
❚❍■❊▲❨ ❋❖◆❙❊❈❆ ❉❊ ❆▲▼❊■❉❆

❋▲❯❳❖❙ ❉❊ ❆◆❖❙❖❱ ❊ ❖ ●❘❯P❖ ❋❯◆❉❆▼❊◆❚❆▲

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ à ❯♥✐✈❡rs✐❞❛❞❡
❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❝♦♠♦ ♣❛rt❡ ❞❛s ❡①✐✲
❣ê♥❝✐❛s ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦
❡♠ ▼❛t❡♠át✐❝❛✱ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦
❞❡ ▼❛❣✐st❡r ❙❝✐❡♥t✐❛❡✳

❱■➬❖❙❆
▼■◆❆❙ ●❊❘❆■❙ ✲ ❇❘❆❙■▲

✷✵✶✼





❚❍■❊▲❨ ❋❖◆❙❊❈❆ ❉❊ ❆▲▼❊■❉❆

❋▲❯❳❖❙ ❉❊ ❆◆❖❙❖❱ ❊ ❖ ●❘❯P❖ ❋❯◆❉❆▼❊◆❚❆▲

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ à ❯♥✐✈❡rs✐❞❛❞❡
❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❝♦♠♦ ♣❛rt❡ ❞❛s ❡①✐✲
❣ê♥❝✐❛s ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦
❡♠ ▼❛t❡♠át✐❝❛✱ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦
❞❡ ▼❛❣✐st❡r ❙❝✐❡♥t✐❛❡✳

❆P❘❖❱❆❉❆✿ ✷✶ ❞❡ ❥✉❧❤♦ ❞❡ ✷✵✶✼✳

❆♥❞rés ▼❛✉r✐❝✐♦ ▲ó♣❡③ ❇❛rr❛❣❛♥ ❆❧❡①❛♥❞r❡ ▼✐r❛♥❞❛ ❆❧✈❡s

❇✉❧♠❡r ▼❡❥í❛ ●❛r❝í❛
✭❈♦♦r✐❡♥t❛❞♦r✮

❊♥♦❝❤ ❍✉♠❜❡rt♦ ❆♣❛③❛ ❈❛❧❧❛
✭❖r✐❡♥t❛❞♦r✮



❉❡❞✐❝♦ ❡st❡ tr❛❜❛❧❤♦ ❛♦s ♠❡✉s ♣❛✐s✱
❊❧② ❡ ❋át✐♠❛✳

✐✐



✧❆ ❢é ❡♠ ❉❡✉s ♥♦s ❢❛③ ❝r❡r ♥♦

✐♥❝rí✈❡❧✱ ✈❡r ♦ ✐♥✈✐sí✈❡❧ ❡ r❡❛❧✐③❛r ♦

✐♠♣♦ssí✈❡❧✧✳

✐✐✐



❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ❛ ❉❡✉s ♣♦r t❡r ♠❡ ❞❛❞♦ ❢♦rç❛s ❡ ♥ã♦ t❡r ♠❡ ❞❡✐①❛❞♦ ❞❡s❛♥✐♠❛r
❞✐❛♥t❡ ❞♦s ❞❡s❛✜♦s ❡♠♦❝✐♦♥❛✐s ❡♥❢r❡♥t❛❞♦s ♥❡ss❡s ❞♦✐s ❛♥♦s ❡ ♣❡❧❛s ♠❛r❛✈✐❧❤♦s❛s
♣❡ss♦❛s q✉❡ ❝♦❧♦❝♦✉ ♥♦ ♠❡✉ ❝❛♠✐♥❤♦

❙♦✉ ♠✉✐tíss✐♠♦ ❣r❛t❛ ❛♦s ♠❡✉s ♣❛✐s✱ ❊❧② ❡ ❋át✐♠❛✱ ♣❡❧♦ ❡①❡♠♣❧♦✱ ❝❛r✐♥❤♦
❡ ♠♦t✐✈❛çã♦✱ ✈♦❝ês sã♦ ♦s ♠❛✐♦r❡s ❞❡ t♦❞♦s ♦s ♠❡✉s ♣r♦❢❡ss♦r❡s✱ ❛ ♠✐♥❤❛ ❜❛s❡✱
♥♦ss❛ ❤✐stór✐❛ ❞❡ ❧✉t❛s ❡ ✈✐tór✐❛s ❝♦♠❡ç❛ ❜❡♠ ❛♥t❡s ❞❛q✉✐✳

❆♦ ♠❡✉ q✉❡r✐❞♦ ♦r✐❡♥t❛❞♦r ❉r✳ ❊♥♦❝❤ ❆♣❛③❛✱ ♣♦r t♦❞❛ ♣❛❝✐ê♥❝✐❛✱ t❡♠♣♦ ❡
s❛❜❡❞♦r✐❛ ❞❡❞✐❝❛❞♦s ❛♦ ♠❡✉ tr❛❜❛❧❤♦✳ ❋♦✐ ✉♠ ❣r❛♥❞❡ ♣r❛③❡r s❡r s✉❛ ♦r✐❡♥t❛❞❛✳
❊ ❛ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s q✉❡ ♣❛ss❛r❛♠ ♥♦ ♠❡✉ ❝❛♠✐♥❤♦ ❡ ♠❡ ❞❡s♣❡rt❛r❛♠ ♦
✐♥t❡r❡ss❡ ❡♠ ❝♦♥t✐♥✉❛r ❡st✉❞❛♥❞♦ ♠❛t❡♠át✐❝❛✳ ❆♦ ♠❡✉ ❝♦♦r✐❡♥t❛❞♦r✱ ❇✉❧♠❡r✱
❛❣r❛❞❡ç♦ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ❡ ♣❡❧❛s ❝♦♥tr✐❜✉✐çõ❡s ❛♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦✳

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ✐r♠ã♦s✱ ❚❤✐❛❣♦ ❡ ❚❤❛②♥❛r❛✱ ♣❡❧♦ ❝♦♠♣❛♥❤❡✐r✐s♠♦✱ ❢♦rç❛ ❡
❛❧❡❣r✐❛✳ ❆ ♠✐♥❤❛ s♦❜r✐♥❤❛✱ ▼❛r✐❛ ❱❛❧❡♥t✐♥❛✱ ♠♦t✐✈❛çã♦ ❞✐ár✐❛ ♣❛r❛ s❡r ❡①❡♠♣❧♦✳
❆♦ ♠❡✉ q✉❡r✐❞♦ ❛✈ô✱ ❏♦ã♦ ❆❧♠❡✐❞❛✱ ❛❣r❛❞❡ç♦ ❝❛r✐♥❤♦s❛♠❡♥t❡ ♣❡❧♦ ❛♣♦✐♦✱ ♣♦r s❡r
s❡♠♣r❡ ♣r❡s❡♥t❡ ❡♠ ♠✐♥❤❛ ✈✐❞❛ ❡ ♣♦r s❡r ♦ ♠❡❧❤♦r ❛✈ô✱ ❞♦ ♠✉♥❞♦✳

❆♦s ❣r❛♥❞❡s ❡ ✐♥❝rí✈❡✐s ❛♠✐❣♦s q✉❡ ✜③ ❞✉r❛♥t❡ ♦ ♠❡str❛❞♦ q✉❡ ♠❡ ❛❥✉❞❛r❛♠
♥❛s ❞✐s❝✐♣❧✐♥❛s ❡ ♥♦ ❝♦♠♣❛♥❤❡✐r✐s♠♦ ❞❡ t♦❞♦s ♦s ❞✐❛s✱ ❡♠ ❡s♣❡❝✐❛❧ à ❘♦sâ♥❣❡❧❛✱
q✉❡ ♠❡ ❛❝♦♠♣❛♥❤❛ ❡ ✐♥❝❡♥t✐✈❛ ❡♠ t❡♦r✐❛s s♦❜r❡ ❛ ✈✐❞❛✱ ♦ ✉♥✐✈❡rs♦ ❡ t✉❞♦ ♠❛✐s✳

❆♦s ♣r♦❢❡ss♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s ❞♦ ❉▼❆✲❯❋❱✱ ♣♦r ❝♦❧❛❜♦r❛r❡♠ ❝♦♠ ❛ ♠✐♥❤❛
❢♦r♠❛çã♦ ❡ ♣❡❧♦s ❡✜❝✐❡♥t❡s s❡r✈✐ç♦s ♣r❡st❛❞♦s✳

❆❣r❛❞❡ç♦ ❛ t♦❞♦s q✉❡ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡
tr❛❜❛❧❤♦✳

❋✐♥❛❧♠❡♥t❡✱ ❛❣r❛❞❡ç♦ à ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ✐♥❞✐s♣❡♥sá✈❡❧ ♣❛r❛ ❛
r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳

✐✈



❙✉♠ár✐♦

❘❡s✉♠♦ ✈✐

❆❜str❛❝t ✈✐✐

■♥tr♦❞✉çã♦ ✶

✶ Pr❡❧✐♠✐♥❛r❡s ✷

✶✳✶ ◆♦çõ❡s s♦❜r❡ ❱❛r✐❡❞❛❞❡s ❉✐❢❡r❡♥❝✐á✈❡✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷

✶✳✷ ❋❧✉①♦s ❆♥♦s♦✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✸ ◆♦çõ❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✹ ❈r❡s❝✐♠❡♥t♦ ❊①♣♦♥❡♥❝✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✶✳✺ ❚❡♦r❡♠❛ ❞❡ ❍❛❡✢✐❣❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷ ❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧ ✸✹

✷✳✶ Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✹✻

✈



❘❡s✉♠♦

❆▲▼❊■❉❆✱ ❚❤✐❡❧② ❋♦♥s❡❝❛✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❥✉❧❤♦ ❞❡ ✷✵✶✼✳
❋❧✉①♦s ❆♥♦s♦✈ ❡ ♦ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧✳ ❖r✐❡♥t❛❞♦r✿ ❊♥♦❝❤ ❍✉♠❜❡rt♦
❆♣❛③❛ ❈❛❧❧❛✳ ❈♦♦r✐❡♥t❛❞♦r✿ ❇✉❧♠❡r ▼❡❥í❛ ●❛r❝í❛✳

◆♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✱ ❛♣r❡s❡♥t❛♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿ ❙❡ ϕt : M −→ M é ✉♠

✢✉①♦ ❆♥♦s♦✈ ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❡♥tã♦ π1(M) t❡♠ ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧✳ ❊st❡

r❡s✉❧t❛❞♦ ❢♦✐ ♣r♦✈❛❞♦ ♣♦r ▼❛r❣✉❧✐s✱ ●✳ ❆✳✱ ♥♦ ❛♣ê♥❞✐❝❡ ❞❡ ❬✶✼❪ ♣❛r❛ 3✲✈❛r✐❡❞❛❞❡s✳

❆q✉✐ s❡❣✉✐♠♦s ❛ ♣r♦✈❛ ❢❡✐t❛ ♣♦r P❧❛♥t❡ ❡ ❚❤✉rst♦♥ ❡♠ ❬✶✻❪ ♣❛r❛ n✲✈❛r✐❡❞❛❞❡s✳

✈✐



❆❜str❛❝t

❆▲▼❊■❉❆✱ ❚❤✐❡❧② ❋♦♥s❡❝❛✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❏✉❧②✱ ✷✵✶✼✳
❆♥♦s♦✈ ✢♦✇s ❛♥❞ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ❣r♦✉♣✳ ❆❞✈✐s❡r✿ ❊♥♦❝❤ ❍✉♠❜❡rt♦ ❆♣❛③❛
❈❛❧❧❛✳ ❈♦✲❛❞✈✐s❡r✿ ❇✉❧♠❡r ▼❡❥í❛ ●❛r❝í❛✳

❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✿ ■❢ ϕt : M −→ M ✐s ❛♥ ❆♥♦s♦✈ ✢♦✇ t❤❡♥

π1(M) ❤❛s ❡①♣♦♥❡♥t✐❛❧ ❣r♦✇t❤✳ ❚❤✐s r❡s✉❧t ✇❛s ✜rst ♣r♦✈❡❞ ❜② ▼❛r❣✉❧✐s✱ ●✳ ❆✳✱ ✐♥

t❤❡ ❛♣♣❡♥❞✐① ♦❢ ❬✶✼❪ ❢♦r ✸✲♠❛♥✐❢♦❧❞s✳ ❲❡ ❢♦❧❧♦✇ t❤❡ ♣r♦♦❢ ♦❢ P❧❛♥t❡ ❛♥❞ ❚❤✉rst♦♥

♠❛❞❡ ✐♥ ❬✶✻❪ ❢♦r n✲♠❛♥✐❢♦❧❞s✳

✈✐✐



■♥tr♦❞✉çã♦

✳

◆❡st❡ tr❛❜❛❧❤♦✱ M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛✱ ❝♦♥❡①❛✱ s❡♠
❜♦r❞♦✱ ❞❡ ❞✐♠❡♥sã♦ n ≥ 3✳ ❙❡❥❛ ϕt : M → M ✉♠ ✢✉①♦ ❆♥♦s♦✈✳ ■st♦ s✐❣♥✐✜❝❛
q✉❡ ♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ TM ❡♠ M s❡ ❞❡❝♦♠♣õ❡ ❡♠ três s✉❜✜❜r❛❞♦s Es✱ Eu✱ EX ✱
✐♥✈❛r✐❛♥t❡s ♣❡❧❛ ❞❡r✐✈❛❞❛ ❞♦ ✢✉①♦✱ ❝♦♥tr❛✐♥❞♦ ♦ s✉❜✜❜r❛❞♦ Es ❡ ❡①♣❛♥❞✐♥❞♦ Eu✳
❖s ✜❜r❛❞♦s Es✱ Eu sã♦ ✉♥✐❝❛♠❡♥t❡ ✐♥t❡❣rá✈❡✐s✳❬✽✱ ✾✱ ✶✺❪✳ ❉✐r❡♠♦s q✉❡ ✉♠ ✢✉①♦
❆♥♦s♦✈ t❡♠ ❝♦❞✐♠❡♥sã♦ ✉♠ q✉❛♥❞♦ dim(Es) = 1 ♦✉ dim(Eu) = 1✳

❉❛❞♦ ✉♠ ❣r✉♣♦ S ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✱ ❛ ❢✉♥çã♦ Γ(n) é ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s
❞♦ ❣r✉♣♦ ❞❡ ♣❛❧❛✈r❛s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ n✳ ❆ ❞❡✜♥✐çã♦ ❢♦r♠❛❧ s❡rá
❞❛❞❛ ❡♠ ✶✳✽✹✳ ❉✐③❡♠♦s q✉❡ S t❡♠ ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ s❡ ❞❛❞♦ ✉♠ ❝♦♥❥✉♥t♦
✜♥✐t♦ ❞❡ ❣❡r❛❞♦r❡s t❡♠✲s❡ Γ(n) ≥ Aen ♣❛r❛ ❛❧❣✉♠❛s ❝♦♥st❛♥t❡s A > 0✱ a > 0✳

❊✱ π1(M) ❞❡♥♦t❛ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ✈❛r✐❡❞❛❞❡ M ✳

❆q✉✐ ♣r♦✈❛♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❞❡✈✐❞♦ ❛ P❧❛♥t❡ ❬✶✻❪✿

❚❡♦r❡♠❛ ✿ ❙❡ ϕt : M −→ M é ✉♠ ✢✉①♦ ❆♥♦s♦✈ ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠✱ ❡♥tã♦
π1(M) t❡♠ ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ t❡♦r❡♠❛ ❞❡ P❧❛♥t❡ ♣r♦✈❛ q✉❡ ♥ã♦ ♣♦❞❡ ❡①✐st✐r ✢✉①♦s ❞❡
❆♥♦s♦✈ ♥❛ ❡s❢❡r❛ S3✱ ♥♦ t♦r♦ T 3✳ ▼❛s ♣♦r ♦✉tr♦ ❧❛❞♦✱ ❡①✐st❡♠ ❡①❡♠♣❧♦s
❝❧áss✐❝♦s ❞❡ ✢✉①♦s ❞❡ ❆♥♦s♦✈ ♥✉♠❛ ✸✲✈❛r✐❡❞❛❞❡✳ ❯♠ ❞❡ss❡s é ❛ s✉s♣❡♥sã♦ ❞❡
✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❆♥♦s♦✈✳

❊st❛ ❞✐ss❡rt❛çã♦✱ ❡stá ♦r❣❛♥✐③❛❞❛ ❝♦♠♦ s❡❣✉❡✿

◆♦ ❈❛♣ít✉❧♦ 1 s❡rã♦ ✐♥tr♦❞✉③✐❞❛s ♥♦çõ❡s ❜ás✐❝❛s s♦❜r❡✿ ✈❛r✐❡❞❛❞❡s
❞✐❢❡r❡♥❝✐á✈❡✐s ❡ s♦❜r❡ ❡st❛s ❡st✉❞❛♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s✱
❞❡✜♥✐♠♦s ✢✉①♦s ❞❡ ❆♥♦s♦✈ ❡ ❢❛r❡♠♦s ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ s✉s♣❡♥sã♦ ❞❡ ✢✉①♦
❆♥♦s♦✈✳ ❆❧é♠ ❞✐ss♦✱ ❡st✉❞❛♠♦s ❣r✉♣♦s ❞❡ ❤♦♠♦t♦♣✐❛✱ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧✱
❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❡ ❣r✉♣♦s✱ ❝♦♠ ❡①❡♠♣❧♦s s♦❜r❡ ♦s t✐♣♦s ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡
♣♦r ✜♠✱ ❢❛❧❛r❡♠♦s ❡♠ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ ❉❛r❡♠♦s ✉♠❛ ♥♦çã♦ ❞♦ ❝♦♥❝❡✐t♦
❞❡ ❢♦❧❤❡❛çõ❡s✱ ❤♦❧♦♥♦♠✐❛ ❡ ❢❛r❡♠♦s ✉♠ ❡s❜♦ç♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ❞❡
❍❛❡✢✐❣❡r✱ ❛s q✉❛✐s s❡rã♦ ✉t✐❧✐③❛❞❛s ❡♠ t♦❞♦ tr❛❜❛❧❤♦✳

❋✐♥❛❧♠❡♥t❡✱ ♥♦ ❈❛♣ít✉❧♦ 2 ✉s❛♥❞♦ ❛s ♥♦t❛çõ❡s ❡ ❞❡✜♥✐çõ❡s ❞♦ ❝❛♣ít✉❧♦ 1
♠♦str❛♠♦s ♦ t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧✳

✶



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦ s❡rã♦ ✐♥tr♦❞✉③✐❞♦s ❝♦♥❝❡✐t♦s s♦❜r❡ ✈❛r✐❡❞❛❞❡s✱ ❝❛♠♣♦s ❞❡
✈❡t♦r❡s✱ ✢✉①♦s ❛ss♦❝✐❛❞♦s à ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ♥✉♠❛ ✈❛r✐❡❞❛❞❡ ❡ ✜♥❛❧♠❡♥t❡ ♦s
✢✉①♦s ❞❡ ❆♥♦s♦✈✳ ❚❡♠✲s❡ ❝♦♠♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧✱ ❛❥✉❞❛r ♦ ❧❡✐t♦r ❛ s❡ ❢❛♠✐❧✐❛r✐③❛r
❝♦♠ ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❜ás✐❝♦s✱ q✉❡ sã♦ ✉t✐❧✐③❛❞♦s ♥♦ ❞❡❝♦rr❡r ❞♦ tr❛❜❛❧❤♦✳

✶✳✶ ◆♦çõ❡s s♦❜r❡ ❱❛r✐❡❞❛❞❡s ❉✐❢❡r❡♥❝✐á✈❡✐s

◆❡st❛ s❡çã♦ ✈❛♠♦s ❞❡✜♥✐r ❝♦♥❝❡✐t♦s ❡ ❛♣r❡s❡♥t❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❜ás✐❝♦s
s♦❜r❡ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✱ ♦s q✉❛✐s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✾❪✱ ❬✶✶❪ ❡
❬✶✷❪✳

❉❡✜♥✐çã♦ ✶✳✶✳ ❯♠ ❛t❧❛s ❞❡ ❞✐♠❡♥sã♦ m s♦❜r❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ M é ✉♠❛
❝♦❧❡çã♦ U ❞❡ s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s x : U −→ R

m ❡♠ M ✱ ❝✉❥♦s ❞♦♠í♥✐♦s
U ❝♦❜r❡♠ M ✳ ❖s ❞♦♠í♥✐♦s U ❞♦s s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s x ∈ U sã♦ ❝❤❛♠❛❞♦s
❛s ✈✐③✐♥❤❛♥ç❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ U ✳

❉❡✜♥✐çã♦ ✶✳✷✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❞❡ ❞✐♠❡♥sã♦ m ❡ ❝❧❛ss❡ Ck✱ é
✉♠ ♣❛r ♦r❞❡♥❛❞♦ (M,U) ♦♥❞❡ M é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❞❡ ❍❛✉s❞♦r✛✱ ❝♦♠ ❜❛s❡
❡♥✉♠❡rá✈❡❧ ❡ U ✉♠ ❛t❧❛s ♠á①✐♠♦ ❞❡ ❞✐♠❡♥sã♦ m ❡ ❝❧❛ss❡ Cr s♦❜r❡ M ✳

❉❡✜♥✐çã♦ ✶✳✸✳ ❙❡❥❛ M ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✳ ❯♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s
♦✉ ❝❛rt❛ ❧♦❝❛❧ ❡♠ M é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ x : U −→ x(U) ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦
❛❜❡rt♦ U ⊂ M s♦❜r❡ ✉♠ ❛❜❡rt♦ x(U) ⊂ R

m✳ ❉✐③❡♠♦s q✉❡✱ m é ❛ ❞✐♠❡♥sã♦ ❞❡
x : U −→ x(U)✳ P❛r❛ ❝❛❞❛ p ∈ U t❡♠✲ s❡ x(p) = (x1(p), ..., xm(p))✳ ❖s ♥ú♠❡r♦s
xi = xi(p), i = 1, ...,m sã♦ ❝❤❛♠❛❞❛s ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ♣♦♥t♦ p ∈ M ♥♦
s✐st❡♠❛ x✳

