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 Berrocal Meza, Wilson, 1987-
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2017

        Construção de superfícies hiperbólicas com sístole máxima
/ Wilson Berrocal Meza. – Viçosa, MG, 2017.

         x, 93f. : il. ; 29 cm.

  

         Orientador: Mércio Botelho Faria.

         Dissertação (mestrado) - Universidade Federal de Viçosa.

         Referências bibliográficas: f.92-93.

  

         1. Geometria hiperbólica. I. Universidade Federal de
Viçosa. Departamento de Matemática. Programa de
Pós-graduação em Matemática. II. Título.
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✸✳✸ ❙✉♣❡r❢í❝✐❡s ❝♦♠ ❝ús♣✐❞❡s ❡ síst♦❧❡s ♠❛①✐♠❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✹ ❙íst♦❧❡s ❡♠ s✉♣❡r❢í❝✐❡s ❣❡r❛❞❛s ♣♦r ❣r✉♣♦s ❢✉❝❤s✐❛♥♦s ✼✷

✹✳✶ ❙íst♦❧❡ ♥❛ s✉♣❡r❢í❝✐❡ S = H2/Γ4g ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✹✳✶✳✶ H2/Γ4g ♣♦r ❡♠♣❛r❡❧❤❛♠❡♥t♦ ✉s✉❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✹✳✶✳✷ H2/Γ4g ♣♦r ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞✐❛♠❡tr❛❧♠❡♥t❡ ♦♣♦st♦ ✳ ✳ ✳ ✳ ✼✼

✹✳✷ ❙íst♦❧❡ ♥❛ s✉♣❡r❢í❝✐❡ S = H2/Γ12g−6 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✹✳✸ ❈á❧❝✉❧♦ ❞♦ msys(g) ❡♠ H2/Γ4g ❡ H2/Γ12g−6 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✹✳✹ ❈♦♥str✉çã♦ ❞❡ ❇✉s❡r ❡ ❙❛r♥❛❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✹✳✹✳✶ ➪❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s ❡ ♦r❞❡♠ ❞♦s q✉❛tér♥✐♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✹✳✹✳✷ ❚❡♦r❡♠❛ ❞❡ ❇✉s❡r ❡ ❙❛r♥❛❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ✾✶

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✾✷

✈✐



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✶✳✶ ▼♦❞❡❧♦ ❞♦ s❡♠✐✲♣❧❛♥♦ s✉♣❡r✐♦r H2 ♦✉ ♣❧❛♥♦ ❞❡ ▲♦❜❛t❝❤❡✈s❦②✳ ✳ ✳ ✳ ✼

✶✳✷ ●❡♦❞és✐❝❛s ♥♦ ♠♦❞❡❧♦ ❞❡ s❡♠✐♣❧❛♥♦ s✉♣❡r✐♦r H2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✸ ▼♦❞❡❧♦ ❞♦ ❞✐s❝♦ ✉♥✐tár✐♦ D2 ♦✉ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✹ ●❡♦❞és✐❝❛s ♥♦ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré D2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✺ ❚r✐â♥❣✉❧♦s ♥♦ s❡♠✐♣❧❛♥♦ s✉♣❡r✐♦r H2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✻ P♦❧í❣♦♥♦ r❡❣✉❧❛r ❡ ❝♦♥✈❡①♦ ❡♠ D2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✼ P♦❧í❣♦♥♦ r❡❣✉❧❛r ❡ ❝♦♥✈❡①♦ ❡♠ D2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✽ ❉♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❣r✉♣♦ ❝í❝❧✐❝♦ Γ =
〈
T (z) = ei

π
6

〉
✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✶ ❈♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s ❡♠ D2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷✳✷ ❈♦♦r❞❡♥❛❞❛s ❤♦r♦ ❝ír❝✉❧♦s ❡♠ H2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷✳✸ ❈♦❧❛❣❡♠ ❞❡ ❞♦✐s ♣♦❧í❣♦♥♦s ❡♠ H2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷✳✹ ❈✐❧✐♥❞r♦ ❤✐♣❡r❜ó❧✐❝♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✺ ❈♦❧❛❣❡♠ ❞❡ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✻ ❈♦❜❡rt✉r❛ ✉♥✐✈❡rs❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✷✳✼ ❍♦♠♦t♦♣✐❛s ♥♦ ❞✐s❝♦ D2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✷✳✽ ❆❧❣✉♠❛s ❤♦♠♦t♦♣✐❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✷✳✾ ❈ús♣✐❞❡ ❣❡r❛❞❛ ♣♦r Γ = 〈T (z) = z + c〉 ❡♠ H2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✷✳✶✵ ❊①✐stê♥❝✐❛ ❞❡ ✉♠ ❤❡①á❣♦♥♦ ❡♠ H2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✷✳✶✶ ❈♦♥str✉çã♦ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ Y ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✷✳✶✷ ❈♦♥str✉çã♦ ❝♦♠ ♣❛râ♠❡tr♦s ❞❡ ❋❡♥❝❤❡❧✲◆✐❡❧s❡♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✷✳✶✸ ❊sq✉❡♠❛ ❡ ❝♦❧❛❣❡♠ ❞✉♠❛ ❝❛❧ç❛ Y ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷✳✶✹ ❚r✐â♥❣✉❧♦ ❡♠ H✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✈✐✐



✈✐✐✐ ▲✐st❛ ❞❡ ❋✐❣✉r❛s

✷✳✶✺ ➶♥❣✉❧♦ ❞❡ r♦t❛çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✷✳✶✻ ▲❛❞♦s ❡ â♥❣✉❧♦s s✉❜s❡q✉❡♥t❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✷✳✶✼ ❚r✐â♥❣✉❧♦s ❣❡♥❡r❛❧✐③❛❞♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✷✳✶✽ ❚r✐â♥❣✉❧♦ ❣❡♥❡r❛❧✐③❛❞♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✷✳✶✾ P❡♥tá❣♦♥♦ r❡t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✷✳✷✵ ❉❡s❝♦♠♣♦s✐çã♦ ❞❡ ✉♠❛ ❝❛❧ç❛ ❡♠ ❤❡①á❣♦♥♦s H✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✷✳✷✶ ❍♦♠❡♦♠♦r✜s♠♦ ❞♦ ❝♦❧❛r ♣❛r❛ ✉♠ ♣❛râ♠❡tr♦ ❞❡ t♦rçã♦ a✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✷✳✷✷ ▲❡✈❛♥t❛♠❡♥t♦ ❞❛s ❝✉r✈❛s µp ❡ β ❡♠ H2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✸✳✶ ❈♦❧❛r ❞❛ ❝✉r✈❛ η ❡ ❝♦❧❛r ♠❛①✐♠❛❧ ❞❡ η✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✸✳✷ ❊①✐stê♥❝✐❛ ❞♦ ❛r❝♦ ❣❡♦❞és✐❝♦ δ ♥♦ ❝♦❧❛r ♠❛①✐♠❛❧ ❞❡ α✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✸✳✸ ■❞❡♥t✐✜❝❛çã♦ ❞❛s ❣❡♦❞és✐❝❛s ❢r♦♥t❡✐r❛s ❞❡ Sc
i ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✸✳✹ ●❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s ♥❛ s✉♣❡r❢í❝✐❡ S ′ ❞❡ ❣ê♥❡r♦ k(g − 1) + 1✳ ✳ ✳ ✳ ✺✾

✸✳✺ ❊sq✉❡♠❛ ❞❡ ❝♦❧❛❣❡♠ ❞❡ Sc ❡ Fmax✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✸✳✻ ❆ s✉♣❡r❢í❝✐❡ ❞❡ ❛ss✐♥❛t✉r❛ ❞❡ (0, 4, 3)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✹✳✶ P8 ♣♦r ❡♠♣❛r❡❧❤❛♠❡♥t♦ ✉s✉❛❧ ❞❡ ❛r❡st❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✹✳✷ P8 ♣♦r ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞✐❛♠❡tr❛❧♠❡♥t❡ ♦♣♦st♦ ❞❡ ❛r❡st❛s✳ ✳ ✳ ✳ ✳ ✼✽

✹✳✸ P18 ❡♠♣❛r❡❧❤❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ Φ18✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶



❘❡s✉♠♦

▼❊❩❆✱ ❲✐❧s♦♥ ❇❡rr♦❝❛❧✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❢❡✈❡r❡✐r♦ ❞❡
✷✵✶✼✳ ❈❖◆❙❚❘❯➬➹❖❉❊ ❙❯P❊❘❋❮❈■❊❙ ❍■P❊❘❇Ó▲■❈❆❙ ❈❖▼ ❙❮❙✲
❚❖▲❊ ▼➪❳■▼❆✳ ❖r✐❡♥t❛❞♦r✿ ▼ér❝✐♦ ❇♦t❡❧❤♦ ❋❛r✐❛✳

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❛❜♦r❞❛rá ♦ ❡st✉❞♦ ❞❡ ❛❧❣✉♠❛s ❞❡s✐❣✉❛❧❞❛❞❡s s✐stó❧✐❝❛s ❡♠

s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❝♦♠♣❛❝t❛s ❞❡ ❣ê♥❡r♦ g ≥ 2 ❝♦♠ síst♦❧❡s ♠á①✐♠❛s✳ ❯t✐✲

❧✐③❛r❡♠♦s ❛ té❝♥✐❝❛ ❞❡ ❝♦rt❡ ❡ ❝♦❧❛❣❡♠ ♣❛r❛ ❝♦♥str✉✐r s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s

❝♦♠♣❛❝t❛s ❝♦♠ síst♦❧❡ ❣r❛♥❞❡ ❛ ♣❛rt✐r ❞❡ s✉♣❡r❢í❝✐❡s ♠❛①✐♠❛✐s✳ ❉❡r✐✈❛r❡♠♦s

❞❡s✐❣✉❛❧❞❛❞❡s s❡♠❡❧❤❛♥t❡s ♣❛r❛ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ♥ã♦ ❝♦♠♣❛❝t❛s ❝♦♠ ❝ús✲

♣✐❞❡s✳ ❆❧é♠ ❞✐ss♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ síst♦❧❡ ❡♠ s✉♣❡r❢í❝✐❡s

❡ ❛✈❛❧✐❛r❡♠♦s ✉♠ t✐♣♦ ❞❡ síst♦❧❡ ❞❡ s✉♣❡r❢í❝✐❡s r❡❧❛❝✐♦♥❛❞❛s ❛ t❡ss❡❧❛çõ❡s {4g, 4g}
❡ {12g − 6, 3} ♣❛r❛ g ≥ 2✳

✐①



❆❜str❛❝t

▼❊❩❆✱ ❲✐❧s♦♥ ❇❡rr♦❝❛❧✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❋❡❜r✉❛r②✱ ✷✵✶✼✳
❈❖◆❙❚❘❯❈❚■❖◆ ❖❋ ❍❨P❊❘❇❖▲■❈ ❙❯❘❋❆❈❊❙❲■❚❍▼❆❳■▼❯▼
❙❨❙❚❖▲❊✳ ❆❞✐✈✐s❡r✿ ▼ér❝✐♦ ❇♦t❡❧❤♦ ❋❛r✐❛✳

❚❤❡ ♣r❡s❡♥t ✇♦r❦ ✇✐❧❧ st✉❞② s♦♠❡ s②st♦❧✐❝ ✐♥❡q✉❛❧✐t✐❡s ✐♥ ❝♦♠♣❛❝t ❤②♣❡r❜♦❧✐❝

s✉r❢❛❝❡s ♦❢ ❣❡♥✉s g ≥ 2 ✇✐t❤ ♠❛①✐♠✉♠ s②st♦❧❡s✳ ❲❡ ✉s❡ ❝✉tt✐♥❣ ❛♥❞ ♣❛st✐♥❣

t❡❝❤♥✐q✉❡s t♦ ❝♦♥str✉❝t ❝♦♠♣❛❝t ❤②♣❡r❜♦❧✐❝ s✉r❢❛❝❡s ✇✐t❤ ❧❛r❣❡ s✐st♦❧❡ ❢r♦♠ ♠❛✲

①✐♠✉♠ s✉r❢❛❝❡s✳ ❲❡ ✇✐❧❧ s✐♠✐❧❛r ✐♥❡q✉❛❧✐t✐❡s ❢♦r ♥♦♥✲ ❝♦♠♣❛❝t ❤②♣❡r❜♦❧✐❝ s✉r❢❛❝❡s

✇✐t❤ ❝✉s♣s✳ ❋✉rt❤❡r♠♦r❡ ✇❡ ✇✐❧❧ ♣r❡s❡♥t s♦♠❡ r❡s✉❧ts ♦♥ síst♦❧❡s ♦♥ s✉r❢❛❝❡s ❛♥❞

❡✈❛❧✉❛t❡ ❛ t②♣❡s ♦❢ s✉r❢❛❝❡s s✐st♦❧❡ r❡❧❛t❡❞ t♦ {4g, 4g} ❛♥❞ {12g−6, 3} t❡ss❡❧❧❛t✐♦♥s
❢♦r g ≥ 2✳

①



■♥tr♦❞✉çã♦

❯♠❛ síst♦❧❡ ♥✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛ S ❞❡ ❣ê♥❡r♦ g ≥ 2✱ é ✉♠❛
❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s ❞❡ ♠❡♥♦r ❝♦♠♣r✐♠❡♥t♦✱ ❡ ❞❡♥♦t❛r❡♠♦s ♦ ❝♦♠♣r✐♠❡♥t♦
♣♦r sys(S)✳ ❙❡❥❛ msys(g) ♦ ✈❛❧♦r ♠á①✐♠♦ ❛t✐♥❣✐❞♦ ♣♦r sys(·) ❡♥tr❡ t♦❞❛s ❛s s✉♣❡r✲
❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❝♦♠♣❛❝t❛s ❞❡ ❣ê♥❡r♦ g✳ ❈❤❛♠❛r❡♠♦s s✉♣❡r❢í❝✐❡ ♠❛①✐♠❛❧ Smax

❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛ ❞❡ ❣ê♥❡r♦ g ❝✉❥❛ síst♦❧❡ t❡♠ ❝♦♠♣r✐♠❡♥t♦
msys(g) ❬✶✾❪✳ ❯s❛♥❞♦ ❛ té❝♥✐❝❛ ❞❡ ❝♦rt❡ ❡ ❝♦❧❛❣❡♠ ❝♦♥str✉✐r❡♠♦s s✉♣❡r❢í❝✐❡s
❤✐♣❡r❜ó❧✐❝❛s ❝♦♠♣❛❝t❛s ❝♦♠ síst♦❧❡ ❣r❛♥❞❡ ❞✉♠❛ s✉♣❡r❢í❝✐❡ ♠❛①✐♠❛❧✳ ■st♦ ♥♦s
♣❡r♠✐t✐rá ♠♦str❛r ✈ár✐❛s ❞❡s✐❣✉❛❧❞❛❞❡s r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ msys(·) ♣❛r❛ ❞✐❢❡r❡♥✲
t❡s ❣ê♥❡r♦s✳ P♦r ú❧t✐♠♦✱ ♠♦str❛r❡♠♦s ❞❡s✐❣✉❛❧❞❛❞❡s s❡♠❡❧❤❛♥t❡s ♣❛r❛ s✉♣❡r❢í❝✐❡s
❤✐♣❡r❜ó❧✐❝❛s ♥ã♦ ❝♦♠♣❛❝t❛s ❝♦♠ ❝ús♣✐❞❡s✳

❯s❛♥❞♦ ❣r✉♣♦s ❢✉❝❤s✐❛♥♦s ❛r✐t♠ét✐❝♦s ❇✉s❡r ❡ ❙❛r♥❛❦ ❡♠ ❬✽❪ ♠♦str❛r❛♠ q✉❡
❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (gk)k∈N ❝♦♠

sys(Sk) ≥
4

3
log(gk)− c0,

♦♥❞❡ c0 é ❝♦♥st❛♥t❡✳ ❊st❛ ❝♦♥str✉çã♦ ❢♦✐ ❣❡♥❡r❛❧✐③❛❞❛ ♣♦r ❑❛t③✱ ❙❝❤❛♣s ❡ ❱✐s❤♥❡
❡♠ ❬✶✽❪✱ ❡♥❝♦♥tr❛♥❞♦ ♠❛✐s ❢❛♠í❧✐❛s ❞❡ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❝♦♠♣❛❝t❛s s❛t✐s✲
❢❛③❡♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✳ ▼❛❦✐s✉♠✐ ❡♠ ❬✷✵❪✱ ♠♦str♦✉ q✉❡ ♦ ❢❛t♦r 3/4 é ♦
♠❡❧❤♦r ✈❛❧♦r ❛❧❝❛♥ç❛❞♦ ❛té ❤♦❥❡ ♥❛ ❝♦♥str✉çã♦ ❢❡✐t❛ ♣♦r ❑❛t③✱ ❙❝❤❛♣s ❡ ❱✐s❤♥❡✳

❖ ❡st✉❞♦ ❞❡ s✉♣❡r❢í❝✐❡s ❝✉❥❛ síst♦❧❡ t❡♠ ❝♦♠♣r✐♠❡♥t♦ ♠á①✐♠♦ ♥♦ ❡s♣❛ç♦ ♠ó✲
❞✉❧♦Mg ❞❡ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❝♦♠♣❛❝t❛s ❞❡ ❣ê♥❡r♦ g ≥ 2✱ ❢♦✐ ❝♦♠❡ç❛❞♦ ♣♦r
❙❝❤♠✉t③ ❡♠ ❬✷✹❪✱ ❬✷✺❪ ❡ ❬✷✻❪✳ Pr♦♣r✐❡❞❛❞❡s ✐♥t❡r❡ss❛♥t❡s ❞❡st❛s s✉♣❡r❢í❝✐❡s ❢♦r❛♠
♦❜t✐❞♦s ♣♦r✿ ❇❛r✈❛r❞ ❡ ❙❝❤♠✉t③ ❡♠ ❬✸❪ ❡ ❬✷✺❪✱ ♦s q✉❛✐s ♠♦str❛r❛♠ q✉❡ ✉♠❛ s✉♣❡r✲
✜❝✐❡ ♠á①✐♠❛ ❞❡ ❣ê♥❡r♦ g t❡♠ ♣❡❧♦ ♠❡♥♦s 6g−5 síst♦❧❡s❀ ❙❝❤♠✉t③ ❡♠ ❬✷✺❪ ♠♦str♦✉
q✉❡ ❡①✐st❡ s♦♠❡♥t❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ s✉♣❡r❢í❝✐❡s ♠❛①✐♠❛✐s ❞❡ ❣ê♥❡r♦ g ❡ P❛r❧✐❡r
❡♠ ❬✷✶❪ ♠♦str♦✉ q✉❡ t♦❞❛ síst♦❧❡ ❞❡ ✉♠❛ s✉♣❡r✜❝✐❡ ♠á①✐♠❛ é ♥ã♦ s❡♣❛rá✈❡❧✳ ❊♠
❬✷✺❪✱ ❙❝❤♠✉t③ ❙❝❤❛❧❧❡r ❣❡♥❡r❛❧✐③♦✉ ♦ ❝♦♥❝❡✐t♦ ❞❡ síst♦❧❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❢❛♠í❧✐❛
❞❡ k ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s s✐♠♣❧❡s ❡ ❞✐s❥✉♥t❛s✱ ❛ss♦❝✐❛♥❞♦ ❛ ❝❛❞❛ ✉♠❛ ❞❡❧❛s ✉♠❛
❢✉♥çã♦ ❝♦♠♣r✐♠❡♥t♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ♠❛✐♦r ❣❡♦❞és✐❝❛✱ ❡♥tã♦
❡❧❡ ✐♥tr♦❞✉③✐✉ k✲síst♦❧❡s ❝♦♠♦ ❛ ♠❡♥♦r ❢✉♥çã♦ ❞❡st❡s ❝♦♠♣r✐♠❡♥t♦s✳

❉✐❛♥t❡ ❞❡st❡s ❡st✉❞♦s ❡ ❝♦♠ ♦❜❥❡t✐✈♦ ❞❡ ❝❛❧❝✉❧❛r ❛s síst♦❧❡s s♦❜r❡ ✉♠❛ s✉✲
♣❡r❢í❝✐❡ ❣❡r❛❞❛ ♣❡❧❛s t❡ss❡❧❛çõ❡s {4g, 4g} ❡ {12g − 6, 3} q✉❡ ❢♦r♥❡❝❡♠ s✉♣❡r❢í❝✐❡s
❝♦♠♣❛❝t❛s ❝♦♠ ❣ê♥❡r♦ g ≥ 2✳ ❈❛❧❝✉❧❛r❡♠♦s ❛tr❛✈és ❞♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❛s
❛r❡st❛s ❞♦s ♣♦❧í❣♦♥♦s P4g ❡ P12g−6 ❢♦r♥❡❝✐❞♦s ♣❡❧♦s tr❛❜❛❧❤♦s ❡♠ ❬✶✶❪ ❡ ❬✷✽❪✱ ♦s
❝♦♠♣r✐♠❡♥t♦s ❞❛s ❣❡♦❞és✐❝❛s q✉❡ t❡♠ ✉♠ r❡♣r❡s❡♥t❛♥t❡ ♥❛ ❝❧❛ss❡ ❞♦s ❡✐①♦s ❞❛s
tr❛♥s❢♦r♠❛çõ❡s ❤✐♣❡r❜ó❧✐❝❛s✱ ❞✐✈✐❞✐♠♦s ♥♦ss♦ tr❛❜❛❧❤♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳

✶



✷ ▲✐st❛ ❞❡ ❋✐❣✉r❛s

◆♦ ❈❛♣ít✉❧♦ 1✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s q✉❡ s❡rã♦ ✉s❛❞♦s ♥♦ ❞❡s❡♥✲
✈♦❧✈✐♠❡♥t♦ ❞❡ ♥♦ss♦ tr❛❜❛❧❤♦✳ ■♥✐❝✐❛r❡♠♦s ❢❛❧❛♥❞♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ♠ö❜✐✉s✱
♦♥❞❡ s❡ ❛♣r❡s❡♥t❛rá ❞♦✐s t✐♣♦s ❞❡ tr❛♥s❢♦r♠❛çõ❡s ✭✐♥✈❡rsã♦ ❡ r❡✢❡①ã♦✮✳ ▲♦❣♦ ❢❛❧❛✲
r❡♠♦s ❞❛ ❣❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ ♣❧❛♥❛ s♦❜r❡ ♦s ♠♦❞❡❧♦s ♠❛✐s ✉s❛❞♦s✿ s❡♠✐♣❧❛♥♦
s✉♣❡r✐♦r H2 ❡ ♦ ❞✐s❝♦ ❞❡ ♣♦✐♥❝❛ré D2✳ ❚❛♠❜é♠ ❡①♣❧❛♥❛r❡♠♦s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛✲
❞♦s ❞❡ ❣r✉♣♦s ❢✉❝❤s✐❛♥♦s✱ ❞♦♠í♥✐♦s ❢✉♥❞❛♠❡♥t❛✐s ❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❣r✉♣♦s
❢✉❝❤s✐❛♥♦s ❝♦✲❝♦♠♣❛❝t♦s✳

◆♦ ❈❛♣ít✉❧♦ 2✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ s✉♣❡r✲
❢í❝✐❡s q✉❡ sã♦ ❧♦❝❛❧♠❡♥t❡ ✐s♦♠étr✐❝❛s ❛♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✳ ■♥✐❝✐❛r❡♠♦s ❢❛❧❛♥❞♦
❞❛ ❝♦♥str✉çã♦ ❞❡st❛s s✉♣❡r❢í❝✐❡s ♣♦r ♠❡✐♦ ❞❛ té❝♥✐❝❛ ❞❡ ❝♦rt❡ ❡ ❝♦❧❛❣❡♠✳ ❊♠
s❡❣✉✐❞❛✱ ❢❛❧❛r❡♠♦s ❞❡ s✉♣❡r❢í❝✐❡s ❝♦♠ ❧✐♠✐t❡s ❣❡♦❞és✐❝♦s ♣♦r ♣❛rt❡s✱ ♦s t❡♦r❡♠❛s
❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ♣❛r❛ ❣❡♦❞és✐❝❛s ❡♠ ✈ár✐♦s t✐♣♦s ❞❡ ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛
❡ ❢❛r❡♠♦s ✉♠ ❡s❜♦ç♦ ❞♦s ♣❛râ♠❡tr♦s ❋❡♥❝❤❡❧✲◆✐❡❧s❡♥✳ ❯♠❛ ❢❡rr❛♠❡♥t❛ ❞❡ ♠✉✐t❛
✉t✐❧✐❞❛❞❡ ♣❛r❛ ♥♦ss♦ tr❛❜❛❧❤♦ ✭❈❛♣ít✉❧♦ 3✮ é ❛ tr✐❣♦♥♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛✱ q✉❡
s❡rá ❛♣r❡s❡♥t❛❞❛ ♥♦ ♠♦❞❡❧♦ ❤✐♣❡r❜♦❧ó✐❞❡✱ ❧♦❣♦ ❢❛❧❛r❡♠♦s ❞♦s ♣❛râ♠❡tr♦s ❞❡ t♦r✲
çã♦✱ ✐♠♣♦rt❛♥t❡s ♥❛ ❝♦♥str✉çã♦ ❞❡ s✉♣❡r❢í❝✐❡s✳ ❋✐♥❛❧♠❡♥t❡ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠❛
❞❛s ♣r♦♣r✐❡❞❛❞❡s ♠❛✐s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s✱ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦
❚❡♦r❡♠❛ ❞♦ ❝♦❧❛r✳

◆♦ ❈❛♣ít✉❧♦ 3✱ t❡♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ ❞❡♠♦str❛r ♦s ❚❡♦r❡♠❛s ✸✳✻ ❡ ✸✳✽✳ P❛r❛
✐st♦✱ ✐♥✐❝✐❛r❡♠♦s ❢❛❧❛♥❞♦ ❞❛ síst♦❧❡ ❡♠ ✉♠ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛ S ❞❡
❣ê♥❡r♦ g ≥ 2✳ ❊♠ s❡❣✉✐❞❛✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❡ síst♦❧❡ ❣r❛♥❞❡✱ ❛❧é♠
❞✐ss♦ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ❞❡ síst♦❧❡s✳ ❉❡st❡ ♠♦❞♦✱ ✉s❛♥❞♦ ❛ té❝♥✐❝❛
❞❡ ❝♦rt❡ ❡ ❝♦❧❛❣❡♠ ❝♦♥str✉✐r❡♠♦s s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❝♦♠♣❛❝t❛s ❝♦♠ síst♦✲
❧❡s ❣r❛♥❞❡s ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ♠❛①✐♠❛❧✳ ❆♥t❡s ❞❛s ❞❡♠♦str❛çõ❡s ❞♦s t❡♦r❡♠❛s
❛♣r❡s❡♥t❛r❡♠♦s ♦ ❧❡♠❛ ❞♦ ❝♦❧❛r ♣❛r❛ síst♦❧❡✱ ♦ q✉❛❧ ♥♦s ♣❡r♠✐t❡ ♠♦str❛r ✈ár✐❛s
❞❡s✐❣✉❛❧❞❛❞❡s r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ msys(·) ♣❛r❛ ❞✐❢❡r❡♥t❡s ❣ê♥❡r♦s✳ P♦r ú❧t✐♠♦✱ ♠♦s✲
tr❛r❡♠♦s ❞❡s✐❣✉❛❧❞❛❞❡s s❡♠❡❧❤❛♥t❡s ♣❛r❛ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ♥ã♦ ❝♦♠♣❛❝t❛s
❝♦♠ ❝ús♣✐❞❡s✳

◆♦ ❈❛♣ít✉❧♦ 4✱ t❡♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ ❝❛❧❝✉❧❛r ❛s síst♦❧❡s ❞❡ s✉♣❡r❢í❝✐❡s ❣❡r❛❞❛s
♣❡❧❛s t❡ss❡❧❛çõ❡s {4g, 4g} ❡ {12g− 6, 3}✱ q✉❡ ❢♦r♥❡❝❡♠ ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛
❝♦♠♣❛❝t❛ ❝♦♠ ❣ê♥❡r♦ g ≥ 2✳ ❈♦♠❡ç❛r❡♠♦s ❝❛❧❝✉❧❛♥❞♦✱ ❛tr❛✈és ❞♦s ❡♠♣❛r❡❧❤❛✲
♠❡♥t♦s ❞❛s ❛r❡st❛s ❞♦s ♣♦❧í❣♦♥♦s P4g ❡ P12g−6 ❢♦r♥❡❝✐❞♦ ♥♦s tr❛❜❛❧❤♦s ❞❡ ❱✐❡✐r❛
❬✷✽❪ ❡ ❋❛r✐❛ ❬✶✶❪✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛s ❣❡♦❞és✐❝❛s q✉❡ t❡♠ ✉♠ r❡♣r❡s❡♥t❛♥t❡ ♥❛ ❝❧❛ss❡
❞♦s ❡✐①♦s ❞❛ tr❛♥s❢♦r♠❛çã♦ ❤✐♣❡r❜ó❧✐❝❛✳ P❛r❛ ✐st♦✱ ✉s❛r❡♠♦s ✉♠❛ ❢❡rr❛♠❡♥t❛ ✐♠✲
♣♦rt❛♥t❡✿ ♦ ❚❡♦r❡♠❛ ✹✳✶✳ ❆❧é♠ ❞✐ss♦✱ ❢❛r❡♠♦s ✉♠❛ ✐♥tr♦❞✉çã♦ ❞❛ ♦r❞❡♠ ❞♦s
q✉❛tér♥✐♦s ❡ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❛ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s ❡
♦ ❣r✉♣♦s ❞❛s ♠❛tr✐③❡s✳ ❊ ❝♦♥❝❧✉✐r❡♠♦s ❛♣r❡s❡♥t❛♥❞♦ ❛ ❝♦♥str✉çã♦ ❞❡ ❇✉s❡r ❡
❙❛r♥❛❦ ❡♠ ❬✽❪✳



❈❛♣ít✉❧♦ ✶

●❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ ❡ ❣r✉♣♦s

❢✉❝❤s✐❛♥♦s

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ ✉s❛❞♦s ♥♦ ❞❡✲
s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ♥♦ss♦ tr❛❜❛❧❤♦✳ P♦r s❡r❡♠ r❡s✉❧t❛❞♦s ❢❛♠✐❧✐❛r❡s✱ ♦♠✐t✐♠♦s ❛s
❞❡♠♦str❛çõ❡s✳ ■♥✐❝✐❛r❡♠♦s ❢❛❧❛♥❞♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ♠ö❜✐✉s✱ ♦♥❞❡ s❡ ❛♣r❡✲
s❡♥t❛rá ❞♦✐s t✐♣♦s ❞❡ tr❛♥s❢♦r♠❛çõ❡s ✭■♥✈❡rsã♦ ❡ ❘❡✢❡①ã♦✮✳ ▲♦❣♦ ❢❛❧❛r❡♠♦s ❞❛
❣❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ ♣❧❛♥❛ s♦❜r❡ ♦s ♠♦❞❡❧♦s ♠❛✐s ✉s❛❞♦s✿ s❡♠✐♣❧❛♥♦ s✉♣❡r✐♦r
H2 ❡ ♦ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré D2✳ ❊①♣❧❛♥❛r❡♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❞❡ ❣r✉✲
♣♦s ❢✉❝❤s✐❛♥♦s✱ ❞♦♠í♥✐♦s ❢✉♥❞❛♠❡♥t❛✐s ❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❣r✉♣♦s ❢✉❝❤s✐❛♥♦s
❝♦✲❝♦♠♣❛❝t♦s✳

❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s sã♦✿ ❬✶❪✱ ❬✹❪✱ ❬✶✸❪✱ ❬✶✼❪✱ ❬✷✽❪✱ ❡ ♦✉tr❛s r❡❢❡rê♥❝✐❛s q✉❡
s❡r✈✐r❛♠ ♥❛ ❝♦♠♣❧❡♠❡♥t❛çã♦ ❞❛ t❡♦r✐❛ ❢♦r❛♠ ❬✺❪✱❬✶✶❪✱ ❬✶✵❪✳

✶✳✶ ❚r❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s

❆s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s ❛♣❛r❡❝❡♠ ♥♦ ❡st✉❞♦ ❞❡ ❛♥á❧✐s❡ ❝♦♠♣❧❡①❛ ❡ s✉✲
♣❡r❢í❝✐❡s ❞❡ ❘✐❡♠❛♥♥✱ ❝♦♠♦ tr❛♥s❢♦r♠❛çõ❡s q✉❡ ♠❛♥té♠ ✉♠ ❞✐s❝♦ ♦✉ s❡♠✐✲❡s♣❛ç♦
✐♥✈❛r✐❛♥t❡✳ ❖ ♣r✐♥❝✐♣❛❧ ❡st✉❞♦ é s♦❜r❡ ♦ ❝❛s♦ ❞♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✳
■♥✐❝✐❛❧♠❡♥t❡✱ ✐♥tr♦❞✉③✐♠♦s ❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s ♣❛r❛ ❞✐♠❡♥sã♦ ár❜✐tr❛✱
❡s♣❡❝✐✜❝❛♠❡♥t❡ ❞❡ ❞♦✐s t✐♣♦s ❞✐st✐♥t♦s ❞❡ tr❛♥s❢♦r♠❛çõ❡s✱ ❛s r❡✢❡①õ❡s ❡ ✐♥✈❡rsõ❡s✳
▲♦❣♦ tr❛t❛r❡♠♦s ❞♦ ❝❛s♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ♥♦ ❝❛s♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✳

✶✳✶✳✶ ■♥✈❡rsõ❡s ❡ r❡✢❡①õ❡s

❈♦♠❡ç❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ n✲❞✐♠❡♥s✐♦♥❛❧ Rn ❡ s✉❛ ❝♦♠✲
♣❛❝t✐✜❝❛çã♦ ♣♦r ✉♠ ♣♦♥t♦ R̂n = Rn ∪{∞}✱ ♦♥❞❡ ❝❤❛♠❛♠♦s ♦ ♣♦♥t♦∞ ❞❡ ♣♦♥t♦
✐❞❡❛❧ ❡ s✉❛s ✈✐③✐♥❤❛♥ç❛s sã♦ ♦s ❝♦♥❥✉♥t♦s ❞❛ ❢♦r♠❛ (Rn \ A) ∪ {∞}✱ ♦♥❞❡ A
é ✉♠ ❝♦♠♣❛❝t♦ ❛r❜✐trár✐♦ ❞❡ Rn✳ ▼♦str❛r❡♠♦s q✉❡ ❝♦♠ ❡ss❛ t♦♣♦❧♦❣✐❛✶✱ R̂n é

✶❯♠❛ t♦♣♦❧♦❣✐❛ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ X✱ é ✉♠❛ ❢❛♠í❧✐❛ ℑ ⊂ P (X)✱ ✈❡r✐✜❝❛♥❞♦ ∅, X ∈ ℑ❀ s❡

A,B ∈ ℑ✱ ❡♥tã♦ A ∩B ∈ ℑ ❡✱ s❡ {Aλ}λ∈Λ✱ ❡♥tã♦
⋃

λ∈Λ
Aλ ∈ ℑ✳

✸



✹ ✶✳✶✳ ❚r❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s

❤♦♠❡♦♠♦r❢♦ à ❡s❢❡r❛

Sn =
{
x = (x1, x2, ..., xn+1) ∈ Rn+1 ; ‖x‖2 = x21 + x22 + ...+ x2n+1 = 1

}
.

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡♠♦s ❛ ✐♠❡rsã♦ i : Rn → Rn+1 ❞❛❞❛ ♣♦r i(x1, ..., xn) = (x1, ..., xn, 0)
❡ ♦ ♣♦♥t♦ N = (0, ..., 0, 1) ♦ ♣♦❧♦ ♥♦rt❡ ❞❛ ❡s❢❡r❛✳ P♦❞❡♠♦s ❞❡✜♥✐r ❛ ♣r♦❥❡çã♦ ❡s✲
t❡r❡♦❣rá✜❝❛

πN = Sn \ {N} → i(Sn) ∼= Rn.

❊ss❛ ♣r♦❥❡çã♦ é ❞❡✜♥✐❞❛ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿ ❞❛❞♦ ✉♠ ♣♦♥t♦ x ∈ Sn \ {N}✱
❡①✐st❡ ✉♠❛ ú♥✐❝❛ r❡t❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r x ❡ ♣♦r N ✳ ❙❡♥❞♦ x 6= N ✱ s✉❛ ú❧t✐♠❛
❝♦♦r❞❡♥❛❞❛ é ❞✐❢❡r❡♥t❡ ❞❡ 1✱ ❧♦❣♦ ❛ r❡t❛ ♣♦r x ❡ ♣♦r N ✐♥t❡r❝❡♣t❛rá ♦ ❤✐♣❡r♣❧❛♥♦

i(Rn) ❡♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r πN(x) =
1

1− xn+1

(x1, ..., xn, 0)✳

▼❛✐s ❛✐♥❞❛✱ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ πN é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

❆❣♦r❛✱ s❡ t❡♠♦s q✉❡ (xn)∞n=1 é ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ Sn✱ ❝♦♥st❛t❛♠♦s q✉❡

lim
n→∞

xn = N ⇐⇒ lim
n→∞

|πN(xn)| =∞.

P♦rt❛♥t♦✱ ❛♦ ❛❞✐❝✐♦♥❛r♠♦s ✉♠ ♣♦♥t♦ ✐❞❡❛❧ ❛ Rn ❡ ❞❡✜♥✐r♠♦s s✉❛s ✈✐③✐♥❤❛♥ç❛s
❝♦♠♦ ❛❝✐♠❛✱ ❛ ♣r♦❥❡çã♦ ❡st❡r❡♦❣rá✜❝❛ s❡ ❡st❡♥❞❡ ❛ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ π : Sn →
R̂n✳ ❉❡♥♦t❛r❡♠♦s ♣♦r Sr(a) ❛ ❡s❢❡r❛ ❞❡ Rn ❞❡ ❝❡♥tr♦ a ❡ r❛✐♦ r✳

❯♠❛ ❡s❢❡r❛ Sr(a) ❡♠ Rn é ❞❛❞❛ ♣♦r Sr(a) = {x ∈ Rn/|x−a| = r}✱ ♦♥❞❡ r > 0

❡ a ∈ Rn✳ ❖ ❝♦♥❥✉♥t♦ R̂n = Rn ∪ {∞} é ❝❤❛♠❛❞♦ ❝♦♠♣❛❝t✐✜❝❛çã♦ ♣♦r ✉♠ ♣♦♥t♦
✐❞❡❛❧✳

❉❡✜♥✐çã♦ ✶✳✶✳ ❉❛❞❛ ✉♠❛ ❡s❢❡r❛ S = Sr(a) ♥♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ ❛ ✐♥✈❡rsã♦

iS : R̂n → R̂n ❡♠ t♦r♥♦ ❞❡ S é ❛ ❛♣❧✐❝❛çã♦ t❛❧ q✉❡ iS(a) = ∞, iS(∞) = a ❡ ♣❛r❛
❝❛❞❛ x 6∈ {a,∞}, iS(x) é ♦ ú♥✐❝♦ ♣♦♥t♦ ❞❛ r❡t❛ ←→ax t❛❧ q✉❡ |a−x||a− iS(x)| = r2.

❉❛❞❛ ❛ ❡s❢❡r❛ S = Sr(a)✱ t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ x 6= a,∞✱ ❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❞❛
✐♥✈❡rsã♦ é

iS(x) = a+ r2
x− a
|x− a|2 .

❉❡✜♥✐çã♦ ✶✳✷✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ Φ : Rn → Rn é ❞✐t❛ ❝♦♥❢♦r♠❡ s❡ Φ
♣r❡s❡r✈❛ â♥❣✉❧♦s ❡♥tr❡ ❝✉r✈❛s ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s✳

❯♠❛ ♦❜s❡r✈❛çã♦ ❞❛ ✐♥✈❡rsã♦ é q✉❡✱ ♣❛r❛ t♦❞❛ ❡s❢❡r❛ S = Sr(a)✱ ❛ ✐♥✈❡rsã♦ iS
é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥❢♦r♠❡ ❞❡ Rn \ {a}✳

P❛r❛ ❞❡✜♥✐r ❛ s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦✱ ❢❛r❡♠♦s ❛❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s✳ ❯♠ ❤✐♣❡r✲
♣❧❛♥♦ ❡♠ Rn é ✉♠ ❝♦♥❥✉♥t♦ ❞❛ ❢♦r♠❛

Pt(a) = {x ∈ Rn|〈x, a〉 = t},

♦♥❞❡ 〈x, a〉 é ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✉s✉❛❧ ❞❡ Rn✳
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Pt é ✉♠ s✉❜❡s♣❛ç♦ ❛✜♠ ❞❡ Rn ❡ P = Pt(a) ∪ {∞} é ❝❤❛♠❛❞♦ ❤✐♣❡r♣❧❛♥♦
❝♦♠♣❛❝t✐✜❝❛❞♦✳

❉❡✜♥✐çã♦ ✶✳✸✳ ❆ r❡✢❡①ã♦ iP ❡♠ P é ❛ ❛♣❧✐❝❛çã♦ q✉❡ ❛ ❝❛❞❛ ♣♦♥t♦ x ∈ Rn

❛ss♦❝✐❛ ✉♠ ♣♦♥t♦ iP (x) t❛❧ q✉❡ ♦ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ♣♦r x e iP (x) é ♦rt♦❣♦♥❛❧ ❛ P
❡ ✐♥t❡r❝❡♣t❛ ♦ ♣❧❛♥♦ P ❡♠ s❡✉ ♣♦♥t♦ ♠é❞✐♦✳

❊♠ ♣❛rt✐❝✉❧❛r✱ iP ♠❛♥té♠ ✜①♦s ♦s ♣♦♥t♦s ❞❡ Pt(a) ❡ ♣♦r ❞❡✜♥✐çã♦ ip(∞) =∞✳
P❛r❛ ✜♥❛❧✐③❛r ❡st❛ s✉❜s❡çã♦✱ ❞❛♠♦s ❛❧❣✉♠❛s ♦❜s❡r✈❛çõ❡s ❞❛ ❛♣❧✐❝❛çã♦ r❡✢❡①ã♦✳

✶✳ ❉❛❞♦ ♦ ❤✐♣❡r♣❧❛♥♦ P ✱ ❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❞❛ ❛♣❧✐❝❛çã♦ r❡✢❡①ã♦ é ❞❛❞❛ ♣♦r

iP (x) = x− 2
〈x, a〉 − t
|a|2 a.

✷✳ ❉❛❞♦s ✉♠ ❤✐♣❡r♣❧❛♥♦s P ❡ ♣♦♥t♦s q✉❛✐sq✉❡r x, y ∈ Rn✱ |x − y| = |iP (x) −
iP (y)|✳

✸✳ ❙❡❥❛ iP ✉♠❛ r❡✢❡①ã♦ ❡♠ ✉♠ ❤✐♣❡r♣❧❛♥♦ P ✳ ❊♥tã♦✱ ♣❛r❛ t♦❞❛ ❡s❢❡r❛ Sr✱
iP (Sr) é ✉♠❛ ❡s❢❡r❛✳

✹✳ P❛r❛ t♦❞♦ ❤✐♣❡r♣❧❛♥♦ P = Pt(a) ❛ r❡✢❡①ã♦ iP é ❝♦♥❢♦r♠❡✳

✶✳✶✳✷ ❖ ❣r✉♣♦ ❞❡ ▼ö❜✐✉s ❡ ♦ ❣r✉♣♦ PSL(2,R)

❆❣♦r❛ ❛♣r❡s❡♥t❛r❡♠♦s ❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s ❡ s❡✉ ❣r✉♣♦ ❣❡r❛❧ ❡ ✈❡r❡✲
♠♦s s✉❛ ♣❛rt✐❝✉❧❛r✐③❛çã♦ ♣❛r❛ ♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦✳

❉❡✜♥✐çã♦ ✶✳✹✳ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ▼ö❜✐✉s ❞❡ R̂n é ✉♠❛ ❝♦♠♣♦s✐çã♦ ❞❡ ✉♠
♥ú♠❡r♦ ✜♥✐t♦ ❞❡ r❡✢❡①õ❡s ❡♠ ❤✐♣❡r♣❧❛♥♦s ❡ ✐♥✈❡rsõ❡s ❡♠ ❡s❢❡r❛s✳ ❖ ❝♦♥❥✉♥t♦
❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s ❞❡ R̂n é ❝❤❛♠❛❞♦ ❞❡ ❣r✉♣♦ ❣❡r❛❧ ❞❡ ▼ö❜✐✉s ❡ é
❞❡♥♦t❛❞♦ ♣♦r GM(R̂n)

❉❡✜♥✐çã♦ ✶✳✺✳ ❖ ❣r✉♣♦ ❞❡ ▼ö❜✐✉s M(R̂n) é ♦ s✉❜❣r✉♣♦ ❞❡ GM(R̂n) ❢♦r♠❛❞♦
♣❡❧❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ Rn q✉❡ ♣r❡s❡r✈❛♠ ❛ ♦r✐❡♥t❛çã♦✳

❈♦♥s✐❞❡r❡♠♦s ♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ ❡st❡♥❞✐❞♦ C∞ ❡ ❛ tr❛♥s❢♦r♠❛çã♦ T : C∞ →
C∞ ❞❛❞❛ ♣♦r T (z) =

az + b

cz + d
♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s a, b, c, d ∈ C ❡ s✉♣♦♥❞♦ ad−bc 6=

0 t❡♠♦s tr❛♥s❢♦r♠❛çõ❡s ♥ã♦✲s✐♥❣✉❧❛r❡s✳ ◆♦ ❝❛s♦ ad − bc = 0 t❡rí❛♠♦s ad = bc✱
❡♠ ❝♦♥s❡q✉ê♥❝✐❛ t❡♠♦s T ′(z) = 0 ♦✉ s❡❥❛✱ T é ❝♦♥st❛♥t❡✳ ❆❧é♠ ❞✐ss♦✱ s❡ c 6= 0✱
❞❡✜♥✐♠♦s T (−d/c) = ∞ ♦ ♣♦♥t♦ ♥♦ ✐♥✜♥✐t♦✱ T (∞) = a/c ❡ s❡ c = 0 ❞❡✜♥✐♠♦s
T (∞) =∞. ▲♦❣♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r✳

❉❡✜♥✐çã♦ ✶✳✻✳ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ▼ö❜✐✉s ❞❡ C∞ ❡♠ C∞ é ✉♠❛ ❛♣❧✐❝❛çã♦
❞❛ ❢♦r♠❛

T (z) =
az + b

cz + d

♦♥❞❡ a, b, c, d sã♦ ❝♦♥st❛♥t❡s ❝♦♠♣❧❡①❛s s❛t✐s❢❛③❡♥❞♦ ad− bc 6= 0✳



✻ ✶✳✶✳ ❚r❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s

❊ ❝♦♠♦ ✈✐♠♦s ♥❛ ❉❡✜♥✐çã♦ ✶✳✺✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ss❛s tr❛♥s❢♦r♠❛çõ❡s é ✉♠ ❣r✉♣♦
♥ã♦ ❛❜❡❧✐❛♥♦ ❝♦♠ ❛ ♦♣❡r❛çã♦ ✉s✉❛❧ ❞❡ ❝♦♠♣♦s✐çã♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ♦ q✉❡ ❞❡✲
♥♦t❛r❡♠♦s ❞❛q✉✐ ❡♠ ❞✐❛♥t❡ s✐♠♣❧❡s♠❡♥t❡ ♣♦r G✳

❈♦♥t✐♥✉❛♥❞♦ ❛ s✉❜s❡çã♦✱ ❝♦♥s✐❞❡r❡♠♦s ♦ s✉❜❣r✉♣♦ ❞❡ M(2,R) ❞❛s ♠❛tr✐③❡s
2× 2✱ ❡ s❡❥❛

GL(2,R) =
{
A =

(
a b
c d

)
/ a, b, c, d ∈ R ❡ ad− bd 6= 0

}
,

♦ ❣r✉♣♦ ❝♦♠ ❛ ♦♣❡r❛çã♦ ✉s✉❛❧ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❛s ♠❛tr✐③❡s 2× 2 ✐♥✈❡rsí✈❡✐s✳ ❊
❛❣♦r❛ ❝♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦

SL(2,R) =
{
A =

(
a b
c d

)
/ a, b, c, d ∈ R e ad− bd = 1

}
, ✭✶✳✶✮

q✉❡ é ✉♠ s✉❜❣r✉♣♦ ❞❡ GL(2,R) ❝♦♠ ❞❡t❡r♠✐♥❛♥t❡ ✐❣✉❛❧ ❛ 1✳ ◆❡st❡ ❝❛s♦ ❞✐③❡♠♦s
q✉❡ A ❡stá ♥♦r♠❛❧✐③❛❞❛✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ ♠❛tr✐③ A ∈ SL(2,R) ❛ss♦❝✐❛♠♦s ❛

✉♠❛ tr❛♥s❢♦r♠❛çã♦ T (z) =
az + b

cz + d
✳

❈♦♥s✐❞❡r❛♥❞♦

D =
{
S(z) =

az + b

cz + d
∈ G/ad− bc = 1

}
,

t❡♠♦s q✉❡ D é ✉♠ s✉❜❣r✉♣♦ ❞❡ G✳
❊ t❛♠❜é♠✱ ♣❛r❛ ❝❛❞❛ tr❛♥s❢♦r♠❛çã♦ SA ∈ D ❡①✐st❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ SA−1 ✱ t❛❧
q✉❡ SA ◦ SA−1 = Id✳ ❇❛st❛ ♦❜s❡r✈❛r✱ q✉❡ SA ◦ SA−1(z) = SAA−1(z) = SI(z) =
1z + 0

0z + 1
= z = Id(z)✱ ♦♥❞❡ Id é ❛ tr❛♥s❢♦r♠❛çã♦ ✐❞❡♥t✐❞❛❞❡ ❞❡ D ❡ I é ❛ ♠❛tr✐③

✐❞❡♥t✐❞❛❞❡ ❞❡ SL(2,R)✳ ❈♦♠ ✐ss♦✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✶✳✶✳ ✭❬✶✸❪✱ ♣á❣✳✿ ✸✸✮ ❈♦♠♦ ♦ {±I2x2} é s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ SL(2,R)✱

♦♥❞❡ I2x2 é ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✳ ❊♥tã♦✱
SL(2,R)

{±I2x2}
≃ D✳

❉❡s❞❡ ❛❣♦r❛ ❞❡♥♦t❛r❡♠♦s SL(2,R)
{±I2x2} ♣♦r PSL(2,R)✳ ❈♦♥❤❡❝✐❞♦ ❝♦♠♦ ❣r✉♣♦ ♣r♦✲

❥❡t✐✈♦ ❡s♣❡❝✐❛❧ ❧✐♥❡❛r✳
❆❧é♠ ❞✐ss♦ t❡♠♦s ♦✉tr♦ ❣r✉♣♦ q✉❡ ❡st❛ ❞❡✜♥✐❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

SL(2,C) =

{(
a b
c d

)
/a, b, c, d ∈ C, ad− bc = 1

}
✭✶✳✷✮

❡♠ C ❞❡t❡r♠✐♥❛❞♦ ♣♦r

z 7→ az + b

cz + d
.
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✶✳✷ ▼♦❞❡❧♦s ❤✐♣❡r❜ó❧✐❝♦s

◆❡st❡ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❞♦✐s ♠♦❞❡❧♦s ♠❛✐s ✉t✐❧✐③❛❞♦s ♥❛ ❣❡♦♠❡tr✐❛ ❤✐✲
♣❡r❜ó❧✐❝❛ q✉❡ sã♦ ♦ s❡♠✐♣❧❛♥♦ s✉♣❡r✐♦r ✭♦✉ ♣❧❛♥♦ ❞❡ ▲♦❜❛t❝❤❡✈s❦②✮ ❡ ♦ ❞✐s❝♦
✉♥✐tár✐♦ ✭♦✉ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré✮✳ ❆ ❡s❝♦❧❤❛ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡♣❡♥❞❡ ❞♦ tr❛❜❛❧❤♦
q✉❡ s❡ ❞❡s❡❥❛ r❡❛❧✐③❛r✳ P♦r ❡①❡♠♣❧♦✱ ✉♠❛ ✈❛♥t❛❣❡♠ ❞♦ ♠♦❞❡❧♦ ❞❡ ❞✐s❝♦ é q✉❡
é ✉♠ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ♥♦ ♣❧❛♥♦✱ ♦ q✉❡ ❢❛❝✐❧✐t❛ ♥❛s ✈✐s✉❛❧✐③❛çõ❡s ❣❡♦♠étr✐❝❛s✳
❊ ❛ ✈❛♥t❛❣❡♠ ❞♦ ♠♦❞❡❧♦ ❞❡ s❡♠✐♣❧❛♥♦ s✉♣❡r✐♦r H2 é ❛ ❢❛❝✐❧✐❞❛❞❡ ❝♦♠ q✉❡ ❛s
❝♦♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥❛s ♣♦❞❡♠ s❡r ✉s❛❞❛s ❡♠ ❝á❧❝✉❧♦s✳

✶✳✷✳✶ ❖ ♠♦❞❡❧♦ ❞♦ s❡♠✐✲♣❧❛♥♦ s✉♣❡r✐♦r H2

❈♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦

H2 = {z ∈ C/Im(z) > 0} = {(x, y) ∈ R2/y > 0}

❞♦t❛❞♦ ❝♦♠ ❛ ♠étr✐❝❛

ds2 =
|dz|2
Im(z)2

=
dx2 + dy2

y2
,

♦♥❞❡ z = x+ iy ❡ ❛ss✉♠✐r❡♠♦s q✉❡ s✉❛ ❢r♦♥t❡✐r❛ é ❞❛❞❛ ♣♦r

∂∞H2 = {z ∈ C/Im(z) = 0} ∪ {∞}.

❋✐❣✉r❛ ✶✳✶✿ ▼♦❞❡❧♦ ❞♦ s❡♠✐✲♣❧❛♥♦ s✉♣❡r✐♦r H2 ♦✉ ♣❧❛♥♦ ❞❡ ▲♦❜❛t❝❤❡✈s❦②✳

H2 é ❝❤❛♠❛❞♦ s❡♠✐✲♣❧❛♥♦ s✉♣❡r✐♦r ✭✈❡❥❛ ❛ ❋✐❣✉r❛ ✶✳✶✮✳ ❖❜s❡r✈❡ q✉❡ ♣♦❞❡♠♦s
tr❛❜❛❧❤❛r ❝♦♠ ♦s ❡❧❡♠❡♥t♦s ❞❡ H2 ❝♦♠♦ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦s ♦✉ ❝♦♠♦ ♦s ♣♦♥t♦s ❞❡
R2✳

❙❡❥❛ I = [a, b] ✉♠ ✐♥t❡r✈❛❧♦ ❢❡❝❤❛❞♦ ❡ γ : I → H2 ✉♠❛ ❝✉r✈❛ ❝♦♥t✐♥✉❛♠❡♥t❡
❞✐❢❡r❡♥❝✐á✈❡❧ ♣♦r ♣❛rt❡s✱ ♦♥❞❡ γ(t) = (x(t), y(t))✳ ❊♥tã♦✱ ❞❡✜♥✐♠♦s ♦ ❝♦♠♣r✐♠❡♥t♦



✽ ✶✳✷✳ ▼♦❞❡❧♦s ❤✐♣❡r❜ó❧✐❝♦s

‖γ‖ ❞❛ ❝✉r✈❛ γ(I) ♣♦r

‖γ‖ =
∫ b

a

√(
dx
dt

)2
+
(
dy
dt

)2

y
dt.

❉❡✜♥✐çã♦ ✶✳✼✳ ❉❛❞♦s ❞♦✐s ♣♦♥t♦s p, q ∈ H2✱ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♣ ❡ q é ❞❡✜♥✐❞❛
♣❡❧❛ ❢ór♠✉❧❛

d(p, q) = inf ‖γ‖H2 ,

♦♥❞❡ ♦ í♥✜♠♦ é ❝♦♥s✐❞❡r❛❞♦ s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝✉r✈❛s ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥✲
❝✐á✈❡✐s ♣♦r ♣❛rt❡s γ : [0, 1]→ H2✱ ❝♦♠ γ(0) = p ❡ γ(1) = q✳

P❛r❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ ❞❛s ❞❡✜♥✐çõ❡s ❛♥t❡r✐♦r❡s✱ ❞❛♠♦s ✉♠ ❡①❡♠♣❧♦✳

❊①❡♠♣❧♦ ✶✳✶✳ ❙❡❥❛♠ I = [a, b] ❡ γ : I → H2 ❞❛❞❛ ♣♦r γ(t) = (t2, 2) ✉♠❛ ❝✉r✈❛
❞✐❢❡r❡♥❝✐á✈❡❧✱ ❡♥tã♦ s❡✉ ❝♦♠♣r✐♠❡♥t♦ ❤✐♣❡r❜ó❧✐❝♦ é

‖γ‖H2 =

∫ 1

0

√
4t2 + 0

2
dt =

∫ 1

0

tdt = 1/2.

❉❡✜♥✐çã♦ ✶✳✽✳ ❯♠❛ ✐s♦♠❡tr✐❛ ❡♠ H2 é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ H2 ❡♠ H2 q✉❡
♣r❡s❡r✈❛ ❛ ❞✐stâ♥❝✐❛ ❤✐♣❡r❜ó❧✐❝❛✳ ❖ ❣r✉♣♦ ❢♦r♠❛❞♦ ♣♦r t♦❞❛s ✐s♦♠❡tr✐❛s ❡♠ H2 é
❞❡♥♦t❛❞♦ ♣♦r Isom(H2)✳

❚❡♥❞♦ ❞❡✜♥✐❞♦ ❛ ❞✐stâ♥❝✐❛ ✐♥❞✉③✐❞❛ ♣♦r ✉♠❛ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛✱ ♣♦❞❡♠♦s
❞❡✜♥✐r ❛s ❝✉r✈❛s ❝❤❛♠❛❞❛s ❣❡♦❞és✐❝❛s✳

❉❡✜♥✐çã♦ ✶✳✾✳ ❯♠❛ ❝✉r✈❛ γ : [a, b] → H2 é ❞✐t❛ ❣❡♦❞és✐❝❛ s❡ ♣❛r❛ q✉❛✐sq✉❡r
♣♦♥t♦s s, t ∈ [a, b]✱ ❝♦♠ s 6= t t✐✈❡r♠♦s

d(γ(s), γ(t)) =

∫ t

s

√
(dx
dt
)2 + (dy

dt
)2

y
dt,

♦✉ s❡❥❛✱ s❡ γ ♠✐♥✐♠✐③❛ ❛s ❞✐stâ♥❝✐❛s ❡♥tr❡ ♦s ♣♦♥t♦s ❞❡ s❡✉ tr❛ç❛❞♦✳

❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛s ❞❡✜♥✐çõ❡s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ✉♠❛ ❝✉r✈❛ ❡ ❣❡♦❞és✐❝❛✱
é q✉❡ ❛s s❡♠✐✲r❡t❛s ♦rt♦❣♦♥❛✐s à ❢r♦♥t❡✐r❛ ∂∞H2 sã♦ ❣❡♦❞és✐❝❛s ❞❡ H2✳

❚❡♦r❡♠❛ ✶✳✷✳ ✭❬✶✸❪✱ ♣á❣✳✿ ✷✶✮ ❆ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛

ds2 =
(dx)2 + (dy)2

y

❞❡ H2 é ✐♥✈❛r✐❛♥t❡ ♣❡❧❛ ❛çã♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ T ∈ GM(R̂2)✱ ♦✉ s❡❥❛✱ GM(R̂2) ⊂
Isom(H2).

