❛ ❝✐sã♦ ❛❧é♠ ❞❛ tr✐✈✐❛❧ ✐st♦ é✿

❙❡ M = A ∪B ♦♥❞❡ A ❡ B sã♦ ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s ❡ ❛❜❡rt♦s ❡♥tã♦ A = ∅ ♦✉
B = ∅✳

❉❡♥♦t❡♠♦s A = W u(x) ❡ B =M −W u(x)✳

❈♦♠♦ M = W u(x)∪
(

M −W u(x)
)

❡ A 6= ∅✱ ❛❧é♠ ❞✐ss♦ B é ❛❜❡rt♦✱ s✉♣♦♥❞♦

q✉❡ A é ❛❜❡rt♦ t❡rí❛♠♦s q✉❡ B = M − W u(x) = ∅ ❡ ❞❛í W u(x) = M ♦ q✉❡
q✉❡rí❛♠♦s ♣r♦✈❛r✳

❆ss✐♠✱ só ❢❛❧t❛r✐❛ ♠♦str❛r q✉❡ W u(x) é ❛❜❡rt♦ ♣❛r❛ t♦❞♦ x ∈M ✳

❆✜r♠❛çã♦ ✶✳✸✳ W u(x) é ❛❜❡rt♦ ♣❛r❛ t♦❞♦ x ∈M ✳

❉❛❞♦ z ∈ W u(x)✱ ♣r♦✈❛r❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ N t❛❧ q✉❡ z ∈ N ⊂
W u(x)✳

❙❡❥❛ z ∈ W u(x)✱ ❡♥tã♦ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ✈✐③✐♥❤❛♥ç❛ ♣r♦❞✉t♦ ❧♦❝❛❧✱ ❡①✐st❡ ✉♠❛
✈✐③✐♥❤❛♥ç❛ ♣r♦❞✉t♦ N = Nδ(z) ❝♦♥t❡♥❞♦ z✱ ♦♥❞❡ δ > 0✳

❉❛q✉✐✱ ❜❛st❛ ♠♦str❛r q✉❡ N ⊂ W u(x)✳

❖✉ s❡❥❛✱ ❞❛❞♦ q ∈ N ✱ ❛r❜✐trár✐♦ q✉❡r❡♠♦s ♠♦str❛r q✉❡ q ∈ W u(x)✳ ■st♦ é✱
♣❛r❛ t♦❞♦ Vq ✭✈✐③✐♥❤❛♥ç❛ ❞❡ q✮ ❡①✐st❡ p′ ∈ Vq ∩W

u(x)✳

❈♦♠ ❡ss❡ ✜♠✱ ❡♥✉♥❝✐❛♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❝✉❥❛ ♣r♦✈❛ s❡rá ❢❡✐t♦ ❞❡♣♦✐s ❞❡
♠♦str❛r q✉❡ N ⊂ W u(x)✳

❘❡s✉❧t❛❞♦ ✶✳✶✳ N ∩ Per(φ) ⊂ W u(x)✳

❆❣♦r❛✱ ♣r♦✈❡♠♦s q✉❡ N ⊂ W u(x)✳

❉❡ ❢❛t♦✱ s❡❥❛ q ∈ N ✱ ❧♦❣♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✺ t❡♠♦s q✉❡ M = Per(φt) ❡ ❝♦♠♦
N ⊂M ✱ s❡❣✉❡ q✉❡✱ q ∈ Per(φt)✱ ✐st♦ é✱ ♣❛r❛ t♦❞♦ Vq ❡①✐st❡ p ∈ Vq ∩ per(φt)✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦❜s❡r✈❡✲s❡ q✉❡✿

✐✮ ❙❡ Vq ⊂ N t❡♠♦s q✉❡✱ p ∈ N ∩ per(φt)✳

✐✐✮ ❙❡ Vq 6⊆ N ✱ ♣❡❧❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s ❡①✐st❡ ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦
t❛❧ q✉❡ p ∈ per(φt) ∩ Vq ∩N ✐st♦ é p ∈ per(φt) ∩N ✳

■st♦ é✱ ❡♠ q✉❛❧q✉❡r ❝❛s♦ t❡♠♦s q✉❡ p ∈ per(φt) ∩N ✳

▲♦❣♦ ♣❡❧♦ ❘❡s✉❧t❛❞♦ ✶✳✶ t❡♠♦s q✉❡ N ∩ Per(φ) ⊂ W u(x) ❞❡ ♦♥❞❡ s❡❣✉❡
q✉❡ p ∈ W u(x)✱ ❞❛í ♣❛r❛ t♦❞❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p q✉❡ ❞❡♥♦t❛♠♦s ♣♦r Vp ❡①✐st❡
p′ ∈ Vp ∩W

u(x)✳
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▲♦❣♦✱ ❝♦♠♦ ✐st♦ s❡ ❝✉♠♣r❡ ♣❛r❛ t♦❞♦ Vp✱ ❡♠ ♣❛rt✐❝✉❧❛r s❡ ❝✉♠♣r❡ ♣❛r❛ Vp ⊂ Vq✱
❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ p′ ∈ Vq ∩W

u(x) ♣❛r❛ t♦❞♦ Vq✳

▲♦❣♦
Vq ∩W

u(x) 6= ∅, ∀Vq.

❉❛í✱ s❡❣✉❡ q✉❡
q ∈ W u(x).

Pr♦✈❛♥❞♦ ❛ss✐♠ q✉❡✱
N ⊂ W u(x).

❉❡♠♦♥str❛çã♦✿ ❉♦ ❘❡s✉❧t❛❞♦ ✶✳✶

Pr✐♠❡✐r♦✱ ♦❜s❡r✈❡♠♦s q✉❡ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✸✱ W u(x) é Fu✲s❛t✉r❛❞♦ ❡ ❝♦♠♦
z ∈ W u(x) t❡♠♦s q✉❡✱

W u(z) ⊂ W u(x). ✭✶✳✽✮

❆❣♦r❛✱ ❞❡s❞❡ q✉❡ per(φt) é ❞❡♥s♦ ❡♠ M t❡♠♦s q✉❡ é ❞❡♥s♦ ❡♠ N ✱ ❡①✐st❡
p ∈ N ∩ Per(φ)✱ ❧♦❣♦ ♣❡❧♦ t❡♦r❡♠❛ ❞❡ ✈✐③✐♥❤❛♥ç❛ ♣r♦❞✉t♦ ❧♦❝❛❧ ❡①✐st❡ w ∈
W s

2δ(p) ∩W
uu
2δ (z)✳

▲♦❣♦✱ ❝♦♠♦ w ∈ W s
2δ(p) ⊂ W s(p) t❡♠♦s✱

lim
ti→∞

φti(w) = p. ✭✶✳✾✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ w ∈ W uu
2δ (z) ⊂ W uu(z) t❡♠♦s q✉❡ φti(w) ∈

φti(W
uu(z)) ⊂ W u(z) ❞❡ ♦♥❞❡✱

φti(w) ∈ W u(z).

▲♦❣♦✱ ❝♦♠♦ W u(z) ⊂ W u(x) ♣♦r ✭✶✳✽✮✱ t❡♠♦s q✉❡

φti(w) ∈ W u(x)

❞❛q✉✐✱ s❡❣✉❡ ♣♦r ✭✶✳✾✮ q✉❡✱ p ∈ W u(x)✳

❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s ❝♦♠ ❛ ♣r♦✈❛ ❞♦ ❘❡s✉❧t❛❞♦ ✶✳✶ ❡ ❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛✳



❈❛♣ít✉❧♦ ✷

❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧

◆❡st❡ ❝❛♣ít✉❧♦ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ❛♣r❡s❡♥t❛r ❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ q✉❡ ♠♦t✐✈♦✉
❡st❡ ❡st✉❞♦✱ ❝✉❥♦ ❡♥✉♥❝✐❛❞♦ é ❞❛❞♦ ❛ s❡❣✉✐r✳

❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧✳ ❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛✱
❝♦♥❡①❛✱ s✉❛✈❡ ❡ φ : M × R −→ M ✉♠ ✢✉①♦ ❆♥♦s♦✈ ❞❡ ❝❧❛ss❡ Cr (r ≥ 1) t❛❧
q✉❡ Ω(φt) =M ✳ ❊♥tã♦ ❡①✐st❡♠ ❡①❛t❛♠❡♥t❡ ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✿

✐✮ ❈❛❞❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❢♦rt❡ ❡ ✐♥stá✈❡❧ ❢♦rt❡ é ❞❡♥s♦ ❡♠ M ✱ ♦✉

✐✐✮ φt é ❛ s✉s♣❡♥sã♦ ❞❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈ ❞❡ ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡
❝♦♠♣❛❝t❛ C1 ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❡♠ M ✳

P❛r❛ t♦❞♦s ♦s r❡s✉❧t❛❞♦s ❞❡❝❧❛r❛❞♦s ♥❡st❡ ❝❛♣✐t✉❧♦ ♦s t❡r♠♦s ❡stá✈❡❧ ❡ ✐♥stá✈❡❧
♣♦❞❡♠ s❡r tr♦❝❛❞❛s ❡♥tr❡ s✐✳

❆s ♣r✐♥❝✐♣❛✐s r❡❢❡r❡♥❝✐❛s sã♦✿ ❬✶✶❪✱ ❬✶✸❪✱ ❬✶✹❪✱❬✶✼❪✱ ❬✷✷❪ ❡ ♦✉tr❛s r❡❢❡r❡♥❝✐❛s q✉❡
♣♦❞❡♠ s❡r ❞❡ ❝♦♠♣❧❡♠❡♥t❛çã♦ ❞❛ t❡♦r✐❛ ❢♦r❛♠ ❬✸❪✱ ❬✶✺❪ ❡ ❬✷✸❪✳

✷✳✶ Pr♦♣♦s✐çõ❡s ❡ ▲❡♠❛s Pré✈✐♦s

❙❛❜❡♠♦s q✉❡✱ s❡ Ω(φt) =M ♣❛r❛ ✉♠ ✢✉①♦ ❆♥♦s♦✈ ❡♥tã♦ W u(x) ❡ W s(x) sã♦
❞❡♥s♦s ❡♠ M ♣❛r❛ ❝❛❞❛ x ∈ M ✭✈❡r ❚❡♦r❡♠❛ ✶✳✻✮✳ ▼❛s ♥❡♠ s❡♠♣r❡ é ♦ ❝❛s♦
❞❡ q✉❡ ❝❛❞❛ ✉♠❛ ❞❛s ❢♦❧❤❛s ❞❡ Fuu ♦✉ ❞❡ F ss é ❞❡♥s♦ ❡♠ M ✳ ■st♦ ♥ã♦ ♦❝♦rr❡✱
♣♦r ❡①❡♠♣❧♦✱ s❡ φt é ❛ s✉s♣❡♥sã♦ ❞❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❆♥♦s♦✈✳ ◆❡st❡ ❝❛s♦✱
❝❛❞❛ ❢♦❧❤❛ ❞❡ Fuu ❡ ❝❛❞❛ ❢♦❧❤❛ ❞❡ F ss s✐t✉❛✲s❡ ♥✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ ❞❡
❝♦❞✐♠❡♥sã♦ 1 ❡♠ M ✳ ❊st❡ ❢❛t♦ é ✉♠ ❝❧❛r♦ r❡s✉❧t❛❞♦ ❞❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✶✳ ❙❡ p ∈ M é ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ♣❛r❛ ✉♠ ✢✉①♦ ❆♥♦s♦✈ φ t❛❧
q✉❡ W uu(p) ♥ã♦ é ❞❡♥s♦ ❡♠ M ✳ ❊♥tã♦

✐✮ M é ✉♠ ✜❜r❛❞♦ s♦❜r❡ S1 ❝♦♠ ✜❜r❛ W uu(p)✱ ❡

✷✻
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✐✐✮ φt é ❛ s✉s♣❡♥sã♦ ❞❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ φr|Wuu(p) ✱ ♦♥❞❡ r é ♦ ♣❡rí♦❞♦ ❞❡ p✳

❆ ♣r♦✈❛r ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ s❡❣✉✐♥t❡ ▲❡♠❛ ♦♥❞❡ ❛✜r♠❛
q✉❡ ❛s ✜❜r❛s sã♦ ❞✐s❥✉♥t❛s✳

▲❡♠❛ ✷✳✶✳ ❙❡ p ∈ M é ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ♣❛r❛ ✉♠ ✢✉①♦ ❆♥♦s♦✈ φ t❛❧ q✉❡
W uu(p) ♥ã♦ é ❞❡♥s♦ ❡♠M ✳ ❊♥tã♦ φt

(

W uu(p)
)

∩W uu(p) = ∅ ♣❛r❛ t♦❞♦ t ∈ (0, r)✱
♦♥❞❡ r é ♦ ♣❡rí♦❞♦ ❞❡ p✳

❆ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✶ s❡rá ❢❡✐t❛ ❞❡♣♦✐s ❞❡ ❝♦♥❝❧✉✐r ❝♦♠ ❛ ♣r♦✈❛ ❞❛
Pr♦♣♦s✐çã♦ ✷✳✶✳

❉❡♠♦♥str❛çã♦✿ ❉❛ Pr♦♣♦s✐çã♦ ✷✳✶

❈♦♠❡ç❛♠♦s ❛ ♣r♦✈❛ ♠♦str❛♥❞♦ q✉❡ ❛❧é♠ ❞❛s ✜❜r❛s s❡r❡♠ ❞✐s❥✉♥t❛s✱ ❡❧❛s
❢♦r♠❛♠ ❞❡ ❢❛t♦ t♦❞❛ ❛ ✈❛r✐❡❞❛❞❡✱ ✐st♦ é✿

M =
⋃

0≤t≤r

φt

(

W uu(p)
)

.

P❛r❛ ❝♦♥❝❧✉✐r ❡st❡ ❢❛t♦✱ ♦❜s❡r✈❡♠♦s q✉❡✿

⋃

0≤t≤r

φt

(

W uu(p)
)

=
⋃

t∈R

φt

(

W uu(p)
)

⊃
⋃

t∈R

φt (W
uu(p)) = W u(p).

❆❣♦r❛✱ ❝♦♠♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✻ W u(p) é ❞❡♥s♦ ❡♠ M ❡
⋃

0≤t≤r

φt

(

W uu(p)
)

é

❢❡❝❤❛❞♦ ❡♠ M ✱ s❡❣✉❡ q✉❡✱

M =
⋃

0≤t≤r

φt

(

W uu(p)
)

.

◆♦t❡ q✉❡✱ ✉♠❛ ✈❡③ q✉❡ ❛s ✜❜r❛s sã♦ ❞✐s❥✉♥t❛s ❛ ✉♥✐ã♦ ❛❝✐♠❛ é ❞✐s❥✉♥t❛✳

❆❣♦r❛✱ ♦❜s❡r✈❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ ♣r♦❥❡çã♦ π :M −→ S1 ❞❛❞❛ ♣♦r φt(x) 7−→

t ✭♠♦❞ r✮ ♦♥❞❡ x ∈ W uu(p) ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❞❡s❞❡ q✉❡ M =
⋃

0≤t≤r

φt

(

W uu(p)
)

é ❞✐s❥✉♥t❛✳

❉❛í q✉❡ M é ✉♠ ✜❜r❛❞♦ s♦❜r❡ S1 ❝♦♠ ✜❜r❛ W uu(p)✳

P❛r❛ ✜♥❛❧✐③❛r ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛✱ só ❢❛❧t❛ ♠♦str❛r ❛ ♣❛rt❡ (ii)✱ ✐st♦
é q✉❡ φt é ❛ s✉s♣❡♥sã♦ ❞❡ φr|Wuu(p).