❊①❡♠♣❧♦ ✶✳✹✳ ❈♦♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥❛s

❙❡❥❛♠ M = R
m, U ⊂ R

m ✉♠ ❛❜❡rt♦ ❡ x : U −→ R
m ❛ ❛♣❧✐❝❛çã♦ ❞❡ ✐♥❝❧✉sã♦✱

x(p) = p✳ ❆s ❝♦♦r❞❡♥❛❞❛s ✐♥tr♦❞✉③✐❞❛s ❡♠ U ♣❡❧♦ s✐st❡♠❛ x sã♦ ❞❡♥♦♠✐♥❛❞❛s
❝♦♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥❛s✳

✷



✸ ✶✳✶✳ ◆❖➬Õ❊❙ ❙❖❇❘❊ ❱❆❘■❊❉❆❉❊❙ ❉■❋❊❘❊◆❈■➪❱❊■❙

❉❡✜♥✐çã♦ ✶✳✺✳ ❯♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ M ♥♦ q✉❛❧ ❡①✐st❡ ✉♠ ❛t❧❛s ❞❡ ❞✐♠❡♥sã♦
m ❝❤❛♠❛✲ s❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ t♦♣♦❧ó❣✐❝❛ ❞❡ ❞✐♠❡♥sã♦ m s❡✱ s♦♠❡♥t❡ s❡✱ ❝❛❞❛
♣♦♥t♦ ❞❡ M t❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❤♦♠❡♦♠♦r❢❛ ❛ ✉♠ ❛❜❡rt♦ ❞♦ R

m

❉❡✜♥✐çã♦ ✶✳✻✳ ✭❆♣❧✐❝❛çõ❡s ❉✐❢❡r❡♥❝✐á✈❡✐s✮ ❙❡❥❛♠ Mm, Nn ✈❛r✐❡❞❛❞❡s ❞❡
❝❧❛ss❡ Cr(r ≥ 1)✳ ❉✐③ ✲s❡ q✉❡ ✉♠❛ ❛♣❧✐❝❛çã♦ f : M −→ N é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦
♣♦♥t♦ p ∈ M s❡ ❡①✐st❡♠ s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s x : U −→ R

m em M, y :
V −→ R

n em N ✱ ❝♦♠ p ∈ U ❡ f(U) ⊂ V t❛✐s q✉❡ y ◦ f ◦ x−1 : x(U) −→
y(V ) ⊂ R

n é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ x(p)✳

Rm Rn 

M N

p f(p)

f

x y

y o  f o  x-1  

y(f(p))

y(V)

x(p)
x(U)

❋✐❣✉r❛ ✶✳✶✿ ❆♣❧✐❝❛çã♦ ❉✐❢❡r❡♥❝✐á✈❡❧ f : M → N ❡♥tr❡ M ❡ N ✳

❆ ❛♣❧✐❝❛çã♦ fxy = y ◦ f ◦x−1 é ❞❡♥♦♠✐♥❛❞❛ ❛ ❡①♣r❡ssã♦ ❞❡ f ♥❛s ❝♦♦r❞❡♥❛❞❛s
❧♦❝❛✐s x, y✳ ❖❜s❡r✈❡ q✉❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ f : M −→ N é ❝♦♥tí♥✉❛ ♥♦ ♣♦♥t♦ p ∈M ✳

❖❜s❡r✈❛çã♦ ✶✳✼✳ ❈♦♠♦ ❛s ♠✉❞❛♥ç❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❡♠ M e N sã♦
❞✐❢❡♦♠♦r✜s♠♦s ❞❡ ❝❧❛ss❡ Cr✱ ❛ ❞❡✜♥✐çã♦ ❞❡ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ✐♥❞❡♣❡♥❞❡ ❞♦
s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s x, y✱ ♣♦✐s ♣❛r❛ q✉❛✐sq✉❡r ♦✉tr♦ ♣❛r ❞❡ s✐st❡♠❛s ❞❡
❝♦♦r❞❡♥❛❞❛s x′, y′✱ t❡♠♦s x′ : U ′ −→ R

m ❡♠ M ❡ y′ : V ′ −→ R
n ❡♠ N ✱ ❝♦♠

p ∈ U ′✱ f(U ′) ⊂ V ′✱ ❛ ❛♣❧✐❝❛çã♦ fx′y′ = y′ ◦ f ◦ (x′)−1 s❡rá ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦
x′(p)✳

❉❡✜♥✐çã♦ ✶✳✽✳ ❉✐③❡♠♦s q✉❡ f : M −→ N é ❞✐❢❡r❡♥❝✐á✈❡❧ s❡ f ❢♦r ❞✐❢❡r❡♥❝✐á✈❡❧
❡♠ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ M ✳

❉❡✜♥✐çã♦ ✶✳✾✳ ❉✐③❡♠♦s q✉❡ f : M −→ N é ❞❡ ❝❧❛ss❡ Ck (k ≤ r) s❡✱ ♣❛r❛ ❝❛❞❛
p ∈M ✱ ❡①✐st❡♠ s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s x : U −→ R

m ❡♠ M ✱ y : V −→ R
n

❡♠ N ✱ ❝♦♠ p ∈ U ❡ f(U) ⊂ V t❛✐s q✉❡ y ◦ f ◦ x−1 : x(U) −→ y(V ) é ❞❡ ❝❧❛ss❡
Ck✳

❙❡❣✉❡✲ s❡ ❞❛ ❞❡✜♥✐çã♦ ✶✳✾ q✉❡✱ ✉♠❛ ❛♣❧✐❝❛çã♦ f : M −→ N é ❞❡ ❝❧❛ss❡ Ck

q✉❛♥❞♦✱ ❡①✐st❡♠ ✉♠ ❛t❧❛s U s♦❜r❡ M ❡ ✉♠ ❛t❧❛s B s♦❜r❡ N ✱ t❛✐s q✉❡✱ ♣❛r❛ ❝❛❞❛
y ∈ B ❡①✐st❡ x ∈ U r❡❧❛t✐✈❛♠❡♥t❡ ❛♦s q✉❛✐s ❛ ❡①♣r❡ssã♦ ❞❡ f é ❞❡ ❝❧❛ss❡ Ck✳ ■st♦
✐♠♣❧✐❝❛ q✉❡✱ ♣❛r❛ t♦❞❛ ❝❛rt❛ x′ : U ′ −→ R

m ❞♦ ❛t❧❛s ♠á①✐♠♦ ❞❡ M ❡ ♣❛r❛ t♦❞❛
❝❛rt❛ y′ : V ′ −→ R

n ❞♦ ❛t❧❛s ♠á①✐♠♦ ❞❡ N ✱ ❝♦♠ f(U ′) ⊂ V ′✱ ❛ ❡①♣r❡ssã♦ ❧♦❝❛❧
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fx′,y′ s❡rá ❞❡ ❝❧❛ss❡ Ck✳ ❊♥tã♦ fx′,y′ : x
′(U ∩ U ′) −→ y′(V ∩ V ′) ♣♦❞❡ s❡r ❡s❝r✐t❛

❝♦♠♦
fx′y′ = y′ ◦ f ◦ (x′)−1 = y′ ◦ y−1 ◦ y ◦ f ◦ x−1 ◦ x ◦ (x′)−1

= (y′ ◦ y−1) ◦ fxy ◦ (x ◦ (x
′)−1) = ϕyy′ ◦ fxy ◦ ϕxx′ ∈ Ck

◗✉❛♥❞♦ ❞✐ss❡r♠♦s q✉❡ f : M −→ N é ❞❡ ❝❧❛ss❡ Ck ❛❞♠✐t✐r❡♠♦s✱ ❛♦ ♠❡♥♦s
✐♠♣❧✐❝✐t❛♠❡♥t❡✱ q✉❡ M ❡ N sã♦ ❞❡ ❝❧❛ss❡ Cr, r ≥ k✳ ❆ ❝♦♠♣♦st❛ ❞❡ ❞✉❛s
❛♣❧✐❝❛çõ❡s f : M −→ N ❡ g : N −→ P ❞❡ ❝❧❛ss❡ Ck é t❛♠❜é♠ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡
❝❧❛ss❡ Cr✳

❉❡✜♥✐çã♦ ✶✳✶✵✳ ✿❯♠ ❞✐❢❡♦♠♦r✜s♠♦ f : M −→ N é ✉♠❛ ❜✐❥❡çã♦ ❝♦♠ f−1

❞✐❢❡r❡♥❝✐á✈❡❧✳ ❙❡ ❛♠❜❛s✱ f e f−1 sã♦ ❞❡ ❝❧❛ss❡ Ck✱ ❞✐③❡♠♦s q✉❡ f é ✉♠
❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❝❧❛ss❡ Ck✳

❉❡✜♥✐çã♦ ✶✳✶✶✳ ❙❡❥❛ Mm ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❉❡✜♥✐♠♦s ♦ ✜❜r❛❞♦
t❛♥❣❡♥t❡ ❞❡ M ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦✿

TM = {(p, v); p ∈M, v ∈ TMp}

✳

❉❡✜♥✐çã♦ ✶✳✶✷✳ ❙❡❥❛ Mm ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❯♠❛ ♠étr✐❝❛
❘✐❡♠❛♥♥✐❛♥❛ ✭♦✉ ❡str✉t✉r❛ ❘✐❡♠❛♥♥✐❛♥❛✮ é ✉♠❛ ❧❡✐ q✉❡ ❢❛③ ❝♦rr❡s♣♦♥❞❡r
❛ ❝❛❞❛ ♣♦♥t♦ p ∈M ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ TMp✳

❙❡❥❛ g ✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛✱ ❞❡♥♦t❛r❡♠♦s ♣♦r g(p; u, v) ♦✉ 〈u, v〉p ♦
♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞♦s ✈❡t♦r❡s u, v ∈ TMp✳

❉❡✜♥✐çã♦ ✶✳✶✸✳ ❖ ❝♦♠♣r✐♠❡♥t♦ ♦✉ ♥♦r♠❛ ❞❡ ✉♠ ✈❡t♦r v ∈ TMp ♣♦❞❡ s❡r
❞❡✜♥✐❞♦ ❝♦♠♦✿

| v |p=
√
〈v, v〉p.

❊st❛ ♥♦r♠❛ r❡❝❡❜❡ ♦ ♥♦♠❡ ❞❡ ♥♦r♠❛ ❘✐❡♠❛♥♥✐❛♥❛✳

❯♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ♦♥❞❡ ❡stá ❞❡✜♥✐❞❛ ✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ é
❞❡♥♦♠✐♥❛❞❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✳

❉❡✜♥✐çã♦ ✶✳✶✹✳ ❉✉❛s ✈❛r✐❡❞❛❞❡s V ❡ W sã♦ tr❛♥s✈❡rs❛✐s ❡♠ M s❡ ♣❛r❛
q✉❛❧q✉❡r ♣♦♥t♦ q ∈ V ∩W t❡♠♦s q✉❡ ♦s ❡s♣❛ç♦s t❛♥❣❡♥t❡s ❞❡ TVq ❡ TWq ❣❡r❛♠
TMq✳

✶✳✷ ❋❧✉①♦s ❆♥♦s♦✈

◆❡st❛ s❡çã♦ ✈❛♠♦s ❞❡✜♥✐r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ ❛♣r❡s❡♥t❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s
❜ás✐❝♦s s♦❜r❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s✱ ♦s q✉❛✐s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✸❪✱ ❬✾❪ ✱
❬✶✺❪ ❡ ❬✶✽❪✳
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❉❡✜♥✐çã♦ ✶✳✶✺✳ ❯♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❡ ❝❧❛ss❡ Cr, r > 0✱❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡
Mm é ✉♠❛ ❛♣❧✐❝❛çã♦ X : M → TM ✱ t❛❧ q✉❡ ❛ ❝❛❞❛ ♣♦♥t♦ p ∈M ❛ss♦❝✐❛ ♦ ✈❡t♦r
X(p) ∈ TMp ❡ X ∈ Cr✳

❉❡✜♥✐çã♦ ✶✳✶✻✳ ❯♠ ✢✉①♦ é ✉♠❛ ❛♣❧✐❝❛çã♦✱ ϕ : R×M →M ✱ t❛❧ q✉❡ ♣❛r❛ t♦❞♦
t, s ∈ R ❡ t♦❞♦ p ∈M ✈❛❧❡✿

✶✳ ϕ(t+ s, p) = ϕ(t, ϕ(s, p))

✷✳ ϕ(0, p) = p

❉❡♥♦t❛♠♦s ♣♦r ϕt ♦ ✢✉①♦ ❛ss♦❝✐❛❞♦ ❛♦ ❝❛♠♣♦ X✱ ♦♥❞❡ ϕt(p) = ϕ(t, p)✳

❊①❡♠♣❧♦ ✶✳✶✼✳ ❙❡❥❛ S2 ⊂ R
3 ❛ ❡s❢❡r❛ ✉♥✐tár✐❛ ❝♦♠ ❝❡♥tr♦ ♥❛ ♦r✐❣❡♠✳ ❙❡❥❛♠

PN = (0, 0, 1) ❡ PS = (0, 0,−1)✱ ♦ ♣ó❧♦ ♥♦rt❡ ❡ ♦ ♣♦❧♦ s✉❧ ❞❛ ❡s❢❡r❛ S2✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡✜♥✐♠♦s ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X ❞❡ ❝❧❛ss❡ C∞ ❡♠ S2 ♣♦r✱

X(x, y, z) = (−xz,−yz, x2 + y2)

❊ ♦ ✢✉①♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ❡♠ ✶✳✷✳

pN

pS

❋✐❣✉r❛ ✶✳✷✿ ❋❧✉①♦ ❡♠ S2

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❆ ór❜✐t❛ ❞❡ ✉♠ ♣♦♥t♦ p ∈ M ♣❛r❛ ✉♠ ✢✉①♦ ϕt é ♦ ❝♦♥❥✉♥t♦
O(p) = {ϕt(p); t ∈ R}

❉❡✜♥✐çã♦ ✶✳✶✾✳ ❆ ór❜✐t❛ ♣♦s✐t✐✈❛ ❞❡ ✉♠ ♣♦♥t♦ p ∈ M ♣❛r❛ ✉♠ ✢✉①♦ ϕ é ♦
❝♦♥❥✉♥t♦ O+

ϕ (p) = {ϕ(p); t ≥ 0}✳ ❊ ❛ ór❜✐t❛ ♥❡❣❛t✐✈❛ ❞❡ p ∈ M ♣❛r❛ ✉♠ ✢✉①♦
ϕt é ♦ ❝♦♥❥✉♥t♦ O−

ϕ (p) = {ϕ(p); t ≤ 0}✳

❉❡✜♥✐çã♦ ✶✳✷✵✳ ❙❡ X(p) = 0 ❡♥tã♦ ❞✐③❡♠♦s q✉❡ p ∈ M é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡
❞♦ ❝❛♠♣♦ X✳

❉❡✜♥✐çã♦ ✶✳✷✶✳ ❖ ❝♦♥❥✉♥t♦ ω✲❧✐♠✐t❡ ❞❡ ✉♠ ♣♦♥t♦ p ∈M é ❞❛❞♦ ♣♦r✿

ω(p) = {x ∈M ; ∃ tn →∞ quando n→∞ tal que lim
n→∞

ϕtn(p) = x}.

❆ss✐♠✱ ω(p) é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❛ ór❜✐t❛ ♣♦s✐t✐✈❛ ❞❡ p✳
❉❡✜♥✐♠♦s t❛♠❜é♠ ♦ ❝♦♥❥✉♥t♦ α✲❧✐♠✐t❡ ❞❡ ✉♠ ♣♦♥t♦ p ∈M ❞❛❞♦ ♣♦r

α(p) = {x ∈M ; ∃ tn → −∞ quando n→∞ tal que lim
n→∞

ϕtn(p) = x}.

❊♥tã♦✱ ♦ ❝♦♥❥✉♥t♦ α(p) é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❛ ór❜✐t❛ ♥❡❣❛t✐✈❛
❞❡ p✳
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❉❡✜♥✐çã♦ ✶✳✷✷✳ ❉✐③❡♠♦s q✉❡ x é r❡❝♦rr❡♥t❡ s❡ x ∈ ω(x)✳

❉❡✜♥✐çã♦ ✶✳✷✸✳ ❖s ❝♦♥❥✉♥t♦s✿

W ss(p) = {q ∈M ; d(ϕt(p), ϕt(q))→ 0, q✉❛♥❞♦ t→∞}

❡
W uu(p) = {q ∈M ; d(ϕt(p), ϕt(q))→ 0, q✉❛♥❞♦ t→ −∞}

sã♦ ❝❤❛♠❛❞♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❡ ✐♥stá✈❡❧ ❢♦rt❡ ❞♦
♣♦♥t♦ p ♣❛r❛ ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X✳ ❖♥❞❡ d ❞❡♥♦t❛ ❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛
❞❛ ✈❛r✐❡❞❛❞❡ M ✳

❉❡✜♥✐çã♦ ✶✳✷✹ ✭❈♦♥❥✉♥t♦ ❍✐♣❡r❜ó❧✐❝♦✮✳ ❯♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ✐♥✈❛r✐❛♥t❡
H ⊂M é ❞✐t♦ ❤✐♣❡r❜ó❧✐❝♦ ♣❛r❛ X ♦✉ ♣❛r❛ ϕt s❡✿

✶✳ TMp = Eu
p ⊕ EX

p ⊕ Es
p✱ ♣❛r❛ t♦❞♦ p ∈ H

✷✳ D(ϕt)pE
∗
p = E∗

ϕt(p)
✱ ∗ = s,X, u ✭Dϕt ✲ ✐♥✈❛r✐❛♥t❡✮❀

✸✳ Es
p, E

u
p ✈❛r✐❛♠ ❝♦♥t✐♥✉❛♠❡♥t❡ ❝♦♠ p ❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s λ,C > 0✱ t❛✐s

q✉❡✱ ∀t ≥ 0✱

❛✮ |Dϕt(p)v| ≤ Ce−λt|v|, ∀v ∈ Es
p e ∀p ∈ H

❜✮ |Dϕ−t(p)(w)| ≤ Ce−λt|w|, ∀w ∈ Eu
p e ∀p ∈ H

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ H ⊂ M ♣❛r❛ ✉♠ ✢✉①♦ ϕt

é ❤✐♣❡r❜ó❧✐❝♦ s❡ ❡①✐st❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❝♦♥tí♥✉❛ ❞♦ ❡s♣❛ç♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡
TMp = Eu

p ⊕ EX
p ⊕ Es

p s♦❜r❡ H ❝♦♥s✐st✐♥❞♦ ❞❡ ✉♠ s✉❜✜❜r❛❞♦ ❝♦♥trát✐❧ Es
p✱ ✉♠

s✉❜✜❜r❛❞♦ ❡①♣❛♥s♦r Eu
p ❡ ✉♠ s✉❜✜❜r❛❞♦ EX

p ❣❡r❛❞♦ ♣♦r X✳

❚❡♦r❡♠❛ ✶✳✷✺✳ ✭❚❡♦r❡♠❛ ❞❛ ❱❛r✐❡❞❛❞❡ ❊stá✈❡❧ ♣❛r❛ ❋❧✉①♦s✮✳ ❙❡❥❛
H ⊂M ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ✐♥✈❛r✐❛♥t❡ ♣❛r❛ ✉♠ ✢✉①♦ ϕt✳ ❊♥tã♦ ❡①✐st❡ ǫ > 0
t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ p ∈ H ❡①✐st❡♠ ❞♦✐s ❞✐s❝♦s ♠❡r❣✉❧❤❛❞♦s W ss

ǫ (p) ❡ W uu
ǫ (p)

♦s q✉❛✐s sã♦ t❛♥❣❡♥t❡s ❛ Es
p ❡ Eu

p ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✽❪

❉❡✜♥✐çã♦ ✶✳✷✻✳ ❯♠ ✢✉①♦ ϕt ❞❡✜♥✐❞♦ ♥❛ ✈❛r✐❡❞❛❞❡ M é ❆♥♦s♦✈ s❡ M é ✉♠
❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ♣❛r❛ ϕt✳

❉❡✜♥✐çã♦ ✶✳✷✼✳ ❯♠ ✢✉①♦ ❆♥♦s♦✈ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ M é ❞✐t♦ ❞❡ ❝♦❞✐♠❡♥sã♦
✉♠ s❡ dim(Es) = 1 ♦✉ dim(Eu) = 1✳

❉❡✜♥✐çã♦ ✶✳✷✽✳ ❯♠ ❞✐❢❡♦♠♦r✜s♠♦ f : M → M é ❞✐t♦ ❆♥♦s♦✈ s❡ ❡①✐st❡ ✉♠❛
❞❡❝♦♠♣♦s✐çã♦ ❝♦♥tí♥✉❛ TM = Eu ⊕ Es t❛❧ q✉❡✿

✶✳ ❆♠❜♦s Eu ❡ Es sã♦ ✐♥✈❛r✐❛♥t❡s ♣♦r Df ✱ ♦✉ s❡❥❛✱ Df(p)(Es
x) = Es

f(p) ❡
Df(p)(Eu

p ) = Eu
f(p)✱ ♣❛r❛ t♦❞♦ p ∈M ✳
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❋✐❣✉r❛ ✶✳✸✿ ❆s♣❡❝t♦ ❧♦❝❛❧ ❞❡ ✉♠ ✢✉①♦ ❆♥♦s♦✈

✷✳ ❊①✐st❡♠ ❝♦♥st❛♥t❡s C > 0 ❡ 0 < λ < 1 t❛✐s q✉❡ ♣❛r❛ t♦❞♦ p ∈M

|Dfn(p)(v)| ≤ Cλn|v|, v ∈ Es
p, n > 0

|Df−n(p)(v)| ≤ Cλn|v|, v ∈ Eu
p , n > 0

❆❜❛✐①♦✱ t❡♠♦s ✉♠ ❡①❡♠♣❧♦ ❜❡♠ ❝♦♥❤❡❝✐❞♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦ ❆♥♦s♦✈✳

❊①❡♠♣❧♦ ✶✳✷✾✳ ❬✸❪ ✭❉✐❢❡♦♠♦r✜s♠♦ ❆♥♦s♦✈✮✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦
LA : R2 → R

2 ❞❛❞❛ ♣❡❧❛ ♠❛tr✐③

A =

[
2 1
1 1

]

❖ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ss❛ ♠❛tr✐③ é ✉♠✱ A(Z2) = Z
2✳ ❆ ❡①♣r❡ssã♦ ❡♠ ❝♦♦r❞❡♥❛❞❛s é

LA(u, v) = (2u + v, u + v)✳ ❉❡✜♥✐♠♦s ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ R
2✿