❚❡♦r❡♠❛ ✶✳✸✳ ✭❬✶✼❪✱ ♣á❣✳✿ ✹✮ ❆s ❣❡♦❞és✐❝❛s ❞❡ H2 sã♦ ❛s s❡♠✐✲r❡t❛s ❡ s❡♠✐✲
❝✐r❝✉♥❢❡rê♥❝✐❛s ♦rt♦❣♦♥❛✐s ❛ ∂∞H2 ✭✈❡❥❛ ❋✐❣✉r❛ ✶✳✷✮✳

❖ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛s ❣❡♦❞és✐❝❛s ❡♠ H2 ♥♦s ♣❡r♠✐t❡ ❡①♣❧✐❝✐t❛r ❛ ❢✉♥çã♦ ❞✐stâ♥✲
❝✐❛ ❡♠ H2✳



✾ ✶✳✷✳ ▼♦❞❡❧♦s ❤✐♣❡r❜ó❧✐❝♦s

❚❡♦r❡♠❛ ✶✳✹✳ ✭❬✶✼❪✱ ♣á❣✳✿ ✻✮ ❉❛❞♦s z, w ∈ H2✱ sã♦ ✈á❧✐❞❛s ❛s s❡❣✉✐♥t❡s ✐❣✉❛❧❞❛✲
❞❡s✿

✶✳ d(z, w) = ln
|z − w|+ |z − w|
|z − w| − |z − w| .

✷✳ sinh
1

2
d(z, w) =

|z − w|
2(Im(z)Im(w))1/2

.

✸✳ tanh
1

2
d(z, w) =

|z − w|
|z − w| ✳

✹✳ cosh(d(z, w)) = 1+
|z − w|2

2Im(z)Im(w)
.

✺✳ sinh
1

2
d(z, w) =

|z − w|
2(Im(z)Im(w))1/2

✳

❋✐❣✉r❛ ✶✳✷✿ ●❡♦❞és✐❝❛s ♥♦ ♠♦❞❡❧♦ ❞❡ s❡♠✐♣❧❛♥♦ s✉♣❡r✐♦r H2✳

✶✳✷✳✷ ❖ ♠♦❞❡❧♦ ❞♦ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré D2

❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

D2 = {(x, y) ∈ R2; |(x, y)| < 1} = {z ∈ C; |z| < 1},

❝❤❛♠❛❞♦ ❞❡ ❞✐s❝♦ ✉♥✐tár✐♦ ♦✉ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré✱ ❞♦t❛❞♦ ❞á ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛

ds2 =
4
(
dx2 + dy2

)

1− (x2 + y2)

❡ ❝♦♠ s✉❛ ❢r♦♥t❡✐r❛ s❡♥❞♦ ∂∞D2 = {z ∈ C/|z| = 1} = {(x, y) ∈ C/|(x, y)| = 1}
✭✈❡❥❛ ❛ ❋✐❣✉r❛ ✶✳✸✮

❈♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦ η : H2 → D2 ❞❛❞❛ ♣♦r η(z) =
z − i
z + i

✱ ❡ ❛ ❛♣❧✐❝❛çã♦

µ : D2 → H2 ❞❛❞❛ ♣♦r µ(z) =
zi+ i

1− z ✱ t❡♠♦s q✉❡ ❡st❛s sã♦ ✐♥✈❡rs❛s ✉♠❛ ❞❛ ♦✉tr❛✱

♦✉ s❡❥❛✱ µ = η−1✳ ▲♦❣♦ µ ◦ η(z) = η ◦ µ(z) = Id(z)✳
P♦rt❛♥t♦✱ ❛ ❛♣❧✐❝❛çã♦ η é ✉♠❛ ❜✐❥❡çã♦ ❞❡ H2 ❡♠ D2✱ ✐st♦ é✱ η tr❛♥s❢♦r♠❛ H2 ❡♠
D2✳ ❙❡❥❛ ρ : [0, 1]→ D2 ✉♠ ❝❛♠✐♥❤♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré✳ ❊♥tã♦✱ ❛
❝✉r✈❛ µ ◦ ρ : [0, 1]→ H2 é ✉♠ ❝❛♠✐♥❤♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ H2✳



✶✵ ✶✳✸✳ P♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s

❋✐❣✉r❛ ✶✳✸✿ ▼♦❞❡❧♦ ❞♦ ❞✐s❝♦ ✉♥✐tár✐♦ D2 ♦✉ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré✳

❉❡✜♥✐çã♦ ✶✳✶✵✳ ❖ ❝♦♠♣r✐♠❡♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ D2 é ❞❛❞♦ ❝♦♠♦

‖ρ‖D2 = ‖µ◦ρ‖H2 =

∫ 1

0

|µ ◦ ρ′(t)|
Im(µ ◦ ρ(t))dt =

∫ 1

0

|µ′(ρ(t))||ρ′(t)|
Im(µ ◦ ρ(t)) dt =

∫ 1

0

2|ρ′(t)|
1− |ρ(t)|2dt.

❉❡✜♥✐çã♦ ✶✳✶✶✳ ❉❡✜♥✐♠♦s ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s z, w ❡♠ D2 ♣♦r

dD2(z, w) = dH2(η−1(z), η−1(w)).

P❡❧❛s ❞✉❛s ❞❡✜♥✐çõ❡s ❛♥t❡r✐♦r❡s ♣♦❞❡✲s❡ ❝♦♥❝❧✉✐r q✉❡✱ ❞❛❞❛ γ ✉♠❛ ❝✉r✈❛ ❡♠
H2✱ ❡♥tã♦ η ◦ γ ◦ η−1 é ✉♠❛ ❝✉r✈❛ ❡♠ D2✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✶✳✺✳ ✭❬✷✽❪✱ ♣á❣✳✿ ✶✻✮ ❆s ❣❡♦❞és✐❝❛s ❞❡ D2 sã♦ ♦s s❡✉s ❞✐â♠❡tr♦s ❡ ♦s
❛r❝♦s ❞❡ ❝ír❝✉❧♦s q✉❡ ✐♥t❡r❝❡♣t❛♠ ♣❡r♣❡♥❞✐❝✉❧❛r♠❡♥t❡ ❛ ❢r♦♥t❡✐r❛ ∂∞D2 ✭✈❡❥❛ ❛
❋✐❣✉r❛ ✶✳✹✮✳

✶✳✸ P♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s

❚❛❧ ❝♦♠♦ ♥❛ ❣❡♦♠❡tr✐❛ ❡✉❝❧✐❞✐❛♥❛✱ ♦ ♣♦❧í❣♦♥♦ é ✉♠ ❞♦s ♦❜❥❡t♦s ❜ás✐❝♦s ❞❛
❣❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛✳ ❆ s❡❣✉✐r ❛♣r❡s❡♥t❛♠♦s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ tr✐â♥❣✉❧♦s ❡
♣♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s✳

✶✳✸✳✶ ❚r✐â♥❣✉❧♦s ❤✐♣❡r❜ó❧✐❝♦s

❙❡❥❛ H
2
= H2 ∪ ∂H2✳ ❉❛❞♦s três ♣♦♥t♦s v1, v2, v3 ∈ H

2
✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s ❛s

❣❡♦❞és✐❝❛s ♦✉ s❡❣♠❡♥t♦s ❣❡♦❞és✐❝♦s q✉❡ ❧✐❣❛♠ ❡st❡s ♣♦♥t♦s✱ ♦❜t❡♠♦s ❛ss✐♠ ✉♠
tr✐â♥❣✉❧♦ ❣❡♦❞és✐❝♦✳ ◆♦t❡ q✉❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ t❡r ✉♠ ♦✉



✶✶ ✶✳✸✳ P♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s

❋✐❣✉r❛ ✶✳✹✿ ●❡♦❞és✐❝❛s ♥♦ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré D2✳

♠❛✐s ✈ért✐❝❡ ♥❛ ❢r♦♥t❡✐r❛ ∂∞H2✱ ♣♦r ✐ss♦ ❛❞♠✐t✐♠♦s ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ t❡r ❛r❡st❛s
❢♦r♠❛❞❛s ♣♦r ❣❡♦❞és✐❝❛s ❝♦♠♣❧❡t❛s✳ ❊ss❡s ✈ért✐❝❡s ❞❛ ❢r♦♥t❡✐r❛ sã♦ ❝❤❛♠❛❞♦s ❞❡
✈ért✐❝❡s ✐❞❡❛✐s✳ ❆ ♠❡s♠❛ ❝♦♥str✉çã♦ ♣♦❞❡ s❡r ❢❡✐t❛ ❡♠ D2✳

❋✐❣✉r❛ ✶✳✺✿ ❚r✐â♥❣✉❧♦s ♥♦ s❡♠✐♣❧❛♥♦ s✉♣❡r✐♦r H2✳

❆❣♦r❛ ✈❛♠♦s ♠♦str❛r ❛ ✐❞❡✐❛ ❞❡ ❝♦♥str✉✐r ♣♦❧í❣♦♥♦s ♥♦s ♠♦❞❡❧♦s ❤✐♣❡r❜ó❧✐❝♦s
q✉❡ ❡st❛♠♦s ❡st✉❞❛♥❞♦✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❡✉❝❧✐❞✐❛♥♦✱ ♦♥❞❡ ♦s ♣♦❧í❣♦♥♦s ♥♦ ♣❧❛♥♦ sã♦
♦❜t✐❞♦s ♣♦r ✐♥t❡rs❡çã♦ ❞❡ s❡❣♠❡♥t♦s ❣❡♦❞és✐❝♦s ✭❛s r❡t❛s✮✱ ♦ ♠❡s♠♦ é ❢❡✐t♦ ♥♦
❝❛s♦ ❤✐♣❡r❜ó❧✐❝♦✳

❉❡✜♥✐çã♦ ✶✳✶✷✳ ❯♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ H2 ∪ ∂∞H2 ♦✉ D2 ∪ ∂∞D2 ❞❡ n✲
❛r❡st❛s é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❝♦♥✈❡①♦ ❞❡❧✐♠✐t❛❞♦ ♣♦r n s❡❣♠❡♥t♦s ❣❡♦❞és✐❝♦s
❤✐♣❡r❜ó❧✐❝♦s✳

✶✳✸✳✷ ➪r❡❛ ❤✐♣❡r❜ó❧✐❝❛

❈♦♠❡ç❛r❡♠♦s ❝♦♠ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✶✳✶✸✳ ❆ ár❡❛ ❤✐♣❡r❜ó❧✐❝❛ AH2(X) ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ X ❞❡ H2 é ❞❛❞❛
♣❡❧❛ ✐♥t❡❣r❛❧

AH2(X) =

∫

X

dxdy

(Im(z))2
,



✶✷ ✶✳✹✳ ●r✉♣♦s ❢✉❝❤s✐❛♥♦s ❡ ❞♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t

♦♥❞❡ z ∈ H2.

❚❡♦r❡♠❛ ✶✳✻✳ ✭❬✶❪✱ ♣á❣✳✿ ✶✻✺✮ ❆ ár❡❛ ❤✐♣❡r❜ó❧✐❝❛ ❡♠ H2 é ✐♥✈❛r✐❛♥t❡ s♦❜ ❛ ❛çã♦
❞♦ ❣r✉♣♦ ❞❡ ▼ö❜✐✉s M(H2)✳ ■st♦ é✱ s❡ X é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❡♠ H2 ❝✉❥❛ ár❡❛
❤✐♣❡r❜ó❧✐❝❛ é AH2(X) ❡ s❡ T ∈M(H2)✱ ❡♥tã♦

AH2(X) = AH2(T (X)). ✭✶✳✸✮

❆❣♦r❛✱ ❞❛♠♦s ✉♠❛ ✈❡rsã♦ s✐♠♣❧✐✜❝❛❞❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ●❛✉ss✲❇♦♥♥❡t✳

❚❡♦r❡♠❛ ✶✳✼✳ ✭❬✶❪✱ ♣á❣✳✿ ✶✼✷✮ ❙❡❥❛ ∆ ✉♠ tr✐â♥❣✉❧♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ H2 ∪ ∂∞H2 ❡
s❡❥❛ α, β, γ s❡✉s â♥❣✉❧♦s ✐♥t❡r♥♦s✳ ❊♥tã♦✱

AH2(∆) = π − (α + β + γ). ✭✶✳✹✮

P♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ♦ ❚❡♦r❡♠❛ ✶✳✼ ♣❛r❛ t♦❞♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P ✳
❚❡♦r❡♠❛ ✶✳✽✳ ✭❬✶❪✱ ♣á❣✳✿ ✶✼✷✮ ❙❡❥❛ P ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠ ✉♠ ♥ú♠❡r♦
✜♥✐t♦ ❞❡ ❛r❡st❛s✱ ✈ért✐❝❡s ✭✐❞❡❛✐s ♦✉ ♥ã♦✮ v1, ..., vn ❡ â♥❣✉❧♦s ✐♥t❡r♥♦s θ1, ..., θn✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦✱

AH2(P) = (n− 2)π − Σn
k=1θk. ✭✶✳✺✮

❆ ✐❞❡✐❛ ❝❡♥tr❛❧ ❞❛ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ t❡♦r❡♠❛✱ ✈❡♠ ❞♦ ❢❛t♦ ❞❡ q✉❡ ♣♦❞❡♠♦s
❞❡❝♦♠♣♦r ♦ ♣♦❧í❣♦♥♦ ❡♠ tr✐â♥❣✉❧♦s ❡ ❡♠ s❡❣✉✐❞❛ ✉t✐❧✐③❛r ♦ ❚❡♦r❡♠❛ ✶✳✼ ❡♠ ❝❛❞❛
tr✐â♥❣✉❧♦✳

✶✳✸✳✸ P♦❧í❣♦♥♦s ❝♦♥✈❡①♦s

❆♣r❡s❡♥t❛r❡♠♦s ❞♦✐s r❡s✉❧t❛❞♦s ❡♠ ♣♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s✳ ❖ ♣r✐♠❡✐r♦ é ✉♠❛
❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ✉♠ ♣♦❧í❣♦♥♦ s❡❥❛ ❝♦♥✈❡①♦✱ ❡ ♦ s❡❣✉♥❞♦
❡st❛❜❡❧❡❝❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♣♦❧í❣♦♥♦s ❝♦♥✈❡①♦s ❝♦♠ â♥❣✉❧♦s ♣r❡s❝r✐t♦s✳

❚❡♦r❡♠❛ ✶✳✾✳ ✭❬✹❪✱ ♣á❣✳✿ ✶✺✹✮ ❙❡❥❛ P ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠ s❡✉s â♥❣✉❧♦s
✐♥t❡r♥♦s θ1, ..., θn✳ ❊♥tã♦ P é ❝♦♥✈❡①♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ t♦❞♦ k = 1, .., n✱
t❡♠♦s 0 ≤ θk ≤ π.

❚❡♦r❡♠❛ ✶✳✶✵✳ ✭❬✹❪✱ ♣á❣✳✿ ✶✺✺✮ ❙❡❥❛♠ θ1, ..., θn â♥❣✉❧♦s ♦r❞❡♥❛❞♦s ♣♦r ❛❧❣✉♠❛
n✲✉♣❧❛ ❡ 0 ≤ θk ≤ π✱ ♣❛r❛ t♦❞♦ k = 1, ..., n✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦
P ❝♦♠ â♥❣✉❧♦s ✐♥t❡r♥♦s θ1, ..., θn ❢♦r♠❛❞♦s ♥❡st❛ ♦r❞❡♠ ❛♦ r❡❞♦r ❞❛ ∂P s❡✱ ❡
s♦♠❡♥t❡ s❡

n∑

k=1

θk < (n− 2)π. ✭✶✳✻✮

✶✳✹ ●r✉♣♦s ❢✉❝❤s✐❛♥♦s ❡ ❞♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t

❖ ❣r✉♣♦ PSL(2,R) ❝♦♠♦ ✈✐♠♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r✱ t❡♠ s❡✉s ❡❧❡♠❡♥t♦s ❛ss♦✲
❝✐❛❞♦s ❛ ✉♠❛ ♠❛tr✐③ ❞❡ SL(2,R)✳ ❆❣♦r❛ ❛♣r❡s❡♥t❛r❡♠♦s ❛s ❝❧❛ss✐✜❝❛çõ❡s ❞❡ss❛s



✶✸ ✶✳✹✳ ●r✉♣♦s ❢✉❝❤s✐❛♥♦s ❡ ❞♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t

❋✐❣✉r❛ ✶✳✻✿ P♦❧í❣♦♥♦ r❡❣✉❧❛r ❡ ❝♦♥✈❡①♦ ❡♠ D2✳

tr❛♥s❢♦r♠❛çõ❡s TA ∈ PSL(2,R) ❛ss♦❝✐❛❞❛s ❛s ♠❛tr✐③❡s A ∈ SL(2,R)✳
❊ss❛ ❝❧❛ss✐✜❝❛çã♦ é ❢❡✐t❛ ❡♠ três ❞✐❢❡r❡♥t❡s t✐♣♦s✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦
Tr : PSL(2,R)→ R+ ❞❛❞❛ ♣♦r Tr(TA) = |tr❛ç♦(A)|✱ ♦♥❞❡

A =

(
a b
c d

)
∈ SL(2,R) ❡ tr❛ç♦(A) = a+ d✳

❉❡✜♥✐çã♦ ✶✳✶✹✳ ❉✐③❡♠♦s q✉❡ ❛ tr❛♥s❢♦r♠❛çã♦ TA ∈ PSL(2, R)✱ ♦♥❞❡ TA(z) =
az+b
cz+d

é✿

✶✳ ❊❧í♣t✐❝❛ s❡ Tr(TA) < 2✳

✷✳ P❛r❛❜ó❧✐❝❛ s❡ Tr(TA) = 2✳

✸✳ ❍✐♣❡r❜ó❧✐❝❛ s❡ Tr(TA) > 2✳

❈♦♠♦ ♦ tr❛ç♦ ❞❡ ✉♠❛ ♠❛tr✐③ é ✐♥✈❛r✐❛♥t❡ ♣♦r ❝♦♥❥✉❣❛çã♦✱ ✐st♦ é✱ Tr(BAB−1) =
Tr(A)✱ ♣❛r❛ t♦❞❛s ❛s ♠❛tr✐③❡s An, B ∈ GL(n,R)✱ t❡♠♦s q✉❡ ❛ ❝❧❛ss✐✜❝❛çã♦ ❛❝✐♠❛
é ✐♥✈❛r✐❛♥t❡ ♣♦r ❝♦♥❥✉❣❛çã♦✳ ❆❣♦r❛✱ ❞✉❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s TA1 , TA2

sã♦ ❝♦♥❥✉❣❛❞❛s✱ s❡ ❡①✐st✐r ✉♠❛ ♦✉tr❛ tr❛♥s❢♦r♠❛çã♦ ▼ö❜✐✉s TB✱ ♦♥❞❡ TA1 =
TB

−1TA2TB = TB−1A2B✳

◆❡st❡ ♣♦♥t♦ ♣♦❞❡♠♦s ❝❧❛ss✐✜❝❛r ❡ss❛s tr❛♥s❢♦r♠❛çõ❡s ♣❡❧♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s

✜①♦s ❞❡ TA(z) =
az + b

cz + d
✳ ❖❜s❡r✈❡ q✉❡ ✉♠ ♣♦♥t♦ ✜①♦ ❞❡ TA é ♦❜t✐❞♦ q✉❛♥❞♦

TA(z) = z, ♦✉ s❡❥❛✱
az + b

cz + d
= z s❡✱ ❡ s♦♠❡♥t❡ s❡✱ cz2 +(d− a)z− b = 0 q✉❡ é ✉♠❛

❡q✉❛çã♦ q✉❛❞rát✐❝❛✱ q✉❡ t❡♠ ♥♦ ♠á①✐♠♦ ❞✉❛s s♦❧✉çõ❡s✱ ❞❛❞❛s ♣❡❧❛ ❡①♣r❡ssã♦

z =
a− d
2c
± 1

2c

√
(d− a)2 + 4bc.



✶✹ ✶✳✹✳ ●r✉♣♦s ❢✉❝❤s✐❛♥♦s ❡ ❞♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t

▼❛s ❝♦♠♦ A ∈ SL(2,R)✱ t❡♠♦s q✉❡ ad− bc = 1✱ ❡ ❝♦♠ ✐ss♦ ♦❜t❡♠♦s

z =
a− d
2c
± 1

2c

√
(Tr(TA))2 − 4.

▲♦❣♦✱ t❡♠♦s q✉❡✿

✶✳ ❯♠❛ ✐s♦♠❡tr✐❛ ❞❡ H2 ∪ ∂∞H2 ❝♦♠ ❡①❛t❛♠❡♥t❡ ✉♠ ♣♦♥t♦ ✜①♦ ♦r❞✐♥ár✐♦ ✭♦✉
s❡❥❛✱ ✉♠ ♣♦♥t♦ q✉❡ ♥ã♦ é ✐❞❡❛❧✮✱ é ❞✐t❛ ✐s♦♠❡tr✐❛ ❡❧í♣t✐❝❛ ❡ é ❝♦♥❥✉❣❛❞❛ ❛
tr❛♥s❢♦r♠❛çã♦

TAθ
(z) =

cos θz + sin θ

− sin θ + cos θ
,

❝♦♠ 0 < θ < 2π✱ ❛ss♦❝✐❛❞❛ à ♠❛tr✐③

Aθ =

(
cos θ sin θ
− sin θ cos θ

)
∈ SL(2,R).

◆♦t❡♠♦s q✉❡✱ ♣❛r❛ θ 6= kπ✱ t❡♠♦s Tr(Aθ) = |2 cos θ|✱ ♦✉ s❡❥❛ é ❞❡ ❢❛t♦ ✉♠❛
✐s♦♠❡tr✐❛ ❡❧í♣t✐❝❛✳ ❆❧é♠ ❞✐ss♦ t❡♠ ❝♦♠♦ ♣♦♥t♦ ✜①♦ TAθ

(i) = i✳

✷✳ ❯♠❛ ✐s♦♠❡tr✐❛ ❝♦♠ ❡①❛t❛♠❡♥t❡ ✉♠ ♣♦♥t♦ ✜①♦ ✐❞❡❛❧✱ ♦✉ s❡❥❛✱ ✉♠ ♣♦♥t♦ ✜①♦
♥❛ ❢r♦♥t❡✐r❛ ❞❡ H2✱ é ❞✐t❛ ✐s♦♠❡tr✐❛ ♣❛r❛❜ó❧✐❝❛ ❡ é ❝♦♥❥✉❣❛❞❛ à tr❛♥s❢♦r♠❛✲
çã♦ ❞❛ ❢♦r♠❛ TAt

(z) = z + t✱ ❛ss♦❝✐❛❞❛ à ♠❛tr✐③

At =

(
1 t
0 1

)
∈ SL(2,R).

◆♦t❡♠♦s q✉❡ Tr(At) = |1 + 1| = 2✱ ♦✉ s❡❥❛ é ✉♠❛ ✐s♦♠❡tr✐❛ ♣❛r❛❜ó❧✐❝❛✳ ❊
t❡♠ ❝♦♠♦ ♣♦♥t♦ ✜①♦ Tt(∞) =∞ ✐❞❡❛❧✳

✸✳ ❯♠❛ ✐s♦♠❡tr✐❛ ❝♦♠ ❞♦✐s ♣♦♥t♦s ✜①♦s ✐❞❡❛✐s é ❞✐t❛ ✐s♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ ❡
é ❝♦♥❥✉❣❛❞❛ ❛ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞♦ ❢♦r♠❛ TAk

= ekz✱ k 6= 0✱ ❛ss♦❝✐❛❞❛ à
♠❛tr✐③✱

Ak =



√
ek 0

0
1√
ek


 ∈ SL(2,R).

❆ss✐♠✱ t❡♠♦s Tr(Ak) =
∣∣∣
√
ek + 1√

ek

∣∣∣ > 2✱ q✉❡ é ✉♠❛ ✐s♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛✳

❊ t❡♠ ❝♦♠♦ ♣♦♥t♦s ✜①♦s Tk(0) = 0 ❡ Tk(∞) =∞✳

❈♦♠♦ ♦ tr❛ç♦ ❞❛ ♠❛tr✐③ é ✐♥✈❛r✐❛♥t❡ ♣♦r ❝♦♥❥✉❣❛çã♦✱ t❡♠♦s q✉❡✿

✶✳ ❆s ♠❛tr✐③❡s ❞❛ ❢♦r♠❛ BAθB
−1 ✐♥❞✉③❡♠ ✐s♦♠❡tr✐❛s ❡❧í♣t✐❝❛s✱

✷✳ ❆s ♠❛tr✐③❡s ❞❛ ❢♦r♠❛ BAtB
−1 ✐♥❞✉③❡♠ ✐s♦♠❡tr✐❛s ♣❛r❛❜ó❧✐❝❛s✱

✸✳ ❆s ♠❛tr✐③❡s ❞❛ ❢♦r♠❛ BAkB
−1 ✐♥❞✉③❡♠ ✐s♦♠❡tr✐❛s ❤✐♣❡r❜ó❧✐❝❛s✱

♦♥❞❡ B ∈ GL(2,R)✳
❚❡♦r❡♠❛ ✶✳✶✶✳ ✭❬✷✽❪✱ ♣á❣✳✿ ✶✽✮ ❉❛❞❛ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ Id 6= TA ∈ PSL(2,R)
❡①✐st❡ B ∈ SL(2,R) t❛❧ q✉❡ TB ◦ TA ◦ T−1

B é ❞❛ ❢♦r♠❛ Tθ, Tt ♦✉ Tk✳



✶✺ ✶✳✹✳ ●r✉♣♦s ❢✉❝❤s✐❛♥♦s ❡ ❞♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t

✶✳✹✳✶ ●r✉♣♦s ❞✐s❝r❡t♦s ❡ ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉♦s

❆❧é♠ ❞❡ PSL(2,R) s❡r ✉♠ s✉❜❣r✉♣♦ ❞❡ Isom(H2)✱ t❛♠❜é♠ é ✉♠ ❡s♣❛ç♦
t♦♣♦❧ó❣✐❝♦ ♥♦ q✉❛❧ ❛ tr❛♥s❢♦r♠❛çã♦ z → az+b

cz+d
♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞❛ ❝♦♠ ♦ ♣♦♥t♦

(a, b, c, d) ∈ R4✳ Pr❡❝✐s❛♠❡♥t❡✱ ♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ PSL(2,R) é ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠♦
♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ R4

{(a, d, c, d) ∈ R4/ad− bc = 1} ⊂ R4.

❆ ♥♦r♠❛ ❞❡ PSL(2,R) ♣♦❞❡ s❡r ✐♥❞✉③✐❞❛ ♣❡❧❛ ♥♦r♠❛ ❞❡ R4✱ ❡♥tã♦ ♣❛r❛ T (z) =
az+b
cz+d

t❛❧ q✉❡ ad− bc = 1✱ ❞❡✜♥✐♠♦s

‖T‖ =
√
a2 + b2 + c2 + d2,

♦♥❞❡ T ∈ PSL(2,R)✱ ❧♦❣♦ ❛ ♠étr✐❝❛ ❡♠ PSL(2,R) é ❞❡✜♥✐❞❛ ♣♦r

dist(TA, TB) = ‖TA − TB‖, ❝♦♠ TA, TB ∈ PSL(2,R).

❆♥t❡s ❞❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s ✈❛♠♦s ❢❛③❡r ✉♠❛ ❝♦♥s✐❞❡r❛çã♦✳ ❯♠❛ ♣❡r♠✉t❛çã♦
❞❡ ✉♠ ❝♦♥❥✉♥t♦ X é ✉♠❛ ❜✐❥❡çã♦ ❞❡ X ❡♠ X✳ ❙❡❥❛ G ♦ ❣r✉♣♦ ❞❛s ♣❡r♠✉t❛çõ❡s
❞❡ ✉♠ ❝♦♥❥✉♥t♦ X 6= ∅✳

✶✳ ❉❛❞♦ ✉♠ x ∈ X ❝❤❛♠❛♠♦s ❞❡ ❡st❛❜✐❧✐③❛❞♦r ❞❡ x ❛♦ s✉❜❣r✉♣♦ ❞❡ G

Gx = {f ∈ G/f(x) = x}.

✷✳ ❯♠❛ ór❜✐t❛ ❞❡ ✉♠ ♣♦♥t♦ x ∈ X é ♦ ❝♦♥❥✉♥t♦

G(x) = {f(x) ∈ X|f ∈ G}.

❉❡✜♥✐çã♦ ✶✳✶✺✳ ❯♠ s✉❜❣r✉♣♦ Γ ❞❡ Isom(H2) é ❝❤❛♠❛❞♦ ❞✐s❝r❡t♦ s❡ ❛ t♦♣♦❧♦❣✐❛
✐♥❞✉③✐❞❛ ❡♠ Γ ❢♦r ✉♠❛ t♦♣♦❧♦❣✐❛ ❞✐s❝r❡t❛✱ ✐st♦ é✱ s❡ Γ é ✉♠ ❝♦♥❥✉♥t♦ ❞✐s❝r❡t♦ ♥♦
❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❞❡ Isom(H2)✳

❉❡✜♥✐çã♦ ✶✳✶✻✳ ❯♠❛ ❢❛♠í❧✐❛ {Xα|α ∈ Λ} ✭Λ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s✮ ❞❡ s✉❜✲
❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❳ é ❞✐t❛ ❧♦❝❛❧♠❡♥t❡ ✜♥✐t❛ s❡ ♣❛r❛ t♦❞♦ ❝♦♠♣❛❝t♦
K ⊆ X✱ ♦ ❝♦♥❥✉♥t♦

{α ∈ Λ|Xα ∩K 6= ∅}
❢♦r ✜♥✐t♦✳

❉❡✜♥✐çã♦ ✶✳✶✼✳ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦
❳✳ ❉✐③❡♠♦s q✉❡ ❛ ❛çã♦ ❞❡ Γ é ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥t✐♥✉❛ s❡ ♣❛r❛ t♦❞♦ x ∈ X ❛
❢❛♠í❧✐❛ {{f(x)}/f ∈ Γ} ❢♦r ❧♦❝❛❧♠❡♥t❡ ✜♥✐t❛✳

❖ ❚❡♦r❡♠❛ ❛❜❛✐①♦ ❡st❛❜❡❧❡❝❡ ❡q✉✐✈❛❧ê♥❝✐❛s ✐♠♣♦rt❛♥t❡s ❡♥✈♦❧✈❡♥❞♦ ❝♦♥❝❡✐t♦s ❞❡✲
✜♥✐❞♦s ❛❝✐♠❛✳

❚❡♦r❡♠❛ ✶✳✶✷✳ ✭❬✶✸❪✱ ♣á❣✳✿ ✺✼✮ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s ❞❡ ✉♠
❡s♣❛ç♦ ♠étr✐❝♦ ❳ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦✳ ❊♥tã♦✱ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✲
✈❛❧❡♥t❡s✿



✶✻ ✶✳✹✳ ●r✉♣♦s ❢✉❝❤s✐❛♥♦s ❡ ❞♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t

✶✳ ❆ ❛çã♦ ❞❡ Γ é ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛✳

✷✳ ∀ x ∈ X✱ ∃Vx ✈✐③✐♥❤❛♥ç❛ ❞❡ x t❛❧ q✉❡ g(Vx) ∩ Vx 6= ∅ ❛♣❡♥❛s ♣❛r❛ ✉♠
♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❡❧❡♠❡♥t♦s g ∈ Γ✳

✸✳ ❚♦❞♦ ♣♦♥t♦ x ∈ X ♣♦ss✉✐ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ Ux t❛❧ q✉❡ g(Ux)∩Ux 6= ∅ ✐♠♣❧✐❝❛
q✉❡ g(x) = x✳

✹✳ ❉❛❞♦ K ⊆ X ❝♦♠♣❛❝t♦✱ g(K) ∩ K 6= ∅ ❛♣❡♥❛s ♣❛r❛ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡
❡❧❡♠❡♥t♦s g ∈ Γ✳

❆❣♦r❛✱ ♣♦❞❡♠♦s ❛♣r❡s❡♥t❛r ❛ ❞❡✜♥✐çã♦ ❞❡ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦✳

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❯♠ ❣r✉♣♦ ❞✐s❝r❡t♦ ❞❡ Isom(H2) é ❞✐t♦ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ s❡
❝♦♥s✐st❡ ❞❡ tr❛♥s❢♦r♠❛çõ❡s q✉❡ ♣r❡s❡r✈❛♠ ❛ ♦r✐❡♥t❛çã♦✱ ♦✉ s❡❥❛✱ ♦ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦
é ✉♠ s✉❜❣r✉♣♦ ❞✐s❝r❡t♦ ❞❡ PSL(2,R).

❆❧❣✉♥s ❞♦s r❡s✉❧t❛❞♦s ✐♥t❡r❡ss❛♥t❡s✳

❚❡♦r❡♠❛ ✶✳✶✸✳ ✭❬✶✸❪✱ ♣á❣✳✿ ✷✻✮ ❙❡❥❛ H ✉♠ s✉❜❣r✉♣♦ ❞❡ SL(2,R)✳ ❊♥tã♦ H é
❞✐s❝r❡t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♥ã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ An ∈ H✱ n ∈ N✱ ❞❡ ❡❧❡♠❡♥t♦s
❞✐st✐♥t♦s✱ t❛✐s q✉❡ An → I✱ ♦♥❞❡ I é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✳

❚❡♦r❡♠❛ ✶✳✶✹✳ ✭❬✶✼❪✱ ♣á❣✳✿ ✸✷✮ ❯♠ s✉❜❣r✉♣♦ Γ ⊂ PSL(2,R) é ❞✐s❝r❡t♦ s❡✱ ❡
s♦♠❡♥t❡ s❡✱ s✉❛ ❛çã♦ ❡♠ H2 ❢♦r ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛✳

❊①❡♠♣❧♦ ✶✳✷✳ ❖ s✉❜❣r✉♣♦ Γ = PSL(2,Z) ⊂ PSL(2,R) é ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦✳

✶✳✹✳✷ ❉♦♠í♥✐♦s ❢✉♥❞❛♠❡♥t❛✐s ❡ ❞❡ ❉✐r✐❝❤❧❡t

❙❡❥❛ X ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❡ Γ ✉♠ ❣r✉♣♦ ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉♦ ❞❡
❤♦♠❡♦♠♦r✜s♠♦s ❞❡ X✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ X/Γ✱ t❡♠♦s ❡♥tã♦ ✉♠
r❡❝♦❜r✐♠❡♥t♦ π : X → X/Γ ♥♦ s❡♥t✐❞♦ t♦♣♦❧ó❣✐❝♦✳ ❆ ✐♠♣♦rtâ♥❝✐❛ ❞♦s ❞♦♠í♥✐♦s
❢✉♥❞❛♠❡♥t❛✐s D ❞❡ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ é q✉❡ ♥♦s ❛❥✉❞❛ ✈❡r ❝♦♠♦ Γ ❛❣❡ ❡♠ D✳

❉❡✜♥✐çã♦ ✶✳✶✾✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❡ Γ ✉♠ ❣r✉♣♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s
❛❣✐♥❞♦ ❡♠ X ❞❡ ♠❛♥❡✐r❛ ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦
D ⊂ X é ❞✐t♦ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Γ s❡ s❛t✐s✜③❡r ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✶✳
⋃

T∈Γ T (D) = X✳

✷✳ intD ∩ T (intD) = ∅✱ ♣❛r❛ t♦❞♦ ■❞ 6= T ∈ Γ✳

✸✳ intD 6= ∅✳

❖ ❝♦♥❥✉♥t♦ ∂D = D − intD é ❛ ❢r♦♥t❡✐r❛ ❞❡ D ❡ ❛ ❢❛♠í❧✐❛

{T (D)/T ∈ Γ}

é ❞✐t❛ ✉♠ ❧❛❞r✐❧❤❛♠❡♥t♦ ♦✉ t❡ss❡❧❛çã♦ ❞❡ X✳



✶✼ ✶✳✹✳ ●r✉♣♦s ❢✉❝❤s✐❛♥♦s ❡ ❞♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t

❊①❡♠♣❧♦ ✶✳✸✳ ❙❡❥❛ Γ ⊂ PSL(2,R) ♦ s✉❜❣r✉♣♦ ❝í❝❧✐❝♦ ❣❡r❛❞♦ ♣♦r T (z) = 2z✳
❚❡♠♦s q✉❡ ❡♥tã♦ ♣❛r❛ t♦❞♦ k > 0, ♦ s❡♠✐✲❛♥❡❧

Dk = {z ∈ H2|k ≤ |z| ≤ 2k}

é ✉♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Γ ❡ ❛ ❢❛♠í❧✐❛ {D2nk|n ∈ Z} é ♦ ❧❛❞r✐❧❤❛♠❡♥t♦
❞❡t❡r♠✐♥❛❞♦ ♣♦r ❡st❡ ❞♦♠í♥✐♦ ✭✈❡❥❛ ❋✐❣✉r❛ ✶✳✼✮✳

❋✐❣✉r❛ ✶✳✼✿ P♦❧í❣♦♥♦ r❡❣✉❧❛r ❡ ❝♦♥✈❡①♦ ❡♠ D2✳

❉❡ ❢❛t♦✱ ♠♦str❛r❡♠♦s q✉❡ T n(Dk) = D2nk✳ ❚❡♠♦s q✉❡

T n(Dk) = {T n(z) = 2nz ∈ H2|k ≤ |z| ≤ 2k}

❡
D2nk = {z ∈ H2|2nk ≤ |z| ≤ 2n+1k}.

❆❣♦r❛✱ s❡❥❛ z′ ∈ T n(Dk)✱ ♦✉ s❡❥❛✱ z′ = 2nz ∈ H2 ❝♦♠ k ≤ |z| ≤ 2k ❞❡ ♠♦❞♦ q✉❡

2nk ≤ |x| ≤ 2n+1k

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ z′ ∈ D2nk✱ ❡♥tã♦✱ T
n(Dk) ⊂ D2nk✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ z ∈ D2nk

❡ t♦♠❡♠♦s ❡♠ w = 2−nz ∈ H2✱ ❡ ❝♦♠♦ 2nk ≤ |z| ≤ 2n+1k t❡♠♦s q✉❡ w ∈ Dk✱
♣♦✐s k ≤ |2−nz| ≤ 2k✳
❖❜t❡♠♦s q✉❡ z = 2nw ∈ T n(Dk)✱ ♦✉ s❡❥❛✱ D2nk ⊂ T n(Dk)✳ ❆ss✐♠✱ t❡♠♦s

⋃

n∈Z
T n(Dk) =

⋃

n∈Z
D2nk = H2.

❆❣♦r❛✱ ♠♦str❛r❡♠♦s q✉❡❀ s❡ n 6= m ❝♦♠ n,m ∈ Z t❡♠♦s int(D2nk)∩ int(D2mk) =
∅✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❡ z ∈ int(D2nk) ∩ int(D2mk)✱ ♣❛r❛ m,n ∈ Z✱ ❡♥tã♦

2nk < |z| < 2n+1 ❡ 2m < |z| < 2m+1k, m, n ∈ Z.

❙✉♣♦♥❤❛♠♦s s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ m > n✱ ❡♥tã♦ ❡①✐st❡ r ∈ Z t❛❧ q✉❡
m = n+ r✱ ❧♦❣♦

2nk < 2mk ⇒ 2nk < 2n+1k ≤ 2mk

♣♦❞❡♠♦s ♦❜t❡r q✉❡ |z| ≤ 2mk✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s 2mk < |z|✱ ❡♥tã♦
int(D2nk) ∩ int(D2mk) = ∅✳ ❆❧é♠ ❞✐ss♦✱ int(D2nk) 6= ∅✱ ♣❛r❛ t♦❞♦ n ∈ Z✳



✶✽ ✶✳✹✳ ●r✉♣♦s ❢✉❝❤s✐❛♥♦s ❡ ❞♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ s♦❜r❡ ❞♦♠í♥✐♦s ❢✉♥❞❛♠❡♥t❛✐s é ❞❛❞♦ q✉❛♥❞♦ ♦ ❝♦♥❥✉♥t♦
❞❛s ✐s♦♠❡tr✐❛s Γ é ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦✱ ❡ tr❛t❛ ❞❛ ✐♥✈❛r✐â♥❝✐❛ ❞❛ ár❡❛✳

❚❡♦r❡♠❛ ✶✳✶✺✳ ✭❬✹❪✱ ♣á❣✳✿ ✷✵✺✮ ❙❡❥❛♠ D1 ❡ D2 ❞♦♠í♥✐♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ ✉♠
❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ ❝♦♠ AH2(D1) < ∞✳ ❙✉♣♦♥❤❛ q✉❡ ❛s ❢r♦♥t❡✐r❛s ❞❡ D1 ❡ D2

t❡♥❤❛♠ ár❡❛s AH2(∂D1) = AH2(∂D2) = 0. ❊♥tã♦ AH2(D1) = AH2(D2).

❆tr❛✈és ❞♦s ❣r✉♣♦s ❢✉❝❤s✐❛♥♦s✱ ♣♦❞❡♠♦s ❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❞♦♠í♥✐♦s
❢✉♥❞❛♠❡♥t❛✐s s❛t✐s❢❛③❡♥❞♦ ❝♦♥❞✐çõ❡s ❜❡♠ ♣r♦✈❡✐t♦s❛s ❡ út❡✐s✱ ❡st❡s sã♦ ❝❤❛♠❛❞♦s
❞♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t✳

❙❡❥❛ Γ ⊂ PSL(2,R) ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ❡ p ∈ H2✱ t❛❧ q✉❡ T (p) 6= p ♣❛r❛ t♦❞♦
T ∈ Γ. ❊st❡ ♣♦♥t♦ ❡①✐st❡ ♣♦✐s ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ✜①♦s ♣♦r ❛❧❣✉♠ ❡❧❡♠❡♥t♦
❞❡ Γ é ❞✐s❝r❡t♦✳ ❉❡✜♥✐♠♦s ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t ❝❡♥tr❛❞♦ ❡♠ p ❝♦♠♦ s❡♥❞♦ ♦
❝♦♥❥✉♥t♦

Dp(Γ) = {z ∈ H2|d(z, p) ≤ d(z, T (p)), ∀ T ∈ Γ}.
P♦❞❡♠♦s ❞❡✜♥✐r ♣❛r❛ ❝❛❞❛ T ∈ Γ (T 6= Id) ♦ ❝♦♥❥✉♥t♦

Lp(Γ) = {z ∈ H2|d(z, p) = d(z, T (p))},

❝❤❛♠❛❞♦ ❞❡ ❜✐ss❡t♦r ♣❡r♣❡♥❞✐❝✉❧❛r ❞❡ p e T (p) ❝♦♠ s✉❛ ❢r♦♥t❡✐r❛ t♦♣♦❧ó❣✐❝❛ ❝♦♠♦
s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

Hp(T ) = {z ∈ H2|d(z, p) ≤ d(z, T (p))}.

◆♦t❡ q✉❡ Lp(T ) é ✉♠❛ ❣❡♦❞és✐❝❛ ✭♥ã♦ ❝♦♥t❡♥❞♦ p✮ ❡ Hp(T ) é ♦ s❡♠✐✲♣❧❛♥♦ ❝♦♥✲
t❡♥❞♦ p ❡ ❞❡❧✐♠✐t❛❞♦ ♣♦r Lp(T )✳ ❈♦♥t✉❞♦ ♣♦❞❡♠♦s ❞❡✜♥✐r✿

❉❡✜♥✐çã♦ ✶✳✷✵✳ ❖ ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t ❞❡ Γ ❝❡♥tr❛❞♦ ❡♠ p é ❞❡✜♥✐❞♦ ♣♦r

Dp(Γ) =
⋂

Id 6=T∈Γ
Hp(T ).

❆❣♦r❛ ♠♦str❛r❡♠♦s ♦ r❡s✉❧t❛❞♦ ♥♦ q✉❡ ❛ ♣❛rt✐r ❞❡ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ t❡♠♦s
✉♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧✱ ♦✉ s❡❥❛✱ ♦ r❡s✉❧t❛❞♦ q✉❡ ❣❛r❛♥t❡ q✉❡ ✉♠ ❞♦♠í♥✐♦ ❞❡
❉✐r✐❝❤❧❡t é ✉♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧✳

❚❡♦r❡♠❛ ✶✳✶✻✳ ✭❬✶✸❪✱ ♣á❣✳✿ ✽✹✮ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ❡ Dp(Γ) ♦ ❞♦♠í♥✐♦
❞❡ ❉✐r✐❝❤❧❡t ❝❡♥tr❛❞♦ ❡♠ p✳ ❊♥tã♦ Dp(Γ) é ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❛çã♦ ❞❡ Γ✳

❊①❡♠♣❧♦ ✶✳✹✳ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ❣❡r❛❞♦ ♣♦r ✉♠❛ ✐s♦♠❡tr✐❛ ❡❧í♣t✐❝❛ T ✳
❚❡♠♦s ❡♥tã♦ q✉❡ Γ é ❝í❝❧✐❝♦ ❞❡ ❛❧❣✉♠❛ ♦r❞❡♠ k✳ ❈♦♥s✐❞❡r❡♠♦s ✉♠ ♣♦♥t♦ ✜①♦ ❞❡
Γ ❡ p 6= q ♣♦♥t♦ q✉❛❧q✉❡r✳ ❊♥tã♦ t❡♠♦s q✉❡ ♦ ❜✐ss❡t♦r ♣❡r♣❡♥❞✐❝✉❧❛r Lp(T ) é ❛

❣❡♦❞és✐❝❛ ♣❛ss❛♥❞♦ ♣❡❧♦ ♣♦♥t♦ ♠é❞✐♦ ❞❛ r❡t❛ pT (p) ❡ ♣❡❧♦ ♣♦♥t♦ ✜①♦ q✳ ❖ ♠❡s♠♦
r❛❝✐♦❝í♥✐♦ ❢✉♥❝✐♦♥❛ ♣❛r❛ T−1✳ ❚❡♠♦s ❡♥tã♦ q✉❡ Hp(T ) ∩ Hp(T

−1) é ✉♠❛ r❡❣✐ã♦
q✉❡ t❡♠ ❝♦♠♦ ❢r♦♥t❡✐r❛ ❞♦✐s r❛✐♦s ❣❡♦❞és✐❝♦s ❝♦♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ q✱ s❡♥❞♦ q✉❡ ✉♠
❞❡st❡s ♣❛ss❛ ♣❡❧♦ ♣♦♥t♦ ♠é❞✐♦ ❞❡ pT (p) ❡ ♦ ♦✉tr♦ ♣❡❧♦ ♣♦♥t♦ ♠❡✐♦ ❞❡ pT−1(p)✳
▲♦❣♦ Dp(Γ) ⊂ Hp(T )

−1✳ ❆❧é♠ ❞✐ss♦ ♣♦❞❡✲s❡ ✈❡r q✉❡ Dp(Γ) ⊂ Hp(T )
−1 é ✉♠

❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Γ✱ ❞❡ ♠♦❞♦ q✉❡ Dp(Γ) = Dp(Γ) ⊂ Hp(T )
−1✳

❙❡ ❝♦♥s✐❞❡r❛r♠♦s ♦ ♠♦❞❡❧♦ ❞♦ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré ❡ ❛ss✉♠✐r♠♦s q✉❡ q = 0✱



✶✾ ✶✳✹✳ ●r✉♣♦s ❢✉❝❤s✐❛♥♦s ❡ ❞♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t

❋✐❣✉r❛ ✶✳✽✿ ❉♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❣r✉♣♦ ❝í❝❧✐❝♦ Γ =
〈
T (z) = ei

π
6

〉
✳

t❡r❡♠♦s q✉❡ ♦s ❞♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t ❞❡ Γ ✭✈❡❥❛ ❋✐❣✉r❛ ✶✳✽✮ s❡rã♦ ❞❛ ❢♦r♠❛

{
z ∈ D2/θ ≤ ❛r❣(z) ≤ θ +

2π

k

}
.

❚❡♦r❡♠❛ ✶✳✶✼✳ ✭❬✶✸❪✱ ♣á❣✳✿ ✽✼✮ ❙❡❥❛ Γ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ❡ D = Dp(Γ) ❞♦♠í♥✐♦
❞❡ ❉✐r✐❝❤❧❡t ❝❡♥tr❛❞♦ ❡♠ p✳ ❊♥tã♦ ♦ ❧❛❞r✐❧❤❛♠❡♥t♦ {T (D)/T ∈ Γ} é ❧♦❝❛❧♠❡♥t❡
✜♥✐t♦✳

❈♦r♦❧ár✐♦ ✶✳✶✽✳ ✭❬✶✸❪✱ ♣á❣✳✿ ✾✵✮ ❉❛❞♦ z ∈ ∂(Dp(Γ))✱ ❡①✐st❡ Id 6= T ∈ Γ t❛❧ q✉❡
T (z) ∈ ∂(Dp(Γ))✳

❈♦♥t✐♥✉❛r❡♠♦s ♦s ❡st✉❞♦s ❞❡ ❞♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t ♦❜s❡r✈❛♥❞♦ q✉❡ ❛ ❢r♦♥t❡✐r❛
❞❡ t❛❧ ❞♦♠í♥✐♦ é ❢♦r♠❛❞❛ ♣❡❧❛ ✉♥✐ã♦ ❞❡ ❣❡♦❞és✐❝❛s✳ ❆ ❡st❛s ❣❡♦❞és✐❝❛s ❝❤❛♠❛✲
r❡♠♦s ❞❡ ❛r❡st❛s ♦r❞✐♥ár✐❛s ❡ ✉♠ ♣♦♥t♦ ❞❛ ❢r♦♥t❡✐r❛ ❞♦ ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t é
❝❤❛♠❛❞♦ ❞❡ ✈ért✐❝❡ ♦r❞✐♥ár✐♦✱ s❡ ❡st❡ ❢♦r ✐♥t❡rs❡çã♦ ❞❡ ❞✉❛s ❛r❡st❛s ♦r❞✐♥ár✐❛s
❞✐st✐♥t❛s ❞❡ DP (Γ).

❚❡♦r❡♠❛ ✶✳✶✾✳ ✭❬✶✸❪✱ ♣á❣✳✿ ✾✶✮ ❙❡❥❛ Dp(Γ) ✉♠ ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t ❞❡ Γ✱ ❡♥tã♦✿

✶✳ ❙❡ τ é ✉♠❛ ❛r❡st❛ ❞❡ Dp(Γ)✱ ❡♥tã♦ ❡①✐st❡ Id 6= T ∈ Γ t❛❧ q✉❡ τ ⊂ Dp(Γ) ∩
T (Dp(Γ)).

✷✳ ❙❡ V é ✈ért✐❝❡ ❞❡ Dp(Γ)✱ ❡♥tã♦ V é ✈ért✐❝❡ ♦r❞✐♥ár✐♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐s✲
t❡♠ ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s Id 6= T1, T2 ∈ Γ t❛✐s q✉❡ V = Dp(Γ) ∩ T1(Dp(Γ)) ∩
T2(Dp(Γ)).

❖❜s❡r✈❡ q✉❡ Dp(Γ) é ✉♠❛ r❡❣✐ã♦ ♣♦❧✐❣♦♥❛❧ ❝♦♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❛r❡st❛s✱
❡st❡ s❡♥❞♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✉♠ ♥ú♠❡r♦ ♣❛r✳ ❚❡♠♦s t❛♠❜é♠ q✉❡ ❞❛❞❛ ✉♠❛ ❛r❡st❛
τ1 ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❛r❡st❛ τ2 6= τ1 ❡ ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦ T ∈ Γ q✉❡ s❛t✐s❢❛③
T (τ1) = τ2✳ ❉✐③❡♠♦s ♥❡st❡ ❝❛s♦ q✉❡ {τ1, τ2} é ✉♠ ♣❛r ❞❡ ❛r❡st❛s ❝♦♥❣r✉❡♥t❡s ❡ T
❡♠♣❛r❡❧❤❛ ❛s ❛r❡st❛s✳



✷✵ ✶✳✹✳ ●r✉♣♦s ❢✉❝❤s✐❛♥♦s ❡ ❞♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t

✶✳✹✳✸ ●r✉♣♦s ❢✉❝❤s✐❛♥♦s ❝♦✲❝♦♠♣❛❝t♦s

❇✉s❝❛♠♦s ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ♦ q✉♦❝✐❡♥t❡ H2/Γ s❡❥❛ ❝♦♠♣❛❝t♦✳ P❛r❛ ✐ss♦✱
❡st✉❞❛♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✳

❚❡♦r❡♠❛ ✶✳✷✵✳ ✭❬✶✼❪✱ ♣á❣✳✿ ✼✹✮ ❙❡❥❛ D = Dp(Γ) ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t ❞❡ Γ✳
❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

{Ti/i ∈ Λ}
❞❡ ❡❧❡♠❡♥t♦s ❞❡ Γ q✉❡ r❡❧❛❝✐♦♥❛♠ ❛r❡st❛s ❞❡ D✳ ❊♥tã♦ {Ti/i ∈ Λ} é ♦ ❝♦♥❥✉♥t♦
❞❡ ❣❡r❛❞♦r❡s ❞❡ Γ✳

❉❡✜♥✐çã♦ ✶✳✷✶✳ ❉❡✜♥✐♠♦s ✉♠ ❝✐❝❧♦ ❝♦♠♦ s❡♥❞♦ ✉♠❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡
✈ért✐❝❡s ❝♦♥❣r✉❡♥t❡s✱ ♦✉ s❡❥❛✱ ❝♦♠♦ s❡♥❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❛ ❢♦r♠❛

{T (z)/T ∈ Γ, z e T (z) sã♦ ✈ért✐❝❡s ❞❡ Dp(Γ)}.

❉❡✜♥✐çã♦ ✶✳✷✷✳ ❯♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ é ❞✐t♦ ❝♦✲❝♦♠♣❛❝t♦ s❡ ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡
H2/Γ ❢♦r ❝♦♠♣❛❝t♦✳

❚❡♦r❡♠❛ ✶✳✷✶✳ ✭❬✶✸❪✱ ♣á❣✳✿ ✶✷✺✮ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ❡ s✉♣♦♥❤❛ q✉❡ Γ
♣♦ss✉❛ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♥✈❡①♦ ❡ ♥ã♦ ❝♦♠♣❛❝t♦✳ ❊♥tã♦✱ H/Γ ♥ã♦ é ❝♦♠✲
♣❛❝t♦✳

❈♦r♦❧ár✐♦ ✶✳✷✷✳ ✭❬✶✸❪✱ ♣á❣✳✿ ✶✷✺✮ ❯♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ é ❝♦✲❝♦♠♣❛❝t♦ s❡✱ ❡
s♦♠❡♥t❡ s❡✱ t♦❞♦ ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t ❞❡ Γ ❢♦r ❝♦♠♣❛❝t♦✳

❚❡♦r❡♠❛ ✶✳✷✸✳ ✭❬✶✸❪✱ ♣á❣✳✿ ✶✷✽✮ ❯♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ é ❝♦✲❝♦♠♣❛❝t♦ s❡✱ ❡ s♦✲
♠❡♥t❡ s❡✱ ♥ã♦ ♣♦ss✉✐ ❡❧❡♠❡♥t♦s ♣❛r❛❜ó❧✐❝♦s ❡ AH2(H2/Γ) <∞✳

❖s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s sã♦ ❞❡ ♠✉✐t❛ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ♥♦ss♦ tr❛❜❛❧❤♦✱ ❡s♣❡✲
❝✐✜❝❛♠❡♥t❡ ♥♦ ❈❛♣ít✉❧♦ 4✳

❚❡♦r❡♠❛ ✶✳✷✹✳ ✭❬✶✼❪✱ ♣á❣✳✿ ✼✷✮ ❙❡❥❛ Dp(Γ) ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t ❞❡ Γ✳ ❙❡❥❛♠
v1, ..., vr ✈ért✐❝❡s ❞❡ ✉♠ ❝✐❝❧♦ ❞❡ ✈ért✐❝❡s ❡ s❡❥❛♠ θ1, ..., θr ♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ♥♦s
r❡s♣❡❝t✐✈♦s ✈ért✐❝❡s✳ ❊♥tã♦✱ s❡ ❞❡♥♦t❛r♠♦s ♣♦r m ❛ ♦r❞❡♠ ❞♦ ❡st❛❜✐❧✐③❛❞♦r ❡♠ Γ
❞❡ ✉♠ ❞♦s ✈ért✐❝❡s ❞♦ ❝✐❝❧♦✱ t❡♠♦s q✉❡

θ1 + ...+ θr =
2π

m
.