P❛r❛ ✐ss♦ ♦❜s❡r✈❡♠♦s q✉❡✱ φr|Wuu(p) : W uu(p) −→ W uu(p) ❞❡✜♥✐❞♦ ♣♦r
x 7−→ φr(x) é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ ❞❡s❞❡ q✉❡ φr é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ✜①❛♥❞♦
r✳
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▲♦❣♦✱ ❞❡s❞❡ q✉❡M ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ φt

(

W uu(p)
)

♦♥❞❡

t ∈ [0, r)✱ ❡♠ [0, r] ×W uu(p) ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r (r, x) ∼ (0, φr(x)) ♠❡❞✐❛♥t❡ ❛
s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦✿

H :
[0, r]×W uu(p)

∼
−→M

(t, x) 7−→ φt(x).

❈❧❛r❛♠❡♥t❡ H é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❡ H(r, x) = φr(x) = H(0, φr(x)) ❞❡ ♦♥❞❡

[0, r]×W uu(p)

∼
≃M.

❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡ φt :M −→M é ♦ ✢✉①♦ ❞❡ s✉s♣❡♥sã♦✳

❆❣♦r❛✱ ♠♦str❡♠♦s ♦ ▲❡♠❛ ✷✳✶✱ ❝♦♠ ❡ss❡ ✜♠ ❡♥✉♥❝✐❛♠♦s ♦ s❡❣✉❡♥t❡ r❡s✉❧t❛❞♦✳

▲❡♠❛ ✷✳✷✳ ❙❡ p ∈ M é ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ♣❛r❛ ✉♠ ✢✉①♦ ❆♥♦s♦✈ φ t❛❧ q✉❡
W uu(p) ♥ã♦ é ❞❡♥s♦ ❡♠ M ❡ φt

(

W uu(p)
)

∩ W uu(p) 6= ∅ ♣❛r❛ t♦❞♦ t ∈ (0, r)✱

❡♥tã♦ φt

(

W uu(p)
)

= W uu(p)✱ ♦♥❞❡ r é ♦ ♣❡rí♦❞♦ ❞❡ p✳

❆ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✷✳✷ s❡rá ❢❡✐t❛ ❞❡♣♦✐s ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✷✳✶✳

❉❡♠♦♥str❛çã♦✿ ❉♦ ▲❡♠❛ ✷✳✶

▼♦str❛r❡♠♦s q✉❡✱ s❡ p ∈ M é ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ♣❛r❛ ✉♠ ✢✉①♦ ❆♥♦s♦✈ φ

t❛❧ q✉❡ W uu(p) ♥ã♦ é ❞❡♥s♦ ❡♠ M ✳ ❊♥tã♦ φt

(

W uu(p)
)

∩W uu(p) = ∅ ♣❛r❛ t♦❞♦

t ∈ (0, r)✱ ♦♥❞❡ r é ♦ ♣❡rí♦❞♦ ❞❡ p✳

❉❡ ❢❛t♦✿

❙✉♣♦♥❤❛♠♦s✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡✱ ❡①✐st❡ t ∈ (0, r) t❛❧ q✉❡

φt

(

W uu(p)
)

∩W uu(p) 6= ∅✳

❆✜r♠❛çã♦ ✷✳✶✳ A = {t ∈ R : φt

(

W uu(p)
)

= W uu(p)} é ❞❡♥s♦ ❡♠ R✳

◗✉❡r❡♠♦s ♠♦str❛r q✉❡✱ A = R✳

✐✮ ❝❧❛r❛♠❡♥t❡✱ A ⊂ R✳

✐✐✮ ❆❣♦r❛✱ ♣r♦✈❡♠♦s q✉❡ R ⊂ A✳

❉❛❞♦ s ∈ R ♣r♦✈❛r❡♠♦s q✉❡ s ∈ A✳ ■st♦ é✱ ♣❛r❛ t♦❞♦ δ > 0 ❡①✐st❡ t1 ∈
(s− δ, s+ δ) ∩ A✳
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❙❡❥❛♠ s ∈ R ❡ δ > 0 t♦♠❡♠♦s t ∈ (0, δ) t❛❧ q✉❡ φt

(

W uu(p)
)

∩W uu(p) 6= ∅✳

❊♥tã♦ ♣❡❧♦ ▲❡♠❛ ✷✳✷ t❡♠✲s❡ q✉❡✱

φt

(

W uu(p)
)

= W uu(p).

❉❛í✱ t❛♠❜é♠ t❡♠✲s❡ q✉❡✱

φ2t

(

W uu(p)
)

= W uu(p)

❡ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡
φnt

(

W uu(p)
)

= W uu(p).

❉❡ ♦♥❞❡ s❡❣✉❡ q✉❡✱ nt ∈ A ✱ ∀n ∈ Z✳

▲♦❣♦✱ ❝♦♠♦ |nt− (n− 1)t| = |nt− nt+ t| = |t| < δ✳ ❊①✐st❡ n ∈ Z
+ t❛❧ q✉❡✱

nt ∈ (s− δ, s+ δ).

P❡❧♦ q✉❡✱ nt ∈ (s− δ, s+ δ) ∩ A✳ ❉❛í✱ s❡❣✉❡ q✉❡ (s− δ, s+ δ) ∩ A 6= ∅✳

❆ss✐♠✱ A = {t ∈ R : φt

(

W uu(p)
)

= W uu(p)} é ❞❡♥s♦ ❡♠ R✳

❉❡ ♦♥❞❡ s❡ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞❛ ❆✜r♠❛çã♦ ✷✳✶✳

❆❣♦r❛✱ ♦❜s❡r✈❡♠♦s q✉❡ ❛ ❆✜r♠❛çã♦ ✷✳✶ ✐♠♣❧✐❝❛ q✉❡W uu(p) s❡❥❛ ❞❡♥s♦ ❡♠M ✳
P♦✐s✱

❉❛❞♦s x ∈ M ❡ δ > 0 ❝♦♠♦ M =
⋃

0≤t≤r

φt

(

W uu(p)
)

❡♥tã♦ x ∈ φT

(

W uu(p)
)

♣❛r❛ ❛❧❣✉♠ T ∈ [0, r]✱ ❞❛í q✉❡ x = φT (y) ♦♥❞❡ y ∈ W uu(p)✳

❆❣♦r❛✱ ♦❜s❡r✈❡♠♦s q✉❡ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ✢✉①♦ φ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡ s❡
t ∈ [T − ǫ, T + ǫ] ❡♥tã♦✱

φt(y) ∈ Bδ(x).

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✶✱ A é ❞❡♥s♦ ❡♠ R ❡①✐st❡ t∗ ∈
(T − ǫ, T + ǫ) ∩ A✳

❉❛q✉✐✱ ❝♦♠♦ t∗ ∈ (T − ǫ, T + ǫ) ❡♥tã♦✱

φt∗(y) ∈ Bδ(x).

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ t∗ ∈ A ❡♥tã♦ φt∗

(

W uu(p)
)

= W uu(p)✳

▲♦❣♦✱ ❝♦♠♦ y ∈ W uu(p) t❡♠♦s q✉❡ φt∗(y) ∈ φt∗

(

W uu(p)
)

= W uu(p)✳

❆ss✐♠✱
φt∗(y) ∈ W uu(p).
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❞❛í q✉❡✱
φt∗(y) ∈ W uu(p) ∩Bδ(x)

❧♦❣♦✱
W uu(p) ∩ Bδ(x) 6= ∅.

❉❡ ♦♥❞❡ W uu(p) é ❞❡♥s♦ ❡♠ M ✱ ✐✳❡
(

W uu(p) =M
)

.

▼❛s ❝♦♠♦ W uu(p) é ❢❡❝❤❛❞♦ ❡♥tã♦ t❡♠♦s q✉❡ W uu(p) = W uu(p)✱ ❞❛í q✉❡
W uu(p) =M ✱ ✐st♦ é q✉❡ W uu(p) é ❞❡♥s♦ ❡♠ M ✱ ❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❤✐♣ót❡s❡✳

■st♦ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✷✳✶✳

P❛r❛ ✜♥❛❧✐③❛r só ❢❛❧t❛ ♠♦str❛r ♦ ▲❡♠❛ ✷✳✷✱ q✉❡ ❢♦✐ ✉s❛❞♦ ♣❛r❛ ♣r♦✈❛r ♦ ▲❡♠❛
✷✳✶✳ ❈♦♠ ❡ss❡ ✜♠ ♣r♦✈❛r❡♠♦s ♣r✐♠❡✐r♦ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✱ ❧♦❣♦ ✉s❛♥❞♦ ❡ss❡
❢❛t♦ ❝♦♥❝❧✉✐r❡♠♦s ❝♦♠ ❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✷✳✷✳

▲❡♠❛ ✷✳✸✳ ❙❡ p ∈ M é ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ♣❛r❛ ✉♠ ✢✉①♦ ❆♥♦s♦✈ φ t❛❧ q✉❡
W uu(p) ♥ã♦ é ❞❡♥s♦ ❡♠ M ✳ ❊♥tã♦ W uu(p) s❛t✐s❢❛③✿

✐✮ W uu(p) é ❢❡❝❤❛❞❛ ❡♠ M ✳

✐✐✮ W uu(p) é Fuu✲s❛t✉r❛❞♦✳

✐✐✐✮ φr

(

W uu(p)
)

= W uu(p)✳

❆❧é♠ ❞✐ss♦✱ ♥❡♥❤✉♠ s✉❜❝♦♥❥✉♥t♦ ♣ró♣r✐♦ ❞❡ W uu(p) s❛t✐s❢❛③ (i) ✱ (ii) ❡ (iii)✳

P❛r❛ ♠♦str❛r ♦ ▲❡♠❛ ✷✳✸ ♣r❡❝✐s❛r❡♠♦s ❞❡ três ❛✜r♠❛çõ❡s q✉❡ s❡rã♦ ❡♥✉♥❝✐❛❞♦s
❡♠ s❡❣✉✐❞❛ ❡ ♣r♦✈❛❞❛s ❞❡♣♦✐s ❞❡ ♠♦str❛r ❡st❡ ❧❡♠❛✳

❆✜r♠❛çã♦ ✷✳✷✳ ❙❡ p ∈ M é ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ♣❛r❛ ✉♠ ✢✉①♦ ❆♥♦s♦✈ φ t❛❧
q✉❡ W uu(p) ♥ã♦ é ❞❡♥s♦ ❡♠ M ✳ ❊♥tã♦ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ K ⊂ W uu(p)
✭♥ã♦✲✈❛③✐♦✮ t❛❧ q✉❡✿

✐✮ K é ❢❡❝❤❛❞♦ ❡♠ M ✳

✐✐✮ K é Fuu✲s❛t✉r❛❞♦✳

✐✐✐✮ φr(K) = K✳

❊ t❛❧ q✉❡✱ ♥❡♥❤✉♠ s✉❜❝♦♥❥✉♥t♦ ♣ró♣r✐♦ ❞❡ K s❛t✐s❢❛③ (i)✱ (ii) ❡ (iii)✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❛✜r♠❛ q✉❡ M é ✉♥✐ã♦ ❞❡ φt(K) ♦♥❞❡ t ∈ [0, r]✱ ♠❛s ♥ã♦
❛✜r♠❛ q✉❡ é ✉♥✐ã♦ ❞✐s❥✉♥t❛✱ é ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r ✐ss♦✳
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❆✜r♠❛çã♦ ✷✳✸✳ ❙❡ p ∈M é ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ♣❛r❛ ✉♠ ✢✉①♦ ❆♥♦s♦✈ φ t❛❧ q✉❡
W uu(p) ♥ã♦ é ❞❡♥s♦ ❡♠ M ❡ K é ❝♦♠♦ ♥❛ ❆✜r♠❛çã♦ ✷✳✷✱ ❡♥tã♦

M =
⋃

0≤t≤r

φt(K)

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❛✜r♠❛ q✉❡ ♦ ❝♦♥❥✉♥t♦ ♠✐♥✐♠❛❧ K ❡ φt(K)
♥ã♦ s❡ ✐♥t❡rs❡❝t❛♠ ♣❛r❛ t♦❞♦ t ∈ (0, r)✱ ❝❧❛r❛♠❡♥t❡ q✉❛♥❞♦K 6= φt(K)✳ ❙❡♠ ♠❛✐s
♣r❡â♠❜✉❧♦s ❡♥✉♥❝✐❛♠♦s✳

❆✜r♠❛çã♦ ✷✳✹✳ ❙❡ 0 < t < r ❡ K ∩ φt(K) 6= ∅ ❡♥tã♦ K = φt(K).

❆s ❛✜r♠❛çõ❡s ✷✳✷✱ ✷✳✸ ❡ ✷✳✹ é ♦ q✉❡ ♣r❡❝✐s❛♠♦s✱ ♣❛r❛ ♠♦str❛r ♦ ▲❡♠❛ ✷✳✸✳ ❆
✐❞❡✐❛ é ♣r♦✈❛r q✉❡ K = W uu(p) ❡ ❞❛í ✉s❛♥❞♦ ❛ ❆✜r♠❛çã♦ ✷✳✷ ♦❜t❡r ♦ r❡s✉❧t❛❞♦✳

❉❡♠♦♥str❛çã♦✿ ❉♦ ▲❡♠❛ ✷✳✸

◗✉❡r❡♠♦s ♠♦str❛r q✉❡✱ s❡ p ∈ M é ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❞❡ ♣❡rí♦❞♦ r ❞❡ ✉♠
✢✉①♦ ❆♥♦s♦✈ φ ❡♥tã♦ W uu(p) s❛t✐s❢❛③✿

✐✮ W uu(p) é ❢❡❝❤❛❞❛ ❡♠ M ✳

✐✐✮ W uu(p) é Fuu✲s❛t✉r❛❞♦✳

✐✐✐✮ φr

(

W uu(p)
)

= W uu(p)✳

❆❧é♠ ❞✐ss♦✱ ♥❡♥❤✉♠ s✉❜❝♦♥❥✉♥t♦ ♣ró♣r✐♦ ❞❡ W uu(p) s❛t✐s❢❛③ (i)✱ (ii) ❡ (iii)✳

❉❡ ❢❛t♦✿

P❡❧❛ ❆✜r♠❛çã♦ ✷✳✸ t❡♠♦s q✉❡✱

M =
⋃

0≤t≤r

φt(K).

❉❛í✱ ❞❛❞♦ p ∈M =
⋃

0≤t≤r

φt(K) t❡♠✲s❡ q✉❡✱

p ∈ φT (K) ✭✷✳✶✮

♣❛r❛ ❛❧❣✉♠ T ∈ [0, r]✳

❊♥tã♦✱ φ−T (p) ∈ K✳ ▲♦❣♦✱ ♣❡❧❛ ❆✜r♠çã♦ ✷✳✷ ❝♦♠♦ K é Fuu✲s❛t✉r❛❞♦ t❡♠♦s
q✉❡✱ W uu(φ−T (p)) ⊂ K✳ P❡❧♦ q✉❡✱ φ−T (W

uu(p)) ⊂ K✳ ❉❡ ♦♥❞❡✱ s❡❣✉❡ q✉❡
φ−T (W uu(p)) ⊂ K✳ ▲♦❣♦✱ ♣❡❧❛ ❆✜r♠çã♦ ✷✳✷ ❝♦♠♦ K é ❢❡❝❤❛❞♦ t❡♠♦s q✉❡✱

φ−T (W uu(p)) ⊂ K✳ ❉❛q✉✐✱ s❡❣✉❡ q✉❡ φ−T

(

W uu(p)
)

⊂ K✳ ❆ss✐♠✱

W uu(p) ⊂ φT (K).
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❉❛q✉✐ ❡ ❞♦ ❢❛t♦ q✉❡ K ⊂ W uu(p) ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✷✱ t❡♠♦s q✉❡

K ⊂ φT (K).