(u, v) ∼ (u′, v′), se (u−u′, v− v′) ∈ Z
2 ❉❡ss❛ ❢♦r♠❛✱ LA(u, v) ∼ LA(u

′, v′)✳ ■ss♦
❞❡✜♥❡ ✉♠❛ ❛♣❧✐❝❛çã♦ L̂A : T 2 = R

2/Z2 → T 2✱ ❞❛❞❛ ♣♦r LA(u, v) = (2u+v, u+v)✱
t❡♠♦s ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦✿

R
2 L̂A //

x
��

R
2

x
��

T 2
LA

// T 2

◆❡st❡ ❝❛s♦✱ LA é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❆♥♦s♦✈✳

❉❡♠♦♥str❛çã♦✳ ❇❛st❛ ♠♦str❛r q✉❡ LA é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❆♥♦s♦✈✳ ❉❡ ❢❛t♦✱ ♥♦t❡
q✉❡ x é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❧♦❝❛❧✱ ♣♦✐s x é ❛ ❛♣❧✐❝❛çã♦ ♣r♦❥❡çã♦✳ ❈♦♠♦ ❛s ❞❡r✐✈❛❞❛s
❞❛ ♠❛tr✐③ ❛ss♦❝✐❛❞❛ ❛ LA ❞✐❢❡r❡♠ ❛♣❡♥❛s ♣♦r ✐s♦♠♦r✜s♠♦✱ ✐r❡♠♦s ❞❡t❡r♠✐♥❛r s❡✉s
❛✉t♦✈❛❧♦r❡s✳

λu = 3+
√
5

2
e λs =

3−
√
5

2

❖✉ s❡❥❛✱ 0 < λs < 1 < λu✳ ❙❡❥❛ Es, Eu ♦s s✉❜✜❜r❛❞♦s ❛ss♦❝✐❛❞♦s ❛♦s
❛✉t♦✈❛❧♦r❡s λs, λu✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

P❛r❛ t♦❞♦ w = (u, v) ∈ R
2✱ t❡♠♦s✿ Es

w = w ⊕ Es ❡ Eu
w = w ⊕ Eu✳
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❆✜r♠❛çã♦✿ ❆ ❞❡❝♦♠♣♦s✐çã♦ R
2 = Es ⊕ Eu é ✐♥✈❛r✐❛♥t❡ ♣❡❧❛ ❞❡r✐✈❛❞❛ ❞❡ L̂A✳

❉❡ ❢❛t♦✱
TR2

w = Es ⊕ Eu

P❛r❛ t♦❞♦ w ∈ R
2✳ ❈♦♠♦ é ❧✐♥❡❛r✱

DLA(w)(E
s
w) = LA(w + Es) = LA(w) + LA(E

s) = LA(w) + Es = Es
LA(w)

❆♥❛❧♦❣❛♠❡♥t❡✱

DLA(w)(E
u
w) = LA(w + Eu) = LA(w) + LA(E

u) = LA(w) + Eu = Eu
LA(w)

P♦rt❛♥t♦✱ TR2 = Es ⊕ Eu é ✐♥✈❛r✐❛♥t❡✳

P♦r ✜♠✱ ✜①❡ vsw ∈ Es
w ❡♥tã♦ vsw = w + vs✱ ♣❛r❛ t♦❞♦ vs ∈ Es ❡ ‖vsw‖ = ‖v

s‖✱
♦♥❞❡ ‖.‖ é ❛ ♥♦r♠❛ ❡♠ TR2

w✳ ❉❛í✱

DLA(w)(v
s
w) = LA(w + vs) = LA(z) + LA(v

s) = LA(w) + λs.v
s

▲♦❣♦✱

‖DLA(w)(v
s
w)‖LA(w) = λs‖v

s‖ = λs‖v
s
w‖w

❆♥❛❧♦❣❛♠❡♥t❡✱ vuw ∈ Eu
w ❡♥tã♦ vuw = w+vu✱ ♣❛r❛ t♦❞♦ vu ∈ Eu ❡ ‖vuw‖ = ‖v

u‖✳
▲♦❣♦✱

‖DLA(w)(v
u
w)‖LA(w) = λu‖v

u‖ = λu‖v
u
w‖w

Pr♦✈❛♥❞♦ q✉❡ Es ❝♦♥tr❛í ❡ Eu ❡①♣❛♥❞❡✱ ❞❡s❞❡ q✉❡ 0 < λs < 1 < λu✳

❋❧✉①♦ ❞❡ P♦✐♥❝❛ré

❙❡❥❛ γ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❞❡ ✉♠ ❝❛♠♣♦✳ P♦r ✉♠ ♣♦♥t♦ x0 ∈ γ ❝♦♥s✐❞❡r❡
✉♠❛ tr❛♥s✈❡rs❛❧ ♦✉ s❡çã♦ tr❛♥s✈❡rs❛❧ Σ ❛♦ ❝❛♠♣♦ X✳

❆ ór❜✐t❛ ♣♦r x0 ✈♦❧t❛ ✐♥t❡rs❡❝t❛r Σ ♥♦ t❡♠♣♦ τ ✱ ♦♥❞❡ τ é ♦ ♣❡rí♦❞♦ ❞❡ γ✳ P❡❧❛
❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ❝❛♠♣♦✱ ❛ ór❜✐t❛ ♣♦r ✉♠ ♣♦♥t♦ ❡♠ Σ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❛
x0 t❛♠❜é♠ ✈♦❧t❛ ❛ ✐♥t❡rs❡❝t❛r Σ ❡♠ ✉♠ t❡♠♣♦ ♣ró①✐♠♦ ❛ τ ✳

❙❡❥❛ V ⊂ Σ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛ ❞❡ x0✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛
❛♣❧✐❝❛çã♦ P : V → Σ q✉❡ ❝❛❞❛ ♣♦♥t♦ x ∈ V ❛ss♦❝✐❛ P (x)✱ s❡♥❞♦ P (x) ♦ ♣r✐♠❡✐r♦
♣♦♥t♦ ♦♥❞❡ ❛ ór❜✐t❛ ❞❡ x ✈♦❧t❛ ❛ ✐♥t❡rs❡❝t❛r Σ✳ ❊st❛ ❛♣❧✐❝❛çã♦ é ❞❡♥♦♠✐♥❛❞❛
tr❛♥s❢♦r♠❛çã♦ ❞❡ P♦✐♥❝❛ré ♦✉ ❢✉♥çã♦ ❞❡ Pr✐♠❡✐r♦ ❘❡t♦r♥♦ ❞❡ P♦✐♥❝❛ré

❛ss♦❝✐❛❞❛ ❛ ór❜✐t❛ γ ❡ à tr❛♥s✈❡rs❛❧ Σ✳
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Σ
x

x0

P(x)

❋✐❣✉r❛ ✶✳✹✿ ❚r❛♥s❢♦r♠❛çã♦ ❞❡ P♦✐♥❝❛ré

❙✉s♣❡♥sã♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈

❖ ✢✉①♦ s✉s♣❡♥sã♦ é ❞❛❞♦ ♣❡❧♦ ❞✐❢❡♦♠♦r✜s♠♦ f : M → M ✳ P❛r❛ ❝♦♥str✉í✲ ❧♦
✐❞❡♥t✐✜❝❛♠♦s ♦s ♣♦♥t♦s ❞♦ ❜♦r❞♦M×R ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛
(x, s+ 1) ∼ (f(x), s) ♣❛r❛ 0 ≤ s ≤ 1✳ ❙❡❥❛ Mf = M ×R/ ∼ ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ ❡
x : M × R→Mf ❛ ♣r♦❥❡çã♦ ♥❛t✉r❛❧✳ ❬✶✽❪

Pr♦♣♦s✐çã♦ ✶✳✸✵✳ ❙❡ f é ❞❡ ❝❧❛ss❡ Cr ♦ q✉♦❝✐❡♥t❡ Mf é ✉♠❛ ✈❛r✐❡❞❛❞❡ q✉❡ t❡♠
❡str✉t✉r❛ Cr✳ ❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ❛ ❡q✉❛çã♦ ❡♠ M × R✿

{
x′ = 0
s′ = 1

❊ss❛ ❡q✉❛çã♦ ✐♥❞✉③ ✉♠ ✢✉①♦ ϕt ❡♠ M × R q✉❡ ♣♦r s✉❛ ✈❡③ ✐♥❞✉③ ✉♠ ✢✉①♦ ϕt
f

❡♠ Mf ✱ ❝♦♠ ❝❛♠♣♦ ❛ss♦❝✐❛❞♦ ❛ Xf ✳ ❖ ✢✉①♦ s❛t✐s❢❛③✿

ϕ1(x, 0) = (x, 1) ∼ (f(x), 0)

▲♦❣♦✱ f é ❛ ❛♣❧✐❝❛çã♦ ❞❡ P♦✐♥❝❛ré s♦❜r❡ ❛ tr❛♥s✈❡rs❛❧ ❣❧♦❜❛❧ M × {0} ⊂Mf ♣❛r❛
♦ ✢✉①♦ ϕt

f ✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✷❪ ❞❡t❛❧❤❡s s♦❜r❡ s✉s♣❡♥sã♦ ❞❡ ✉♠ ❞✐❢❡♦♠♦r✐✜s♠♦✱ ❡ ❛ ♣r♦✈❛
❞❡ q✉❡ Mf é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧✳

Pr♦♣♦s✐çã♦ ✶✳✸✶✳ ❬✸❪ ✭❙✉s♣❡♥sã♦ ❆♥♦s♦✈✮✳ ❙❡❥❛ f : M → M ✉♠
❞✐❢❡♦♠♦r✜s♠♦ ❆♥♦s♦✈✱ ❛ s✉s♣❡♥sã♦ ϕt

f é ✉♠ ✢✉①♦ ❆♥♦s♦✈ ❡♠ Mf ✳

❉❡♠♦♥str❛çã♦✳ ❉❡♥♦t❛♠♦s ♣♦r TM = Ês ⊕ Êu ❛ ❞❡❝♦♠♣♦s✐çã♦ ❝♦♥tí♥✉❛
❛ss♦❝✐❛❞❛ ❛ f ✳ Pr❡❝✐s❛♠♦s ❝♦♥str✉✐r ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦✿

TMf = Ess ⊕ TXf ⊕ Euu
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❋✐❣✉r❛ ✶✳✺✿ ❙✉s♣❡♥sã♦ ❞❡ ✉♠ ❉✐❢❡♦♠♦r✜s♠♦ ❆♥♦s♦✈

P❛r❛ t❛❧✱ ❞❡✜♥✐♠♦s ♣❛r❛ (x, 0) ∈M × 0✿

Ess
(x,0) = Ês

x, E
uu
(x,0) = Êu

x

◗✉❛♥❞♦ (x, t) ∈M × [0, 1]✱ ❞❡✜♥✐♠♦s✿

Ess
(x,t) = Dϕt

f (x, 0)(Ê
s
x)

Euu
(x,t) = Dϕt

f (x, 0)(Ê
u
x)

❆ss✐♠✱ t❡♠♦s ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡s❡❥❛❞❛ TM f = Ess ⊕ TXf ⊕ Euu✳ ■r❡♠♦s
♠♦str❛r ❛❣♦r❛ q✉❡ ❡st❛ ❞❡❝♦♠♣♦s✐çã♦ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❆♥♦s♦s ♣❛r❛ ϕt

f ✳

❱❛♠♦s ❛♥❛❧✐s❛r Ess
(x,t0)

, t0 ∈ R✳ P♦r ❞❡✜♥✐çã♦✱ Ess
(x,t0)

= Dϕt0
f (x, 0)(Ê

s
x)✱ ❛ss✐♠

Dϕ−t0
f (x, t0)(E

ss
(x,t0)

= (Ês
x)✳ ❋✐①❡ t > 0

Dϕt
f (x, t0) = Dϕt+t0−t0

f (x, t0) = Dϕt+t0
f (0, x).Dϕ−t0

f (x, t0)✳ ▲♦❣♦✱

Dϕt
f (x, t0)|Ess

(x,t0)
= Dϕt+t0

f (x, 0)|Ês
x

❈♦♠♦ ❛ ú❧t✐♠❛ ❡①♣r❡ssã♦ ✈❛❧❡ ♣❛r❛ q✉❛❧q✉❡r t > 0 ✱ ✈❛♠♦s ❛♥❛❧✐s❛r s❡ s❛t✐s❢❛③
❛ ❝♦♥❞✐çã♦ ❆♥♦s♦✈ ❡♠ M × 0✱ ♦✉ s❡❥❛✱ ♥✉♠ ♣♦♥t♦ ❞❛ ❢♦r♠❛ (x, 0)✳ ❚♦♠❡♠♦s
t = [t]+r(r ∈ [0, 1]) ❡ [.] s✐❣♥✐✜❝❛ ❛ ♣❛rt❡ ✐♥t❡✐r❛✳ ❊♠M → 0 ♣♦r ❝♦♥str✉çã♦ ❞❡ ϕt

f

t❡♠♦s q✉❡ ϕ
[t]
f = f [t]✳ ❈♦♠♦ ϕt

f (x, 0) = ϕ
[t]+r

f (x, 0) = ϕ
r+[t]
f (x, 0) = ϕr

f (ϕ
[t]
f (x, 0)✳

❯s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ ✢✉①♦✱ t❡♠♦s✿

Dϕt
f (x, 0) = Dϕr

f (f
[t](x)).Df [t](x),

▲♦❣♦✱

|Dϕt
f (x, 0)(v)| ≤ ‖Dϕr

f (f
[t](x)‖.‖Df [t](x)(v)‖

≤ K.C.λ[t]|v|, v ∈ Ês
x, ∀ x ∈M.

❆♥❛❧♦❣❛♠❡♥t❡✱ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ✈❛❧❡ ♣❛r❛ Euu✳ ❙❡❣✉❡ ❡♥tã♦✱ q✉❡ ϕt
f é ✉♠

✢✉①♦ ❞❡ ❆♥♦s♦✈ ♣❛r❛ M f ✱ ❝♦♠♦ q✉❡rí❛♠♦s✳

Pr♦♣♦s✐çã♦ ✶✳✸✷✳ ✭❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré ✲ ❇❡♥❞✐①s♦♥✮ ❙❡❥❛ ϕt(p) ❛ ór❜✐t❛
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❢✉t✉r❛ ❞❡ ✉♠ ♣♦♥t♦ p ♣❛r❛ ✉♠ ✢✉①♦ ϕt : R
2 → R

2✳ ❙✉♣♦♥❤❛ q✉❡ ϕt ♣♦ss✉✐ ✉♠
♥ú♠❡r♦ ✜♥✐t♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s✳ ❙❡❥❛♠ p ∈ R

2 ❡ ω(p) ♦ ❝♦♥❥✉♥t♦ ω − limite ❞❡
p✳ ❊♥tã♦✱ ♦❝♦rr❡ ✉♠❛ ❞❛s ❛❧t❡r♥❛t✐✈❛s✿

✶✳ ❙❡ ω(p) ♣♦ss✉✐ s♦♠❡♥t❡ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s✱ ❡♥tã♦ ω(p) é ✉♠❛ ór❜✐t❛
♣❡r✐ó❞✐❝❛✳

✷✳ ω(p) é ✉♠❛ ór❜✐t❛ ❢❡❝❤❛❞❛✳

✸✳ ❙❡ ω(p) ♥ã♦ ❝♦♥té♠ ♣♦♥t♦s r❡❣✉❧❛r❡s✱ ❡♥tã♦ ω(p) é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✷❪✳

✶✳✸ ◆♦çõ❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é ❞❡✜♥✐r ♦ ♣r✐♠❡✐r♦ ❣r✉♣♦ ❞❡ ❤♦♠♦t♦♣✐❛✱ ❝♦♥❤❡❝✐❞♦
❝♦♠♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ✐♥❞✐❝❛♠♦s ❛s r❡❢❡rê♥❝✐❛s ❬✶✵❪ ❡
❬✷✶❪

●r✉♣♦s ❞❡ ❍♦♠♦t♦♣✐❛

❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s✱ f, g : X → Y ❞✉❛s ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s
❡ I = [0, 1]✳

❉❡✜♥✐çã♦ ✶✳✸✸✳ ❉✐③❡♠♦s q✉❡ f, g : X → Y sã♦ ❤♦♠♦tó♣✐❝❛s s❡ ❡①✐st❡ ✉♠❛
❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛

F : X × I → Y

t❛❧ q✉❡
F (x, 0) = f(x) e F (x, 1) = g(x)

♣❛r❛ t♦❞♦ x ∈ X✳ ❆ ❛♣❧✐❝❛çã♦ F é ❝❤❛♠❛❞❛ ❞❡ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ g✳ ❊s❝r❡✈❡✲
s❡✱ ♥❡st❡ ❝❛s♦✱ F : f ≃ g✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ f ≃ g✳

❆ ❤♦♠♦t♦♣✐❛ é ♣❡♥s❛❞❛ ❝♦♠♦ ✉♠ ♣r♦❝❡ss♦ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❝♦♥tí♥✉♦ ❞❛
❛♣❧✐❝❛çã♦ f ♥❛ ❛♣❧✐❝❛çã♦ g✳ ❖ ♣❛râ♠❡tr♦ t ♣♦❞❡ s❡r ✐♠❛❣✐♥❛❞♦ ❝♦♠♦ s❡♥❞♦ ♦
t❡♠♣♦ ❞♦ ♣r♦❝❡ss♦ ❞❡ ❞❡❢♦r♠❛çã♦✳

Pr♦♣♦s✐çã♦ ✶✳✸✹✳ ❆ r❡❧❛çã♦ ❞❡ ❤♦♠♦t♦♣✐❛✱ f ≃ g✱ é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛
♥♦ ❝♦♥❥✉♥t♦ ❞❛s ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s ❞❡ X ❡♠ Y ✳

❉❡♠♦♥str❛çã♦✳ ✶✮ ❘❡✢❡①✐✈❛✳ P❛r❛ t♦❞❛ f : X −→ Y ❝♦♥tí♥✉❛✱ ❛ ❛♣❧✐❝❛çã♦
F : X × I −→ Y ✱ ❞❛❞❛ ♣♦r F (x, t) = f(x)✱ é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ f ✱
♣♦rt❛♥t♦✱ ≃ é ✉♠❛ r❡❧❛çã♦ r❡✢❡①✐✈❛✳

✷✮ ❙✐♠étr✐❝❛✳ ❉❡✜♥❛♠♦s H : M×I −→ N ♣♦r H(x, t) = F (x, 1− t)✳ ♦❜t❡♠♦s
✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ g✳ ❉❡st❛ ❢♦r♠❛✱ f ≃ g ⇒ g ≃ f ✱ ✐st♦ é✱ ❛ r❡❧❛çã♦ ❞❡
❤♦♠♦t♦♣✐❛ é s✐♠étr✐❝❛✳



✶✷ ✶✳✸✳ ◆❖➬Õ❊❙ ❉❊ ❚❖P❖▲❖●■❆ ❆▲●➱❇❘■❈❆

✸✮ ❚r❛♥s✐t✐✈❛✳ ❙❡ F : f ≃ g ❡ H : g ≃ h ❡♥tã♦ ❞❡✜♥❛♠♦s✱ K : X × I −→ Y
♣♦♥❞♦ K(x, t) = F (x, 2t) s❡ 0 ≤ t ≤ 1/2 ❡ K(x, t) = H(x, 2t− 1) s❡ 1/2 ≤ t ≤ 1✳
❆ ❛♣❧✐❝❛çã♦ K é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ h✳ ▲♦❣♦✱ f ≃ g✱ g ≃ h✱ ♦✉ s❡❥❛✱ ❛
r❡❧❛çã♦ ≃ é tr❛♥s✐t✐✈❛✳

❉❡✜♥✐çã♦ ✶✳✸✺✳ ❆s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ s❡❣✉♥❞♦ ❛ r❡❧❛çã♦ ❞❡ ❤♦♠♦t♦♣✐❛ sã♦
❞❡♥♦♠✐♥❛❞❛s ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : X → Y
❝❤❛♠❛✲ s❡ ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❤♦♠♦tó♣✐❝❛ q✉❛♥❞♦ ❡①✐st❡ g : Y → X ❝♦♥tí♥✉❛ t❛❧
q✉❡ g ◦ f ∼= idX ❡ f ◦ g ∼= idY ✳ ❉✐③✲ s❡ ❡♥tã♦✱ q✉❡ g é ♦ ✐♥✈❡rs♦ ❤♦♠♦tó♣✐❝♦ ❞❡ f
❡ q✉❡ ❛s ✈❛r✐❡❞❛❞❡s X ❡ Y t❡♠ ♦ ♠❡s♠♦ t✐♣♦ ❞❡ ❤♦♠♦t♦♣✐❛✳ ❊s❝r❡✈❡✲ s❡✱ ♥❡ss❡
❝❛s♦ f : X ≡ Y ♦✉ X ≡ Y ✳

❊①❡♠♣❧♦ ✶✳✸✻✳ ❆ ❡s❢❡r❛ ✉♥✐tár✐❛ Sn t❡♠ ♦ ♠❡s♠♦ t✐♣♦ ❞❡ ❤♦♠♦t♦♣✐❛ q✉❡
R

n+1 − {0}✳

❉❡✜♥✐çã♦ ✶✳✸✼✳ ❯♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X é ❞✐t♦ ❝♦♥trát✐❧ q✉❛♥❞♦ t❡♠ ♦ ♠❡s♠♦
t✐♣♦ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ✉♠ ♣♦♥t♦✳

Pr♦♣♦s✐çã♦ ✶✳✸✽✳ X é ❝♦♥trát✐❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ é
❤♦♠♦tó♣✐❝❛ ❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥st❛♥t❡ ❞❡ X✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ X é ❝♦♥trát✐❧✳ P♦r ❞❡✜♥✐çã♦✱ X é ❝♦♥trát✐❧ q✉❛♥❞♦
♣♦ss✉í ♦ ♠❡s♠♦ t✐♣♦ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ✉♠ ♣♦♥t♦✱ ✐st♦ é✱ X ∼= {p}✳ ❊♥tã♦✱ ❡①✐st❡♠
f : X −→ {p} ❡ g : {p} −→ X ✐♥✈❡rs❛s ❤♦♠♦tó♣✐❝❛s✱ ❡♥tã♦ g◦f ≃ idX e g◦f =
constante✳
❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡✱ idX ≃ constante ♣♦rt❛♥t♦ idX ❡ ❛ ❝♦♥st❛♥t❡ sã♦
✐♥✈❡rs❛s ❤♦♠♦tó♣✐❝❛s✳ ▲♦❣♦✱ X ∼= {p}✳