❉❡✜♥✐çã♦ ✶✳✷✸✳ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦✳ ❊♥tã♦ P é ❞✐t♦ ✉♠ ♣♦❧í❣♦♥♦ ❢✉♥✲
❞❛♠❡♥t❛❧ ❝♦♥✈❡①♦ ❞❡ Γ q✉❛♥❞♦ P é ❝♦♥✈❡①♦ ❡ ❧♦❝❛❧♠❡♥t❡ ✜♥✐t♦ ❡♠ ✉♠ ❞♦♠í♥✐♦
❢✉♥❞❛♠❡♥t❛❧ ❞❡ Γ✳

❈♦♥s✐❞❡r❡♠♦s ✉♠ ♣♦❧í❣♦♥♦ P ❢❡❝❤❛❞♦ ❝♦♥❡①♦ ❡♠ H2 ❡ U ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s
❛s ❛r❡st❛s ❞❡ P

❉❡✜♥✐çã♦ ✶✳✷✹✳ ❯♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡st❛s é ♦ ❝♦♥❥✉♥t♦ Φ = {γτ/τ ∈ U}
❞❡ ✐s♦♠❡tr✐❛s t❛❧ q✉❡✱ ♣❛r❛ t♦❞❛ ❛r❡st❛ τ ∈ U

✶✳ ❊①✐st❡ ✉♠❛ ❛r❡st❛ τ ∈ U ❝♦♠ γτ (τ
′) = τ ✳



✷✶ ✶✳✹✳ ●r✉♣♦s ❢✉❝❤s✐❛♥♦s ❡ ❞♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t

✷✳ ❆s ✐s♦♠❡tr✐❛s γτ ❡ γτ ′ s❛t✐s❢❛③❡♠ ❛ r❡❧❛çã♦ γτ ′ = γ−1
τ ✳

✸✳ ❙❡ τ ❢♦r ❛r❡st❛ ❞❡ P✱ ❡♥tã♦ τ ′ = P ∩ γ−1
τ (P)✳

❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ ❢❛r❡♠♦s ❛❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s✳ ❙❡❥❛
Γ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ❝♦✲❝♦♠♣❛❝t♦✳ ❚❡♠♦s q✉❡ t♦❞♦ ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t é
❝♦♠♣❛❝t♦ ❡ ♣♦rt❛♥t♦ Γ é ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ✜♥✐t♦✳ ❙❡ ❝♦♥s✐❞❡r❛r♠♦s ❡♥tã♦ ✉♠
❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t D ❞❡ Γ✱ t❡♠♦s ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✈ért✐❝❡s ❞❡ ✉♠ ♣♦♥t♦
✜①♦ ❞❡ ❡❧❡♠❡♥t♦s ❡❧í♣t✐❝♦s ❞❡ Γ✳ ❙❡ v1, v2 ❢♦r❡♠ ✈ért✐❝❡s ❞❡ ✉♠ ♠❡s♠♦ ❝✐❝❧♦✱
❡♥tã♦ ♦s ❡st❛❜✐❧✐③❛❞♦r❡s Γv1 ❡ Γv2 sã♦ ❝♦♥❥✉❣❛❞♦s✱ ❡ t❡♠ ♣♦rt❛♥t♦ ❛ ♠❡s♠❛ ♦r❞❡♠✱
❡♥tã♦ ♣♦❞❡♠♦s ❛ss✐♠ ❢❛❧❛r ❞❛ ♦r❞❡♠ ❞❡ ✉♠ ❝✐❝❧♦✳ ❙❡❥❛♠ m1, ...,mr ❛s ♦r❞❡♥s ❞♦s
❞✐st✐♥t♦s ❝✐❝❧♦s ❡❧ít✐❝♦s ❞❡ D✳ ◆♦t❡♠♦s q✉❡ ♦s ♣♦♥t♦s ✜①♦s ❞❡ ❡❧❡♠❡♥t♦s ❡❧í♣t✐❝♦s
❞❡✈❡♠ ❡st❛r ❝♦♥t✐❞♦s ♥❛ ❢r♦♥t❡✐r❛ ❞❡ q✉❛❧q✉❡r ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧✱ ❞❡ ♠♦❞♦ q✉❡
❝❛❞❛ ❝✐❝❧♦ é r❡♣r❡s❡♥t❛❞♦ ♥❛ ❢r♦♥t❡✐r❛ ❞❡ q✉❛❧q✉❡r ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧✳ ❚❡♠♦s
❡♥tã♦ q✉❡ ♦s ♥ú♠❡r♦s m1, ...,mr ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ D✱ ♠❛s ❛♣❡♥❛s ❞❡ Γ✳
❉❡st❛ ❢♦r♠❛ D/Γ é ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛✱ ♦r✐❡♥tá✈❡❧✱ ❞❡ ❣ê♥❡r♦ g ❝♦♠ r ♣♦♥t♦s
p1, ..., pr ❞✐❢❡r❡♥❝✐❛❞♦s✳

❉❡✜♥✐çã♦ ✶✳✷✺✳ ◆❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✱ ❝❤❛♠❛♠♦s ❞❡ ❛ss✐♥❛t✉r❛ ❞❡ Γ ❛♦ ❝♦♥❥✉♥t♦
❞❡ ✐♥t❡✐r♦s (g,m1, ...,mr)✳

❆ss✐♠ ♣♦❞❡♠♦s ❡♥✉♥❝✐❛r ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✶✳✷✺✳ ✭❬✶✼❪✱ ♣á❣✳✿ ✾✶✮ ❙❡❥❛ Γ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ❝♦✲❝♦♠♣❛❝t♦ ❡ (g,m1, ...,mr)
s✉❛ ❛ss✐♥❛t✉r❛✳ ❚❡♠♦s

µ

(
H2

Γ

)
= 2π

[
(2g − 2) +

r∑

k=1

(
1− 1

mk

)]
.



❈❛♣ít✉❧♦ ✷

❙✉♣❡r❢í❝✐❡s ❞❡ ❘✐❡♠❛♥♥ ✐s♦♠étr✐❝❛s

❛♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ❞❡ s✉♣❡r❢í✲
❝✐❡s q✉❡ sã♦ ❧♦❝❛❧♠❡♥t❡ ✐s♦♠étr✐❝❛s ❛♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✳ ❆ ♠❛♥❡✐r❛ ❞❡ ❝♦♥str✉çã♦
❞❡st❛s s✉♣❡r❢í❝✐❡s é ♣♦r ♠❡✐♦ ❞❛ té❝♥✐❝❛ ❞❡ ❝♦rt❡ ❡ ❝♦❧❛❣❡♠✳ ■♥❝❧✉✐r❡♠♦s s✉♣❡r✲
❢í❝✐❡s ❝♦♠ ❧✐♠✐t❡s ❣❡♦❞és✐❝♦s ♣♦r ♣❛rt❡s✱ ♦s t❡♦r❡♠❛s ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡
♣❛r❛ ❣❡♦❞és✐❝❛s ❡♠ ✈ár✐♦s t✐♣♦s ❞❡ ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛ ❡ ❢❛r❡♠♦s ✉♠ ❡s❜♦ç♦ ❞♦s
♣❛râ♠❡tr♦s ❋❡♥❝❤❡❧✲◆✐❡❧s❡♥✳ ❯♠❛ ❢❡rr❛♠❡♥t❛ ❞❡ ♠✉✐t❛ ✉t✐❧✐❞❛❞❡ ♣❛r❛ ♥♦ss♦ tr❛✲
❜❛❧❤♦ ✭❈❛♣✐t✉❧♦ 3✮ é ❛ tr✐❣♦♥♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛✱ q✉❡ s❡rá ❛♣r❡s❡♥t❛❞❛ ♥♦ ♠♦❞❡❧♦
❤✐♣❡r❜♦❧♦✐❞❡✱ ❧♦❣♦ ❢❛❧❛r❡♠♦s ❞♦s ♣❛râ♠❡tr♦s ❞❡ t♦rçã♦✱ q✉❡ s❡rã♦ ✐♠♣♦rt❛♥t❡s ♥♦
❝❛♣ít✉❧♦ s❡❣✉✐♥t❡✳ ❋✐♥❛❧♠❡♥t❡ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠❛ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ♠❛✐s ❢✉♥❞❛✲
♠❡♥t❛✐s ❞❡ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s✱ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❚❡♦r❡♠❛ ❞♦ ❝♦❧❛r✳ ❚r❛t❛✲s❡
❞❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ t✉❜✉❧❛r ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛✱ q✉❡ é t♦♣♦❧♦❣✐❝❛✲
♠❡♥t❡ ✉♠ ❝✐❧✐♥❞r♦✳
❆s ♣r✐♥❝✐♣❛✐s r❡❢❡r❡♥❝✐❛s sã♦✿ ❬✻❪✱ ❬✼❪✱ ❬✾❪✱ ❬✶✻❪✱ ❬✷✼❪✱ ❡ ♦✉tr❛s r❡❢❡r❡♥❝✐❛s q✉❡ ♣♦❞❡♠
s❡r ❞❡ ❝♦♠♣❧❡♠❡♥t❛çã♦ ❞❛ t❡♦r✐❛ ❢♦r❛♠ ❬✶❪✱ ❬✹❪✱ ❬✽❪✱ ❬✷✻❪ ❡ ❬✷✸❪✳

✷✳✶ ❊str✉t✉r❛ ❤✐♣❡r❜ó❧✐❝❛

❯♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ ❝✉r✈❛t✉r❛ ❝♦♥st❛♥t❡ −1 é ❧♦❝❛❧♠❡♥t❡ ✐s♦♠é✲
tr✐❝♦ ❛♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✳ ❯♠❛ ❛❜♦r❞❛❣❡♠ ♠❛✐s ♣r❡❝✐s❛ ❞❡st❛s ✈❛r✐❡❞❛❞❡s✱ é
♦❜t✐❞❛ ❞❡✜♥✐♥❞♦ ✉♠ ❛t❧❛s ❤✐♣❡r❜ó❧✐❝♦ ♦♥❞❡ ❛s ✈✐③✐♥❤❛♥ç❛s ❝♦♦r❞❡♥❛❞❛s sã♦ ❧❡✈❛✲
❞❛s ♣❛r❛ ♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦✳ ❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ ✉♠❛ s✉♣❡r❢í❝✐❡ s❡rá s❡♠♣r❡ ✉♠❛
✈❛r✐❡❞❛❞❡ ❜✐❞✐♠❡♥s✐♦♥❛❧ s✉❛✈❡ ❡ ♦r✐❡♥tá✈❡❧✱ ♣♦ss✐✈❡❧♠❡♥t❡ ❝♦♠ ❢r♦♥t❡✐r❛s s✉❛✈❡s✳
❯♠ ❛t❧❛s ❝♦♠ s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s (U, ϕ)✱ ♦♥❞❡ U é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❝♦♦r❞❡✲
♥❛❞❛ ❡ ϕ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❧♦❝❛❧✱ s❡rá s❡♠♣r❡ ✉♠❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧✳

P❛r❛ ❝♦♠❡ç❛r ♥❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s✳

✷✷
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❈♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s ❡♠ D2

❙❡❥❛♠ p0 ∈ H2 ✉♠ ♣♦♥t♦ ❜❛s❡ ❛r❜✐trár✐♦ ❡ v0 ✉♠ ✈❡t♦r t❛♥❣❡♥t❡ ✉♥✐tár✐♦ ❡♠
p0✳ P❛r❛ ❝❛❞❛ ♣♦♥t♦ p ∈ H2 − {p0}✱ ❡①✐st❡ ✉♠❛ ❣❡♦❞és✐❝❛ ♣❛r❛♠❡tr✐③❛❞❛ ♣♦r
❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ γ : [0,∞) → H2✱ t❛❧ q✉❡ γ(0) = p0 ❡ ♣❛ss❛♥❞♦ ♣♦r p✳
❈♦♥s✐❞❡r❡♠♦s θ = θ(p) ∈ [−π, π) ♦ ❛♥❣✉❧♦ ❞✐r❡t♦r ❞♦ ✈❡t♦r ✐♥✐❝✐❛❧ v0 ❛♦ ✈❡t♦r
t❛♥❣❡♥t❡ ❞❡ γ ❡♠ p✱ ❡ s❡❥❛ ρ = ρ(p) ∈ [0,+∞) ❛ ❞✐stâ♥❝✐❛ ❞❡ p0 ♣❛r❛ p t❛❧ q✉❡
γ(ρ(p)) = p✳ ❊♥tã♦ t❡♠♦s ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❛ ❢♦r♠❛

x : [0,∞)× [−π, π) → D2

(ρ, θ) → tanh
(ρ
2

)
eiθ,

♦♥❞❡ (ρ, θ) = (ρ(p), θ(p)) é ❝❤❛♠❛❞♦ ❝♦♦r❞❡♥❛❞❛ ♣♦❧❛r ❞❡ p ❝♦♠ r❡s♣❡✐t♦ ❛ p0 ❡
v0✳ ❊♠ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s ❛ ♠étr✐❝❛ ❤✐♣❡r❜ó❧✐❝❛ t❡♠ ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦✿

ds2 = dρ2 + sinh2 ρdθ2. ✭✷✳✶✮

❋✐❣✉r❛ ✷✳✶✿ ❈♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s ❡♠ D2✳

❈♦♦r❞❡♥❛❞❛s ❢❡r♠✐ ❡♠ H2

❙❡ s✉❜st✐t✉✐r♠♦s ✉♠❛ ❧✐♥❤❛ ❜❛s❡ ♥♦ ♣♦♥t♦ p0✱ ♦❜t❡♠♦s ❝♦♦r❞❡♥❛❞❛s ❋❡r♠✐✳
❙❡❥❛ η ✉♠❛ ❣❡♦❞és✐❝❛ ♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✱ ♣❛r❛♠❡tr✐③❛❞♦ ♣♦r ❝♦♠♣r✐♠❡♥t♦ ❞❡
❛r❝♦ t→ η : R→ H2, t ∈ R✳
❊♥tã♦ η s❡♣❛r❛ H2 ❡♠ ❞♦✐s s❡♠✐♣❧❛♥♦s❀ ✉♠ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❡ ✉♠ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦
❞❡ η✳ P❛r❛ ❝❛❞❛ p ∈ H2 t❡♠♦s ❞✐stâ♥❝✐❛ ρ ❞❡ p ♣❛r❛ η✱ ♣♦s✐t✐✈♦ ❞❡ ✉♠ ❧❛❞♦
❡ ♥❡❣❛t✐✈♦ ❞♦ ♦✉tr♦✳ ❊①✐st❡ ✉♠ ú♥✐❝♦ t t❛❧ q✉❡ ❛ ♣❡r♣❡♥❞✐❝✉❧❛r ❞❡ p ♣❛r❛ η
❡♥❝♦♥tr❛✲s❡ η ❡♠ η(t)✳ ❆❣♦r❛ ♦ ♣❛r (ρ, t) é ❝❤❛♠❛❞♦ ❝♦♦r❞❡♥❛❞❛ ❋❡r♠✐ ❞❡ p ❡♠
r❡❧❛çã♦ ❛ η✱ ♦♥❞❡ ❛ ♠étr✐❝❛ t❡♠ ❛ ❢♦r♠❛

ds2 = dρ2 + cosh2 ρdt2. ✭✷✳✷✮
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❈♦♦r❞❡♥❛❞❛s ❤♦r♦ ❝ír❝✉❧♦s ❡♠ H2

❙❡❥❛♠ H2 ❡ ✉♠ ♣♦♥t♦ p0 ♥♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ ❝♦♠♣❛❝t✐✜❝❛❞♦ C ∪ {∞}✱ q✉❡
s❡ ❡♥❝♦♥tr❛ ♥♦ ❡✐①♦ r❡❛❧ ♦✉ ♥♦ ✐♥✜♥✐t♦✳ ❊st❡ ♣♦♥t♦ é ❝❤❛♠❛♥❞♦ ❢r♦♥t❡✐r❛ ♦✉
♣♦♥t♦ ✐♥✜♥✐t♦ ❞❡ H2✳ ❖s ❝ír❝✉❧♦s ❣❡♥❡r❛❧✐③❛❞♦s q✉❡ ❡stã♦ ❝♦♥t✐❞♦s ❡♠ H2 ∪ {∞}
♣❛ss❛♥❞♦ ♣♦r p0✱ sã♦ ❝❤❛♠❛❞♦s ♦s ❤♦r♦ ❝ír❝✉❧♦s ❝♦♠ ❝❡♥tr♦ p0✳

❋✐❣✉r❛ ✷✳✷✿ ❈♦♦r❞❡♥❛❞❛s ❤♦r♦ ❝ír❝✉❧♦s ❡♠ H2✳

❆s tr❛♥s❢♦r♠❛çõ❡s ❞❡ PSL(2,R) ❧❡✈❛♠ ❤♦r♦ ❝ír❝✉❧♦s ❡♠ ❤♦r♦ ❝ír❝✉❧♦s✳ ◆♦ ❝❛s♦
♣❛rt✐❝✉❧❛r p0 =∞✱ ♦s ❤♦r♦ ❝ír❝✉❧♦s sã♦ ❛s r❡t❛s ❤♦r✐③♦♥t❛✐s✱ ❡ ❛s r❡t❛s ✈❡rt✐❝❛✐s sã♦
❣❡♦❞és✐❝❛s ❝♦♠ ♣♦♥t♦ ✜♥❛❧ p0✳ ❆s ❧✐♥❤❛s r❡t❛s ❤♦r✐③♦♥t❛✐s ❡ ✈❡rt✐❝❛✐s s❡ ❝r✉③❛♠
♦rt♦❣♦♥❛❧♠❡♥t❡✳ ❙❡❣✉❡✲s❡ q✉❡ ♣❛r❛ q✉❛❧q✉❡r ♣♦s✐çã♦ ❞❡ p0✱ ❛s ❣❡♦❞és✐❛s ♣❛ss❛♥❞♦
♣♦r p0 ❡ ♦s ❤♦r♦ ❝ír❝✉❧♦s ❡♠ p0 ❢♦r♠❛♠ ✉♠❛ ❢❛♠í❧✐❛ ♠✉t✉❛♠❡♥t❡ ♦rt♦❣♦♥❛❧✳
❆❣♦r❛✱ ❝♦♥s✐❞❡r❡♠♦s h ✉♠ ❤♦r♦ ❝✐❝❧♦ ♣❛r❛♠❡tr✐③❛❞♦ ♣♦r ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ♥❛
❢♦r♠❛ h(t) ∈ H2✱ t ∈ R✳ ❖ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ é ♥♦✈❛♠❡♥t❡ s❡♣❛r❛❞♦ ❡♠ ✉♠ ❧❛❞♦
❡sq✉❡r❞♦ ❡ ✉♠ ❧❛❞♦ ❞✐r❡✐t♦✳ ❉❡✐①❛♠♦s ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ h t❛❧ q✉❡ p0 ❡st❡❥❛
♥♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❡ h✱ ❡ t♦♠❛♠♦s ❛ ❞✐stâ♥❝✐❛ ρ ❞❡ ✉♠ ♣♦♥t♦ p ♣❛r❛ h ❝♦♠♦
♥❡❣❛t✐✈♦ à ❡sq✉❡r❞❛ ❡ ♣♦s✐t✐✈♦ à ❞✐r❡✐t❛✳ ■st♦ é ♣❡❧❛ ❝♦♥✈❡♥çã♦ ❞♦ s✐♥❛❧ ♣❛r❛ ❛s
❝♦♦r❞❡♥❛❞❛s ❞❡ ❋❡r♠✐✳
▼❛✐s ✉♠❛ ✈❡③✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ t t❛❧ q✉❡ ❛ ❣❡♦❞és✐❝❛ ♣❡r♣❡♥❞✐❝✉❧❛r ❞❡ p ♣❛r❛ h
❡♥❝♦♥tr❛✲s❡ h ❡♠ h(t)✱ ❡ (p, t) é✱ ♣♦r ❞❡✜♥✐çã♦✱ ♦ ♣❛r ❞❡ ❝♦♦r❞❡♥❛❞❛s ❤♦r♦ ❝ír❝✉❧♦s
❡♠ r❡❧❛çã♦ ❛ h✳ ❊♠ ♣❛rt✐❝✉❧❛r th→ h(t) = x(t)+iy(t) = t+i✱ t ∈ R✱ ✭❡ p0 =∞✮✱
❡♥❝♦♥tr❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ❢ór♠✉❧❛ ❞❛ ♠étr✐❝❛✳

ds2 = dρ2 + e2ρdt2. ✭✷✳✸✮

❈♦♥s✐❞❡r❡♠♦s ❞✉❛s ❞❡✜♥✐çõ❡s✿ ✉♠❛ ♣❛r❛ s✉♣❡r❢í❝✐❡s s❡♠ ❢r♦♥t❡✐r❛s ❡ ♦✉tr❛
♣❛r❛ s✉♣❡r❢í❝✐❡s ❝♦♠ ❢r♦♥t❡✐r❛s✳

❉❡✜♥✐çã♦ ✷✳✶✳ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ s❡♠ ❢r♦♥t❡✐r❛s✱ ✉♠ ❛t❧❛s A ❞❡ S✱ é ❝❤❛✲
♠❛❞♦ ❤✐♣❡r❜ó❧✐❝♦✱ s❡ ❡❧❡ t❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ϕ(U) ⊂ H2✱ ♣❛r❛ t♦❞♦ (U, ϕ) ∈ A✱
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✷✳ ❙❡ (U, ϕ) ❡ (U ′, ϕ′) ∈ A✱ ❡♥tã♦ ♣❛r❛ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①♦ V ❞❡ U ∩ U ′✱
❡①✐st❡ ✉♠❛ ✐s♦♠❡tr✐❛ T ∈ Isom+(H2) t❛❧ q✉❡ ϕ′ ◦ ϕ−1 ❝♦✐♥❝✐❞❡ ❝♦♠ T ❡♠
ϕ(V )✳

❈♦♠♦ ❛❝♦♥t❡❝❡ ❡♠ ♦✉tr♦ t✐♣♦ ❞❡ ❛t❧❛s✱ ❝❛❞❛ ❛t❧❛s ❤✐♣❡r❜ó❧✐❝♦ ❡st❡♥❞❡✲s❡ ❛
✉♠ ú♥✐❝♦ ❛t❧❛s ♠❛①✐♠❛❧✳ ❈❛❞❛ ❛t❧❛s ❤✐♣❡r❜ó❧✐❝♦ ✐♥❞✉③ ✉♠❛ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛
❞❡ ❝✉r✈❛t✉r❛ ❝♦♥st❛♥t❡ −1 ❡♠ S✳ P♦r ♦✉tr♦ ❧❛❞♦✱ t♦❞❛ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛
❞❡ ❝✉r✈❛t✉r❛ ❝♦♥st❛♥t❡ −1 ❡♠ S é ♦❜t✐❞❛ ❞❡st❛ ❢♦r♠❛✱ ♣❡❧♦ q✉❡ ❛ ♠étr✐❝❛ é
❧♦❝❛❧♠❡♥t❡ ✐s♦♠étr✐❝❛ ❛♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✳
❆♥t❡s ❞❡ ❞❡✜♥✐r ❛t❧❛s ❤✐♣❡r❜ó❧✐❝♦ ♣❛r❛ s✉♣❡r❢í❝✐❡s ❝♦♠ ❢r♦♥t❡✐r❛ ❢❛③❡♠♦s ❛❧❣✉♠❛s
❝♦♥s✐❞❡r❛çõ❡s✿ s❡❥❛ δ > 0 ❡ 0 < λ < 2π✳ ❯♠ ❝♦♥❥✉♥t♦ V ❞❡ H2 é ❝❤❛♠❛❞♦ s❡t♦r
❝✐r❝✉❧❛r ❞❡ r❛✐♦ δ ❡ â♥❣✉❧♦ λ ❡♠ p0 ∈ H2✱ s❡ t❡♠ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✱ ♦♥❞❡ (ρ, θ) sã♦
❛s ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s

V = {(ρ, θ) ∈ H2/0 < ρ < δ, 0 ≤ θ ≤ λ} ∪ {p0}.

❯♠ ♠❡✐♦ ❞✐s❝♦ é ✉♠ s❡t♦r ❝✐r❝✉❧❛r ❞❡ â♥❣✉❧♦ π✳ ❆❣♦r❛ s❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠
∂S 6= ∅✳ ❖ ❝♦♥❥✉♥t♦

✐♥tS = S − ∂S
é ❝❤❛♠❛❞♦ ♦ ✐♥t❡r✐♦r ❞❡ S✳ ❆ ❢r♦♥t❡✐r❛ ∂S ❞❡ S é ❝♦♠♣♦st❛ ❞❡ ❛r❝♦s s✉❛✈❡s✱ ♦s
❧❛❞♦s ❞❡ S✳ ❯♠❛ ❝✉r✈❛ ❞❡ ❢r♦♥t❡✐r❛ ❢❡❝❤❛❞❛ s✉❛✈❡ é ✉♠ ❧❛❞♦ s❡♠ ♥❡♥❤✉♠ ♣♦♥t♦
❡①tr❡♠♦✳ ◗✉❛❧q✉❡r ♣♦♥t♦ ❡①tr❡♠♦ ❞❡ ✉♠ ❧❛❞♦ q✉❡ é ♣♦♥t♦ ❡①tr❡♠♦ ❞❡ ♦✉tr♦ ❧❛❞♦
é ❝❤❛♠❛❞♦ ✈ért✐❝❡ ❞❡ S✳ ❯♠ ♣♦♥t♦ q✉❡ ♥ã♦ é ✉♠ ✈ért✐❝❡ é ❝❤❛♠❛❞♦ ♣♦♥t♦ ❞❡
❢r♦♥t❡✐r❛ ♦r❞✐♥ár✐♦✳

❉❡✜♥✐çã♦ ✷✳✷✳ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ q✉❡ t❡♠ ∂S 6= ∅✳ ❯♠ ❛t❧❛s A ❞❡ S é
❝❤❛♠❛❞♦ ❤✐♣❡r❜ó❧✐❝♦ s❡ t❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ P❛r❛ ❝❛❞❛ p ∈ S ❡①✐st❡ ✉♠ s✐st❡♠❛ ❝♦♦r❞❡♥❛❞♦ (U, ϕ) ∈ A ❝♦♠ p ∈ U t❛❧
q✉❡ ϕ(U) ⊂ H2 é

✭❛✮ ❯♠ s❡t♦r ❝✐r❝✉❧❛r ❞❡ â♥❣✉❧♦ λ ≤ π ❡♠ ϕ(p)✱ s❡ p é ✉♠ ✈ért✐❝❡✳

✭❜✮ ❯♠ ♠❡✐♦ ❞✐s❝♦ ❡♠ ϕ(p)✱ s❡ p é ✉♠ ♣♦♥t♦ ❢r♦♥t❡✐r❛ ♦r❞✐♥ár✐♦✳

✭❝✮ ❯♠ ❞✐s❝♦ ❛❜❡rt♦ ❝♦♠ ❝❡♥tr♦ ϕ(p)✱ s❡ p é ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r✳

✷✳ ❙❡ (U, ϕ) ❡ (U ′, ϕ′) ∈ A✱ ❡♥tã♦ ♣❛r❛ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①♦ V ❞❡ U ∩ U ′

❡①✐st❡ ✉♠❛ ✐s♦♠❡tr✐❛ T ∈ Isom+(H2) t❛❧ q✉❡ ϕ′ ◦ ϕ−1 ❝♦✐♥❝✐❞❡ ❝♦♠ T ❡♠
ϕ(V )✳

❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡✳ ❯♠ ❛t❧❛s ❤✐♣❡r❜ó❧✐❝♦ ♠❛①✐♠❛❧ ❡♠ S é ❝❤❛♠❛❞♦ ✉♠❛
❡str✉t✉r❛ ❤✐♣❡r❜ó❧✐❝❛✳ ❆ ❡str✉t✉r❛ ❤✐♣❡r❜ó❧✐❝❛ é ❝❤❛♠❛❞❛ ❝♦♠♣❧❡t❛✱ s❡ s✉❛ ♠é✲
tr✐❝❛ ✐♥❞✉③✐❞❛ ❡♠ S é ❝♦♠♣❧❡t❛ ♥♦ s❡♥t✐❞♦ ❞♦ ❡s♣❛ç♦ ♠étr✐❝♦✳ ❯♠❛ s✉♣❡r❢í❝✐❡
❥✉♥t♦ ❝♦♠ ✉♠❛ ❡str✉t✉r❛ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❧❡t❛ é ❝❤❛♠❛❞❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛✳

❚❡♦r❡♠❛ ✷✳✶✳ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❡ s❡❥❛ Γ ⊂ Isom+(S) ✉♠ s✉❜✲
❣r✉♣♦ ❝♦♠ ❛çã♦ ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥t✐♥✉❛ ❡ s❡♠ ♣♦♥t♦s ✜①♦s ❡♠ S✳ ❊♥tã♦ ♦
q✉♦❝✐❡♥t❡ S/Γ ❞❡t❡r♠✐♥❛ ✉♥✐❝❛♠❡♥t❡ ✉♠❛ ❡str✉t✉r❛ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❧❡t❛✱ t❛❧ q✉❡
❛ ♣r♦❥❡çã♦ ♥❛t✉r❛❧ πS : S → S/Γ é ✉♠❛ ✐s♦♠❡tr✐❛ ❧♦❝❛❧✳
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❉❡♠♦♥str❛çã♦✳ ❉❡✜♥✐♠♦s ♦ ❛t❧❛s A′ ♣❛r❛ S/Γ ✉s❛♥❞♦ ♦ ❛t❧❛s A ❞❡ S✳ ❙❡❥❛
q ∈ S/Γ✱ ❡♥tã♦ ❡①✐st❡ p ∈ S t❛❧ q✉❡ p ∈ π−1(q) ⊂ S✱ ♠❛s ❝♦♠♦ S é ✉♠❛
s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠ s✐st❡♠❛ ❝♦♦r❞❡♥❛❞♦ (U, ϕ) ∈ A ❝♦♠♦
♥❛ ❉❡✜♥✐çã♦ ✷✳✷✱ ♦♥❞❡ p ∈ U ⊂ S✳ P❛r❛ δ > 0 ♣❡q✉❡♥♦✱ ❛ r❡str✐çã♦ π|U ❞❡ U
♣❛r❛ U é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

S
πS

//

ϕ

��

S
Γ

ϕ◦(πS |U )−1
zz

ϕ(U) ⊂ H2

❉❡✜♥✐♠♦s (πS(U), ϕ ◦ (πS|U)−1) ♦s ❡❧❡♠❡♥t♦s ❞❡ A′✳ ❊st❡ ❛t❧❛s ❞❡✜♥❡ ✉♠❛ ❡str✉✲
t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ S/Γ ❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❛ ❉❡✜♥✐çã♦ ✷✳✷✳
❈♦♠♦ ❛ ♣r♦❥❡çã♦ ♥❛t✉r❛❧ πS : S → S/Γ é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝♦❜❡rt✉r❛✱ ♦✉ s❡❥❛
πS(S) = S/Γ✱ t❡♠♦s q✉❡ S/Γ é ❝♦♠♣❧❡t❛✳

✷✳✷ ❊sq✉❡♠❛ ❞❡ ❝♦❧❛❣❡♠

❙❡❥❛♠ S ❡ S ′ ♣♦❧í❣♦♥♦s ❣❡♦❞és✐❝♦s ❝♦♥✈❡①♦s ❡ ❞✐s❥✉♥t♦s ❡♠ H2 t❛❧ q✉❡ t♦❞♦s ♦s
â♥❣✉❧♦s ✐♥t❡r♥♦s ♥ã♦ sã♦ ♠❛✐♦r❡s q✉❡ π✳ ❯s❛♠♦s ✉♠❛ ✐s♦♠❡tr✐❛ T ∈ Isom+(H2)
♣❛r❛ ♠♦✈ê✲❧♦s✱ ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✷✳✸✱ ❡♥tã♦ S∗ = T (S) ∪ S ′ ♦❜t❡♠♦s ♦✉tr❛ ✈❡③ ✉♠
♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❣❡♦❞és✐❝♦✳

❋✐❣✉r❛ ✷✳✸✿ ❈♦❧❛❣❡♠ ❞❡ ❞♦✐s ♣♦❧í❣♦♥♦s ❡♠ H2✳

P❛r❛ ❝♦♥str✉✐r S∗ ♥ã♦ ♣r❡❝✐s❛♠♦s ♠♦✈❡r S✳ P♦❞❡♠♦s ❝♦❧❛r S ❡ S ′ ❥✉♥t♦s ❛♦
❧♦♥❣♦ ❞♦s ❧❛❞♦s γ ❡ γ′ ❝♦♠♦ s❡❣✉❡✳ ❙✉♣♦♥❤❛♠♦s q✉❡ S ❡ S ′ sã♦ ❞✐s❥✉♥t♦s✱ ❡ s❡❥❛♠
γ : [0, 1] → S✱ γ′ : [0, 1] → S ′ ❛s ♣❛r❛♠❡tr✐③❛çõ❡s ❞♦s ❧❛❞♦s✱ t❡♥❞♦ ❛ ♠❡s♠❛
✈❡❧♦❝✐❞❛❞❡ ❝♦♥st❛♥t❡ ❡ ❝♦♠ ♦r✐❡♥t❛çõ❡s ♦♣♦st❛s✱ t❛♠❜é♠ ❝♦♥s✐❞❡r❡♠♦s q✉❡ ♦s
❧❛❞♦s γ ❡ γ′ t❡♠ ♦ ♠❡s♠♦ ❝♦♠♣r✐♠❡♥t♦ l(γ) = l(γ′)✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ✐s♦♠❡tr✐❛
T ∈ Isom+(H2)✱ t❛❧ q✉❡

T (γ(t)) = γ′(t), t ∈ [0, 1].

❊♥tã♦ ❞❡✜♥✐♠♦s ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ♥❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ S ∪ S ′ ♣♦r✳ P❛r❛
❝❛❞❛ ♣♦♥t♦ p = γ(t)✱ t ∈ [0, 1]✱ ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❝♦♥s✐st❡ ❡♠ ❞♦✐s ♣♦♥t♦s
γ(t) ❡ γ′(t)✱ ❡ ♣❛r❛ q✉❛❧q✉❡r ♣♦♥t♦ p /∈ γ ∪ γ′ ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❝♦♥s✐st❡
❞♦ ú♥✐❝♦ ♣♦♥t♦ p✳ ❊st❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❛ss✐♠ ❞❡✜♥✐❞❛ ❞❡t❡r♠✐♥❛ ✉♠❛
❝♦♥❞✐çã♦ ❞❡ ❝♦❧❛❣❡♠

γ(t) = γ′(t), t ∈ [0, 1] ✭✷✳✹✮
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❡ ❞❡♥♦t❛❞♦ ♣♦r F = S+S ′ mod (2.4) ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ ❞❡ S ∪S ′ ❝♦♠ r❡s♣❡✐t♦
à r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳ s✐ ♣r♦❥❡t❛♠♦s ❛ ♠étr✐❝❛ ❞❡ S ∪ S ′ ❡♠ F ✱ t❡♠♦s q✉❡ F
é ✐s♦♠étr✐❝♦ ❛♦ ❞♦♠í♥✐♦ S∗ = T (S) ∪ S ′✳

❆❣♦r❛ ❛ss✉♠✐♠♦s S1, ..., Sm s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ♠✉t✉❛♠❡♥t❡ ❞✐s❥✉♥t❛s✱ ❡
s❡❥❛ γ1, γ′1, γ2, γ

′
2, ..., γm, γ

′
m ♦s ❧❛❞♦s ❞✐❢❡r❡♥t❡s ❞❡ S = S1 ∪ ... ∪ Sm✳ ❙✉♣♦♥❤❛♠♦s

q✉❡ ♣❛r❛ ❝❛❞❛ k ♦s ❧❛❞♦s γk ❡ γ′k ❡stã♦ ♣❛r❛♠❡tr✐③❛❞❛s γk : Ik → S✱ γ′k : Ik → S
❝♦♠ ❛ ♠❡s♠❛ ✈❡❧♦❝✐❞❛❞❡ ❝♦♥st❛♥t❡✱ ♦♥❞❡ Ik é ✉♠ ✐♥t❡r✈❛❧♦✳
◆♦✈❛♠❡♥t❡ ❞❡✜♥✐♠♦s ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ S ♣❡❧❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦❧❛❣❡♠
♦✉ ❡sq✉❡♠❛ ❞❡ ❝♦❧❛❣❡♠✳

γk(t) = γ′k(t), t ∈ Ik, k = 1, ...,m. ✭✷✳✺✮

❉❡✜♥✐çã♦ ✷✳✸✳ ❙♦❜r❡ ❛s ♠❡s♠❛s ♣r❡♠✐ss❛s ❛❝✐♠❛

F = S1 + ...+ Sm mod (2.5)

é ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ ❞❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ S = S1 ∪ ... ∪ Sm ❝♦♠ r❡s♣❡✐t♦ à r❡❧❛çã♦
❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡✜♥✐❞♦ ♣♦r ✭✷✳✺✮✳

❆♥t❡s ❞❡ ❝♦♥t✐♥✉❛r✱ ❛♣r❡s❡♥t❛r❡♠♦s ❞♦✐s ❡①❡♠♣❧♦s ♣❛r❛ ♦ ❡sq✉❡♠❛ ❞❡ ❝♦❧❛❣❡♠✳

❊①❡♠♣❧♦ ✷✳✶✳ ✭❈✐❧✐♥❞r♦ ❍✐♣❡r❜ó❧✐❝♦✮ ❈♦♥s✐❞❡r❡♠♦s ❛ ❣❡♦❞és✐❝❛ t → η(t) =
iet ∈ H2✱ t ∈ R✳ ❙❡❥❛♠ γ ❡ γ′ ❣❡♦❞és✐❝❛s q✉❡ ✐♥t❡r❝❡♣t❛♠ η ♣❡r♣❡♥❞✐❝✉❧❛r♠❡♥t❡
❡♠ a ❡ b ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✷✳✹✱ ❝♦♠ |a| < |b|✳ ❆ ❢❛✐①❛ ❢❡❝❤❛❞❛ S ❧✐♠✐t❛❞❛ ❡♥tr❡ γ
❡ γ′ é ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠ ❛t❧❛s A = {(S, Id)}✳ ❆❣♦r❛ ❝♦♥s✐❞❡r❡♠♦s γ

❋✐❣✉r❛ ✷✳✹✿ ❈✐❧✐♥❞r♦ ❤✐♣❡r❜ó❧✐❝♦✳

❡ γ′ ♣❛r❛♠❡tr✐③❛çõ❡s ♣♦r ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❡ ❞❡ ♦r✐❡♥t❛çõ❡s ♦♣♦st❛s✱ t❛❧ q✉❡
γ(0) = a ❡ γ′(0) = b✳ ❆ ✐s♦♠❡tr✐❛ T ❞❛❞❛ ♣♦r

T (z) =
b

a
z, z ∈ H2

❧❡✈❛ η s♦❜r❡ ❡❧❛ ♠❡s♠❛ ❡ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ T (γ(t)) = γ′(t)✱ t ∈ R✳ ❆ ❝♦♥❞✐çã♦
❞❡ ❝♦❧❛❣❡♠

γ(t) = γ′(t), t ∈ R ✭✷✳✻✮
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❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛

C = S mod (2.6), ✭✷✳✼✮

♦♥❞❡ ♦ ❛r❝♦ ❣❡♦❞és✐❝♦ η : I → S ❝♦♠ I = [ln(a), ln(b)]✱ ♣r♦❥❡t❛ s♦❜r❡ ✉♠❛ ❣❡♦❞és✐❝❛
❢❡❝❤❛❞❛ η1 ❡♠ C ❞❡ ❝♦♠♣r✐♠❡♥t♦

l = l(η1) = ln
(a
b

)
. ✭✷✳✽✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ Γ = {T k/k ∈ Z} ⊂ PSL(2,R) ✉♠ s✉❜❣r✉♣♦ ❝í❝❧✐❝♦
❣❡r❛❞♦ ♣♦r T ✱ ❡♥tã♦ ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ H2/Γ tr❛♥s♣♦rt❛ ✉♠❛ ❡str✉t✉r❛ ❤✐♣❡r❜ó❧✐❝❛
♥❛t✉r❛❧✱ t❛❧ q✉❡ πH2 : H2 → H2/Γ é ✉♠❛ ✐s♦♠❡tr✐❛ ❧♦❝❛❧ ✭❚❡♦r❡♠❛ ✷✳✶✮✳ P♦rt❛♥t♦
♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r H2/Γ ❝♦♠ C✳
■♥tr♦❞✉③✐♥❞♦ ❝♦♦r❞❡♥❛❞❛s ❋❡r♠✐ ❝♦♠ ❜❛s❡ ❡♠ η ✭✈❡❥❛ ❡q✉❛çã♦ ✭✷✳✷✮✮✱ ♦❜t❡♠♦s
✉♠❛ ❞❡s❝r✐çã♦ ❞❡ C ❝♦♠♦ ✉♠❛ s✉♣❡r❢í❝✐❡

C = R× R/[t→ t+ l], ✭✷✳✾✮

♦♥❞❡ l é ❝♦♠♦ ❡♠ ✭✷✳✽✮✱ ❝♦♠ ❛ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛

ds2 = dρ2 + cosh2 ρdt2. ✭✷✳✶✵✮

❊♠ q✉❛❧q✉❡r ❞❛s ❢♦r♠❛s ❞❡ ✭✷✳✼✮ ♦✉ ✭✷✳✾✮✱ C é ❝❤❛♠❛❞♦ ✉♠ ❝✐❧✐♥❞r♦ ❤✐♣❡r✲
❜ó❧✐❝♦✳ ❖❜s❡r✈❡ q✉❡ η1 ❢♦✐ ♣❛r❛♠❡tr✐③❛❞♦ ♣♦r ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✳ ❙❡ η é
♣❛r❛♠❡tr✐③❛❞❛ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ l✱ ❡♥tã♦ ✭✷✳✶✵✮ ✜❝❛

ds2 = dρ2 + l2 cosh2 ρdt2.

❊①❡♠♣❧♦ ✷✳✷✳ ✭❈♦❧❛❣❡♠ ❞❡ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s✮ ❙❡❥❛♠ S ❡ S ′ s✉♣❡r❢í❝✐❡s
❤✐♣❡r❜ó❧✐❝❛s✱ ❡ s✉♣♦♥❤❛♠♦s q✉❡ γ ❡♠ S ❡ γ′ ❡♠ S ′ sã♦ ❣❡♦❞és✐❝❛s ❞❡ ❢r♦♥t❡✐r❛s
❢❡❝❤❛❞❛s ❝♦♠ ♦ ♠❡s♠♦ ❝♦♠♣r✐♠❡♥t♦ l = l(γ) = l(γ′)✳

❋✐❣✉r❛ ✷✳✺✿ ❈♦❧❛❣❡♠ ❞❡ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s✳

P❛r❛♠❡tr✐③❛♥❞♦ γ ❡ γ′ ♣❡r✐♦❞✐❝❛♠❡♥t❡ ❡♠ R ❝♦♠ ♣❡rí♦❞♦ 1 ❡ ✈❡❧♦❝✐❞❛❞❡ l✱ s❡
S ❝♦✐♥❝✐❞❡ ❝♦♠ S ′✱ ❡♥tã♦ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ γ ❡ γ′ sã♦ ❞✐❢❡r❡♥t❡s✱ t❡♥❞♦ ❛
♠❡s♠❛ ♦r✐❡♥t❛çã♦✳ ❊♥tã♦ ❞❡✜♥✐♠♦s ❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ♣♦r

F = S + S ′ mod (γ(t) = γ′(−t), t ∈ R). ✭✷✳✶✶✮

❆s ❞✉❛s ❣❡♦❞és✐❝❛s γ ❡ γ′ ♣r♦❥❡t❛♠ ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s γ1 ❞❡ ❝♦♠✲
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♣r✐♠❡♥t♦ l ❡♠ F ✳ P❛r❛ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛✱ ❛s s❡❣✉✐♥t❡s ✈✐③✐♥❤❛♥ç❛s
t✉❜✉❧❛r❡s sã♦ ✐s♦♠étr✐❝❛s

{p ∈ F/ dist(p, γ1) < ǫ} ❡ {p ∈ C/ dist(p, η1) < ǫ},

♦♥❞❡ C é ❞♦ ❊①❡♠♣❧♦ ✷✳✶ ❝♦♠ l(η1) = l(γ1)✳ ❆ ❝♦♥❞✐çã♦ ❞❡ ❝♦❧❛❣❡♠ ❡♠ ✭✷✳✶✶✮
♣♦❞❡ s❡r s✉❜st✐t✉í❞♦ ♣♦r

γ(t) = γ′(a− t), t ∈ R

❝♦♠ ♣❛râ♠❡tr♦ ❞❡ t♦rçã♦ ❛r❜✐tr❛r✐❛ a ∈ R✱ ♠❛s ♣❛r❛ ✉♠ ǫ > 0 ❛ ✈✐③✐♥❤❛♥ç❛
t✉❜✉❧❛r ❞❡ γ1 ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ♣❡r♠❛♥❡❝❡ ♦ ♠❡s♠♦✳ ❊♠ ❣❡r❛❧✱ ❛s s✉♣❡r❢í❝✐❡s
♦❜t✐❞❛s ❞❡ ❞✐❢❡r❡♥t❡s a ♥ã♦ sã♦ ❣❧♦❜❛❧♠❡♥t❡ ✐s♦♠étr✐❝♦s✳

❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ✈❛♠♦s ❢❛③❡r ✉♠❛ ❝♦♥s✐❞❡r❛çã♦✳ ❯♠
❝✐❝❧♦ ❞❡ ✈ért✐❝❡s é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ✈ért✐❝❡s ❞❡ S1, ..., Sm q✉❡ ❡♠ ❝♦♥❥✉♥t♦
❞❡✜♥❡♠ ✉♠ ♣♦♥t♦ ú♥✐❝♦ ❞❡ F ✭♦ ♣♦♥t♦ ♣♦❞❡ s❡r ✐♥t❡r✐♦r ♦✉ ♣♦♥t♦ ❢r♦♥t❡✐r❛ ❞❡
F ✮✳

❚❡♦r❡♠❛ ✷✳✷✳ ❙❡❥❛ F = S1+ ...+Sm mod (2.5) ❡ s✉♣♦♥❤❛♠♦s q✉❡ ❛s s❡❣✉✐♥t❡s
❝♦♥❞✐çõ❡s ❝✉♠♣r❡♠✿

✶✳ P❛r❛ ❝❛❞❛ ❝✐❝❧♦ ❞❡ ✈ért✐❝❡ ♣r♦❞✉③ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ F ✱ ♦♥❞❡ ❛ s♦♠❛ ❞♦s
â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ ✉♠ ✈ért✐❝❡s é 2π✳

✷✳ P❛r❛ ❝❛❞❛ ❝✐❝❧♦ ❞❡ ✈ért✐❝❡ q✉❡ ♣r♦❞✉③ ✉♠ ♣♦♥t♦ ❢r♦♥t❡✐r❛ ❞❡ F ✱ ❡ ❛ s♦♠❛
❞♦s â♥❣✉❧♦s ✐♥t❡r♥♦s é ≤ π

❊♥tã♦ F ❧❡✈❛ ✉♠❛ ú♥✐❝❛ ❡str✉t✉r❛ ❤✐♣❡r❜ó❧✐❝❛ t❛❧ q✉❡ ❛ ♣r♦❥❡çã♦ ♥❛t✉r❛❧ πS :
S1 ∪ ... ∪ Sm → F é ✉♠❛ ✐s♦♠❡tr✐❛ ❧♦❝❛❧✳

❉❡♠♦♥str❛çã♦✳ ◆ós ❧✐♠✐t❛r❡♠♦s ❛ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞♦ ❛t❧❛s
❤✐♣❡r❜ó❧✐❝♦ A✳
❙❡❥❛♠ A1, ...,Am ❛s ❡str✉t✉r❛s ❤✐♣❡r❜ó❧✐❝❛s ❞❡ S1, ..., Sm r❡s♣❡t✐✈❛♠❡♥t❡✱ ❡ s❡❥❛
p ∈ F ✉♠ ♣♦♥t♦ ❢r♦♥t❡✐r❛ ❝✉❥❛ ✐♠❛❣❡♠ ✐♥✈❡rs❛ s♦❜ πS é ♦ ❝✐❝❧♦ ❞❡ ✈ért✐❝❡ p1, ..., pr
❝♦♠ â♥❣✉❧♦s ✐♥t❡r♥♦s ❝♦rr❡s♣♦♥❞❡♥t❡s θ1, ..., θr ❡ ❝✉❥❛ s♦♠❛ é θ = θ1+ ...+θr ≤ π✳
P❛r❛ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛ ❛s ǫ✲✈✐③✐♥❤❛♥ç❛s

Ui = {x ∈ S1 ∪ ... ∪ Sm/ dist(x, pi) < ǫ}

sã♦ ❞✐s❥✉♥t♦s ❞♦✐s ❛ ❞♦✐s ♣❛r❛ i = 1, ..., r✱ ❡♥tã♦ ♦❜t❡♠♦s s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s
(Ui, ϕi) ∈ A1 ∪ ... ∪ Am t❛❧ q✉❡ ϕi(Ui) é ✉♠ s❡t♦r ❝✐r❝✉❧❛r Vi ❡♠ H2 ❞❡ r❛✐♦ ǫ ❡
â♥❣✉❧♦ θi✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ♦ ❝✐❝❧♦ é ♥✉♠❡r❛❞♦ ❞❡ ♠♦❞♦ q✉❡ ♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❡
Ui é ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡ Ui+1 ♣❛r❛ ❝❛❞❛ i = 1, ..., r − 1✳
❊♥tã♦ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✐s♦♠❡tr✐❛s q✉❡ ♣r❡s❡r✈❡♠ ♦r✐❡♥t❛çã♦ T1, ..., Tr ❞❡ H2 t❛❧
q✉❡ V = T1(V1) ∪ ... ∪ Tr(Vr) é ✉♠ s❡t♦r ❝✐r❝✉❧❛r ❞❡ â♥❣✉❧♦ θ✱ t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛
i = 1, ..., r−1 ♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❡ Ti(Vi) ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡ Ti+1(Vi+1)✳
❙❡❣✉❡✲s❡ q✉❡ x ∈ Ui ❡ y ∈ Uj sã♦ ❡q✉✐✈❛❧❡♥t❡s mod (2.5)✱ s❡ ❡ só s❡ Ti(ϕi(x)) =
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Tj(ϕj(y))✳
❉❡st❡ ♠♦❞♦✱ ♥ós t❡♠♦s ✉♠❛ ❢✉♥çã♦ ❜❡♠ ❞❡✜♥✐❞❛

ϕ = T1 ◦ ϕ1 + ...+ Tr ◦ ϕr mod (2.5)

♣❛r❛ U = U1+ ...+Ur mod (2.5) s♦❜r❡ V ✱ ❡ ❝♦♥s✐❞❡r❛♥❞♦ (U, ϕ) ✉♠ ❡❧❡♠❡♥t♦ ❞❡
A✳ ❉❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡ ♦❜t❡♠♦s ✈✐③✐♥❤❛♥ç❛s ❝♦♦r❞❡♥❛❞❛s ❡♠ t♦❞♦s ♦s ♦✉tr♦s
❝❛s♦s✱ ❡ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ ♦ ❛t❧❛s A ❛ss✐♠ ❞❡✜♥✐❞♦ é ❤✐♣❡r❜ó❧✐❝♦ ❡ ❛ ❢✉♥çã♦
πS : S → F é ✉♠❛ ✐s♦♠❡tr✐❛ ❧♦❝❛❧✳

P❛r❛ ❝♦♥❝❧✉✐r✱ ♠❡♥❝✐♦♥❛♠♦s ♦ ♣r♦❝❡ss♦ ✐♥✈❡rs♦ ❞❛ ❝♦❧❛❣❡♠✳

❉❡✜♥✐çã♦ ✷✳✹✳ ❙❡❥❛ F = S1 + ... + Sm mod (2.5) ❝♦♠♦ ❛❝✐♠❛ ❝♦♠ ❛ ♣r♦❥❡çã♦
♥❛t✉r❛❧ πS : S1 ∪ ... ∪ Sm → F ✱ ❡ s❡❥❛

Z = πS(γ1) ∪ ... ∪ πS(γn) = πS(γ
′
1) ∪ ... ∪ πS(γ′n).

❊♥tã♦ ❞✐③❡♠♦s q✉❡ S1, ..., Sm sã♦ ♦❜t✐❞♦s ❝♦rt❛♥❞♦ F ❛♦ ❧♦♥❣♦ ❞❡ Z✳

❙❡ Z é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s ❞✐s❥✉♥t❛s ❡♠ ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐✲
♣❡r❜ó❧✐❝❛ S✱ ❡♥tã♦ S ♣♦❞❡ s❡r ❝♦rt❛❞❛ ❛♦ ❧♦♥❣♦ ❞❡ Z✳

✷✳✸ ❆ ❝♦❜❡rt✉r❛ ✉♥✐✈❡rs❛❧

❈❛❞❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❧❡t❛ s❡♠ ❢r♦♥t❡✐r❛s ❞❡ ❝✉r✈❛t✉r❛ ❝♦♥st❛♥t❡ −1 é ✉♥✐✈❡r✲
s❛❧♠❡♥t❡ ❝♦❜❡rt❛ ♣❡❧♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✳ ❆❣♦r❛ ❛❞❛♣t❛r❡♠♦s ✐ss♦ ♣❛r❛ s✉♣❡r❢í❝✐❡s
❤✐♣❡r❜ó❧✐❝❛s ❝♦♠♣❧❡t❛s ❝♦♠ ❢r♦♥t❡✐r❛✱ ♦ ❡st✉❞♦ ✜❝❛ ♠❛✐s ❢á❝✐❧ ❞❡✈✐❞♦ ❛♦ s❡❣✉✐♥t❡
t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✷✳✸✳ ◗✉❛❧q✉❡r s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ S ❝♦♠ ❢r♦♥t❡✐r❛s é ✐s♦♠étr✐❝❛✲
♠❡♥t❡ ✐♠❡rs❛ ❡♠ ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ S∗ s❡♠ ❢r♦♥t❡✐r❛s✱ t❛❧ q✉❡ S é ✉♠❛
❞❡❢♦r♠❛çã♦ ❞❡ r❡tr❛çã♦ ❞❡ S∗✳

❉❡♠♦♥str❛çã♦✳ ❈♦❧❛r❡♠♦s ❛s ❢r♦♥t❡✐r❛s ❝♦♠♦ s❡❣✉❡✳ ❆♦ ❧♦♥❣♦ ❞❛s ❢r♦♥t❡✐r❛s q✉❡
sã♦ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s γ ❞❡ ❝♦♠♣r✐♠❡♥t♦ l(γ) ❝♦❧❛♠♦s ✉♠ ♠❡✐♦ ❝✐❧✐♥❞r♦

C1/2 = [0,+∞)× R/[t→t+l]

❝♦♠ ❛ ♠étr✐❝❛ ds2 = dρ2 + cosh2 ρdt2 ❝♦♠♦ ♥♦ ❊①❡♠♣❧♦ ✷✳✷✳ ❆♦ ❧♦♥❣♦ ❞❡ ❝❛❞❛
❧❛❞♦ ♥ã♦ ❢❡❝❤❛❞♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ a ❝♦❧❛♠♦s ✉♠❛ ❢❛✐①❛

F1 = [0,+∞)× [0, a]

❝♦♠ ❛ ♠étr✐❝❛ ds2 = dρ2 + cosh2 ρdt2✳ P❛r❛ ♦s ❧❛❞♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ✐♥✜♥✐t♦✱
❝♦❧❛♠♦s

F2 = [0,+∞)× [0,+∞)



✸✶ ✷✳✹✳ ❈✉r✈❛s ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❡ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s

❝♦♠ ❛ ♠étr✐❝❛ ds2 = dρ2 + cosh2 ρdt2✳ ❆❣♦r❛ ❝♦♠♦ ❛s ❢❛✐①❛s sã♦ ❞❡ â♥❣✉❧♦ r❡t♦✱
t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ p ∈ S ❝♦♠ â♥❣✉❧♦ ✐♥t❡r✐♦r θ✱ ❝♦❧❛♠♦s ✉♠ s❡t♦r
❝✐r❝✉❧❛r ✐♥✜♥✐t♦

Σ = {p} ∪ (0,+∞)× [0, π − θ]
❝♦♠ ♠étr✐❝❛ ds2 = dρ2+sinh2 ρdσ2 ✭♣♦r ❡q✉❛çã♦ ✭✷✳✶✮✮✱ ❡♥tr❡ ❛s ❢❛✐①❛s ❛❞❥❛❝❡♥t❡s
❞❡ â♥❣✉❧♦s r❡t♦s✱ ♣r❡✈✐❛♠❡♥t❡ ❝♦❧❛❞♦s ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✷✳✻✳ P❡❧♦ ❚❡♦r❡♠❛
✷✳✷ ✉♠❛ s✉♣❡r❢í❝✐❡ S∗ ♦❜t✐❞❛ ❞❡st❛ ❢♦r♠❛ é ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ q✉❡ ✈❡r✐✜❝❛
❛s ♣r♦♣r✐❡❞❛❞❡s r❡q✉❡r✐❞❛s✳

❋✐❣✉r❛ ✷✳✻✿ ❈♦❜❡rt✉r❛ ✉♥✐✈❡rs❛❧✳

❉❛q✉✐ ♣❛r❛ ❢r❡♥t❡✱ ✉♠❛ ❝♦❜❡rt✉r❛ ✉♥✐✈❡rs❛❧ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ s❡rá ❝♦♠♦ ✉♠
❧❡✈❛♥t❛♠❡♥t♦ ❞❛ ❡str✉t✉r❛ ❡♠ ✉♠❛ ♥♦✈❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛✳

❚❡♦r❡♠❛ ✷✳✹✳ ✭❬✼❪✱ ♣á❣✳✿ ✶✻✮ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛✳ ❆ ❝♦❜❡rt✉r❛

✉♥✐✈❡rs❛❧ S̃ ❞❡ S é ✐s♦♠étr✐❝❛ ❛ ✉♠ ❞♦♠í♥✐♦ ❝♦♥❡①♦ ❡♠ H2 ❝♦♠ ❢r♦♥t❡✐r❛s s❡❝❝✐✲
♦♥❛❧♠❡♥t❡ ❣❡♦❞és✐❝❛s✳ ❙❡ S é s❡♠ ❜♦r❞♦✱ ❡♥tã♦ S̃ é ✐s♦♠étr✐❝❛ ❛ H2✳

P❛r❛ ♠❡❧❤♦r r❡❢❡rê♥❝✐❛ ❞♦ s❡❣✉✐♥t❡ ❚❡♦r❡♠❛✱ ❝♦♥s✐❞❡r❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ π :
S̃ → S q✉❡ é ❛ ❝♦❜❡rt✉r❛ ✉♥✐✈❡rs❛❧ ❞❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ S ❡ p é ✉♠ ♣♦♥t♦ ❞❡
S ❡ p̃ é ✉♠ ♣♦♥t♦ ❞❡ ❝♦❜❡rt✉r❛ ❞❡ p✳

❚❡♦r❡♠❛ ✷✳✺✳ ✭❬✼❪✱ ♣á❣✳✿ ✶✼✮ ✭Pr♦♣r✐❡❞❛❞❡ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦ ú♥✐❝♦✮ ❙❡❥❛
I ✉♠ ✐♥t❡r✈❛❧♦ ♦✉ ♣r♦❞✉t♦ ❞❡ ✐♥t❡r✈❛❧♦s✱ ❡ s❡❥❛ x ∈ I✳ P❛r❛ q✉❛❧q✉❡r ❢✉♥çã♦
❝♦♥t✐♥✉❛ φ : I → S s❛t✐s❢❛③❡♥❞♦ φ(x) = p✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ú♥✐❝❛ φ̃ : I → S̃ t❛❧

q✉❡ φ̃(x) = p̃ ❡ π ◦ φ̃ = φ✳

✷✳✹ ❈✉r✈❛s ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❡ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s

❙❡❥❛♠ p ∈ H2 ❡ γ ✉♠❛ ❣❡♦❞és✐❝❛ ❡♠ H2✱ ❡♥tã♦ ♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡①✐st❡
✉♠❛ ❝✉r✈❛ ❣❡♦❞és✐❝❛ ♣❡r♣❡♥❞✐❝✉❧❛r q✉❡ ❧✐❣❛ p ❡ γ✳ ❆❧é♠ ❞✐ss♦✱ s❡ ❞✉❛s ❣❡♦❞és✐❝❛s



✸✷ ✷✳✹✳ ❈✉r✈❛s ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❡ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s

♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ t❡♠ ❞✐stâ♥❝✐❛ ♣♦s✐t✐✈❛✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❣❡♦❞és✐❝❛ ♣❡r♣❡♥✲
❞✐❝✉❧❛r ❧✐❣❛♥❞♦ ❛s ❞✉❛s ❣❡♦❞és✐❝❛s✳ ❖s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s q✉❡ ❛♣r❡s❡♥t❛r❡♠♦s✱
✈ã♦ ❡①♣❧✐❝❛r ♠❡❧❤♦r ❡st❛s ❛✜r♠❛çõ❡s✳

◆❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✱ S é ✉♠❛ s✉♣❡r❢í❝✐❡ s✉❛✈❡ ❝♦♠ ❢r♦♥t❡✐r❛s s✉❛✈❡s ♣♦r
♣❛rt❡s✳

❉❡✜♥✐çã♦ ✷✳✺✳ ❙❡❥❛♠ A,B ⊂ S s✉❜❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ❝♦♥❡①♦s✳ ❙✉♣♦♥❤❛♠♦s
q✉❡ c, γ : [a, b] → S sã♦ ❝✉r✈❛s ❝♦♥tí♥✉❛s ❝♦♠ ♣♦♥t♦s ✐♥✐❝✐❛✐s c(a), γ(a) ∈ A ❡
❝♦♠ ♣♦♥t♦s ✜♥❛✐s c(b), γ(b) ∈ B✳ ❉✐③❡♠♦s q✉❡ c é ❤♦♠♦tó♣✐❝♦ ❛ γ ❝♦♠ ♣♦♥t♦s ❞❡
❡①tr❡♠✐❞❛❞❡s ❡♠ A ❡ B✱ s❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ H : [0, 1]× [a, b] → S
t❛❧ q✉❡

H(0, t) = c(t), H(1, t) = γ(t), a ≤ t ≤ b

H(s, a) ∈ A, H(s, b) ∈ B, 0 ≤ s ≤ 1.