❊♥tã♦✱
K ∩ φT (K) = K 6= ∅.

▲♦❣♦✱ ❝♦♠♦ ❑ ∩φT (K) 6= ∅✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✹ s❡❣✉❡ q✉❡✱

K = φT (K).

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡ ✭✷✳✶✮ t❡♠♦s q✉❡ p ∈ φT (K) ❡♥tã♦ p ∈ K✳ ❆❣♦r❛✱ ❝♦♠♦ K é
Fuu✲s❛t✉r❛❞♦✱ t❡♠♦s q✉❡

W uu(p) ⊂ K.

❉❡ ♦♥❞❡✱ W uu(p) ⊂ K✳ ▲♦❣♦✱ ❝♦♠♦ K é ❢❡❝❤❛❞♦✱ t❡♠✲s❡ q✉❡✱

W uu(p) ⊂ K.

❆ss✐♠✱
K = W uu(p).

▲♦❣♦ ✉s❛♥❞♦ ❛ ❆✜r♠❛çã♦ ✷✳✷✱ ♦ ▲❡♠❛ ✷✳✸ ✜❝❛ ♣r♦✈❛❞❛✳

❆❣♦r❛ ♣❛ss❛♠♦s ❛ ♠♦str❛r ❛s três ❛✜r♠❛çõ❡s q✉❡ ❢♦r❛♠ ✉s❛❞♦s ♣❛r❛ ♣r♦✈❛r ♦
▲❡♠❛ ✷✳✸✳

❉❡♠♦♥str❛çã♦✿ ❉❛ ❆✜r♠❛çã♦ ✷✳✷

▼♦str❛r❡♠♦s q✉❡✱ s❡ p ∈ M é ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❞❡ ♣❡rí♦❞♦ r ❞❡ ✉♠ ✢✉①♦
❆♥♦s♦✈ φ✱ ❡♥tã♦ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ K ⊂ W uu(p) ✭♥ã♦✲✈❛③✐♦✮ t❛❧ q✉❡✿

✐✮ K é ❢❡❝❤❛❞♦ ❡♠ M ✳

✐✐✮ K é Fuu✲s❛t✉r❛❞♦✳

✐✐✐✮ φr(K) = K✳

❊ t❛❧ q✉❡✱ ♥❡♥❤✉♠ s✉❜❝♦♥❥✉♥t♦ ♣ró♣r✐♦ ❞❡ K s❛t✐s❢❛③ (i)✱ (ii) ❡ (iii)✳

❉❡ ❢❛t♦✿

❙❡❥❛✱ ℑ ❂ {µ ⊂ W uu(p) : µ 6= ∅, µ é ❢❡❝❤❛❞♦✱ µ é Fuu✲s❛t✉r❛❞♦ ❡ φr(µ) = µ}✳

❈♦♥s✐❞❡r❡♠♦s ❡♠ ℑ ❛ ♦r❞❡♠ ♣❛r❝✐❛❧ ✐♥❞✉③✐❞❛ ♣♦r ✐♥❝❧✉sã♦ ❞❡ ❝♦♥❥✉♥t♦✳ ▲♦❣♦✱
❞❛❞❛ ✉♠❛ s❡q✉ê♥❝✐❛ µ1 ⊃ µ2 ⊃ µ3 ⊃ ...... ⊃✳✳✳✳ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ ℑ ♦❜s❡r✈❡♠♦s
q✉❡✱

✐✮ µ∗ =
⋂

i∈N

µi 6= ∅ ❞❡s❞❡ q✉❡ µi 6= ∅✱ ∀i ∈ N✳
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✐✐✮ µ∗ =
⋂

i∈N

µi é ❢❡❝❤❛❞♦✳

P♦✐s✱ µi é ❢❡❝❤❛❞♦ ♣❛r❛ t♦❞♦ i ∈ N✳ ▲♦❣♦✱ ❛ ✐♥t❡rs❡❝çã♦ ❛r❜✐tr❛r✐❛ ❞❡
❢❡❝❤❛❞♦s é ❢❡❝❤❛❞❛✳

✐✐✐✮ µ∗ =
⋃

i∈N

µi é Fu ✲s❛t✉r❛❞♦✳

P♦✐s✱ ❞❛❞♦ z ∈ µ∗ =
⋂

i∈N

µi t❡♠♦s q✉❡✱ z ∈ µi ♣❛r❛ t♦❞♦ i ∈ N. ▲♦❣♦✱ ❝♦♠♦

µi é Fuu✲s❛t✉r❛❞♦✱ t❡♠♦s q✉❡✱

W uu(z) ⊂ µi, ∀i ∈ N.

❉❛í q✉❡✱
W uu(z) ⊂

⋂

i∈N

µi = µ∗.

❆ss✐♠✱
W uu(z) ⊂ µ∗.

✐✈✮ φr(µ
∗) = µ∗✳

P♦✐s✱

φr(µ
∗) = φr

(

⋂

i∈N

µi

)

=
⋂

i∈N

φr(µi) =
⋂

i∈N

µi = µ∗.

❆❧é♠ ❞✐ss♦✱ µ∗ ⊂ µi ✱ ∀i ∈ N✳

❊♥tã♦ ♣❡❧♦ ❧❡♠❛ ❞❡ ❩♦r♥✁s✱ ℑ ❝♦♥té♠ ✉♠ ❡❧❡♠❡♥t♦ ♠✐♥✐♠❛❧✱ ❝❧❛r❛♠❡♥t❡
s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❛❝✐♠❛✳ ■st♦ ❝♦♥❝❧✉í ❛ ♣r♦✈❛ ❞❛ ❆✜r♠❛çã♦ ✷✳✷✳

❉❡♠♦♥str❛çã♦✿ ❉❛ ❆✜r♠❛çã♦ ✷✳✸

◗✉❡r❡♠♦s ♠♦str❛r q✉❡✱ M =
⋃

0≤t≤r

φt(K).

P❛r❛ ♣r♦✈❛r ❡st❛ ❛✜r♠❛çã♦ ♣r❡❝✐s❛♠♦s ❞❡ ❞♦✐s r❡s✉❧t❛❞♦s q✉❡ ❛♣r❡s❡♥t❛♠♦s
❡♠ s❡❣✉✐❞❛✱ ♠❛s ❛♥t❡s ❞❡❧❡ ❞❡♥♦t❡♠♦s✿

⋃

0≤t≤r

φt(K) = K∗.

❘❡s✉❧t❛❞♦ ✷✳✶✳ K∗ é Fu ✲s❛t✉r❛❞♦✳

❉❡ ❢❛t♦✱ s❡❥❛ z ∈ K∗ =
⋃

0≤t≤r

φt(K)✱ ❡♥tã♦ ❡①✐st❡ s ∈ [0, r] t❛❧ q✉❡ z ∈ φs(K)✳

❉❛q✉✐✱ ❡①✐st❡ x ∈ K t❛❧ q✉❡ z = φs(x)✳
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❆❣♦r❛✱ ♥♦t❡ q✉❡✱ ❜❛st❛ ♠♦str❛r q✉❡ φt (W
uu(z)) ⊂ K∗ ♣❛r❛ t♦❞♦ t ∈ R✳ ❏á

q✉❡ ❞❛q✉✐ t❡rí❛♠♦s q✉❡✱

W u(z) =
⋃

t∈R

φt (W
uu(z)) ⊂ K∗.

❈♦♠ ❡ss❡ ✜♠✱ ♦❜s❡r✈❡♠♦s q✉❡

φt(W
uu(z)) = W uu(φt(z))

= W uu(φt(φs(x)))

= W uu(φt+s(x))

= φt+s(W
uu(x)).

■st♦ é✱
φt(W

uu(z)) = φt+s(W
uu(x)).

▲♦❣♦✱ t♦♠❛♥❞♦ t+ s = nr + T ♦♥❞❡ 0 ≤ T ≤ r ❡ n ∈ Z✳ ❚❡♠♦s q✉❡✱

φt+s(W
uu(x)) = φnr+T (W

uu(x)) = φT (φnr(W
uu(x)).

❉❡ ♦♥❞❡✱
φt(W

uu(z)) = φT (φnr(W
uu(x))). ✭✷✳✷✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ K é Fuu✲s❛t✉r❛❞♦✱ ♣❛r❛ x ∈ K t❡♠✲s❡ q✉❡W uu(x) ⊂ K✳
❊♥tã♦✱

φr(W
uu(x)) ⊂ φr(K) = K

♣❡❧♦ q✉❡✱
φr(W

uu(x)) ⊂ K

❞❛q✉✐✱ t❛♠❜é♠ t❡♠✲s❡ q✉❡ φ2r(W
uu(x)) ⊂ φr(K) = K ❞❡ ♦♥❞❡✱

φ2r(W
uu(x)) ⊂ K

❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡ t❡♠♦s q✉❡✱

φnr(W
uu(x)) ⊂ K.

❊♥tã♦✱
φT (φnr(W

uu(x))) ⊂ φT (K) ⊂
⋃

0≤t≤r

φt(K) = K∗

■st♦ é✱
φT (φnr(W

uu(x))) ⊂ K∗.

❆❣♦r❛✱ ❝♦♠♦ ♣♦r ✭✷✳✷✮ t❡♠♦s q✉❡ φT (φnr(W
uu(x))) = φt(W

uu(z)).

❈♦♥❝❧✉í♠♦s q✉❡✱
φt(W

uu(z)) ⊂ K∗.
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❞❡ ♦♥❞❡✱
W u(z) ⊂ K∗

❆ss✐♠✱ ❝♦♥❝❧✉✐♥❞♦ ❛ ♣r♦✈❛ ❞♦ ❘❡s✉❧t❛❞♦ ✷✳✶✳

❘❡s✉❧t❛❞♦ ✷✳✷✳ K∗ é ❢❡❝❤❛❞♦ ❡♠ M ✳

❉❡ ❢❛t♦✱ t❡♠♦s q✉❡

K∗ =
⋃

0≤t≤r

φt(K) =
⋃

0≤t≤r

φ(t,K)

=
⋃

0≤t≤r,x∈K

φ(t, x)

= {φ(t, x) : 0 ≤ t ≤ r, x ∈ K}

= φ([0, r]×K).

■st♦ é✱
K∗ = φ([0, r]×K).

❆❣♦r❛✱ ❝♦♠♦ K ⊂ M é ❢❡❝❤❛❞♦ ❡ M ❝♦♠♣❛❝t♦✱ t❡♠♦s q✉❡ K é ❝♦♠♣❛❝t♦✳
❉❛q✉✐ s❡❣✉❡ q✉❡✱

[0, r]×K é ❝♦♠♣❛❝t♦.

▲♦❣♦✱ ❝♦♠♦ φ é ❝♦♥t✐♥✉❛✱ s❡❣✉❡ q✉❡ φ([0, r]×K) é ❝♦♠♣❛❝t♦✳

❆ss✐♠✱ K∗ = φ([0, r]×K) é ❝♦♠♣❛❝t♦✳ ❉❛í q✉❡✱

K∗ é ❢❡❝❤❛❞♦.

❉❡ ♦♥❞❡ s❡ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞♦ ❘❡s✉❧t❛❞♦ ✷✳✷✳

❆❣♦r❛✱ ❥á t❡♠♦s ❛s ❢❡rr❛♠❡♥t❛s ♥❡❝❡ssár✐❛s ♣❛r❛ ♠♦str❛r ❛ ❆✜r♠❛çã♦ ✷✳✸✳

P♦✐s✱ ❝♦♠♦ ♣❡❧♦ ❘❡s✉❧t❛❞♦ ✷✳✶ K∗ é Fu ✲s❛t✉r❛❞♦✱ ❞❛❞♦ z ∈ K∗ t❡♠♦s q✉❡✱

W u(z) ⊂ K∗

❡♥tã♦✱
W u(z) ⊂ K∗.

▲♦❣♦✱ ❝♦♠♦ W u(z) é ❞❡♥s♦ ❡♠ M ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✻ t❡♠♦s q✉❡✱ M = W u(z)✳
❉❡ ♦♥❞❡✱

M = W u(z) ⊂ K∗.

❊ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ♣❡❧♦ ❘❡s✉❧t❛❞♦ ✷✳✷ K∗ é ❢❡❝❤❛❞♦ ✐✳❡ (K∗ = K∗) t❡♠♦s
q✉❡✱ M ⊂ K∗✳

❉❛í✱ ❝♦♠♦
K∗ =

⋃

0≤t≤r

φt(K) ⊂M
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t❡♠♦s q✉❡✱ M = K∗✳

■st♦ é✱
M =

⋃

0≤t≤r

φt(K).

■st♦ ❝♦♥❝❧✉í ❛ ♣r♦✈❛ ❞❛ ❆✜r♠❛çã♦ ✷✳✸✳

❉❡♠♦♥str❛çã♦✿ ❉❛ ❆✜r♠❛çã♦ ✷✳✹

▼♦str❛r❡♠♦s q✉❡✱ s❡ 0 < t < r ❡ K ∩ φt(K) 6= ∅ ❡♥tã♦ K = φt(K).

❉❡ ❢❛t♦✿

■✮ Pr♦✈❡♠♦s q✉❡✱ K ⊂ φt(K)✳

❖❜s❡r✈❡ q✉❡✱ K ∩ φt(K) s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s (i), (ii) ❡ (iii) ❞❛ ❛✜r♠❛çã♦ ✷✳✷
✐✳❡✿

✐✮ Pr♦✈❡♠♦s q✉❡✱ K ∩ φt(K) é ❢❡❝❤❛❞♦✳

P♦✐s✱ ❝♦♠♦ K é ❢❡❝❤❛❞♦ ❡ φt é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ✜①❛♥❞♦ t✱ t❡♠♦s q✉❡ φt(K)
é ❢❡❝❤❛❞♦✳ ▲♦❣♦✱ ❝♦♠♦ ✐♥t❡rs❡çã♦ ❞❡ ❢❡❝❤❛❞♦s é ❢❡❝❤❛❞❛ t❡♠♦s q✉❡K∩φt(K)
é ❢❡❝❤❛❞♦✳

✐✐✮ Pr♦✈❡♠♦s q✉❡✱ K ∩ φt(K) é Fuu✲s❛t✉r❛❞♦✳

❉❛❞♦ x ∈ K ∩ φt(K) q✉❡r❡♠♦s ♠♦str❛r q✉❡✱ W uu(x) ⊂ K ∩ φt(K)✳

❈♦♠♦✱
x ∈ K ∩ φt(K).