❊①❡♠♣❧♦ ✶✳✸✾✳ Rn ≃ {0}✳

❈♦r♦❧ár✐♦ ✶✳✹✵✳ ❯♠ ❡s♣❛ç♦ ❝♦♥trát✐❧ X é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✳

❉❡♠♦♥str❛çã♦✳ ❋✐①❡♠♦s p ∈ X ❡ ❞❡✜♥❛ ❛ ❤♦♠♦t♦♣✐❛ F : idX ∼= c✱ ❝♦♠♦ ♥❛
♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✳ ❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ x ∈ X✱ ❞❡✜♥✐♠♦s✿

αx : I → X

t 7−→ F (x, t)

✉♠ ❝❛♠✐♥❤♦ q✉❡ ❧✐❣❛ x ❛ p ❡ ❝♦♥s✐❞❡r❡ X → {p} ❛ ❛♣❧✐❝❛çã♦ ❝♦♥st❛♥t❡✳ ▲♦❣♦✱ X
é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✳

Pr♦♣♦s✐çã♦ ✶✳✹✶✳ ❙❡ X ♦✉ Y é ❝♦♥trát✐❧ ❡♥tã♦ t♦❞❛ ❛♣❧✐❝❛çã♦ f : X → Y é
❤♦♠♦tó♣✐❝❛ ❛ ✉♠❛ ❝♦♥st❛♥t❡✳

❈♦r♦❧ár✐♦ ✶✳✹✷✳ ❙❡ X é ❝♦♥trát✐❧ ❡ Y é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s ❡♥tã♦ ❞✉❛s
❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s q✉❛✐sq✉❡r f, g : X → Y sã♦ ❤♦♠♦tó♣✐❝❛s✳ ❙❡ Y é ❝♦♥trát✐❧✱
❡♥tã♦ q✉❛❧q✉❡r q✉❡ s❡❥❛ X✱ ❞✉❛s ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s f, g : X → Y sã♦ s❡♠♣r❡
❤♦♠♦tó♣✐❝❛s✳
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❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ s❡ X é ❤♦♠♦tó♣✐❝♦ ❡ Y é ❝♦♥❡①♦ ♣♦r
❝❛♠✐♥❤♦s✱ ❡♥tã♦ q✉❛✐sq✉❡r ❞✉❛s ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s f, g : X → Y sã♦
❤♦♠♦tó♣✐❝❛s✳ P♦r ❤✐♣ót❡s❡✱ t❡♠♦s q✉❡ X é ❝♦♥trát✐❧✱ ❛ss✐♠ F : idX ∼= c✱ ❝♦♠♦ ♥❛
♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ❞❡✜♥❛ ❛ ❤♦♠♦t♦♣✐❛✿

H : X × Y → Y

H(x, t) = f(F (x, t))⇒ H : f ∼= c

K(x, t) = g(F (x, t))⇒ K : g ∼= c1

♦♥❞❡ c(x) = f(p) ❡ c1(x) = g(p)✱ ♣❛r❛ t♦❞♦ x ∈ X✳ ❈♦♠♦✱ N é ❝♦♥❡①♦ ♣♦r
❝❛♠✐♥❤♦s✱ ❡①✐st❡ α ❝❛♠✐♥❤♦ ❝♦♥st❛♥t❡ ❧✐❣❛♥❞♦ f(p) a g(p)✱ ❞❡✜♥❛✿

G : Y × I → Y

(y, t) 7−→ α(t)

P♦rt❛♥t♦✱ c ∼= c1 ❡ f ∼= g✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♣❛r❛ ♦ ♦✉tr♦ ❝❛s♦ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❉❡✜♥✐çã♦ ✶✳✹✸✳ ❉❛❞❛s f, g : X −→ Y ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s✱ ❞✐③✲ s❡ q✉❡ f é
❤♦♠♦tó♣✐❝❛ ❛ g r❡❧❛t✐✈❛♠❡♥t❡ ❛ ✉♠ s✉❜❡s♣❛ç♦ A ⊂ X✱ ❡ ❡s❝r❡✈❡✲ s❡

f ≃ g (rel.A)

q✉❛♥❞♦ ❡①✐st❡ ✉♠❛ ❤♦♠♦t♦♣✐❛ F : f ≃ g t❛❧ q✉❡ F (x, t) = f(x) = g(x) ♣❛r❛ t♦❞♦
x ∈ A✳ ❊✈✐❞❡♥t❡♠❡♥t❡✱ ♣❛r❛ q✉❡ s❡ t❡♥❤❛ f ≃ g(rel.A) é ♥❡❝❡ssár✐♦ ❛♥t❡s ❞❡
t✉❞♦✱ q✉❡ f(x) = g(x) ♣❛r❛ t♦❞♦ x ∈ A✳

❊①❡♠♣❧♦ ✶✳✹✹✳ ❆ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ ❞❡ R
n − {0} é ❤♦♠♦tó♣✐❝❛ ❛ ❛♣❧✐❝❛çã♦

r : Rn−{0} −→ R
n−{0}✱ t❛❧ q✉❡ r(x) =

x

‖x‖
✱ r❡❧❛t✐✈❛♠❡♥t❡ ❛♦ s✉❜❡s♣❛ç♦ Sn−1✳

❖ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧

❱❛♠♦s✱ ❛ ♣❛rt✐r ❞❡ ❛❣♦r❛✱ ❝♦♥s✐❞❡r❛r ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ ❝♦♥❝❡✐t♦ ❣❡r❛❧ ❞❡
❤♦♠♦t♦♣✐❛✳ ❊st✉❞❛r❡♠♦s ❤♦♠♦t♦♣✐❛s ❞❡ ❝❛♠✐♥❤♦s✱ ✐st♦ é✱ ❞❡ ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s
α : J −→ X✱ ❞❡✜♥✐❞❛s ♥✉♠ ✐♥t❡r✈❛❧♦ ❝♦♠♣❛❝t♦ J = [s0, s1]✳ ❉❡❞✐❝❛r❡♠♦s ❛t❡♥çã♦
❡s♣❡❝✐❛❧ ❛♦s ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s✿ ❛q✉❡❧❡s ❡♠ q✉❡ α(s0) = α(s1)✳ ❙❛❧✈♦ q✉❛♥❞♦ ❞✐t♦
❡①♣❧✐❝✐t❛♠❡♥t❡ ♦ ❝♦♥trár✐♦✱ s✉♣♦r❡♠♦s ♥♦ss♦s ❝❛♠✐♥❤♦s ❞❡✜♥✐❞♦s ♥♦ ✐♥t❡r✈❛❧♦
✉♥✐tár✐♦ I = [0, 1]✳

❈♦♠♦ ♦ ✐♥t❡r✈❛❧♦ I é ❝♦♥trát✐❧✱ t♦❞♦ ❝❛♠✐♥❤♦ α → X é ❤♦♠♦tó♣✐❝♦ ❛ ✉♠❛
❝♦♥st❛♥t❡✳ ❊①✐❣✐r❡♠♦s q✉❡✱ ❞✉r❛♥t❡ ❛ ❤♦♠♦t♦♣✐❛✱ ♦s ❡①tr❡♠♦s ❞♦ ❝❛♠✐♥❤♦ s❡❥❛♠
♠❛♥t✐❞♦s ✜①♦s✳ ❆ss✐♠✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❛ ❢r♦♥t❡✐r❛ ∂I = {0, 1} ❞♦ ✐♥t❡r✈❛❧♦ ❡ ❛s
❤♦♠♦t♦♣✐❛s ❞❡ ❝❛♠✐♥❤♦s s❡rã♦ t♦❞❛s r❡❧❛t✐✈❛s ❛♦ s✉❜❡s♣❛ç♦ ∂I✳

❉❡✜♥✐çã♦ ✶✳✹✺✳ ❉✐r❡♠♦s q✉❡✱ α, β : I −→ X sã♦ ❝❛♠✐♥❤♦s ❤♦♠♦tó♣✐❝♦s
q✉❛♥❞♦ t✐✈❡r♠♦s α ≃ β (rel.∂I)✳ ❆❜r❡✈✐❛r❡♠♦s ❡st❛ ❛✜r♠❛çã♦ ❝♦♠ ❛ ♥♦t❛çã♦
α ∼= β✳ ❆ss✐♠✱ ✉♠❛ ❤♦♠♦t♦♣✐❛ F : α ∼= β ❡♥tr❡ ❝❛♠✐♥❤♦s é ✉♠❛ ❛♣❧✐❝❛çã♦
❝♦♥tí♥✉❛ F : I × I −→ X t❛❧ q✉❡✱
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F (s, 0) = α(s), F (s, 1) = β(s),
F (0, t) = α(0) = β(0),
F (1, t) = α(1) = β(1),

q✉❛✐sq✉❡r q✉❡ s❡❥❛♠ s, t ∈ I✳

P❛r❛ q✉❡ s❡ t❡♥❤❛ s❡♥t✐❞♦ ❛✜r♠❛r q✉❡ α ≃ β✱ é ♥❡❝❡ssár✐♦✱ ❛♥t❡s ❞❡ ♠❛✐s
♥❛❞❛✱ q✉❡ ♦s ❝❛♠✐♥❤♦s α ❡ β ♣♦ss✉❛♠ ❛s ♠❡s♠❛s ❡①tr❡♠✐❞❛❞❡s✿

α(0) = α(1) = x0 e α(1) = β(1) = x1

❋✐❣✉r❛ ✶✳✻✿ ❍♦♠♦t♦♣✐❛ ❡♥tr❡ ❝❛♠✐♥❤♦s

❖s ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s α, β : I → X sã♦ ❤♦♠♦tó♣✐❝♦s ✭α ≃ β✮ q✉❛♥❞♦ ❡①✐st❡
✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ F : I × I → X t❛❧ q✉❡✱ ♣♦♥❞♦ α(0) = α(1) = x0 ∈ M ✱
t❡♠✲ s❡

F (s, 0) = α(s)✱ F (s, 1) = β(s)✱ F (0, t) = F (1, t) = x0

♣❛r❛ q✉❛✐sq✉❡r s, t ∈ I✳

❋✐❣✉r❛ ✶✳✼✿ ❈❛♠✐♥❤♦s ❍♦♠♦tó♣✐❝♦s

❉❡✜♥✐çã♦ ✶✳✹✻✳ ❉♦✐s ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s α, β : I −→ X ❞✐③❡♠✲ s❡ ❧✐✈r❡♠❡♥t❡
❤♦♠♦tó♣✐❝♦s q✉❛♥❞♦ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ F : I × I −→ X t❛❧ q✉❡
F (s, 0) = α(s), F (s, 1) = β(s) ❡ F (0, t) = F (1, t) ♣❛r❛ q✉❛✐sq✉❡r s, t ∈ I✳ ❆
ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ s✐❣♥✐✜❝❛ q✉❡✱ ♣❛r❛ t♦❞♦ t ∈ I✱ ♦ ❝❛♠✐♥❤♦ Ft : I −→ X,Ft(s) =
F (s, t)✱ é ❢❡❝❤❛❞♦✳
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❖❜s❡r✈❛çã♦ ✶✳✹✼✳ ■♥❞✐❝❛r❡♠♦s s❡♠♣r❡✱ ❝♦♠ α = [α] ❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛
❞♦ ❝❛♠✐♥❤♦ α : I −→ X✱ ✐st♦ é✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❝❛♠✐♥❤♦s ❡♠ X q✉❡
♣♦ss✉❡♠ ❛s ♠❡s♠❛s ❡①tr❡♠✐❞❛❞❡s q✉❡ α ❡ q✉❡ sã♦ ❤♦♠♦tó♣✐❝♦s ❛ α ❝♦♠ ❡①tr❡♠♦s
✜①♦s ❞✉r❛♥t❡ ❛ ❤♦♠♦t♦♣✐❛✳

❉❡✜♥✐çã♦ ✶✳✹✽✳ ❙❡❥❛♠ α, β : I −→ X ❝❛♠✐♥❤♦s t❛✐s q✉❡ ♦ ✜♠ ❞❡ α ❝♦✐♥❝✐❞❡
❝♦♠ ❛ ♦r✐❣❡♠ ❞❡ β✳ ❉❡✜♥✐r❡♠♦s ♦ ♣r♦❞✉t♦ α ∗ β ❝♦♠♦ s❡♥❞♦ ♦ ❝❛♠✐♥❤♦ q✉❡
❝♦♥s✐st❡ ❡♠ ♣❡r❝♦rr❡r ♣r✐♠❡✐r♦ α ❡ ❞❡♣♦✐s β✳ ❈♦♠♦ ♦ t❡♠♣♦ q✉❡ ❞✐s♣♦♠♦s ♣❛r❛
♣❡r❝♦rr❡r αβ = 1✱ ✐st♦ ♥♦s ♦❜r✐❣❛ ❛ ❞♦❜r❛r ❛ ✈❡❧♦❝✐❞❛❞❡ ❡♠ α ❡ ❡♠ β✳ ❆ss✐♠✱
❞❡✜♥✐r❡♠♦s αβ : I −→ X ♣♦♥❞♦✿

α ∗ β(s) =

{
α(2s) s❡ 0 ≤ s ≤ 1/2,

β(2s− 1) s❡ 1/2 ≤ s ≤ 1

❈♦♠♦ α(1) = β(0)✱ ❛s r❡❣r❛s ❛❝✐♠❛ ❜❡♠ ❞❡✜♥❡♠ ✉♠❛ ❛♣❧✐❝❛çã♦ αβ : I −→ X t❛❧
q✉❡ αβ | [0, 1/2] e αβ | [1/2, 1] sã♦ ❝♦♥tí♥✉❛s✳ ❙❡q✉❡✲ s❡ q✉❡ αβ é ❝♦♥tí♥✉❛ ❡
♣♦rt❛♥t♦ é ✉♠ ❝❛♠✐♥❤♦✱ q✉❡ ❝♦♠❡ç❛ ❡♠ α(0) ❡ t❡r♠✐♥❛ ❡♠ β(1)✳

❉❡✜♥✐çã♦ ✶✳✹✾✳ ❖ ❝❛♠✐♥❤♦ ✐♥✈❡rs♦ ❞❡ α : I −→ X é✱ ♣♦r ❞❡✜♥✐çã♦✱ ♦
❝❛♠✐♥❤♦ α−1 : I −→ X✱ ❞❛❞♦ ♣♦r α−1(s) = α(1− s), 0 ≤ s ≤ 1.

❖❜s❡r✈❛çã♦ ✶✳✺✵✳ ❱❡♠♦s q✉❡ α−1(s) ❝♦♠❡ç❛ ♦♥❞❡ α t❡r♠✐♥❛✱ ❡ t❡r♠✐♥❛ ♥❛
♦r✐❣❡♠ ❞❡ α✳

Pr♦♣♦s✐çã♦ ✶✳✺✶✳ α ∼= α′, β ∼= β′ ⇒ αβ ∼= α′β′ e α−1 ∼= (α′)−1✳

❉❡♠♦♥str❛çã♦✳ ❙❡ F : α ∼= α′ e G : β ∼= β′ sã♦ ❤♦♠♦t♦♣✐❛s✱ ❞❡✜♥✐♠♦s
H : I × I −→ X ♣♦♥❞♦✿

H(s, t) =

{
F (2s, t), s❡ 0 ≤ s ≤ 1/2, t ∈ I

G(2s− 1, t), s❡ 1/2 ≤ s ≤ 1t ∈ I

❈♦♠♦ F (1, t) = G(0, t) = α(1) = β(0) ♣❛r❛ t♦❞♦ t ∈ I✱ ✈❡♠♦s q✉❡ H é
❜❡♠ ❞❡✜♥✐❞❛✳ ❈♦♠♦ H | ([0, 1/2] × I) e H | ([1/2, 1] × I) sã♦ ❝♦♥tí♥✉❛s✱
s❡q✉❡ q✉❡ H é ❝♦♥tí♥✉❛✳ ❉❛í✿ H(s, 0) = F (2s, 0) = α(s), s ∈ [0, 1/2]✱
H(s, 0) = G(2s− 1, 0) = β(s), s ∈ [0, 1/2]✳ P♦rt❛♥t♦✱ H(s, 0) = αβ(s)✳ ❙❡❣✉✐♥❞♦
♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦✱ ♦❜t❡♠♦s H(s, 1) = α′β′(s)✳ ❆❧é♠ ❞✐ss♦✱ H(0, t) = F (0, t) =
α′(0) = α(0) = β(0) = β′(0) = αβ(0) = α′β′(0),
❊✱
H(1, t) = F (1, t) = α′(1) = α(1) = β(1) = β′(1) = αβ(1) = α′β′(1).
▲♦❣♦✱

H(0, t) = αβ(0) = α′β′(0)

H(1, t) = αβ(1) = α′β′(1)

❉❡st❛ ❢♦r♠❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ H é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ αβ e α′β′✳ ■st♦ é✱
αβ ∼= α′β′✳ ❈♦♥s✐❞❡r❡ L : I × I −→M ✱ ❞❡✜♥✐❞❛ ♣♦r L(s, t) = F (1− s, t)✳ ❊♥tã♦✱

L(s, 0) = F (1− s, 0) = α−1

L(s, 1) = F (1− s, 1) = (α′)−1

L(0, t) = F (1, t) = α(1) = α−1(0) = (α′)−1(0)
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L(1, t) = F (0, t) = α(0) = α−1(1) = (α′)−1(1)

❙❡♥❞♦ L ❝♦♥tí♥✉❛✱ s❡❣✉❡ ❡♥tã♦ q✉❡ L : α−1 ∼= (α′)−1✱ ❝♦♠♦ q✉❡rí❛♠♦s✳

❉❡✜♥✐çã♦ ✶✳✺✷✳ ❊♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ X✱ s❡❥❛♠ α ✉♠❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡
❝❛♠✐♥❤♦s q✉❡ t❡♠ ♦r✐❣❡♠ ♥✉♠ ♣♦♥t♦ x ∈ X ❡ t❡r♠✐♥❛♠ ♥✉♠ ♣♦♥t♦ y ∈ X✱ ❡ β
✉♠❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ❝❛♠✐♥❤♦s q✉❡ ❝♦♠❡ç❛♠ ❡♠ y ∈ X ❡ t❡r♠✐♥❛♠ ❡♠
z ∈ X✳ ❉❡✜♥✐r❡♠♦s ♦ ♣r♦❞✉t♦ αβ t♦♠❛♥❞♦ ❝❛♠✐♥❤♦s a ∈ α, b ∈ β ❡ ♣♦♥❞♦

αβ = [ab]

❆ss✐♠✱ ♣♦r ❞❡✜♥✐çã♦ [a][b] = [ab]✳
❉❡✜♥✐♠♦s t❛♠❜é♠✱ α−1 = [a−1]✱ ♦♥❞❡ a ∈ α✳

❖❜s❡r✈❛çã♦ ✶✳✺✸✳ ❆ ♣r♦♣♦s✐çã♦ ✶✳✺✶ ♠♦str❛ q✉❡ ♦ ♣r♦❞✉t♦ αβ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛s
❡s❝♦❧❤❛s ❞♦s ❝❛♠✐♥❤♦s γ ∈ α e ρ ∈ β✱ ♣♦rt❛♥t♦ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳ ❊✱ ❛ s❡❣✉♥❞❛
♣❛rt❡ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✱ ♠♦str❛ q✉❡ ❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ α−1 = [γ−1] é ❛
♠❡s♠❛✱ s❡❥❛ q✉❛❧ ❢♦r ♦ ❝❛♠✐♥❤♦ γ q✉❡ ❡s❝♦❧❤❡♠♦s ❡♠ α✳ ❆ ❝❧❛ss❡ α−1 é ❝❤❛♠❛❞❛
✐♥✈❡rs❛ ❞❡ α✳

❉❡✜♥✐çã♦ ✶✳✺✹✳ ❙❡❥❛♠ α : I −→ X ✉♠ ❝❛♠✐♥❤♦ ❡ ϕ : I −→ I ✉♠❛
♣❛r❛♠❡tr✐③❛çã♦ ❞❡ I✱ ✐st♦ é✱ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ t❛❧ q✉❡ ϕ(∂I) ⊂ ∂I✳ ❖
❝❛♠✐♥❤♦ β = α ◦ ϕ : I −→ X ❝❤❛♠❛✲ s❡ r❡♣❛r❛♠❡tr✐③❛çã♦ ❞♦ ❝❛♠✐♥❤♦
α✳ ❆ ♣❛r❛♠❡tr✐③❛çã♦ ϕ ❞✐③✲ s❡ ♣♦s✐t✐✈❛ q✉❛♥❞♦ ϕ(0) = 0 e ϕ(1) = 1, s❡ ❢♦r
♥❡❣❛t✐✈❛ q✉❛♥❞♦ ϕ(0) = 1 e ϕ(1) = 0✱ ❡ tr✐✈✐❛❧ q✉❛♥❞♦ ϕ(0) = ϕ(1)✳