❯♠ ❡①❡♠♣❧♦ ❞❡ ❤♦♠♦t♦♣✐❛ ♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ é ❞❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✼ ❝♦♠
A = α ❡ B = {p}✱ ❝♦♠♦ t❛♠❜é♠ ❝♦♠ A = α ❡ B = β✱ ♦♥❞❡ α ❡ β sã♦ ❣❡♦❞és✐❝❛s✳

❋✐❣✉r❛ ✷✳✼✿ ❍♦♠♦t♦♣✐❛s ♥♦ ❞✐s❝♦ D2✳

◆♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛ t❡r❡♠♦s ✉♠❛ s✐t✉❛çã♦ s❡♠❡❧❤❛♥t❡ ❡♠ ✉♠❛ s✉♣❡r❢í❝✐❡
❤✐♣❡r❜ó❧✐❝❛✳

❚❡♦r❡♠❛ ✷✳✻✳ ❙❡❥❛ S✱ ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❡ s❡❥❛ c : [a, b]→ S ✉♠❛ ❝✉r✈❛
❝♦♠ c(a) ∈ A ❡ c(b) ∈ B✱ ♦♥❞❡ A ❡ B sã♦ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s ❞❡ ❢r♦♥t❡✐r❛s✱
❡ ❞✐s❥✉♥t❛s ❞❡ S✳ ◆❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ c ❝♦♠ ♣♦♥t♦s ✜♥❛✐s ♣❡r❝♦rr❡♥❞♦
❡♠ A ❡ B✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❣❡♦❞és✐❝❛ γ✳ ❊♠ s❡✉s ♣♦♥t♦s ✜♥❛✐s ❡♥❝♦♥tr❛✲s❡
♣❡r♣❡♥❞✐❝✉❧❛r♠❡♥t❡ ❡♠ A ❡ B✳ ❚♦❞♦s ♦s ♦✉tr♦s ♣♦♥t♦s ❞❡ γ ❡stã♦ ♥♦ ✐♥t❡r✐♦r ❞❡
S✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ C ♦ ❝♦♥❥✉♥t♦ ❞❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ c ✳ ❊♥tã♦ C ❝♦♥té♠
❝✉r✈❛s s✉❛✈❡s✱ ❛❣♦r❛ ❝♦♥s✐❞❡r❡♠♦s {γn}∞n=1 ⊂ C ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♠ ❝♦♠♣r✐♠❡♥✲
t♦s l(γn) q✉❡ ❝♦♥✈❡r❣❡ ❛ ✉♠ í♥✜♠♦ L q✉❛♥❞♦ n → ∞✳ P❛r❛♠❡tr✐③❛♥❞♦ ❝❛❞❛
❝✉r✈❛ ♥♦ ✐♥t❡r✈❛❧♦ [a, b] ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ❝♦♥st❛♥t❡✱ ❡♥tã♦ ❛ ❢❛♠í❧✐❛ {γn}∞n é ❡q✉✐✲
❝♦♥tí♥✉♦ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❆r③❡❧á✲❆s❝♦❧í✱ t❡♠♦s ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡
❛ ✉♠❛ ❝✉r✈❛ γ : [a, b]→ S ❞❡ ❝♦♠♣r✐♠❡♥t♦ l(γ) = L✳
❆s ❢r♦♥t❡✐r❛s ❞❡ S sã♦ s❡❝❝✐♦♥❛❧♠❡♥t❡ s✉❛✈❡s✱ ❡♥tã♦ t❡♠♦s q✉❡ γ ♣❡rt❡♥❝❡ ❛ C✳



✸✸ ✷✳✹✳ ❈✉r✈❛s ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❡ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s

❖s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ S sã♦ ♠❡♥♦r❡s ♦✉ ✐❣✉❛✐s ❛ π✱ ❡ ❝♦♠♦ γ t❡♠ ❝♦♠♣r✐♠❡♥t♦
♠✐♥✐♠❛❧✱ γ é ✉♠ ❛r❝♦ ❣❡♦❞és✐❝♦ ❝♦♠ ♦s ♣♦♥t♦s ❡①tr❡♠♦s ❡♠ ∂S✳ ❈♦♠♦ A ❡ B
sã♦ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s ❡ γ t❡♠ ❝♦♠♣r✐♠❡♥t♦ ♠✐♥✐♠❛❧✱ ❡♥tã♦ γ ❡♥❝♦♥tr❛✲s❡ ❡♠
A ❡ B ♣❡r♣❡♥❞✐❝✉❧❛r♠❡♥t❡✳

P❛r❛ ♣r♦✈❛r ❛ ✉♥✐❝✐❞❛❞❡✱ ❝♦♥s✐❞❡r❛♠♦s ❛ ❝♦❜❡rt✉r❛ ✉♥✐✈❡rs❛❧ π : S̃ → S ♦♥❞❡
S̃ ⊂ H2 ❞♦ ❚❡♦r❡♠❛ ✷✳✹✳ ❈♦♥s✐❞❡r❛♠♦s Ã✱ B̃ ❡ γ̃ ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ A✱ B ❡ γ ❡♠
H2 t❛❧ q✉❡ γ̃ é ✉♠❛ ❝✉r✈❛ ♣❡r♣❡♥❞✐❝✉❧❛r ❞❡ Ã ❡ B̃✳ ❈❛❞❛ ❝✉r✈❛ ❤♦♠♦tó♣✐❝❛ ❞❡ γ
t❡♥❞♦ ♣♦♥t♦s ❞❡ ❡①tr❡♠✐❞❛❞❡ ♣❡r❝♦rr❡♥❞♦ ❡♠ A ❡ B✱ ❡❧❡✈❛ ❝✉r✈❛s ❤♦♠♦tó♣✐❝❛s ❞❡
γ̃ ❝♦♠ ♣♦♥t♦s ❞❡ ❡①tr❡♠✐❞❛❞❡ ♣❡r❝♦rr❡♥❞♦ ❡♠ Ã ❡ B̃ ✭❚❡♦r❡♠❛ ✷✳✺✮✳ ❆ ✉♥✐❝✐❞❛❞❡
❞❡ γ ❡♠ S s❡❣✉❡✲s❡ ❞❛ ✉♥✐❝✐❞❛❞❡ ❞❡ ❝✉r✈❛ ♣❡r♣❡♥❞✐❝✉❧❛r ❡♠ Ã ♣❛r❛ B̃ ❡♠ H2✳

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ é ✉♠❛ ✈❡rsã♦ ♠❛✐s ❝♦♠♣❧❡t❛✱ ♥♦ q✉❛❧ ♣♦❞❡♠♦s ❝♦❧❡t❛r
♣r♦♣r✐❡❞❛❞❡s s❡♠❡❧❤❛♥t❡s ❡♠ ❞✐✈❡rs❛s s✐t✉❛çõ❡s✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ A ⊂ S ❞❡ ✉♠❛
s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ é ❛❞♠✐ssí✈❡❧✱ s❡ A = {p} ♦✉ A é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦
❝♦♥❡①♦ ❞❡ ∂S✳

❚❡♦r❡♠❛ ✷✳✼✳ ✭❬✼❪✱ ♣á❣✳✿ ✶✽✮ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❡✱ s❡❥❛♠ A,B ⊂
S s✉❜❝♦♥❥✉♥t♦s ❛❞♠✐ssí✈❡✐s ❡ s❡❥❛ c : [a, b] → S ❝♦♠ c(a) ∈ A✱ c(b) ∈ B ✉♠❛
❝✉r✈❛ ❞❡ A ♣❛r❛ B ✭A ❡ B ♥ã♦ ♣r❡❝✐s❛♠ s❡r ❞✐❢❡r❡♥t❡s ♦✉ ❞✐s❥✉♥t♦s✮✳ ❊♥tã♦
❝✉♠♣r❡♠ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s✿

✶✳ ◆❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ c ❝♦♠ ♣♦♥t♦s ❡①tr❡♠♦s ♣❡r❝♦rr❡♥❞♦ ❡♠ A ❡ B✱
❡♥tã♦ ❡①✐st❡ ✉♠❛ ❝✉r✈❛ ❞❡ ♠❡♥♦r ❝♦♠♣r✐♠❡♥t♦ γ✳ ❊st❛ é ✉♠ ❛r❝♦ ❣❡♦❞és✐❝♦✳

✷✳ ❙❡ γ ♥ã♦ ❡stá ❝♦♥t✐❞♦ ❡♠ ∂S✱ ❡♥tã♦ γ ❡♥❝♦♥tr❛✲s❡ ♥❛ ❢r♦♥t❡✐r❛ s♦♠❡♥t❡ ❡♠
s❡✉s ♣♦♥t♦s ❡①tr❡♠♦s✳

✸✳ ❙❡ A = {p}✱ p ∈ S✱ ❡ s❡ B é ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝❛t❡❣♦r✐❛s

✭❛✮ ✉♠❛ ❝✉r✈❛ ❣❡♦❞és✐❝❛ ❞❡ ❢r♦♥t❡✐r❛✱ ❢❡❝❤❛❞❛ ❡ s✉❛✈❡✳

✭❜✮ ✉♠ ❧❛❞♦ ❞❡ S q✉❡ s❡ ❡♥❝♦♥tr❛ ❝♦♠ s❡✉s ❧❛❞♦s ❛❞❥❛❝❡♥t❡s s♦❜ ✉♠ â♥❣✉❧♦
≤ π/2✳

❊♥tã♦ γ é ✉♠ ♣♦♥t♦ ♦✉ é ✉♠ ❛r❝♦ ❣❡♦❞és✐❝♦ ♣❛ss❛♥❞♦ ♣♦r p ❡ ❡♥❝♦♥tr❛✲s❡
❝♦♠ B ♣❡r♣❡♥❞✐❝✉❧❛r♠❡♥t❡✳ ◆♦ ú❧t✐♠♦ ❝❛s♦ γ é ❛ ú♥✐❝❛ ❣❡♦❞és✐❝❛ ♣❛ss❛♥❞♦
♣♦r p ❡ ❡♥❝♦♥tr❛✲s❡ ❝♦♠ B ♣❡r♣❡♥❞✐❝✉❧❛r♠❡♥t❡✱ ♥❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡
c✳

✹✳ ❙❡ A ❡ B sã♦ ♦s ❧❛❞♦s ❝♦♠♦ ❛s ❝❛t❡❣♦r✐❛s ❡♠ 3 ✭♠❛s ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡
♦ ♠❡s♠♦✮✱ ❡ s❡ γ ♥ã♦ é ✉♠ ♣♦♥t♦✱ ❡♥tã♦ γ é ✉♠❛ ❝✉r✈❛ ♣❡r♣❡♥❞✐❝✉❧❛r ❞❡
A ♣❛r❛ B ♥❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛s ❞♦ c✳

✺✳ ❙❡ c ♥♦ ❝❛s♦ 4 é s✐♠♣❧❡s ❡ γ ♥ã♦ é ✉♠ ♣♦♥t♦✱ ❡♥tã♦ γ é s✐♠♣❧❡s✳

✻✳ ❙❡ A ❡ B sã♦ ♣♦♥t♦s✱ ❡♥tã♦ γ é ú♥✐❝❛✳

❯♠❛ ❝✉r✈❛ c : [a, b]→ S é ❝❤❛♠❛❞❛ s✐♠♣❧❡s s❡ c é ✉♠❛ ❛♣❧✐❝❛çã♦ ✐♥❥❡t✐✈❛✳ ◆♦
❚❡♦r❡♠❛ ✷✳✼ ♠❡♥❝✐♦♥❛♠♦s ♦s ❝❛s♦s ♠❛✐s ❢r❡q✉❡♥t❡s✳ ❆ ❋✐❣✉r❛ ✷✳✽✱ ✐❧✉str❛ ❛❧❣✉♥s
❝❛s♦s✳



✸✹ ✷✳✹✳ ❈✉r✈❛s ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❡ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s

❋✐❣✉r❛ ✷✳✽✿ ❆❧❣✉♠❛s ❤♦♠♦t♦♣✐❛s✳

❈♦♥t✐♥✉❛♥❞♦ ❝♦♠ ♦s t❡♦r❡♠❛s ❛♥t❡r✐♦r❡s✱ ♠❛s ❛❣♦r❛ ♣❛r❛ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s✳
❆s ♣❛r❛♠❡tr✐③❛çõ❡s ❞❡ ❝✉r✈❛s ❢❡❝❤❛❞❛s s❡rã♦ t❛♥t♦ ♥❛ r❡t❛ ❞♦s r❡❛✐s✱ ❝♦♠ ♣❡rí♦❞♦
1 ♦✉ ♥♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ S1

S1 = R/[t→ t+ 1]. ✭✷✳✶✷✮

❉❡✜♥✐çã♦ ✷✳✻✳ ❙❡❥❛ M ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✳ ❉✉❛s ❝✉r✈❛s ❢❡❝❤❛❞❛s c, γ : S1 →
M sã♦ ❝❤❛♠❛❞❛s ❧✐✈r❡♠❡♥t❡ ❤♦♠♦tó♣✐❝❛s✱ s❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ H :
[0, 1]× S1 →M

H(0, t) = c(t), H(1, t) = γ(t), t ∈ S1.

❈✉r✈❛s q✉❡ sã♦ ❧✐✈r❡♠❡♥t❡ ❤♦♠♦tó♣✐❝♦s ❛ ✉♠ ♣♦♥t♦ sã♦ ❝❤❛♠❛❞❛s ❤♦♠♦tó♣✐❝❛✲
♠❡♥t❡ tr✐✈✐❛✐s✳

◆❛s s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s✱ ❛s ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛s ❧✐✈r❡s ❡ ❛s ❣❡♦❞és✐❝❛s
❢❡❝❤❛❞❛s ❡stã♦ ❡♠ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ✉♠ ❛ ✉♠✳

❉❡✜♥✐çã♦ ✷✳✼✳ ❉✉❛s ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s✱ ♣❛r❛♠❡tr✐③❛❞❛s ♣♦r γ, γ′ : S1 →M ✭❞❡
✈❡❧♦❝✐❞❛❞❡s ❝♦♥st❛♥t❡s✮✱ sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ s❡ ❡①✐st❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h : S1 →
S1 ❞❛ ❢♦r♠❛ h(t) = t + c✱ ♦♥❞❡ c é ❝♦♥st❛♥t❡✱ t❛❧ q✉❡ γ′ = γ ◦ h✳ ❯♠❛ ❣❡♦❞és✐❝❛
❢❡❝❤❛❞❛ é ✉♠❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❣❡♦❞és✐❝❛s ♣❛r❛♠❡tr✐③❛❞❛s ❢❡❝❤❛❞❛s✳

◆♦t❡ q✉❡ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s ❡q✉✐✈❛❧❡♥t❡s sã♦ s❡♠♣r❡ ❧✐✈r❡♠❡♥t❡ ❤♦♠♦tó♣✐❝❛s✳

❉❡✜♥✐çã♦ ✷✳✽✳ ❙❡❥❛♠ γ ❡ δ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s ❡ m ∈ Z− {0}✳ ❉✐③❡♠♦s q✉❡ γ
é m✲✐t❡r❛❞❛ ❞❡ δ✱ s❡ γ(t) = δ(mt)✱ t ∈ S1✳ ❯♠❛ ❣❡♦❞és✐❝❛ é ♣r✐♠✐t✐✈❛ s❡ ♥ã♦ é
m✲✐t❡r❛❞❛ ❞❡ ♦✉tr❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ ♣❛r❛ m ≥ 2✳

◆♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❛ss✉♠✐♠♦s q✉❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❢r♦♥t❡✐r❛ ❢❡❝❤❛❞❛ ❞❡
S é ✉♠❛ ❝✉r✈❛ ♣r✐♠✐t✐✈❛ ♣❛r❛♠❡tr✐③❛❞❛✳

❚❡♦r❡♠❛ ✷✳✽✳ ✭❬✼❪✱ ♣á❣✳✿ ✷✸✮ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❡ s❡❥❛ c ✉♠❛
❝✉r✈❛ ❢❡❝❤❛❞❛ ❤♦♠♦tó♣✐❝❛♠❡♥t❡ ♥ã♦ tr✐✈✐❛❧ ❡♠ S✳ ❊♥tã♦ t❡♠♦s✿

✶✳ c é ❧✐✈r❡♠❡♥t❡ ❤♦♠♦tó♣✐❝❛ ❛ ✉♠❛ ú♥✐❝❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ γ✳



✸✺ ✷✳✺✳ ❖s ♣❛râ♠❡tr♦s ❋❡♥❝❤❡❧✲◆✐s❡❧s❡♥

✷✳ γ ♦✉ ❡stá ❝♦♥t✐❞♦ ❡♠ ∂S ♦✉ γ ∩ ∂S = ∅✳

✸✳ ❙❡ c é s✐♠♣❧❡s✱ ❡♥tã♦ γ é s✐♠♣❧❡s✳

✹✳ s❡ c é ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❢r♦♥t❡✐r❛ ♥ã♦ s✉❛✈❡✱ ❡♥tã♦ γ ❡ c ❧✐❣❛♠ ✉♠ ❛♥❡❧
✐♠❡rs♦ ❡♠ S✳

❖ s❡❣✉✐♥t❡ ❡①❡♠♣❧♦ é ♣❛r❛ ♦ ❝❛s♦ ❞❡ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ♥ã♦ ❝♦♠♣❛❝t❛s✳

❊①❡♠♣❧♦ ✷✳✸✳ ✭❈ús♣✐❞❡✮ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ♥ã♦ ❝♦♠♣❛❝t❛ ❡ s❡❥❛
ℑ ⊂ S ✉♠ ❞♦♠í♥✐♦ q✉❡ é ✐s♦♠étr✐❝♦ à s✉♣❡r❢í❝✐❡

(−∞, 0]× S1 = (−∞, 0]× R/[t→t+π] ✭✷✳✶✸✮

❝♦♠ ❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ✭✈❡r ❋✐❣✉r❛ ✷✳✾✮

ds2 = dρ2 + e2ρdt2. ✭✷✳✶✹✮

❋✐❣✉r❛ ✷✳✾✿ ❈ús♣✐❞❡ ❣❡r❛❞❛ ♣♦r Γ = 〈T (z) = z + c〉 ❡♠ H2✳

❚❛❧ ❞♦♠í♥✐♦ é ❝❤❛♠❛❞♦ ✉♠❛ ❝ús♣✐❞❡✳ ❉♦ ♠❡s♠♦ ♠♦❞♦ ♣♦❞❡♠♦s ❞❡s❝r❡✈❡r✱
❝♦♠♦ ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ ℑ = ℑ̃/Γ✱ ♦♥❞❡

ℑ̃ = {x+ iy ∈ H2/y ≥ 1}

❡ Γ é ♦ ❣r✉♣♦ ❝í❝❧✐❝♦ Γ = {Tm/m ∈ Z} ⊂ Isom+(H2)✱ ♦♥❞❡ T (z) = z + 1 ♣❛r❛
t♦❞♦ z ∈ H2✳
❆ ❤♦r♦❡s❢❡r❛ ha = {x+iy ∈ H2/y = a, a ≥ 1}✱ ♣r♦❥❡t❛ ❛ ❝✉r✈❛ ca ❞❡ ❝♦♠♣r✐♠❡♥t♦
1/a ❡♠ ℑ✳ ❚♦❞♦s ❡❧❡s ♣❡rt❡♥❝❡♠ ❛ ♠❡s♠❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❧✐✈r❡ ♥ã♦ tr✐✈✐❛❧✳
❊st❛ ❝❧❛ss❡ ♥ã♦ ❝♦♥té♠ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s✳

✷✳✺ ❖s ♣❛râ♠❡tr♦s ❋❡♥❝❤❡❧✲◆✐s❡❧s❡♥

◆❡st❛ s❡çã♦✱ ❞❛r❡♠♦s ✉♠❛ ✈✐sã♦ ❣❡r❛❧ ❞♦s ♣❛râ♠❡tr♦s ❋❡♥❝❤❡❧✲◆✐❡❧s❡♥ ❡ ❛
❝♦rr❡s♣♦♥❞❡♥t❡ ❝♦♥str✉çã♦ ❞❛s s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s✳ ❆ ❝♦♥str✉çã♦ ❜❛s❡✐❛✲s❡
♥❛ ❝♦❧❛❣❡♠ ❞❡ ❤❡①á❣♦♥♦s ❣❡♦❞és✐❝♦s✳ ❈♦♠❡ç❛♠♦s ❝♦♠ ✉♠ ❧❡♠❛ q✉❡ ❣❛r❛♥t❡ ❛
❡①✐stê♥❝✐❛ ❞❡ss❡s ❤❡①á❣♦♥♦s✳



✸✻ ✷✳✺✳ ❖s ♣❛râ♠❡tr♦s ❋❡♥❝❤❡❧✲◆✐s❡❧s❡♥

▲❡♠❛ ✷✳✶✳ ❊①✐st❡ ✉♠ ❤❡①á❣♦♥♦ ❣❡♦❞és✐❝♦ r❡t♦ ♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠ ❧❛❞♦s
❡♠♣❛r❡❧❤❛❞♦s ♥ã♦ ❛❞❥❛❝❡♥t❡s ❞❡ ❝♦♠♣r✐♠❡♥t♦s l(a), l(b) ❡ l(c)✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡♠♦s ❛s ❣❡♦❞és✐❝❛s ♣❡r♣❡♥❞✐❝✉❧❛r❡s β✱ a ❡ γ ❝♦♠♦ ♥❛
❋✐❣✉r❛ ✷✳✶✵✳ ❙❡❥❛ L ❛ ❧✐♥❤❛ r❡t❛ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ❡♠ H2 ❛ ✉♠❛ ❞✐stâ♥❝✐❛ l(c)
❞❡ β✱ q✉❡ s❡ ❡♥❝♦♥tr❛♠ ♥♦ ♠❡s♠♦ ❧❛❞♦ ❞❡ β ❝♦♠♦ γ✳ ◆♦ ♠♦❞❡❧♦ ❞♦ s❡♠✐♣❧❛♥♦
s✉♣❡r✐♦r✱ L é ✉♠❛ ❧✐♥❤❛ r❡t❛ ✭♣♦✐s T (z) = λz✱ é ✉♠❛ ✐s♦♠❡tr✐❛✮✳ ❆❣♦r❛ ❝♦♥s✐✲
❞❡r❡♠♦s ✉♠❛ ❣❡♦❞és✐❝❛ t❛♥❣❡♥t❡ ❝♦♠ L✱ ❧♦❣♦ ♠♦✈❡♠♦s α ❛♦ ❧♦♥❣♦ ❞❡ L ❛té t❡r
dist(γ, α) = l(b)✱ ✜♥❛❧♠❡♥t❡ ❝❤❛♠❛♠♦s b ✉♠❛ ❝✉r✈❛ ♣❡r♣❡♥❞✐❝✉❧❛r ❞❡ γ ❡ α✳ P❡❧♦
q✉❡ ♦❜t❡♠♦s ✉♠ ❤❡①á❣♦♥♦ ❣❡♦❞és✐❝♦ ✭✈❡❥❛ ❛ ❋✐❣✉r❛ ✷✳✶✵✮✳

❋✐❣✉r❛ ✷✳✶✵✿ ❊①✐stê♥❝✐❛ ❞❡ ✉♠ ❤❡①á❣♦♥♦ ❡♠ H2✳

❈♦♥str✉✐r❡♠♦s ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❡♠ três ♣❛ss♦s✱ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

✶✳ ❈♦❧❛♠♦s ❞✉❛s ❝♦♣✐❛s ❞❡ ✉♠ ❤❡①á❣♦♥♦ ❛♦ ❧♦♥❣♦ ❞❡ três ❧❛❞♦s ♥ã♦ ❛❞❥❛❝❡♥t❡s
♣❛r❛ ♦❜t❡r ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ Y ❝♦♠ três ❣❡♦❞és✐❝❛s ❢r♦♥t❡✐r❛s ❢❡✲
❝❤❛❞❛s ✭✈❡❥❛ ❋✐❣✉r❛ ✷✳✶✶✮ ✳ P❡❧♦ ▲❡♠❛ ✷✳✶ ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❛s ❣❡♦❞és✐❝❛s
❞❡ ❢r♦♥t❡✐r❛s ♣♦❞❡♠ s❡r ❛r❜✐tr❛r✐❛s✳

❋✐❣✉r❛ ✷✳✶✶✿ ❈♦♥str✉çã♦ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ Y ✳

✷✳ ❙❡❥❛ G ✉♠ ❣r❛❢♦ ❝ú❜✐❝♦ ❝♦♠ 2g− 2 ✈ért✐❝❡s ❡ 3g− 3 ❛r❡st❛s✱ q✉❡r ❞✐③❡r ✉♠
♣❛❞rã♦ ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✷✳✶✷✳ P❛r❛ q✉❛❧q✉❡r ✈ért✐❝❡ y ❞❡ G ❛ss♦❝✐❛♠♦s ✉♠❛
s✉♣❡r❢í❝✐❡ Y ❡ ❝♦❧❛♠♦s ❡ss❛s s✉♣❡r❢í❝✐❡s ❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✷✳✶✷✳
❆s ❣❡♦❞és✐❝❛s ❞❡ ❢r♦♥t❡✐r❛s ♣❛r❛ ❛ ❝♦❧❛❣❡♠ ❞❡✈❡♠ t❡r ♦s ♠❡s♠♦s ❝♦♠♣r✐✲
♠❡♥t♦s✳ ❆ s✉♣❡r❢í❝✐❡ S ♦❜t✐❞❛ ❞❡st❛ ❢♦r♠❛✱ ❝♦♥té♠ 3g−3 ❣❡♦❞és✐❝❛s ❢❡❝❤❛✲
❞❛s q✉❡ ❝♦rr❡s♣♦♥❞❡♠ ❛s 3g− 3 ❛r❡st❛s ❞❡ G✳ ❖s ❝♦♠♣r✐♠❡♥t♦s l1, ..., l3g−3



✸✼ ✷✳✺✳ ❖s ♣❛râ♠❡tr♦s ❋❡♥❝❤❡❧✲◆✐s❡❧s❡♥

❞❡st❛s ❣❡♦❞és✐❝❛s ♣♦❞❡♠ s❡r ♣r❡s❝r✐t♦s ❛r❜✐tr❛r✐❛♠❡♥t❡✳ ❊♠ ❛❞✐çã♦ ❛ ❡s✲
t❡s ❝♦♠♣r✐♠❡♥t♦s ♣♦❞❡♠♦s ❡st❛❜❡❧❡❝❡r ♣❛râ♠❡tr♦s ❞❡ t♦rçã♦ a1, ..., a3g−3

✭✈❡❥❛ s❡çã♦ ✷✳✼✮ ♣❛r❛ ❛ ❝♦❧❛❣❡♠ ❞❛s ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s✱ ❝♦♠♦ ♥♦ ❊①❡♠♣❧♦
✷✳✷✳ ❖s ♣❛râ♠❡tr♦s l1, ...., l3g−3 ❡ a1, ..., a3g−3 sã♦ ❝❤❛♠❛❞♦s ♣❛râ♠❡tr♦s ❞❡
❋❡♥❝❤❡❧✲◆✐❡❧s❡♥✱ ♣❛r❛ t❛✐s s✉♣❡r❢í❝✐❡s ❝♦♥str✉í❞❛s✳

❋✐❣✉r❛ ✷✳✶✷✿ ❈♦♥str✉çã♦ ❝♦♠ ♣❛râ♠❡tr♦s ❞❡ ❋❡♥❝❤❡❧✲◆✐❡❧s❡♥✳

❉❡✜♥✐çã♦ ✷✳✾✳ ❯♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ s❡♠ ❢r♦♥t❡✐r❛ é ❝❤❛♠❛❞❛ ✉♠❛ s✉♣❡r❢í❝✐❡
❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛✳

P❛r❛ ❛ ♣ró①✐♠❛ ❞❡✜♥✐çã♦ ❛❞♦t❛♠♦s ❛ s❡❣✉✐♥t❡ t❡r♠✐♥♦❧♦❣✐❛✳ ❯♠❛ s✉♣❡r❢í❝✐❡ ❤✐✲
♣❡r❜ó❧✐❝❛ ❞❡ ❛ss✐♥❛t✉r❛ (g, n) é ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ ❣ê♥❡r♦ g ❝♦♠ n ❝♦♠♣♦♥❡♥t❡s
❞❡ ❢r♦♥t❡✐r❛s✳

❉❡✜♥✐çã♦ ✷✳✶✵✳ ❯♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛ ❞❡ ❛ss✐♥❛t✉r❛ (g, n) é ✉♠❛
s✉♣❡r❢í❝✐❡ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ ❛ss✐♥❛t✉r❛ (g, n) s❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❢r♦♥t❡✐r❛ é
✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✉❛✈❡✳

❯♠ ❡①❡♠♣❧♦ é ❛ s✉♣❡r❢í❝✐❡ Y q✉❡ t❡♠ ❛ss✐♥❛t✉r❛ (0, 3)✱ ❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡
❛ss✐♥❛t✉r❛ (g, 0) é ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ s❡♠ ❢r♦♥t❡✐r❛s✳

❆❣♦r❛ ❛♣r❡s❡♥t❛r❡♠♦s ♦ ❡sq✉❡♠❛ ❞❡ ❝♦❧❛❣❡♠ ❞❛s s✉♣❡r❢í❝✐❡s Y ✳ ❙❡❥❛ H ✉♠
❤❡①á❣♦♥♦ ❣❡♦❞és✐❝♦ ❝♦♠ â♥❣✉❧♦s r❡t♦s ♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠ ❧❛❞♦s ❝♦♥s❡❝✉t✐✲
✈♦s

α1, c3, α2, c1, α3, c2

❡ s❡❥❛ H ′ ✉♠❛ ❝ó♣✐❛ ❞✐s❥✉♥t❛ ❞❡ H ❝♦♠ ❧❛❞♦s ❝♦rr❡s♣♦♥❞❡♥t❡s

α′
1, c

′
3, α

′
2, c

′
1, α

′
3, c

′
2.

P❛r❛♠❡tr✐③❛♠♦s t♦❞♦s ♦s ❧❛❞♦s ♥♦ ✐♥t❡r✈❛❧♦ [0, 1]✱ ❝♦♠ ✉♠❛ ✈❡❧♦❝✐❞❛❞❡ ❝♦♥st❛♥t❡



✸✽ ✷✳✻✳ ❚r✐❣♦♥♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛

❋✐❣✉r❛ ✷✳✶✸✿ ❊sq✉❡♠❛ ❡ ❝♦❧❛❣❡♠ ❞✉♠❛ ❝❛❧ç❛ Y ✳

t → αi(t), t→ α′
i(t), t ∈ [0, 1], i = 1, 2, 3

✭✷✳✶✺✮

t → ci(t), t→ c′i(t), t ∈ [0, 1], i = 1, 2, 3

t❛❧ q✉❡ ♦s ❧❛❞♦s ❞❡ H ❡ H ′ ❡♠ ❝♦♥❥✉♥t♦ ❢♦r♠❛♠ ✉♠❛ ❝✉r✈❛ ❞❡ ❢r♦♥t❡✐r❛ ❢❡❝❤❛❞❛
✭✈❡❥❛ ❋✐❣✉r❛ ✷✳✶✸✮✳ ❚♦♠❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦❧❛❣❡♠

αi(t) = α′
i(t) = ai(t), t ∈ [0, 1], i = 1, 2, 3 ✭✷✳✶✻✮

❞❡✜♥✐♠♦s ✉♠❛ 3✲❡s❢❡r❛ ❝♦♠ ❢✉r♦s✳ ❙❡❥❛ Y ✉♠❛ s✉♣❡r❢í❝✐❡ t❛❧ q✉❡

Y = H +H ′♠♦❞(2.16)

q✉❡ ❤❡r❞❛ ❛s ❡str✉t✉r❛s ❤✐♣❡r❜ó❧✐❝❛s ❞❡ H ❡ H ′✳
❯♠❛ ✈❡③ q✉❡ t♦❞♦s ❛s â♥❣✉❧♦s sã♦ â♥❣✉❧♦s r❡t♦s✱ ❛s ❝✉r✈❛s ❞❛ ❢r♦♥t❡✐r❛

t→ γi(t) =





ci(2t), s❡ 0 ≤ t ≤ 1/2
i = 1, 2, 3

c′i(2− 2t), s❡ 1/2 ≤ t ≤ 1
✭✷✳✶✼✮

sã♦ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s✳ ❆ ❡q✉❛çã♦ ✭✷✳✶✼✮ t❛♠❜é♠ é ✐♥t❡r♣r❡t❛❞❛ ❝♦♠♦ ❛s ♣❛r❛✲
♠❡tr✐③❛çõ❡s ❞♦s γi✳ ❆ss✐♠✱ Y é ✉♠ ♣❛r ❞❡ ❝❛❧ç❛s✳

✷✳✻ ❚r✐❣♦♥♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛

❖s r❡s✉❧t❛❞♦s ❞❡st❛ s❡❝çã♦ s❡rã♦ ❛♠♣❧❛♠❡♥t❡ ✉t✐❧✐③❛❞♦s ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳
◆❡st❡ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❢ór♠✉❧❛s tr✐❣♦♥♦♠étr✐❝❛s ❜❛s❡❛❞♦ ♥♦ ♠♦❞❡❧♦ ❤✐♣❡r✲
❜♦❧♦✐❞❡✳ ◆❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ✉t✐❧✐③❛♠♦s ♦ ❣r✉♣♦ ❞❡ ✐s♦♠❡tr✐❛s ❛t✐♥❣✐♥❞♦ s♦❜r❡ ♦
♠♦❞❡❧♦ ❤✐♣❡r❜♦❧♦✐❞❡ ♣❛r❛ ♦❜t❡r ❛s ❢ór♠✉❧❛s tr✐❣♦♥♦♠étr✐❝❛s ❞♦ tr✐â♥❣✉❧♦ ❝♦♠♣❛✲
r❛♥❞♦✱ ❡❧❡♠❡♥t♦s ❞❛ ♠❛tr✐③✳ ❊ ✜♥❛❧♠❡♥t❡ ❣❡♥❡r❛❧✐③❛♠♦s ✐ss♦ ♣❛r❛ ♣❡♥tá❣♦♥♦s✳



✸✾ ✷✳✻✳ ❚r✐❣♦♥♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛

✷✳✻✳✶ ❖ ♠♦❞❡❧♦ ❤✐♣❡r❜♦❧♦✐❞❡

P❛r❛ ❝♦♠❡ç❛r✱ s❡❥❛ ❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r

h(X, Y ) = x1y1 + x2y2 − x3y3, X, Y ∈ R3, ✭✷✳✶✽✮

♦♥❞❡ xi, yj sã♦ ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ X ❡ Y r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❛♣❧✐❝❛çõ❡s ❧✐♥❡❛r❡s
Lσ,Mρ ∈ GL(3,R) sã♦ ❞❛❞❛s ♣♦r

Lσ =




cos σ − sen σ 0
sen σ cos σ 0
0 0 1


 , Mρ =




cosh ρ 0 senh ρ
0 1 0
senh ρ 0 cosh ρ


 ✭✷✳✶✾✮

✭❛♣❧✐❝❛♥❞♦ ❡♠ ✈❡t♦r❡s ❝♦❧✉♥❛✮ ❝♦♠ s✉❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧

dh2 = dx21 + dx22 − dx23.

❙❡❥❛ Ω ⊂ GL(3,R) ♦ s✉❜❣r✉♣♦ ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s Lσ ❡ Mρ✱ σ, ρ ∈ R✳ ❆❣♦r❛
❝♦♥s✐❞❡r❡♠♦s ♦ ❤✐♣❡r❜♦❧♦✐❞❡✳

H = {X ∈ R3/h(X, Y ) = −1, x3 > 0} ✭✷✳✷✵✮

❡ s❡❥❛ g ❛ ❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧ q✉❛❞rát✐❝❛ ❡♠ H q✉❡ é ♦❜t✐❞❛ ♣♦r r❡str✐çã♦ ❞❡ dh2

♣❛r❛ ♦s ✈❡t♦r❡s t❛♥❣❡♥t❡s ❞❡ H✳ ❊♥tã♦ H ❡ g sã♦ ✐♥✈❛r✐❛♥t❡s s♦❜r❡ Ω✳ ❈♦♠♦ g é
❞❡✜♥✐❞♦ ♣♦s✐t✐✈♦ ♥♦ ♣❧❛♥♦ t❛♥❣❡♥t❡ ♥♦ ♣♦♥t♦

p0 =




0
0
1


 ∈ H

✐♠♣❧✐❝❛ q✉❡ H = (H, g) é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✱ ❡ Ω = Isom+(H)✳ P❛r❛
♣r♦✈❛r q✉❡ H é ✉♠ ♠♦❞❡❧♦ ❞♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✱ ❢❛③❡♠♦s ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳
❙❡❥❛ λ : [0,+∞)→ H ✉♠❛ ❝✉r✈❛ ❝♦♠ σ ✜①♦✱ ❞❡✜♥✐❞♦ ♣♦r

λ(ρ) = LσMρ(p0)

q✉❡ t❡♠ ✈❡❧♦❝✐❞❛❞❡ ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ 1✳ ❙❡❥❛ ♦✉tr❛ ❝✉r✈❛ α : R→ H ♣❛r❛ ρ > 0
❞❡✜♥✐❞♦ ♣♦r

α(σ) = LσMρ(p0)

q✉❡ t❡♠ ✈❡❧♦❝✐❞❛❞❡ ❝♦♥st❛♥t❡ ✐❣✉❛❧ sinh ρ✳ ❆❧é♠ ❞✐ss♦ t❡♠♦s q✉❡

h(λ′(ρ), α′(σ)) = 〈λ′(ρ), α′(σ)〉 = 0

♦✉ s❡❥❛ ❛s ❝✉r✈❛s λ ❡ α s❡ ✐♥t❡rs❡❝t❛♠ ♦rt♦❣♦♥❛❧♠❡♥t❡✳ ■♥tr♦❞✉③✐♠♦s (ρ, σ) ❝♦♠♦
✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞♦ ♣♦♥t♦ p = LσMρ(p0) ♣❛r❛ ρ ∈ [0,+∞) ❡ σ ∈
[−π, π]✳ ▲♦❣♦ ♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ♦❜t✐❞♦ ❞❡st❛ ♠❛♥❡✐r❛ ❝♦❜r❡ H− {p0}✱ ❡
♦ t❡♥s♦r g t❡♠ ❛ ❢♦r♠❛

g = ds2 = dρ2 + senh2 ρdσ2.



✹✵ ✷✳✻✳ ❚r✐❣♦♥♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛

P♦✐s ♣❛r❛ ❛ ♣❛r❛♠❡tr✐③❛çã♦ x : [0,∞)× [−π, π]→ H ❞❡✜♥✐❞❛ ♣♦r

p = x(ρ, σ) = (cos σ senh ρ, sen σ senh ρ, cosh ρ)

❧♦❣♦

xρ(ρ, σ) = (cosσ cosh ρ, sen σ cosh ρ, senh ρ)

xσ(ρ, σ) = (− sen σ senh ρ, cos σ senh ρ, 0)

♣❡❧♦ q✉❡ t❡♠♦s g11 = 〈xρ(ρ, σ),xρ(ρ, σ)〉 = 1✱ g12 = g21 = 〈xρ(ρ, σ),xσ(ρ, σ)〉 = 0
❡ g22 = 〈xσ(ρ, σ),xσ(ρ, σ)〉 = sinh2 ρ✳ P♦rt❛♥t♦ t❡♠♦s

ds2 =
(
dρ dσ

)( 1 0
0 senh2 ρ

)(
dρ
dσ

)
= dρ2 + senh2 ρdσ2. ✭✷✳✷✶✮

■st♦ ♠♦str❛ q✉❡ H é ✐s♦♠étr✐❝♦ ❛ H2 ❡ (ρ, σ) é ❝❤❛♠❛❞♦ ❝♦♦r❞❡♥❛❞❛ ♣♦❧❛r ❣❡♦❞é✲
s✐❝❛ ❝❡♥tr❛❞♦ ❡♠ p0✳

✷✳✻✳✷ ❚r✐â♥❣✉❧♦s

P❛r❛ tr✐â♥❣✉❧♦s ❣❡♦❞és✐❝♦s ♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✱ ❞❡♥♦t❛♠♦s ♣❡❧♦s ❧❛❞♦s a, b ❡
c ❡ ♣♦r α, β ❡ γ ♦s â♥❣✉❧♦s ♦♣♦st♦s ❝♦rr❡s♣♦♥❞❡♥t❡s✳

❚❡♦r❡♠❛ ✷✳✾✳ ✭❚r✐â♥❣✉❧♦s ♦r❞✐♥ár✐♦s✮ ❆s s❡❣✉✐♥t❡s ❢ór♠✉❧❛s sã♦ s❛t✐s❢❡✐t❛s
♣❛r❛ tr✐â♥❣✉❧♦s ❣❡♦❞és✐❝♦s ♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✿

✶✳ cosh l(c) = − senh l(a) senh l(b) cos γ + cosh l(a) cosh l(b)

✷✳ cos γ = senα sin β cosh l(c)− cosα cos β

✸✳ senα
senh l(a)

= senβ
senh l(b)

= sen γ
senh l(c)

❋✐❣✉r❛ ✷✳✶✹✿ ❚r✐â♥❣✉❧♦ ❡♠ H✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ♦ tr✐â♥❣✉❧♦ T ✐♠❡rs♦ ❡♠ H t❛❧ q✉❡ β é ✉♠ â♥❣✉❧♦ ❡♠ p =
(0, 0, 1)t ∈ H✱ α ✉♠ â♥❣✉❧♦ ❡♠ M−c(p0) ❡ γ ✉♠ â♥❣✉❧♦ ❡♠ Lπ−βMa(p0) ❝♦♠♦ ♥❛



✹✶ ✷✳✻✳ ❚r✐❣♦♥♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛

❋✐❣✉r❛ ✷✳✶✹✳ ❙❡❥❛ ❛ ✐s♦♠❡tr✐❛ Lπ−αMc✱ q✉❡ ♣r✐♠❡✐r♦ ❢❛③ ✉♠❛ tr❛s❧❛çã♦ ❞❡ T ❛♦
❧♦♥❣♦ ❞❡ µ✱ tr❛③ ♦ â♥❣✉❧♦ α ♥♦ ♣♦♥t♦ p0✱ ❡ ❧♦❣♦ ❢❛③ ✉♠❛ r♦t❛çã♦ ❞❡ T s♦❜r❡ p0
❡♠ ✉♠ â♥❣✉❧♦ π − α✳

P♦rt❛♥t♦ ❛ ✐s♦♠❡tr✐❛ Lπ−αMc tr❛③ ❞❡ ✈♦❧t❛ ❛ ✉♠❛ ♣♦s✐çã♦ ❝♦♠♦ ♥❛ ❋✐❣✉r❛
✷✳✶✹✱ ♠❛s ❛❣♦r❛ ❝♦♠ ❧❛❞♦ b ❛♦ ✐♥✈❡③ ❞♦ ❧❛❞♦ c ❡♠ µ ❡ ❝♦♠ â♥❣✉❧♦ α ❛♦ ✐♥✈❡③ ❞❡
β ❡♠ p0✳ ❊♥tã♦ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❛ ✐s♦♠❡tr✐❛ Lπ−βMaLπ−γMbLπ−αMC ❧❡✈❛
T ❞❡ ♥♦✈♦ ♣❛r❛ s✉❛ ♣♦s✐çã♦ ♦r✐❣✐♥❛❧✳ P♦rt❛♥t♦ ❡st❡ ♣r♦❞✉t♦ é ❛ ✐❞❡♥t✐❞❛❞❡✳ P❡❧♦
q✉❡ t❡♠♦s

Lπ−βMaLπ−γMbLπ−αMc = I, ⇒MaLπ−γMb = Lβ−πM−cLα−π ✭✷✳✷✷✮

❈❛❧❝✉❧❛♥❞♦ ♦s ❝♦♠♣♦♥❡♥t❡s ❡♠ ✭✷✳✷✷✮ ♦❜t❡♠♦s 9 ✐❞❡♥t✐❞❛❞❡s✱ q✉❛tr♦ ❞❛s q✉❛✐s
sã♦ ❛q✉❡❧❛s ❞♦ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✷✳✶✵✳ ✭❚r✐â♥❣✉❧♦s ❞❡ â♥❣✉❧♦ r❡t♦✮ P❛r❛ q✉❛❧q✉❡r tr✐â♥❣✉❧♦ ❤✐♣❡r✲
❜ó❧✐❝♦ ❝♦♠ â♥❣✉❧♦ r❡t♦✱ t❡♠♦s✳

✶✳ cosh l(c) = cosh l(a) cosh l(b)

✷✳ cosh l(c) = cotα cot β

✸✳ senh l(a) = senα senh l(c)

✹✳ senh l(a) = cot β tanh l(b)

✺✳ cosα = cosh l(a) sen β

✻✳ cosα = tanh l(b) coth l(c)

❉❡♠♦♥str❛çã♦✳ ❆s três ♣r✐♠❡✐r❛s ✐❞❡♥t✐❞❛❞❡s sã♦ ♦❜t✐❞♦s ❞♦ ❚❡♦r❡♠❛ ✷✳✾ ♥♦ ❝❛s♦
γ = π

2
✳ ▼❛s ❛s ♦✉tr❛s três ✐❞❡♥t✐❞❛❞❡s r❡st❛♥t❡s sã♦ ♦❜t✐❞❛s ♣♦r ♠❡✐♦ ❞❡ ❝á❧❝✉❧♦s

❡❧❡♠❡♥t❛r❡s✳

◆♦ q✉❡ s❡❣✉❡✱ ✉♠ ♣♦❧í❣♦♥♦ P é ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ s❡❝❝✐♦♥❛❧♠❡♥t❡ ❣❡♦❞és✐❝❛✳
❖s ❛r❝♦s ❣❡♦❞és✐❝♦s ❞❡ P sã♦ ♦s ❧❛❞♦s✳
❆♥t❡s ❞❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦ ❢❛③❡♠♦s ❛❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s✳ ❙❡❥❛ (u, w) ✉♠ ♣❛r
♦r❞❡♥❛❞♦ ❞❡ ❧❛❞♦s ❝♦♥s❡❝✉t✐✈♦s ❞❡ P ❝♦♠ r❡s♣❡✐t♦ ❛ ✉♠❛ ♦r✐❡♥t❛çã♦✱ ❡ s❡❥❛ p
♦ ✈ért✐❝❡ ❝♦♠✉♠ ❞❡ u ❡ w✳ ❖ â♥❣✉❧♦ ❞❡ P ❡♠ p é ❞❡✜♥✐❞♦ ♣❡❧❛ r♦t❛çã♦ v ∈
Isom+(H2) ❝♦♠ p ✜①♦ q✉❡ r♦❞❛ w ♣❛r❛ u✳ ❉✐③❡♠♦s q✉❡ v é ♦ â♥❣✉❧♦ s✉❜s❡q✉❡♥t❡
❞♦ ❧❛❞♦ u ❡ w é ♦ ❧❛❞♦ s✉❜s❡q✉❡♥t❡ ❞♦ â♥❣✉❧♦ v ✭✈❡❥❛ ❋✐❣✉r❛ ✷✳✶✺✮✳

❋✐❣✉r❛ ✷✳✶✺✿ ➶♥❣✉❧♦ ❞❡ r♦t❛çã♦✳

❉❡✜♥✐çã♦ ✷✳✶✶✳ ❙❡❥❛♠ x ❡ y ♣❡rt❡♥❝❡♥t❡s ❛♦ ❝♦♥❥✉♥t♦ ❞❡ ❧❛❞♦s ❡ â♥❣✉❧♦s ❞♦ ♣♦✲
❧í❣♦♥♦ P✳ ❖ ♣❛r ♦r❞❡♥❛❞♦ (x, y) é ❞✐t♦ t✐♣♦ â♥❣✉❧♦ s❡ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s
❝✉♠♣r❡♠✿



✹✷ ✷✳✻✳ ❚r✐❣♦♥♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛

✶✳ y é ♦ â♥❣✉❧♦ s✉❜s❡q✉❡♥t❡ ❞♦ ❧❛❞♦ x✳

✷✳ (x, y) é ✉♠ ♣❛r ❞❡ ❧❛❞♦s ❝♦♥s❡❝✉t✐✈♦s✱ ❡ y é ♦rt♦❣♦♥❛❧ ❛ x

✸✳ y é ♦ ❧❛❞♦ s✉❜s❡q✉❡♥t❡ ❞♦ â♥❣✉❧♦ x✳

❋✐❣✉r❛ ✷✳✶✻✿ ▲❛❞♦s ❡ â♥❣✉❧♦s s✉❜s❡q✉❡♥t❡s✳

◆❛ ❋✐❣✉r❛ ✷✳✶✻ t♦❞♦s ♦s ♣❛r❡s (x, y) sã♦ t✐♣♦ â♥❣✉❧♦✳ ❆❣♦r❛ ♣❛r❛ ❝❛❞❛ ♣❛r
(x, y) ❞❡ t✐♣♦ â♥❣✉❧♦✱ ❛ss♦❝✐❛♠♦s ✉♠❛ ✐s♦♠❡tr✐❛ Ny ∈ Isom+(H2)✳

❉❡✜♥✐çã♦ ✷✳✶✷✳ ❆s ✐s♦♠❡tr✐❛s Ny ❞❡✜♥✐♠♦s ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳

✶✳ ❙❡ y é ♦ â♥❣✉❧♦ s✉❜s❡q✉❡♥t❡ ❞♦ ❧❛❞♦ x✳ ❊♥tã♦ ❞❡✜♥✐♠♦s

Ny = Lπ−y =



− cos y − sen y 0
sen y − cos y 0
0 0 1


 .

✷✳ ❙❡ (x, y) é ✉♠ ♣❛r ❞❡ ❧❛❞♦s ❝♦♥s❡❝✉t✐✈♦s ❝♦♠ â♥❣✉❧♦ ǫπ/2✱ ♦♥❞❡ ǫ = ±1✱
❡♥tã♦ ❞❡✜♥✐♠♦s

Ny = L ǫπ
2
My =




0 −ǫ 0
ǫ cosh y 0 ǫ senh y
senh y 0 cosh y


 .

✸✳ ❙❡ y é ♦ ❧❛❞♦ s✉❜s❡q✉❡♥t❡ ❞♦ â♥❣✉❧♦ x✱ ❡♥tã♦ ❞❡✜♥✐♠♦s

Ny =My =Mρ =



cosh y 0 senh y

0 1 0
senh y 0 cosh y


 .