❚❡♠♦s q✉❡✱ x ∈ K✳ ▲♦❣♦✱ ❝♦♠♦ K é Fuu✲s❛t✉r❛❞♦ t❡♠♦s q✉❡✿

W uu(x) ⊂ K. ✭✷✳✸✮

❆❧é♠ ❞✐ss♦✱ t❡♠♦s q✉❡ x ∈ φt(K) ❡♥tã♦✱ φ−t(x) ∈ K✳ ❆❣♦r❛✱ ❝♦♠♦ K é
Fuu✲s❛t✉r❛❞♦ t❡♠♦s q✉❡✱

W uu(φ−t(x)) ⊂ K

♣❡❧♦ q✉❡✱ φ−t(W
uu(x)) ⊂ K✳ ❊♥tã♦✱

W uu(x) ⊂ φt(K). ✭✷✳✹✮

▲♦❣♦✱ ❞❡ ✭✷✳✸✮ ❡ ✭✷✳✹✮ s❡❣✉❡ q✉❡✱

W uu(x) ⊂ K ∩ φt(K).

❆ss✐♠✱ K ∩ φt(K) é Fuu✲s❛t✉r❛❞♦✳
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✐✐✐✮ Pr♦✈❡♠♦s q✉❡✱ φr (K ∩ φt(K)) = K ∩ φt(K)✳

♣♦✐s✱

φr (K ∩ φt(K)) = φr(K) ∩ φr(φt(K))

= φr(K) ∩ φr+t(K)

= φr(K) ∩ φt+r(K)

= φr(K) ∩ φt(φr(K))

φr(K)=K
= K ∩ φt(K).

❉❡ ♦♥❞❡✱
φr (K ∩ φt(K)) = K ∩ φt(K).

❆ss✐♠✱ K ∩ φt(K) é ✉♠ ❝♦♥❥✉♥t♦ q✉❡ s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s (i), (ii) ❡ (iii)
❞❛ ❆✜r♠❛çã♦ ✷✳✷

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✷ ❝♦♠♦ K é ♦ ❝♦♥❥✉♥t♦ ♠✐♥✐♠❛❧ s❛t✐s❢❛③❡♥❞♦
(i), (ii) ❡ (iii) t❡♠♦s q✉❡✱

K ⊂ K ∩ φt(K).

❉❛í✱ ❝♦♠♦ K ∩ φt(K) ⊂ K t❡♠♦s q✉❡✱ K ∩ φt(K) = K.

❉❡ ♦♥❞❡✱
K ⊂ φt(K).

■■✮ ❆❣♦r❛✱ ♣r♦✈❡♠♦s q✉❡ φt(K) ⊂ K✳

◆♦t❡ q✉❡✱ ♣❛r❛ t♦❞♦ s ∈ R✱ φs(K) s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s (i), (ii) ❡ (iii) ❞❛
❆✜r♠❛çã♦ ✷✳✷ ✐✳❡✿

✐✮ Pr♦✈❡♠♦s q✉❡✱ φs(K) é ❢❡❝❤❛❞♦✳

P♦✐s✱ ❝♦♠♦K é ❢❡❝❤❛❞♦ ❡ φt é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ✜①❛♥❞♦ s✱ t❡♠♦s q✉❡ φs(K)
é ❢❡❝❤❛❞♦✳

✐✐✮ Pr♦✈❡♠♦s q✉❡✱ φs(K) é Fuu✲s❛t✉r❛❞♦✳

❉❛❞♦ x ∈ φs(K) q✉❡r❡♠♦s ♠♦str❛r q✉❡✱ W uu(x) ⊂ φs(K)✳

❉❡ ❢❛t♦✿

❈♦♠♦ x ∈ φs(K) ❡♥tã♦✱ φ−s(x) ∈ K✳ ▲♦❣♦✱ ❝♦♠♦ K é Fuu✲s❛t✉r❛❞♦ t❡♠♦s
q✉❡✱

W uu(φ−s(x)) ⊂ K

♣❡❧♦ q✉❡✱
φ−s(W

uu(x)) ⊂ K

❞❡ ♦♥❞❡✱
W uu(x) ⊂ φs(K).
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✐✐✐✮ Pr♦✈❡♠♦s q✉❡✱ φr (φs(K)) = φs(K)✳

P♦✐s✱

φr (φs(K)) = φr+s(K) = φs+r(K) = φs (φr(K))
φr(K)=K

= φs(K)

❞❡ ♦♥❞❡✱
φr (φs(K)) = φs(K).

❆❣♦r❛✱ ❝♦♠♦ ♣❛r❛ t♦❞♦ s ∈ R✱ φs(K) s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s (i), (ii) ❡ (iii)
❞❛ ✜r♠❛çã♦ ✷✳✷ ❡♠ ♣❛rt✐❝✉❧❛r s❛t✐❢❛③ ♣❛r❛ s = −t✳ ▲♦❣♦✱ t❡♠✲s❡ q✉❡ φ−t(K)
t❛♠❜é♠ s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s (i), (ii) ❡ (iii) ❞❛ ✜r♠❛çã♦ ✷✳✷✳

❉❛í✱ ♣❡❧❛ ✜r♠❛çã♦ ✷✳✷ ❝♦♠♦ K é ✉♠ ❝♦♥❥✉♥t♦ ♠✐♥✐♠❛❧ s❛t✐s❢❛③❡♥❞♦ (i), (ii) ❡
(iii) t❡♠♦s q✉❡✿

K ⊂ φ−t(K).

❉❛✐✱ s❡❣✉❡ q✉❡
φt(K) ⊂ K.

❆ss✐♠✱
K = φt(K).

■st♦ ❝♦♥❝❧✉í ❛ ♣r♦✈❛ ❞❛ ❆✜r♠❛çã♦ ✷✳✹✳

❆❣♦r❛ ❥á t❡♠♦s ❛s ❢❡rr❛♠❡♥t❛s ♥❡❝❡ssár✐❛s ♣❛r❛ ♣r♦✈❛r ♦ ▲❡♠❛ ✷✳✷✳

❉❡♠♦♥str❛çã♦✿ ❉♦ ▲❡♠❛ ✷✳✷

■st♦ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ▲❡♠❛ ✷✳✸ ❡ ❛ ❆✜r♠❛çã♦ ✷✳✹✳ ❏á q✉❡
♣❡❧♦ ▲❡♠❛ ✷✳✸ t❡♠♦s q✉❡✱ W uu(p) = K✳ ▲♦❣♦ ❞❛ ❆✜r♠❛çã♦ ✷✳✹ s❡❣✉❡ q✉❡

φt

(

W uu(p)
)

= W uu(p) ♣❛r❛ t♦❞♦ t ∈ (0, r)✳

◆♦ s❡❣✉✐♥t❡ ❧❡♠❛ ❞❛♠♦s ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧
❢♦rt❡ s❡❥❛ ❞❡♥s❛ ❡♠ M ♣❛r❛ t♦❞♦ ♣♦♥t♦ x ∈M ✳

▲❡♠❛ ✷✳✹✳ ❙❡❥❛ Ω(φt) = M ♣❛r❛ ✉♠ ✢✉①♦ ❆♥♦s♦✈✳ ❙❡ W uu(p) é ❞❡♥s♦ ❡♠ M

♣❛r❛ t♦❞♦s ♦s ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s p ❡♥tã♦ W uu(x) é ❞❡♥s♦ ❡♠ M ♣❛r❛ t♦❞♦ x ∈M ✳

❉❡♠♦♥str❛çã♦✿

▼♦str❛r❡♠♦s q✉❡ W uu(x) =M ♣❛r❛ t♦❞♦ x ∈M ✳

❈♦♠♦ W uu(x) ⊂M só ❢❛❧t❛r✐❛ ♠♦str❛r q✉❡ M ⊂ W uu(x)✳

❉❡ ❢❛t♦✿

❙❡❥❛ W ∈ Fuu ✜①❛❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ ❢♦rt❡✱ x ✉♠
♣♦♥t♦ ❛r❜✐trár✐♦ ❞❡ M ❡ ǫ > 0 ♣r♦✈❛r❡♠♦s q✉❡ Bǫ(x) ∩W 6= ∅✳
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❈♦♠♦ x ∈ M ❡ φt é ✉♠ ✢✉①♦ ❆♥♦s♦✈ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ♣r♦❞✉t♦
Nr(x) ♦♥❞❡ r > 0 ❞❡✜♥✐❞♦ ♣♦r✿

Nr(x) =
⋃

y∈Buu(x)

Bs
r(y).

▲♦❣♦ ❝♦♠♦ Nr(x) é ❛❜❡rt♦✱ ❞❛❞♦ r > 0 ❡①✐st❡ δ = δ(r) t❛❧ q✉❡ Bδ(x) ⊂ Nr(x)
♣❛r❛ t♦❞♦ x ∈M ✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ♦s ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s sã♦ ❞❡♥s♦s ❡♠ M ✱ ❡①✐st❡ ✉♠❛
❝♦❜❡rt✉r❛ ❞❡ ❜♦❧❛s ❛❜❡rt❛s Bδ( ε

2
)(pi) ❞❡ M ✱ ♦♥❞❡ pi é ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❞❡ ♣❡rí♦❞♦

ti r❡s♣❡t✐✈❛♠❡♥t❡ ❡ i ∈ N✳ ❆❣♦r❛ ❝♦♠♦ M é ❝♦♠♣❛❝t♦✱ t❡♠♦s q✉❡ t♦❞❛ ❝✉❜❡rt✉r❛
❛❜❡rt♦ ❛❞♠✐t❡ ✉♠ s✉❜ ❝♦❜❡rt✉r❛ ✜♥✐t♦ Bδ( ε

2
)(p1), . . . , Bδ( ε

2
)(pk)✳

■st♦ é✱

M ⊂
k
⋃

i=1

Bδ( ǫ
2
)(pi) ✭✷✳✺✮

❆✜r♠❛çã♦ ✷✳✺✳ ❊①✐st❡ t > 0 t❛❧ q✉❡ φt(B
uu
ǫ
2

(pi)) ∩B ǫ
2
(x) 6= ∅ ♣❛r❛ i = 1, . . . , k✳

P❛r❛ ♣r♦✈❛r ❡st❛ ❛✜r♠❛çã♦ ♣r❡❝✐s❛♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✳

❘❡s✉❧t❛❞♦ ✷✳✸✳ ❊①✐st❡ T > 0 t❛❧ q✉❡ Buu
T (pi) ∩B ǫ

2
(x) 6= ∅ ♣❛r❛ i = 1, . . . , k✳

❉❡ ❢❛t♦✱ ♣❡❧❛ ❤✐♣ót❡s❡ ❝♦♠♦ W uu(pi) é ❞❡♥s♦ ❡♠ M ♣❛r❛ t♦❞♦ pi ∈ per(φt)✱
t❡♠♦s q✉❡ M ⊂ W uu(pi)✳ ❉❛í✱ ❞❛❞♦ x ∈M t❡♠✲s❡ q✉❡ x ∈ W uu(pi)✱ s♦♠❡♥t❡✱ s❡
♣❛r❛ t♦❞♦ ✈✐③✐♥❤❛♥ç❛ ❞❡ x ❞❡♥♦t❛❞♦ ♣♦r Vx✱ t❡♠✲s❡ q✉❡ Vx ∩W uu(pi) 6= ∅✳ ❈♦♠♦
✐st♦ ♦❝♦rr❡ ♣❛r❛ t♦❞❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x ✱ t♦♠❡♠♦s Vx = B ǫ

2
(x)✳

❉❛í q✉❡✱
B ǫ

2
(x) ∩W uu(pi) 6= ∅.

❆❣♦r❛✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ri > 0✱ i = 1, ...k ❝♦♠ Buu
ri
(pi) ⊂ W uu(pi)

t❛❧ q✉❡✱
B ǫ

2
(x) ∩ Buu

ri
(pi) 6= ∅.

▲♦❣♦✱ t♦♠❛♥❞♦ T = max
1≤i≤k

(ri) t❡♠♦s q✉❡ Buu
ri
(pi) ⊂ Buu

T (pi) ♣❛r❛ t♦❞♦

i = 1, ..., k✳ ❉❡ ♦♥❞❡✱

B ǫ
2
(x) ∩ Buu

T (pi) 6= ∅.

❆ss✐♠ s❡ ❝♦♥❝❧✉í ❛ ♣r♦✈❛ ❞♦ ❘❡s✉❧t❛❞♦ ✷✳✸✱ ✭✈❡r ✜❣✉r❛ ✷✳✶✮✳

❘❡s✉❧t❛❞♦ ✷✳✹✳ ❊①✐st❡ c > 0 t❛❧ q✉❡ φt(B
uu
T (pi)) ∩ B ǫ

2
(x) 6= ∅ ♦♥❞❡ |t| < c.ti

(i = 1, . . . , k)✳
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❋✐❣✉r❛ ✷✳✶✿ ❘❡s✉❧t❛❞♦ ✷✳✸

❉❡ ❢❛t♦✱ ❞❡s❞❡ q✉❡ Buu
T (pi) ∩B ǫ

2
(x) 6= ∅ ♣❡❧♦ ❘❡s✉❧t❛❞♦ ✷✳✸ ❡ B ǫ

2
(x) é ❛❜❡rt♦✱

❡①✐st❡♠ ci t❛❧ q✉❡ φt(B
uu
T (pi)) ∩ B ǫ

2
(x) 6= ∅ ♣❛r❛ |t| < ci.ti ❡ i = 1, .., k✳

P♦✐s✿

❙❡❥❛ zi ∈ Buu
T (pi) ∩ B ǫ

2
(x)✳ ❈♦♠♦ B ǫ

2
(x) é ❛❜❡rt❛ ❡①✐st❡ δi > 0 t❛❧ q✉❡

Bδi(zi) ⊂ B ǫ
2
(x)✳ ▲♦❣♦ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s ❢♦❧❤❛s ✐♥stá✈❡✐s ❢♦rt❡s ❡①✐st❡ Bδ′i

(pi)
♦♥❞❡ δ′i > 0✳

❆❣♦r❛✱ t♦♠❡♠♦s ci > 0✱ t❛❧ q✉❡ φt(pi) ∈ Bδ′i
(pi) ♣❛r❛ |t| < ci.ti ❡ i = 1, .., k✳

❧♦❣♦ ❝♦♠♦ φt(pi) ∈ Buu
T (φt(pi)) ❚❡♠♦s q✉❡ Buu

T (φt(pi)) ∩ Bδ′i
(pi) 6= ∅✱ ♥♦✈❛♠❡♥t❡

♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛s ❢♦❧❤❛s ✐♥stá✈❡✐s ❢♦rt❡s✱ t❡♠♦s✱

Buu
T (φt(pi)) ∩ Bδi(zi) 6= ∅.