Pr♦♣♦s✐çã♦ ✶✳✺✺✳ ❙❡❥❛ β = α◦ϕ ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ❞♦ ❝❛♠✐♥❤♦ α : I −→ X✳
❙❡ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ϕ ❢♦r ♣♦s✐t✐✈❛✱ ❡♥tã♦ β ∼= α❀ s❡ ❢♦r ♥❡❣❛t✐✈❛✱ t❡♠✲ s❡ β ∼= α−1❀
s❡ ❢♦r tr✐✈✐❛❧ ❡♥tã♦ β = constante✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ❞♦✐s ❝❛♠✐♥❤♦s ❡♠ I sã♦ ❤♦♠♦tó♣✐❝♦s ✭❝♦♠ ❡①tr❡♠✐❞❛❞❡s
✜①❛s✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ tê♠ ❛ ♠❡s♠❛ ♦r✐❣❡♠ ❡ ♦ ♠❡s♠♦ ✜♠✳ ❙❡❥❛♠ i, j : I → I
❞❛❞❛s ♣♦r i(s) = s e j(s) = 1 − s✳ ❚❡♠✲ s❡ ♣♦rt❛♥t♦ ϕ ∼= i, ϕ ∼= j ou ϕ ∼=
constante✱ ❝♦♥❢♦r♠❡ s❡❥❛ ϕ ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ♣♦s✐t✐✈❛✱ ♥❡❣❛t✐✈❛ ♦✉ tr✐✈✐❛❧✳
❙❡❣✉❡✲ s❡ ✐♠❡❞✐❛t❛♠❡♥t❡ q✉❡ α ◦ϕ ∼= α ◦ i = α, α ◦ϕ ∼= α ◦ j = α−1 ou α ◦ϕ ∼=
constante✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❙✉♣♦♥❤❛♠♦s q✉❡ ❞❛❞♦s ✉♠ ❝❛♠✐♥❤♦ α : I → X ❡ ♣♦♥t♦s ✐♥t❡r♠❡❞✐ár✐♦s
0 = s0 < s1 < ... < sk = 1✱ q✉❡ ❞❡t❡r♠✐♥❛♠ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ I ❡♠ k
s✉❜✐♥t❡r✈❛❧♦s ❥✉st❛♣♦st♦s [si−1, si]✳ P❛r❛ ❝❛❞❛ i = 1, 2, ..., k✱ ♦❜t❡♠♦s ✉♠ ❝❛♠✐♥❤♦
αi : I → X✱ ❞❡✜♥✐❞♦ ♣♦r αi = (α | [si−1, si]) ◦ϕi✱ ♦♥❞❡ ϕi : I → [si−1, si] é ❛ ú♥✐❝❛
❢✉♥çã♦ ❧✐♥❡❛r t❛❧ q✉❡ ϕ(0) = si−1 e ϕi(1) = si✳ ❖s ❝❛♠✐♥❤♦s αi sã♦ ♣♦rt❛♥t♦
r❡♣❛r❛♠❡tr✐③❛çõ❡s ❞❛s r❡str✐çõ❡s α | [si−1, si]✱ ❛ ✜♠ ❞❡ ❧❤❡s ❞❛r ♦ ❞♦♠í♥✐♦ ♣❛❞rã♦
I✳

Pr♦♣♦s✐çã♦ ✶✳✺✻✳ ✭❬✶✵❪✮ ❙❡❥❛♠ α, β, µ : I −→ X ❝❛♠✐♥❤♦s t❛✐s q✉❡ ❝❛❞❛ ✉♠
❞❡❧❡s t❡r♠✐♥❛ ♦♥❞❡ ♦ s❡❣✉✐♥t❡ ❝♦♠❡ç❛✳ ❙❡❥❛♠ α = [α], β = [β], γ = [µ] s✉❛s
❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛✱ x = α(0) ❛ ♦r✐❣❡♠ ❞❡ α✱ y = α(1) s❡✉ ✜♠✱ ex, ey ♦s
❝❛♠✐♥❤♦s ❝♦♥st❛♥t❡s s♦❜r❡ ❡ss❡s ♣♦♥t♦s ❡ εx = [ex], εy = [ey] ❛s ❝❧❛ss❡s ❞❡
❤♦♠♦t♦♣✐❛ ❞❡ss❛s ❝♦♥st❛♥t❡s✳ ❚❡♠✲ s❡ ❡♥tã♦✿
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✶✳ αα−1 = εx

✷✳ α−1α = εy

✸✳ εxα = α = αεy

✹✳ (αβ)γ = α(βγ)

❉❡✜♥✐çã♦ ✶✳✺✼✳ ❖ ❝♦♥❥✉♥t♦ ❞❛s ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛ ✭❝♦♠ ❡①tr❡♠♦s ✜①♦s✮
❞♦s ❝❛♠✐♥❤♦s ♥✉♠❛ ✈❛r✐❡❞❛❞❡ X✱ ♠✉♥✐❞♦ ❞❛ ❧❡✐ ❞❡ ❝♦♠♣♦s✐çã♦ ❛❝✐♠❛ ❞❡✜♥✐❞❛✱
❝❤❛♠❛✲ s❡ ♦ ❣r✉♣♦✐❞❡ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ X✳

❉❡✜♥✐çã♦ ✶✳✺✽✳ ❈♦♥s✐❞❡r❛r❡♠♦s ♣❛r❡s ❞♦ t✐♣♦ (X, x0)✱ ♦♥❞❡ x0 ∈ X s❡rá
❝❤❛♠❛❞♦ ♦ ♣♦♥t♦ ❜ás✐❝♦ ❞❛ ✈❛r✐❡❞❛❞❡ X✳ ❖s ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s a : (I, ∂I) −→
(X, x0) s❡rã♦ ❝❤❛♠❛❞♦s ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s ❝♦♠ ❜❛s❡ ♥♦ ♣♦♥t♦ x0✳ ❆s ❤♦♠♦t♦♣✐❛s
✭s❛❧✈♦s q✉❛♥❞♦ ❡①♣❧✐❝✐t❛♠❡♥t❡ ♠❡♥❝✐♦♥❛❞♦ ♦ ❝♦♥trár✐♦✮ s❡rã♦ r❡❧❛t✐✈❛s ❛ ∂I✳
❖ s✉❜❝♦♥❥✉♥t♦ π1(X, x0) ❞♦ ❣r✉♣♦✐❞❡ ❢✉♥❞❛♠❡♥t❛❧✱ ❢♦r♠❛❞♦ ♣❡❧❛s ❝❧❛ss❡s ❞❡
❤♦♠♦t♦♣✐❛ ❞❡ ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s ❝♦♠ ❜❛s❡ ❡♠ x0 ❝♦♥st✐t✉✐ ✉♠ ❣r✉♣♦✱ ❝❤❛♠❛❞♦
♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ✈❛r✐❡❞❛❞❡ X ❝♦♠ ❜❛s❡ ♥♦ ♣♦♥t♦ x0✳ ❖ ❡❧❡♠❡♥t♦ ♥❡✉tr♦
❞❡ss❡ ❣r✉♣♦ é ❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ε = εx0 ❞♦ ❝❛♠✐♥❤♦ ❝♦♥st❛♥t❡ ♥♦ ♣♦♥t♦ x0✳

◗✉❛♥❞♦ M é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s ❡ π1(X, x0) = {e} ❞✐③❡♠♦s q✉❡ X é
s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ ❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ ♠♦str❛ q✉❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧
✐♥❞❡♣❡♥❞❡ ❞♦ ♣♦♥t♦ ❜❛s❡ ❡s❝♦❧❤✐❞♦✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r ♦ ❣r✉♣♦
❢✉♥❞❛♠❡♥t❛❧ ♣♦r π1(X)✱ s❡♠ ♥❡♥❤✉♠❛ r❡❢❡rê♥❝✐❛ ❡①♣❧í❝✐t❛ ❛♦ ♣♦♥t♦ ❜❛s❡✳

❊①❡♠♣❧♦ ✶✳✺✾✳ 1. ❙❡ X é ❝♦♥trát✐❧ ❡♥tã♦ X é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳

2. ❙❡ n > 1✱ ❡♥tã♦ Sn é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ ❱❡r ❬✶✵❪✳

❖❜s❡r✈❛çã♦ ✶✳✻✵✳ ❙❡ f : X → Y e g : Y → X s❛t✐s❢❛③❡♠ g ◦ f ∼= idX ❡♥tã♦
f é ✐♥❥❡t✐✈❛ ❡ g s♦❜r❡❥❡t✐✈❛✳ ❙❡ f ◦ g ∼= idY ❡♥tã♦ g é ✐♥❥❡t✐✈❛ ❡ f é s♦❜r❡❥❡t✐✈❛✳

Pr♦♣♦s✐çã♦ ✶✳✻✶✳ ❙❡❥❛ X ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✳ ❉❛❞♦s x0, x1 ∈ X ❡ γ :
I → X t❛❧ q✉❡ γ(0) = x0 e γ(1) = x1✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡
π1(X, x0) e π1(X, x1)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ γ : I → X ❝❛♠✐♥❤♦ t❛❧ q✉❡ γ(0) = x0 e γ(1) = x1✳
❙❡ α é ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ❞❡ x0 ❡♥tã♦ γ−1 ∗ α ∗ γ é ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ❞❡ x1✳
❉❛❞♦ ✉♠ ❡❧❡♠❡♥t♦ [α] ∈ π1(X, x0)✱ ❛♣❧✐❝❛çã♦ ❛❝✐♠❛ ✐♥❞✉③ ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦
[α′] = [γ−1 ∗ α ∗ γ] ∈ π1(X, x1)✳ ❉❡♥♦t❛r❡♠♦s ❡ss❛ ❛♣❧✐❝❛çã♦ ♣♦r✿

η : π1(X, x0)→ π1(X, x1)

[α′] = η([α])

❱❛♠♦s ♠♦str❛r q✉❡ η é ✉♠ ✐s♦♠♦r✜s♠♦✳

✶✮ η é ✉♠ ❤♦♠♦♠♦r✜s♠♦✳

❈♦♠ ❡❢❡✐t♦✱ ❞❛❞♦s [α], [β] ∈ π1(X, x0)✱ t❡♠♦s✿

η([α] ∗ [β]) = [γ−1] ∗ [α] ∗ [β] ∗ [γ]
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= [γ−1] ∗ [α] ∗ [γ] ∗ [γ−1] ∗ [β] ∗ [γ]

= η([α]) ∗ η([β])

❆ss✐♠✱ η é ✉♠ ❤♦♠♦♠♦r✜s♠♦✳

✷✮ η é ❜✐❥❡t✐✈❛✳ P❛r❛ ♠♦str❛r q✉❡ η é ❜✐❥❡t✐✈❛✱ ✈❛♠♦s ✐♥tr♦❞✉③✐r ❛ ✐♥✈❡rs❛ ❞❡
η✳ ❙❡❥❛✿

η−1 : π1(X, x1)→ π1(X, x0)

t❛❧ q✉❡
η−1([α′]) = [γ ∗ α′ ∗ γ−1]

❆✜r♠❛çã♦✿ η−1 é ❛ ✐♥✈❡rs❛ ❞❡ η✳

❉❡ ❢❛t♦✱
η−1η([α]) = η−1([γ−1 ∗ α ∗ γ])

= [γ ∗ γ−1 ∗ α ∗ γ ∗ γ−1]

= [α].

❆ss✐♠✱
η−1η = idπ1(X,x0)

❡ ♣♦r s✐♠❡tr✐❛
ηη−1 = idπ1(X,x1)

P❡❧❛ ú❧t✐♠❛ ♦❜s❡r✈❛çã♦ η é ✐♥❥❡t✐✈❛ ❡ s♦❜r❡❥❡t✐✈❛✳ ❙❡❣✉❡ ❡♥tã♦ q✉❡✱η é ✉♠
❤♦♠♦♠♦r✜s♠♦ ❜✐❥❡t♦r✱ ♣♦rt❛♥t♦✱ ✉♠ ✐s♦♠♦r✜s♠♦✳ ❈♦♠♦ q✉❡rí❛♠♦s✳

❊s♣❛ç♦s ❞❡ ❘❡❝♦❜r✐♠❡♥t♦

❉❡✜♥✐çã♦ ✶✳✻✷✳ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s✳ ❯♠❛ ❛♣❧✐❝❛çã♦ f : X → Y
é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❧♦❝❛❧ q✉❛♥❞♦ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ x ∈ X ❡①✐st❡ ✉♠ ❛❜❡rt♦ U
❝♦♥t❡♥❞♦ x ❡♠ X t❛❧ q✉❡ V = f(U) é ❛❜❡rt♦ ❡♠ Y ❡ f |U é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦
❞❡ U s♦❜r❡ V ✳

❊①❡♠♣❧♦ ✶✳✻✸✳ ❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦✿

ξ : R −→ S1

t 7−→ exp(t) = eit = (cost, sent)

ξ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❧♦❝❛❧✳

❉❡✜♥✐çã♦ ✶✳✻✹✳ ❙❡❥❛♠ f : X → Y ✱ g : Z → Y ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s✳ ❯♠
❧❡✈❛♥t❛♠❡♥t♦ ❞❡ g ✭r❡❧❛t✐✈❛♠❡♥t❡ ❛ f✮ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ g̃ : Z → X
t❛❧ q✉❡ f ◦ g̃ = g✳

❉❡✜♥✐çã♦ ✶✳✻✺✳ ❙❡❥❛ p : X̃ → X ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ X̃ ❡ X ❡s♣❛ç♦s
t♦♣♦❧ó❣✐❝♦s✳ ❯♠ ❛❜❡rt♦ V ⊂ X é ❞✐t♦ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛ s❡✿

p−1(V ) =
⋃

α∈Γ
Uα,
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♦♥❞❡ {Uα|α ∈ Γ} é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❛❜❡rt♦s ❞❡ X̃✱ ❞♦✐s ❛ ❞♦✐s ❞✐s❥✉♥t♦s✱ t❛✐s
q✉❡✿

p|Uα
: Uα → V

é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

❉❡✜♥✐çã♦ ✶✳✻✻✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ✭♦✉ s✐♠♣❧❡s♠❡♥t❡ ✉♠
r❡❝♦❜r✐♠❡♥t♦✮ é ✉♠❛ ❢✉♥çã♦✿

p : X̃ → X

❝♦♥tí♥✉❛✱ s♦❜r❡❥❡t✐✈❛ ❡ t❛❧ q✉❡ t♦❞♦ x ∈ X ♣♦ss✉✐ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞✐st✐♥❣✉✐❞❛✳
❖ ❡s♣❛ç♦ X̃ ❝❤❛♠❛✲s❡ ✉♠ ❡s♣❛ç♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❞❡ X ❡✱ ♣❛r❛ ❝❛❞❛ x ∈ X✱ ♦
❝♦♥❥✉♥t♦ p−1(x) ❝❤❛♠❛✲s❡ ❛ ✜❜r❛ s♦❜r❡ x✳ ➚s ✈❡③❡s✱ X é ❝❤❛♠❛❞♦ ❞❡ ❜❛s❡ ❞♦
r❡❝♦❜r✐♠❡♥t♦✳ ❱❡❥❛ ✶✳✽✳

❋✐❣✉r❛ ✶✳✽✿ ❆♣❧✐❝❛çã♦ ❘❡❝♦❜r✐♠❡♥t♦

❊①❡♠♣❧♦ ✶✳✻✼✳ ❆ ❛♣❧✐❝❛çã♦ exp : R→ S1 ❞❛❞❛ ♣♦r✿

exp(t) = e2πit = (cos(2πt), sen(2πt))

é ✉♠ r❡❝♦❜r✐♠❡♥t♦✳

❊①❡♠♣❧♦ ✶✳✻✽✳ p : S1 × R→ T 2 = S1 × S1 ❞❛❞❛ ♣♦r✿

p(z, t) = (z, exp(t))

é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞♦ t♦r♦ T 2✳

❊①❡♠♣❧♦ ✶✳✻✾✳ ❙❡❥❛ p : R→ [0,+∞) t❛❧ q✉❡

p(x) = |x|

♥ã♦ é ✉♠ r❡❝♦❜r✐♠❡♥t♦✳

❉❡✜♥✐çã♦ ✶✳✼✵✳ ❉✐③❡♠♦s q✉❡ ♦ r❡❝♦❜r✐♠❡♥t♦ p : X̃ → X é ✉♠r❡❝♦❜r✐♠❡♥t♦
✉♥✐✈❡rs❛❧ s❡ X̃ ❢♦r s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ❡ ❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✳
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❬✹❪

Pr♦♣♦s✐çã♦ ✶✳✼✶✳ ❙❡❥❛♠ p : X̃ → X ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❡ Z ✉♠
❡s♣❛ç♦ ❝♦♥❡①♦✳ ❉❛❞♦s ❞♦✐s ❧❡✈❛♥t❛♠❡♥t♦s g̃, ĝ : Z → X̃ ❞❡ g : Z → X✱ ♦✉ s❡❥❛✱
p ◦ g̃ = p ◦ ĝ = g ❡♥tã♦ ♦✉ g̃(z) 6= ĝ(z)✱ ∀z ∈ Z ♦✉ g̃ = ĝ✳

X̃

p

��
Z

g̃, ĝ

??

g
// X

❉❡♠♦♥str❛çã♦✳ ✶✮ ❙❡ ♥ã♦ ❡①✐st❡ z ∈ Z t❛❧ q✉❡ g̃(z) = ĝ(z)✱ ❡♥tã♦ g̃(z) 6= ĝ(z)✱
∀z ∈ Z✱ ❛ss✐♠ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

✷✮ ❙❡ ❡①✐st❡ z0 ∈ Z t❛❧ q✉❡ g̃(z0) = ĝ(z0)✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦✿

A = {z ∈ Z|g̃(z) = ĝ(z)}

A 6= ∅✱ ♣♦✐s z0 ∈ A✳

✷✳✶✮ A é ❛❜❡rt♦✳ ❉❡ ❢❛t♦✱ s❡❥❛ z ∈ A ❡♥tã♦ g̃(z) = ĝ(z)✳ ❙❡♥❞♦ p : M̃ →M ✉♠
r❡❝♦❜r✐♠❡♥t♦✱ ❡♥tã♦ p é ❤♦♠❡♦♠♦r✜s♠♦ ❧♦❝❛❧✱ ❛ss✐♠ ❡①✐st❡ U ⊂ X̃ ❛❜❡rt♦ ❝♦♠
g̃(z) = ĝ(z) ∈ U t❛❧ q✉❡ p|U é ❤♦♠❡♦♠♦r✜s♠♦ s♦❜r❡ s✉❛ ✐♠❛❣❡♠✱ ❡♠ ♣❛rt✐❝✉❧❛r✱
p|U é ✐♥❥❡t♦r❛✳

P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ g̃ ❡ ĝ ❡①✐st❡ ✉♠ ❛❜❡rt♦ W ⊂ Z✱ z ∈ W t❛❧ q✉❡ g̃(W ) ⊂ U
❡ ĝ(W ) ⊂ U ✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ z

′

∈ W t❡♠♦s p ◦ g̃(z
′

) = g(z
′

) = p ◦ ĝ(z
′

)✳ ❈♦♠♦
p|U é ✐♥❥❡t♦r❛ ❡ g̃(W ) ∪ ĝ(W ) ⊂ U s❡❣✉❡ q✉❡ g̃(z

′

) = ĝ(z
′

)✳ ▲♦❣♦✱ z
′

∈ A ❡✱
❝♦♥s❡q✉❡♥t❡♠❡♥t❡ z ∈ W ⊂ A✳ P♦rt❛♥t♦✱ A é ❛❜❡rt♦✳

✷✳✷✮ A é ❢❡❝❤❛❞♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ Z −A é ❛❜❡rt♦✱ ❛ss✐♠ t❡r❡♠♦s q✉❡ A é
❢❡❝❤❛❞♦✳ ❙❡❥❛ z ∈ Z − A✱ ❡♥tã♦ g̃(z) 6= ĝ(z) ❡✱ p ◦ g̃(z) = g(z) = p ◦ ĝ(z)✱ ❝♦♠♦
p : X̃ → X é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❡ g(z) ∈ X✱ s❡❣✉❡ q✉❡ g(z) ♣♦ss✉✐ ✉♠❛ ✈✐③✐♥❤❛♥ç❛
❞✐st✐♥❣✉✐❞❛ V ✱ ✐st♦ é✱

p−1(V ) =
⋃

α∈Γ
Uα

♦♥❞❡ {Uα|α ∈ Γ} é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❛❜❡rt♦s ❞❡ X̃✱ ❞♦✐s ❛ ❞♦✐s ❞✐s❥✉♥t♦s✱ t❛✐s q✉❡
p|Uα

: Uα → V é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

❚❡♠♦s q✉❡ g̃(z), ĝ(z) ∈ p−1(V ) =
⋃

α∈Γ
Uα✱ ❡♥tã♦ s❡ g̃(z), ĝ(z) ♣❡rt❡♥❝❡ss❡ ❛

✉♠ ♠❡s♠♦ Uα✱ t❡rí❛♠♦s p(g̃(z)) = p(ĝ(z)) ❝♦♠ g̃(z) 6= ĝ(z) ❛ss✐♠ p|Uα
♥ã♦ s❡r✐❛

✐♥❥❡t♦r❛✱ ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s p|Uα
é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ s♦❜r❡ V ✳ ❆ss✐♠✱ g̃(z) ∈ Uα

❡ ĝ(z) ∈ Uβ ❝♦♠ α 6= β✳

❈♦♠♦ g̃ ❡ ĝ sã♦ ❝♦♥tí♥✉❛s s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠ ❛❜❡rt♦ W ⊂ Z✱ ❝♦♠ z ∈ W t❛❧
q✉❡ g̃(W ) ⊂ Uα ❡ ĝ(W ) ⊂ Uβ✳ P❛r❛ ❝❛❞❛ w ∈ W t❡♠✲s❡ q✉❡ g̃(w) 6= ĝ(w)✱ ♣♦✐s
Uα ∩ Uβ = ∅✳ ▲♦❣♦✱ z ∈ W ⊂ Z − A ❡♥tã♦ Z − A é ❛❜❡rt♦ ❡✱ ❛ss✐♠ A é ❢❡❝❤❛❞♦✳
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Z é ❝♦♥❡①♦ ❡✱ A é ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦ ❛❜❡rt♦ ❡ ❢❡❝❤❛❞♦ ❞❡ Z ♣♦rt❛♥t♦
A = Z ❡✱ g̃ = ĝ ❝♦♠♦ q✉❡rí❛♠♦s✳

Pr♦♣♦s✐çã♦ ✶✳✼✷✳ ❙❡ p : X̃ → X é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❡♥tã♦ ❛s ✜❜r❛s p−1(x) sã♦
❞✐s❝r❡t❛s✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ p é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❡♥tã♦ p é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❧♦❝❛❧✱
❡♠ ♣❛rt✐❝✉❧❛r✱ p é ❧♦❝❛❧♠❡♥t❡ ✐♥❥❡t♦r❛✱ ❛ss✐♠ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ a ∈ p−1(x) ❡①✐st❡
✉♠ ❛❜❡rt♦ U ⊂ X̃✱ ❝♦♠ a ∈ U t❛❧ q✉❡ p|U é ❧♦❝❛❧♠❡♥t❡ ✐♥❥❡t♦r❛✱ ❛ss✐♠ a é ♦ ú♥✐❝♦
♣♦♥t♦ ❞❡ p−1(x) q✉❡ ♣❡rt❡♥❝❡ ❛ U ✳ ❊♥tã♦✱