❉❡✜♥✐çã♦ ✷✳✶✸✳ ❯♠ tr✐â♥❣✉❧♦ ❣❡♥❡r❛❧✐③❛❞♦ é ✉♠ ♣♦❧í❣♦♥♦ ❣❡♦❞és✐❝♦ P ❢❡❝❤❛❞♦
♦r✐❡♥t❛❞♦ ❥✉♥t♦ ❝♦♠ ✉♠ ❝✐❝❧♦ a, γ, b, α, c, β ❞❡ ❧❛❞♦s ❝♦♥s❡❝✉t✐✈♦s ❡ â♥❣✉❧♦s ❞❡ P✱
❡♠ q✉❡ t♦❞♦s ♦s ♣❛r❡s (a, γ), (γ, b), ..., (c, β), (β, a) sã♦ t✐♣♦ â♥❣✉❧♦✳



✹✸ ✷✳✻✳ ❚r✐❣♦♥♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛s ❞❡✜♥✐çõ❡s ❛❝✐♠❛✿

❚❡♦r❡♠❛ ✷✳✶✶✳ ✭❬✼❪✱ ♣á❣✳✿ ✸✻✮ P❛r❛ q✉❛❧q✉❡r tr✐â♥❣✉❧♦ ❣❡♥❡r❛❧✐③❛❞♦ a, γ, b, α, c, β
t❡♠♦s

NaNγNb = (NαNcNβ)
−1

P❛r❛ ❡♥t❡♥❞❡r ♠❡❧❤♦r ♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ ❢❛③❡♠♦s ✉♠ ❡①❡♠♣❧♦ ♣❛r❛ ❞♦✐s ❝❛s♦s✳

❊①❡♠♣❧♦ ✷✳✹✳ ❙❡❥❛ ✉♠ tr✐â♥❣✉❧♦ ❣❡♥❡r❛❧✐③❛❞♦ ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✷✳✶✼ t❡♠♦s ❡♠
❛♠❜♦s ❝❛s♦s NaNγNb = Lπ/2MaLπ−γMb✳ ❆❣♦r❛ ✈❛♠♦s ♦❜s❡r✈❛r ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡
♦s ❞♦✐s ❡①❡♠♣❧♦s ♣❛r❛ NαNcNβ✳

❋✐❣✉r❛ ✷✳✶✼✿ ❚r✐â♥❣✉❧♦s ❣❡♥❡r❛❧✐③❛❞♦s✳

◆♦ ♣r✐♠❡✐r♦ ❝❛s♦ t❡♠♦s

NαNcNβ = Lπ/2MαLπ−cMβ ⇒ (NαNcNβ)
−1 =M−βLc−πM−αL−π/2

❡ ♣❛r❛ ♦ s❡❣✉♥❞♦ ❝❛s♦ s❡ t❡♠

NαNcNβ = Lπ/2MαLπ/2McLπ/2Mβ

P❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✶ ♣r♦❞✉③✐♠♦s ♣❛r❛ ♦ ♣r✐♠❡✐r♦ ❝❛s♦

✶✳ cos c = − cosh l(a) cosh l(b) cos γ + senh l(a) senh l(b)✳

✷✳ cosh l(α)
cosh l(a)

= cosh l(β)
cosh l(b)

= sen γ
sen c

✳

❆s ✐❞❡♥t✐❞❛❞❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ♣❛r❛ ♦ s❡❣✉♥❞♦ ❝❛s♦ sã♦✳

✸✳ cosh l(c) = − cosh l(a) cosh l(b) cos γ + senh l(a) senh l(b)✳

✹✳ cosh l(α)
cosh l(a)

= cosh l(β)
cosh l(b)

= sen γ
senh l(c)

✳

✺✳ cos γ = senh l(α) senh l(β) cosh l(c)− cosh l(α) cosh l(b)✳

✷✳✻✳✸ ❚r✐ r❡tâ♥❣✉❧♦s ❡ ♣❡♥tá❣♦♥♦s

❈♦♥s✐❞❡r❡♠♦s ❞♦✐s ❛r❝♦s ❣❡♦❞és✐❝♦s ♣❡r♣❡♥❞✐❝✉❧❛r❡s a ❡ b ❡♠ D2 ✭♠♦❞❡❧♦ ❞♦
❞✐s❝♦ ❞❡ P♦✐♥❝❛ré✮ ❝♦♠ ✈ért✐❝❡ ❝♦♠✉♠ ♥❛ ♦r✐❣❡♠ ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✷✳✶✽✳ ❆❣♦r❛



✹✹ ✷✳✻✳ ❚r✐❣♦♥♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛

s❡❥❛♠ α ❡ β ❣❡♦❞és✐❝❛s ♣❡r♣❡♥❞✐❝✉❧❛r❡s ♥♦s ♣♦♥t♦s ✜♥❛✐s ❞❡ b ❡ a✳ ❙❡ a ❡ b
t✐✈❡r❡♠ ❝♦♠♣r✐♠❡♥t♦ ♣❡q✉❡♥♦✱ ❡♥tã♦ α ❡ β ✐♥t❡rs❡❝t❛♠✲s❡ ✉♥s ❛♦s ♦✉tr♦s ❝♦♠
✉♠ â♥❣✉❧♦ ϕ✱ ♥❡st❛ ❢♦r♠❛ ♦❜t❡♠♦s ✉♠ q✉❛❞r✐❧át❡r♦ ❣❡♦❞és✐❝♦ ❝♦♠ três â♥❣✉❧♦s
r❡t♦s✳ ❈❤❛♠❛♠♦s ❡st❡ t✐♣♦ ❞❡ q✉❛❞r✐❧át❡r♦ ❝♦♠♦ ✉♠ tr✐ r❡tâ♥❣✉❧♦✳
❖s tr✐ r❡tâ♥❣✉❧♦s tê♠ ❞❡s❡♠♣❡♥❤❛❞♦ ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ♥♦ ❞❡s❝♦❜r✐♠❡♥t♦ ❞❛
❣❡♦♠❡tr✐❛ ♥ã♦✲❡✉❝❧✐❞✐❛♥❛✱ ♠❛✐s ❣❡r❛❧♠❡♥t❡ ❡♠ ❝♦♥str✉çõ❡s ❣❡♦♠étr✐❝❛s✱ ❡ sã♦
út❡✐s ♣❛r❛ ♦s ❝á❧❝✉❧♦s✳ ❆s s❡❣✉✐♥t❡s ❢ór♠✉❧❛s sã♦ s❡♠❡❧❤❛♥t❡s ❛s ❞♦s tr✐â♥❣✉❧♦s
r❡t♦s ❞♦ ❚❡♦r❡♠❛ ✷✳✶✵✳

❋✐❣✉r❛ ✷✳✶✽✿ ❚r✐â♥❣✉❧♦ ❣❡♥❡r❛❧✐③❛❞♦✳

❚❡♦r❡♠❛ ✷✳✶✷✳ ✭❚r✐ r❡tâ♥❣✉❧♦s✮ P❛r❛ q✉❛❧q✉❡r tr✐ r❡tâ♥❣✉❧♦s ❝♦♠ ❧❛❞♦s ❝♦♠♦
♥❛ ❋✐❣✉r❛ ✷✳✶✽✱ ❛s s❡❣✉✐♥t❡s r❡❧❛çõ❡s sã♦ ✈❡r❞❛❞❡✐r❛s✳

✶✳ cosϕ = senh l(a) sinh l(b)❀

✷✳ cosϕ = tanh l(α) tanh l(β)❀

✸✳ cosh l(a) = cosh l(α) senϕ❀

✹✳ cosh l(a) = tanh l(β) coth l(b)❀

✺✳ senh l(α) = senh l(a) cosh l(β)❀

✻✳ senh l(α) = cosh l(b) coth l(ϕ)✳

❉❡♠♦♥str❛çã♦✳ ❆s três ♣r✐♠❡✐r❛s ✐❞❡♥t✐❞❛❞❡s sã♦ ♦❜t✐❞❛s ❞❛s ❢ór♠✉❧❛s ❞♦ ❊①❡♠✲
♣❧♦ ✷✳✹ ✲ 1 ❡ 2 ♣❛r❛ γ = π/2✳ ❖s r❡st❛♥t❡s sã♦ ♦❜t✐❞♦s ♣♦r ❝á❧❝✉❧♦s ❡❧❡♠❡♥t❛r❡s✳

❱♦❧t❛♥❞♦ ❛♦s tr✐ r❡tâ♥❣✉❧♦s ❞❛ ❋✐❣✉r❛ ✷✳✶✽✳ ❙❡ ♦ ❧❛❞♦ a ❝r❡s❝❡ ❝♦♥t✐♥✉❛♠❡♥t❡
♦ ✈ért✐❝❡ ♥♦ ❛♥❣✉❧♦ ϕ ♠♦✈❡✲s❡ ❡♠ ❞✐r❡çã♦ ❞♦ ♣♦♥t♦ ✜♥❛❧ ❞❛ ❣❡♦❞és✐❝❛ α✳ ◆❡st❛
❢♦r♠❛ ♦❜t❡♠♦s ❛ ♣♦s✐çã♦ ✜♥❛❧ ♣❛r❛ ♦ ❧❛❞♦ a✱ ❛ q✉❛❧ ❞❡♥♦t❛♠♦s ♣♦r ab✳ P❡❧♦
q✉❡✱ q✉❛♥❞♦ a → ab✱ ❡♥tã♦ ϕ → 0✳ P♦rt❛♥t♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✷✲1 ♦❜t❡♠♦s✱ ♣♦r
❝♦♥t✐♥✉✐❞❛❞❡

sinh l(ab) sinh l(b) = 1 ✭✷✳✷✸✮

❙❡ a ❝r❡s❝❡ ♠❛✐s ❞❡ ab✱ ❡♥tã♦ ♦ ❛♥❣✉❧♦ ϕ ❞❡s❛♣❛r❡❝❡ ❡ é s✉❜st✐t✉í❞♦ ♣♦r ✉♠❛ ❝✉r✈❛
c ♣❡r♣❡♥❞✐❝✉❧❛r ❛ α ❡ β✱ ♦❜t❡♥❞♦ ✉♠ ♣❡♥tá❣♦♥♦ r❡t♦ ❝♦♠♦ ❛ ❋✐❣✉r❛ ✷✳✶✾✳

❚❡♦r❡♠❛ ✷✳✶✸✳ ✭P❡♥tá❣♦♥♦s r❡t♦s✮ P❛r❛ q✉❛❧q✉❡r ♣❡♥tá❣♦♥♦ r❡t♦ ❝♦♠ ❧❛❞♦s
❝♦♥s❡❝✉t✐✈♦s a, b, α, c, β t❡♠♦s✿



✹✺ ✷✳✼✳ P❛râ♠❡tr♦s ❞❡ t♦rçã♦ ❡ t❡♦r❡♠❛ ❞♦ ❝♦❧❛r

❋✐❣✉r❛ ✷✳✶✾✿ P❡♥tá❣♦♥♦ r❡t♦✳

✶✳ cosh l(c) = senh l(a) senh l(b)❀

✷✳ cosh l(c) = coth l(α) coth l(β)✳

❉❡♠♦♥str❛çã♦✳ ■st♦ é ♦❜t✐❞♦ ❞♦ ❊①❡♠♣❧♦ ✷✳✹✱ s✉❜st✐t✉✐♥❞♦ ❡♠ ✐t❡♠ 3 ❡ 5 ♦ ❝❛s♦
♣❛rt✐❝✉❧❛r q✉❛♥❞♦ γ = π/2✳

❊ ♣❛r❛ ❝♦♥❝❧✉✐r ❡st❛ s❡❝çã♦ ♠❡♥❝✐♦♥❛r❡♠♦s ✉♠ ❧❡♠❛✱ q✉❡ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛
❞❡ ✉♠ ú♥✐❝♦ ♣❡♥tá❣♦♥♦ r❡t♦✳

▲❡♠❛ ✷✳✷✳ ✭❬✼❪✱ ♣á❣✳✿ ✸✾✮ ❙❡❥❛ l(a) ❡ l(b) ♥ú♠❡r♦s r❡❛✐s ❛r❜✐trár✐♦s s❛t✐s❢❛③❡♥❞♦
senh l(a) senh l(b) > 1✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♣❡♥tá❣♦♥♦ ❣❡♦❞és✐❝♦ r❡t♦ ❝♦♠ ❞♦✐s
❧❛❞♦s ❝♦♥s❡❝✉t✐✈♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ l(a) ❡ l(b)✳
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❉❡✜♥✐çã♦ ✷✳✶✹✳ ❯♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❞❡ ❛ss✐♥❛t✉r❛ (0, 4) é ❝❤❛♠❛❞❛ ✉♠❛
X✲♣❛rt❡✳

❯♠❛ s✉♣❡r❢í❝✐❡ X✲♣❛rt❡ é ♦❜t✐❞❛ ♣♦r ❝♦❧❛❣❡♠ ❞❡ ❞✉❛s Y ✲♣❛rt❡s ❛♦ ❧♦♥❣♦ ❞❛s
❣❡♦❞és✐❝❛s ❞❡ ❢r♦♥t❡✐r❛s ❞♦ ♠❡s♠♦ ❝♦♠♣r✐♠❡♥t♦✳ ❖ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é✱ ❝❛❧❝✉✲
❧❛r ♦s ♣❛râ♠❡tr♦s ❞❡ t♦rçã♦ ❡♠ t❡r♠♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦s ❞❛s ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s
❡ ✈✐❝❡✲✈❡rs❛✳

❙❡❥❛♠ Y ❡ Y ′ ❞✉❛s s✉♣❡r❢í❝✐❡s Y ✲♣❛rt❡s ❝♦♠ ❣❡♦❞és✐❝❛s ❞❡ ❢r♦♥t❡✐r❛s ♣❛r❛✲
♠❡tr✐③❛❞❛s γi, γ′i : S

1 → Y, Y ′ ♣❛r❛ i = 1, 2, 3✱ ❡ s✉♣♦♥❤❛♠♦s q✉❡ l(γ1) = l(γ′1)✳
❊♥tã♦ ♣❛r❛ q✉❛❧q✉❡r ♥ú♠❡r♦ r❡❛❧ a ♦❜t❡♠♦s ✉♠❛ X✲♣❛rt❡ ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦

γ1(t) = γ′1(a− t) = γa(t), t ∈ S1. ✭✷✳✷✹✮

❖ ♥ú♠❡r♦ a é ❝❤❛♠❛❞♦ ♣❛râ♠❡tr♦ ❞❡ t♦rçã♦✳ ▲♦❣♦✱ ❝♦❧❛♥❞♦ ♦❜t❡♠♦s ♦ ❡s♣❛ç♦
q✉♦❝✐❡♥t❡

Xa = Y + Y ′ mod (2.24).
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❈♦♠♦ a ∈ R✱ s❡ ♦❜tê♠ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉♣❡r❢í❝✐❡s X✲♣❛rt❡s {Xa}a∈R✱ ♦✉ s❡❥❛ ✉♠❛
s✉♣❡r❢í❝✐❡ Xa é ♦❜t✐❞❛ ✜①❛♥❞♦ ✉♠ ♣❛râ♠❡tr♦ a✳

❚❡♦r❡♠❛ ✷✳✶✹✳ ◗✉❛❧q✉❡r s✉♣❡r❢í❝✐❡ X−♣❛rt❡ ♣♦❞❡ s❡r ♦❜t✐❞❛ ♣❡❧❛ ❝♦♥str✉çã♦
❛♥t❡r✐♦r✳

Pr♦♣♦s✐çã♦ ✷✳✶✳ ✭▼❡✐♦ ❈♦❧❛r✮ ❙❡❥❛ Y ✉♠ ♣❛r ❞❡ ❝❛❧ç❛s ❝♦♠ ❣❡♦❞és✐❝❛s ❞❡
❢r♦♥t❡✐r❛s γ1, γ2 ❡ γ3✳ ❖ ❝♦♥❥✉♥t♦

C∗(γi) =

{
p ∈ Y/ senh(dist(p, γi)) senh

1

2
l(γi) ≤ 1

}
, i = 1, 2, 3

sã♦ ♠✉t✉❛♠❡♥t❡ ❞✐s❥✉♥t♦s✱ ❡ ❝❛❞❛ ✉♠ ❞❡❧❡s é ❤♦♠❡♦♠♦r❢♦ ❛♦ ❛♥❡❧ [0, 1] × S1✳
P❛r❛ q✉❛❧q✉❡r p ∈ C∗(γi) ❡①✐st❡ ❡♠ C∗(γi) ✉♠❛ ú♥✐❝❛ ❝✉r✈❛ ♣❡r♣❡♥❞✐❝✉❧❛r ❛♦ γi✱
i = 1, 2, 3✳

❉❡♠♦♥str❛çã♦✳ ❆ s✉♣❡r❢í❝✐❡ Y ♣♦❞❡ s❡r ❞❡s❝♦♠♣♦st❛ ❡♠ ❤❡①á❣♦♥♦s ❣❡♦❞és✐❝♦s
r❡t♦s H ❡ H ′✱ ❝♦♠ ♦s ❧❛❞♦s ❛ss✐♥❛❞♦s ❡ ♣❛r❛♠❡tr✐③❛❞♦s ❝♦♠♦ ❡♠ ✭✷✳✶✺✮✳ ❊♥tã♦
t❡♠♦s ci = 1

2
l(γi) = c′i✳

❊♠ H ✭❡ s✐♠✐❧❛r♠❡♥t❡ ❡♠ H ′✮ ❞❡✜♥✐♠♦s

❋✐❣✉r❛ ✷✳✷✵✿ ❉❡s❝♦♠♣♦s✐çã♦ ❞❡ ✉♠❛ ❝❛❧ç❛ ❡♠ ❤❡①á❣♦♥♦s H✳

C∗
i (γi) = {p ∈ H/ senh(dist(p, ci)) senh ci ≤ 1}, i = 1, 2, 3.

P❛r❛ ✈❡r q✉❡ ♦s C∗
i sã♦ ❞✐s❥✉♥t♦s✱ ❧✐❣❛♠♦s ♦s ❧❛❞♦s ♦♣♦st♦s ♣♦r ✉♠ ❝✉r✈❛ ♣❡r♣❡♥✲

❞✐❝✉❧❛r✱ ♣♦r ❡①❡♠♣❧♦ h ❞✐✈✐❞❡ H ❡♠ ❞✉❛s r❡❣✐õ❡s✱ ❞❡s❞❡ c3 ❛♦ ❧❛❞♦ ❡♥tr❡ c1 ❡ c2
✭✈❡❥❛ ❋✐❣✉r❛ ✷✳✷✵✮✳ ❉♦ ✐t❡♠ 1 ❞♦ ❚❡♦r❡♠❛ ✷✳✶✸✱ ♦❜t❡♠♦s

senh ck senh(dist(ck, h)) > 1, k = 1, 2.

P♦rt❛♥t♦✱ h s❡♣❛r❛ C∗
1 ❡ C∗

2 ✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛ C∗
1 ✱ C

∗
3 ❡ C∗

2 ✱ C
∗
3 sã♦ s❡♣❛r❛❞♦s✳

❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❛♠♦s ❞❡ss❛ s❡♣❛r❛çã♦ q✉❡ ❝❛❞❛ C∗
i é ✈❛rr✐❞♦ ❞❡ ❢♦r❛ ♣♦r ❛r❝♦s

❣❡♦❞és✐❝♦s ♠✉t✉❛♠❡♥t❡ ❞✐s❥✉♥t♦s✱ t❡♥❞♦ ❝♦♠♣r✐♠❡♥t♦s di ❡ ❡♠❛♥❛♥❞♦ ♣❡r♣❡♥❞✐✲
❝✉❧❛r♠❡♥t❡ ❞❡ ci✱ ♦♥❞❡ senh ci senh di = 1✱ i = 1, 2, 3✳ ❖ ♠❡s♠♦ ❝✉♠♣r❡ ♣❛r❛ ♦s
❝♦rr❡s♣♦♥❞❡♥t❡s ❞♦♠í♥✐♦s ❡♠ H ′✱ ♦ q✉❛❧ ❛ ♣r♦♣♦s✐çã♦ é ♠♦str❛❞❛✳
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❉❡✜♥✐çã♦ ✷✳✶✺✳ ❙❡❥❛ Xa ❝♦♠ ❣❡♦❞és✐❝❛ γa ❝♦♠♦ ❡♠ ✭✷✳✷✹✮✳ ❊♥tã♦ ♦ ❝♦♥❥✉♥t♦

C(γa) = {p ∈ Xa/ dist(p, γa) ≤ w},

♦♥❞❡

w = arc senh

(
1

senh l(γa)
2

)

é ❝❤❛♠❛❞♦ ❝♦❧❛r ❡♠ t♦r♥♦ ❞❡ γa✱ ❡ w é s✉❛ ❧❛r❣✉r❛✳

❙❡❥❛ p ∈ C(γa)✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❛r❝♦ ❣❡♦❞és✐❝♦ ♣❡r♣❡♥❞✐❝✉❧❛r ❡♠ C(γa)
❞❡ p ♣❛r❛ γa q✉❡ ❡♥❝♦♥tr❛✲s❡ ♥♦ ♣♦♥t♦ γa(tp) ♦♥❞❡ tp ∈ S1✳ ❆❣♦r❛ ❝♦♥s✐❞❡r❡♠♦s
ρp = ε dist(p, γa) ❛ ❞✐stâ♥❝✐❛ ❞✐r✐❣✐❞❛ ❝♦♠ ε = −1 s❡ p ∈ Y ❡ ε = +1 s❡ p ∈ Y ′✳

❉❡✜♥✐çã♦ ✷✳✶✻✳ P❛r❛ p ∈ C(γa)✱ ❝♦♠♦ ❞❛ ❉❡✜♥✐çã♦ ✷✳✶✺

(ρ, t) = (ρp, tp) ∈ [−w,w]× S1

é ♦ ♣❛r ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡ ❋❡r♠✐ ❞❡ p ❝♦♠ r❡s♣❡✐t♦ ❛ γa✳

◆❛ ❉❡✜♥✐çã♦ ✷✳✶✻ ❞❡ γa✱ ❡ ❞❛ ♦r✐❡♥t❛çã♦ ❞❡ γa✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r q✉❡ Y ❡stá
♥♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❡ γa✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡ ♣❛r❛ ♦s ♣♦♥t♦s ❞❡ C(γa) ♣❡rt❡♥❝❡♥t❡s
❛ Y ✱ t❡♠♦s ρ ≤ 0 ❡ ♣❛r❛ ❛q✉❡❧❡s ♣❡rt❡♥❝❡♥t❡s ❛ Y ′ t❡♠♦s ρ ≥ 0✳
P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✱ ❡st❛s ❝♦♦r❞❡♥❛❞❛s ❞❡✜♥❡♠ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❞❡ C(γa) ❛♦
❛♥❡❧ [−w,w]× S1✳

◆❛ ❢❛♠í❧✐❛ {Xa}✱ a ∈ R ❝♦♥s✐❞❡r❛r❡♠♦s X0 ❝♦♠♦ ❛ s✉♣❡r❢í❝✐❡ ❜❛s❡ ❡ ❡s❝r❡✈❡✲
♠♦s X0 = X ❡ γ0 = γ✳ ❆❣♦r❛ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ τa : X → Xa

❝♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✷✳✷✶✳

❋✐❣✉r❛ ✷✳✷✶✿ ❍♦♠❡♦♠♦r✜s♠♦ ❞♦ ❝♦❧❛r ♣❛r❛ ✉♠ ♣❛râ♠❡tr♦ ❞❡ t♦rçã♦ a✳

❈♦♥t✐♥✉❛♥❞♦ t❡♠♦s πa : Y ∪ Y ′ → Xa = Y + Y ′ mod (2.24) ❛ ♣r♦❥❡çã♦
♥❛t✉r❛❧✱ ❡ ♣❛r❛ a = 0 t❡♠✲s❡ π0 = π✳

❖❜s❡r✈❛♠♦s q✉❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦❧❛❣❡♠ ✭✷✳✷✹✮✱ s✐❣♥✐✜❝❛ ♣❛r❛ ❛s ❝♦♦r❞❡♥❛❞❛s
❞❡ ❋❡r♠✐ q✉❡✿ s❡ p ∈ C(γ)✱ t❡♠♦s ❝♦♦r❞❡♥❛❞♦s (ρ, t) ❡ ρ ≤ 0✱ ❡♥tã♦ ♣❡❧❛ ❝♦♥✈❡♥çã♦
❞♦ s✐♥❛❧ ❛❝✐♠❛ ✱ t❡♠♦s π−1(p) ∈ Y ✳ ▲♦❣♦ πa ◦ π−1(p) ∈ C(γa) ❡ t❡♠ ❡①❛t❛♠❡♥t❡
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❛s ♠❡s♠❛ ❝♦♦r❞❡♥❛❞❛s (ρ, t) ❡♠ r❡❧❛çã♦ ❛ γa❀ s❡ ρ ≥ 0 t❡♠♦s π−1(p) ∈ Y ′✱ ❡♥tã♦
πa◦π−1(p) t❡♠ ❝♦♦r❞❡♥❛❞❛s (ρ, a+t)✳ ❙❡❣✉❡✲s❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ T a : C(γ)→ C(γa)
❞❡✜♥✐❞❛ ♣♦r

T a(ρ, t) =

(
ρ, t+ a

w + ρ

2w

)

♦♥❞❡ w é ❛ ❧❛r❣✉r❛ ❝♦♠✉♠ ❞♦s ❝♦❧❛r❡s C(γ) ❡ C(γa) ❡ T a ❝♦✐♥❝✐❞❡ ❝♦♠ πa ◦ π−1

♥❛ ❢r♦♥t❡✐r❛ ❞❡ C(γ) ❝♦♠

τa =





T a ❡♠ C(γ)

πa ◦ π−1 ❡♠ X − C(γ)

♦❜t❡♠♦s ♣♦rt❛♥t♦ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦

τa : X → Xa

❛s ❛♣❧✐❝❛çõ❡s T a ❡ τa sã♦ às ✈❡③❡s ❝❤❛♠❛❞❛s ❤♦♠❡♦♠♦r✜s♠♦s ❞❡ t♦rçã♦✳

❚❡♦r❡♠❛ ✷✳✶✺✳ ✭❚❡♦r❡♠❛ ❞♦ ❈♦❧❛r ■✮ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❞❡ ❣ê✲
♥❡r♦ g ≥ 2✱ ❡ s❡❥❛♠ γ1, ..., γm ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s s✐♠♣❧❡s ❡ ♠✉t✉❛♠❡♥t❡ ❞✐s❥✉♥t❛s
❡♠ S✳ ❊♥tã♦ ❝✉♠♣r❡ ♦s s❡❣✉✐♥t❡s

✶✳ m ≤ 3g − 3❀

✷✳ ❊①✐st❡♠ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s s✐♠♣❧❡s γm+1, ..., γ3g−3 q✉❡ ❥✉♥t❛s ❝♦♠ ❛s γ1, ..., γm
♣♦❞❡♠ ❞❡❝♦♠♣♦r S ❡♠ ♣❛r ❞❡ ❝❛❧ç❛s❀

✸✳ ❖ ❝♦❧❛r
C(γi) = {p ∈ S/ dist(p, γi) ≤ w(γi)}

❞❡ ❧❛r❣✉r❛ w = arc senh

(
1

senh
l(γi)

2

)
sã♦ ❞✐s❥✉♥t♦s ♣❛r❛ i = 1, .., 3g − 3❀

✹✳ ❈❛❞❛ C(γi) é ✐s♦♠étr✐❝♦ ❛♦ ❝✐❧✐♥❞r♦ [−w(γi), w(γi)] × S1 ❝♦♠ ❛ ♠étr✐❝❛
❘✐❡♠❛♥♥✐❛♥❛ ds2 = dρ2 + l2(γi) cosh

2 ρdt2✳

❉❡♠♦♥str❛çã♦✳ ❈♦rt❛♥❞♦ S ❛♦ ❧♦♥❣♦ ❞❛s ❣❡♦❞és✐❝❛s γi, ..., γm✱ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡
❝♦♥❡①❛ S ′✱ ♦❜t✐❞❛ ♣❡❧♦ ❝♦rt❡✱ é ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❞❡ ❛❧❣✉♠❛ ❛ss✐♥❛t✉r❛
(g′, n′)✳ ❈♦♠♦ ♦s γi ♥ã♦ sã♦ ♠✉t✉❛♠❡♥t❡ ❤♦♠♦tó♣✐❝♦s✱ ❡ ❝❛❞❛ ❣❡♦❞és✐❝❛ γi ♥ã♦ é
❤♦♠♦t✐♣✐❝❛♠❡♥t❡ tr✐✈✐❛❧✱ ♣♦r ❚❡♦r❡♠❛ ✷✳✽✱ t❡♠♦s q✉❡ g′ ≥ 1 ♦✉ n′ ≥ 3 ✭s❡ g′ = 0✮✳

❙✉♣♦♥❤❛♠♦s q✉❡ S ′ ♥ã♦ t❡♠ ❛ss✐♥❛t✉r❛ (0, 3)✱ ❡♥tã♦ S ′ ❝♦♥té♠ ✉♠❛ ❝✉r✈❛
❢❡❝❤❛❞❛ s✐♠♣❧❡s ❤♦♠♦t✐♣✐❝❛♠❡♥t❡ ♥ã♦ tr✐✈✐❛❧✱ ❡ ❝♦♥s✐❞❡r❛♠♦s γm+1 ✉♠❛ ❝✉r✈❛
❢❡❝❤❛❞❛ q✉❡ ♥ã♦ é ❤♦♠♦tó♣✐❝♦ ♣❛r❛ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❢r♦♥t❡✐r❛ ❞❡ S ′✳ P❡❧♦
❚❡♦r❡♠❛ ✷✳✽✱ ❡①✐st❡ ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s ❤♦♠♦tó♣✐❝❛ ❛ γm+1✳ ❆ss✉✲
♠✐r❡♠♦s q✉❡ γm+1 é ❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s✳ ❉❡st❛ ❢♦r♠❛ ♣♦❞❡♠♦s ❝♦rt❛r
S ′ ❛♦ ❧♦♥❣♦ ❞❡ γm+1✱ ❝♦♥t✐♥✉❛♥❞♦ ❡st❡ ♣r♦❝❡ss♦ ♣♦❞❡♠♦s ❞❡❝♦♠♣♦r S ❡♠ ♣❛r ❞❡
❝❛❧ç❛s✳ P❡❧❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r✱ t❡♠♦s q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❝❛❧ç❛s é 2g − 2✱ ❧♦❣♦

m ≤ 2g − 2 ≤ 3g − 3



✹✾ ✷✳✼✳ P❛râ♠❡tr♦s ❞❡ t♦rçã♦ ❡ t❡♦r❡♠❛ ❞♦ ❝♦❧❛r

❞❡st❛ ❢♦r♠❛ ♠♦str❛♠♦s ♦s ✐t❡♥s 1 ❡ 2✳
❈♦♠♦ S ♣♦❞❡ s❡ ❞❡❝♦♠♣♦r ❡♠ ♣❛r ❞❡ ❝❛❧ç❛s✱ t❡♠♦s q✉❡ ♦ ✐t❡♠ 3✱ ❡ ❛ ♣r✐♠❡✐r❛
♣❛rt❡ ❞♦ ✐t❡♠ 4 sã♦ ❝♦♥s❡q✉ê♥❝✐❛s ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶ ✭♠❡✐♦ ❝♦❧❛r✮✱ ✜♥❛❧♠❡♥t❡
♣♦❞❡♠♦s ❝♦♣✐❛r ❛ ❡①♣r❡ssã♦ ❞❛ ♠étr✐❝❛ ❞♦ ❊①❡♠♣❧♦ ✷✳✶✳

❈♦r♦❧ár✐♦ ✷✳✶✻✳ ❙❡❥❛♠ γ ❡ δ ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s ❡♠ S ✐♥t❡r❝❡♣t❛♥❞♦✲s❡ tr❛♥s✲
✈❡rs❛❧♠❡♥t❡✱ ❡ ❛ss✉♠✐♠♦s q✉❡ γ é s✐♠♣❧❡s✳ ❊♥tã♦

senh
1

2
l(γ) senh

1

2
l(δ) > 1

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ γ̃ ❡ δ̃ ❛s ❝✉r✈❛s ❞❡ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ γ ❡ δ ♥❛ ❝♦❜❡rt✉r❛
✉♥✐✈❡rs❛❧ H2 ❞❡ S✳ ❊♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s

C̃(γ̃) = {z ∈ H2/ dist(z, γ̃) ≤ w(γ)}

sã♦ ❧❡✈❛♥t❛♠❡♥t♦s ❞♦s ♣♦♥t♦s ❞❡ C(γ)✱ ❡ ❛❧é♠ ❞✐ss♦ δ̃ ❧✐❣❛ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡
❢r♦♥t❡✐r❛s ❞❡ C̃(γ̃)✳ P♦rt❛♥t♦ δ ❝♦♥té♠ ✉♠ ❛r❝♦ ❣❡♦❞és✐❝♦ ❡♠ C(γ) q✉❡ ❧✐❣❛ ❛s
❝♦♠♣♦♥❡♥t❡s ❞❡ ❢r♦♥t❡✐r❛s ❞❡ C(γ)✳ P❡❧♦ q✉❡ ♦ ❛r❝♦ t❡♠ ❝♦♠♣r✐♠❡♥t♦ ≥ 2w(γ)✱
❡ t❛♠❜é♠

1

2
l(δ) > arc sinh

(
1

sinh 1
2
l(γ)

)
,

❧♦❣♦

senh
1

2
l(γ) senh

1

2
l(δ) > 1.

P❛r❛ ❛♣r❡s❡♥t❛r ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s ♣r✐♠❡✐r♦ ❞❛r❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s✳
❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❞❡ ❣ê♥❡r♦ g ≥ 2✳ P❛r❛ p ∈ S✱ ❞❡♥♦t❛♠♦s ♣♦r U r

p

♦ ❝♦♥❥✉♥t♦ ❞✐stâ♥❝✐❛
U r
p = {q ∈ S/ dist(p, q) < r}.

P❛r❛ r > 0 ♣❡q✉❡♥♦✱ U r
p é ✐s♦♠étr✐❝♦ ♣❛r❛ ✉♠ ❞✐s❝♦ ❛❜❡rt♦ ❞❡ r❛✐♦ r ❡♠ H2✳

❉❡✜♥✐çã♦ ✷✳✶✼✳ ❖ s✉♣r❡♠♦ ❞❡ t♦❞♦s ♦s r ♣❛r❛ ♦ q✉❛❧ U r
p é ✐s♦♠étr✐❝♦ ♣❛r❛ ✉♠

❞✐s❝♦✱ é ❝❤❛♠❛❞♦ r❛✐♦ ❞❡ ✐♥❥❡t✐✈✐❞❛❞❡ ❞❡ S ❡♠ p✱ ❡ ❞❡♥♦t❛r❡♠♦s ♣♦r rp(S)✳ ❖
r❛✐♦ ❞❡ ✐♥❥❡t✐✈✐❞❛❞❡ ❞❡ S é ❞❡✜♥✐❞♦ ♣♦r

rinj(S) = inf{rp(S)/p ∈ S}.

▲❡♠❛ ✷✳✸✳ rp(S) = 1
2
l(µp)✱ ♦♥❞❡ µp é ✉♠ ❧❛ç♦ ❣❡♦❞és✐❝♦ ❞❡ ♠❡♥♦r ❝♦♠♣r✐♠❡♥t♦

❡♠ p✱ ❡ rinj(S) =
1
2
l(µ)✱ ♦♥❞❡ µ é ❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ ❞❡ ♠❡♥♦r ❝♦♠♣r✐♠❡♥t♦ ❡♠

S✱ ❛s ❝✉r✈❛s µp ❡ µ sã♦ s✐♠♣❧❡s✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ r < rp(S)✱ t❡♠♦s q✉❡ U r
p é ✐s♦♠étr✐❝♦ ♣❛r❛ ✉♠ ❞✐s❝♦ ❡♠ H2✱

❡ ❝♦♠♦ ❡♠ H2 ♥ã♦ ❡①✐st❡ ✉♠ ❧❛ç♦ ❣❡♦❞és✐❝♦ t❡♠♦s q✉❡ l(µp) ≥ 2rp(S)✳ ❆❣♦r❛
❝♦♥s✐❞❡r❡♠♦s r = rp(S)✱ ❡♥tã♦ ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞♦ ♣♦♥t♦ p ♥❛ ❝♦❜❡rt✉r❛ ✉♥✐✈❡rs❛❧
H2 ❞❡ S t❡♠ ❞✐stâ♥❝✐❛ ♣❡❧♦ ♠❡♥♦s 2r ❡♥tr❡ ❞♦✐s ♣♦♥t♦s q✉❛✐sq✉❡r ❞♦ ❧❡✈❛♥t❛♠❡♥t♦
❞❡ p✱ ❡ ❡①✐st❡♠ ♣♦♥t♦s ❧❡✈❛♥t❛❞♦s p1 ❡ p2 ❞❡ p t❛❧ q✉❡ dist(p1, p2) = 2r✳ ❙♦❜ ❛
❝♦❜❡rt✉r❛ H2 → S✱ ♦ ❛r❝♦ ❣❡♦❞és✐❝♦ q✉❡ ❧✐❣❛ p1 ❡ p2 é ❧❡✈❛❞♦ ♣❛r❛ ✉♠ ❧❛ç♦



✺✵ ✷✳✼✳ P❛râ♠❡tr♦s ❞❡ t♦rçã♦ ❡ t❡♦r❡♠❛ ❞♦ ❝♦❧❛r

❣❡♦❞és✐❝♦ µp ❞❡ ❝♦♠♣r✐♠❡♥t♦ 2r ❡♠ p✳ ◆♦ q✉❛❧ U r
p é ❛✐♥❞❛ ✉♠ ❞✐s❝♦✱ ❡ µp é ✉♠

❧❛ç♦ ❣❡♦❞és✐❝♦✳

P❛r❛ ♠♦str❛r s♦❜r❡ µ✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❛ ❢✉♥çã♦ p → l(µp) é ❝♦♥tí♥✉❛
✭t❡♠♦s rq ≥ rp− dist(p, q) ♣❛r❛ p, q ∈ S✮✳ ❈♦♠♦ S é ❝♦♠♣❛❝t♦✱ ❡①✐st❡ p = m ∈ S
t❛❧ q✉❡ l(µp) t❡♠ ✈❛❧♦r ♠í♥✐♠♦✳ ❈♦♠♦ µm é ❤♦♠♦tó♣✐❝❛♠❡♥t❡ ♥ã♦ tr✐✈✐❛❧✱ ❡♥tã♦
❡♠ s✉❛ ❤♦♠♦t♦♣✐❛ ❧✐✈r❡ ❝♦♥té♠ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ µ ❞❡ ♠❡♥♦r ❝♦♠♣r✐✲
♠❡♥t♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✷✳✽ s❡ t❡♠ q✉❡ µ é ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛✱ ❧♦❣♦

rinj(S) =
1

2
l(µm) ≥

1

2
l(µ) ≥ rinj(S).

P♦rt❛♥t♦ µ = µm✱ ♣❡❧♦ q✉❡ ♦ ▲❡♠❛ ✜❝❛ ♣r♦✈❛❞♦✳

❚❡♦r❡♠❛ ✷✳✶✼✳ ✭❚❡♦r❡♠❛ ❞♦ ❈♦❧❛r ■■✮ ❙❡❥❛♠ β1, ..., βk ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s
❛s ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ≤ 2 arc senh 1 ❡♠ S✳ ❊♥tã♦ k ≤ 3g− 3✱ ❡
❝✉♠♣r❡♠ ♦ s❡❣✉✐♥t❡✿

✶✳ ❆s ❣❡♦❞és✐❝❛s β1, ..., βk sã♦ ♠✉t✉❛♠❡♥t❡ ❞✐s❥✉♥t❛s❀

✷✳ rp(S) > arc senh 1 ♣❛r❛ t♦❞♦ p ∈ S −⋃k
i=1C(βi)❀

✸✳ ❙❡ p ∈ C(βi)✱ ❡ d = dist(p, ∂C(βi))✱ ❡♥tã♦

senh rp(S) = cosh
1

2
l(βi) cosh d− senh d.

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ l(βi) ≤ 2 arc senh(1) ♣❛r❛ i = 1, ..., k t❡♠♦s

senh
1

2
l(βi) senh

1

2
l(βj) ≤ 1, i 6= j, i, j = 1, ..., k.

❆❣♦r❛✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✶✻✱ ✐♠♣❧✐❝❛ q✉❡ βi, ..., βk sã♦ ♠✉t✉❛♠❡♥t❡ ❞✐s❥✉♥t❛s✳
❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ✐t❡♠ 1 ❞♦ ❚❡♦r❡♠❛ ✷✳✶✺ s❡ ♦❜tê♠ k ≤ 3g − 3✱ ♣r♦✈❛♥❞♦ ♦ ✐t❡♠
1 ❞❡ ♥♦ss♦ t❡♦r❡♠❛✳

❋✐❣✉r❛ ✷✳✷✷✿ ▲❡✈❛♥t❛♠❡♥t♦ ❞❛s ❝✉r✈❛s µp ❡ β ❡♠ H2✳



✺✶ ✷✳✼✳ P❛râ♠❡tr♦s ❞❡ t♦rçã♦ ❡ t❡♦r❡♠❛ ❞♦ ❝♦❧❛r

P❛r❛ ♦ ✐t❡♠ 2❀ s❡❥❛ p ∈ S ❡ ❛ss✉♠✐♠♦s q✉❡ senh rp(S) ≤ 1✳ P❡❧♦ ▲❡♠❛ ✷✳✸
❡①✐st❡ ✉♠ ❧❛ç♦ ❣❡♦❞és✐❝♦ s✐♠♣❧❡s µp ❡♠ p ❞❡ ❝♦♠♣r✐♠❡♥t♦ 2rp(S)✳ P❡❧♦ ❚❡♦r❡♠❛
✷✳✽✱ ♥❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❧✐✈r❡ ❞❡ µp ❡①✐st❡ ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s
β✳ ❙❡❥❛♠ µ̃p ❡ β̃ ❧❡✈❛♥t❛♠❡♥t♦s ❤♦♠♦tó♣✐❝♦s ❞❛s ❝✉r✈❛s µp ❡ β✱ ♥❛ ❝♦❜❡rt✉r❛
✉♥✐✈❡rs❛❧ ❞❡ S✱ ❡ s❡❥❛ T ∈ PSL(2,R) ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❝♦♠ ❡✐①♦ ❜❛s❡ β̃ q✉❡
❝♦rr❡s♣♦♥❞❡ ❛ µp✳ ❈♦♠♦ µ̃p ❡ β̃ sã♦ ❤♦♠♦tó♣✐❝♦s✱ T ❧❡✈❛ µ̃p s♦❜r❡ ❡❧❛ ♠❡s♠❛✳
❙❡ p̃ ∈ µ̃p ♦ ♣♦♥t♦ ❧❡✈❛♥t❛❞♦ ❞❡ p✱ ❡ ❝♦♥s✐❞❡r❛♠♦s s✉❛ ✐♠❛❣❡♠ T (p̃) ✭✈❡❥❛ ❋✐❣✉r❛
✷✳✷✷✮✳ ❈♦♠♦ T ♣r❡s❡r✈❛ ♦r✐❡♥t❛çã♦✱ ❡♥tã♦ p̃ ❡ T (p̃) ❡stã♦ ♠❡s♠♦ ❧❛❞♦ ❞❡ β̃✳

❖ ❛r❝♦ ❣❡♦❞és✐❝♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ 2rp(S) ❡♠ µ̃p ❞❡ p̃ ♣❛r❛ T (p̃)✱ ♥ã♦ ✐♥t❡r❝❡♣t❛
β✱ ❞❡st❛ ❢♦r♠❛ ♦❜t❡♠♦s ✉♠ q✉❛❞r✐❧át❡r♦ ❣❡♦❞és✐❝♦ ❝♦♠ ❧❛❞♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦s
λ, l(β), λ ❡ 2rp(S)✱ ♦♥❞❡

λ = dist(p̃, β̃) = dist(T (p̃), β̃).

❆❣♦r❛ s❡✱ tr❛ç❛♠♦s ✉♠❛ ♣❡r♣❡♥❞✐❝✉❧❛r ❝♦♠✉♠ ❛♦s ❛r❝♦s ❣❡♦❞és✐❝♦s ❞❡ µ̃p ❛t❡ β̃
✭❧✐♥❤❛ ♣♦♥t✐♥❤❛❞❛ ♥❛ ❋✐❣✉r❛ ✷✳✷✷✮✱ ❡♥tã♦ ♦❜t❡♠♦s ❞♦✐s tr✐ r❡tâ♥❣✉❧♦s ✐s♦♠étr✐❝♦s✳
P❡❧♦ ✐t❡♠ 5 ❞♦ ❚❡♦r❡♠❛ ✷✳✶✷✱ s❡ t❡♠

senh rp(S) = senh
1

2
l(β) coshλ > senh

1

2
l(β) senhλ, ✭✷✳✷✺✮

♣♦✐s coshλ > senhλ✳ ❈♦♠♦ ♣♦r ❤✐♣ót❡s❡ senh rp(S) ≤ 1✱ s❡❣✉❡✲s❡ q✉❡ senh 1
2
l(β) <

1✳ P♦rt❛♥t♦ ❝♦♥❝❧✉í♠♦s q✉❡ β é ✉♠❛ ❞❛s ❣❡♦❞és✐❝❛s β1, ..., βk✳ ❆❧é♠ ❞✐ss♦✱ t❛♠✲
❜é♠ t❡♠♦s q✉❡

dist(p, β) ≤ λ < arc senh

(
1

senh 1
2
l(β)

)
= w(β)

❞❡ ♠♦❞♦ q✉❡ p ∈ C(β)✳

❙❡❥❛ λ = w − d✱ ♦♥❞❡ w = w(β)✳ P♦r ✭✷✳✷✺✮ ♦❜t❡♠♦s

senh rp(S) = senh
1

2
l(β)(coshw cosh d− senhw senh d)

= senh
1

2
l(β) coshw cosh d− senh d,

❛ ✉❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ é ♣♦r✱ w = arc senh
(

1
senh 1

2
l(β)

)
✳

▲♦❣♦✱ ❝♦♠♦

senh2 1

2
l(β) cosh2w = senh2 1

2
l(β) senh2w + senh2 1

2
l(β) = cosh2 1

2
l(β)

✜♥❛❧♠❡♥t❡ ♦❜t❡♠♦s

senh rp(S) = cosh
1

2
l(β) cosh d− senh d.



❈❛♣ít✉❧♦ ✸

❈♦♥str✉çã♦ ❞❡ s✉♣❡r❢í❝✐❡s

❤✐♣❡r❜ó❧✐❝❛s ❝♦♠ síst♦❧❡ ♠á①✐♠❛

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠ ❞♦s ♦❜❥❡t✐✈♦s ❞❡ ♥♦ss♦ tr❛❜❛❧❤♦✱ q✉❡ é ❡st✉✲
❞❛r ❛❧❣✉♠❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✐♥t❡r s✐stó❧✐❝❛s ❡♠ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❝♦♠♣❛❝t❛s
❡ ♥ã♦ ❝♦♠♣❛❝t❛s✳ ❊st❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✈❛✐ ❡st❛r r❡s✉♠✐❞❛s ♥♦s ❚❡♦r❡♠❛s ✸✳✻ ❡
✸✳✽✳ P❛r❛ ✐st♦ ❝♦♥s✐❞❡r❡ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛ ❞❡ ❣ê♥❡r♦ g ≥ 2✳
❈❤❛♠❛♠♦s ✉♠❛ síst♦❧❡ ❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s ❞❡ ♠❡♥♦r ❝♦♠♣r✐♠❡♥t♦✱ ❡ ❞❡✲
♥♦t❛r❡♠♦s ♦ ❝♦♠♣r✐♠❡♥t♦ ♣♦r sys(S)✳ ❙❡❥❛ msys(g) ♦ ✈❛❧♦r ♠á①✐♠♦ ❛t✐♥❣✐❞♦ ♣♦r
sys(·) ❡♥tr❡ t♦❞❛s ❛s s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❝♦♠♣❛❝t❛s ❞❡ ❣ê♥❡r♦ g✳ ❈❤❛♠❛r❡♠♦s
s✉♣❡r❢í❝✐❡ ♠❛①✐♠❛❧ Smax ❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛ ❞❡ ❣ê♥❡r♦ g ❝✉❥❛
síst♦❧❡ t❡♠ ❝♦♠♣r✐♠❡♥t♦ msys(g)✳ ◆❛ ❙❡çã♦ 1✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦ ♣r♦❜❧❡♠❛ ❞❡
síst♦❧❡ ❣r❛♥❞❡✱ ❛❧é♠ ❞✐ss♦ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ❞❡ síst♦❧❡s✳ ◆❛ ❙❡çã♦
2✱ ✉s❛r❡♠♦s ❛ té❝♥✐❝❛ ❞❡ ❝♦rt❡ ❡ ❝♦❧❛❣❡♠ ♣❛r❛ ❝♦♥str✉✐r s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐✲
❝❛s ❝♦♠♣❛❝t❛s ❝♦♠ síst♦❧❡ ❣r❛♥❞❡ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ♠❛①✐♠❛❧✳ ■st♦ ♥♦s ♣❡r♠✐t❡
♠♦str❛r ✈ár✐❛s ❞❡s✐❣✉❛❧❞❛❞❡s r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ msys(·) ♣❛r❛ ❞✐❢❡r❡♥t❡s ❣ê♥❡r♦s✳
◆❛ ❙❡çã♦ 3✱ ♠♦str❛r❡♠♦s ❞❡s✐❣✉❛❧❞❛❞❡s s❡♠❡❧❤❛♥t❡s ♣❛r❛ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s
♥ã♦ ❝♦♠♣❛❝t❛s ❝♦♠ ❝ús♣✐❞❡s✳
❆s ♣r✐♥❝✐♣❛✐s r❡❢❡r❡♥❝✐❛s sã♦✿ ❬✶✽❪✱ ❬✶✾❪✱ ❬✷✵❪✱ ❬✷✶❪✱ ❬✷✷❪✱ ❬✷✸❪✱ ❬✷✹❪✱ ❬✷✺❪✱ ❬✷✻❪✱ ❡ ♦✉tr❛s
r❡❢❡r❡♥❝✐❛s q✉❡ ♣♦❞❡♠ s❡r ❞❡ ❝♦♠♣❧❡♠❡♥t❛çã♦ ❞❛ t❡♦r✐❛ ❢♦r❛♠ ❬✷❪✱ ❬✸❪ ❡ ❬✼❪✳

✸✳✶ Pr♦❜❧❡♠❛ ❞❡ síst♦❧❡ ❣r❛♥❞❡

❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ tr✐❞✐♠❡♥s✐♦♥❛❧ ❞♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦✱ ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛
❡♠ S é ✉♠❛ ❝✉r✈❛ q✉❡ é t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❝♦♠♦ ✉♠ ❝ír❝✉❧♦✱ s❡ S t❡♠ ❛ t♦♣♦❧♦❣✐❛
❞❡ ✉♠ k−t♦r♦✳ ❊♠ S ✈ã♦ ❡①✐st✐r ❝✉r✈❛s ❢❡❝❤❛❞❛s q✉❡ ♥ã♦ sã♦ ❝♦♥trát❡✐s ❡♠ ✉♠
♣♦♥t♦ ❞❡ S✳ ■r❡♠♦s ✈❡r q✉❡ ❛ síst♦❧❡ ❞❡ S✱ é ♦ ♠❡♥♦r ❝♦♠♣r✐♠❡♥t♦ ❞❡ss❛s ❝✉r✈❛s✱
q✉❡ s❡rá ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛✳ ❖ t❡r♠♦ ♠❛t❡♠át✐❝♦ síst♦❧❡ ❢♦✐ ❛❞♦t❛❞♦ ❡♠
1980✳

❆ síst♦❧❡ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ ❘✐❡♠❛♥♥ ❢♦✐ ♦❜❥❡t♦ ❞❡ ♣r♦❢✉♥❞♦s ❡st✉❞♦s ❡♥tr❡
1993 ❡ 2003✳ ❖ ❛rt✐❣♦ ❬✷✺❪ ❞❡ P❛✉❧ ❙❝❤✉♠t③ ❙❝❤❛❧❧❡r ♠❛r❝♦✉ ✉♠ ❛✈❛♥ç♦ ✐♠♣♦r✲
t❛♥t❡ ♥❛s ♣❡sq✉✐s❛s ❞❡ s✉♣❡r❢í❝✐❡s ♠❛①✐♠❛✐s ♣❛r❛ ❛ síst♦❧❡✳ ◆♦ q✉❡ s❡❣✉❡ ❞❛♠♦s

✺✷



✺✸ ✸✳✶✳ Pr♦❜❧❡♠❛ ❞❡ síst♦❧❡ ❣r❛♥❞❡

❛ ❞❡✜♥✐çã♦ ❢♦r♠❛❧ ❞❛ síst♦❧❡✳

❉❡✜♥✐çã♦ ✸✳✶✳ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛✳ ❆ síst♦❧❡ ❞❡ S é ✉♠❛
❝✉r✈❛ ❢❡❝❤❛❞❛ ♥ã♦ ❝♦♥trát✐❧ ❞❡ ♠❡♥♦r ❝♦♠♣r✐♠❡♥t♦✱ ❡ ❞❡♥♦t❛♠♦s ♦ ❝♦♠♣r✐♠❡♥t♦
♣♦r sys(S)✳

❙❡❥❛ Mg é ♦ ❡s♣❛ç♦ ♠ó❞✉❧♦ ❞❡ t♦❞❛s ❛s s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s ❞❡ ❣ê♥❡r♦ g✳
❙❝❤✉♠t③ ❙❝❤❛❧❧❡r ❡♠ ❬✷✺❪ ❣❡♥❡r❛❧✐③♦✉ ❛ss✐♠ ❛ síst♦❧❡✳

❉❡✜♥✐çã♦ ✸✳✷✳ ❛✮✳ ❯♠ k✲s✐st❡♠❛ F ✱ 1 ≤ k ≤ 3g − 3✱ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ k
❣❡♦❞és✐❝❛s ♠✉t✉❛♠❡♥t❡ ❞✐s❥✉♥t❛s✳ ❖ ❝♦♠♣r✐♠❡♥t♦ l(F ) ❞❡ ✉♠ k✲s✐st❡♠❛ F
é ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ ❣❡♦❞és✐❝❛ ❞❡ ♠❛✐♦r ❝♦♠♣r✐♠❡♥t♦ ❡♠ F ✳

❜✮✳ ❯♠ k✲❝♦♠♣r✐♠❡♥t♦ lk(S) ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ S é ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ ♠í♥✐♠♦
❞♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ t♦❞♦s ♦s k✲s✐st❡♠❛s ❞❡ S✳

❝✮✳ S ∈ Mg é ❝❤❛♠❛❞♦ s✉♣❡r❢í❝✐❡ k✲♠❛①✐♠❛❧✱ s❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡
S ❡♠Mg t❛❧ q✉❡ ♦ k✲❝♦♠♣r✐♠❡♥t♦ ❞❡ S é ♠❛①✐♠❛❧ ❡♠ S✳

❞✮✳ S ∈ Mg é ❝❤❛♠❛❞♦ s✉♣❡r❢í❝✐❡ ❣❧♦❜❛❧ k−♠❛①✐♠❛❧ s❡ ♦ k✲❝♦♠♣r✐♠❡♥t♦ ❞❡ S
é ♠❛①✐♠❛❧ ❡♠Mg

❢✮✳ ❯♠❛ k✲síst♦❧❡ é ❛ ❣❡♦❞és✐❝❛ α ❡♠ ✉♠❛ s✉♣❡r❢í❝✐❡ S t❛❧ q✉❡ ❡①✐st❡ ✉♠ k✲
s✐st❡♠❛ F ❡♠ S ❝♦♠ α ❡ ❝♦♠ l(α) = l(F ) = lk(S)✳

❯♠ ❞♦s ♣r♦❜❧❡♠❛s ❞❛ ❣❡♦♠❡tr✐❛ ❡♠ s✉♣❡r❢í❝✐❡s é ❛ ♣r♦❝✉r❛ ❞❡ ♠étr✐❝❛s ❤✐♣❡r✲
❜ó❧✐❝❛s s♦❜r❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ♣❛r❛ ❝❡rt♦ ❣ê♥❡r♦✱ q✉❡ ♠❛①✐♠✐③❡♠ ❛ síst♦❧❡✳ ▼étr✐❝❛s
q✉❡ ♠❛①✐♠✐③❡♠ ❧♦❝❛❧♠❡♥t❡ s♦❜r❡ ❡ss❛s s✉♣❡r❢í❝✐❡s sã♦ ❞✐t❛s ❡①tr❡♠❛s✳ P♦ré♠✱ ❛té
♦ ♠♦♠❡♥t♦✱ ♣♦✉❝♦ s❡ s❛❜❡ s♦❜r❡ ❡ss❛s s✉♣❡r❢í❝✐❡s✳ ❆ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦ é ✐♠♣♦r✲
t❛♥t❡ ♣❛r❛ ♥♦ss♦ tr❛❜❛❧❤♦✳

❉❡✜♥✐çã♦ ✸✳✸✳ ❯♠❛ ❢❛♠í❧✐❛ ❞❡ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❝♦♠♣❛❝t❛s Si ❝♦♠ gi →∞
é ❞❡ síst♦❧❡ ❣r❛♥❞❡ s❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ̺ > 0 ❡ c✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ i✱ t❛❧ q✉❡
s❛t✐s❢❛③

sys(Si) ≥ ̺ log(gi)− c.

❆❣♦r❛ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠ ♣r♦❜❧❡♠❛ ♥♦ q✉❛❧ ♥♦ss♦ tr❛❜❛❧❤♦ s❡ ❜❛s❡♦✉✳

Pr♦❜❧❡♠❛ ✸✳✶✳ ✭Pr♦❜❧❡♠❛ ❞❡ síst♦❧❡ ❣r❛♥❞❡✮ ❉❡t❡r♠✐♥❡ ♦ s✉♣r❡♠♦ ❞❡ ̺ t❛❧
q✉❡ ❡①✐st❛ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❝♦♠♣❛❝t❛s Sk ❞❡ síst♦❧❡ ❣r❛♥❞❡
❝♦♠ ❡st❡ ̺✳

❆ ♣r✐♠❡✐r❛ ❝♦♥str✉çã♦ ❞❡ s✉♣❡r❢í❝✐❡s ❞❡ síst♦❧❡s ❣r❛♥❞❡✱ ❢♦✐ ❢❡✐t❛ ♣♦r ❇✉s❡r ❡
❙❛r♥❛❦ ❡♠ ❬✽❪✱ ♥♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✸✳✶✳ ✭❬✽❪✱ ❙❡çã♦✳ 4✮ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ❝♦✲❝♦♠♣❛❝t♦ ❡♠
PSL(2,R) ♦❜t✐❞♦ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❞♦s q✉❛tér♥✐♦s A = (a, b)Q ♣❛r❛
✐♥t❡✐r♦s a, b ♣♦s✐t✐✈♦s✳ ❙❡❥❛ Γ(p) ♣❛r❛ ♣r✐♠♦s ✐♠♣❛r❡s p✱ ♦ ♣r✐♥❝✐♣❛❧ s✉❜❣r✉♣♦ ❞❡
❝♦♥❣r✉ê♥❝✐❛✳ ❊♥tã♦ ❛ ❢❛♠í❧✐❛ ❞❡ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❝♦♠♣❛❝t❛s Sp = H2/Γ(p)
s❛t✐s❢❛③ g(Sp)→∞ q✉❛♥❞♦ p→∞✱ ❡ ❡①✐t❡ ❛❧❣✉♠ c✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ p✱ t❛❧ q✉❡

sys(Sp) ≥
4

3
log(g(Sp))− c.
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❆ ❝♦♥st❛♥t❡ ̺ = 4
3
é ♦ ♠❡❧❤♦r ✈❛❧♦r ❛❧❝❛♥ç❛❞♦ ❛té ❤♦❥❡✳ ◆♦ ❈❛♣ít✉❧♦ 4✱

❢❛r❡♠♦s ✉♠ ❡s❜♦ç♦ ❞♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✳ ❯♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ ❝♦♥str✉çã♦ ❞❡
❇✉s❡r ❡ ❙❛r♥❛❦ ❢♦✐ ❢❡✐t♦ ❡♠ 2007 ♣♦r ❑❛st③✱ ❈❤❛♣s ❡ ❱✐s❤♥❡ ❡♠ ❬✶✽❪✳

❚❡♦r❡♠❛ ✸✳✷✳ ✭❬✶✽❪✱ ♣á❣✳✿ ✹✵✶✮ ❙❡❥❛ Γ ✉♠ s✉❜❣r✉♣♦ ❛r✐t♠ét✐❝♦ ❝♦✲❝♦♠♣❛❝t♦ ❞❡
PSL(2,R)✳ ❊♥tã♦ ♣❛r❛ ✉♠❛ ❝♦♥st❛♥t❡ ❛❞❡q✉❛❞❛ c = c(Γ)✱ ♦ ♣r✐♥❝✐♣❛❧ s✉❜❣r✉♣♦
❞❡ ❝♦♥❣r✉ê♥❝✐❛ ❞❡ Γ s❛t✐s❢❛③

sys(SI) ≥
4

3
log(g(SI))− c

♣❛r❛ q✉❛❧q✉❡r ✐❞❡❛❧ I ⊳ OK✱ ♦♥❞❡ SI = H2/Γ é ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❛ss♦❝✐✲
❛❞❛✱ ♦♥❞❡ OK ⊂ K é ✉♠ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ❛❧❣é❜r✐❝♦s ❡♠ ✉♠ ❝♦r♣♦ K ⊂ R✳

❙❡❥❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛ ❞❡ ❣ê♥❡r♦ g ≥ 2✱ ❡♥tã♦ ♦ ✈❛❧♦r
msys(g) é ❞❡✜♥✐❞♦ ♣♦r

msys(g) = sup{sys(S)/S s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛ ❞❡ ❣ê♥❡r♦ g ≥ 2}.

❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ✉♥✐✈❡rs❛❧ B > 0✱ ❞❡s❝♦♥❤❡❝✐❞❛ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ ❣ê♥❡r♦
g ≥ 2 ❝✉♠♣r❡

B log(g) ≤ msys(g) ≤ 2 log(4g − 2) ✭✸✳✶✮

♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ✈❡❥❛ ❬✽❪✳

✸✳✷ ❙✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s ❡ síst♦❧❡ ♠á①✐♠❛

❉❡s✐❣♥❛r❡♠♦s ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ✉♠ ❛r❝♦ ❣❡♦❞és✐❝♦ α ♣♦r l(α)✳ ◆❡st❛ s❡çã♦
tr❛t❛r❡♠♦s ♦ ❝❛s♦ ❞❡ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❝♦♠♣❛❝t❛s ❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠✲
♣❛❝t❛ ❞❡ ❛ss✐♥❛t✉r❛ (g, n)✱ ❞❡ ❣ê♥❡r♦ g ❝♦♠ n ❝♦♠♣♦♥❡♥t❡s ❞❡ ❢r♦♥t❡✐r❛s ❞✐s❥✉♥✲
t❛s✱ ♦♥❞❡ ❝❛❞❛ ✉♠❛ ❞❛s q✉❛✐s é ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s ❡ s✉❛✈❡✳ Pr✐♠❡✐r♦
♣r♦✈❛r❡♠♦s ♦ ▲❡♠❛ ❞♦ ❈♦❧❛r ♣❛r❛ síst♦❧❡s✳ ❊♠ s❡❣✉✐❞❛ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❝♦♥s✲
tr✉çã♦ ❞❡ ✉♠❛ ❝♦❜❡rt✉r❛ ✉♥✐✈❡rs❛❧ ❞❛s s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s✱ ♥❡st❛ ❝♦❜❡rt✉r❛ ♦
r❛✐♦ ❞❡ ✐♥❥❡❝t✐✈✐❞❛❞❡ ♥ã♦ ❞✐♠✐♥✉✐✳ ❋✐♥❛❧♠❡♥t❡ ❡st❛ ❝♦♥str✉çã♦ s❡rá ✉t✐❧✐③❛❞❛ ♣❛r❛
♠♦str❛r ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✐♥t❡r s✐stó❧✐❝❛s ❞♦ ❚❡♦r❡♠❛ ✸✳✻✳

❘❡❝♦r❞❡♠♦s q✉❡ ❞❛❞❛ η ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s ❡♠ S✱ s❡❥❛ wη ♦ s✉✲
♣r❡♠♦ ❞❡ t♦❞♦s ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡♥tr❡ ♦s ❝♦♠♣r✐♠❡♥t♦s w ❞♦s ❛r❝♦s ❣❡♦❞és✐❝♦s
q✉❡ ❡♠❛♥❛♠ ♣❡r♣❡♥❞✐❝✉❧❛r♠❡♥t❡ ❞❡ η q✉❡ sã♦ ♠✉t✉❛♠❡♥t❡ ❞✐s❥✉♥t♦s✱ ♥♦ q✉❛❧
Cw(η) ≃ [−w,w]× S1✳ ◆ós ❞❡✜♥✐♠♦s ✉♠ ❝♦❧❛r Cw(η) ❛♦ r❡❞♦r ❞❡ η ❝♦♠ ❧❛r❣✉r❛
w < wη ♣♦r

Cw(η) = {p ∈ S/ dist(p, η) < w}.
❈❤❛♠❛♠♦s ❝♦❧❛r ♠❛①✐♠❛❧ Cw(η) ❞❡ η✱ s❡ w = wη✳ ❯♠ ♠❡✐♦ ❝♦❧❛r Hw(η) ❞❡
❧❛r❣✉r❛ w é ✉♠❛ ❞❛s ❞✉❛s ♣❛rt❡s ❞♦ ❝♦❧❛r Cw(η) q✉❡ ♦❜t❡♠♦s ❝♦rt❛♥❞♦ Cw(η) ❛♦
❧♦♥❣♦ ❞❡ η ✭✈❡❥❛ ❋✐❣✉r❛ ✸✳✶✮✳

Pr✐♠❡✐r♦ ♠♦str❛r❡♠♦s ♦ ▲❡♠❛ ❞♦ ❈♦❧❛r ♣❛r❛ síst♦❧❡s ❞❡ s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s✳
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❋✐❣✉r❛ ✸✳✶✿ ❈♦❧❛r ❞❛ ❝✉r✈❛ η ❡ ❝♦❧❛r ♠❛①✐♠❛❧ ❞❡ η✳

▲❡♠❛ ✸✳✶✳ ❙❡❥❛ α ✉♠❛ síst♦❧❡ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛ S ❞❡ ❣ê♥❡r♦
g ≥ 2✳ ❊♥tã♦ ♦ ❝♦❧❛r ♠❛①✐♠❛❧ Cwα

(α) ❞❡ α t❡♠ ❧❛r❣✉r❛

wα >
l(α)

4
.

❋✐❣✉r❛ ✸✳✷✿ ❊①✐stê♥❝✐❛ ❞♦ ❛r❝♦ ❣❡♦❞és✐❝♦ δ ♥♦ ❝♦❧❛r ♠❛①✐♠❛❧ ❞❡ α✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ α ✉♠❛ síst♦❧❡ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛ ♠❛①✐✲
♠❛❧ Smax ❞❡ ❣ê♥❡r♦ g ≥ 2✳ ❖ ❢❡❝❤♦ Cωα

(α) ❞♦ ❝♦❧❛r ♠❛①✐♠❛❧ ❞❡ α ❛✉t♦ ✐♥t❡r❝❡♣t❛✲
s❡ ♥♦ ♣♦♥t♦ p✳ ❊♥tã♦ ❡①✐st❡♠ ❞♦✐s ❛r❝♦s ❣❡♦❞és✐❝♦s δ′ ❡ δ′′ ❞❡ ❝♦♠♣r✐♠❡♥t♦ wα

q✉❡ ❡♠❛♥❛♠ ❞❡ α✱ ❡ sã♦ ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❛ α✱ t❡♥❞♦ ♦ ♣♦♥t♦ ✜♥❛❧ p ❡♠ ❝♦♠✉♠✳
❊st❡s ❞♦✐s ❛r❝♦s ❢♦r♠❛♠ ✉♠ ❛r❝♦ ❣❡♦❞és✐❝♦ s✉❛✈❡ δ✳ ❖s ♣♦♥t♦s ✜♥❛✐s ❞❡ δ ❡♠ α
❛ ❞✐✈✐❞❡ ❡♠ ❞✉❛s ♣❛rt❡s✱ ❞❡♥♦t❛r❡♠♦s ❡st❡s ❞♦✐s ❛r❝♦s ♣♦r α′ ❡ α′′ ✭✈❡❥❛ ❋✐❣✉r❛
✸✳✷✮✳
❙✉♣♦♥❤❛♠♦s s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ α′ é ♦ ❛r❝♦ ❝♦♠ ♠❡♥♦r ❝♦♠♣r✐♠❡♥t♦
❞❡st❡s ❞♦✐s✳ P❡❧♦ q✉❡ ♦❜t❡♠♦s

l(α′) ≤ l(α)

2
.

❆❣♦r❛ s❡❥❛ β ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s ♥❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❧✐✈r❡ α′.δ✱
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t❡♠♦s q✉❡

l(β) < l(α′) + l(δ) ≤ l(α)

2
+ 2wα.

❆✜r♠❛♠♦s q✉❡ wα >
l(α)
4
✳ ❉❡ ❢❛t♦✱ s❡ wα ≤ l(α)

4
s❡ t❡♠ ♦ s❡❣✉✐♥t❡

l(β) <
l(α)

2
+ 2

l(α)

4
= l(α),

❛ q✉❛❧ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ à ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ α✱ ♣♦✐s α é ✉♠❛ síst♦❧❡✳

❉✐❛♥t❡ ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❝❛❞❛ síst♦❧❡ α ♥✉♠❛ s✉♣❡r❢í❝✐❡
❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛ S t❡♠ ✉♠ ❝♦❧❛r Cα

4
(α) ❞❡ ❧❛r❣✉r❛ l(α)

4
✱ q✉❡ ❡stá ❝♦♥t✐❞♦ ❡♠

S✳
❆ s❡❣✉✐♥t❡ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ❝♦❜❡rt✉r❛ ✉♥✐✈❡rs❛❧ ♣♦❞❡ s❡r ✉s❛❞❛ ♣❛r❛ ❞❛r ✉♠❛
✈❡rsã♦ ❞♦ ✐t❡♠ 1 ❞♦ ❚❡♦r❡♠❛ ✸✳✻✱ ♦♥❞❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♥ã♦ s❡rá ❡str✐t❛✳

Pr♦♣♦s✐çã♦ ✸✳✶✳ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛ ❞❡ ❣ê♥❡r♦ g ≥ 2✳
❊①✐st❡ ✉♠❛ ❝♦❜❡rt✉r❛ ✉♥✐✈❡rs❛❧ S̃ ❞❡ ♦r❞❡♠ k ❡ ❞❡ ❣ê♥❡r♦ k(g − 1) + 1✱ t❛❧ q✉❡

sys(S̃) ≥ sys(S).

❋✐❣✉r❛ ✸✳✸✿ ■❞❡♥t✐✜❝❛çã♦ ❞❛s ❣❡♦❞és✐❝❛s ❢r♦♥t❡✐r❛s ❞❡ Sc
i ✳

❉❡♠♦♥str❛çã♦✳ ❆♥t❡s ❞❛ ❞❡♠♦str❛çã♦✱ ❢❛r❡♠♦s ❛❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s✳ ❙❡❥❛ S
✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛ ❞❡ ❣ê♥❡r♦ g ≥ 2 ❡ s❡❥❛ α ✉♠❛ ❣❡♦❞és✐❝❛
❢❡❝❤❛❞❛ s✐♠♣❧❡s ❞❡ S ♥ã♦ s❡♣❛rá✈❡✐s✳ ❙❡❥❛ ℘ ✉♠❛ ♣❛rt✐çã♦ ❞❡ S ❡♠ s✉♣❡r❢í❝✐❡s ❞❡
❛ss✐♥❛t✉r❛ (0, 3)✱ ♦✉ Y ✲♣❛rt❡s✱ t❛❧ q✉❡ α é ✉♠❛ ❝✉r✈❛ ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ✉♠ Y ✲♣❛rt❡✳
❙❡❥❛ FNS ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❋❡♥❝❤❡❧✲◆✐❡❧s❡♥ ❝♦rr❡s♣♦♥❞❡♥t❡ ♣❛r❛ ℘ ❡
twα ♦ ♣❛râ♠❡tr♦ ❞❡ t♦rçã♦ ❡♠ α ✭✈❡❥❛ ❈❛♣✐t✉❧♦ 3✱ ❙❡çã♦ ✷✳✺✮✳

P❛r❛ ♣r♦✈❛r ❛ ♣r♦♣♦s✐çã♦ ❝♦♥str✉í♠♦s ✉♠❛ ♥♦✈❛ s✉♣❡r❢í❝✐❡ ❞❡ ❣ê♥❡r♦ k(g −
1) + 1 ❞❡ S t❛❧ q✉❡

sys(S̃) ≥ sys(S)



✺✼ ✸✳✷✳ ❙✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s ❡ síst♦❧❡ ♠á①✐♠❛

♣❛r❛ ❡st❡ ✜♠✱ ❢❛③❡♠♦s ✉♠ ❝♦rt❡ ❛❜❡rt♦ ❡♠ S ❛♦ ❧♦♥❣♦ ❞❡ α ❡ ❝❤❛♠❛♠♦s ❛ s✉♣❡r✲
❢í❝✐❡ ♦❜t✐❞❛ Sc q✉❡ t❡♠ ❛ss✐♥❛t✉r❛ (g − 1, 2)✳ ❙❡❥❛♠ αc

1 ❡ αc
2 ❛s ❞✉❛s ❣❡♦❞és✐❝❛s

❞❡ ❢r♦♥t❡✐r❛s ❞❡ Sc✳

❚♦♠❛♥❞♦ k ❝♦♣✐❛s (Sc
i )i=1,...,k ❞❛ s✉♣❡r❢í❝✐❡ Sc ❡ s❡❥❛♠ αi

1 ❡ αi
2 ❛s ❣❡♦❞és✐❝❛s

❞❡ ❢r♦♥t❡✐r❛ ❡♠ Sc
i ✱ t❛❧ q✉❡ α

i
1 é ❛ ❝♦♣✐❛ ❞❡ αc

1 ❡ αi
2 é ❛ ❝♦♣✐❛ ❞❡ αc

2✳ ■❞❡♥t✐✜❝❛♠♦s
❛s ❢r♦♥t❡✐r❛s ❞♦s ❞✐❢❡r❡♥t❡s (Sc

i )i=1,...,k ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

αk
1 ∼ α1

2 ❡ αi
1 ∼ αi+1

2 ♣❛r❛ t♦❞♦ i = 1, ..., k − 1 ✭✸✳✷✮

❡s❝♦❧❤❡♠♦s ♦s k ♣❛râ♠❡tr♦s ❞❡ t♦rçã♦ (tj)j=1,...,k t❛❧ q✉❡

tj = tωα ♣❛r❛ t♦❞♦ j ∈ {1, ..., k} ✭✸✳✸✮

❞❡♥♦t❛♠♦s ❛ s✉♣❡r❢í❝✐❡ ♦❜t✐❞❛ ❞❡ ❣ê♥❡r♦ k(g − 1) + 1 ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❡sq✉❡♠❛
❞❡ ❝♦❧❛❣❡♠ ✭✸✳✷✮✱ ♣♦r

S̃ = Sc
1 + Sc

2 + ...+ Sc
k mod (3.2) ✭✈❡❥❛ ❛ ❋✐❣✉r❛ ✸✳✸✮

❡ ❞❡♥♦t❛♠♦s ♣♦r αi ❛ ✐♠❛❣❡♠ ❞❡ αi
1 ⊂ Sc

i ❡♠ S̃ ♣❛r❛ i ∈ {1, ..., k}✳ ▲♦❣♦ ♣♦❞❡♠♦s
❞❡✜♥✐r

φi : S
c
i \∂Sc

i → Sc
i+1 mod (k)\∂Sc

i+1 mod (k)

✉♠❛ ✐s♦♠❡tr✐❛ ♥❛t✉r❛❧ ♥♦ ✐♥t❡r✐♦r ❞❛s Sc
i ✳ ❈♦♠♦ t♦❞♦s ♦s ♣❛râ♠❡tr♦s ❞❡ t♦rçã♦

♥❛s ❝♦❧❛❣❡♥s ❢♦r❛♠ ❡s❝♦❧❤✐❞♦s twα✱ ❡♥tã♦ ♦s (φi)i,...,k ♣♦❞❡♠ s❡r ❡st❡♥❞✐❞♦s ♣❛r❛
✉♠❛ ✐s♦♠❡tr✐❛ φ̃ : S̃ → S̃✱ ♦♥❞❡

S̃ mod φ̃ ≃ S

❧♦❣♦✱ 〈φ̃〉 é ✉♠ ❣r✉♣♦ ❝í❝❧✐❝♦ ❞❡ ♦r❞❡♠ k ❣❡r❛❞♦ ♣♦r φ̃ ❡ S̃ é ✉♠❛ ❝♦❜❡rt✉r❛
✉♥✐✈❡rs❛❧ ❞❡ S✳

❆❣♦r❛ ❝♦♠♦ ♦ r❛✐♦ ❞❡ ✐♥❥❡❝t✐✈✐❞❛❞❡ rinj(M) ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❘✐❡♠❛♥♥✐❛♥❛
❢❡❝❤❛❞❛ M ✱ ♥ã♦ ❞✐♠✐♥✉✐ ❡♠ ✉♠❛ ❝♦❜❡rt✉r❛ ✉♥✐✈❡rs❛❧✱ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ♣❛r❛ s✉✲
♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❝♦♠♣❛❝t❛s S ′✱ ♣❡❧♦ ▲❡♠❛ ✷✳✸ t❡♠♦s q✉❡ rinj(S ′) = 1

2
sys(S ′)✱

❡
sys(S̃) = 2rinj(S̃) ≥ 2rinj(S) = sys(S).

■ss♦ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛ ❞❛ ♣r♦♣♦s✐çã♦✳

❆♥t❡s ❞❡ ♠♦str❛r ♦ ❚❡♦r❡♠❛ ✸✳✻✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ sã♦
♥❡❝❡ssár✐♦s ♥❛ ❞❡♠♦str❛çã♦✳

❚❡♦r❡♠❛ ✸✳✸✳ ✭❬✸❪ ❡ ❬✷✺❪✮ ❊①✐st❡♠ s♦♠❡♥t❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ s✉♣❡r❢í❝✐❡s
♠❛①✐♠❛✐s ❞❡ ❣ê♥❡r♦ g✳

▲❡♠❛ ✸✳✷✳ ✭❬✷✶❪✱ ♣á❣✳✿ ✸✸✻✮ ❚♦❞❛s ❛s síst♦❧❡s ♥❛s s✉♣❡r❢í❝✐❡s Smax sã♦ ♥ã♦ s❡♣❛✲
rá✈❡✐s✳

❚❡♦r❡♠❛ ✸✳✹✳ ✭❬✷✹❪✱♣á❣✳✿ ✺✽✽✮ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ♠❛①✐♠❛❧ ❡♠M(1,2) ♦♥❞❡ ❛s
❞✉❛s ❣❡♦❞és✐❝❛s ❞❡ ❢r♦♥t❡✐r❛s t❡♠ ✐❣✉❛❧ ❝♦♠♣r✐♠❡♥t♦ 2y✳ ❙❡❥❛ 2x ♦ ❝♦♠♣r✐♠❡♥t♦



✺✽ ✸✳✷✳ ❙✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s ❡ síst♦❧❡ ♠á①✐♠❛

❞❛ síst♦❧❡ ❞❡ S✳ ❊♥tã♦

2 cosh3 x− 3 cosh2 x− (cosh y + 1) cosh x− cosh y = 0

❯♠ ❡s♣❡❝tr♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦s s✐♠♣❧❡s é ✉♠ ❝♦♥❥✉♥t♦∆0(S) ♦r❞❡♥❛❞♦ ❞❡ ❝♦♠✲
♣r✐♠❡♥t♦s {l1 ≤ l2 ≤ ...} ❞❡ s✉❛s ❣❡♦❞és✐❝❛s ✐♥t❡r✐♦r❡s✱ ♦♥❞❡ l1 é ♦ ❝♦♠♣r✐♠❡♥t♦
❞❛ síst♦❧❡ ❞❡ S✳

❚❡♦r❡♠❛ ✸✳✺✳ ✭❬✷✷❪✱ ♣á❣✳✿ ✷✷✼✮ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛ ❝♦♠

❢r♦♥t❡✐r❛ ♥ã♦ ✈❛③✐❛ ❡ s❡❥❛ ǫ > 0✳ ❊①✐st❡ ✉♠❛ s✉♣❡r❢í❝✐❡ S̃ ❝♦♠ ❛ ♠❡s♠❛ ❛ss✐♥❛t✉r❛✱
❡ ❝♦♠ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❢r♦♥t❡✐r❛ ǫ ♠❛✐♦r ❞♦ q✉❡ S ❡ ❝♦♠ ∆0(S) < ∆0(S̃)✳

❆❣♦r❛ q✉❡ t❡♠♦s ❢❡✐t♦ ♦ ▲❡♠❛ ✸✳✶ ❡ ❛ Pr♦♣♦s✐çã♦ ✸✳✶✱ ❡st❛♠♦s ❡♠ ❝♦♥❞✐çã♦
❞❡ ♣r♦✈❛r ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✸✳✻✳ ❙❡ msys(g) é ♦ ♠á①✐♠♦ ✈❛❧♦r q✉❡ sys(.) ♣♦❞❡ ❛t✐♥❣✐r ❡♥tr❡ ❛s
s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❝♦♠♣❛❝t❛s ❞❡ ❣ê♥❡r♦ g ≥ 2✳ ❊♥tã♦ ❛s s❡❣✉✐♥t❡s ❞❡s✐❣✉❛❧✲
❞❛❞❡s s❛t✐s❢❛③❡♠✿

✶✳ msys(k(g − 1) + 1) > msys(g) ♣❛r❛ k ∈ N\{0, 1}❀

✷✳ msys(g + 1) > msys(g)
2

❀

✸✳ ❙❡ msys(g1) ≤ msys(g2)✱ ❡♥tã♦ msys(g1+g2−1) > min
{

msys(g2)
2

,msys(g1)
}
✳

❉❡♠♦♥str❛çã♦✳ ✶✳ msys(k(g − 1) + 1) > msys(g)✳

❙❡❥❛ Smax ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛ ♠❛①✐♠❛❧ ❞❡ ❣ê♥❡r♦ g ≥ 2✳
P❛r❛ ♣r♦✈❛r ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ t❡♦r❡♠❛ ❝♦♥str✉✐r❡♠♦s ✉♠❛ ♥♦✈❛ s✉♣❡r❢í❝✐❡
S ′ ❞❡ ❣ê♥❡r♦ k(g − 1) + 1 ❛ ♣❛rt✐r ❞❡ Smax✱ t❛❧ q✉❡

msys(g) = sys(Smax) = sys(S ′).

❙❡❥❛ α ✉♠❛ síst♦❧❡ ❞❡ Smax✱ ❝♦♠♦ t♦❞❛ síst♦❧❡ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ♠❛①✐♠❛❧
é ♥ã♦✲s❡♣❛rá✈❡❧ ✭▲❡♠❛ ✸✳✷✮✱ ❡♥tã♦ α é ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s ♥ã♦✲
s❡♣❛rá✈❡❧✳ Pr♦❝❡❞❡♠♦s ❞❛ ♠❡s♠❛ ♠❛♥❡✐r❛ q✉❡ ♥❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✱
❝♦♥s✐❞❡r❛♥❞♦ Smax = S ❡ S ′ = S̃✱ ♠❛s ❞❡st❛ ✈❡③ ❡s❝♦❧❤❡♠♦s ♦s k ♣❛râ♠❡tr♦s
❞❡ t♦rçã♦ t❛❧ q✉❡

(tj)1,...,k, tj ∈
(
−1

2
,
1

2

]

❛♣r❡s❡♥t❛❞♦ ❡♠ ✭✸✳✷✮ ❡ ✭✸✳✸✮✱ ♣❛r❛ ♦❜t❡r ❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ S ′ ❞♦ ❣ê♥❡r♦
k(g − 1) + 1✳ ▲❡♠❜r❛♥❞♦ q✉❡ αi é ❛ ✐♠❛❣❡♠ ❞❡ αi

1 ⊂ Sc
i ❡♠ S ′✱ ❞❡✈✐❞♦ à

♥♦ss❛ ❝♦♥str✉çã♦ ❡ ❞♦ ▲❡♠❛ ✸✳✶✱ ❝❛❞❛ αi t❡♠ ✉♠ ❝♦❧❛r Ci ❞❡ ❧❛r❣✉r❛ l(α)
4

✭✈❡❥❛ ❛ ❋✐❣✉r❛ ✸✳✹ ✮✳

❆❣♦r❛ ♠♦str❛r❡♠♦s q✉❡ q✉❛❧q✉❡r ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s η ❡♠ S ′ t❡♠
❝♦♠♣r✐♠❡♥t♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ l(α)✳ P♦❞❡♠♦s ❞✐st✐♥❣✉✐r ❞♦✐s ❝❛s♦s✿ η ✐♥t❡r✲
❝❡♣t❛ tr❛♥s✈❡rs❛❧♠❡♥t❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ❞♦s (αi)i=1,...,k ♦✉ ♥ã♦✳
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❋✐❣✉r❛ ✸✳✹✿ ●❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s ♥❛ s✉♣❡r❢í❝✐❡ S ′ ❞❡ ❣ê♥❡r♦ k(g − 1) + 1✳

❈♦♥s✐❞❡r❡♠♦s ♦ ♣r✐♠❡✐r♦ ❝❛s♦✿ s❡ η ✐♥t❡r❝❡♣t❛ ✉♠ ❞♦s (αi)i=1,...,k✱ s✉♣♦♥❤❛✲
♠♦s q✉❡ αj é ✐♥t❡r❝❡♣t❛❞♦ ♣♦r η✱ ❡♥tã♦ ❞❡✈✐❞♦ à ❣❡♦♠❡tr✐❛ ❞♦s ❝✐❧✐♥❞r♦s
❤✐♣❡r❜ó❧✐❝♦s η ❛tr❛✈❡ss❛ Cj✳ ❆❣♦r❛ ❝♦♠♦ η é ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛✱ ❡❧❛ t❡♠
q✉❡ ❛tr❛✈❡ss❛r ♣❡❧♦ ♠❡♥♦s ❞✉❛s ✈❡③❡s ♦ ♠❡s♠♦ ❝✐❧✐♥❞r♦ Cj✱ ♦✉ t❡♠ q✉❡
❛tr❛✈❡ss❛r Cj ❡ ✉♠ ❞✐❢❡r❡♥t❡ ❝♦❧❛r Ci✳ P♦rt❛♥t♦ s❡✉ ❝♦♠♣r✐♠❡♥t♦ ❞❡ η é
♠❛✐♦r q✉❡

2 · 2wα = 2 · 2 l(α)
4

= l(α).

◆❡st❡ ❝❛s♦ t❡♠♦s l(η) ≥ l(α)✱ ♦ q✉❡ ✐♠♣❧✐❝❛ sys(S ′) = l(α)✳

◆♦ s❡❣✉♥❞♦ ❝❛s♦✿ ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s q✉❡ ♥ã♦ ✐♥t❡r❝❡♣t❛ ♦s
(αi)i=1,...,k tr❛♥s✈❡rs❛❧♠❡♥t❡✱ ❡♥tã♦ ♦✉ ❡stá ❝♦♥t✐❞♦ ♥♦ ✐♥t❡r✐♦r ❞❡ ✉♠❛ ❞❛s
(Sc

i )i=1,...,k ♦✉ é ✉♠ ❞♦s (αi)i=1,...,k✳ ❊♠ q✉❛❧q✉❡r ❝❛s♦ t❡♠♦s q✉❡

l(η) ≥ l(α)

❛ss✐♠ sys(S ′) = l(α)✳ P♦rt❛♥t♦ ❡♠ t♦❞♦s ♦s ❝❛s♦s t❡♠♦s

msys(g) = sys(Smax) = l(α) = sys(S ′).

❉❡✜♥✐♥❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡ ♦s ♣❛râ♠❡tr♦s ❞❡ t♦rçã♦ ♣♦r t = (t1, ..., tk) ♦❜s❡r✲
✈❛♠♦s q✉❡ S ′ ♣❡rt❡♥❝❡ ❛ ✉♠❛ ❢❛♠í❧✐❛ ❝♦♥tí♥✉❛ ❞❡ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s
❝♦♠♣❛❝t❛s (St)t∈(−1/2,1/2]k ❞❡ ❣ê♥❡r♦ k(g − 1) + 1 t❛❧ q✉❡

sys(St) = msys(g).

■ss♦ ♠♦str❛ q✉❡✱ ❡♠❜♦r❛ ❛s síst♦❧❡s ❞❛s s✉♣❡r❢í❝✐❡s ❞❡st❛ ❢❛♠í❧✐❛ sã♦ ❣r❛♥❞❡s✱
❡st❛s ♥ã♦ ♣♦❞❡♠ s❡r ♠❛①✐♠❛✐s✱ ♣♦✐s ✐ss♦ s❡r✐❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦ à ✜♥✐t✉❞❡
❞♦ ♥ú♠❡r♦ ❞❡ss❛s s✉♣❡r❢í❝✐❡s ✭❚❡♦r❡♠❛ ✸✳✸✮✱ ♣♦rt❛♥t♦

msys(k(g − 1) + 1) > sys(St) = msys(g).
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✷✳ msys(g + 1) > msys(g)
2

✳

❈❤❛♠❛♠♦s ✉♠❛ F ✲♣❛rt❡ ❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ ❛ss✐♥❛t✉r❛ (1, 2)✳ ❙❡❥❛ b1 ❡ b2
❛s ❣❡♦❞és✐❝❛s ❞❡ ❢r♦♥t❡✐r❛s ❡♠ F ✲♣❛rt❡✳ ❈♦♥s✐❞❡r❛♠♦s Fmax ✉♠❛ s✉♣❡r❢í❝✐❡
❝✉❥❛ síst♦❧❡ ✐♥t❡r✐♦r t❡♠ ❝♦♠♣r✐♠❡♥t♦ ♠á①✐♠♦ ❡♥tr❡ t♦❞❛s ❛s F ✲♣❛rt❡s ❝♦♠
❢r♦♥t❡✐r❛s γ1 ❡ γ2 ❞❡ ✐❣✉❛❧ ❝♦♠♣r✐♠❡♥t♦

l(γ1) = l(γ2) = b.

❉❡♥♦t❡♠♦s ♣♦r δ = sys(Fmax) ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ síst♦❧❡ ✐♥t❡r✐♦r ❞❡ Fmax✳
P❡❧♦ ❚❡♦r❡♠❛ ✸✳✹ t❡♠♦s q✉❡

❋✐❣✉r❛ ✸✳✺✿ ❊sq✉❡♠❛ ❞❡ ❝♦❧❛❣❡♠ ❞❡ Sc ❡ Fmax✳

2 cosh3

(
δ

2

)
− 3 cosh2

(
δ

2

)
−
(
cosh

(
b

2

)
+ 1

)
cosh

(
δ

2

)
− cosh

(
b

2

)
= 0.

✭✸✳✹✮
◆♦s ❛✜r♠❛♠♦s q✉❡ sys(Fmax) = s > b

2
✳ ❉❡ ❢❛t♦✱ t❡♠♦s ❞❛ ❡q✉❛çã♦ ✭✸✳✹✮ ♦

s❡❣✉✐♥t❡

cosh
(
δ
2

)

cosh
(
δ
2

)
+ 1

(
2 cosh2

(
δ

2

)
− 3 cosh

(
δ

2

)
− 1

)
= cosh

(
b

2

)
.

▼❛s ❝♦♠♦ cosh(x) > 0✱ ∀x ∈ R✱ t❡♠♦s 0 <
cosh( δ

2)
cosh( δ

2)+1
< 1✱ ❧♦❣♦

2 cosh2

(
δ

2

)
− 3 cosh

(
δ

2

)
− 1 > cosh

(
b

2

)
> 0. ✭✸✳✺✮

❙❛❜❡♠♦s q✉❡ cosh(x) = ex+e−x

2
✱ ❡♥tã♦ t❡♠♦s ❡♠ ✭✸✳✺✮

cosh

(
b

2

)
< 2

(
eδ + e−δ + 2

4

)
− 3 cosh

(
δ

2

)
− 1 = cosh(δ)− 3 cosh

(
δ

2

)
.
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❉❛✐ ♦❜t❡♠♦s cosh(δ) > cosh
(
b
2

)
✱ ✐ss♦ ✐♠♣❧✐❝❛ q✉❡

sys(Fmax) = δ >
b

2
.

P❛r❛ ♠♦str❛r ❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞♦ t❡♦r❡♠❛✱ ❝♦♥str✉✐r❡♠♦s ✉♠❛ ♥♦✈❛ s✉♣❡r✲
❢í❝✐❡ S ′′ ❞❡ ❣ê♥❡r♦ g+1✱ ❛ ♣❛rt✐r ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ♠❛①✐♠❛❧ Smax ❞❡ ❣ê♥❡r♦
g ≥ 2 ❡ Fmax t❛❧ q✉❡

sys(S ′′) ≥ sys(Smax)

2
.

❆❣♦r❛ ❝♦♥str✉✐r❡♠♦s ✉♠❛ s✉♣❡r❢í❝✐❡ S ′′ ❝♦❧❛♥❞♦ ✉♠❛ s✉♣❡r❢í❝✐❡ Sc ❞❛ ❛s✲
s✐♥❛t✉r❛ (g − 1, 2) q✉❡ é ♦❜t✐❞❛ ♣❡❧♦ ❝♦rt❡ ❛❜❡rt♦ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ síst♦❧❡
α ❡♠ Smax ❡ ❛ s✉♣❡r❢í❝✐❡ Fmax q✉❡ t❡♠ ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❛s ❣❡♦❞és✐❝❛s ❞❡
❢r♦♥t❡✐r❛s ✐❣✉❛❧ ❛ l(α)✱ ❛♦ ❧♦♥❣♦ ❞❛s ❞✉❛s ❣❡♦❞és✐❝❛s ❞❡ ❢r♦♥t❡✐r❛s ❞❡ Sc✳ ❉❡✲
♥♦t❛♠♦s ♣♦r α1 ❡ α2 ❛ ✐♠❛❣❡♠ ❞❛s ❞✉❛s ❣❡♦❞és✐❝❛s ❞❡ ❢r♦♥t❡✐r❛s ❞❛ F ✲♣❛rt❡
❡♠ S ′′✱ q✉❡ sã♦ ✐s♦♠étr✐❝♦s ♣❛r❛ Fmax✳ ❉❡✈✐❞♦ ❛ ♥♦ss❛ ❝♦♥str✉çã♦ ❝❛❞❛ αi

t❡♠ ♠❡✐♦ ❝♦❧❛r Hi ⊂ Sc ❞❡ ❧❛r❣✉r❛ l(α)
4
✳

◆♦ q✉❡ s❡❣✉❡✱ ♠♦str❛r❡♠♦s q✉❡ q✉❛❧q✉❡r ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s η ❡♠ S ′′

t❡♠ ❝♦♠♣r✐♠❡♥t♦ ♠❛✐♦r q✉❡ l(α)
2
✳ ◆♦✈❛♠❡♥t❡ t❡♠♦s ❞♦✐s ❝❛s♦s✿ η ✐♥t❡r❝❡♣t❛

♣❡❧♦ ♠❡♥♦s ✉♠ ❞♦s αi✱ i = 1, 2 tr❛♥s✈❡rs❛❧♠❡♥t❡✱ ♦✉ ♥ã♦✳

P❛r❛ ♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ s❡ η ✐♥t❡r❝❡♣t❛ tr❛♥s✈❡rs❛❧♠❡♥t❡ ✉♠ ❞♦s (αi)i=1,2✱
s✉♣♦♥❤❛♠♦s q✉❡ η é ✐♥t❡r❝❡♣t❛❞♦ tr❛♥s✈❡rs❛❧♠❡♥t❡ ♣♦r α1✱ ❡♥tã♦ ❞❡✈✐❞♦ à
❣❡♦♠❡tr✐❛ ❞♦ ♠❡✐♦ ❝♦❧❛r✱ η ♣❛ss❛ ♣♦r H1✳ ❆❧é♠ ❞✐ss♦ η t❡♠ q✉❡ ♣❛ss❛r ♣❡❧♦
♠❡♥♦s ❞✉❛s ✈❡③❡s ♦ ♠❡s♠♦ ♠❡✐♦ ❝♦❧❛r H1✱ ♦✉ t❡♠ q✉❡ ♣❛ss❛r H1 ❡ H2 ♣❛r❛
s❡r ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛✳ P♦rt❛♥t♦ ♥❡st❡ ❝❛s♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ η t❡♠ q✉❡
s❡r ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ 2wα✱ ♦✉ s❡❥❛

l(η) ≥ 2wα = 2
l(α)

4
=
l(α)

2

♦❜t❡♥❞♦ l(η) ≥ l(α)
2
✱ ♣❡❧♦ q✉❡ sys(S ′′) ≥ l(α)

2
✳ ❉❡ ❢❛t♦ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡ é

❡str✐t❛✱ ♣♦rq✉❡ ❛ ♣❛rt❡ ❞❡ η ♥❛ F ✲♣❛rt❡ ❞❡✈❡ t❡r ❝♦♠♣r✐♠❡♥t♦ ❡str✐t❛♠❡♥t❡
♣♦s✐t✐✈♦ ✭✈❡❥❛ ❋✐❣✉r❛ ✸✳✺✮✳
❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ♦ s❡❣✉♥❞♦ ❝❛s♦✿ s❡❥❛ η q✉❛❧q✉❡r ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛
s✐♠♣❧❡s q✉❡ ♥ã♦ ✐♥t❡r❝❡♣t❛ tr❛♥s✈❡rs❛❧♠❡♥t❡ α1 ♦✉ α2✱ ❡♥tã♦ ♦✉ η ❡stá
❝♦♥t✐❞♦ ♥♦ ✐♥t❡r✐♦r ❞❡ Sc✱ ♦✉ ♥♦ ✐♥t❡r✐♦r ❞❡ F ′

max✱ ♦✉ é ✉♠ ❞♦s (αi)i=1,2✳
❆ss✐♠✱ ♦❜t❡♠♦s ✉♠ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ♣❛r❛ l(η) ♣♦r sys(F ′

max)✳ ❉❛ ❡q✉❛çã♦ ✸✳✹
s❡❣✉❡✲s❡ q✉❡

l(η) ≥ sys(F ′
max) >

l(α)

2

✐♠♣❧✐❝❛♥❞♦ sys(S ′′) > l(α)
2
✳ P♦rt❛♥t♦ ❡♠ q✉❛❧q✉❡r ❝❛s♦ ♦❜t❡♠♦s

msys(g)

2
=

sys(Smax)

2
≤ sys(S ′) < msys(g + 1)

❡ ❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ é ❡str✐t❛ ❞❡✈✐❞♦ ❛ ♥♦ss❛ ❝♦♥str✉çã♦ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡
❞♦s ♣❛râ♠❡tr♦s ❞❡ t♦rçã♦✳

✸✳ ❙❡ msys(g1) ≤ msys(g2)✱ ❡♥tã♦ msys(g1+g2−1) > min
{

msys(g2)
2

,msys(g1)
}
✳



✻✷ ✸✳✸✳ ❙✉♣❡r❢í❝✐❡s ❝♦♠ ❝ús♣✐❞❡s ❡ síst♦❧❡s ♠❛①✐♠❛✐s

P❛r❛ ❞❡♠♦str❛r ❛ ❛✜r♠❛çã♦ ✜♥❛❧ t♦♠❛♠♦s ❞✉❛s s✉♣❡r❢í❝✐❡s ♠❛①✐♠❛✐s S1
max

❡ S2
max ❞❡ ❣ê♥❡r♦s g1 ❡ g2 r❡s♣❡❝t✐✈❛♠❡♥t❡ ♣❛r❛ i ∈ {1, 2}✳ ❈♦rt❛♠♦s Si

max

❛♦ ❧♦♥❣♦ ❞❛ s✉❛ síst♦❧❡ αi ❡ ❝❤❛♠❛♠♦s ❛ s✉♣❡r❢í❝✐❡ ♦❜t✐❞❛ ❞❡st❛ ♠❛♥❡✐r❛
♣♦r Sci✳
❈♦♠♦ msys(g1) ≤ msys(g2) ♦❜t❡♠♦s q✉❡ l(α2) ≥ l(α1)✳ ❆❣♦r❛✱ ♥ã♦ ♣♦❞❡✲
♠♦s ❝♦❧❛r ❞✐r❡t❛♠❡♥t❡ ❡st❛s s✉♣❡r❢í❝✐❡s✱ ♣♦✐s ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❛s ❣❡♦❞és✐✲
❝❛s ❞❡ ❢r♦♥t❡✐r❛s sã♦ ❞✐❢❡r❡♥t❡s✳ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✺✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠❛
s✉♣❡r❢í❝✐❡ ❞❡ ❝♦♠♣❛r❛çã♦ Sp1 ♣❛r❛ Sc1 ❞❡ ❛ss✐♥❛t✉r❛ (g1 − 1, 2) t❛❧ q✉❡✿

✭❛✮ ❚♦❞❛s ❛s ❣❡♦❞és✐❝❛s ✐♥t❡r✐♦r❡s ❞❡ Sp1 t❡♠ ❝♦♠♣r✐♠❡♥t♦ ♠❛✐♦r q✉❡
l(α1)✳

✭❜✮ ❆s ❣❡♦❞és✐❝❛s ❢r♦♥t❡✐r❛s γ1 ❡ γ2 ❞❡ Sp1 t❡♠ ❝♦♠♣r✐♠❡♥t♦ l(α2)✳

■❞❡♥t✐✜❝❛♥❞♦ ❛s ❢r♦♥t❡✐r❛s ❞❡ Sp1 ❡ Sc2 ♦❜t❡♠♦s ✉♠❛ s✉♣❡r❢í❝✐❡ S∗ ❞❡ ❣ê♥❡r♦
g1 + g2 − 1✳ ❆❧é♠ ❞✐ss♦ ❛s ❞✉❛s ❣❡♦❞és✐❝❛s ❢r♦♥t❡✐r❛s α2

1 ❡ α2
2 ❞❡ Sc2 tê♠

✉♠ ♠❡✐♦ ❝♦❧❛r ✐♥❝❧✉í❞♦ ❡♠ Sc2 ❞❡ ❧❛r❣✉r❛ l(α2)
4

✳ ❉❡✈✐❞♦ ❛ ♥♦ss❛ ❝♦♥str✉çã♦✱
♣♦❞❡♠♦s ❛♣❧✐❝❛r ✉♠ ❛r❣✉♠❡♥t♦ s❡♠❡❧❤❛♥t❡ ❞♦ ❝❛s♦ ❛♥t❡r✐♦r ❞❛ s✉♣❡r❢í❝✐❡
S ′′✱ ♣❛r❛ ♠♦str❛r q✉❡

msys(g1+g2−1) > sys(S∗) ≥ min

{
l(α2)

2
, l(α1)

}
= min

{
msys(g2)

2
,msys(g1)

}

❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ✐t❡♠ 1 ❞♦ ❚❡♦r❡♠❛ ✸✳✻ é✿ ❙❡ S é ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛
❞❡ ❣ê♥❡r♦ g✱ t❛❧ q✉❡ sys(S) ≥ 4

3
log(g)− c0✱ ❡♥tã♦ ♣❛r❛ l = k(g − 1) + 1

msys(l) ≥ 4

3
log(l)−

(
4

3
log(k)− c0

)

=
4

3
log(l)− c(k), ♣❛r❛ t♦❞♦ k ≪ g.

✸✳✸ ❙✉♣❡r❢í❝✐❡s ❝♦♠ ❝ús♣✐❞❡s ❡ síst♦❧❡s ♠❛①✐♠❛✐s

◆❡st❛ s❡çã♦ ❞❡♥♦t❛r❡♠♦s ♣♦r S ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❞❡ ❛ss✐♥❛t✉r❛ (g, n)✱
♦♥❞❡ ❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ♥ã♦ ❝♦♠♣❛❝t❛ S é ❞❡ ❣ê♥❡r♦ g ❝♦♠ n ❝ús♣✐❞❡s✱ ❡
❛ss✉♠✐r❡♠♦s q✉❡ 3g − 3 + n > 0✳ ❚❛♠❜é♠ ❞❡♥♦t❛r❡♠♦s ♣♦r S ✉♠❛ s✉♣❡r❢í❝✐❡
❤✐♣❡r❜ó❧✐❝❛ ❞❡ ❛ss✐♥❛t✉r❛ (g, n, k) ♦♥❞❡ à s✉♣❡r❢í❝✐❡ t❡♠ ❣ê♥❡r♦ g ❝♦♠ n ❝♦♠♣♦✲
♥❡♥t❡s ❞❡ ❢r♦♥t❡✐r❛ ❞✐s❥✉♥t❛s✱ ❞❛s q✉❛✐s k sã♦ ❝ús♣✐❞❡s✱ ❡♥tã♦ n−k sã♦ ❣❡♦❞és✐❝❛s
❢❡❝❤❛❞❛s s✐♠♣❧❡s✳ ❙❡❥❛ S ✉♠❛ s✉♣❡r✜❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❞❡ ❛ss✐♥❛t✉r❛ (g, n)✳ ❙❡❥❛
msys(g, n) ♦ ✈❛❧♦r

msys(g, n) = sup{sys(S)/S s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ♥ã♦ ❝♦♠♣❛❝t❛ ❞❡ ❛ss✐♥❛t✉r❛ (g, n)}.

P❛r❛ ♣r♦✈❛r ♦s t❡♦r❡♠❛s ❞❡st❛ s❡çã♦ ♣r✐♠❡✐r♦ ❞❡♠♦str❛r❡♠♦s ♦ ❧❡♠❛ ❞♦ ❝♦❧❛r
❞❡ síst♦❧❡s s❡♣❛rá✈❡✐s✱ ❡♠ ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠ ❝ús♣✐❞❡s✳ ❊s♣❡❝✐✜❝❛✲



✻✸ ✸✳✸✳ ❙✉♣❡r❢í❝✐❡s ❝♦♠ ❝ús♣✐❞❡s ❡ síst♦❧❡s ♠❛①✐♠❛✐s

♠❡♥t❡ ❞❡♠♦str❛r❡♠♦s q✉❡✱ ❡①✐st❡ ✉♠❛ síst♦❧❡ ❞♦ ❝♦❧❛r ❣r❛♥❞❡✱ s❡ ❛ síst♦❧❡ s❡♣❛rá✲
✈❡❧ é ✐♥t❡rs❡❝t❛❞❛ ♣♦r ♦✉tr❛ síst♦❧❡✳ ❊st❡ ❧❡♠❛ ❞♦ ❝♦❧❛r ❛♣❧✐❝❛✲s❡ só ♥❡st❛ s✐t✉❛çã♦
❡s♣❡❝✐❛❧✳

▲❡♠❛ ✸✳✸✳ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ♥ã♦ ❝♦♠♣❛❝t❛ ❞❡ ❛ss✐♥❛t✉r❛ (g, n) 6=
(0, 4)✱ ♦♥❞❡ 3g − 3 + n > 0 ❡ n ≥ 2✳ ❙❡ S t❡♠ ✉♠❛ síst♦❧❡ ✐♥t❡r❝❡♣t❛❞❛ ♣♦r
♦✉tr❛ síst♦❧❡✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ síst♦❧❡ s❡♣❛rá✈❡❧ α q✉❡ ❧✐♠✐t❛ ❛ s✉♣❡r❢í❝✐❡ Y ′ ❞❡
❛ss✐♥❛t✉r❛ (0, 3, 2)✳ ❖ ♠❡✐♦ ❝♦❧❛r ♠❛①✐♠❛❧ Hwα

(α) ⊂ S ❞❡ α ♥♦ ❧❛❞♦ ♦♣♦st♦ ❞❡
Y ′ t❡♠ ❧❛r❣✉r❛

wα > min




l(α)

4
,max



1.319,

l(α)

4
− arc sinh


 1

sinh
(

l(α)
4

)









 . ✭✸✳✻✮

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❞❡ ❛ss✐♥❛t✉r❛ (g, n)✱ ♦♥❞❡ (g, n)
s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞♦ ▲❡♠❛✳ Pr✐♠❡✐r♦ ♠♦str❛r❡♠♦s q✉❡ ❛ s✉♣❡r❢í❝✐❡ t❡♠ ✉♠❛
síst♦❧❡ s❡♣❛rá✈❡❧ q✉❡ ❧✐♠✐t❛ ✉♠❛ Y−♣❛rt❡ Y ′ ❞❡ ❛ss✐♥❛t✉r❛ (0, 3, 2)✳ P❛r❛ ♠❡❧❤♦r
❝♦♠♣r❡❡♥sã♦ ❞❛ ❞❡♠♦str❛çã♦ ♠❡♥❝✐♦♥❛♠♦s três r❡s✉❧t❛❞♦s q✉❡ ✉s❛r❡♠♦s✿

✶✳ ❙❡ S é ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❞❡ ❛ss✐♥❛t✉r❛ (g, n)✱ ❡♥tã♦ ❞✉❛s síst♦❧❡s
✐♥t❡r❝❡♣t❛♥❞♦✲s❡ ♥♦ ♠á①✐♠♦ ❞✉❛s ✈❡③❡s ✭✈❡❥❛ ❬✶✷❪✱ Pr♦♣♦s✐çã♦ ✸✳✷✮✳

✷✳ ❙❡ S é ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ ❛ss✐♥❛t✉r❛ (g, n) ❡ ❞✉❛s síst♦❧❡s ✐♥t❡r❝❡♣t❛♠ ❞✉❛s
✈❡③❡s✱ ❡♥tã♦ ✉♠❛ ❞❡❧❛s ❧✐♠✐t❛ ❞✉❛s ❝ús♣✐❞❡s ✭✈❡❥❛ ❬✶✷❪✱ Pr♦♣♦s✐çã♦ ✸✳✸✮✳

✸✳ ❙❡ ❞✉❛s síst♦❧❡s ❡♠ ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ S ′ ❞❡ ❛ss✐♥❛t✉r❛ (g, n) s❡
✐♥t❡r❝❡♣t❛♠ ❞✉❛s ✈❡③❡s✱ ❡♥tã♦ ✭✈❡❥❛ ❬✶✺❪✮

sys(S ′) > 4❛r❝ senh(1) > 3, 525.

❙❡❥❛ α ✉♠❛ síst♦❧❡ s❡♣❛rá✈❡❧ ❡♠ S q✉❡ é ✐♥t❡r❝❡♣t❛❞❛ ♣♦r ♦✉tr❛ síst♦❧❡ β✳
❙✉♣♦♥❤❛♠♦s q✉❡ α ❡ β ✐♥t❡r❝❡♣t❛♠✲s❡ s♦♠❡♥t❡ ✉♠❛ ✈❡③✱ ❡♥tã♦ ♣❡❧❛ t♦♣♦❧♦❣✐❛
❞❛ s✉♣❡r❢í❝✐❡ ❛s ❞✉❛s síst♦❧❡s sã♦ ♥ã♦ s❡♣❛rá✈❡✐s✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s
α é s❡♣❛rá✈❡❧✳ P♦rt❛♥t♦ α ❡ β ✐♥t❡r❝❡♣t❛♠✲s❡ ❞✉❛s ✈❡③❡s✳ ▲♦❣♦ ♣❡❧♦ ✐t❡♠ 2 ❞♦s
r❡s✉❧t❛❞♦s ♠❡♥❝✐♦♥❛❞♦s ❛❝✐♠❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ α ♦✉ β ❧✐♠✐t❛ ✉♠❛ s✉♣❡r❢í❝✐❡ Y ′ ❞❡
❛ss✐♥❛t✉r❛ (0, 3, 2)✳ ❙✉♣♦♥❤❛♠♦s s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ α é ❛ ❣❡♦❞és✐❝❛
q✉❡ ❧✐♠✐t❛ Y ′✳

❆❣♦r❛ ❞❡♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞♦ ♠❡✐♦ ❝♦❧❛r✳ P❛r❛ ✐st♦ ❝♦rt❛♠♦s S ❛♦
❧♦♥❣♦ ❞❛ síst♦❧❡ α✳ ▼❛s ❝♦♠♦ α é s❡♣❛rá✈❡❧✱ S s❡ ❞❡s❝♦♠♣õ❡ ❡♠ ❞✉❛s ♣❛rt❡s✳
❈♦♥s✐❞❡r❛♠♦s R ❛ ♣❛rt❡ q✉❡ é ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ ❛ss✐♥❛t✉r❛ (g, n− 1, n− 2)✱ ❡ ♦
❢❡❝❤♦ Hwα

(α) ❞♦ ♠❡✐♦ ❝♦❧❛r ♠❛①✐♠❛❧ Hwα
(α) ❡♠ R✳ ❊st❡ ♠❡✐♦ ❝♦❧❛r ♠❛①✐♠❛❧ ❞❡

α s❡ ❛✉t♦ ✐♥t❡r❝❡♣t❛ ♥♦ ♣♦♥t♦ p✳ ❊♥tã♦ ❡①✐st❡♠ ❞♦✐s ❛r❝♦s ❣❡♦❞és✐❝♦s δ′1 ❡ δ′′1 ❞❡
❝♦♠♣r✐♠❡♥t♦ wα q✉❡ ❝♦♠❡ç❛♠ ♣❡r♣❡♥❞✐❝✉❧❛r♠❡♥t❡ ❡♠ α ❡ t❡r♠✐♥❛♠ ♥♦ ♣♦♥t♦
p✳ ❊st❡s ❞♦✐s ❛r❝♦s ❢♦r♠❛♠ ✉♠ ❛r❝♦ ❣❡♦❞és✐❝♦ s✉❛✈❡ δ1 ✭✈❡❥❛ ❋✐❣✉r❛ ✸✳✻✮✳
❖s ♣♦♥t♦s ❡①tr❡♠♦s ❞❡ δ1 ❡♠ α ❞✐✈✐❞❡♠ α ❡♠ ❞✉❛s ♣❛rt❡s✱ ❡ ❞❡♥♦t❛r❡♠♦s ❡st❡s
❞♦✐s ❛r❝♦s ♣♦r α′ ❡ α′′✳ ❙✉♣♦♥❤❛♠♦s✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ α′ é ♦ ❛r❝♦
❞❡ ♠❡♥♦r ❝♦♠♣r✐♠❡♥t♦ ❞❡st❡s ❞♦✐s ❛r❝♦s✱ ❡♥tã♦ t❡♠♦s

l(α′) ≤ l(α)

2
.