❉❛q✉✐✱ ❝♦♠♦ Buu
T (φt(pi)) ⊂ φt(B

uu
T (pi))✱ s❡❣✉❡ q✉❡ φt(B

uu
T (pi)) ∩ Bδi(zi) 6= ∅✳

❆❣♦r❛✱ ❝♦♠♦ Bδi(zi) ⊂ B ǫ
2
(x)✱ t❡♠♦s q✉❡

φt(B
uu
T (pi)) ∩ B ǫ

2
(x) 6= ∅

♦♥❞❡ |t| < ci.ti (i = 1, . . . , k)✳

■st♦ é✱ ❡①✐st❡♠ ci > 0 t❛❧ q✉❡ φt(B
uu
T (pi)) ∩ B ǫ

2
(x) 6= ∅ ♦♥❞❡ |t| < ci.ti

(i = 1, . . . , k)✳

❆❣♦r❛✱ t♦♠❛♥❞♦ c = min
1≤i≤k

(ci) t❡♠✲s❡ q✉❡
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φt(B
uu
T (pi)) ∩ B ǫ

2
(x) 6= ∅

♣❛r❛ |t| < c.ti (i = 1, . . . , k)✳

■st♦ é✱ ❡①✐st❡ c > 0 t❛❧ q✉❡ φt(B
uu
T (pi)) ∩ B ǫ

2
(x) 6= ∅ ♦♥❞❡ |t| < c.ti

(i = 1, . . . , k)✳

❉❡ ♦♥❞❡ s❡ ❝♦♥❝❧✉í ❛ ♣r♦✈❛ ❞♦ ❘❡s✉❧t❛❞♦ ✷✳✹✱ ✭✈❡r ✜❣✉r❛ ✷✳✷✮✳

>

>

❋✐❣✉r❛ ✷✳✷✿ ❘❡s✉❧t❛❞♦ ✷✳✹

❘❡s✉❧t❛❞♦ ✷✳✺✳ ❙❡ t é s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❡♥tã♦

Buu
T (pi) ⊂ φniti(B

uu
ǫ
2

(pi))

♣❛r❛ ni q✉❡ ❞❡♣❡♥❞❡ ❞❡ t ❡ ni ∈ Z ♦♥❞❡ (i = 1, . . . , k)✳

❉❡ ❢❛t♦✱ ❝♦♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ ♠♦str❛r ❡st❡ r❡s✉❧t❛❞♦ ♦❜s❡r✈❡♠♦s q✉❡✿

❖❜s❡r✈❛çã♦ ✹✳ ❉❛❞♦s tl, tj ∈ R ❡①✐st❡♠ nl, nj ∈ Z ❡ c > 0✱ t❛❧ q✉❡

|nltl − njtj| < c.ti ♦♥❞❡ ti = min
1≤l,j≤k

(tl, tj)✳

❉❛í✱ ❡①✐st❡ t > 0 ❛r❜✐tr❛r✐❛♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡ |t − niti| < cti ♣❛r❛ ❛❧❣✉♠
ni ∈ Z q✉❡ ❞❡♣❡♥❞❡ ❞❡ t ❡ (i = 1, . . . , k)✳

P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ❞❡st❛ ♦❜s❡r✈❛çã♦ ✈❡r ❬✶✺❪✳

❆❣♦r❛✱ ❝♦♠❡❝❡♠♦s ❢❛③❡r ❛ ♣r♦✈❛ ❞♦ ❘❡s✉❧t❛❞♦ ✷✳✺✳
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)

)

❉❡s❞❡ q✉❡ pi é ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❡ Buu
ǫ
2

(pi) ⊂ φti(B
uu
ǫ
2

(pi)) ⊂ φ2ti(B
uu
ǫ
2

(pi)) ⊂

... ⊂ ... ❡①✐st❡ mi ∈ Z
+ t❛❧ q✉❡✱

Buu
T (pi) ⊂ φmiti(B

uu
ǫ
2

(pi).

❖❜s❡r✈❡♠♦s q✉❡ ♣♦❞❡ ❛❝♦♥t❡❝❡r q✉❡ ❡①✐st❛♠ ml,mj ∈ Z
+ t❛✐s q✉❡ |mltl −

mjtj| > cti ♦♥❞❡ ti = min
1≤l,j≤k

(tl, tj)✳

P❛r❛ s♦❧✉❝✐♦♥❛r ✐st♦✱ ✉s❡♠♦s ❛ ❖❜s❡r✈❛çã♦ ✹✳ ❖✉ s❡❥❛ ❡①✐st❡ Mi ∈ Z
+ t❛❧ q✉❡

|Mimiti −Mlmltl| < cti

▲♦❣♦✱ ❡①✐st❡ t s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡ |t− niti| < cti ♦♥❞❡ ni = Mimi

❡ (i = 1, . . . , k)✳

)

)

❆❣♦r❛✱ ❝♦♠♦ φmiti(B
uu
ǫ
2

(pi)) ⊂ φniti(B
uu
ǫ
2

(pi)) ❞❡s❞❡ q✉❡ mi < ni ❡ Buu
T (pi) ⊂

φmiti(B
uu
ǫ
2

(pi))✱ t❡♠♦s q✉❡

Buu
T (pi) ⊂ φniti(B

uu
ǫ
2

(pi))

❆ss✐♠✱ ❝♦♥❝❧✉✐♥❞♦ ❛ ♣r♦✈❛ ❞♦ ❘❡s✉❧t❛❞♦ ✷✳✺✱ ✭✈❡r ✜❣✉r❛ ✷✳✸✮✳

❆❣♦r❛✱ ♣❛r❛ ❝♦♥❝❧✉✐r ❝♦♠ ❛ ♣r♦✈❛ ❞❛ ❆✜r♠❛çã♦ ✷✳✺✱ ❜❛st❛ t♦♠❛r t =
max
1≤i≤k

(niti)✳

❉❛q✉✐✱
φniti(B

uu
ǫ
2

(pi)) ⊂ φt(B
uu
ǫ
2

(pi))

❛ss✐♠✱
Buu

T (pi) ⊂ φt(B
uu
ǫ
2

(pi)).
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<

❋✐❣✉r❛ ✷✳✸✿ ❘❡s✉❧t❛❞♦ ✷✳✺

▲♦❣♦✱ ❝♦♠♦ ♣❡❧♦ ❘❡s✉❧t❛❞♦ ✷✳✸ t❡♠♦s q✉❡ Buu
T (pi) ∩ B ǫ

2
(x) 6= ∅

❛ss✐♠✱

φt(B
uu
ǫ
2

(pi)) ∩ B ǫ
2
(x) 6= ∅.

■st♦ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞❛ ❆✜r♠❛çã♦ ✷✳✺✳

❆✜r♠❛çã♦ ✷✳✻✳ P❛r❛ ❛❧❣✉♠ j ♦♥❞❡ 1 ≤ j ≤ k t❡♠♦s q✉❡ φ−t(W )∩Bδ(
ε
2
)(pj) 6= ∅

❉❡ ❢❛t♦✱ t❡♠♦s ♣♦r ✭✷✳✺✮ q✉❡✱

M ⊂
k
⋃

i=1

Bδ( ǫ
2
)(pi)

❧♦❣♦✱ ❝♦♠♦ φ−t(W ) ⊂M t❡♠✲s❡ q✉❡

φ−t(W ) ⊂
k
⋃

i=1

Bδ( ǫ
2
)(pi).

■st♦ é✱ s❡ x ∈ φ−t(W ) ❡♥tã♦ x ∈
k
⋃

i=1

Bδ( ǫ
2
)(pi)✳

❉❛q✉✐✱ ❡①✐st❡ j ∈ [1, k] t❛❧ q✉❡ x ∈ Bδ( ǫ
2
)(pj)✱ ❞❡ ♦♥❞❡ x ∈ φ−t(W )∩Bδ( ǫ

2
)(pj)✳
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❆ss✐♠✱ ♣❛r❛ ❛❧❣✉♠ j ∈ [1, k] t❡♠♦s q✉❡

φ−t(W ) ∩ Bδ( ǫ
2
)(pj) 6= ∅.

❉❡ ♦♥❞❡ s❡ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞❛ ❆✜r♠❛çã♦ ✷✳✻✱ ✭✈❡r ✜❣✉r❛ ✷✳✹✮✳

❆✜r♠❛çã♦ ✷✳✼✳ ❊①✐st❡♠ q ∈ W uu(pj) ∩ φ−t(B ǫ
2
(x)) ❡ y ∈ φ−t(W ) ∩W s(q) t❛❧

q✉❡ d(q, y) < ǫ
2
✳

❉❡ ❢❛t♦✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✺ t❡♠♦s q✉❡ ❡①✐st❡ t > 0 t❛❧ q✉❡ ♣❛r❛ i = 1, . . . , k
t❡♠✲s❡ q✉❡

φt(B
uu
ǫ
2

(pi)) ∩ B ǫ
2
(x) 6= ∅

❡♥tã♦✱
Buu

ǫ
2

(pi) ∩ φ−t(B ǫ
2
(x)) 6= ∅.

▲♦❣♦✱ ❝♦♠♦ Buu
ǫ
2

(pi) ⊂ W uu(pi) ♣❛r❛ t♦❞♦ i = 1, ..., k t❡♠♦s q✉❡✱

W uu(pi) ∩ φ−t(B ǫ
2
(x)) 6= ∅

❡♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ j ∈ [1, k] t❡♠♦s q✉❡ W uu(pj) ∩ φ−t(B ǫ
2
(x)) 6= ∅✳

❉❡ ♦♥❞❡ t❡♠♦s q✉❡ ❡①✐st❡

q ∈ W uu(pj) ∩ φ−t(B ǫ
2
(x)). ✭✷✳✻✮

❆❣♦r❛✱ ❝♦♠♦ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✻ t❡♠♦s q✉❡ φ−t(W )∩Bδ( ǫ
2
)(pj) 6= ∅ ♣❛r❛ ❛❧❣✉♠

j ∈ [1, k] ❡ q ∈ W uu(pj) ∩ φ−t(B ǫ
2
(x)) 6= ∅✱ ♣❡❧♦ t❡♦r❡♠❛ ❞❡ ✈✐③✐♥❤❛♥ç❛ ♣r♦❞✉t♦

❧♦❝❛❧ t❡♠♦s q✉❡ ❡①✐st❡ y ∈ φ−t(W ) ∩W s(q) t❛❧ q✉❡ d(q, y) < ǫ
2
✳

❉❡ ♦♥❞❡ s❡ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞❛ ❆✜r♠❛çã♦ ✷✳✼✱ ✭✈❡r ✜❣✉r❛ ✷✳✹✮✳

❆✜r♠❛çã♦ ✷✳✽✳ φt(y) ∈ Bǫ(x)✳

❉❡ ❢❛t♦✱ ❞❡s❞❡ q✉❡ y ❡ q ❡st❡❥❛♠ ♥❛ ♠❡s♠❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❡ d(q, y) < ǫ
2
✱

♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✼ t❡♠♦s q✉❡✱ d(φt(q), φt(y)) < d(q, y) < ǫ
2
✳

■st♦ é✱

d(φt(q), φt(y)) <
ǫ

2
. ✭✷✳✼✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ q ∈ W uu(pj) ∩ φ−t(B ǫ
2
(x)) ♣♦r ✭✷✳✻✮✱ s❡❣✉❡ q✉❡

q ∈ φ−t(B ǫ
2
(x))✱ ❞❡ ♦♥❞❡ φt(q) ∈ B ǫ

2
(x)✳

❆ss✐♠✱
d(x, φt(q)) <

ǫ

2
. ✭✷✳✽✮
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❋✐❣✉r❛ ✷✳✹✿ ❆✜r♠❛çã♦ ✷✳✻ ❡ ✷✳✼

▲♦❣♦ ✉s❛♥❞♦ ✭✷✳✼✮✱ ✭✷✳✽✮ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r t❡♠♦s q✉❡✱

d(x, φt(y)) ≤ d(x, φt(q)) + d(φt(q), φt(y)) <
ǫ

2
+
ǫ

2
= ǫ

❞❡ ♦♥❞❡✱
d(x, φt(y)) < ǫ.

❋✐♥❛❧♠❡♥t❡ ❞❛q✉✐✱ s❡❣✉❡ q✉❡

φt(y) ∈ Bǫ(x).

❊ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ φt(y) ∈ W ♣❡❧❛ ❆✜r♠❛çã♦ ✭✷✳✼✮✳

❚❡♠♦s q✉❡
φt(y) ∈ Bǫ(x) ∩W

❞❡ ♦♥❞❡✱
Bǫ(x) ∩W 6= ∅.

❆ss✐♠✱
x ∈ W.

■st♦ é✱ ❞❛❞♦ x ∈M ♠♦str❛♠♦s q✉❡ x ∈ W ✳

❖ q✉❡ ♦ ♠❡s♠♦ ❞✐③❡r q✉❡ M ⊂ W ❡ ❝♦♠♦ ♣♦r ♦✉tr♦ ❧❛❞♦ t❡♠♦s q✉❡ W ⊂M ✱



✹✻ ✷✳✷✳ ❋♦❧❤❡❛çõ❡s ❈♦♥❥✉♥t❛♠❡♥t❡ ■♥t❡❣rá✈❡✐s

s❡❣✉❡ q✉❡
W =M.

▲♦❣♦✱ ❝♦♠♦ W ∈ Fuu é ❛r❜✐trár✐♦✱ t♦♠❡♠♦s W = W uu(x)✱ ❛ss✐♠

W uu(x) =M.

❋✐❣✉r❛ ✷✳✺✿ ❆✜r♠❛çã♦ ✷✳✽

✷✳✷ ❋♦❧❤❡❛çõ❡s ❈♦♥❥✉♥t❛♠❡♥t❡ ■♥t❡❣rá✈❡✐s

❙❡❥❛ Nδ(x) ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ♣r♦❞✉t♦ ❞❡ x ❝♦♠♦ ♥♦ ❚❡♦r❡♠❛ ✶✳✸✳ ❙❡ y ❡ z
❡stã♦ ♥❛ ♠❡s♠❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ ❢♦rt❡ ❡♠ Nδ(x)✱ ❡♥tã♦ ❡①✐st❡ ✉♠ δ′ > 0 t❛❧
q✉❡ ❛ ❛♣❧✐❝❛çã♦ Fy,z : B

s
δ′(y) −→ Bs

δ(z) ❞❛❞❛ ♣❡❧❛ ♣r♦❥❡çã♦ ❛♦ ❧♦♥❣♦ ❞❛ ✈❛r✐❡❞❛❞❡
✐♥stá✈❡❧ ❢♦rt❡ é ❜❡♠ ❞❡✜♥✐❞❛✳

❉❡✜♥✐çã♦ ✷✳✶✳ ❆s ❢♦❧❤❡❛çõ❡s Fuu ❡ F ss sã♦ ❝❤❛♠❛❞❛s ❝♦♥❥✉♥t❛♠❡♥t❡
✐♥t❡❣rá✈❡❧ ❡♠ Nδ(x)✱ s❡ ♣❛r❛ y ❡ z q✉❡ ❡stã♦ ♥❛ ♠❡s♠❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧
❢♦rt❡ ❡ δ′ > 0 t❡♠♦s q✉❡✿

Fy,z (W
ss(u) ∩ Bs

δ′(y)) ⊂ W ss (Fy,z(u)) ∩ B
s
δ(z), onde u ∈ Bs

δ′(y).