U ∩ p−1(x) = {a}

P♦rt❛♥t♦✱ a ∈ p−1(x) é ✐s♦❧❛❞♦ ❡✱ ❛ss✐♠ p−1(x) é ❞✐s❝r❡t♦✳

❈♦r♦❧ár✐♦ ✶✳✼✸✳ ❙❡ p : X̃ → X é ✉♠ r❡❝♦❜r✐♠❡♥t♦ t❛❧ q✉❡ X̃ é ❝♦♠♣❛❝t♦✱ X é
❝♦♥❡①♦ ❡ ❞❡ ❍❛✉s❞♦r✛✱ ❡♥tã♦ ❛s ✜❜r❛s sã♦ ✜♥✐t❛s✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ♣r♦♣♦s✐çã♦ ✶✳✼✷ t❡♠♦s q✉❡ p−1(x) é ❞✐s❝r❡t♦✱ ♣❛r❛ ❝❛❞❛
x ∈ X✳ ❙✉♣♦♥❤❛ q✉❡ p−1(x) é ✐♥✜♥✐t♦✳ ❈♦♠♦ X é ❞❡ ❍❛✉s❞♦r✛ t❡♠♦s q✉❡
♦s ♣♦♥t♦s sã♦ ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s ❡✱ ❝♦♠♦ p é ❝♦♥tí♥✉❛ s❡❣✉❡ q✉❡ p−1(x) é ❢❡❝❤❛❞♦
❡♠ X̃✳ X̃ é ❝♦♠♣❛❝t♦ ❡♥tã♦ p−1(x) é ❝♦♠♣❛❝t♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s q✉❡ p−1(x) é ✉♠ ❝♦♥❥✉♥t♦ ❞✐s❝r❡t♦✱ ❛ss✐♠ ♣❛r❛ ❝❛❞❛
a ∈ p−1(x) ❡①✐st❡ ✉♠ ❛❜❡rt♦ Ua ✭a ∈ Ua✮ t❛❧ q✉❡ Ua ∩ p−1(x) = {a}✳

▲♦❣♦✱
⋃

a∈p−1(x)

Ua é ✉♠❛ ❝♦❜❡rt✉r❛ ✐♥✜♥✐t❛ ❞❡ p−1(x) q✉❡ ♥ã♦ ❛❞♠✐t❡ ✉♠❛

s✉❜❝♦❜❡rt✉r❛ ✜♥✐t❛✱ ✉♠ ❛❜s✉r❞♦ ♣♦✐s p−1(x) é ❝♦♠♣❛❝t♦✳

P♦rt❛♥t♦✱ p−1(x) é ✜♥✐t♦✳

❆ ❝❛r❞✐♥❛❧✐❞❛❞❡ ❞❡ p−1(x) é ❝❤❛♠❛❞❛ ♦ ♥ú♠❡r♦ ❞❡ ❢♦❧❤❛s ❞♦ r❡❝♦❜r✐♠❡♥t♦✳
▲♦❣♦✱ ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❝♦♠ ❛s ❤✐♣ót❡s❡s ❞♦ ❝♦r♦❧ár✐♦ ♣♦ss✉✐ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡
❢♦❧❤❛s✳

❊①❡♠♣❧♦ ✶✳✼✹✳ ❆ ❛♣❧✐❝❛çã♦ exp : R→ S1 ❞❛❞❛ ♣♦r✿

exp(t) = e2πit = (cos(2πt), sen(2πt))

é ✉♠ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ✐♥✜♥✐t❛s ❢♦❧❤❛s✱ ♣♦✐s ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ x ∈ S1✱ ♣♦❞❡ s❡r
❡s❝r✐t♦ ❝♦♠♦ x = exp(t0) ♣❛r❛ ❛❧❣✉♠ t0 ∈ [0, 1] t❡♠♦s q✉❡✿

exp−1(x) = {t0 + n ∈ R|n ∈ Z}

✳
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❉❡✜♥✐çã♦ ✶✳✼✺✳ ❙❡❥❛♠ X, Y ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❡
s♦❜r❡❥❡t♦r❛ f : X → Y s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ❝❛♠✐♥❤♦s✱
q✉❡ ❛❜r❡✈✐❛r❡♠♦s ♣♦r ✭P▲❈✮✱ q✉❛♥❞♦ ❞❛❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡ ✉♠ ❝❛♠✐♥❤♦ α : J →
Y, J = [s0, s1]✱ ❡ ✉♠ ♣♦♥t♦ x ∈ X t❛❧ q✉❡ f(x) = α(s0)✱ ❡①✐st✐r ✉♠ ❝❛♠✐♥❤♦
α̃ : J → X t❛❧ q✉❡ α̃(s0) = x ❡ f ◦ α̃ = α.

X

f
��

J α
//

α̃

??

Y

❊①❡♠♣❧♦ ✶✳✼✻✳ ◆❡♠ t♦❞♦ ❤♦♠♦♠♦r✜s♠♦ ❧♦❝❛❧ s❛t✐s❢❛③ ❛ P▲❈✿

❈♦♥s✐❞❡r❡ ♦ ❤♦♠❡♦♠♦r✜s♠♦ ❧♦❝❛❧ f : (0, 3π) → S1 ❞❡✜♥✐❞♦ ♣♦r f(t) =
(cost, sent) ❡ t♦♠❡ ♦ ❝❛♠✐♥❤♦ α : [0, 1]→ S1 ❞❡✜♥✐❞♦ ♣♦r α(t) = (cos4πt, sen4πt).
t❡♠♦s α(s0) = α(0) = (1, 0) = f(2π)✳

(0, 3π)

f

��
[0, 1] a

// S1

P❛r❛ q✉❡ ❢ s❛t✐s❢❛ç❛ ❛ P▲❈✱ é ♥❡❝❡ssár✐♦ q✉❡ ❡①✐st❛ ✉♠ ❝❛♠✐♥❤♦ α̃ : [0, 1] →
(0, 3π) q✉❡ ❢❛ç❛ ♦ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛r ❡ q✉❡ α̃(0) = 2π✳ P❛r❛ q✉❡ ♦ ❞✐❛❣r❛♠❛
❝♦♠✉t❡ ❞❡✈❡♠♦s t❡r

α̃ : [0, 1]→ (0, 3π)

x 7−→ 4πx,

♣♦✐s ❞❛í f(α̃(x)) = f(4πx) = (cos4πx, sen4πx) = α(x)✳ ▼❛s ♥❡ss❡ ❝❛s♦ t❡♠♦s
α̃(0) = 0 6= 2π✳ P♦rt❛♥t♦ ❢ ♥ã♦ s❛t✐s❢❛③ ❛ P▲❈✳

❉❡✜♥✐çã♦ ✶✳✼✼✳ ◗✉❛♥❞♦ f : X → Y ❢♦r s♦❜r❡❥❡t✐✈❛ ❡✱ ❞❛❞♦s ❛r❜✐tr❛r✐❛♠❡♥t❡
✉♠ ❝❛♠✐♥❤♦ α : J → Y ❡ x ∈ X ❝♦♠ f(x) = α(s0)✱ ❡①✐st✐r ✉♠ ú♥✐❝♦ ❝❛♠✐♥❤♦
α̃ : J → X t❛❧ q✉❡ f ◦ α̃ = α ❡ α̃(s0) = x✱ ❞✐r❡♠♦s q✉❡ f ❣♦③❛ ❞❛ ♣r♦♣r✐❡❞❛❞❡
❞❡ ❧❡✈❛♥t❛♠❡♥t♦ ú♥✐❝♦ ❞❡ ❝❛♠✐♥❤♦s ✭P▲❯❈✮

Pr♦♣♦s✐çã♦ ✶✳✼✽✳ ❚♦❞♦ ❡s♣❛ç♦ ❝♦♥❡①♦✱ ❧♦❝❛❧♠❡♥t❡ ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s ❡
❧♦❝❛❧♠❡♥t❡ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ♣♦ss✉✐ ✉♠ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪ ♣á❣✐♥❛ ✷✵✶✳

❙❡ M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥✐❛♥❛ ❡ M ❛ ❜❛s❡ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡
r❡❝♦❜r✐♠❡♥t♦ p : M̃ → M ✳ ❊♥tã♦ é ❛ ú♥✐❝❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ s♦❜r❡ M ❡ p é
✉♠❛ ✐s♦♠❡tr✐❛ ❧♦❝❛❧✳ ◗✉❛♥❞♦ M ♣♦ss✉✐ ❡ss❛ ♠étr✐❝❛✱ ❛ ❝♦❜❡rt✉r❛ s❡rá ❝❤❛♠❛❞❛
❞❡ r❡❝♦❜r✐♠❡♥t♦ ❘✐❡♠❛♥♥✐❛♥♦✳ ❖s s❡❣✉✐♥t❡s ❢❛t♦s sã♦ ✐❞❡♥t✐✜❝❛❞♦s ❛ ♣❛rt✐r ❞❛
❞❡✜♥✐çã♦✳ ❱❡❥❛ ❬✺❪✳

✶✳ p ❧❡✈❛ ❣❡♦❞és✐❝❛ ❡♠ ❣❡♦❞és✐❝❛✳

✷✳ ❙❡ M é ❝♦♠♣❧❡t❛ ❡♥tã♦ M̃ é ❝♦♠♣❧❡t❛✳
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✸✳ ❆ tr❛♥s❢♦r♠❛çã♦ ❞❛s ❝♦❜❡rt✉r❛s sã♦ ✐s♦♠❡tr✐❛s ❡♠ M ✳

❉❡✜♥✐çã♦ ✶✳✼✾✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛✱ s❡♠ ❜♦r❞♦✱ p : M̃ → M ❛
❛♣❧✐❝❛çã♦ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧✳ ❯♠ ❞♦♠í♥✐♦ ❝♦♠♣❛❝t♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡
(p, M̃,M) é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ K ⊂ M̃ t❛❧ q✉❡✿

✶✳ ❆ ✉♥✐ã♦ ❞❡ γK ♣❛r❛ t♦❞♦ γ ∈ π1(M) ❝♦❜r❡♠ M̃ ✳

✷✳ ❆ ❝♦❧❡çã♦ γK sã♦ ❞♦✐s ❛ ❞♦✐s ❞✐s❥✉♥t♦s✳

✸✳ π(K) = M ❡ ❛ r❡str✐çã♦ p|K : K → M é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ s♦❜r❡ s✉❛
✐♠❛❣❡♠✳

❱❡r ❬✺❪✳

❘❡❝♦❜r✐♠❡♥t♦ ❞✉♣❧♦ ♦r✐❡♥t❛❞♦

❉❡✜♥✐çã♦ ✶✳✽✵✳ ❯♠❛ ❛♣❧✐❝❛çã♦ p : X → Y ❝♦♥tí♥✉❛ ✐♥❞✉③ ✉♠
❤♦♠♦♠♦r✜s♠♦✭y0 = p(x0)✮✿

p∗ : π1(X, x0)→ π1(Y, y0)

❞❡✜♥✐❞♦ ♣♦r✿
p∗([α]) = [f ◦ α]

p∗ é ❝❤❛♠❛❞♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♣❡❧❛ ❛♣❧✐❝❛çã♦ p✳ ❱❡❥❛ ❬✶✵❪

❉❡✜♥✐çã♦ ✶✳✽✶✳ ❯♠ r❡❝♦❜r✐♠❡♥t♦ ❞✉♣❧♦ ♦r✐❡♥t❛❞♦ é ✉♠❛ ❛♣❧✐❝❛çã♦ p : M̃ →
M ✱ ❞❡ ❝❧❛ss❡ Ck✱ ❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ▼ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♥❡①❛✱ M̃ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ♦r✐❡♥t❛❞❛ ❡ p é ✉♠
❞✐❢❡♦♠♦r✜s♠♦ ❧♦❝❛❧❀

✷✳ P❛r❛ ❝❛❞❛ y ∈M ✱ ❛ ✐♠❛❣❡♠ ✐♥✈❡rs❛ p−1(y) ❝♦♥té♠ ❡①❛t❛♠❡♥t❡ ❞♦✐s ♣♦♥t♦s❀

✸✳ ❙❡ p(x1) = p(x2) ❝♦♠ x1 6= x2 ❡♥tã♦ ♦ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r p′(x2)
−1 : p′(x1) :

Tx1M̃ → Tx2M̃é ♥❡❣❛t✐✈♦✳ ❱❡❥❛ ❬✶✵❪

❊①❡♠♣❧♦ ✶✳✽✷✳ ◗✉❛♥❞♦ m é ♣❛r✱ ❛ ❛♣❧✐❝❛çã♦ q✉♦❝✐❡♥t❡ π : Sm → Pm é ✉♠
r❡❝♦❜r✐♠❡♥t♦ ❞✉♣❧♦ ♦r✐❡♥t❛❞♦ ❞♦ ❡s♣❛ç♦ ♣r♦❥❡t✐✈♦ Pm✳ ◆♦ ❝❛s♦ ❞❡ m í♠♣❛r✱ π
♥ã♦ ❝✉♠♣r❡ ❛ t❡r❝❡✐r❛ ❝♦♥❞✐çã♦ ❞❛ ❞❡✜♥✐çã♦ ✶✳✽✶✳

Pr♦♣♦s✐çã♦ ✶✳✽✸✳ ❆ ❛♣❧✐❝❛çã♦ p∗ : π1(M̃, x̃0) → π1(M,x0) ✐♥❞✉③✐❞❛ ♣❡❧❛
❛♣❧✐❝❛çã♦ r❡❝♦❜r✐♠❡♥t♦ p : π1(M̃, x̃0) → π1(M,x0) é ✐♥❥❡t✐✈❛✳ ❆ ✐♠❛❣❡♠
❞♦ s✉❜❣r✉♣♦ p∗(π1(M̃, x̃0) ❡♠ π1(M,x0) ❝♦♥s✐st❡ ♥❛s ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡
❝❛♠✐♥❤♦s ❞✐st✐♥t♦s✱ ❢❡❝❤❛❞♦s ❡♠ M ❝♦♠ ♣♦♥t♦ ❜❛s❡ ❡♠ x0

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✼❪✱ ♣á❣✐♥❛ 61✳
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✶✳✹ ❈r❡s❝✐♠❡♥t♦ ❊①♣♦♥❡♥❝✐❛❧

◆❡st❛ s❡çã♦✱ ❞❡✜♥✐r❡♠♦s ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ❣r✉♣♦s ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦s ❡ ✈❡r❡♠♦s ❝♦♠♦ ♦ ❝r❡s❝✐♠❡♥t♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ♣♦❞❡ t❡r s❡♥t✐❞♦
❣❡♦♠étr✐❝♦ ❞❡♥tr♦ ❞❛ ✈❛r✐❡❞❛❞❡✳ ❊✱ ♣♦r ✜♠✱ ✈❡r❡♠♦s ❡①❡♠♣❧♦s ❞❡ ❣r✉♣♦s ❝♦♠
❞✐st✐♥t♦s t✐♣♦s ❞❡ ❝r❡s❝✐♠❡♥t♦✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s✱ ❬✶✸❪✱ ❬✷✶❪✳

❉❡✜♥✐çã♦ ✶✳✽✹✳ ❙❡❥❛ S ✉♠ ❣r✉♣♦✱ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣♦r G = {g1, ..., gm}✳ ❙❡

g = gε1i1 g
εi
i2
...gεiin

♦♥❞❡ εj = ±1 ❡ gij ∈ G✳ ❉❡✜♥✐♠♦s ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ g em G✳ ❈♦♠♦✱

l1(g) = |ε1|+ |ε2|+ ...+ |εn|

P❛r❛ ❝❛❞❛ n ∈ N
∗✱ ❞❡✜♥✐♠♦s ❛ ❢✉♥çã♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ S✱ ♣♦r✿

Γ(n) = #{g ∈ S; l1(g) ≤ n}

❱❡❥❛ ❬✶✸❪

❉❡✜♥✐çã♦ ✶✳✽✺✳ ❉✐③❡♠♦s q✉❡ S t❡♠ ❝r❡s❝✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧ s❡

Γ(n) ≥ p,

♦♥❞❡ p é ✉♠ ♣♦❧✐♥ô♠✐♦ ❞❡ ❣r❛✉ n✳ ❡ q✉❡ S t❡♠ ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ s❡
❡①✐st❡♠ ❝♦♥st❛♥t❡s A, a > 0 t❛✐s q✉❡

Γ(n) ≥ Aean,

❝♦♠ n ≥ 1✳

❖❜s❡r✈❛çã♦ ✶✳✽✻✳ ❖ ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❛ ❢✉♥çã♦ ✐♥❞❡♣❡♥❞❡ ❞♦ ❝♦♥❥✉♥t♦
❞❡ ❣❡r❛❞♦r❡s✳

❱❡❥❛ ❬✶✸❪✳

❉❡✜♥✐çã♦ ✶✳✽✼✳ ◗✉❛♥❞♦ S = π1(M)✳ ❉❡✜♥✐♠♦s ♣❛r❛ α ∈ π1(M)✱

l2(α) = inf{|α|;α ∈ α}

♦♥❞❡ |α| é ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❞❛ ❝✉r✈❛ α✳ P❛r❛ ❝❛❞❛ r ∈ R
+✱ ❞❡✜♥✐♠♦s ❛

❢✉♥çã♦✱
P (r) = #{α ∈ π1(M); l2(α) ≤ r}

Pr♦✈❛r❡♠♦s ♥♦ ▲❡♠❛ ✷✳✶ q✉❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ t❡♠ ❝r❡s❝✐♠❡♥t♦
❡①♣♦♥❡♥❝✐❛❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ P t❡♠ ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧✱ ✐st♦ é✱ ❡①✐st❡♠
❝♦♥st❛♥t❡s B > 0✱ b > 0 t❛❧ q✉❡ P (r) ≥ B❡br✳

❊①❡♠♣❧♦ ✶✳✽✽✳ ❈♦♥s✐❞❡r❛♥❞♦ M = S1×D2 ♦ ❚♦r♦ ❙ó❧✐❞♦✱ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧
é π1(M) = Z✳ ❖ ❝r❡s❝✐♠❡♥t♦ ❞❡ π1(M) é ♣♦❧✐♥♦♠✐❛❧✳
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❉❡♠♦♥str❛çã♦✳ P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡✱ Γ(1) = 3✱ Γ(2) = 5 ✱Γ(3) = 7✱ . . . ✱
Γ(n) = 2n + 1✳ ➱ ❢á❝✐❧ ✈❡r q✉❡✱ ❢♦r♠❛♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s í♠♣❛r❡s✳
P♦rt❛♥t♦✱ ♦ ❚♦r♦ ❙ó❧✐❞♦ t❡♠ ❝r❡s❝✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧✳

❊①❡♠♣❧♦ ✶✳✽✾✳ ❈♦♥s✐❞❡r❛♥❞♦ M = S1 × S1 ♦ ❚♦r♦✱ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ é
π1(M) = Z× Z✳ ❖ ❝r❡s❝✐♠❡♥t♦ ❞❡ π1(M) é ♣♦❧✐♥♦♠✐❛❧✳

❉❡ ❢❛t♦✱ ♦❜s❡r✈❛♠♦s q✉❡ Γ(1) = 5✱ Γ(2) = 13✱ Γ(3) = 25 ✱ Γ(4) = 41✱
Γ(n) = 2n2 + 2n+ 1✳

▲♦❣♦✱ ❛ ❢✉♥çã♦ ❝r❡s❝✐♠❡♥t♦ ❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ❚♦r♦ é ♣♦❧✐♥♦♠✐❛❧✳

❉❡✜♥✐çã♦ ✶✳✾✵✳ ❙❡❥❛ S ✉♠ ❣r✉♣♦ ❡ {α ∈ Γ} ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉❜❣r✉♣♦s q✉❡ ❣❡r❛♠
S✳ Sα ∩ Sβ = {e} s❡ α 6= β✳ ❉✐③❡♠♦s q✉❡✱ S é ♦ ♣r♦❞✉t♦ ❧✐✈r❡ ❣❡r❛❞♦ ♣❡❧♦s Sα✱
s❡ ♣❛r❛ ❝❛❞❛ s ∈ S ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ♣❛❧❛✈r❛ r❡❞✉③✐❞❛ ❡♠ Sα q✉❡ r❡♣r❡s❡♥t❛ ❛ s✳
❊♠ t❛❧ ❝❛s♦ ❡s❝r❡✈❡♠♦s✿

S =
∗∏

α

Sα

◆♦ ❝❛s♦ ✜♥✐t♦✱ ❡s❝r❡✈❡♠♦s✿

S = S1 ∗ S2 ∗ ... ∗ Sj

♦♥❞❡✱ j = 1, ..., n✳

S é ♦ ♣r♦❞✉t♦ ❧✐✈r❡ s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ♣❛❧❛✈r❛s r❡❞✉③✐❞❛s✳ ❊♠ r❡s✉♠♦✱ ♦
❣r✉♣♦ S é ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❡①♣r❡ssõ❡s ❢♦r♠❛✐s✿

s = sε11 sε22 ...s
εj
j

❖♥❞❡ ❝❛❞❛ s
εj
j ♣❡rt❡♥❝❡ ❛ ❛❧❣✉♠ Si ❞✐❢❡r❡♥t❡ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❡ t❛❧ q✉❡ ♦s ❡❧❡♠❡♥t♦s

❛❞❥❛❝❡♥t❡s ❛ sεij ♣❡rt❡♥❝❡♠ ❛ ❞✐❢❡r❡♥t❡s Sα✳

❊①❡♠♣❧♦ ✶✳✾✶✳ ❙❡❥❛ M ♦ ❜✐t♦r♦ só❧✐❞♦ s❛❜❡♠♦s q✉❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ é ❞❛❞♦
♣♦r π1(M) = Z ∗ Z✳ ❖ ❝r❡s❝✐♠❡♥t♦ ❞❡ π1(M) é ❡①♣♦♥❡♥❝✐❛❧✳

❉❡ ❢❛t♦✱ ❋✐①❡♠♦s γ(n) ❝♦♠♦ s❡♥❞♦ ❛s ♣❛❧❛✈r❛s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ✐❣✉❛✐s ❛ n ❡
Γ(n) ❛s ♣❛❧❛✈r❛s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♠❡♥♦r❡s ♦✉ ✐❣✉❛✐s à n✳ ❈♦♥s✐❞❡r❡ ♦ ❣rá✜❝♦ ❞❡
❈❛❧❡② ✶✳✾✱

P❡❧♦ ❣rá✜❝♦ ✶✳✾✱ t❡♠♦s q✉❡ ❛s ♣❛❧❛✈r❛s ❞✐st✐♥t❛s ❞❡ ❝♦♠♣r✐♠❡♥t♦ 1✱ sã♦✿
0, a, b, a−1, b−1 ❆ss✐♠✱ γ(1) = 5 ❡ γ(2) = 12✳ ▲♦❣♦✱

Γ(2) = γ(1) + γ(2) = 4.31 + 4.30 + 1 = 17.