✻✹ ✸✳✸✳ ❙✉♣❡r❢í❝✐❡s ❝♦♠ ❝ús♣✐❞❡s ❡ síst♦❧❡s ♠❛①✐♠❛✐s

❋✐❣✉r❛ ✸✳✻✿ ❆ s✉♣❡r❢í❝✐❡ ❞❡ ❛ss✐♥❛t✉r❛ ❞❡ (0, 4, 3)✳

❙❡❥❛ γ ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s ♥❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❧✐✈r❡ ❞❡ α′ · δ1✳
P♦rt❛♥t♦ t❡♠♦s

l(γ) < l(α′) + l(δ1) ≤
l(α)

2
+ 2wα. ✭✸✳✼✮

❆ss✐♠✱ ♣♦❞❡ ❛❝♦♥t❡❝❡r ❞♦✐s ❝❛s♦s✿ γ é ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s q✉❡ t❡♠
❝♦♠♣r✐♠❡♥t♦ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦ ♦✉ γ t❡♠ ❝♦♠♣r✐♠❡♥t♦ ③❡r♦✱ ♦✉ s❡❥❛✱ ❡❧❛ ❞❡✜♥❡
✉♠❛ ❝ús♣✐❞❡✳

✶✳ γ t❡♠ ❝♦♠♣r✐♠❡♥t♦ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✳ ◆❡st❡ ❝❛s♦✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

wα >
l(α)

4
✭✸✳✽✮

❝❛s♦ ❝♦♥tr❛r✐♦✱ s❡ l(α)
4
≥ wα ❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✼✮ t❡♠♦s

l(γ) <
l(α)

2
+ 2wα ≤

l(α)

2
+
l(α)

2
= l(α)

❧♦❣♦ l(γ) < l(α)✱ ♦✉ s❡❥❛ γ é ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s ❞❡ ♠❡♥♦r
❝♦♠♣r✐♠❡♥t♦ q✉❡ ❛ síst♦❧❡✳ ❯♠❛ ❝♦♥tr❛çã♦✳ ■st♦ r❡s♦❧✈❡ ♥♦ss♦ ♣r✐♠❡✐r♦
❝❛s♦✳

✷✳ γ t❡♠ ❝♦♠♣r✐♠❡♥t♦ ③❡r♦✳ ❙❡ γ ❞❡✜♥❡ ✉♠❛ ❝ús♣✐❞❡✱ ❡♥tã♦ ❡st❛♠♦s ❛✐♥❞❛
♥❡st❡ ❝❛s♦✳ ❙❡❥❛ η ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s ♥❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛
❧✐✈r❡ ❞❡ α′′ · δ1✳ P♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ η ♥ã♦ t❡♠ ❝♦♠♣r✐♠❡♥t♦ ③❡r♦✱ ❝❛s♦
❝♦♥tr❛r✐♦ t❡rí❛♠♦s q✉❡ ❛ s✉♣❡r❢í❝✐❡ S t❡♠ ❛ss✐♥❛t✉r❛ (0, 4, 4)✱ q✉❡ ❢♦✐ ❡①✲
❝❧✉í❞❛ ♣♦r ❤✐♣ót❡s❡✳ P♦rt❛♥t♦ ❛ s✉♣❡r❢í❝✐❡ Y t❡♠ ❛ss✐♥❛t✉r❛ (0, 3, 1)✱ ♦♥❞❡
❛s ❝✉r✈❛s ❢r♦♥t❡✐r❛s sã♦ γ✱ η ❡ α✳ ❉❛✐ Y ∪ Y ′ = X1 ⊂ S1 é ✉♠❛ s✉♣❡r❢í❝✐❡
❞❡ ❛ss✐♥❛t✉r❛ (0, 4, 3) ✭✈❡❥❛ ❛ ❋✐❣✉r❛ ✸✳✻✮✳

❙❡❥❛ δ2 ♦ ❛r❝♦ ❣❡♦❞és✐❝♦ ❞❡ ♠❡♥♦r ❝♦♠♣r✐♠❡♥t♦ ❡♠ Y ′ q✉❡ ❧✐❣❛ α′ ❛ α′′✳ P♦r
s✐♠❡tr✐❛ ♦s ❞♦✐s ♣♦♥t♦s ✜♥❛✐s ❞❡ δ2 ❡♠ α✱ ❞✐✈✐❞❡ α ❡♠ ❞♦✐s ❛r❝♦s✱ ❛♠❜♦s



✻✺ ✸✳✸✳ ❙✉♣❡r❢í❝✐❡s ❝♦♠ ❝ús♣✐❞❡s ❡ síst♦❧❡s ♠❛①✐♠❛✐s

❞❡ ❝♦♠♣r✐♠❡♥t♦ l(α)
2
✳ ❙❡❥❛ R′ ✉♠ q✉❛❞r✐❧át❡r♦ ❣❡♦❞és✐❝♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ Y ′

❝♦♠ três â♥❣✉❧♦s r❡t♦s✱ q✉❡ t❡♠ ✉♠ ❧❛❞♦ ❡♠ δ2 ❞❡ ❝♦♠♣r✐♠❡♥t♦ l(δ2)
2

✱ ✉♠
❧❛❞♦ ❡♠ α ❞❡ ❝♦♠♣r✐♠❡♥t♦ l(α)

4
❡ ❞♦✐s ❧❛❞♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ✐♥✜♥✐t♦ ✉♥✐❞♦s

♥♦ ♣♦♥t♦ ❞❡✜♥✐❞❛ ♣♦r ✉♠❛ ❞❛s ❝ús♣✐❞❡s✳ R′ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦
✉♠ ♣❡♥tá❣♦♥♦ r❡t♦✱ ❞❛ ❡q✉❛çã♦ ✭✷✳✷✸✮✱ t❡♠♦s

senh

(
1

2
l(δ2)

)
senh

(
1

4
l(α)

)
= cos(0) = 1. ✭✸✳✾✮

❆❧é♠ ❞✐ss♦ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡

l(δ1) ≥ l(α′)

♣♦✐s ❝❛s♦ ❝♦♥tr❛r✐♦✱ s❡ l(α′) > l(δ1) t❡♠♦s

l(α) ≤ l(η) < l(δ1) + l(α′′) < l(α′) + l(α′′) = l(α) ✭✸✳✶✵✮

♣♦✐s α = α′ ∨ α′′✱ ❧♦❣♦ ❡♠ ✭✸✳✶✵✮ t❡♠♦s l(α) < l(α)✳ ❯♠❛ ❝♦♥tr❛❞✐çã♦✳

❙❡❥❛ R ✉♠ q✉❛❞r✐❧át❡r♦ ❣❡♦❞és✐❝♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ Y ❝♦♠ três â♥❣✉❧♦s r❡t♦s✱
q✉❡ t❡♠ ✉♠ ❧❛❞♦ ❡♠ δ1 ❞❡ ❝♦♠♣r✐♠❡♥t♦ l(δ1)

2
✱ ✉♠ ❧❛❞♦ ❡♠ α ❞❡ ❝♦♠♣r✐♠❡♥t♦

l(α′)
2

❡ ❞♦✐s ❞♦s ❧❛❞♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ✐♥✜♥✐t♦ ✉♥✐❞♦s ♥♦ ♣♦♥t♦ ❞❡✜♥✐❞❛ ♣♦r
✉♠❛ ❝ús♣✐❞❡✳ ❊♥tã♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✷✸✮✱ ♥♦ q✉❛❞r✐❧át❡r♦ R′ t❡♠♦s

senh

(
1

2
l(δ1)

)
senh

(
1

4
l(α′)

)
= cos(0) = 1. ✭✸✳✶✶✮

▼❛s ❝♦♠♦ 1
2
l(δ1) ≥ 1

2
l(α′)✱ ❡ ❛ ❢✉♥çã♦ senh(.) é ❝r❡s❝❡♥t❡✱ ❡♠ ✭✸✳✶✶✮ ♦❜t❡♠♦s

senh2

(
l(δ1)

2

)
≥ senh

(
l(δ1)

2

)
senh

(
l(α′)

4

)
= 1 ⇒ l(δ1)

2
≥ ❛r❝ senh(1)

✭✸✳✶✷✮
❆❣♦r❛ ❝♦♥s✐❞❡r❡♠♦s c1 ❡ c2 ❞♦✐s ❛r❝♦s ❡♠ α q✉❡ ❧✐❣❛♠ ♦s ♣♦♥t♦s ✜♥❛✐s ❞❡
δ1 ❡ δ2 ❡♠ α✱ t❛❧ q✉❡

l(c1) + l(c2) ≤
l(α)

2
. ✭✸✳✶✸✮

❆ ❡①✐stê♥❝✐❛ ❞❡st❡s ❛r❝♦s r❡s✉❧t❛ ❞♦ ♣r✐♥❝✐♣✐♦ ❞❛ ❞❡♠♦str❛çã♦✳ ❆❣♦r❛ ❝♦♥s✐✲
❞❡r❡♠♦s ǫ ❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s ❡♠ X1 ♥❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❧✐✈r❡
❞❡ δ1 · c1 · δ−1

2 · c2✳ ▼❛s ❝♦♠♦ l(ǫ) ≥ l(α) t❡♠♦s

l(α) ≤ l(ǫ) < l(δ1) + l(c1) + l(δ2) + l(c2) ✭✸✳✶✹✮

♣♦rt❛♥t♦ ♣♦r ✭✸✳✶✸✮ ❡♠ ✭✸✳✶✹✮ t❡♠♦s

l(δ1) + l(δ2) >
l(α)

2
, ❧♦❣♦

l(δ1)

2
>
l(α)

4
− l(δ2)

2
. ✭✸✳✶✺✮



✻✻ ✸✳✸✳ ❙✉♣❡r❢í❝✐❡s ❝♦♠ ❝ús♣✐❞❡s ❡ síst♦❧❡s ♠❛①✐♠❛✐s

P♦r ♦✉tr♦ ❧❛❞♦ ❡♠ ✭✸✳✾✮

1

2
l(δ2) = arc senh


 1

senh
(

l(α)
4

)


 . ✭✸✳✶✻✮

❆ss✐♠ ♦❜t❡♠♦s ❡♠ ✭✸✳✶✺✮

1

2
l(δ1) >

1

4
l(α)− arc senh


 1

senh
(

l(α)
4

)


 ✭✸✳✶✼✮

✜♥❛❧♠❡♥t❡ ❞❡ ✭✸✳✶✷✮ ❡ ✭✸✳✶✼✮ ♦❜t❡♠♦s

1

2
l(δ1) ≥ max



arc senh(1),

1

4
l(α)− arc senh


 1

senh
(

l(α)
4

)





 . ✭✸✳✶✽✮

❖❜s❡r✈❛♠♦s q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✶✽✮ ❡stá ♣❡rt♦ ❞❡ ♥♦ss♦ r❡s✉❧t❛❞♦ ❞❡s❡✲
❥❛❞♦✳ ❯t✐❧✐③❛♥❞♦ ❡st✐♠❛çõ❡s ♠❛✐s r❡✜♥❛❞❛s ♣❛r❛ δ1 ♣♦❞❡♠♦s ♠♦str❛r q✉❡

1

2
l(δ1) ≥ max



1.319,

1

4
l(α)− ❛r❝ senh


 1

senh
(

l(α)
4

)





 . ✭✸✳✶✾✮

P❛r❛ ✐st♦✱ s❡❥❛ P ✉♠ ♣❡♥tá❣♦♥♦ ❣❡♦❞és✐❝♦ r❡t♦ ❡♠ Y ✱ q✉❡ t❡♠ ✉♠ ❧❛❞♦ ❡♠
δ1 ❞❡ ❝♦♠♣r✐♠❡♥t♦ l(δ1)

2
✱ ✉♠ ❧❛❞♦ ❡♠ α ❞❡ ❝♦♠♣r✐♠❡♥t♦ l(α′′)

2
❡ ✉♠ ❧❛❞♦ ❡♠

η ❞❡ ❝♦♠♣r✐♠❡♥t♦ l(η)
2
✱ ❧♦❣♦ ♣❡❧❛ ❣❡♦♠❡tr✐❛ ❞❡ P ❡ ❞♦ ✐t❡♠ 1 ❞♦ ❚❡♦r❡♠❛

✷✳✶✸✱ ♦❜t❡♠♦s

senh

(
1

2
l(δ1)

)
senh

(
1

2
l(α′′)

)
= cosh

1

2
l(η). ✭✸✳✷✵✮

❈♦♠ ❛ ❛❥✉❞❛ ❞❛s ❡q✉❛çõ❡s ✭✸✳✶✷✮ ❡ ✭✸✳✷✵✮✱ ❡ ❞♦ ❢❛t♦ q✉❡ l(α′)+ l(α′′) = l(α)✱
❡♥❝♦♥tr❛♠♦s ❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦ ♣❛r❛ δ1

senh

(
1

2
l(δ1)

)
=




[
cosh

(
l(α)
2

)
+ cosh

(
l(η)
2

)]2

senh2
(

l(α)
2

) − 1




1/2

. ✭✸✳✷✶✮

■st♦ ♣♦❞❡ s❡r ❞❡❞✉③✐❞♦ ✉s❛♥❞♦ ❛s ❢ór♠✉❧❛s ❞❡ ❛❞✐çã♦ ❞❡ ❢✉♥çõ❡s ❤✐♣❡r❜ó❧✐✲
❝❛s✳ ❈♦♠♦ senh(·) é ✉♠❛ ❢✉♥çã♦ ♠♦♥♦t♦♥❛♠❡♥t❡ ❝r❡s❝❡♥t❡✱ ❡ l(η) ≥ l(α)✱
♦❜t❡♠♦s

4 cosh2

(
l(α)

2

)
≤
(
cosh

(
l(α)

2

)
+ cosh

(
l(η)

2

))2



✻✼ ✸✳✸✳ ❙✉♣❡r❢í❝✐❡s ❝♦♠ ❝ús♣✐❞❡s ❡ síst♦❧❡s ♠❛①✐♠❛✐s

♣❡❧♦ q✉❡ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡

senh

(
1

2
l(δ1)

)
≥



4 cosh2

(
l(α)
2

)

senh2
(

l(α)
2

) − 1




1/2

. ✭✸✳✷✷✮

P♦rt❛♥t♦ ❞❛s ❡q✉❛çõ❡s ✭✸✳✶✽✮✱ ✭✸✳✷✷✮ ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ q✉❡ l(α) ≥ 3.225 ✭❞♦
✐t❡♠ 3 ❞♦s r❡s✉❧t❛❞♦s✮ ♦❜t❡♠♦s ❛ ❡q✉❛çã♦ ✭✸✳✶✾✮✳

❋✐♥❛❧♠❡♥t❡ ❝♦♠❜✐♥❛❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✸✳✶✾✮ ❡ ✭✸✳✽✮✱ ❝♦♥s❡❣✉✐♠♦s ♠♦str❛r ♥♦ss♦
❧❡♠❛

wα > min




l(α)

4
,max



1.319,

l(α)

4
− ❛r❝ senh


 1

senh
(

l(α)
4

)









 .

❆❣♦r❛ ❞❡♠♦str❛r❡♠♦s✱ ♣❛r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ♠❛①✐♠❛❧ Smax q✉❡ t❡♠ ✉♠❛ síst♦❧❡
s❡♣❛rá✈❡❧✱ q✉❡ t❡♠ ♦✉tr❛ síst♦❧❡ s❡♣❛rá✈❡❧ q✉❡ ❛ ✐♥t❡r❝❡♣t❛✳ ❖ s❡❣✉✐♥t❡ ❧❡♠❛
♠♦str❛ ✐ss♦✳

▲❡♠❛ ✸✳✹✳ ❙❡❥❛ Smax ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ♠❛①✐♠❛❧ ♥ã♦ ❝♦♠♣❛❝t❛ ❞❡ ❛ss✐✲
♥❛t✉r❛ (g, n) 6= (0, 4)✱ ♦♥❞❡ 3g − 3 + n > 0 ❡ n ≥ 2✳ ❙❡ Smax t❡♠ ✉♠❛ síst♦❧❡
s❡♣❛rá✈❡❧✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ síst♦❧❡ s❡♣❛rá✈❡❧ α q✉❡ ❧✐♠✐t❛ ✉♠❛ s✉♣❡r❢í❝✐❡ Y ′ ❞❡
❛ss✐♥❛t✉r❛ (0, 3, 2)✳ ❖ ♠❡✐♦✲❝♦❧❛r ♠❛①✐♠❛❧ Hwα

(α) ❞❡ α ♥♦ ❧❛❞♦ ♦♣♦st♦ ❞❡ Y ′ t❡♠
❧❛r❣✉r❛

wα > min




l(α)

4
,max



1.319,

l(α)

4
− arc senh


 1

senh
(

l(α)
4

)









 . ✭✸✳✷✸✮

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ♠❛①✐♠❛❧ ❞❡ ❛ss✐♥❛t✉r❛ (g, n) q✉❡ t❡♠ ✉♠❛
síst♦❧❡ s❡♣❛rá✈❡❧ α ❡ ❝✉❥❛ ❛ss✐♥❛t✉r❛ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❧❡♠❛✳ ❊♥tã♦ α
é ✐♥t❡rs❡❝t❛❞♦ ♣♦r ♦✉tr❛ síst♦❧❡ β✳ ■ss♦ ❞❡❝♦rr❡ ❞♦ ❢❛t♦ ❞❡ q✉❡ ❡①✐st❡ ❛♣❡♥❛s
✉♠ ♥ú♠❡r♦ ❞✐s❝r❡t♦ ❞❡ s✉♣❡r❢í❝✐❡s ♠❛①✐♠❛✐s ♥♦ ❡s♣❛ç♦ ❞❡ ♠ó❞✉❧♦s M(g,n) ❞❡
s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❞❡ ❛ss✐♥❛t✉r❛ (g, n)✳ ❈❛s♦ ❝♦♥tr❛r✐♦✱ ♣♦❞❡r✐❛ ❣❡r❛r ✉♠❛
❢❛♠í❧✐❛ ❝♦♥t✐♥✉❛ ❞❡ s✉♣❡r❢í❝✐❡s ♠❛①✐♠❛✐s s✉❛✈❡s✱ ❛♣❧✐❝❛♥❞♦ ✉♠❛ ♣❡q✉❡♥❛ t♦rçã♦
❛♦ r❡❞♦r ❞❡ α✳ ❯♠❛ ❝♦♥tr❛❞✐çã♦✳
❆❣♦r❛ ♣❛r❛ ♠♦str❛r q✉❡✱ ♦ ♠❡✐♦✲❝♦❧❛r ♠❛①✐♠❛❧ Hωα

❞❡ α ♥♦ ❧❛❞♦ ♦♣♦st♦ ❞❡ Y ′

t❡♠ ❧❛r❣✉r❛

wα > min




l(α)

4
,max



1.319,

l(α)

4
− ❛r❝ sinh


 1

sinh
(

l(α)
4

)











s❡❣✉❡✲s❡ ❞♦ ▲❡♠❛ ✸✳✸✳

❯♠ r❡s✉❧t❛❞♦ q✉❡ s❡rá ✉s❛❞♦ ♥❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✽ é✳



✻✽ ✸✳✸✳ ❙✉♣❡r❢í❝✐❡s ❝♦♠ ❝ús♣✐❞❡s ❡ síst♦❧❡s ♠❛①✐♠❛✐s

❚❡♦r❡♠❛ ✸✳✼✳ ✭❬✷✸❪✱ ♣á❣✿ ✺✾✮ ❙❡❥❛ Q ✉♠❛ s✉♣❡r❢í❝✐❡ ♠❛①✐♠❛❧ ❞❡ ❛ss✐♥❛t✉r❛ (1, 1)
❝♦♠ ❣❡♦❞és✐❝❛ ❞❡ ❢r♦♥t❡✐r❛ b✳ ❊♥tã♦ ❛ síst♦❧❡ α ❞❡ Q s❛t✐s❢❛③✳

cosh
1

2
l(α) = cosh

1

6
l(b) +

1

2
.

❆❣♦r❛ q✉❡ t❡♠♦s ❢❡✐t♦ ♦s ❞♦✐s ▲❡♠❛s ✸✳✸ ❡ ✸✳✹✱ ❡st❛♠♦s ❡♠ ❝♦♥❞✐çã♦ ❞❡ ❞❡✲
♠♦str❛r ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✸✳✽✳ ❙❡❥❛ Smax ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ♥ã♦✲❝♦♠♣❛❝t❛ ❞❡ ❛ss✐♥❛t✉r❛
(g, n) 6= (0, 4)✱ ♦♥❞❡ 3g − 3 + n > 0 ❡ n ≥ 2 q✉❡ t❡♠ ✉♠❛ síst♦❧❡ s❡♣❛rá✈❡❧✳
❙❡ sys(Smax) = msys(g, n) é ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ s✉❛ síst♦❧❡✱ ❡♥tã♦ msys(g, n) ≥
4 arc senh(1)✳ ❆❧é♠ ❞✐ss♦

✶✳ msys(2g, 2n− 4) >

min

{
msys(g, n),max

{
5.276,msys(g, n)− 4❛r❝ sinh

(
1

sinh(msys(g,n)
4 )

)}}
❀

✷✳ msys(2g + 1, n− 4) > msys(g,n)
2

❀

✸✳ msys(g + 1, n− 2) > msys(g,n)
3

✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ Smax ✉♠❛ s✉♣❡r❢í❝✐❡ ♠❛①✐♠❛❧ ❞❡ ❛ss✐♥❛t✉r❛ (g, n) q✉❡ t❡♠
✉♠❛ síst♦❧❡ s❡♣❛rá✈❡❧ ❡ t❛❧ q✉❡ (g, n) s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞♦ t❡♦r❡♠❛✳ ❈♦rt❛♠♦s
Smax ❛♦ ❧♦♥❣♦ ❞❛ síst♦❧❡ α q✉❡ ❧✐♠✐t❛ ✉♠❛ Y ✲♣❛rt❡ Y ′ ❞❡ ❛ss✐♥❛t✉r❛ (0, 3, 2) ✭✈❡❥❛
▲❡♠❛ ✸✳✹✮✳ ❙❡❥❛ R ❛ ♣❛rt❡ ❞❡ Smax ❞❡ ❛ss✐♥❛t✉r❛ (g, n− 1, n− 2)✳ ❚♦♠❛♥❞♦ ❞✉❛s
❝♦♣✐❛s✱ R1 ❡ R2 ❞❡ R✱ ❡ s❡❥❛ α1 ❛ ❢r♦♥t❡✐r❛ ❞❡ R1 ❡ α2 ❛ ❢r♦♥t❡✐r❛ ❞❡ R2✳

✶✳ msys(2g, 2n− 4) >

min

{
msys(g, n),max

{
5.276,msys(g, n)− 4❛r❝ senh

(
1

senh(msys(g,n)
4 )

)}}
✳

P❛r❛ ♦❜t❡r ❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ ❝♦❧❛♠♦s R1 ❡ R2 ❝♦♠ ♦ ♣❛râ♠❡tr♦ ❞❡ t♦rçã♦
❛r❜✐trár✐♦✱ ❛♦ ❧♦♥❣♦ ❞❛s ❝✉r✈❛s ❞❡ ❢r♦♥t❡✐r❛s✱ ♣❛r❛ ♦❜t❡r ✉♠❛ s✉♣❡r❢í❝✐❡ R′

❞❡ ❛ss✐♥❛t✉r❛ (2g, 2n− 4, 2n− 4)✳

❆❣♦r❛ ♠♦str❛r❡♠♦s q✉❡ q✉❛❧q✉❡r ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s η t❡♠ ❝♦♠♣r✐✲
♠❡♥t♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ α✳ ❆ss✐♠ ♣♦❞❡♠ ❛❝♦♥t❡❝❡r ❞♦✐s ❝❛s♦s✿ η ✐♥t❡r❝❡♣t❛
tr❛♥s✈❡rs❛❧♠❡♥t❡ α̃✱ ♦✉ ♥ã♦✱ ♦♥❞❡ α é ❛ ✐♠❛❣❡♠ ❞❡ α1 ❡ α2 ❡♠ R′✳

❈❛s♦ ✶ ✿ ❙❡ η ✐♥t❡rs❡❝t❛ tr❛♥s✈❡rs❛❧♠❡♥t❡ ❛ α✱ ❡♥tã♦ ♣❡❧❛ ❣❡♦♠❡tr✐❛ ❞♦ ❝♦❧❛r
η ♣❛ss❛ ♦ ❝♦❧❛r Cwα

(α)✱ ♦✉ s❡❥❛ ♣❛ss❛ ♦s ❞♦✐s ♠❡✐♦s ❝♦❧❛r❡s✳ ❆❣♦r❛ ❝♦♠♦ η
é ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛✱ ❡❧❛ t❡♠ q✉❡ ♣❛ss❛r ♣❡❧♦ ♠❡♥♦s ❞✉❛s ✈❡③❡s ♦ ♠❡s♠♦
❝♦❧❛r Cwα

(α)✳ P♦rt❛♥t♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ η é ♠❛✐♦r q✉❡

2.2l(wα) = 2.2I = 4I,

♦♥❞❡ I = min

{
l(α)
4
,max

{
1.319, l(α)

4
− ❛r❝ senh

(
1

senh( l(α)
4 )

)}}
✱ ✐st♦ é ♣❡❧♦

▲❡♠❛ ✸✳✹ q✉❡ ❝❛❞❛ (αi)i=1,2 t❡♠ ✉♠ ♠❡✐♦ ❝♦❧❛r Hαi
(αi) ❞❡ ❧❛r❣✉r❛ I✳ ◆❡st❡

❝❛s♦ t❡♠♦s l(η) ≥ 4I✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ sys(R′) ≥ 4I✳



✻✾ ✸✳✸✳ ❙✉♣❡r❢í❝✐❡s ❝♦♠ ❝ús♣✐❞❡s ❡ síst♦❧❡s ♠❛①✐♠❛✐s

❈❛s♦ ✷ ✿ ❯♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s η q✉❡ ♥ã♦ ✐♥t❡r❝❡♣t❛ tr❛♥s✈❡rs❛❧✲
♠❡♥t❡ α✱ ❡♥tã♦ α ❡stá ❝♦♥t✐❞♦ ♥♦ ✐♥t❡r✐♦r ❞❡ ✉♠❛ ❞❛s (Ri)i=1,2✱ ♦✉ é α✳ ❊♠
q✉❛❧q✉❡r ❝❛s♦✱ t❡♠♦s

l(η) ≥ l(α)

❛ss✐♠ sys(R′) = l(α)✳ P♦rt❛♥t♦ ♥♦s ❞♦✐s ❝❛s♦s ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

4I ≤ sys(R′).

▼❛s ❝♦♠♦ ♦ ♣❛râ♠❡tr♦ ❞❡ t♦rçã♦ ❢♦✐ ❛r❜✐trár✐♦✱ t❡♠♦s q✉❡ R′ ♣❡rt❡♥❝❡ ❛
✉♠❛ ❢❛♠í❧✐❛ ❝♦♥t✐♥✉❛ (Rt)t∈(a,b] ❞❡ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❞❡ ❛ss✐♥❛t✉r❛
(2g, 2n− 4) t❛❧ q✉❡

4I ≤ sys(Rt)

■ss♦ ♠♦str❛ q✉❡✱ ❡♠❜♦r❛ ❛s síst♦❧❡s ♥❡st❛s s✉♣❡r❢í❝✐❡s s❡❥❛♠ ❣r❛♥❞❡s✱ ♥ã♦
♣♦❞❡♠ s❡r ♠❛①✐♠❛✐s✱ ✐ss♦ s❡r✐❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦ à ✜♥✐t✉❞❡ ❞♦ ♥ú♠❡r♦ ❞❡ss❛s
s✉♣❡r❢í❝✐❡s✳ P♦rt❛♥t♦

msys(2g, 2n− 4) > sys(R′) ≥
min

{
msys(g, n),max

{
5.276,msys(g, n)− 4❛r❝ senh

(
1

senh(msys(g,n)
4 )

)}}
✳

✷✳ msys(2g + 1, 2n− 4) > msys(g,n)
2

✳

❈♦♠♦ ♥❛ ♣r♦✈❛ ❞♦ ✐t❡♠ 2 ❞♦ ❚❡♦r❡♠❛ ✸✳✻✱ s❡❥❛ Fmax ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ ❛s✲
s✐♥❛t✉r❛ (1, 2, 0)✱ ❝✉❥❛ síst♦❧❡ ✐♥t❡r✐♦r sys(Fmax) t❡♠ ❝♦♠♣r✐♠❡♥t♦ ♠❛①✐♠❛❧
❡♥tr❡ t♦❞❛s ❛s F ✲♣❛rt❡s✱ ❝♦♠ ❞✉❛s ❣❡♦❞és✐❝❛s ❞❡ ❢r♦♥t❡✐r❛ b ❝♦♠ ❝♦♠♣r✐✲
♠❡♥t♦ l(b)✳ ❊♥tã♦

sys(Fmax) >
l(b)

2
.

❙❡❥❛ Smax ✉♠❛ s✉♣❡r❢í❝✐❡ ♦♥❞❡ sys(Smax) = msys(g, n) = l(α)✳ P❛r❛ l(α) =
l(b)✱ ❝♦❧❛♠♦s ❛s s✉♣❡r❢í❝✐❡s R1✱ Fmax ❡ R2 ❛♦ ❧♦♥❣♦ ❞❛s ❢r♦♥t❡✐r❛s✱ ❛ss✐♠
♦❜t❡♠♦s ✉♠❛ s✉♣❡r❢í❝✐❡ R′′ ❞❡ ❛ss✐♥❛t✉r❛ (2g + 1, 2n− 4, 2n− 4)✱ ♦♥❞❡ R1

❡ R2 sã♦ ❝♦♣✐❛s ❞❡ R✳
❉❡♥♦t❡♠♦s ♣♦r α1 ❡ α2 ❛s ✐♠❛❣❡♥s ❞❛s ❞✉❛s ❣❡♦❞és✐❝❛s ❞❡ ❢r♦♥t❡✐r❛s ❞❛
F ✲♣❛rt❡ ❡♠ R′′✳ ❉❡✈✐❞♦ ❛ ♥♦ss❛ ❝♦♥str✉çã♦ ❝❛❞❛ αi t❡♠ ✉♠ ♠❡✐♦✲❝♦❧❛r
♠❛①✐♠❛❧ Hwα

(α) ⊂ Ri✱ i = 1, 2 ❞❡ ❧❛r❣✉r❛

wα > I.

❆❣♦r❛ ❞❡♠♦str❛r❡♠♦s q✉❡ q✉❛❧q✉❡r ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s η ❡♠ R′′ t❡♠
❝♦♠♣r✐♠❡♥t♦ ♠❛✐♦r q✉❡ 2I✳ ❚❡♠♦s ❞♦✐s ❝❛s♦s η ✐♥t❡r❝❡♣t❛ tr❛♥s✈❡rs❛❧♠❡♥t❡
✉♠ ❞♦✐s (αi)i=1,2✱ ♦✉ ♥ã♦✳

P♦r ❛r❣✉♠❡♥t♦s s❡♠❡❧❤❛♥t❡s ❝♦♠♦ ♥❛ ♣r♦✈❛ ❞♦ ✐t❡♠ 2 ❞♦ ❚❡♦r❡♠❛ ✸✳✻ t❡♠♦s
q✉❡

msys(g, n)

2
< sys(R′′) < msys(2g + 1, 2n− 4).

✸✳ msys(g + 1, n− 2) > msys(g,n)
3

✳

❈❤❛♠❛♠♦s ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ ❛ss✐♥❛t✉r❛ (1, 1, 0) ✉♠❛ Q✲♣❛rt❡✳ ❙❡❥❛ b ❛ ❣❡✲
♦❞és✐❝❛ ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ✉♠❛ Q✲♣❛rt❡✳ ❙❡❥❛ Qmax ✉♠❛ s✉♣❡r❢í❝✐❡ ❝✉❥❛ síst♦❧❡



✼✵ ✸✳✸✳ ❙✉♣❡r❢í❝✐❡s ❝♦♠ ❝ús♣✐❞❡s ❡ síst♦❧❡s ♠❛①✐♠❛✐s

✐♥t❡r✐♦r t❡♠ ❝♦♠♣r✐♠❡♥t♦ ♠❛①✐♠❛❧ ❡♥tr❡ t♦❞❛s ❛s Q✲♣❛rt❡s✱ ❝♦♠ ❝♦♠♣r✐✲
♠❡♥t♦ ❞❡ ❢r♦♥t❡✐r❛ ✐❣✉❛❧ l(b)✳ ❉❡♥♦t❡♠♦s ♣♦r sys(Qmax) ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛
síst♦❧❡ ✐♥t❡r✐♦r ❞❡ Qmax✳ ❆❣♦r❛ ♣♦r ❚❡♦r❡♠❛ ✸✳✼ t❡♠♦s

cosh

(
sys(Qmax)

2

)
= cosh

1

6
l(b) +

1

2
⇒ sys(Qmax) >

1

3
l(b).

❈♦♥s✐❞❡r❛♠♦s ❛ s✉♣❡r❢í❝✐❡ Qmax ❝♦♠ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❢r♦♥t❡✐r❛ l(α)✳ P❛r❛
♣r♦✈❛r ❛ ♣❛rt❡ ✜♥❛❧ ❞♦ t❡♦r❡♠❛✱ ❝♦❧❛♠♦s R ❡ Qmax ❛♦ ❧♦♥❣♦ ❞❛s ❢r♦♥t❡✐r❛s✱
❡ ♦❜t❡♠♦s ✉♠❛ s✉♣❡r❢í❝✐❡ R∗ ❞❡ ❛ss✐♥❛t✉r❛ (g + 1, n − 2, n − 2)✳ ❙❡❣✉❡
❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡st❛ s✉♣❡r❢í❝✐❡ ❡ ♣♦r ❛r❣✉♠❡♥t♦s s❡♠❡❧❤❛♥t❡s ❝♦♠♦ ♥❛
❞❡♠♦str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✻ q✉❡

msys(g, n)

3
< sys(R∗) < msys(g + 1, n− 2).

◆♦ q✉❡ s❡❣✉✐ ❞❡♠♦str❛r❡♠♦s ✉♠ ❧❡♠❛✱ q✉❡ ✈❛✐ s❡r ✐♠♣♦rt❛♥t❡ ♥❛ ♣r♦✈❛ ❞♦
✉❧t✐♠♦ t❡♦r❡♠❛ ♥❡st❛ s❡çã♦✳

▲❡♠❛ ✸✳✺✳ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ♥ã♦ ❝♦♠♣❛❝t❛ ❞❡ ❛ss✐♥❛t✉r❛ (g, n)✱

♦♥❞❡ 3g − 3 + n > 0 ❡ g ≥ 1✳ ❊①✐st❡ ✉♠❛ ❝♦❜❡rt✉r❛ ✉♥✐✈❡rs❛❧ S̃ ❞❡ ♦r❞❡♠ k ❝♦♠
❛ss✐♥❛t✉r❛ (k(g − 1) + 1, kn) t❛❧ q✉❡

sys(S̃) ≥ sys(S).

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❞❡ ❛ss✐♥❛t✉r❛ (g, n)✱ ♦♥❞❡ 3g −
3 + n > 0 ❡ g ≥ 1✳ P❛r❛ ♣r♦✈❛r ♦ ❧❡♠❛✱ ❝♦♥str✉í♠♦s ✉♠❛ ♥♦✈❛ s✉♣❡r❢í❝✐❡ S̃ ❞❡
❛ss✐♥❛t✉r❛ (k(g − 1) + 1, kn) ❛ ♣❛rt✐r ❞❡ S✱ t❛❧ q✉❡

sys(S̃) ≥ sys(S).

❙❡❥❛ α ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s ♥ã♦ s❡♣❛rá✈❡❧ ❞❡ S✳ ❯s❛♠♦s ❛ ♠❡s♠❛
❝♦♥str✉çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✶✳ ❈♦♥str✉✐r❡♠♦s ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ ❝♦❜❡rt✉r❛ S̃ ♣♦r
❝♦rt❡ ❡ ❝♦❧❛❣❡♠ ❛♦ ❧♦♥❣♦ ❞❡ α ❡ ❝♦❧❛♥❞♦ k ❝♦♣✐❛s ❞❛ s✉♣❡r❢í❝✐❡ ❝♦rt❛❞❛✳ ▲❡♠❜r❡✲s❡
q✉❡ φ̃ é ✉♠❛ ✐s♦♠❡tr✐❛✱ t❛❧ q✉❡

S = S̃ mod φ̃ ❡ s❡❥❛ p : S̃ → S

❛ ❛♣❧✐❝❛çã♦ ❞❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❝♦❜❡rt✉r❛✱ ♥♦ q✉❛❧ p é ✉♠❛ ✐s♦♠❡tr✐❛ ❧♦❝❛❧✳ ❆❣♦r❛✱
♣❛r❛ ♣r♦✈❛r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✐♥t❡r s✐stó❧✐❝❛ ❡♥tr❡ sys(S̃) ❡ sys(S) ♥ã♦ ♣♦❞❡♠♦s ✉s❛r
♦ ❛r❣✉♠❡♥t♦ ❞♦ r❛✐♦ ✐♥❥❡❝t✐✈✐❞❛❞❡✱ ♣♦✐s ♥♦ ❝❛s♦ ❞❛s s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ♥ã♦
❝♦♠♣❛❝t❛s ❝♦♠ ❝ús♣✐❞❡s✱ t❡♠♦s q✉❡ rinj(S) = 0✱ ❡♥q✉❛♥t♦ q✉❡ sys(S) > 0✳

P♦rt❛♥t♦ ♣r♦✈❛r❡♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞♦ ❧❡♠❛ ❞❡ ♦✉tr❛ ♠❛♥❡✐r❛✳ P❛r❛ ❡st❡
♦❜❥❡t✐✈♦ ♦❜s❡r✈❛♠♦s ♦ s❡❣✉✐♥t❡✿

✶✳ ❆ síst♦❧❡ ❡♠ S ♦✉ S̃ é ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s✳



✼✶ ✸✳✸✳ ❙✉♣❡r❢í❝✐❡s ❝♦♠ ❝ús♣✐❞❡s ❡ síst♦❧❡s ♠❛①✐♠❛✐s

✷✳ P❛r❛ q✉❛❧q✉❡r ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s γ̃ ⊂ S̃✱ t❡♠♦s q✉❡ p(γ̃) = γ é ✉♠❛
❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✉❛✈❡✳ ❖ ❝♦♠♣r✐♠❡♥t♦ ❞❡ γ é ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❝♦♠♣r✐✲
♠❡♥t♦ ❞❡ γ̃✱ ♠❛s γ t❡♠ s❡♠♣r❡ ❝♦♠♣r✐♠❡♥t♦ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✳

❆❣♦r❛ s❡❥❛ α̃ ✉♠❛ síst♦❧❡ ❞❡ S̃ ❞❡ ❝♦♠♣r✐♠❡♥t♦ sys(S̃)✳ ❊♥tã♦ p(α̃) = α′ é ✉♠❛
❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ s✉❛✈❡ ❡♠ S ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✳ ❈♦♠♦ α′ é s✉❛✈❡✱
❡❧❛ é ✉♠❛ ❝✉r✈❛ ❞❡ ♠❡♥♦r ❝♦♠♣r✐♠❡♥t♦ ❡♠ s✉❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❧✐✈r❡✳ ❆❣♦r❛
s❡ α′ ❞❡✜♥❡ ✉♠❛ ❝ús♣✐❞❡✱ ❡❧❛ t❡r✐❛ q✉❡ t❡r ❝♦♠♣r✐♠❡♥t♦ ③❡r♦✳ ❯♠❛ ❝♦♥tr❛❞✐çã♦✳
P♦rt❛♥t♦ α′ t❡♠ ❝♦♠♣r✐♠❡♥t♦ ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✱ ❡ s❡❣✉❡ q✉❡

sys(S̃) = l(α̃) ≥ l(α) ≥ sys(S),

✐ss♦ ❝♦♥❝❧✉✐ ♥♦ss❛ ♣r♦✈❛✳

❖ ❧❡♠❛ ✸✳✺ ♥♦s ♣❡r♠✐t❡ ♣r♦✈❛r ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✱ ♣❛r❛ ♦ q✉❛❧ ♥❛ ❞❡♠♦str❛çã♦
só ♣r❡❝✐s❛♠♦s ❝♦♥s✐❞❡r❛r S = Smax✳

❚❡♦r❡♠❛ ✸✳✾✳ ❙❡❥❛ msys(g, n) ♦ ✈❛❧♦r ♠❛①✐♠❛❧ q✉❡ sys(·) ♣♦❞❡ ❛❧❝❛♥ç❛r ❡♥tr❡ ❛s
s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ♥ã♦ ❝♦♠♣❛❝t❛s ❞❡ ❛ss✐♥❛t✉r❛ (g, n)✱ ♦♥❞❡ 3g − 3 + n > 0
❡ g ≥ 1✳ ❊♥tã♦

msys(k(g − 1) + 1, kn) ≥ msys(g, n) ♣❛r❛ k ∈ N− {0, 1}.



❈❛♣ít✉❧♦ ✹

❙íst♦❧❡s ❡♠ s✉♣❡r❢í❝✐❡s ❣❡r❛❞❛s ♣♦r

❣r✉♣♦s ❢✉❝❤s✐❛♥♦s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦ ♦✉tr♦ ♦❜❥❡t✐✈♦ ❞❡ ♥♦ss♦ tr❛❜❛❧❤♦✱ q✉❡ é ❝❛❧✲
❝✉❧❛r ❛s síst♦❧❡s✶ ❞❡ s✉♣❡r❢í❝✐❡s ❣❡r❛❞❛s ♣❡❧❛s t❡ss❡❧❛çõ❡s {4g, 4g} ❡ {12g − 6, 3}
❝♦♠ ❣ê♥❡r♦ g ≥ 2✳ ◆❛s ❞✉❛s ♣r✐♠❡✐r❛s s❡çõ❡s ❝❛❧❝✉❧❛r❡♠♦s ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛s
❣❡♦❞és✐❝❛s ❛tr❛✈és ❞♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❛s ❛r❡st❛s ❞♦s ♣♦❧í❣♦♥♦s P4g ❡ P12g−6

❢♦r♥❡❝✐❞♦s ♥♦s tr❛❜❛❧❤♦s ❞❡ ❱✐❡✐r❛ ❬✷✽❪ ❡ ❋❛r✐❛ ❬✶✶❪✱ ❞❛s ❣❡♦❞és✐❝❛s q✉❡ t❡♠ ✉♠
r❡♣r❡s❡♥t❛♥t❡ ♥❛ ❝❧❛ss❡ ❞♦s ❡✐①♦s ❞❛ tr❛♥s❢♦r♠❛çã♦ ❤✐♣❡r❜ó❧✐❝❛✳ ❯♠❛ ❢❡rr❛♠❡♥t❛
✐♠♣♦rt❛♥t❡ ♣❛r❛ ❡st❡ ❝á❧❝✉❧♦ é ♦ ❚❡♦r❡♠❛ ✹✳✶✳ ◆❛ ❙❡çã♦ ✹✳✹ ❢❛r❡♠♦s ✉♠❛ ✐♥tr♦✲
❞✉çã♦ ❞❡ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s✱ ❞❛ ♦r❞❡♠ ❞♦s q✉❛tér♥✐♦s ❡ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠
✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❛ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s ❡ ♦ ❣r✉♣♦s ❞❛s ♠❛tr✐③❡s✳ ❋✐♥❛❧♠❡♥t❡
❛♣r❡s❡♥t❛r❡♠♦s ❛ ❝♦♥str✉çã♦ ❞❡ ❇✉s❡r ❡ ❙❛r♥❛❦ ❡♠ ❬✽❪✳
❆s ♣r✐♥❝✐♣❛✐s r❡❢❡r❡♥❝✐❛s sã♦✿ ❬✺❪✱ ❬✽❪✱ ❬✶✵❪✱ ❬✶✶❪✱ ❬✶✸❪✱ ❬✶✼❪ ❡ ❬✷✽❪✳

✹✳✶ ❙íst♦❧❡ ♥❛ s✉♣❡r❢í❝✐❡ S = H2/Γ4g

❯♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ r❡❣✉❧❛r ❝♦♠ p ❛r❡st❛s Pp é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ ❧✐♠✐✲
t❛❞♦ ♣♦r p s❡❣♠❡♥t♦s ❣❡♦❞és✐❝♦s✱ ❝♦♠ ❛r❡st❛s ❞❡ ♠❡s♠♦ ❝♦♠♣r✐♠❡♥t♦s ❡ â♥❣✉❧♦s
✐❣✉❛✐s✳ ❯♠❛ t❡ss❡❧❛çã♦ r❡❣✉❧❛r ♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ é ✉♠❛ ❝♦❜❡rt✉r❛ ❞❡ t♦❞♦
♣❧❛♥♦✱ ♣♦r ♣♦❧í❣♦♥♦s r❡❣✉❧❛r❡s ❝♦♠ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s✳ ❉❡♥♦t❛r❡♠♦s
✉♠❛ t❡ss❡❧❛çã♦ ♣♦r {p, q}✱ ♦♥❞❡ q ♣♦❧í❣♦♥♦s ❝♦♠ p ❛r❡st❛s ❡♥❝♦♥tr❛✲s❡ ❡♠ ❝❛❞❛
✈ért✐❝❡✳ ❊①✐st❡♠ ✐♥✜♥✐t❛s t❡ss❡❧❛çõ❡s r❡❣✉❧❛r❡s ♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✱ ❡ ❡❧❛s ❞❡✈❡♠
s❛t✐s❢❛③❡r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ (p− 2)(q − 2) > 4✱ ✈❡❥❛ ❬✶✸❪✳

❙❡❥❛ PSL(2,C) ♦ ❝♦♥❥✉♥t♦ ❞❛s ✐s♦♠❡tr✐❛s T : D2 → D2 ❞❛❞♦ ♣♦r

TA(z) =
az + b

bz + a
♦♥❞❡ a, b ∈ C, ❡ |a|2 − |b|2 = 1.

✶❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s✱ s✐♠♣❧❡s ❡ ♥ã♦ ❝♦♥trát❡✐s ❞❡ ♠❡♥♦r ❝♦♠♣r✐♠❡♥t♦✳

✼✷



✼✸ ✹✳✶✳ ❙íst♦❧❡ ♥❛ s✉♣❡r❢í❝✐❡ S = H2/Γ4g

❙❡ ❝♦♥s✐❞❡r❛r♠♦s ❛ ✐s♦♠❡tr✐❛ f : H2 → D2 ❞❛❞❛ ♣♦r

f(z) =
zi+ 1

z + i

❡♥tã♦ ♦ ❣r✉♣♦ Γ = f−1Γpf ✱ é ✉♠ s✉❜❣r✉♣♦ ❞❡ Γ ≤ PSL(2,R)✱ ♦♥❞❡ Γp ≤
PSL(2,C)✳ ❆s ♠❛tr✐③❡s ❛ss♦❝✐❛❞❛s ❞❛s ✐s♦♠❡tr✐❛s f ❡ f−1 sã♦

F =




i 1

1 i


 ❡ F−1 =

1

2



−i 1

1 −i




❝♦♠ F, F−1 ∈ M(2,C)✳ ▲♦❣♦ ✉s❛r❡♠♦s ❛ ✐s♦♠❡tr✐❛ f ♣❛r❛ ♦❜t❡r ♦s ❣❡r❛❞♦r❡s ❞❡
Γ ❡♠ H2✱ ❛ ♣❛rt✐r ❞♦s ❣❡r❛❞♦r❡s ❞❡ Γp ❡♠ D2✱ ♣❡❧♦ q✉❡ t❡♠♦s Γ ≃ Γp✳ ❆ ✐s♦♠❡tr✐❛
é ❞❛❞❛ ♣♦r

φ(T ) = f−1Tf, ❡ T ∈ Γp,

φ : D2 → H2✳ ❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

Gi = F−1MTi
F, ♣❛r❛ t♦❞♦ i = 1, ...,

p

2

❡♠ q✉❡ ♦sGi sã♦ ❛s ♠❛tr✐③❡s ❛ss♦❝✐❛❞❛s ❛♦s ❣❡r❛❞♦r❡s ❞♦ ❣r✉♣♦ Γ✱ ❡MTi
é ❛ ♠❛tr✐③

❛ss♦❝✐❛❞❛ à ✐s♦♠❡tr✐❛ Ti✳ ❯♠❛ ❡①♣❧❛♥❛çã♦ ♠❛✐s ❞❡t❛❧❤❛❞❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛
❡♠ ❬✺❪ ❡ ❬✶✸❪✳ ◆♦t❡ q✉❡ ♦ tr❛ç♦ ❞❡ ✉♠❛ ♠❛tr✐③ é ✐♥✈❛r✐❛♥t❡ ♣♦r ❝♦♥❥✉❣❛çã♦✱ ✐st♦ é

Tr(Gi) = Tr(F−1MTi
F ) = Tr(MTi

). ✭✹✳✶✮

❆✐♥❞❛✱ ♦s ❣❡r❛❞♦r❡s ❞❡ Γ ❛❣❡♠ ❡♠ H2 ❡ sã♦ ❞❛❞♦s ♣❡❧♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

▲❡♠❛ ✹✳✶✳ ✭❬✺❪✱ ♣❛❣✳✿✶✾✵✽✮ ❙❡❥❛ Γ ⊂ PSL(2,R) ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦ ♣♦r G1, ..., Gl✳ ❊♥tã♦

Gi =
1

2s




xi + yi
√
θ zi + wi

√
θ

−zi + wi

√
θ xi − yi

√
θ

,


 ✭✹✳✷✮

♦♥❞❡ Gi ∈ M(2,K)✱ s ∈ N ❡ θ, xi, yi, zi, wi ∈ K✱ ❝♦♠ i = 1, ..., l ❡ K é ✉♠ ❝♦r♣♦
❞❡ ♥ú♠❡r♦s ❛❧❣é❜r✐❝♦s r❡❛❧✳ ❆❧é♠ ❞✐ss♦✱ q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ T ∈ Γ t❡♠ ❛ ♠❡s♠❛
❢♦r♠❛ q✉❡ ♦s ❣❡r❛❞♦r❡s ❞❡ Γ✳

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ r❡❧❛❝✐♦♥❛ ✉♠ ❣r✉♣♦ ❞✐s❝r❡t♦ ❞❡ ✐s♦♠❡tr✐❛s ❞♦ ♣❧❛♥♦ ❤✐♣❡r✲
❜ó❧✐❝♦ H2 ❝♦♠ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛s ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s ❞❡ H2/Γ✳

❚❡♦r❡♠❛ ✹✳✶✳ ✭❬✶✵❪✱ ♣á❣✳✿ ✼✽✮ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❞✐s❝r❡t♦ ❞❡ ✐s♦♠❡tr✐❛s ❞♦ ♣❧❛♥♦
❤✐♣❡r❜ó❧✐❝♦ H2✱ t❛❧ q✉❡ ♦ q✉♦❝✐❡♥t❡ H2/Γ s❡❥❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛
R✳ ❚❡♠♦s q✉❡ t♦❞♦ ❡❧❡♠❡♥t♦ T ∈ Γ é ❤✐♣❡r❜ó❧✐❝♦ ❡ γ r❡♣r❡s❡♥t❛ ❡♠ H2/Γ ✉♠❛
❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ l(γ)✱ t❛❧ q✉❡

Tr2(T ) = 4 cosh2

(
l(γ)

2

)
.
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P❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ss❛s ❣❡♦❞és✐❝❛s
♣❡❧❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡

l(γ) = 2❛r❝ cosh
(
Tr(T )

2

)
. ✭✹✳✸✮

❆❣♦r❛ ❝♦♥s✐❞❡r❛♠♦s {4g, 4g} ✉♠❛ t❡ss❡❧❛çã♦ ❛✉t♦✲❞✉❛❧ ❝♦♠ g ≥ 2✱ ❡ s❡❥❛ P ♦
♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ r❡❣✉❧❛r ❞❡ 4g ❛r❡st❛s ❛ss♦❝✐❛❞❛ à ❡ss❛ t❡ss❡❧❛çã♦✳ ❖ ♣♦❧í❣♦♥♦
P4g t❡ss❡❧❛ ♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ D2✳ ▲♦❣♦✱ ♣❛r❛ g✱ Γ4g s❡rá ✉♠ ❣r✉♣♦ q✉❡ t❡♠ P4g

❝♦♠♦ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧✳

❆♣r❡s❡♥t❛r❡♠♦s ♣❛r❛ ❞♦✐s t✐♣♦s ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s✱ ♦ ♣r✐♠❡✐r♦ é ✉s❛♥❞♦
❡♠♣❛r❡❧❤❛♠❡♥t♦ ✉s✉❛❧ ❡ ♦ s❡❣✉♥❞♦ é ✉s❛♥❞♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞✐❛♠❡tr❛❧♠❡♥t❡
♦♣♦st♦✳

✹✳✶✳✶ H2/Γ4g ♣♦r ❡♠♣❛r❡❧❤❛♠❡♥t♦ ✉s✉❛❧

P❛r❛ ♠❡❧❤♦r ❞❡t❛❧❤❛♠❡♥t♦ ❞❛ ❝♦♥str✉çã♦ ❞♦ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ4g ✉s❛♥❞♦ ❡♠✲
♣❛r❡❧❤❛♠❡♥t♦ ✉s✉❛❧✱ ✈❡❥❛ ❬✷✽❪✳ ❙❡❥❛ g ♦ ❣ê♥❡r♦ ❞❛ s✉♣❡r❢í❝✐❡ H2/Γ4g✳ ❙✉♣♦♥❤❛✲
♠♦s q✉❡ P4g ❡st❡❥❛ ❝❡♥tr❛❞♦ ♥❛ ♦r✐❣❡♠ ❞❡ D2✳ ❈♦♥s✐❞❡r❡♠♦s q✉❡ ❛s ❛r❡st❛s
❡ ✈ért✐❝❡s ❞❡ P4g sã♦ ❞✐s♣♦st❛s ♥❛ s❡❣✉✐♥t❡ ♦r❞❡♠ ❝í❝❧✐❝❛ ✜①❛ ♥♦ s❡♥t✐❞♦ ❛♥t✐✲
❤♦rár✐♦ u1, w1, u

′
1, w1, ..., ug, w2g, u

′
g, w

′
g ❡ v1, v2, v

′
1, v

′
2, ..., v2g−1, v2g, v

′
2g−1, v

′
2g r❡s✲

♣❡❝t✐✈❛♠❡♥t❡✱ ❡ ❛s ✐s♦♠❡tr✐❛s ❤✐♣❡r❜ó❧✐❝❛s α1, β1, ..., αg, βg ✭♦s ❣❡r❛❞♦r❡s ❞♦ ❣r✉♣♦
❢✉❝❤s✐❛♥♦ Γ4g✮ t❛✐s q✉❡

αi(ui) = u′i ❡ βj(wj) = w′
j, j, i = 1, ..., g.

❋✐❣✉r❛ ✹✳✶✿ P8 ♣♦r ❡♠♣❛r❡❧❤❛♠❡♥t♦ ✉s✉❛❧ ❞❡ ❛r❡st❛s✳

P♦r ♠❡✐♦ ❞❡ss❡s ❡♠♣❛r❡❧❤❛♠❡♥t♦s✱ ♦❜t❡♠♦s ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❡ ♦r✐❡♥✲
tá✈❡❧ ❞❡ ❣ê♥❡r♦ g✳ ❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ρ ❝♦♠♦ s❡♥❞♦ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❡❧í♣t✐❝❛
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❞❡ ♦r❞❡♠ 4g ❝♦♠ ♠❛tr✐③ ❛ss♦❝✐❛❞❛

C =




e
iπ
4g 0

0 e−
iπ
4g




❞❡ ♠♦❞♦ q✉❡ ρ(u1) = w1 ❡ rk é ❛ ♣♦tê♥❝✐❛ ❞❡ ρ t❛❧ q✉❡

ρrk(u1) ∈ {uk, wk, u
′
k, w

′
k}, k = 1, ..., g.

■st♦ ♥♦s ♣❡r♠✐t❡ ❡s❝r❡✈❡r ♦s ❣❡r❛❞♦r❡s ❞❡ Γ4g ❝♦♠♦ ❝♦♥❥✉❣❛çã♦ ρ ♣♦r ♠❡✐♦ ❞❡
♣♦tê♥❝✐❛s ❞❡ ρ ✭✈❡❥❛ ❬✺❪✮✳

αk = ρ4(k−1)α1ρ
−1
4(k−1), k = 1, ..., g

βk = ρ4k−3α1ρ
−1
4k−3, k = 1, ..., g

❡♠ t❡r♠♦s ❞❛s ♠❛tr✐③❡s t❡♠♦s

Mαk
= C4(k−1)Mα1C

−4(k−1) k = 1, ..., g

Mβk
= C4k−3Mα1C

−4k+3 k = 1, ..., g

♦♥❞❡ Mαk
❡ Mβk

sã♦ ❛s ♠❛tr✐③❡s ❝♦rr❡s♣♦♥❞❡♥t❡s às tr❛♥s❢♦r♠❛çõ❡s αk ❡ βk r❡s✲
♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ♥♦s ♠♦str❛ ❛ ❢♦r♠❛ ❞♦ ❣❡r❛❞♦r α1✳

❚❡♦r❡♠❛ ✹✳✷✳ ✭❬✷✽❪✱ ♣á❣✳✿ ✹✻✮ ❙❡❥❛ P4g ♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ r❡❣✉❧❛r ❞❡ 4g
❛r❡st❛s✱ ❝✉❥♦ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ❛ss♦❝✐❛❞♦ é Γ4g✳ ❈♦♥s✐❞❡r❡♠♦s u1 ❝♦♠♦ s❡♥❞♦ ❛

❛r❡st❛ ❡♥tr❡ ♦s ❛r❣✉♠❡♥t♦s −π
2

❡ − (g−1)π
2g

❡ α1 ❛ tr❛♥s❢♦r♠❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ q✉❡
❡♠♣❛r❡❧❤❛ ❛s ❛r❡st❛s u1 ❡ u′1 ❞♦ ♣♦❧í❣♦♥♦ P4g✳ ❊♥tã♦

α1(z) =
az + b

bz + a
,

♦♥❞❡ a ❡ b sã♦ ❞❛❞♦s ♣♦r

arg(a) =
(g − 1)π

2g
; |a| = tan

(2g − 1)π

4g

❡

arg(b) = −(2g + 1)π

4g
; |b| =

(
tan

(
(2g − 1)π

4g

)2

− 1

)1/2

.

P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❛ ♠❛tr✐③ ❛ss♦❝✐❛❞❛ ❞❡ α1 é ❞❛ ❢♦r♠❛

Mα1 =



|a|e

iπ(g−1)
2g |b|e−

iπ(2g+1)
4g

|b|e
iπ(2g+1)

4g |a|e−
iπ(g−1)

2g


 . ✭✹✳✹✮



✼✻ ✹✳✶✳ ❙íst♦❧❡ ♥❛ s✉♣❡r❢í❝✐❡ S = H2/Γ4g

❈♦♠ ✐ss♦✱ ❡♥❝♦♥tr❛r❡♠♦s ❛s ♠❛tr✐③❡s ❞❡ αk+1 ❡ βk+1

Mαk
= C4(k−1)Mα1C

−4(k−1)

=




e
iπ(k−1)

g 0

0 e−
iπ(k−1)

g






|a|e

iπ(g−1)
2g |b|e−

iπ(2g+1)
4g

|b|e
iπ(2g+1)

4g |a|e−
iπ(g−1)

2g


C−4(k−1)

=



|a|e

iπ(g+2k−3)
2g |b|e−

iπ(2g−4k+5)
4g

|b|e
iπ(2g−4k+5)

4g |a|e−
iπ(g+2k−3)

2g







e−
iπ(k−1)

g 0

0 e
iπ(k−1)

g




=



|a|e

iπ(g−1)
2g |b|e

−iπ(2g−8k+9)
4g

|b|e
iπ(2g−8k+9)

4g |a|e−
iπ(g−1)

2g


 . ✭✹✳✺✮

Mβk
= C4k−3Mα1C

−4k+3

=




e
iπ(4k−3)

4g 0

0 e−
iπ(4k−3)

4g






|a|e

iπ(g−1)
2g |b|e−

iπ(2g+1)
4g

|b|e
iπ(2g+1)

4g |a|e−
iπ(g−1)

2g


C−4k+3

=



|a|e

iπ(4k+2g−5)
4g |b|e

−iπ(2g−4k+4)
4g

|b|e
−iπ(2g−4k+4)

4g |a|e−
iπ(4k+2g−5)

4g







e−
iπ(4k−3)

4g 0

0 e
iπ(4k−3)

4g




=



|a|e

iπ(g−1)
2g |b|e−

iπ(2g−8k+7)
4g

|b|e
iπ(2g−8k+7)

4g |a|e−
iπ(g−1)

2g


 . ✭✹✳✻✮

▲♦❣♦ ❝❛❧❝✉❧❛r❡♠♦s ♦ tr❛ç♦ ❞❛s ♠❛tr✐③❡s Mαk
❡ Mβk

✳ ❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❛✲s❡
q✉❡

Tr(Mαk
) = Tr(Mβk

).

❊♥tã♦

Tr(Mαk,βk
) = 2|a| cos (g − 1)π

2g
= 2 tan

(2g − 1)π

4g
cos

(g − 1)π

2g
. ✭✹✳✼✮

❉❛s ❡q✉❛çõ❡s ✭✹✳✼✮ ❡ ✭✹✳✸✮✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❛s ❣❡♦❞és✐❝❛s γ
❣❡r❛❞❛s ♣❡❧❛s ✐s♦♠❡tr✐❛s αk✱ βk✳ Tr(·) s❡rá ♦s tr❛ç♦s ❞❛s ♠❛tr✐③❡s ❛ss♦❝✐❛❞♦s ❞❡
αk ❡ βk✳ ❈♦♠ ✐ss♦✱ ❝❛❧❝✉❧❛r❡♠♦s ♦s ❝♦♠♣r✐♠❡♥t♦s ❛tr❛✈és ❞♦ ❣ê♥❡r♦✳

P❛r❛ g = 2✱ t❡♠♦s ❡♠ ✭✹✳✼✮

Tr(Mα1,2,β1,2) = 2

(
tan

3π

8

)(
cos

π

4

)

= 3.4143.



✼✼ ✹✳✶✳ ❙íst♦❧❡ ♥❛ s✉♣❡r❢í❝✐❡ S = H2/Γ4g

❈❛❧❝✉❧❛♥❞♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛s ❣❡♦❞és✐❝❛s ❡♠ ✭✹✳✸✮

l(γ) = 2❛r❝ cosh
(
Tr(Mα1,2,β1,2)

2

)

= 2❛r❝ cosh(1.70715) = 2.25683.

P❛r❛ g = 3✱ t❡♠♦s ❡♠ ✭✹✳✼✮

Tr(Mα1,2,3,β1,2,3) = 2

(
tan

5π

12

)(
cos

π

3

)

= 3.7321.

❈❛❧❝✉❧❛♥❞♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛s ❣❡♦❞és✐❝❛s ❡♠ ✭✹✳✸✮

l(γ) = 2❛r❝ cosh
(
Tr(Mα1,2,3,β1,2,3)

2

)

= 2❛r❝ cosh(1.86605) = 2.47183.

P❡❧♦ ❈❛♣ít✉❧♦ 3✱ s❛❜❡✲s❡ q✉❡ à síst♦❧❡ é ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ ♥ã♦ ❝♦♥trát✐❧
❞❡ ♠❡♥♦r ❝♦♠♣r✐♠❡♥t♦✳ ❊♥tã♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡✱ sys

(
H2

Γ8

)
= 2.25683 ❡

sys
(

H2

Γ12

)
= 2.47183.

✹✳✶✳✷ H2/Γ4g ♣♦r ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞✐❛♠❡tr❛❧♠❡♥t❡ ♦♣♦st♦

❆❣♦r❛✱ ❝♦♥s✐❞❡r❛r❡♠♦s ♦ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ4g✱ ❛ss♦❝✐❛❞♦ ❝♦♠ ❛ t❡ss❡❧❛çã♦
{4g, 4g} ✉s❛♥❞♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡st❛s ❞✐❛♠❡tr❛❧♠❡♥t❡ ♦♣♦st❛s✳ P❛r❛ ♠❡✲
❧❤♦r ❞❡t❛❧❤❛♠❡♥t♦ ❞❛ ❝♦♥str✉çã♦ ❞♦ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ4g ✈❡❥❛ ❬✷✽❪✳ ❆s ❛r❡st❛s ❡
✈ért✐❝❡s ❞❡ P4g sã♦ ♦r❞❡♥❛❞♦s ❝♦♠♦ s❡❣✉❡♠ u1, ..., u4g ❡ v1, ..., v4g✱ r❡s♣❡t✐✈❛♠❡♥t❡✱
t❛❧ q✉❡

αi(ui) = ui+2g ❝♦♠ i = 1, ..., 2g.