✹✼ ✷✳✷✳ ❋♦❧❤❡❛çõ❡s ❈♦♥❥✉♥t❛♠❡♥t❡ ■♥t❡❣rá✈❡✐s

Fuu ❡ F ss sã♦ ❝♦♥❥✉♥t❛♠❡♥t❡ ✐♥t❡❣rá✈❡❧ s❡ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ M

❡stã♦ ❝♦♥t✐❞❛ ❡♠ t❛❧ ✈✐③✐♥❤❛♥ç❛ Nδ(x)✳ ❚❛♠❜é♠ ❞✐r❡♠♦s q✉❡ Eu ❡ Es sã♦
❝♦♥❥✉♥t❛♠❡♥t❡ ✐♥t❡❣rá✈❡❧✳

❋✐❣✉r❛ ✷✳✻✿ ❋♦❧❤❡❛çõ❡s ❈♦♥❥✉♥t❛♠❡♥t❡ ■♥t❡❣rá✈❡✐s

❆❣♦r❛✱ ♣❛ss❛♠♦s ❛ ❡♥✉♥❝✐❛r ✉♠ r❡s✉❧t❛❞♦ q✉❡ é ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ❢♦❧❤❡❛çõ❡s
Fuu ❡ F ss ❝♦♥❥✉♥t❛♠❡♥t❡ ✐♥t❡❣rá✈❡❧✳

Pr♦♣♦s✐çã♦ ✷✳✷✳ Fuu ❡ F ss sã♦ ❝♦♥❥✉♥t❛♠❡♥t❡ ✐♥t❡❣rá✈❡✐s s❡✱ ❡ s♦♠❡♥t❡ s❡✱
Eu ⊕ Es é ✐♥t❡❣rá✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛♠♦s q✉❡ Eu ⊕Es é ✐♥t❡❣rá✈❡❧ ❡♥tã♦ Fuu ❡ F ss sã♦
❝♦♥❥✉♥t❛♠❡♥t❡ ✐♥t❡❣rá✈❡✐s✳

P♦✐s✱ ❝❛s♦ ❝♦♥tr❛r✐♦ Eu ⊕Es é t❛♥❣❡♥t❡ ❛ ❞✉❛s s✉❜ ✈❛r✐❡❞❛❞❡s Fy,z(W
ss(u)) ❡

W ss (Fy,z(u))✳ ❖ q✉❛❧ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ❥á q✉❡ Eu⊕Es é t❛♥❣❡♥t❡ ❛ ✉♠❛ ú♥✐❝❛
❢♦❧❤❡❛çã♦ ✭✈❡r ✜❣✉r❛ ✷✳✼✮✱ ❞❡ ♦♥❞❡

Fy,z (W
ss(u) ∩ Bs

δ′(y)) ⊂ W ss (Fy,z(u)) ∩ B
s
δ(z) e u ∈ Bs

δ′(y).

❆❣♦r❛✱ s✉♣♦♥❤❛♠♦s q✉❡ Fuu ❡ F ss sã♦ ❝♦♥❥✉♥t❛♠❡♥t❡ ✐♥t❡❣rá✈❡✐s ❡♥tã♦✱
♠♦str❛r❡♠♦s q✉❡ Eu ⊕ Es é ✐♥t❡❣rá✈❡❧✳

❉❡ ❢❛t♦✿

❙❡ Fuu ❡ F ss sã♦ ❝♦♥❥✉♥t❛♠❡♥t❡ ✐♥t❡❣rá✈❡✐s ❡♥tã♦ ❤á ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ C1

ú♥✐❝❛ ❛tr❛✈és ❞❡ ❝❛❞❛ ♣♦♥t♦ x ❞❡ M ✱ ❝✉❥♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ é Eu
x ⊕ Es

x✳ ❚❡♠♦s
❛ss✐♠ ✉♠❛ ❢♦❧❤❡❛çã♦ F ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❝♦♠ ✜❜r❛❞♦ t❛♥❣❡♥t❡ Eu ⊕ Es✳

❆✜r♠❛çã♦ ✷✳✾✳ ❆ ❢♦❧❤❡❛çã♦ F é ❞❡ ❝❧❛ss❡ C1✳



✹✽ ✷✳✷✳ ❋♦❧❤❡❛çõ❡s ❈♦♥❥✉♥t❛♠❡♥t❡ ■♥t❡❣rá✈❡✐s

❋✐❣✉r❛ ✷✳✼✿

❉❡ ❢❛t♦✱ ♣❛r❛ ❝❛❞❛ p ∈M ✱ s❡❥❛♠ L(p) ✉♠❛ ❢♦❧❤❛ ❞❡ F q✉❡ ❝♦♥té♠ p✱ B ⊂ L(p)
✉♠❛ ❜♦❧❛ ❛❜❡rt❛ ❝♦♥t❡♥❞♦ p✱ ❡

η : B −→ R
n−1 ✉♠ ♠❡r❣✉❧❤♦ C1✳

❆❣♦r❛✱ ❝♦♠♦ φt ❧❡✈❛ ❢♦❧❤❛s ❞❡ F ❡♠ ❢♦❧❤❛s ❞❡ F ❞❡s❞❡ q✉❡ φt : M −→ M é
✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ♣❛r❛ ❝❛❞❛ t ✜①♦✳

❉❡✜♥❛♠♦s✱

U =
⋃

|t|<δ

φt(B)

♦♥❞❡ δ > 0 é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ t❛❧ q✉❡ ❛ ❛♣❧✐❝❛çã♦

h : B × (−δ, δ) −→ U

(x, t) 7−→ h(x, t) = φt(x)

s❡❥❛ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

❆❣♦r❛✱ ❞❡✜♥❛

ψ :U −→ Rn(= Rn−1 ×R)

φt(x) 7−→ ψ(φt(x)) = (η(x), t).
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❈❧❛r❛♠❡♥t❡ ψ é C1 ❡ ❛ ❝♦❧❡çã♦ ❞❡ t♦❞❛s ❛s ❝❛rt❛s ❞❡✜♥✐❞❛s ❞❡st❡ ♠♦❞♦
❞❡t❡r♠✐♥❛♠ ❛ s♦❧✉çã♦ ❞❡ ❢♦❧❤❡❛çã♦ F ✱ ✐st♦ é✱ F é C1✳

❋✐❣✉r❛ ✷✳✽✿ ❆✜r♠❛çã♦ ✷✳✾

❖❜s❡r✈❡♠♦s q✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷ s❡ ❝♦♥❝❧✉✐ q✉❡✱ s❡ Eu⊕Es ♥ã♦ é ✐♥t❡❣rá✈❡❧
❡♥tã♦ Fuu ❡ F ss ♥ã♦ sã♦ ❝♦♥❥✉♥t❛♠❡♥t❡ ✐♥t❡❣rá✈❡✐s✳ ❆ ❝♦♥tr❛ ♣♦s✐t✐✈❛ ❞❛ s❡❣✉✐♥t❡
♣r♦♣♦s✐çã♦ ❛✜r♠❛ q✉❡✱ s❡ Fuu ❡ F ss ♥ã♦ sã♦ ❝♦♥❥✉♥t❛♠❡♥t❡ ✐♥t❡❣rá✈❡✐s ❡♥tã♦
W uu(x) ❡ W ss(x) sã♦ ❞❡♥s♦s ❡♠ M ♣❛r❛ ❝❛❞❛ x ∈ M ✳ ■st♦ é✱ s❡ Eu ⊕ Es ♥ã♦ é
✐♥t❡❣rá✈❡❧ ❡♥tã♦ W uu(x) ❡ W ss(x) sã♦ ❞❡♥s♦s ❡♠ M ♣❛r❛ ❝❛❞❛ x ∈M ✳

Pr♦♣♦s✐çã♦ ✷✳✸✳ ❙❡ ❛❧❣✉♠ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❢♦rt❡ ♦✉ ✐♥stá✈❡❧ ❢♦rt❡ ♥ã♦ é ❞❡♥s♦
❡♠ M ❡♥tã♦ Fuu ❡ F ss sã♦ ❥✉♥t❛♠❡♥t❡ ✐♥t❡❣rá✈❡❧✳

❉❡♠♦♥str❛çã♦✿

◗✉❡r❡♠♦s ♠♦str❛r q✉❡ ❞❛❞♦ ✉♠ x ∈ M ❛r❜✐trár✐♦ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛
♣r♦❞✉t♦ Nδ(x) ❞❡ x ♦♥❞❡ δ > 0 t❛❧ q✉❡ ❞❛❞♦ y, z ❡ δ′ > 0 ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ✷✳✶
t❡♠✲s❡ q✉❡✿

Fy,z (W
ss(u) ∩ Bs

δ′(y)) ⊂ W ss (Fy,z(u)) ∩ B
s
δ(z)

♦♥❞❡ u ∈ Bs
δ′(y)✳

❉❡ ❢❛t♦✿

❖ t❡♦r❡♠❛ ❞❡ ✈✐③✐♥❤❛♥ç❛ ♣r♦❞✉t♦ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ Nδ(x)✳ ❆❣♦r❛
♠♦str❡♠♦s q✉❡✱
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Fy,z (W
ss(u) ∩ Bs

δ′(y)) ⊂ W ss (Fy,z(u)) ∩ B
s
δ(z).

P♦r ❤✐♣ót❡s❡✱ ❝♦♠♦ ❛❧❣✉♠❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❢♦rt❡ ♦✉ ✐♥stá✈❡❧ ❢♦rt❡ ♥ã♦ é
❞❡♥s♦ ❡♠ M ❡♥tã♦ ❡①✐st❡ x′ ∈ M t❛❧ q✉❡ W uu(x′) ♦✉ W ss(x′) ♥ã♦ é ❞❡♥s❛ ❡♠
M ✳ ❙✉♣♦♥❤❛♠♦s q✉❡ W uu(x′) ♥ã♦ é ❞❡♥s❛ ❡♠ M ✱ ❡♥tã♦ ♣❡❧♦ ▲❡♠❛ ✷✳✹ ❡①✐st❡ ✉♠
♣♦♥t♦ ♣❡r✐ó❞✐❝♦ p ❞❡ φt ❞❡ ♣❡rí♦❞♦ r t❛❧ q✉❡ W uu(p) ♥ã♦ é ❞❡♥s❛ ❡♠M ✱ ❧♦❣♦ ♣❡❧❛
Pr♦♣♦s✐çã♦ ✷✳✶ t❡♠♦s q✉❡✱

✐✮ M é ✉♠ ✜❜r❛❞♦ s♦❜r❡ S1 ❝♦♠ ✜❜r❛ W uu(p)✱ ❡

✐✐✮ φt é ❛ s✉s♣❡♥sã♦ ❞❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ φr|Wuu(p)✱ ♦♥❞❡ r é ♦ ♣❡rí♦❞♦ ❞❡ p✳

P♦r ♦✉tr♦ ❧❛❞♦ t❡♠♦s q✉❡✿

• W uu(p) é Fuu✲s❛t✉r❛❞♦ ❞❡s❞❡ q✉❡ W uu(p) é Fuu✲s❛t✉r❛❞♦✳

• W uu(p) é F ss✲s❛t✉r❛❞♦✳

P♦✐s✱ ❝❛s♦ ❝♦♥tr❛r✐♦ s❡ W uu(p) ♥ã♦ é F ss✲s❛t✉r❛❞♦✱ ❡①✐st❡ u ∈ W uu(p) t❛❧
q✉❡ W ss(u) 6⊂ W uu(p)✳ ❊♥tã♦✱ ❡①✐st❡ v ∈ W ss(u) t❛❧ q✉❡ v 6∈ W uu(p)✳

❉❛q✉✐✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶ q✉❡ v ∈ φt

(

W uu(p)
)

♣❛r❛ ❛❧❣✉♠ t ∈ (0, r)✳

❆❣♦r❛✱ ❝♦♠♦ v ∈ W ss(u) t❡♠♦s q✉❡✱

lim
n→∞

d (φnr(v), φnr(u)) = 0. ✭✷✳✾✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ v ∈ φt

(

W uu(p)
)

s❡❣✉❡ q✉❡✱ φnr(v) ∈

φnr

(

φt

(

W uu(p)
))

= φt

(

φnr

(

W uu(p)
))

= φt

(

W uu(p)
)

✱ ♣♦✐s

φnr

(

W uu(p)
)

= W uu(p) ❞❡s❞❡ q✉❡ r é ♦ ♣❡rí♦❞♦ ❞❡ p✳ ❆ss✐♠✱

φnr(v) ∈ φt

(

W uu(p)
)

. ✭✷✳✶✵✮

❊✱ ❝♦♠♦ u ∈ W uu(p) ❡♥tã♦ φnr(u) ∈ φnr

(

W uu(p)
)

= W uu(p)✳ ❆ss✐♠✱

φnr(u) ∈ W uu(p) ✭✷✳✶✶✮

▲♦❣♦✱ ♣♦r ✭✷✳✾✮✱ ✭✷✳✶✵✮ ❡ ✭✷✳✶✶✮ s❡❣✉❡ q✉❡✱ d
(

φt

(

W uu(p)
)

,W uu(p)
)

= 0✳

❉❛q✉✐✱ ❝♦♠♦ φt

(

W uu(p)
)

❡W uu(p) sã♦ ❝♦♠♣❛❝t♦s ❞❡s❞❡ q✉❡M é ❝♦♠♣❛❝t♦

t❡♠♦s q✉❡✱ φt

(

W uu(p)
)

∩W uu(p) 6= ∅✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❛♦ ▲❡♠❛
✷✳✶✳

• φt0

(

W uu(p)
)

é F ss✲s❛t✉r❛❞♦ ♦♥❞❡ t0 ∈ (0, r)✳
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P♦✐s✱ s❡❥❛ y1 = φt0(x1) ∈ φt0

(

W uu(p)
)

t❛❧ q✉❡ x1 ∈ W uu(p)✱ ❧♦❣♦ ❝♦♠♦

W uu(p) é F ss✲s❛t✉r❛❞♦ t❡♠♦s q✉❡ W ss(x1) ⊂ W uu(p) ❡♥tã♦ φt0 (W
ss(x)) ⊂

φt0

(

W uu(p)
)

✱ ❧♦❣♦ ❝♦♠♦ φt0(W
ss(x1)) = W ss (φt0(x1)) = W ss(y1) t❡♠♦s

q✉❡✱ W ss(y1) ⊂ φt0

(

W uu(p)
)

✳

• φt0

(

W uu(p)
)

é Fuu✲s❛t✉r❛❞♦ ♦♥❞❡ t0 ∈ (0, r)✱ ❞❡s❞❡ q✉❡ W uu(p) é Fuu✲

s❛t✉r❛❞♦✳

◆♦t❡ q✉❡✱ φt0

(

W uu(p)
)

é ✉♠ ✜❜r❛❞♦✱ ❞❡s❞❡ q✉❡ W uu(p) é ✉♠ ✜❜r❛❞♦ ❡

φr|Wuu(p) ❞❡✐①❛ ❝❛❞❛ ✜❜r❛❞♦ ✐♥✈❛r✐❛♥t❡✳ ❆❧é♠ ❞✐ss♦ ♣❡❧♦ ▲❡♠❛ ✷✳✶ ❛s ✜❜r❛s sã♦
❞✐s❥✉♥t❛s✳

❉❡♥♦t❡♠♦s Ku = φt0

(

W uu(p)
)

❛ ✜❜r❛ q✉❡ ❝♦♥t❡♠ ♦ ♣♦♥t♦ u ♣❛r❛ ❛❧❣✉♠
0 < t0 < r✳

❆✜r♠❛çã♦ ✷✳✶✵✳ ❙❡ u ∈ W ss(y) ❡♥tã♦ W ss(y) ⊂ Ku✳

❉❡ ❢❛t♦✱ ❝♦♠♦ u ∈ Ku ❡ Ku é F ss✲s❛t✉r❛❞♦ t❡♠♦s q✉❡ W ss(u) ⊂ Ku✳

❉❛í ❝♦♠♦ u ∈ W ss(y) t❡♠♦s q✉❡ W ss(u) = W ss(y)✳

❆ss✐♠✱
W ss(y) ⊂ Ku.