❆ss✐♠✱ γ(3) = 36✳ ▲♦❣♦✱

Γ(3) = γ(1) + γ(2) + γ(3) = 4.32 + 4.31 + 4.30 + 1 = 53.

P♦rt❛♥t♦✱ Γ(n)✱ é✿ Γ(n) = 4.3n−1 + 4.3n−2 + 4.3n−3 + ... + 4.32 + 4.31 + 4.30 + 1
Γ(n) ≥ 4.3n−1 = (3+1)3n−1 = 3n+3n−1 ≥ 3n ▲♦❣♦✱ Γ(n) ≥ 3n✱ ❝♦♠♦ q✉❡rí❛♠♦s✳
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❋✐❣✉r❛ ✶✳✾✿ ●rá✜❝♦ ❞❡ ❈❛❧❡②

❖❜s❡r✈❛çã♦ ✶✳✾✷✳ ❆ ❢♦❧❤❡❛çã♦ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ♦r✐❡♥tá✈❡❧✱ ❝❛s♦ ❝♦♥trár✐♦✱
❜❛st❛ ♦❜s❡r✈❛r ♦ r❡❝♦❜r✐♠❡♥t♦ ❞✉♣❧♦ ❡ ♠♦str❛r q✉❡ ♦ ♠❡s♠♦ t❡♠ ❝r❡s❝✐♠❡♥t♦
❡①♣♦♥❡♥❝✐❛❧✳ ❊♥tã♦✱ ❛ ♣ró♣r✐❛ ✈❛r✐❡❞❛❞❡ t❛♠❜é♠ t❡♠ ❡ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛
♦r✐❡♥tá✈❡❧✳

✶✳✺ ❚❡♦r❡♠❛ ❞❡ ❍❛❡✢✐❣❡r

◆❡st❛ s❡çã♦ ❛❜♦r❞❛r❡♠♦s ❝♦♥❝❡✐t♦s ✐♥tr♦❞✉tór✐♦s s♦❜r❡ ❢♦❧❤❡❛çõ❡s ❞❡ ✉♠❛
✈❛r✐❡❞❛❞❡ ✱ ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s s♦❜r❡ ❤♦❧♦♥♦♠✐❛ ❡ ♣♦st❡r✐♦r♠❡♥t❡✱
❢❛r❡♠♦s ♦ ❡s❜♦ç♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ❞❡ ❍❛❡✢✐❣❡r✳

❋♦❧❤❡❛çõ❡s

❆ ✐❞❡✐❛ ✐♥t✉✐t✐✈❛ ❞❡ ❢♦❧❤❡❛çã♦ ❝♦rr❡s♣♦♥❞❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡
♥✉♠❛ ✉♥✐ã♦ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ❝♦♥❡①❛s✱ ❞✐s❥✉♥t❛s ❡ ❞❡ ♠❡s♠❛ ❞✐♠❡♥sã♦✱ ❞❛s q✉❛✐s
s❡ ❛❝✉♠✉❧❛♠ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♦ ❢♦❧❤❛s ❞❡ ✉♠ ❧✐✈r♦✳ ♦s q✉❛✐s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s
❡♠ ❬✹❪✳

❉❡✜♥✐çã♦ ✶✳✾✸✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❞✐♠❡♥sã♦ n ❡ ❝❧❛ss❡
C∞✳ ❯♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ❝❧❛ss❡ Cr ❡ ❞✐♠❡♥sã♦ m ❞❡ M ✱ é ✉♠ ❛t❧❛s ♠á①✐♠♦ F
❞❡ ❝❧❛ss❡ Cr ❡♠ M ✱ s❛t✐s❢❛③❡♥❞♦✿

✶✳ ❙❡ (U, ϕ) ∈ F ❡♥tã♦

ϕ(U) = U1 × U2 ⊂ R
n ×R

m−n

♦♥❞❡ U1 e U2 sã♦ ❞✐s❝♦s ❛❜❡rt♦s ❞❡ R
n ❡ ❞❡ R

m−n r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✷✳ ❙❡ (U, ϕ) e (V,Ψ) ∈ F sã♦ t❛✐s q✉❡

U ∩ V 6= ∅
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❡♥tã♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s

Ψ ◦ ϕ−1 : ϕ(U ∩ V )→ Ψ(U ∩ V )

é ❞❛❞❛ ♣♦r
Ψ ◦ ϕ−1(x, y) = (h1(x, y), h2(y))

❋✐❣✉r❛ ✶✳✶✵✿ ❋♦❧❤❡❛çõ❡s

◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ M é ❢♦❧❤❡❛❞❛ ♣♦r F ✱ ♦✉ ❛✐♥❞❛ q✉❡ F é ✉♠❛ ❡str✉t✉r❛
❢♦❧❤❡❛❞❛ ❞❡ ❞✐♠❡♥sã♦ n ❡ ❝❧❛ss❡ Cr s♦❜r❡ M ✳

❉❡✜♥✐çã♦ ✶✳✾✹✳ ❙❡❥❛♠ F ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ❝❧❛ss❡ Cr ❞❡ ❞✐♠❡♥sã♦ n✱ 0 < n < m✱
❞❡ Mm ❡ (U, ϕ) ✉♠❛ ❝❛rt❛ ❧♦❝❛❧ ❞❡ F t❛❧ q✉❡

ϕ(U) = U1 × U2 ⊂ R
n ×R

m−n.

❖s ❝♦♥❥✉♥t♦s ❞❛ ❢♦r♠❛ ϕ−1(U1×{c}), c ∈ U2 sã♦ ❝❤❛♠❛❞♦s ♣❧❛❝❛s ❞❡ U ✱ ♦✉ ♣❧❛❝❛s
❞❡ F ✳

❋✐①❛♥❞♦ c ∈ U2✱ ❛ ❛♣❧✐❝❛çã♦ f = ϕ−1|(U1×{c}) : U1 × {c} → U é ✉♠❛
s✉❜✈❛r✐❡❞❛❞❡ ❝♦♥❡①❛ ❞❡ ❞✐♠❡♥sã♦ n ❡ ❞❡ ❝❧❛ss❡ Cr ❞❡ M ✳ P♦rt❛♥t♦✱ s❡ α e β
sã♦ ♣❧❛❝❛s ❞❡ U ❡♥tã♦ α ∩ β = ∅ ou α = β✳

❉❡✜♥✐çã♦ ✶✳✾✺✳ ❯♠ ❝❛♠✐♥❤♦ ❞❡ ♣❧❛❝❛s ❞❡ F é ✉♠❛ s❡q✉ê♥❝✐❛ α1, ..., αk ❞❡
♣❧❛❝❛s t❛❧ q✉❡ αj ∩ αj+1 6= ∅✱ ♣❛r❛ t♦❞♦ j ∈ {1, ..., k − 1}✳

❉❛❞♦ q✉❡ ❛ ✈❛r✐❡❞❛❞❡ M é ❝♦❜❡rt❛ ♣♦r ♣❧❛❝❛s ❞❡ F ✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❡♠ M
✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✿ ✧pRq s❡ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ❞❡ ♣❧❛❝❛s α1, ..., αk ❝♦♠
p ∈ α1 e q ∈ αk✳ ✧❊st❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛ r❡❧❛çã♦ R sã♦ ❝❤❛♠❛❞❛s
❢♦❧❤❛s ❞❡ F ✳ P♦r ❞❡✜♥✐çã♦✱ s❡q✉❡✲ s❡ q✉❡ ❛s ❢♦❧❤❛s ❞❡ F sã♦ s✉❜❝♦♥❥✉♥t♦s ❞❡ M
❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s✳
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❉❡✜♥✐çã♦ ✶✳✾✻✳ ❙❡ F é ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ M ✱ ❡♥tã♦ ✉♠
s✉❜❝♦♥❥✉♥t♦ S ⊂ M é ❞✐t♦ s❡r F✲ s❛t✉r❛❞♦ ♦✉ s✐♠♣❧❡s♠❡♥t❡ s❛t✉r❛❞♦ s❡ é
✉♠❛ ✉♥✐ã♦ ❞❡ ❢♦❧❤❛s ❞❡ F ✳

❖❜s❡r✈❛çã♦ ✶✳✾✼✳ ❙❡❥❛ Eu⊕Ex⊕Es ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡✳ ❙❛❜❡✲
s❡ q✉❡ ♦s s✉❜✜❜r❛❞♦s Eu⊕Ex✱ Es⊕Ex✱ Eu✱ Es sã♦ ✉♥✐❝❛♠❡♥t❡ ✐♥t❡❣rá✈❡✐s ❡ q✉❡
❛s ✈❛r✐❡❞❛❞❡s ✐♥t❡❣rá✈❡✐s sã♦ ❞❡ ❝❧❛ss❡ Cr✳ ❆s ✈❛r✐❡❞❛❞❡s ✐♥t❡❣rá✈❡✐s ❞❡t❡r♠✐♥❛♠
❢♦❧❤❡❛çõ❡s ❞❡ M ❛s q✉❛✐s sã♦ ❞❡♥♦t❛❞❛s ♣♦r Fu✱ F s✱ Fuu✱ F ss✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❙❡ x ∈ M ❡♥tã♦ ❛s r❡s♣❡❝t✐✈❛s ❢♦❧❤❛s ❞❡ss❛ ❢♦❧❤❡❛çã♦ ❝♦♥t❡♥❞♦ x sã♦ W u(x)✱
W s(x)✱ W uu(x)✱ W ss(x)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❬✶✼❪

❉❡✜♥✐çã♦ ✶✳✾✽✳ ❙❡❥❛ ϕ : G ×M −→ M ✉♠❛ ❛çã♦ ❞❡ ❣r✉♣♦s✳ ❯♠ s✉❜❝♦♥❥✉♥t♦
❞❡ M é ✐♥✈❛r✐❛♥t❡ ✭♣♦r ϕ✮ s❡ ❡❧❡ é ✉♥✐ã♦ ❞❡ ór❜✐t❛s ❞❡ ϕ✳

❉❡✜♥✐çã♦ ✶✳✾✾✳ ❯♠ ❝♦♥❥✉♥t♦ ♠✐♥✐♠❛❧ ❞❡ ϕt é ✉♠ s✉❜❝♦♥❥✉♥t♦ N ⊂ M q✉❡
s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡✿

✶✳ ◆ã♦ ✈❛③✐♦

✷✳ ❢❡❝❤❛❞♦

✸✳ ■♥✈❛r✐❛♥t❡ ✱ ✐st♦ é✱ ϕt(N) = N ✳

❊ t❛❧ q✉❡ ♥❡♥❤✉♠ s✉❜❝♦♥❥✉♥t♦ ♣r♦♣r✐❛♠❡♥t❡ ❝♦♥t✐❞♦ ❡♠ N ♣♦ss✉✐ ❡ss❛s três
♣r♦♣r✐❡❞❛❞❡s✳

❉❡✜♥✐çã♦ ✶✳✶✵✵✳ ❯♠❛ ❢♦❧❤❡❛çã♦ F ❞❡ ❝♦❞✐♠❡♥sã♦ s ❡ ❝❧❛ss❡ Cr, r ≥ 1 ❞❡ M
❡stá ❞❡✜♥✐❞❛ ♣♦r ✉♠❛ ❝♦❧❡çã♦ ♠á①✐♠❛ ❞❡ ♣❛r❡s (Ui, fi), i ∈ I ♦♥❞❡ ♦s Ui sã♦
❛❜❡rt♦s ❡♠ M ❡ ❛s fi : Ui → R

s sã♦ s✉❜♠❡rsõ❡s s❛t✐s❢❛③❡♥❞♦✿

✶✳
⋃

i∈I Ui = M

✷✳ ❙❡ Ui∩Uj 6= ∅✱ ❡①✐st❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❧♦❝❛❧ gij ❞❡ ❝❧❛ss❡ Cr ❞❡ R
s t❛❧ q✉❡

fi = gij ◦ fj ❡♠ Ui ∩ Uj✳

❆s fi sã♦ ❝❤❛♠❛❞❛s ❛♣❧✐❝❛çõ❡s ❞✐st✐♥❣✉✐❞❛s ❞❡ F ✳

◆❡st❛ ❞❡✜♥✐çã♦ ❛s ♣❧❛❝❛s ❞❡ F ❡♠ Ui sã♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞♦s
❝♦♥❥✉♥t♦s f−1

i , c ∈ R
s✳

▲❡♠❛ ✶✳✶✵✶✳ ✭❆♣❧✐❝❛çõ❡s ❉✐st✐♥❣✉✐❞❛s✮✳ ❙❡❥❛ F ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ✉♠❛
✈❛r✐❡❞❛❞❡ M ✳ ❊①✐st❡ ✉♠❛ ❝♦❜❡rt✉r❛ C = {Ui/i ∈ I} ❞❡ M ♣♦r ❞♦♠í♥✐♦s ❞❡
❝❛rt❛s ❧♦❝❛✐s ❞❡ F t❛❧ q✉❡ s❡ Ui ∩ Uj 6= ∅ ❡stá ❝♦♥t✐❞♦ ♥♦ ❞♦♠í♥✐♦ ❞❡ ✉♠❛ ❝❛rt❛
❧♦❝❛❧ ❞❡ F ✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪ ❝❛♣✐t✉❧♦ ■■✱ ♣á❣✐♥❛ ✸✶✳

❉❡✜♥✐çã♦ ✶✳✶✵✷✳ ❙❡❥❛♠ N,S ✈❛r✐❡❞❛❞❡s✳ ❉✐③❡♠♦s q✉❡ ❡st❛s ✈❛r✐❡❞❛❞❡s sã♦
tr❛♥s✈❡rs❛✐s ♥✉♠ ♣♦♥t♦ p s❡✱ s♦♠❡♥t❡ s❡✱ S ∩N 6= ∅ ♦✉ TpN + TpS = TpM ✳

❉❡✜♥✐çã♦ ✶✳✶✵✸✳ ❯♠❛ ❢♦❧❤❡❛çã♦ F ❞❡ ❝❧❛ss❡ Cr (r ≥ 1) é ♦r✐❡♥tá✈❡❧ s❡ ♦
❝❛♠♣♦ ❞❡ ♣❧❛♥♦s t❛♥❣❡♥t❡s ❛ F é ♦r✐❡♥tá✈❡❧✳ ❙✐♠✐❧❛r ❛ F é tr❛♥s✈❡rs❛❧♠❡♥t❡
♦r✐❡♥tá✈❡❧ s❡ ♦ ❝❛♠♣♦ ❞❡ ♣❧❛♥♦s t❛♥❣❡♥t❡s ❛ F é tr❛♥s✈❡rs❛❧♠❡♥t❡ ♦r✐❡♥tá✈❡❧✳
❉❡♥♦t❛r❡♠♦s ♦ ❝❛♠♣♦ ❞❡ ♣❧❛♥♦s t❛♥❣❡♥t❡s ❛ F ♣♦r TF
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❍♦❧♦♥♦♠✐❛

◆❡st❛ s❡çã♦ F ❞❡♥♦t❛ ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ❝♦❞✐♠❡♥sã♦ n ❡ ❝❧❛ss❡ Cr, r ≥ 1✱
❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ Mm✳ ❖ ♥♦ss♦ ♦❜❥❡t✐✈♦ ❡ ❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ❢♦❧❤❛s
✈✐③✐♥❤❛s ❛ ✉♠❛ ❢♦❧❤❛ ❝♦♠♣❛❝t❛ F ✜①❛❞❛ ❛ ♣r✐♦r✐✳ P❡❧❛ ✉♥✐❢♦r♠✐❞❛❞❡ tr❛♥s✈❡rs❛❧
❞❡ F é s✉✜❝✐❡♥t❡ ❡st✉❞❛r ♦s r❡t♦r♥♦s ❞❛s ❢♦❧❤❛s ❛ ✉♠❛ ♣❡q✉❡♥❛ s❡çã♦ tr❛♥s✈❡rs❛❧
Σ ❞❡ ❞✐♠❡♥sã♦ n ♣❛ss❛♥❞♦ ♣♦r ✉♠ ♣♦♥t♦ p ∈ F ✳ P❛r❛ ❝❛❞❛ ❝❛♠✐♥❤♦ γ ❢❡❝❤❛❞♦
❡♠ F ♣❛ss❛♥❞♦ ♣♦r p✱ ❡st❡s r❡t♦r♥♦s ♣♦❞❡♠ s❡ ❡①♣r❡ss❛r ♣♦r ✉♠ ❞✐❢❡♦♠♦r✜s♠♦
❧♦❝❛❧ ❞❡ Σ ❞❡ ❝❧❛ss❡ Cr, fγ, fγ(p) = p✱ ♦♥❞❡ ♣❛r❛ x ∈ Σ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦
❞❡ p, fγ(x) é ♦ ♣r✐♠❡✐r♦ r❡t♦r♥♦ ✧s♦❜r❡ γ✧❞❛ ❢♦❧❤❛ ❞❡ F q✉❡ ♣❛ss❛ ♣♦r x✳ ❘❡s✉❧t❛
q✉❡ s❡ γ′ é ♦✉tr♦ ❝❛♠✐♥❤♦ ❡♠ F ❢❡❝❤❛❞♦ ❡♠ p ❡ ❤♦♠♦tó♣✐❝♦ ❛ γ ✭❝♦♠ ❡①tr❡♠♦s
♠❛♥t✐❞♦s ✜①♦s✮ ❡♥tã♦ fγ e fγ ❝♦✐♥❝✐❞❡♠ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❝♦♠✉♠ ❞❡ p ∈ Σ✱
✐st♦ é✱ fγ e fγ tê♠ ♦ ♠❡s♠♦ ❣❡r♠❡ ❡♠ p ∈ Σ✳ ❉❛í✱ s❡❣✉❡✲ s❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦
γ ←→ fγ ✐♥❞✉③ ✉♠ ❤♦♠♦♠♦r✜s♠♦

π1(F, p)→ G(Σ, p)

❡♥tr❡ ♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ F em p ✭❣r✉♣♦ ❞❡ ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡
❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s✮ ❡ ♦ ❣r✉♣♦ ❞❡ ❣❡r♠❡s ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s Cr ❞❡ Σ em p✳ ❊st❛
r❡♣r❡s❡♥t❛çã♦ é ❝❤❛♠❛❞❛ ❤♦❧♦♥♦♠✐❛ ❞❡ F em p✳ ❊st❛ ♥♦çã♦✱ ❢♦✐ ✐♥tr♦❞✉③✐❞❛
♣♦r ❊❤r❡s♠❛♥♥✳

➱ ❝❧❛r♦ q✉❡ q✉❛♥t♦ ♠❡♥♦r ❢♦r π1(F, p) ♠❡♥♦r s❡rá ❛ r❡❝♦rrê♥❝✐❛ ❞❛s ❢♦❧❤❛s
✈✐③✐♥❤❛s ❛ F ✳ ❖ ❚❡♦r❡♠❛ ❞❛ ❊st❛❜✐❧✐❞❛❞❡ ▲♦❝❛❧ ❡①♣r❡ss❛ ✐ss♦ ❞❛ ♠❛♥❡✐r❛
s❡❣✉✐♥t❡✿ s❡ F é ✉♠❛ ❢♦❧❤❛ ❝♦♠♣❛❝t❛ ❞❡ F ❝♦♠ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ✜♥✐t♦✱ ❡♥tã♦
❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ F ✱ s❛t✉r❛❞❛ ♣❡❧❛s ❢♦❧❤❛s ❞❡ F ✱ t❛❧ q✉❡ t♦❞❛ ❢♦❧❤❛ ❡♠
V é ❝♦♠♣❛❝t❛ ❝♦♠ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ✜♥✐t♦✳

❖ ❚❡♦r❡♠❛ ❞❛ ❊st❛❜✐❧✐❞❛❞❡ ❈♦♠♣❧❡t❛ ♦❢❡r❡❝❡ ❛ s❡❣✉✐♥t❡ ✈❡rsã♦ ❣❧♦❜❛❧✿

❙❡ codF = 1✱ M é ❝♦♠♣❛❝t❛ ❡ ❝♦♥❡①❛✱ ❡①✐st❡ ✉♠❛ ❢♦❧❤❛ ❝♦♠♣❛❝t❛ ❝♦♠ ❣r✉♣♦
❢✉♥❞❛♠❡♥t❛❧ ✜♥✐t♦ ❡♥tã♦ t♦❞❛s ❛s ❢♦❧❤❛s sã♦ ❝♦♠♣❛❝t❛s ❡ tê♠ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧
✜♥✐t♦✳

❊st❡s t❡♦r❡♠❛s sã♦ ❞❡✈✐❞♦s à ●✳ ❘❡❡❜✳

❍♦❧♦♥♦♠✐❛ ❞❡ ✉♠❛ ❋♦❧❤❛

❉✉r❛♥t❡ ❡st❛ s❡çã♦ F s❡rá ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ❝♦❞✐♠❡♥sã♦ n ❡ M ✉♠❛ ✈❛r✐❡❞❛❞❡
❞✐❢❡r❡♥❝✐á✈❡❧✳ ❖ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é ❞❡✜♥✐r ❡ ❞❛r ✉♠❛ ♥♦çã♦ s♦❜r❡ ❤♦❧♦♥♦♠✐❛
❞❡ ✉♠❛ ❢♦❧❤❛ F de F ✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ✈❡❥❛ ♦ ❈❛♣ít✉❧♦ ■❱ ❞❡ ❬✹❪✳

❙❡❥❛♠ γ : [0, 1] → F ✉♠ ❝❛♠✐♥❤♦ ❝♦♥tí♥✉♦ ❡ Σ0,Σ1 ♣❡q✉❡♥❛s s❡çõ❡s
tr❛♥s✈❡rs❛✐s ❛ F ❞❡ ❞✐♠❡♥sã♦ n ♣❛ss❛♥❞♦ ♣♦r p0 = γ(0) ❡ p1 = γ(1)✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❡✜♥✐r❡♠♦s ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧♦❝❛❧ ❡♥tr❡ Σ0 e Σ1 ✧❛♦
❧♦♥❣♦✧❞❛s ❢♦❧❤❛s ❞❡ F ✱ ✧s♦❜r❡✧♦ ❝❛♠✐♥❤♦ γ ❧❡✈❛♥❞♦ p0 em p1)✳