❙❡❥❛ α1 ∈ Γ4g✱ s✉❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ♠❛tr✐③ ❛ss♦❝✐❛❞❛ Mα1 ✱ ❧♦❣♦ ♦ r❡st♦ ❞♦s
❣❡r❛❞♦r❡s sã♦ ♦❜t✐❞♦s ♣♦r ❝♦♥❥✉❣❛çã♦ ❞❛ ❢♦r♠❛ ✭✈❡❥❛ ❬✺❪✮

αk = ρk−1α1ρ
−1
k−1.

❊♠ t❡r♠♦s ❞❛s ♠❛tr✐③❡s é

Mαk
= Ck−1Mα1C

−(k−1).

♦♥❞❡ ❛s ✐s♦♠❡tr✐❛s ρ sã♦ ❞❛ ❢♦r♠❛ ρk−1 = e
iπ(k−1)

2g ✱ ❡ s✉❛s ♠❛tr✐③❡s ❛ss♦❝✐❛❞❛s sã♦

C =




e
iπ(k−1)

2g 0

0 e−
iπ(k−1)

2g


 .



✼✽ ✹✳✶✳ ❙íst♦❧❡ ♥❛ s✉♣❡r❢í❝✐❡ S = H2/Γ4g

❋✐❣✉r❛ ✹✳✷✿ P8 ♣♦r ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞✐❛♠❡tr❛❧♠❡♥t❡ ♦♣♦st♦ ❞❡ ❛r❡st❛s✳

❆❣♦r❛ ❛♣r❡s❡♥t❛r❡♠♦s ♦ t❡♦r❡♠❛✱ ❞❡ ♦♥❞❡ ♦❜t❡♠♦s ❛ ♠❛tr✐③ Mα1 ✿

❚❡♦r❡♠❛ ✹✳✸✳ ✭❬✷✽❪✱ ♣á❣✳✿ ✽✽✮ ❙❡❥❛ Pp ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ r❡❣✉❧❛r ❝♦♠ p
❛r❡st❛s ❛ss♦❝✐❛❞❛s ❝♦♠ ❛ t❡ss❡❧❛çã♦ {p, q}✱ ❡ Γp ♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❣r✉♣♦ ❢✉❝❤s✐✲
❛♥♦✳ ❙❡ α1 ∈ Γp t❛❧ q✉❡ α1(u1) = u1+p/2✱ ❡♥tã♦ ❛ ♠❛tr✐③ Mα1 ❛ss♦❝✐❛❞❛ ❝♦♠ ❛
tr❛♥s❢♦r♠❛çã♦ α1 é ❞❛❞❛ ♣♦r

Mα1 =




2 cos π
q

2 sin π
p

√
2 cos π

p
+2 cos π

q

2 sin π
p

e
iπ(p+1)

p

√
2 cos π

p
+2 cos π

q

2 sin π
p

e−
iπ(p+1)

p
2 cos π

q

2 sin π
p


 . ✭✹✳✽✮

❖ r❡st♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ sã♦ ♦❜t✐❞♦s ♣♦r ❝♦♥❥✉❣❛çã♦ ❞❛
❢♦r♠❛ αi = ρri ◦ α1 ◦ ρ−1

ri
✱ ♦♥❞❡ ρri sã♦ ♣♦tê♥❝✐❛s ❞❛ ✐s♦♠❡tr✐❛ ρ✳

P❛r❛ ♥♦ss♦ ❝❛s♦✱ ♦♥❞❡ p = 4g ❡ q = 4g✱ ♣❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r t❡♠♦s

Mα1 =




2 cos π
4g

2 sin π
4g

√
2 cos π

4g
+2 cos π

4g

2 sin π
4g

e
iπ(4g+1)

4g

√
2 cos π

4g
+2 cos π

4g

2 sin π
4g

e−
iπ(4g+1)

4g
2 cos π

4g

2 sin π
4g


 . ✭✹✳✾✮

❆❣♦r❛ ❝❛❧❝✉❧❛r❡♠♦s Mαk
= Ck−1Mα1C

−(k−1)✱ i = 2, ..., 2g✳ ❈♦♥s✐❞❡r❡♠♦s

X = cot π
4g

❡ Y =

√
cos π

4g

sin π
4g

✳ ❈♦♠ ✐ss♦✱ ❡♥❝♦♥tr❡♠♦s ❛s ♠❛tr✐③❡s Mαk+1
✳



✼✾ ✹✳✶✳ ❙íst♦❧❡ ♥❛ s✉♣❡r❢í❝✐❡ S = H2/Γ4g

Mαk
= Ck−1Mα1C

−(k−1)

=




e
iπ(k−1)

2g 0

0 e−
iπ(k−1)

2g







X Y e
iπ(4g+1)

4g

Y e−
iπ(4g+1)

4g X


C−(k−1)

=




Xe
iπ(k−1)

2g Y e
iπ(4g+2k−1)

4g

Y e−
iπ(4g+2k−1)

4g Xe−
iπ(k−1)

2g







e−
iπ(k−1)

2g 0

0 e
iπ(k−1)

2g




=




X Y e
iπ(4g+4k−3)

4g

Y e−
iπ(4g+4k−3)

4g X


 . ✭✹✳✶✵✮

▲♦❣♦ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ♦ tr❛ç♦ ❞❛s ♠❛tr✐③❡s ❛♥t❡r✐♦r❡s✳ ❆❧é♠ ❞✐ss♦✱ s❡ ♦❜s❡r✈❛
q✉❡

Tr(Mαk
) = Tr(Mα1).

❊♥tã♦
Tr(Mαk,α1) = 2X = 2 cot

π

4g
. ✭✹✳✶✶✮

❆❣♦r❛ ❝❛❧❝✉❧❛r❡♠♦s ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛s ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s ♥❛ s✉♣❡r❢í❝✐❡ ❝♦♠✲
♣❛❝t❛ H2/Γ4g✱ ✉s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✸✮✳

P❛r❛ g = 2✱ t❡♠♦s ❡♠ ✭✹✳✶✶✮

Tr(Mα1,2) = 2
(
cot

π

8

)

= 4.8283.

❈❛❧❝✉❧❛♥❞♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛s ❣❡♦❞és✐❝❛s ❡♠ ✭✹✳✸✮

l(γ) = 2❛r❝ cosh
(
Tr(Mα1,2)

2

)

= 2❛r❝ cosh(2.41415) = 3.05708.

P❛r❛ g = 3✱ t❡♠♦s ❡♠ ✭✹✳✶✶✮

Tr(Mα1,2,3) = 2
(
cot

π

12

)

= 7.4642.

❈❛❧❝✉❧❛♥❞♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛s ❣❡♦❞és✐❝❛s ❡♠ ✭✹✳✸✮

l(γ) = 2❛r❝ cosh
(
Tr(Mα1,2,3)

2

)

= 2❛r❝ cosh(3.7321) = 3.9834.

P❡❧♦ ❈❛♣ít✉❧♦ 3✱ s❛❜❡✲s❡ q✉❡ à síst♦❧❡ é ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ ♥ã♦ ❝♦♥trá✲



✽✵ ✹✳✷✳ ❙íst♦❧❡ ♥❛ s✉♣❡r❢í❝✐❡ S = H2/Γ12g−6

t✐❧ ❞❡ ♠❡♥♦r ❝♦♠♣r✐♠❡♥t♦✳❊♥tã♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡✱ sys
(

H2

Γ8

)
= 3.05708 ❡

sys
(

H2

Γ12

)
= 3.9834.

✹✳✷ ❙íst♦❧❡ ♥❛ s✉♣❡r❢í❝✐❡ S = H2/Γ12g−6

❙❡❥❛ P12g−6 ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❝♦♠ 12g−6 ❛r❡st❛s ♥♦ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré D2 ❡
❜❛r✐❝❡♥tr♦ ♥❛ ♦r✐❣❡♠ 0 ∈ D2✳ P❛r❛ ♠❡❧❤♦r ❞❡t❛❧❤❛♠❡♥t♦ ❞❛ ❝♦♥str✉çã♦ ❞♦ ❣r✉♣♦
❢✉❝❤s✐❛♥♦ Γ12g−6 ✈❡❥❛ ❬✶✶❪✳ ❉❡s✐❣♥❛♠♦s s❡✉s ✈ért✐❝❡s ♥♦ s❡♥t✐❞♦ ❛♥t✐✲❤♦rár✐♦ ♣♦r
v1, ..., v12g−6 ❡ s✉❛s ❛r❡st❛s t❛♠❜é♠ ♥♦ s❡♥t✐❞♦ ❛♥t✐✲❤♦rár✐♦ ♣♦r

τ1, ..., τ12g−6.

❈♦♥s✐❞❡r❡♠♦s ❛s ✐s♦♠❡tr✐❛s ❤✐♣❡r❜ó❧✐❝❛s q✉❡ ✐❞❡♥t✐✜❝❛♠ ♦s ♣❛r❡s ❝♦♥❢♦r♠❡ s❡❣✉❡
❬✶✶❪✿

α1(τ1) = τ6g−2, β1(τ2) = τ6g−1

αj+1(τ5j) = τ6g+5j−3, βj+1(τ5j+1) = τ6g+5j−2, j ∈ {1, 2, ..., g − 1}
γaj (τ3+5(j−1)) = τ12g−6−(j−1), γbj(τ4+5(j−1)) = τ7+5(j−1), j ∈ {1, 2..., g − 1}

δ(τ5g−2) = τ11g−5

ζaj (τ6g+5(j−1)) = τ6g−3−(j−1), ζbj (τ6g+1+5(j−1)) = τ6g+4+5(j−1), j ∈ {1, 2, ..., g − 1}

❉✐③❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦

Φ12g−6 = {αk, βk, γ
a
j , γ

b
j , ζ

a
j , ζ

b
j/k = 1, ..., g, j = 1, 2, ..., g − 1}

é ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♣❛r❛ ♦ P12g−6 ✭✈❡❥❛ ❛ ❋✐❣✉r❛ ✹✳✸ q✉❛♥❞♦ g = 2✮✳ P❛r❛ ❡①✲
♣r❡ss❛r♠♦s ❣❡r❛❞♦r❡s ❞❡ Γ12g−6✱ é s✉✜❝✐❡♥t❡ ❝♦♥❤❡❝❡r ✉♠ ❞♦s ❣❡r❛❞♦r❡s✱ ❞✐❣❛♠♦s
α1✱ ♣♦✐s ✉t✐❧✐③❛♥❞♦ tr❛♥s❢♦r♠❛çõ❡s ❡❧í♣t✐❝❛s ❝♦♥s❡❣✉✐♠♦s t♦❞❛s ❛s ♦✉tr❛s ❛ ♣❛rt✐r
❞❡ α1✳ P♦r ❬✶✶❪ ✭❊①❡♠♣❧♦ 3.2.8✮ t❡♠♦s q✉❡

β1 = ρ1α1ρ
−1
1

αk+1 = ρ5k−1α1ρ
−1
5k−1, βk+1 = ρ5kα1ρ

−1
5k

γak = ρ6g−4−(k−1)α1ρ
−1
2+5(k−1), γbk = γ6+5(k−1)α

−1
1 ρ6g−6−5(k−1)

δ = ρ5g−3α1ρ
−1
5g−3

ζak = ρ6g−4−(k−1)α
−1
1 ρ−1

2+5(k−1), ζbk = ρ6g+3+5(k−1)α
−1
1 ρ−1

3+5(k−1),

♦♥❞❡ k ∈ {1, 2, ..., g − 1} ❡ ρk = e
i2kπ
12g−6 = e

iπk
6g−3 ✳



✽✶ ✹✳✷✳ ❙íst♦❧❡ ♥❛ s✉♣❡r❢í❝✐❡ S = H2/Γ12g−6

❋✐❣✉r❛ ✹✳✸✿ P18 ❡♠♣❛r❡❧❤❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ Φ18✳

❊♠ t❡r♠♦s ❞❛s ♠❛tr✐③❡s ❛ss♦❝✐❛❞❛s t❡♠♦s✿

Mβ1 = CMα1C
−1

Mαk+1
= C5k−1Mα1C

−(5k−1), Mβk+1
= C5kMα1C

−(5k)

Mγa
k

= C6g−4−(k−1)Mα1C
−(2+5(k−1)), Mγb

k
= C6+5(k−1)M−1

α1
C6g−6−5(k−1)

Mδ = C5g−3Mα1C
−(5g−3)

Mζa
k

= C6g−4−(k−1)M−1
α1
C−(2+5(k−1)), Mζb

k
= C6g+3+5(k−1)M−1

α1
C−(3+5(k−1)).

❆ ✐s♦♠❡tr✐❛ α1 q✉❡ ❡♠♣❛r❡❧❤❛ ♦s ♣❛r❡s {τ1, τ6g−2} é r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛ ♠❛tr✐③

Mα1 =




cos π
6g−3

+ 1 Y ie
iπ(3g−1)

6g−3

−Y ie−
iπ(3g−1)

6g−3 cos π
6g−3

+ 1


 , ✭✹✳✶✷✮

♦♥❞❡ Y =

√
2 cos π

6g−3

(
cos π

6g−3
+ 1
)
✱ ♣♦r ❬✶✶❪✳ ❆❧é♠ ❞✐ss♦✱ ❛s ✐s♦♠❡tr✐❛s ❡❧í♣t✐❝❛s

ρk ❡ ρ−1
k sã♦ r❡♣r❡s❡♥t❛❞❛s ♣❡❧❛s ♠❛tr✐③❡s

Ck =




e
iπk
6g−3 0

0 e−
iπk
6g−3


 ❡ C−k =




e−
iπk
6g−3 0

0 e
iπk
6g−3




r❡s♣❡t✐✈❛♠❡♥t❡✳ ❈♦♠ ✐ss♦✱ ❡♥❝♦♥tr❛r❡♠♦s ❛s ♠❛tr✐③❡s ❛ss♦❝✐❛❞♦s β1, αk+1, βk+1, γ
a
k ✱



✽✷ ✹✳✷✳ ❙íst♦❧❡ ♥❛ s✉♣❡r❢í❝✐❡ S = H2/Γ12g−6

γbk, δ, ζ
a
k ❡ ζbk✳ ❊♥tã♦

Mβ1 = CMα1C
−1

=




e
iπ

6g−3 0

0 e−
iπ

6g−3







cos π
6g−3

+ 1 Y ie
iπ(3g−1)

6g−3

−Y ie−
iπ(3g−1)

6g−3 cos π
6g−3

+ 1


C−1

=




(
cos π

6g−3
+ 1
)
e

iπ
6g−3 Y ie

iπ(3g−1)
6g−3

−Y ie−
iπ(3g−1)

6g−3

(
cos π

6g−3
+ 1
)
e−

iπ
6g−3


C−1

=




cos π
6g−3

+ 1 Y ie
iπ(3g+1)

6g−3

−Y ie−
iπ(3g+1)

6g−3 cos π
6g−3

+ 1


 . ✭✹✳✶✸✮

❈❛❧❝✉❧❛♥❞♦ Mαk+1
= C5k−1Mα1C

−(5k−1)

Mαk+1
= C5k−1Mα1C

−(5k−1)

=




e
iπ(5k−1)

6g−3 0

0 e−
iπ(5k−1)

6g−3







cos π
6g−3

+ 1 Y ie
iπ(3g−1)

6g−3

−Y ie−
iπ(3g−1)

6g−3 cos π
6g−3

+ 1


C−(5k−1)

=




(
cos π

6g−3
+ 1
)
e

iπ(5k−1)
6g−3 Y ie

iπ(5k+3g−2)
6g−3

−Y ie−
iπ(5k+3g−2)

6g−3

(
cos π

6g−3
+ 1
)
e−

iπ(5k−1)
6g−3


C−(5k−1)

=




cos π
6g−3

+ 1 Y ie
iπ(10k+3g−3)

6g−3

−Y ie−
iπ(10k+3g−3)

6g−3 cos π
6g−3

+ 1


 . ✭✹✳✶✹✮

❈❛❧❝✉❧❛♥❞♦ Mβk+1
= C5kMα1C

−(5k)

Mβk+1
= C5kMα1C

−5k

=




e
iπ(5k)
6g−3 0

0 e−
iπ(5k)
6g−3







cos π
6g−3

+ 1 Y ie
iπ(3g−1)

6g−3

−Y ie−
iπ(3g−1)

6g−3 cos π
6g−3

+ 1


C−5k

=




(
cos π

6g−3
+ 1
)
e

iπ(5k)
6g−3 Y ie

iπ(5k+3g−1)
6g−3

−Y ie−
iπ(5k+3g−1)

6g−3

(
cos π

6g−3
+ 1
)
e−

iπ(5k)
6g−3


C−5k

=




cos π
6g−3

+ 1 Y ie
iπ(10k+3g−1)

6g−3

−Y ie−
iπ(10k+3g−1)

6g−3 cos π
6g−3

+ 1


 . ✭✹✳✶✺✮
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❈❛❧❝✉❧❛♥❞♦ Mγa
k
= C6g−4−(k−1)Mα1C

−(2+5(k−1))

Mγa
k

= C6g−4−(k−1)Mα1C
−(2+5(k−1))

=




e
iπ(6g−k−3)

6g−3 0

0 e−
iπ(6g−k−3)

6g−3







cos π
6g−3

+ 1 Y ie
iπ(3g−1)

6g−3

−Y ie−
iπ(3g−1)

6g−3 cos π
6g−3

+ 1


C−(5k−3)

=




(
cos π

6g−3
+ 1
)
e

iπ(6g−k−3)
6g−3 Y ie

iπ(9g−k−4)
6g−3

−Y ie−
iπ(9g−k−1)

6g−3

(
cos π

6g−3
+ 1
)
e−

iπ(6g−k−3)
6g−3


C−(5k−3)

=




(
cos π

6g−3
+ 1
)
e

iπ(6g−6k)
6g−3 Y ie

iπ(9g+4k−7)
6g−3

−Y ie−
iπ(9g+4k−7)

6g−3

(
cos π

6g−3
+ 1
)
e−

iπ(6g−6k)
6g−3


 . ✭✹✳✶✻✮

❆❣♦r❛ ♣❛r❛ ❝❛❧❝✉❧❛r Mγb
k
= C6+5(k−1)M−1

α1
C6g−6−5(k−1) ✱ ♣r✐♠❡✐r♦ ♣r❡❝✐s❛♠♦s ❡♥✲

❝♦♥tr❛r ❛ ♠❛tr✐③ ❛ss♦❝✐❛❞❛ ❞❛ ✐s♦♠❡tr✐❛ α−1
1 ✱ ♦✉ s❡❥❛ ❡♥❝♦♥tr❛r❡♠♦sMα−1

1
=M−1

α1
✳

❈♦♠♦ s❛❜❡✲s❡ q✉❡✱ s❡

A =

(
a b
c d

)
⇒ A−1 =

1

ad− bc

(
d −b
−c a

)

♣❡❧♦ q✉❡✱ ♣❛r❛

Mα1 =




cos π
6g−3

+ 1 Y ie
iπ(3g−1)

6g−3

−Y ie−
iπ(3g−1)

6g−3 cos π
6g−3

+ 1




t❡♠♦s q✉❡

M−1
α1

=
1

(
cos π

6g−3
+ 1
)2
− Y 2




cos π
6g−3

+ 1 −Y ie
iπ(3g−1)

6g−3

Y ie−
iπ(3g−1)

6g−3 cos π
6g−3

+ 1




♠❛s ❝♦♠♦ Y =

√
2 cos π

6g−3

(
cos π

6g−3
+ 1
)
✱ s❡ ♣♦❞❡ ♦❜t❡r q✉❡

1
(
cos π

6g−3
+ 1
)2
− Y 2

=
1

sin2 θ
= csc2 θ ♦♥❞❡ θ =

π

6g − 3
.
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Mγb
k

= C6+5(k−1)M−1
α1
C6g−6−5(k−1)

= csc θ




e
iπ(5k+1)

6g−3 0

0 e−
iπ(5k+1)

6g−3







cos π
6g−3

+ 1 −Y ie
iπ(3g−1)

6g−3

Y ie−
iπ(3g−1)

6g−3 cos π
6g−3

+ 1


C(6g−5k−1)

= csc θ




(
cos π

6g−3
+ 1
)
e

iπ(5k+1)
6g−3 −Y ie

iπ(5k+3g)
6g−3

Y ie−
iπ(5k+3g)

6g−3

(
cos π

6g−3
+ 1
)
e−

iπ(5k+1)
6g−3


C(6g−5k−1)

= csc θ




(
cos π

6g−3
+ 1
)
e

iπ(6g)
6g−3 −Y ie

iπ(10k−3g+1)
6g−3

Y ie−
iπ(10k−3g+1)

6g−3

(
cos π

6g−3
+ 1
)
e−

iπ(6g)
6g−3


 . ✭✹✳✶✼✮

❈❛❧❝✉❧❛♥❞♦ Mδ = C5g−3Mα1C
−(5g−3)

Mδ = C5g−3Mα1C
−(5g−3)

=




e
iπ(5g−3)

6g−3 0

0 e−
iπ(5g−3)

6g−3







cos π
6g−3

+ 1 Y ie
iπ(3g−1)

6g−3

−Y ie−
iπ(3g−1)

6g−3 cos π
6g−3

+ 1


C−(5g−3)

=




(
cos π

6g−3
+ 1
)
e

iπ(5g−3)
6g−3 Y ie

iπ(8g−4)
6g−3

−Y ie−
iπ(5g−4)

6g−3

(
cos π

6g−3
+ 1
)
e−

iπ(5g−3)
6g−3


C−(5g−3)

=




cos π
6g−3

+ 1 Y ie
iπ(13g−7)

6g−3

−Y ie−
iπ(13g−7)

6g−3 cos π
6g−3

+ 1


 . ✭✹✳✶✽✮

❈❛❧❝✉❧❛♥❞♦ Mζa
k
= C6g−4−(k−1)M−1

α1
C−(2+5(k−1))

Mζa
k

= C6g−4−(k−1)M−1
α1
C−(2+5(k−1))

= csc θ




e
iπ(6g−k−3)

6g−3 0

0 e−
iπ(6g−k−3)

6g−3







cos π
6g−3

+ 1 −Y ie
iπ(3g−1)

6g−3

Y ie−
iπ(3g−1)

6g−3 cos π
6g−3

+ 1


C−(5k−3)

= csc θ




(
cos π

6g−3
+ 1
)
e

iπ(6g−k−3)
6g−3 −Y ie

iπ(9g−k−4)
6g−3

Y ie−
iπ(9g−k−4)

6g−3

(
cos π

6g−3
+ 1
)
e−

iπ(6g−k−3)
6g−3


C−(5k−3)

= csc θ




(
cos π

6g−3
+ 1
)
e

iπ(6g−6k)
6g−3 −Y ie

iπ(9g+4k−7)
6g−3

Y ie−
iπ(9g+4k−7)

6g−3

(
cos π

6g−3
+ 1
)
e−

iπ(6g−6k)
6g−3


 . ✭✹✳✶✾✮
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❋✐♥❛❧♠❡♥t❡ ❝❛❧❝✉❧❛♠♦s Mζb
k
= C6g+3+5(k−1)M−1

α1
C−(3+5(k−1))

Mζb
k

= C6g+3+5(k−1)M−1
α1
C−(3+5(k−1))

= csc θ




e
iπ(6g+5k−2)

6g−3 0

0 e−
iπ(6g+5k−2)

6g−3







cos π
6g−3

+ 1 −Y ie
iπ(3g−1)

6g−3

Y ie−
iπ(3g−1)

6g−3 cos π
6g−3

+ 1


C−(5k−2)

= csc θ




(
cos π

6g−3
+ 1
)
e

iπ(6g+5k−2)
6g−3 −Y ie

iπ(9g+5k−3)
6g−3

Y ie−
iπ(9g+5k−3)

6g−3

(
cos π

6g−3
+ 1
)
e−

iπ(6g+5k−2)
6g−3


C−(5k−2)

= csc θ




(
cos π

6g−3
+ 1
)
e

iπ(6g)
6g−3 −Y ie

iπ(10k+9g−5)
6g−3

Y ie−
iπ(10k+9g−7)

6g−3

(
cos π

6g−3
+ 1
)
e−

iπ(6g)
6g−3


 . ✭✹✳✷✵✮

❆❣♦r❛ ❝❛❧❝✉❧❛♠♦s ♦ tr❛ç♦ ❞❛s ♠❛tr✐③❡s ♦❜t✐❞❛s ❛♥t❡r✐♦r♠❡♥t❡✳ ❆❧é♠ ❞✐ss♦ ♣♦❞❡✲
♠♦s ♦❜s❡r✈❛r

Tr(Mα1) = Tr(Mβ1) = Tr(Mαk+1
) = Tr(Mβk+1

) = Tr(δ) = 2

(
cos

π

6g − 3
+ 1

)

Tr(Mγa
k
) = 2

(
cos

π

6g − 3
+ 1

)
cos

2π

2g − 1
(g − k)

Tr(Mγb
k
) = Tr(Mζb

k
) = 2

(
cos π

6g−3
+ 1
)

sen2 π
6g−3

cos
2πg

2g − 1

Tr(Mζa
k
) = 2

(
cos π

6g−3
+ 1
)

sen2 π
6g−3

cos
2π(g − k)
2g − 1

,

♦♥❞❡ k = 1, ..., g − 1✳ ❊♥tã♦ t❡♠♦s

Tr(Mα1,β1,αk+1,βk+1,δ) = 2

(
cos

π

6g − 3
+ 1

)
✭✹✳✷✶✮

Tr(Mγa
k
) = 2

(
cos

π

6g − 3
+ 1

)
cos

2π

2g − 1
(g − k) ✭✹✳✷✷✮

Tr(Mγb
k
,ζb

k
) = 2

(
cos π

6g−3
+ 1
)

sen2 π
6g−3

cos
2πg

2g − 1
✭✹✳✷✸✮

Tr(Mζa
k
) = 2

(
cos π

6g−3
+ 1
)

sen2 π
6g−3

cos
2π(g − k)
2g − 1

. ✭✹✳✷✹✮

❆❣♦r❛ ❝❛❧❝✉❧❛r❡♠♦s ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛s ❣❡♦❞és✐❝❛s ❢❡❝❤❛❞❛s ♥❛ s✉♣❡r❢í❝✐❡ ❝♦♠✲
♣❛❝t❛ S = H2/Γ12g−6✱ ✉s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✸✮✳
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P❛r❛ g = 2✱ t❡♠♦s ❡♠ ✭✹✳✷✶✮✱ ✭✹✳✷✷✮✱ ✭✹✳✷✸✮ ❡ ✭✹✳✷✹✮

|Tr(Mα1,β1,δ)| =
∣∣∣2
(
cos

π

9
+ 1
)∣∣∣ = 3.8794

|Tr(Mγb
1,ζ

b
1
)| =

∣∣∣∣2
(
cos

π

9
+ 1
)
cos

2π

3

∣∣∣∣ = 16.581718

|Tr(Mζa1
) =

∣∣∣∣2
(
cos

π

9
+ 1
)
cos

4π

3

∣∣∣∣ = 16.581718.

P❡❧♦ ❚❡♦r❡♠❛ ✹✳✶ ❝❛❧❝✉❧❛r❡♠♦s ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❛s ❣❡♦❞és✐❝❛s ❡♠ Tr(Mα1,β1,δ)✱
Tr(Mγb

1,ζ
b
1
) ❡ Tr(Mζa1

)✳ ❈❛❧❝✉❧❛♥❞♦ ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❛s ❣❡♦❞és✐❝❛s ♣♦r ✭✹✳✸✮

l(γα1,β1,δ) = 2❛r❝ cosh
( |Tr(Mα1,β1,δ)|

2

)
= 2❛r❝ cosh(1.9397) = 2.56285

l(γγb
1,ζ

b
1
) = 2❛r❝ cosh

(
|Tr(Mγb

1,ζ
b
1
)|

2

)
= 2❛r❝ cosh(8.290859) = 5.60988

l(γζa1 ) = 2❛r❝ cosh
( |Tr(Mζa1

)|
2

)
= 2❛r❝ cosh(8.290859) = 5.60988.

P❛r❛ g = 3✱ t❡♠♦s ❡♠ ✭✹✳✷✶✮✱ ✭✹✳✷✷✮✱ ✭✹✳✷✸✮ ❡ ✭✹✳✷✹✮

|Tr(Mα1,2,β1,2,δ)| =
∣∣∣2
(
cot

π

15
+ 1
)∣∣∣ = 3.95629

|Tr(Mγa
1
)| =

∣∣∣∣2
(
cot

π

15
+ 1
)
cos

4π

5

∣∣∣∣ = 3.20071

|Tr(Mγb
1,2,ζ

b
1,2
)| =

∣∣∣∣∣2
(
cot π

15
+ 1
)

sin2 π
15

cos
6π

5

∣∣∣∣∣ =
∣∣∣∣2
1.9782

0.0433
(−0.8091)

∣∣∣∣ = 73.9289

|Tr(Mζa1
)| =

∣∣∣∣∣2
(
cot π

15
+ 1
)

sin2 π
15

cos
4π

5

∣∣∣∣∣ =
∣∣∣∣2
1.9782

0.0433
(−0.8091)

∣∣∣∣ = 73.9289

|Tr(Mζa2
)| =

∣∣∣∣∣2
(
cot π

15
+ 1
)

sin2 π
15

cos
2π

5

∣∣∣∣∣ =
∣∣∣∣2
1.9787

0.0433
(0.3091)

∣∣∣∣ = 28.2431.

P❡❧♦ ❚❡♦r❡♠❛ ✹✳✶ ❝❛❧❝✉❧❛r❡♠♦s ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❛s ❣❡♦❞és✐❝❛s ❡♠ Tr(Mα1,β1,δ)✱
Tr(Mγa

1
)✱ Tr(Mγb

1,2,ζ
b
1,2
)✱ Tr(Mζa1

) ❡ Tr(Mζa2
) ♥❛ ❡q✉❛çã♦ ✭✹✳✸✮✳

l(γα1,2,β1,2,δ) = 2❛r❝ cosh
( |Tr(Mα1,2,β1,2,δ)|

2

)
= 2❛r❝ cosh(1.9782) = 2.6087

l(γγa
1
) = 2❛r❝ cosh

( |Tr(Mγa
1 ,ζ

a
1
)|

2

)
= 2❛r❝ cosh(1.6004) = 2.0946

l(γγb
1,2,ζ

b
1,2
) = 2❛r❝ cosh

(
|Tr(Mγb

1,2,ζ
b
1,2
)|

2

)
= 2❛r❝ cosh(37.02188416) = 8.608947

l(γζa1 ) = 2❛r❝ cosh
( |Tr(Mζa1

)|
2

)
= 2❛r❝ cosh(37.02188416) = 8.608947



✽✼ ✹✳✸✳ ❈á❧❝✉❧♦ ❞♦ msys(g) ❡♠ H2/Γ4g ❡ H2/Γ12g−6

l(γζa2 ) = 2❛r❝ cosh
( |Tr(Mζa2

)|
2

)
= 2❛r❝ cosh(14.14110142) = 6.68196039.

◆♦✈❛♠❡♥t❡ ♣❡❧♦ ❈❛♣ít✉❧♦ 3✱ s❛❜❡✲s❡ q✉❡ à síst♦❧❡ é ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ ♥ã♦ ❝♦♥✲
trát✐❧ ❞❡ ♠❡♥♦r ❝♦♠♣r✐♠❡♥t♦✳ ❊♥tã♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡✱ sys

(
H2

Γ18

)
= 5.60988

❡ sys
(

H2

Γ30

)
= 8.609847✳

✹✳✸ ❈á❧❝✉❧♦ ❞♦ msys(g) ❡♠ H2/Γ4g ❡ H2/Γ12g−6

❆❣♦r❛✱ tr❛❜❛❧❤❛r❡♠♦s ♥♦ ❝á❧❝✉❧♦ ❞♦ msys(g)✱ ♣❛r❛ ♦s ❝❛s♦s g = 2 ❡ g = 3 ♥❛s
t❡ss❡❧❛çõ❡s {4g, 4g} ❡ {12g − 6, 3}✳ ▲❡♠❜r❛♥❞♦ ❞♦ ❈❛♣✐t✉❧♦ 4✱ q✉❡ msys(g) é ♦
✈❛❧♦r ♠á①✐♠♦ q✉❡ ❛ sys(S) ♣♦❞❡ ❛t✐♥❣✐r ❞❡♥tr❡ t♦❞❛s ❛s s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s
❝♦♠♣❛❝t❛s ❞❡ ❣ê♥❡r♦ g✳ ❊♥tã♦ ❞❛s ❙❡çõ❡s ✹✳✶ ❡ ✹✳✷✱ ❡♥❝♦♥tr❛♠♦s q✉❡✿
P❛r❛ g = 2

msys(2) = sup{sys(H2/Γ8), sys(H
2/Γ8), sys(H

2/Γ18)}
= {2.25683, 3.05708, 5.60988} = 5.60988.

P❛r❛ g = 3

msys(3) = sup
{
sys(H2/Γ12), sys(H

2/Γ12), sys(H
2/Γ30)

}

= {2.47183, 3.9834, 8.609847} = 8.609847.

◆❛ ♣ró①✐♠❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛ r❡❧❛çã♦ ❞❛ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s ❡ ❛ síst♦❧❡✳

✹✳✹ ❈♦♥str✉çã♦ ❞❡ ❇✉s❡r ❡ ❙❛r♥❛❦

❆♥t❡s ❞❡ ❛♣r❡s❡♥t❛r ❛ ❝♦♥str✉çã♦ ❢❡✐t❛ ♣♦r ❇✉s❡r ❡ ❙❛r♥❛❦✱ ❢❛r❡♠♦s ✉♠❛
♣❡q✉❡♥❛ ✐♥tr♦❞✉çã♦ ❞❛ t❡♦r✐❛ ❞❡ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s✱ q✉❡ s❡rã♦ ♥❡❝❡ssár✐❛s
♣❛r❛ ❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ ♥❡ss❛ ❝♦♥str✉çã♦✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❞❛ t❡♦r✐❛ ❞❡
á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s ✈❡❥❛ ❬✺❪ ❡ ❬✶✼❪✳

✹✳✹✳✶ ➪❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s ❡ ♦r❞❡♠ ❞♦s q✉❛tér♥✐♦s

❙❡❥❛ K ✉♠ ❝♦r♣♦ ❞❡ ❡①t❡♥sã♦ ❞❡ Q✳ ❙❡❥❛♠ a, b ∈ K−{0}✱ ❡♥tã♦ ✉♠❛ á❧❣❡❜r❛
❞♦s q✉❛tér♥✐♦s ❝♦♠ ❜❛s❡ {1, i, j, k} é ✉♠ ❝♦♥❥✉♥t♦ ❞❛ ❢♦r♠❛

A = (a, b)K = {x0 + x1i+ x2j + x3k/i
2 = a, j2 = b ❡ k = ij = −ji}, ✭✹✳✷✺✮

♦♥❞❡ x0, x1, x2, x3 ∈ K✳ ❆❣♦r❛ s❡❥❛ x ∈ A✱ ❡♥tã♦ ♦ ❝♦♥❥✉❣❛❞♦ ❞❡ x é ❞❛ ❢♦r♠❛
x = x0 − x1i− x2j − x3k✳

❉❡✜♥✐çã♦ ✹✳✶✳ ❙❡❥❛ x0 + x1i+ x2j + x3k✱ ❡♥tã♦ ❛ ♥♦r♠❛ r❡❞✉③✐❞❛ ❞❡♥♦t❛❞❛ ♣♦r



✽✽ ✹✳✹✳ ❈♦♥str✉çã♦ ❞❡ ❇✉s❡r ❡ ❙❛r♥❛❦

Nrd(x) ❡ é ❞❡✜♥✐❞❛ ♣♦r

Nrd(x) = xx = x20 − ax21 − bx22 + abx23

❡ ♦ tr❛ç♦ r❡❞✉③✐❞♦ ❞❡♥♦t❛❞♦ ♣♦r Tr(x) ❡ é ❞❡✜♥✐❞❛ ♣♦r

Tr(x) = x+ x = 2x0.

❯♠❛ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s A = (a, b)K é ✉♠ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ s❡✱ ❛ ❢♦r♠❛
q✉❛❞rát✐❝❛ Nrd(x) = x20 − ax21 − bx22 + abx23 6= 0 ♣❛r❛ t♦❞♦ 0 6= x ∈ A✳ P♦❞❡♠♦s
❞❡✜♥✐r ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ϕ : A →M(2, K(

√
a)) q✉❡ ❧❡✈❛ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡

❞❡ A ♥❛s s❡❣✉✐♥t❡s ♠❛tr✐③❡s

ϕ(1) =

(
1 0
0 1

)
, ϕ(i) =

( √
a 0

0 −√a

)
, ✭✹✳✷✻✮

ϕ(j) =

(
0 1
b 0

)
, ϕ(k) =

(
0

√
a

−b√a 0

)
. ✭✹✳✷✼✮

❆ss✐♠ t❡♠♦s

x→ ϕ(x) =

(
x0 + x1

√
a x2 + x3

√
a

b(x2 − x3
√
a) x0 − x1

√
a

)
. ✭✹✳✷✽✮

P♦❞❡✲s❡ ✈❡r✐✜❝❛r q✉❡ ❛s ♠❛tr✐③❡s ✭✹✳✷✻✮ ❡ ✭✹✳✷✼✮ sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✱
❡ ϕ(i2) = aI2✱ ϕ(j2) = bI2 ❡ ϕ(ij) = ϕ(i)ϕ(j) = −ϕ(j)ϕ(i)✱ ♦♥❞❡ I2 é ❛ ♠❛tr✐③
✐❞❡♥t✐❞❛❞❡ 2 × 2✱ ❝♦♠ ✐st♦ ❝♦♥❝❧✉í♠♦s q✉❡ ϕ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ A s♦❜r❡ ✉♠❛
s✉❜á❧❣❡❜r❛ ❞❛ á❧❣❡❜r❛ M(2, K(

√
a))✳

❙❡❥❛♠ A = (a, b)K ❡ ρ : K → F ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ K s♦❜r❡ ♦✉tr♦ ❝♦r♣♦
F ✱ ❞❡✜♥✐♠♦s

Aρ = (ρ(a), ρ(b)ρ(K) ❡ Aρ ⊗ F = (ρ(a), ρ(b))F .

❙❡ K é ✉♠ ❝♦r♣♦ ❞❡ ♥ú♠❡r♦s ❛❧❣é❜r✐❝♦s ❞❡ ❣r❛✉ n✱ ❡♥tã♦ K é ✉♠❛ ❡①t❡♥sã♦ ❞❡
❝♦r♣♦ ❞❡ Q✱ ❞❡ ❣r❛✉ n✳ ◆❡st❛ ❢♦r♠❛ ❛s n ✐♠❡rsõ❡s ❞❡ F ❡♠ C✱ sã♦ ✐♠❡rsõ❡s ϕi

✭1 ≤ 1 ≤ n✮ ❡♠ R ♦♥❞❡ ϕ1 é ❛ ✐❞❡♥t✐❞❛❞❡✳ ❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s
s♦❜r❡ K t❛❧ q✉❡ ♣❛r❛ 1 ≤ i ≤ n ❡①✐st❡ R−✐s♦♠♦r✜s♠♦ σi

σ1 : Aϕ1 ⊗ R→M(2,R) ❡ σi : Aϕi ⊗ R→ H, 2 ≤ i ≤ n, ✭✹✳✷✾✮

♦♥❞❡ H é ✉♠❛ s✉❜❛❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❞❡ M(2, K(
√
a))✳ ◆❡st❡ ❝❛s♦ ❞✐③❡♠♦s q✉❡

A é ♥ã♦ r❛♠✐✜❝❛❞♦ ♥♦ ❧✉❣❛r ϕ1✱ ❡ r❛♠✐✜❝❛❞♦ ❡♠ t♦❞♦s ♦s ♦✉tr♦s ❧✉❣❛r❡s ϕi

✭2 ≤ i ≤ n✮✳ ❊♥tã♦ ♣❛r❛ q✉❛❧q✉❡r x ∈ A t❡♠♦s

Nrd(x) = det(σ1(x)) ❡ Tr(σ1(x)) = tr❛ç♦(ρ1(x)) ✭✹✳✸✵✮

ϕi(NrdH) = NrdH(ρi(x)) ❡ ϕi(TrH(x)) = TrH(σi(x)). ✭✹✳✸✶✮

❉❡✜♥✐çã♦ ✹✳✷✳ ❙❡❥❛ OK ♦ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ❡♠ K✳ ❯♠❛ ♦r❞❡♠ ❞❛ á❧❣❡❜r❛ ❞♦s
q✉❛tér♥✐♦s A é ✉♠ ❛♥❡❧ ❝♦♠ ✉♥✐❞❛❞❡✱ q✉❡ é ✉♠ ♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳



✽✾ ✹✳✹✳ ❈♦♥str✉çã♦ ❞❡ ❇✉s❡r ❡ ❙❛r♥❛❦

P♦rt❛♥t♦ ❝♦♥s✐❞❡r❡♠♦s OK ⊂ K ❝♦♠♦ ✉♠ ❛♥❡❧ ❞❡ K✱ ❡ ❛ á❧❣❡❜r❛ A = (a, b)K ✱
❝♦♠ a, b ∈ R✱ ❡♥tã♦

O = {x0 + x1i+ x2j + x3k/x0, x1, x2, x3 ∈ R}

é ✉♠❛ ♦r❞❡♠ ❡♠ A ❡ ❞❡♥♦t❛r❡♠♦s ♣♦r O = (a, b)OK
✳ ❆❣♦r❛ ❝♦♥s✐❞❡r❡♠♦s O ✉♠❛

♦r❞❡♠ ❞❡♥tr♦ ❞❛ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s A✱ ♦ ❝♦♥❥✉♥t♦

O1 = {x ∈ O/Nrd(x) = 1}

é ♦ ❣r✉♣♦ ❞❡ ♥♦r♠❛ r❡❞✉③✐❞❛ 1✳ P❛r❛ q✉❛❧q✉❡r ♦r❞❡♠ O ❡♠ A✱ σ(O1) é ✉♠
s✉❜❣r✉♣♦ ❞❡ SL(2,R)✱ ❡

Γ(A,O) = σ1(O1)/{±I2} ✭✹✳✸✷✮

é ✉♠ s✉❜❣r✉♣♦ ❞❡ PSL(2,R)

❚❡♦r❡♠❛ ✹✳✹✳ ✭❬✶✼❪✱ ♣á❣✳✿ ✶✶✾✮ Γ(A,O) é ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦✳

❚❡♦r❡♠❛ ✹✳✺✳ ✭❬✶✼❪✱ ♣á❣✳✿ ✶✷✾✮ ❙✉♣♦♥❤❛♠♦s q✉❡ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ é ❞❡r✐✲
✈❛❞♦ ❞❡ ✉♠ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❞♦s q✉❛tér♥✐♦s✳ ❊♥tã♦ ♦ ❡s♣❛ç♦ H2/Γ é ❝♦♠♣❛❝t♦✳

P♦❞❡♠♦s ♦❜s❡r✈❛r ❝♦♠♦ O é ✉♠❛ ♦r❞❡♠ s♦❜r❡ OK ✱ ❡♠ ♣❛rt✐❝✉❧❛r ❝♦♥té♠ OK ✳
❯♠ ✐❞❡❛❧ I ⊳ OK ❞❡✜♥❡ ✉♠ ✐❞❡❛❧ IO ❡♠ O✱ ❞❛✐ ♦❜t❡♠♦s ✉♠ ❛♥❡❧ ♣❡❧♦ q✉♦❝✐❡♥t❡
O/IO✳ ❖ ♣r✐♥❝✐♣❛❧ s✉❜❣r✉♣♦ ❞❡ ❝♦♥❣r✉ê♥❝✐❛ ❡♠ O ❝♦♠ r❡s♣❡✐t♦ ❛ ✉♠ ✐❞❡❛❧
I ⊳ OK é ♣♦r ❞❡✜♥✐çã♦✱ ♦ ❑❡r♥❡❧ ❞♦ ❤♦♠♦♠♦r✜s♠♦ ψ : O1 → (O/IO)∗ ✐♥❞✉③✐❞♦
♣❡❧❛ ♣r♦❥❡çã♦ ♥❛t✉r❛❧ π : O → O/IO✳ ❯♠ s✉❜❣r✉♣♦ ❞❡ ❝♦♥❣r✉ê♥❝✐❛ é q✉❛❧q✉❡r
s✉❜❣r✉♣♦ ❞❡ O1 ❝♦♥t❡♥❞♦ ♦ ♣r✐♥❝✐♣❛❧ s✉❜❣r✉♣♦ ❞❡ ❝♦♥❣r✉ê♥❝✐❛✳

✹✳✹✳✷ ❚❡♦r❡♠❛ ❞❡ ❇✉s❡r ❡ ❙❛r♥❛❦

❚❡♦r❡♠❛ ✹✳✻✳ ✭❬✽❪✱ ❙❡çã♦✳ 4✮ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ❝♦✲❝♦♠♣❛❝t♦ ❡♠
PSL(2,R) ♦❜t✐❞♦ ♣♦r ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❞♦s q✉❛tér♥✐♦s A = (a, b)Q ♣❛r❛
✐♥t❡✐r♦s a, b ♣♦s✐t✐✈♦s✳ ❙❡❥❛ Γ(p) ♣❛r❛ ♣r✐♠♦s í♠♣❛r❡s p✱ ♦ ♣r✐♥❝✐♣❛❧ s✉❜❣r✉♣♦ ❞❡
❝♦♥❣r✉ê♥❝✐❛✳ ❊♥tã♦ ❛ ❢❛♠í❧✐❛ ❞❡ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❝♦♠♣❛❝t❛s Sp = H2/Γ(p)
s❛t✐s❢❛③ g(Sp)→∞ q✉❛♥❞♦ p→∞✱ ❡ ❡①✐st❡ ❛❧❣✉♠ c✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ p✱ t❛❧ q✉❡

sys(Sp) ≥
4

3
log(g(Sp))− c.

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝♦♥str✉✐r s✉♣❡r❢í❝✐❡s ❝♦♠ síst♦❧❡ ❣r❛♥❞❡ ❇✉s❡r ❡ ❙❛r♥❛❦ ✜✲
③❡r❛♠ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳ ❙❡❥❛ ✉♠❛ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s A s♦❜r❡ ♦ ❝♦r♣♦ Q

♣❛r❛ a, b ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✱ ❞❡✜♥✐❞♦s ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳

A = (a, b)Q = {x = x0 + x1i+ x2j + x3k/i
2 = a, j2 = b ❡ k = ij = −ji}, ✭✹✳✸✸✮

♦♥❞❡ x0, x1, x2, x3 ∈ Q✳ ❆❣♦r❛ ❡s❝♦❧❤❡♥❞♦ a ❡ b t❛❧ q✉❡ ❛ ♥♦r♠❛ r❡❞✉③✐❞❛

NrdA(x) = NrdA(x0 + x1i+ x2j + x3k)

= x20 − ax21 − bx22 + abx23 6= 0.



✾✵ ✹✳✹✳ ❈♦♥str✉çã♦ ❞❡ ❇✉s❡r ❡ ❙❛r♥❛❦

P❛r❛ x = (x0, x1, x2, x3) ∈ Q4✱ x 6= 0✳ ◆❡st❡ ❝❛s♦ A é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦✳
❙❡❥❛♠ Z ⊂ Q ✉♠ ❛♥❡❧ ❞❡Q ❡ ✉♠❛ ♦r❞❡♠ ❞♦s q✉❛tér♥✐♦sO = (a, b)Z ⊂ A = (a, b)Q
q✉❡ é ✉♠ ❛♥❡❧ ❞❡ A✳ ❆❣♦r❛ ❝♦♥s✐❞❡r❡♠♦s ✉♠ ❣r✉♣♦ Γ̃ ❞❡ t♦❞♦s ♦s x ∈ (a, b)Z ❝♦♠
NrdO(x) = 1✳ ▲♦❣♦ ♣❛r❛ ✉♠ p ♣r✐♠♦ í♠♣❛r ❞❡✜♥✐♠♦s ♦ s✉❜❣r✉♣♦ ❞❡ ❝♦♥❣r✉ê♥❝✐❛
Γ̃(p) ❞❡ Γ̃ ♣♦r

Γ̃(p) = {x ∈ Γ̃/x ≡ 1 mod (p)}
❈♦♠♦ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ Γ̃ ♣❛r❛ SL(2,R) ❞❛❞♦ ♣♦r

x→ ϕ(x) =

(
x0 + x1

√
a x2 + x3

√
a

b(x2 − x3
√
a) x0 − x1

√
a

)
, ✭✹✳✸✹✮

♦ t❡♠♦s q✉❡ ♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❣r✉♣♦s ❡♠ PSL(2,R) ❞❡ Γ̃ ❡ Γ̃(p) s❡rã♦ ❞❡♥♦t❛❞♦s
♣♦r Γ ❡ Γ(p) r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡s❞❡ q✉❡ A é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦✱ t❡♠♦s q✉❡
♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ H2/Γ é ❝♦♠♣❛❝t♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✺✱ ❛❧é♠ ❞✐ss♦ ❝♦♠♦ Γ(p) ⊂ Γ
t❛♠❜é♠ t❡♠♦s q✉❡ Sp = H2/Γ(p) é ✉♠ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛✳ ❖ ❣ê♥❡r♦
gp ❞❡ Sp ♣♦❞❡ s❡r ❡s❝r❡t♦ ❞❛ ❢♦r♠❛

gp = p(p− 1)(p+ 1)v + 1,

♦♥❞❡ v > 0 ❞❡♣❡♥❞❡ ❞❡ a ❡ b ✜①❛❞♦s ♥♦ ✐♥í❝✐♦✳ P❛r❛ ❝❛❧❝✉❧❛r ❛ síst♦❧❡ ❞❡ Sp q✉❡
é✱ ✉♠❛ ❣❡♦❞és✐❝❛ ❢❡❝❤❛❞❛ ♥ã♦ ❝♦♥trát✐❧ ❞❡ ♠❡♥♦r ❝♦♠♣r✐♠❡♥t♦✱ ❝♦♠ ❛ ♠étr✐❝❛
❤✐♣❡r❜ó❧✐❝❛✱ s❡❣✉❡✲s❡ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳ ❙❡

x = x0 + x1i+ x2j + x3k ∈ Γ̃(p)

❝♦♠♦ p|xi ♣❛r❛ i = 1, 2, 3 ❡ NrdA = x20 − ax21 − bx22 + abx23 = 1✱ t❡♠♦s x20 = 1
mod (p2)✳
❙❡ x 6= ±1✱ ❡♥tã♦ x0 6= ±1✱ ❧♦❣♦

|x0| ≥ p2 − 1. ✭✹✳✸✺✮

■st♦ é✱ ♣❛r❛ ✉♠❛ ✐s♦♠❡tr✐❛ T ∈ Γ(p)✱ T 6= Id s❡❣✉❡✲s❡

|Tr(T )| ≥ 2p2 − 2. ✭✹✳✸✻✮

P❡❧♦ q✉❡ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r✱ q✉❡ t♦❞❛ ✐s♦♠❡tr✐❛ T ∈ Γ(p) é ❤✐♣❡r❜ó❧✐❝❛✱ ❧♦❣♦
H2/Γ(p) é ✉♠❛ s✉♣❡r❢í❝✐❡ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠♣❛❝t❛✳ ❉❛í ❛ síst♦❧❡ ❞❡ Sp s❛t✐s❢❛③

sys(Sp) ≥ 2 log p2

♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✳ ❈♦♠♦ gp = p(p− 1)(p+ 1)v + 1 s❡ ♣♦❞❡ ❝♦♥❝❧✉✐r q✉❡

sys(Sp) ≥
4

3
log(g(Sp))− c,

♦♥❞❡ c é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ p✳



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

❆♦ ❧♦♥❣♦ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✱ ♦ ♦❜❥❡t✐✈♦ ❢♦✐ ❡st✉❞❛r ❛❧❣✉♠❛s ❞❡s✐❣✉❛❧❞❛❞❡s
s✐stó❧✐❝❛s ❡♠ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❝♦♠♣❛❝t❛s ❞❡ ❣ê♥❡r♦ g ≥ 2 ❝♦♠ síst♦❧❡s
♠á①✐♠❛s✱ ♣❛r❛ ♦ q✉❛❧ ✉t✐❧✐③❛♠♦s ❛ té❝♥✐❝❛ ❞❡ ❝♦rt❡ ❡ ❝♦❧❛❣❡♠ ♣❛r❛ ❝♦♥str✉✐r
s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❝♦♠♣❛❝t❛s ❝♦♠ síst♦❧❡ ❣r❛♥❞❡ ❛ ♣❛rt✐r ❞❡ s✉♣❡r❢í❝✐❡s ♠❛✲
①✐♠❛✐s✱ ❢♦r♥❡❝✐❞♦ ♣❡❧♦ ❛rt✐❣♦ ❬✶✾❪✱ ❝♦♥❢♦r♠❡ ❡stá ❢❡✐t♦ ♥♦ ❈❛♣ít✉❧♦ 3✳ ❉❛ ♠❡s♠❛
❢♦r♠❛ ❛♣r❡s❡♥t❛♠♦s ❞❡s✐❣✉❛❧❞❛❞❡s s❡♠❡❧❤❛♥t❡s ♣❛r❛ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ♥ã♦
❝♦♠♣❛❝t❛s ❝♦♠ ❝ús♣✐❞❡s✳

❚❛♠❜é♠ ❛♣r❡s❡♥t❛♠♦s ♥♦ ❈❛♣ít✉❧♦ 4✱ ❜❛s❡❛❞♦ ♥♦s tr❛❜❛❧❤♦s ❬✶✶❪ ❡ ❬✷✽❪✱ ✉♠❛
♠❛♥❡✐r❛ ❞❡ ❝❛❧❝✉❧❛r ❛s síst♦❧❡s ❡♠ s✉♣❡r❢í❝✐❡s ❤✐♣❡r❜ó❧✐❝❛s ❣❡r❛❞❛s ♣❡❧❛s t❡ss❡❧❛✲
çõ❡s {4g, 4g} ❡ {12g − 6, 3} ♣❛r❛ g ≥ 2✳

◆❡st❡ ♠♦♠❡♥t♦✱ t❡♠♦s ❝♦♥❞✐çõ❡s ❞❡ ❞✐③❡r q✉❡ ❜✉s❝❛r ❞❡s✐❣✉❛❧❞❛❞❡s s✐stó❧✐❝❛s
♥ã♦ é ✉♠❛ t❛r❡❢❛ ❢á❝✐❧✱ ♠❛s ♣❡❧♦ ♠❡♥♦s ❡♥❝♦♥tr❛♠♦s ❛❧❣✉♠❛s ❞❡❧❛s✳ ◆♦ ❡♥t❛♥t♦✱
♣❛r❛ t❡ss❡❧❛çã♦ ❞♦ t✐♣♦ {p, q}✱ ♣♦❞❡♠♦s ♦❜t❡r ♦s ✈❛❧♦r❡s ❞❡ ❛❧❣✉♠❛s ❞❡ss❛s síst♦❧❡s✱
q✉❡ ♣♦❞❡♠ s❡r ❝❛❧❝✉❧❛❞❛s ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ q✉❡ ✜♦ ♥♦ ❈❛♣ít✉❧♦ 4✳

✾✶



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❆◆❉❊❘❙❖◆✱ ❏✳ ❲✳✿ ❍②♣❡r❜♦❧✐❝ ●❡♦♠❡tr②✳ ❙♣r✐♥❣ ✲ ❱❡r❧❛❣ ✭✷✵✵✻✮✳

❬✷❪ ❆❑❘❖❯❚✱ ❍✳✿ ❙✐♥❣✉❧❛r✐tés t♦♣♦❧♦❣✐q✉❡s ❞❡s s②st♦❧❡s ❣é♥ér❛❧✐sé❡s✳ ❚♦♣♦✲
❧♦❣② ❱♦❧✳ ✹✷ ✭✷✵✵✸✮✱ ✷✾✶✲✸✵✽✳

❬✸❪ ❇❆❱❆❘❉✱ ❈✳✿ ❙②st♦❧❡ ❡t ✐♥✈❛r✐❛♥t ❞✬❍❡r♠✐t❡✳ ❏✳ ❘❡✐♥❡✳ ❆♥❣❡✇✳ ▼❛t❤✳
❱♦❧✳ ✹✽✷ ✭✶✾✾✼✮✱ ✾✸✲✶✷✵✳

❬✹❪ ❇❊❆❘❉❖◆✱ ❆✳ ❋✳✿ ❚❤❡ ●❡♦♠❡tr② ♦❢ ❉✐s❝r❡t❡ ●r✉♣s✳ ●r❛❞✉❛t❡ ❚❡①ts
✐♥ ▼❛t❤❡♠❛t✐❝s✳ ❙♣r✐♥❣❡r ✭✶✾✽✸✮✳

❬✺❪ ❇❊◆❊❉■❚❖✱ ❈✳ ❲✳ ✫ P❆▲❆❩❩❖✱ P✳ ✫ ■◆❚❊❘▲❆◆❉❖✱ ❏✳ ❈✳✿ ❆♥ ❛❧❣♦✲
r✐t❤♠ t♦ ❝♦♥str✉❝t ❛r✐t❤♠❡t✐❝ ❋✉❝❤s✐❛♥ ❣r♦✉♣s ❞❡r✐✈❡❞ ❢r♦♠ q✉❛t❡r♥✐♦♥
❛❧❣❡❜r❛s ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤②♣❡r❜♦❧✐❝ ❧❛tt✐❝❡s✳ ❏✳P✳❆ ❆❧❣❡❜r❛✳ ❱♦❧✳
✷✷✵ ✭✷✵✶✻✮✱ ✶✾✵✷✲✶✾✷✸✳

❬✻❪ ❇❖❘❚❍❲■❈❑✱ ❉✳✿ ❙♣❡❝tr❛❧ ❚❤❡♦r②♦❢ ■♥✜♥✐t❡✲❆r❡❛ ❍②♣❡r❜♦❧✐❝ ❙✉r❢❛❝❡s✳
❉❡♣❛rt♠❡♥t ♦❢ ▼❛t❤❡♠❛t✐❝s ❛♥❞ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡✱ ❊♠♦r② ❯♥✐✈❡rs✐t②
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