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ s❡ ♣r♦✈❛ q✉❡✱ s❡ u ∈ W uu(y) ❡♥tã♦ W uu(y) ⊂ Ku✳

❆✜r♠❛çã♦ ✷✳✶✶✳ ❙❡ u ∈ W ss(y) ∩ Bs
δ′(y) ❡♥tã♦ Fy,z(W

ss(y) ∩ Bs
δ′(y)) ❡st❛ ♥❛

♠❡s♠❛ ✜❜r❛ q✉❡ W ss(y) ∩ Bs
δ′(y)✳

❉❡ ❢❛t♦✱ ❈♦♠♦ u ∈ W ss(y) ∩ Bs
δ′(y) ❡♥tã♦ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✶✵ W ss(y) ∩

Bs
δ′(y) ⊂ Ku✳

❆❣♦r❛✱ ♠♦str❡♠♦s q✉❡ Fy,z(W
ss(y) ∩Bs

δ′(y)) ⊂ Ku✳

■st♦ é✱ s❡ q′ ∈ Fy,z(W
ss(y) ∩ Bs

δ′(y)) ❡♥tã♦ q
′ ∈ Ku✳

❈♦♠♦ q′ ∈ Fy,z(W
ss(y) ∩ Bs

δ′(y)) ❡♥tã♦ ❡①✐st❡ u′ ∈ W ss(y) ∩ Bs
δ′(y) t❛❧ q✉❡

q′ = Fy,z(u
′)✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ u′ ∈ Ku′ ❡ Ku′ é Fuu✲s❛t✉r❛❞♦ t❡♠♦s q✉❡✱ W uu(u′) ⊂
Ku′ ✳ ▲♦❣♦✱ ❝♦♠♦ u′ ❡ q′ = Fy,z(u

′) ❡♥tã♦ ♥❛ ♠❡s♠❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ t❡♠♦s q✉❡
q′ ∈ W uu(u′)✳ ❉❡ ♦♥❞❡ s❡❣✉❡ q✉❡✱

q′ ∈ Ku′ . ✭✷✳✶✷✮

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ u′ ∈ W ss(y) ∩ Bs
δ′(y) ⊂ Ku s❡❣✉❡ q✉❡✱ u′ ∈ Ku✳
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❉❛q✉✐✱ u′ ∈ Ku ∩Ku′ ✐st♦ é✱ Ku ∩Ku′ 6= ∅ ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✷ t❡♠♦s q✉❡✱

Ku = Ku′ .

❆❣♦r❛✱ ♣♦r ✭✷✳✶✷✮ s❡❣✉❡ q✉❡✱

q′ ∈ Ku.

❆ss✐♠✱ Fy,z(W
ss(y) ∩ Bs

δ′(y)) ❡st❛ ♥❛ ♠❡s♠❛ ✜❜r❛ q✉❡ W ss(y) ∩ Bs
δ′(y)✳

❆✜r♠❛çã♦ ✷✳✶✷✳ Fy,z(W
ss(y) ∩ Bs

δ′(y)) ⊂ W ss(Fy,z(y)) ∩ B
s
δ(z)✳

P♦r ❝♦♥tr❛❞✐çã♦✱ s✉♣♦♥❤❛♠♦s q✉❡ Fy,z (W
ss(y) ∩Bs

δ′(y)) 6⊆ W ss(Fy,z(y)) ∩
Bs

δ(z) ❡♥tã♦✱ ❡①✐st❡ q = Fy,z(u) ∈ Fy,z (W
ss(y) ∩ Bs

δ′(y)) ❝♦♠ u ∈ W ss(y)∩Bs
δ′(y)

t❛❧ q✉❡ q 6∈ W ss(Fy,z(y)) ∩ B
s
δ(z)✳

▲♦❣♦✱ ❝♦♠♦ Fy,z : Bs
δ′(y) −→ Bs

δ(z) ❡ u ∈ Bs
δ′(y) t❡♠♦s q✉❡✱ q = Fy,z(u) ∈

Bs
δ(z) ⊂ W s

δ (z) =
⋃

t∈(−δ,δ)

W ss(φt(z))✳

❉❛q✉✐✱ s❡❣✉❡ q✉❡
q ∈ W ss(φt0(z))

♣❛r❛ ❛❧❣✉♠ −δ < t0 < δ < r✳ ◆♦t❡ q✉❡ t0 6= 0✱ ❝❛s♦ ❝♦♥tr❛r✐♦ s❡ t0 = 0 ❡♥tã♦✱
q ∈ W ss(z) ♦ q✉❡ s❡r✐❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s q 6∈ W ss(Fy,z(y)) = W ss(z)✳

❆❣♦r❛✱ s❡❥❛ Kz = φt1

(

W uu(p)
)

♣❛r❛ ❛❧❣✉♠ t1 ∈ (0, r)✳ ❊♥tã♦✱

φ−t1(Kz) = W uu(p). ✭✷✳✶✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦❜s❡r✈❡♠♦s q✉❡

φt0+t1

(

W uu(p)
)

= φt0

(

φt1

(

W uu(p)
))

= φt0(Kz) = Kφt0
(z)

❡♥tã♦✱

φt0+t1

(

W uu(p)
)

= Kφt0
(z). ✭✷✳✶✹✮

❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❡♠♦s q✉❡

✐✮ Kφt0
(z) = Kq✳

P♦✐s✱ ❝♦♠♦ q ∈ W ss(φt0(z)) ❡♥tã♦✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✶✵ t❡♠♦s q✉❡✱
W ss(φt0(z)) ⊂ Kq✱ ❞❛q✉✐✱ φt0(z) ∈ Kq ❛ss✐♠✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✶✶✱ Kφt0

(z) =
Kq✳

✐✐✮ Kq = Ku✳
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P♦✐s✱ ❝♦♠♦ u ❡ q = Fy,z(u) ❡♥tã♦ ♥❛ ♠❡s♠❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ t❡♠♦s q✉❡
q ∈ W uu(u) ❡♥tã♦✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✶✵ t❡♠♦s q✉❡✱ W uu(u) ⊂ Kq✱ ❞❛q✉✐✱
u ∈ Kq ❛ss✐♠✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✶✶✱ Ku = Kq✳

✐✐✐✮ Ku = Ky✳

P♦✐s✱ ❝♦♠♦ u ∈ W ss(y) ∩ Bs
δ′(y) ❡♥tã♦ u ∈ W ss(y) ❧♦❣♦✱ ♣❡❧❛ ❆✜r♠❛çã♦

✷✳✶✵ t❡♠♦s q✉❡✱ W ss(y) ⊂ Ku✱ ❞❛q✉✐✱ y ∈ Ku ❛ss✐♠✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✶✶✱
Ky = Ku✳

✐✈✮ Ky = Kz✳

P♦✐s✱ ❝♦♠♦ y ❡ z ❡♥tã♦ ♥❛ ♠❡s♠❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ t❡♠♦s q✉❡ z ∈ W uu(y)
❡♥tã♦✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✶✵ t❡♠♦s q✉❡✱ W uu(y) ⊂ Kz✱ ❞❛q✉✐✱ y ∈ Kz ❛ss✐♠✱
♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✶✶✱ Ky = Kz✳

❆ss✐♠✱
Kφt0

(z) = Kq = Ku = Ky = Kz

❞❡ ♦♥❞❡✱
Kφt0

(z) = Kz.

▲♦❣♦✱

φ−(t0+t1)(Kφt0
(z)) = φ−(t0+t1)(Kz)

= φ−t0(φ−t1(Kz))

(2.13)
= φ−t0

(

W uu(p)
)

.

❉❛í✱ ♣♦r ♦✉tr♦ ❧❛❞♦ ❝♦♠♦

φ−(t0+t1)(Kφt0
(z))

(2.14)
= φ−(t0+t1)

(

φt0+t1

(

W uu(p)
))

= W uu(p).

❚❡♠♦s q✉❡✱

W uu(p) = φ−t0

(

W uu(p)
)

⇒ φt0

(

W uu(p)
)

= W uu(p).

▲♦❣♦✱

W uu(p) ∩ φt0

(

W uu(p)
)

= W uu(p) 6= ∅.

❖ q✉❡ é ✉♠ ❝♦♥tr❛❞✐çã♦ ❛♦ ▲❡♠❛ ✷✳✶

❆ss✐♠✱ Fy,z(W
ss(y) ∩ Bs

δ′(y)) ⊂ W ss(Fy,z(y)) ∩ B
s
δ(z)✳

■st♦ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞❛ ❆✜r♠❛çã♦ ✷✳✶✷✳
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❋✐❣✉r❛ ✷✳✾✿ ❆✜r♠❛çã♦ ✷✳✶✷

❉❛q✉✐✱ ❞❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r ♣❛r❛ u ∈ Bs
δ′(y) t❡♠♦s q✉❡✱

Fy,z (W
ss(u) ∩ Bs

δ′(y)) ⊂ W ss (Fy,z(u)) ∩ B
s
δ(z).

■st♦✱ ♣r♦✈❛ ❛ Pr♦♣♦s✐çã♦✳

✷✳✸ Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧

◆❡st❛ s❡çã♦✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ♣r♦✈❛r ♦ ❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧✱ ❝✉❥♦ ❡♥✉♥❝✐❛❞♦ é
❞❛❞♦ ❛ s❡❣✉✐r✳

❚❡♦r❡♠❛ ✷✳✶✳ ❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛✱ ❝♦♥❡①❛✱ s✉❛✈❡
❡ φ : M × R −→ M ✉♠ ✢✉①♦ ❆♥♦s♦✈ ❞❡ ❝❧❛ss❡ Cr (r ≥ 1) t❛❧ q✉❡ Ω(φt) = M ✳
❊♥tã♦ ❡①✐st❡♠ ❡①❛t❛♠❡♥t❡ ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✿

✐✮ ❈❛❞❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❢♦rt❡ ❡ ✐♥stá✈❡❧ ❢♦rt❡ é ❞❡♥s♦ ❡♠ M ✱ ♦✉

✐✐✮ φt é ❛ s✉s♣❡♥sã♦ ❞❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈ ❞❡ ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡
❝♦♠♣❛❝t❛ C1 ❞❡ ❝♦❞✐♠❡♥sã♦ 1 ❡♠ M ✳

❉❡♠♦♥str❛çã♦✿

❙✉♣♦♥❤❛♠♦s q✉❡ ♥ã♦ ❛❝♦♥t❡❝❡ ♦ ✐t❡♠ (i)✱ ❡♥tã♦ ♠♦str❛r❡♠♦s q✉❡ ❛❝♦♥t❡❝❡
♦ ✐t❡♠ (ii)✱ ✐st♦ é✱ q✉❡ φt ❛ s✉s♣❡♥sã♦ ❞❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈ ❞❡ ✉♠❛
s✉❜✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ C1 ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❡♠ M ✳
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❉❡ ❢❛t♦✿

❈♦♠♦ ♥ã♦ ❛❝♦♥t❡❝❡ ♦ ✐t❡♠ (i)✱ ❡①✐st❡ ✉♠ ♣♦♥t♦ x ∈ M t❛❧ q✉❡ W uu(x) ♦✉
W ss(x) ♥ã♦ é ❞❡♥s❛ ❡♠ M ✳ ❙✉♣♦♥❤❛♠♦s q✉❡ W uu(x) ♥ã♦ é ❞❡♥s❛ ❡♠ M ✱ ❡♥tã♦
♣❡❧♦ ▲❡♠❛ ✷✳✹✱ ❡①✐st❡ ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ p ❞❡ φt t❛❧ q✉❡ W uu(p) ♥ã♦ é ❞❡♥s❛ ❡♠
M ✳ ❉❛í s❡❣✉❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶ q✉❡ φt é ❛ s✉s♣❡♥sã♦ ❞❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦
φr|Wuu(p)✱ ♦♥❞❡ r é ♦ ♣❡rí♦❞♦ ❞❡ p✳

P❛r❛ ❝♦♥❝❧✉✐r✱ ❜❛st❛ ♠♦str❛r q✉❡ W uu(p) s❡❥❛ ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❞❡ M ✳ P♦✐s
❞❛í t❡rí❛♠♦s q✉❡ φt é ❛ s✉s♣❡♥sã♦ ❞❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈ ❞❡ ✉♠❛
s✉❜✈❛r✐❡❞❛❞❡✳ ❆❧é♠ ❞✐ss♦ ❝♦♠♣❛❝t❛✱ ❞❡s❞❡ q✉❡ M é ❝♦♠♣❛❝t❛ ❡ W uu(p) ⊂ M

❢❡❝❤❛❞❛✳ ❊ ❞❡ ❝♦❞✐♠❡♥sã♦ 1 ❡♠ M ❞❡s❞❡ q✉❡ φt é ❛ s✉s♣❡♥sã♦ ❞❡ φr|Wuu(p)✳

❈♦♠ ❡ss❡ ♣r♦♣ós✐t♦ ♦❜s❡r✈❡♠♦s q✉❡✱ ❝♦♠♦ W uu(x) ♦✉ W ss(x) ♥ã♦ é ❞❡♥s❛ ❡♠
M ✱ t❡♠♦s ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✸ q✉❡ Fuu ❡ F ss sã♦ ❝♦♥❥✉♥t❛♠❡♥t❡ ✐♥t❡❣rá✈❡❧✱ ❞❛í
s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷ q✉❡ Eu⊕Es é ✐♥t❡❣rá✈❡❧✳ ❉❛q✉✐ ❡①✐st❡ ✉♠❛ ❢♦❧❤❡❛çã♦ F
❞❡ ❝❧❛ss❡ C1 t❛❧ q✉❡ ♦ s✉❜❡s♣❛ç♦ Eu ⊕ Es é t❛♥❣❡♥t❡ ❛ F ✳

❆✜r♠❛çã♦ ✷✳✶✸✳ ❙❡ x ∈ W uu(p) ❡ Lx = L é ✉♠❛ ❢♦❧❤❛ ❞❡ F ❝♦♥t❡♥❞♦ x ❡♥tã♦
L ⊂ W uu(p)✳

❉❡ ❢❛t♦✱ ❝♦♠♦ L é ✉♠❛ ❢♦❧❤❛ ❞❡ F ❡♥tã♦ L é t❛♥❣❡♥t❡ ❛ Eu ⊕ Es ❡ t❡♠ ❛
❢♦r♠❛ ❞❡

⋃

y∈Wuu(x)

W ss(y) ❞❡s❞❡ q✉❡ L é Fuu✲s❛t✉r❛❞♦ ❡ Fuu✲s❛t✉r❛❞♦✳

▲♦❣♦✱ ❞❛❞♦ z ∈ L =
⋃

y∈Wuu(x)

W ss(y) t❡♠♦s q✉❡✱ z ∈ W ss(y) ♣❛r❛ ❛❧❣✉♠

y ∈ W uu(x)✳

▲♦❣♦✱ ❝♦♠♦ x ∈ W uu(p) ❡ W uu(p) é Fuu✲s❛t✉r❛❞♦✱ ❞❡s❞❡ q✉❡ W uu(p) é Fuu✲
s❛t✉r❛❞♦✱ t❡♠♦s q✉❡ W uu(x) ⊂ W uu(p)✳ ❉❛q✉✐ s❡❣✉❡ q✉❡✱

y ∈ W uu(p).

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ W uu(p) é F ss✲s❛t✉r❛❞♦ ✭✈❡r Pr♦♣♦s✐çã♦ ✷✳✸✮ t❡♠♦s q✉❡
W ss(y) ⊂ W uu(p)✳ ❉❡ ♦♥❞❡✱

z ∈ W uu(p).

❆ss✐♠✱
L ⊂ W uu(p).

■st♦ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞❛ ❆✜r♠❛çã♦ ✷✳✶✸✳

❆❣♦r❛✱ s❡ ♠♦str❛♠♦s q✉❡ L = W uu(p) ❝♦♥❝❧✉✐r✐❛♠♦s ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛✱
♣♦✐s t❡rí❛♠♦s q✉❡ W uu(p) é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❞❡ ❝❧❛ss❡ C1✱ ❥á q✉❡ L ∈ F é ✉♠❛
s✉❜✈❛r✐❡❞❛❞❡ ❞❡ ❝❧❛ss❡ C1 ❞❡ M ✳

P❛r❛ ✐st♦✱ ❜❛st❛ ♠♦str❛r q✉❡ L é ❞❡♥s♦ ❡♠ W uu(p) ✭✐st♦ é✱ L = W uu(p)) ❡ q✉❡
L é ❢❡❝❤❛❞♦ ✭✐st♦ é✱ L = L)✱ ♣♦✐s ❝❧❛r❛♠❡♥t❡ ❞❛q✉✐ t❡rí❛♠♦s q✉❡ L = W uu(p)✳



✺✻ ✷✳✸✳ Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧

❆✜r♠❛çã♦ ✷✳✶✹✳ L = W uu(p)

✐✮ ❈❧❛r❛♠❡♥t❡✱ L ⊂ W uu(p)✳

P♦✐s✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✶✸ t❡♠♦s q✉❡✱ L ⊂ W uu(p) ❡♥tã♦ L ⊂ W uu(p) =
W uu(p)✳ ■st♦ é✱ L ⊂ W uu(p)✳

✐✐✮ ❆❣♦r❛✱ ♣r♦✈❡♠♦s q✉❡ W uu(p) ⊂ L✳

P❛r❛ ✐st♦✱ ❜❛st❛ ♠♦str❛r q✉❡ W uu(p) ⊂ L✳

❙✉♣♦♥❤❛♠♦s ♣♦r ❛❜s✉r❞♦ q✉❡✱ W uu(p) 6⊂ L✳

❊♥tã♦✱ ❡①✐st❡ q1 ∈ W uu(p) t❛❧ q✉❡ q1 6∈ L✳ ▼❛✐s ❛✐♥❞❛✱ ♦❜s❡r✈❡♠♦s q✉❡✱
♣❛r❛ t♦❞♦ q ∈ W uu(p) t❡♠♦s q✉❡✱ q 6∈ L✳ P♦✐s✱ ❝♦♠♦ q ∈ W uu(p) ❡♥tã♦
W uu(q) = W uu(p) ❧♦❣♦✱ W uu(q) 6⊂ L✳ ❉❛q✉✐✱ ❝♦♠♦ L é Fuu✲s❛t✉r❛❞♦ t❡♠♦s
q✉❡✱ q 6∈ L✳

❆ss✐♠✱
W uu(p) ∩ L = ∅ ✭✷✳✶✺✮

▼❛s✱ x ∈ W uu(p) ❡♥tã♦✱ ♣❛r❛ t♦❞❛ Vx ✭✈✐③✐♥❤❛♥ç❛ ❞❡ x✮✱ t❡♠♦s q✉❡
Vx ∩W

uu(p) 6= ∅✱ ❡♠ ♣❛rt✐❝✉❧❛r ♣❛r❛ Vx =
⋃

−ǫ<t<ǫ

φt(L)✱ q✉❡ ❝❧❛r❛♠❡♥t❡ ❝♦♥t❡♠ x

❞❡s❞❡ q✉❡ L = Lx✱ ♦♥❞❡ ǫ < r✳ ❊♥tã♦✱

⋃

−ǫ<t<ǫ

φt(L) ∩W
uu(p) 6= ∅.

▲♦❣♦✱ ❡①✐st❡ t ∈ (−ǫ, ǫ) t❛❧ q✉❡ φt(L)∩W
uu(p) 6= ∅✳ ❆❣♦r❛ ♥♦t❡ q✉❡ ♣♦r ✭✷✳✶✺✮

t 6= 0✳

❆ss✐♠✱ ❡①✐st❡ |t| < ǫ ❡ t 6= 0 t❛❧ q✉❡✱

W uu(p) ∩ φt(L) 6= ∅. ✭✷✳✶✻✮

▲♦❣♦✱ ❝♦♠♦ ♣❡❧❛ ❆✜r♠❛çã♦ ✷✳✶✸ L ⊂ W uu(p) ❡ W uu(p) ⊂ W uu(p) t❡♠♦s
q✉❡✱ W uu(p) ∩ φt(L) ⊂ W uu(p) ∩ φt(W uu(p))✳ ❉❛q✉✐✱ ♣♦r ✭✷✳✶✻✮ s❡❣✉❡ q✉❡✱
W uu(p) ∩ φt(W uu(p)) 6= ∅✳

■st♦ é✱ ❡①✐st❡ |t| < ǫ ❡ t 6= 0 t❛❧ q✉❡ W uu(p) ∩ φt(W uu(p)) 6= ∅✳ ❖ q✉❡ é ✉♠❛
❝♦♥tr❛❞✐çã♦ ❛♦ ▲❡♠❛ ✷✳✶✳

❉❛q✉✐ ❝♦♥❝❧✉í♠♦s q✉❡ W uu(p) ⊂ L✳

❆ss✐♠✱ W uu(p) ⊂ L✳

Pr♦✈❡♠♦s ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦✳

❆✜r♠❛çã♦ ✷✳✶✺✳ L é ❢❡❝❤❛❞♦✳



✺✼ ✷✳✸✳ Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧

❙✉♣♦♥❤❛♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ L ♥ã♦ é ❢❡❝❤❛❞♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛
{xn}n∈N✱ xn ∈ L t❛❧ q✉❡ lim

n→∞
xn = z ❡ z 6∈ L✳

❖❜s❡r✈❡♠♦s q✉❡✱ ❝♦♠♦ xn ∈ L ❡ L ⊂ W uu(p) ❡♥tã♦ xn ∈ W uu(p)✳ ▲♦❣♦✱
❝♦♠♦ W uu(p) é ❢❡❝❤❛❞♦ ❡♥tã♦ z ∈ W uu(p)✳ ❉❛q✉✐ s❡❣✉❡ ❞❛ ❆✜r♠❛çã♦ ✷✳✶✸ q✉❡
Lz ⊂ W uu(p) ✭Lz é ❛ ❢♦❧❤❛ ❞❡ F q✉❡ ❝♦♥t❡♠ ③✮✳

❙❡❥❛ Vz ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ z ❡ ❝♦♥s✐❞❡r❡
⋃

−ǫ<t<ǫ

φt(Lz) ❝♦♠ 0 < ǫ <
r

2
✳

❆❣♦r❛✱ ❝♦♠♦ ❡①✐st❡ {xn}n∈N✱ xn ∈ L t❛❧ q✉❡ lim
n→∞

xn = z✱ ❡♥tã♦ ❡①✐st❡ n0 ∈ N

t❛❧ q✉❡ ♣❛r❛ n > n0 t❡♠✲s❡ q✉❡ xn ∈ Vz✳ ❆❧é♠ ❞✐ss♦ s❡ xn 6∈ Lz ❡♥tã♦ ❡①✐st❡
xN ∈ L ♣❛r❛ ❛❧❣✉♠ N > n0 t❛❧ q✉❡✱

xN ∈ Vz ∩
⋃

0<|t|<ǫ

φt(Lz).

✭◆♦t❡ q✉❡✱ s❡ xn ∈ Lz ♥ã♦ t❡♠♦s ♥❛❞❛ q✉❡ ♣r♦✈❛r✮✳

❉❛q✉✐✱ ❝♦♠♦ Lz ⊂ W uu(p) t❡♠♦s q✉❡✱ xN ∈ Vz ∩
⋃

0<|t|<ǫ

φt

(

W uu(p)
)

❡♥tã♦✱

xN ∈
⋃

0<|t|<ǫ

φt(W uu(p))✳ ❉❡ ♦♥❞❡✱ ♣❛r❛ ❛❧❣✉♠ 0 < |t| < ǫ

xN ∈ φt(W uu(p)). ✭✷✳✶✼✮

❆❧é♠ ❞✐ss♦✱ ❞❡s❞❡ q✉❡ xN ∈ L ❡ L ⊂ W uu(p) t❡♠♦s q✉❡✱

xN ∈ W uu(p). ✭✷✳✶✽✮

❆ss✐♠✱ ❞❡ ✭✷✳✶✼✮ ❡ ✭✷✳✶✽✮ t❡♠♦s q✉❡✱ xN ∈ φt

(

W uu(p)
)

∩W uu(p)✳

■st♦ é✱ φt

(

W uu(p)
)

∩ W uu(p) 6= ∅ ♣❛r❛ 0 < |t| < ǫ < r✱ ♦ q✉❡ é ✉♠❛

❝♦♥tr❛❞✐çã♦ ❛♦ ▲❡♠❛ ✷✳✶✳

❉❡ ♦♥❞❡✱ L é ❢❡❝❤❛❞♦✳

❖❜s❡r✈❛çã♦ ✺✳ ❊♠ 1992 ❈✳ ❇♦♥❛tt✐ ❡ ❘✳ ▲❛♥❣❡✈✐♥✱ ❝♦♥str✉✐r❛♠ ✉♠ ✢✉①♦
❞❡ ❆♥♦s♦✈ tr❛♥s✐t✐✈♦ ♥✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ ❞❡ ❞✐♠❡♥sã♦ 3 q✉❡ ♥ã♦ é ✉♠❛
s✉s♣❡♥sã♦ ❞❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈✱ ♣❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ✈❡r ❬✸❪✳

P♦r ♦✉tr♦ ❧❛❞♦ ❊✳ ●❤②s ♣r♦✈♦✉ ❡♠ ❬✽❪ q✉❡ ♦ ✢✉①♦ ❣❡♦❞és✐❝♦ ♥♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡
✉♥✐tár✐♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ ❞❡ ❝✉r✈❛t✉r❛ ♥❡❣❛t✐✈❛ é ✉♠
✢✉①♦ ❞❡ ❆♥♦s♦✈ tr❛♥s✐t✐✈♦ ❛❧é♠ ❞✐ss♦ ♥ã♦ é ✉♠❛ s✉s♣❡♥sã♦✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❆♥♦s♦✈✱ ❉✳ ❱✳ ●❡♦❞❡s✐❝ ✢♦✇s ♦♥ ❝❧♦s❡❞ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s ✇✐t❤
♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❙t❡❦❧♦✈ ■♥st✐t✉t❡ ♦❢ ▼❛t❤♠❡t✐❝s✱
✈✳ ✾✵✱ ✭✶✾✻✼✮ ✭❆✳ ▼✳ ❙✳ tr❛♥s❧❛t✐♦♥✱ ✶✾✻✾✮✳

❬✷❪ ❇❛r❜♦t✱ ❚✳ ●❡♦♠❡tr✐❡ tr❛♥s✈❡rs❡ ❞❡s ✢♦ts ❞✬❆♥♦s♦✈✳ ❚❤❡s❡✳ ▲②♦♥
❞❡❝❡♠❜r❡ ✶✾✾✷✳

❬✸❪ ❇♦♥❛tt✐✱ ❈✳❀ ▲❛♥❣❡✈✐♥✱ ❘✳❀ ❯♥ ❡①❡♠♣❧❡ ❞❡ ✢♦t ❞✬❆♥♦s♦✈ tr❛♥s✐t✐❢
tr❛♥s✈❡rs❡ ❛ ✉♥ t♦r❡ ❡t ♥♦t ❝♦♥❥✉❣✉❡ ❛ ✉♥❡ s✉s♣❡♥s✐♦♥✳ ❊r❣♦❞✐❝ ❚❤❡♦r②
❡ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s✱ ✶✾✾✹✳

❬✹❪ ❇r✐♥✱ ▼✳❀ ❙t♦❝❦✱ ●✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s✳ ❈❛♠❜r✐❞❣❡
❯♥✐✈❡rs✐t② Pr❡ss✱ ✷✵✵✷✳

❬✺❪ ❈❛♠❛❝❤♦✱ ❈✳❀ ▲✐♥s✱ ◆✳ ●❡♦♠❡tr✐❝ ❚❤❡♦r② ♦❢ ❋♦❧✐❛✐t✐♦♥s✳ ❇✐r❦❤❛✉s❡r✱
❇♦st♦♥✱ ✶st ❡❞✱ ✶✾✽✺✳

❬✻❪ ❉♦❝❛r♠♦✱ ▼✳ ●❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ Pr♦❥❡t♦
❊✉❝❧✐❞❡s✱ ■▼P❆✱ ✶✾✼✾✳

❬✼❪ ❋r❛♥❦s✱ ❏✳❀ ❲✐❧❧✐❛♠s✱ ❇✳ ❆♥♦♠❛❧♦✉s ❆♥♦s♦✈ ✢♦✇s✳ ●❧♦❜❛❧ ❚❤❡♦r②
♦❢ ❉✐♥❛♠②❝❛❧ ❙②st❡♠s✳ ❙♣r✐♥❣❡r ▲❡❝t✉r❡ ◆♦t❡s ❡♥ ▼❛t❤❡♠❛t✐❝s ✽✶✾✳
❙♣r✐♥❣❡r✿ ❇❡r❧✐♥✳ ✶✾✽✵✱ ♣♣✳✶✺✽✲✶✼✹✳

❬✽❪ ●❤②s✱ ❊✳❀ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ ✈❡rt♦r ✜❡❧❞s ✐♥ ❞✐♠❡♥s✐♦♥ ✸✳ ◆♦t❡s ❜②
▼❛tt❤✐❛s ❛♥❞ ❙✐❞❞❤❛rt❤❛ ❇❤❛tt❛❝❤❛r②❛✳ ✷✵✶✸✳

❬✾❪ ❍❛❡✢✐❣❡r✱ ❆✳ ❱❛r✐❡t❡❡s ❢❡✉✐❧❧❡t❡❡s✳ ❆♥♥✳ ❙❝✉♦❧❛ ◆♦r♠✳ ❙✉♣✳ P✐s❛✱ ✈✳ ✸✱
✭✶✾✻✷✮✱ ♣♣✳ ✸✻✼✲✸✾✼✳

❬✶✵❪ ❍✐rs❝❤✱ ▼✳❀ P✉❣❤✱ ❲✳❀ ❙❤✉❜✱ ▼✳ ✐♥✈❛r✐❛♥ts ♠❛♥✐❢♦❧❞s✳ ▲❡❝t✉r❡s ♥♦t❡s ✐♥
▼❛t❤❡♠❛t✐❝s✱ ✈✳ ✺✽✸✳ ❇❡r❧✐♥✲◆❡✇ ❨♦r❦✿ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✶✾✼✼✳

❬✶✶❪ ❑❛t♦❦✱ ❆✳❀ ❍❛ss❡❧❜❧❛tt✱ ❇✳ ❆ ♠♦❞❡r♥❛ ❚❡♦r✐❛ ❞❡ ❙✐st❡♠❛s ❉✐♥❛♠✐❝♦s✳
❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✾✾✳

❬✶✷❪ ▲✐♠❛✱ ❊✳ ▲✳ ❱❛r✐❡❞❛❞❡s ❉✐❢❡r❡♥❝✐➹➼✈❡✐s✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ Pr♦❥❡t♦
❊✉❝❧✐❞❡s✱ ■▼P❆✱ ✶✾✼✽✳
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