❙❡❣✉❡ ❞♦ ▲❡♠❛ ✶✳✶✵✶ q✉❡ ❡①✐st❡♠ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❝❛rt❛s ❧♦❝❛✐s (Ui)
k
i=0 ❡

✉♠❛ ♣❛rt✐çã♦ ❞❡ [0, 1], 0 = t0 < ... < tk+1 = 1 t❛✐s q✉❡ s❡ Ui∩Uj 6= ∅ ❡♥tã♦ Ui∪Uj
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❋✐❣✉r❛ ✶✳✶✶✿ ❍♦❧♦♥♦♠✐❛

❡stá ❝♦♥t✐❞♦ ♥✉♠❛ ❝❛rt❛ ❧♦❝❛❧ ❞❡ F ❡ γ([ti, ti+1]) ⊂ Ui ♣❛r❛ t♦❞♦ 0 ≤ i ≤ k✳
❉✐③❡♠♦s ❡♥tã♦ q✉❡ ❡①✐st❡ ✉♠❛ ❝❛❞❡✐❛ s✉❜♦r❞✐♥❛❞❛ ❛ γ ♦✉✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱
q✉❡ (Ui)

k
i=0 é ✉♠❛ ❝❛❞❡✐❛ s✉❜♦r❞✐♥❛❞❛ ❛ γ✳

P❛r❛ ❝❛❞❛ 0 < i < k+1 ✜①❡♠♦s ✉♠❛ s❡çã♦ tr❛♥s✈❡rs❛❧ ❛ F , D(ti) ⊂ Ui−1 ∩Ui

❤♦♠❡♦♠♦r❢❛ ❛ ✉♠ ❞✐s❝♦ ❞❡ ❞✐♠❡♥sã♦ n ♣❛ss❛♥❞♦ ♣♦r γ(ti)✳ ❈♦❧♦q✉❡♠♦s t❛♠❜é♠
D(0) = Σ0 e D(1) = Σ1✳ ❊♥tã♦ ♣❛r❛ ❝❛❞❛ x ∈ D(ti) s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦
❞❡ γ(ti) ❛ ♣❧❛❝❛ ❞❡ Ui q✉❡ ♣❛ss❛ ♣♦r x ❡ ✐♥t❡r❝❡♣t❛ D(ti+1) ♥✉♠ ú♥✐❝♦ ♣♦♥t♦ fi(x)✳

❖ ❞♦♠í♥✐♦ ❞❛ ❛♣❧✐❝❛çã♦ fi ❝♦♥té♠ ✉♠ ❞✐s❝♦ D′
i ⊂ D(ti) ❝♦♥t❡♥❞♦ γ(ti)✳

❉❛í✱ é ❝❧❛r♦ q✉❡ ❛ ❝♦♠♣♦s✐çã♦

fγ = fk ◦ fk−1 ◦ ... ◦ f0

❊stá ❜❡♠ ❞❡✜♥✐❞❛ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p0 ∈ Σ0✳ ❈❤❛♠❛r❡♠♦s fγ ❞❡ ❛♣❧✐❝❛çã♦
❞❡ ❤♦❧♦♥♦♠✐❛ ❛ss♦❝✐❛❞❛ ❛ γ✳

❉❡✜♥✐çã♦ ✶✳✶✵✹✳ ❙❡❥❛♠ X, Y ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s ❡ x ∈ X✳ ◆♦ ❝♦♥❥✉♥t♦ ❞❛s
❛♣❧✐❝❛çõ❡s X ⊃ f : V → Y ✱ ♦♥❞❡ V é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x✱ ✐♥tr♦❞✉③✐♠♦s
❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ R : fRg s❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ W ❞❡ x t❛❧ q✉❡
f |W = g|W ✳

❆ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ f é ❞❡♥♦♠✐♥❛❞❛ ❣❡r♠❡ ❞❡ f ❡♠ x✳

◗✉❛♥❞♦ X = Y ✱ ♦ ❝♦♥❥✉♥t♦ G(X, x) ❞❡ ❣❡r♠❡s ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s ❧♦❝❛✐s
q✉❡ ❞❡✐①❛♠ ✜①♦ x é ✉♠ ❣r✉♣♦ ❝♦♠ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❣❡r♠❡ (f) ◦ germe(g) =
germe(f ◦ g)✱ s❡♥❞♦ q✉❡ ♦ ❞♦♠í♥✐♦ ❞❡ f ◦ g é ❛ ✐♥t❡rs❡çã♦ ❞♦ ❞♦♠í♥✐♦ ❞❡ g ❝♦♠
g−1 ✭❞♦♠í♥✐♦ ❞❡ f✮✳

Pr♦♣♦s✐çã♦ ✶✳✶✵✺✳ ❙❡❥❛♠ γ1, γ2 : [0, 1] → M ❝❛♠✐♥❤♦s ❝♦♥t✐❞♦s ❡♠ ✉♠❛ ❢♦❧❤❛
F de F t❛✐s q✉❡ γ1(0) = γ2(0) = p0 e γ1(1) = γ2(1) = p1✳ ❙❡❥❛♠ Σ0,Σ1

s❡çõ❡s tr❛♥s✈❡rs❛✐s ❛ F ❝♦♠ p0 ∈ Σ0 e p1 ∈ Σ1✳ ❙❡❥❛♠ fγ1 : D1 ⊂ Σ0 → Σ1

❡ fγ2 : D2 ⊂ Σ0 → Σ1 ❛♣❧✐❝❛çõ❡s ❞❡ ❤♦❧♦♥♦♠✐❛ ❛ss♦❝✐❛❞❛s ❛ fγ1 e fγ2 ❡
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s❡❥❛♠ germ(fγ1) e germ(fγ2) ♦s ❣❡r♠❡s ❞❡ ❤♦❧♦♥♦♠✐❛ ❡♠ p0 defγ1 e fγ2✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ss✐♠✱

✶✳ ❙❡ γ0 eγ1 sã♦ ❤♦♠♦tó♣✐❝♦s ❝♦♠ ❡①tr❡♠♦s ✜①♦s ❞❡♥tr♦ ❞❡ F ❡♥tã♦
germ(fγ1) = germ(fγ2)✳

✷✳ ❙❡ p0 = p1 e Σ0 = Σ1✱ ❡♥tã♦ ❛ tr❛♥s❢♦r♠❛çã♦ γ ←→ germ(fγ−1) ✐♥❞✉③
✉♠ ❤♦♠♦♠♦r✜s♠♦

Φ : φ1(F, p0)→ G(Σ0, p0), Φ([γ]) = ϕγ−1

❞♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ F ❡♠ p0 ♥♦ ❣r✉♣♦ ❞❡ ❣❡r♠❡s ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s
Cr de Σ0 q✉❡ ❞❡✐①❛♠ p0 ✜①♦✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪ ♣á❣✐♥❛ ✻✺✱ ❝❛♣✐t✉❧♦ ■❱✳

❉❡✜♥✐çã♦ ✶✳✶✵✻✳ ❖ s✉❜❣r✉♣♦ Hol(F, p0) = Φ(φ1(F, p0)) de G(Σ0, p0) é
❝❤❛♠❛❞♦ ❣r✉♣♦ ❞❡ ❤♦❧♦♥♦♠✐❛ ❞❡ F em p0✳ ❉❛❞♦s p0, p1 ∈ F ✱ q✉❛✐sq✉❡r
❝❛♠✐♥❤♦ α : I → F ❝♦♠ α(0) = p0 e α(1) = p1 ✐♥❞✉③ ✉♠ ✐s♦♠♦r✜s♠♦

ϑ : Hol(F, p0)→ Hol(F, p1)

♣♦♥❞♦ ϑ(Φ[µ]) = ϕα ◦ Φ[µ] ◦ ϕα−1✳

❉❡st❛ ♠❛♥❡✐r❛ ♣♦❞❡♠♦s ❢❛❧❛r ❞♦ ❣r✉♣♦ ❞❡ ❤♦❧♦♥♦♠✐❛ ❞❡ F ❝♦♠♦ s❡♥❞♦
q✉❛❧q✉❡r ❣r✉♣♦ ✐s♦♠♦r❢♦ ❛ Hol(F, p0)✳ P❛r❛ s✐♠♣❧✐✜❝❛r ♥♦t❛çã♦✱ às ✈❡③❡s
❝♦♥❢✉♥❞✐r❡♠♦s ✉♠ ❡❧❡♠❡♥t♦ ❞❛ ❤♦❧♦♥♦♠✐❛ ❝♦♠ ✉♠ ❞♦s s❡✉s r❡♣r❡s❡♥t❛♥t❡s✳

❆ s❡❣✉✐r✱ ❞❡✜♥✐r❡♠♦s ❤♦❧♦♥♦♠✐❛ ♥❛ ❢♦❧❤❡❛çã♦ ❡stá✈❡❧ ❡ ✐♥stá✈❡❧ ❡♠ ✉♠ ✢✉①♦
❆♥♦s♦✈✳ ❚❛❧ ❞❡✜♥✐çã♦ é ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ❡ s❡rá ✉s❛❞❛ ♥♦ ▲❡♠❛ ✷✳✸✳

❉❡✜♥✐çã♦ ✶✳✶✵✼✳ ❙❡❥❛ F ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ♥❛ ✈❛r✐❡❞❛❞❡ M ✳
❉✐③❡♠♦s q✉❡✱ F ∈ F t❡♠ ❤♦❧♦♥♦♠✐❛ tr✐✈✐❛❧ s❡ Hol(F ) é ✉♠ ❣r✉♣♦ tr✐✈✐❛❧✱ ♣❛r❛
t♦❞❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ γ ∈ F ❝♦rr❡s♣♦♥❞❡ ❛ ❛♣❧✐❝❛çã♦ ❞❡ ❤♦❧♦♥♦♠✐❛ q✉❡ é ❛ ✐❞❡♥t✐❞❛❞❡
❡♠ ❛❧❣✉♠❛ s❡çã♦ tr❛♥s✈❡rs❛❧ ❛ γ e F ✱ ✐st♦ é✱ fγ = Id✳ ❉✐③❡♠♦s q✉❡✱ γ é ✉♠❛
❝✉r✈❛ ❢❡❝❤❛❞❛ ❡♠ F t❡♠ ❤♦❧♦♥♦♠✐❛ ❡①♣❛♥s✐✈❛ s❡ ❛ ❛♣❧✐❝❛çã♦ ❞❡ ❤♦❧♦♥♦♠✐❛ fγ
é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❧♦❝❛❧ ❡①♣❛♥s✐✈♦ ❡♠ ❛❧❣✉♠❛ s❡çã♦ tr❛♥s✈❡rs❛❧ J tr❛♥s✈❡rs❛❧
❛ γ✳ ❯♠❛ ✈❡③ q✉❡ ❛s ❛♣❧✐❝❛çõ❡s ❞❡ ❤♦❧♦♥♦♠✐❛ ❞❡✜♥✐❞❛s ❡♠ s❡çõ❡s tr❛♥s✈❡rs❛✐s
❞✐st✐♥t❛s sã♦ ❝♦♥❥✉❣❛❞❛s ♣♦r ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ ❛ss✐♠ ♣❛r❛ q✉❡ ✉♠❛ ❝✉r✈❛ γ
❢❡❝❤❛❞❛ t❡♥❤❛ ❤♦❧♦♥♦♠✐❛ ❡①♣❛♥s✐✈❛ ✐♥❞❡♣❡♥❞❡ ❞♦ s❡❣♠❡♥t♦ tr❛♥s✈❡rs❛❧ q✉❡ s❡
❝♦♥s✐❞❡r❡✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡✜♥✐♠♦s q✉❛♥❞♦ ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ t❡♠ ❤♦❧♦♥♦♠✐❛
❝♦♥tr❛t✐✈❛✳

❖❜s❡r✈❛çã♦ ✶✳✶✵✽✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ✶✳✷✺ ❛s ❢♦❧❤❛s ❞❡ ✉♠❛
❢♦❧❤❡❛çã♦ ✐♥stá✈❡❧ ✭♦✉ ❡stá✈❡❧✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮ ❞❡ ✉♠ ✢✉①♦ ❆♥♦s♦✈ s♦❜r❡ ✉♠❛
✈❛r✐❡❞❛❞❡ r✐❡♠❛♥♥✐❛♥❛ ❝♦♠♣❛❝t❛ M é ❤♦♠❡♦♠♦r❢♦ ❛ R

u+1✱ ✭♦♥❞❡ u é ❛ ❞✐♠❡♥sã♦
❞❛ ❢♦❧❤❡❛çã♦ ✐♥stá✈❡❧✮ ♦✉ q✉❡ ♥ã♦ s❡❥❛ ❤♦♠❡♦♠♦r❢❛ ❛ R

u+1✳ ❉❡st❛ ❢♦r♠❛✱ ♦ ❣r✉♣♦
❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❢♦❧❤❛ ✜❝❛ ❣❡r❛❞♦ ♣♦r ✉♠❛ ú♥✐❝❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❞♦ ✢✉①♦✳ ◆♦t❡
q✉❡✱ ♦ ✢✉①♦ ✐♥❞✉③ ✉♠❛ ♦r✐❡♥t❛çã♦ ❛ t♦❞❛s ❝✉r✈❛s ♥ã♦ ❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ♥✉❧❛s
❞❡♥tr♦ ❞❛ ❢♦❧❤❛✳
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❚❡♦r❡♠❛ ❞❡ ❍❛❡✢✐❣❡r

❊♥✉♥❝✐❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ❍❛❡✢✐❣❡r ♥❡st❛ s❡çã♦ ♣❛r❛ ❢♦❧❤❡❛çõ❡s ❞❡
❝♦❞✐♠❡♥sã♦ ✉♠ ❡ ❢❛r❡♠♦s ♦ r♦t❡✐r♦ ❞❡st❛ ❞❡♠♦♥str❛çã♦✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s
❬✹❪✳

❚❡♦r❡♠❛ ✶✳✶✵✾ ✭❚❡♦r❡♠❛ ❞❡ ❍❛❡✢✐❣❡r✮✳ ❙❡❥❛ F ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ❝♦❞✐♠❡♥sã♦
✉♠ ❞❡ ❝❧❛ss❡ C2 ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M ✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❡ ✉♠❛
❝✉r✈❛ ❢❡❝❤❛❞❛ tr❛♥s✈❡rs❛❧ ❛ F ❤♦♠♦tó♣✐❝❛ ❛ ✉♠ ♣♦♥t♦✳ ❊♥tã♦ ❡①✐st❡♠ ✉♠❛ ❢♦❧❤❛
F ❞❡ F ❡ ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ Γ ⊂ F ❝✉❥♦ ❣❡r♠❡ ❞❡ ❤♦❧♦♥♦♠✐❛ ♥✉♠ s❡❣♠❡♥t♦
J tr❛♥s✈❡rs❛❧ ❛ F ✱ ❝♦♠ p = J ∩ Γ✱ é ❛ ✐❞❡♥t✐❞❛❞❡ ❡♠ ✉♠❛ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡
J − {p} ♠❛s ❞✐❢❡r❡ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❡♠ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ ❞❡ p em J ✳

❋❛r❡♠♦s ♦ ❡s❜♦ç♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❍❛❡✢✐❣❡r ❜❛s❡❛❞♦s ❡♠ ❬✹❪✳

❙❡❥❛ α : S1 → M ✉♠❛ ❝✉r✈❛ tr❛♥s✈❡rs❛❧ ❛ F ❤♦♠♦tó♣✐❝❛ ❛ ✉♠ ♣♦♥t♦✳ ■st♦
s✐❣♥✐✜❝❛ q✉❡✱ ❡①✐st❡ ✉♠❛ ❡①t❡♥sã♦ ❞❡ α ❛ ✉♠❛ ❛♣❧✐❝❛çã♦ A : D2 → M ✳ ❊st❛
❛♣❧✐❝❛çã♦ é ❝♦♥tí♥✉❛✱ ♠❛s ♣❡❧♦ t❡♦r❡♠❛ ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❡ ❙t♦♥❡✲ ❲❡✐❡rstr❛ss
♣♦❞❡♠♦s s✉♣♦r q✉❡ A é ❞❡ ❝❧❛ss❡ C∞✳ ❆ ❛♣❧✐❝❛çã♦ A é ❛ s❡❣✉✐r ❛♣r♦①✐♠❛❞❛ ♣♦r
✉♠❛ ❛♣❧✐❝❛çã♦ g : D2 →M tr❛♥s✈❡rs❛❧ ❛ F ✱ ❡①❝❡t♦ ♥✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣♦♥t♦s
{q1, ..., ql)} ♦♥❞❡ ❛ t❛♥❣ê♥❝✐❛ ❞❡ g ❝♦♠ ❛s ❢♦❧❤❛s ❞❡ F é ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱ ♦✉ s❡❥❛✱
❞❡ ✉♠ ❞♦s ❞♦✐s t✐♣♦s s❡❣✉✐♥t❡s✿

❋✐❣✉r❛ ✶✳✶✷✿ ❚❛♥❣ê♥❝✐❛ t✐♣♦ ❝❡♥tr♦

❋✐❣✉r❛ ✶✳✶✸✿ ❚❛♥❣ê♥❝✐❛ t✐♣♦ ❙❡❧❛

❉❡st❛ ❢♦r♠❛ ♦❜t❡♠♦s ✉♠❛ ❢♦❧❤❡❛çã♦ ❝♦♠ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ D2,F∗ = g∗(F)✱
tr❛♥s✈❡rs❛❧ ❛♦ ❜♦r❞♦ ❡ ❝✉❥♦ ❞♦♠í♥✐♦ s✐♥❣✉❧❛r {q1, ..., ql)} é ❝♦♥st✐t✉í❞♦ ❞❡ ❝❡♥tr♦s
❡ s❡❧❛s✳

◗✉❛♥❞♦ qi é ✉♠❛ s❡❧❛ ❞❡ F∗✱ s❡ ♥♦s r❡str✐♥❣✐r♠♦s ❛ ✉♠❛ ♣❡q✉❡♥❛ ✈✐③✐♥❤❛♥ç❛
V ❞❡ qi ❝♦♠♦ ♥❛ ✜❣✉r❛ 1✱ F∗|V ♣♦ss✉✐ q✉❛tr♦ ✈❛r✐❡❞❛❞❡s ✐♥t❡❣r❛✐s γ1, γ2, γ3, γ4
q✉❡ s❡ ❛❝✉♠✉❧❛♠ ❡♠ qi✳ ❊ss❛s ❢♦❧❤❛s sã♦ ❞❡♥♦♠✐♥❛❞❛s s❡♣❛r❛tr✐③❡s ❧♦❝❛✐s ❞❡ qi✳



✸✸ ✶✳✺✳ ❚❊❖❘❊▼❆ ❉❊ ❍❆❊❋▲■●❊❘

❙❡ γ é ✉♠❛ ❢♦❧❤❛ ❞❡ F∗ t❛❧ γ ∩ V ❝♦♥té♠ ✉♠❛ s❡♣❛r❛tr✐③ ❧♦❝❛❧ ❞❡ qi✱ ❞✐③❡♠♦s
q✉❡ γ é ✉♠❛ s❡♣❛r❛tr✐③ ❞❡ ❞❡ qi✱ ❡ s❡ γ ∩ V ❝♦♥té♠ ❞✉❛s s❡♣❛r❛tr✐③❡s ❧♦❝❛✐s ❞❡
qi✱ γ é ✉♠❛ ❛✉t♦✲❧✐❣❛çã♦ ❞❡ s❡❧❛s✳ ◗✉❛♥❞♦ γ é s❡♣❛r❛tr✐③ ❞❡ ❞✉❛s s❡❧❛s ❞✐st✐♥t❛s✱
❞✐③❡♠♦s q✉❡ γ é ✉♠❛ ❧✐❣❛çã♦ ❞❡ s❡❧❛s ❡ q✉❡ s❡ ❞✉❛s s❡❧❛s sã♦ ❧✐❣❛❞❛s✳ ◆❛ ❢❛s❡
✜♥❛❧ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ✉s❛r❡♠♦s q✉❡ é ♣♦ssí✈❡❧ ♦❜t❡r g ❞❡ t❛❧ ❢♦r♠❛
q✉❡ ❞✉❛s s❡❧❛s ❞✐st✐♥t❛s ❞❡ F∗ ♥ã♦ s❡❥❛♠ ❧✐❣❛❞❛s✳ ❖❜s❡r✈❡ q✉❡✱ s❡ qi e qj
sã♦ ❞✉❛s s❡❧❛s ❧✐❣❛❞❛s ❞❡ F∗✱ ❡♥tã♦ g(qi) e g(qj) ❡stã♦ ❝♦♥t✐❞❛s ♥✉♠❛ ♠❡s♠❛
❢♦❧❤❛ ❞❡ F ✳ ◗✉❛♥❞♦ ✐ss♦ ♦❝♦rr❡✱ ♣♦❞❡♠♦s ♠♦❞✐✜❝❛r g✱ ♣❛r❛ ♦❜t❡r ✉♠❛ ❢✉♥çã♦
g̃ : D2 → M ✱ ♣ró①✐♠❛ ❞❡ g ❞❡ t❛❧ ❢♦r♠❛ q✉❡ g̃(q̃i) e g̃(q̃j) ❡stã♦ ❡♠ ❢♦❧❤❛s
❞✐st✐♥t❛s ❞❡ F s❡♠♣r❡ q✉❡ q̃i 6= q̃j sã♦ s❡❧❛s ❞❡ g̃∗(F)✳ P♦❞❡♠♦s ❡♥tã♦ s✉♣♦r✱
s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ F∗ ♥ã♦ ♣♦ss✉✐ s❡❧❛s ❞✐st✐♥t❛s ❧✐❣❛❞❛s✱ ♣♦❞❡♥❞♦
♣♦ss✉✐r ♥♦ ❡♥t❛♥t♦ ❛✉t♦✲ ❧✐❣❛çõ❡s ❞❡ s❡❧❛s ✭q✉❡ sã♦ ✐♥❞❡str✉tí✈❡✐s ♣♦r ♣❡q✉❡♥❛s
♣❡rt✉❜❛çõ❡s✮✳ ◆❛ ✜❣✉r❛ ✭✈♦✉ ❝♦❧♦❝❛r ❛ r❡❢❡r❡♥❝✐❛ ❞❛ ✜❣✉r❛ ❛q✉✐✱ ❛✐♥❞❛ ❡st♦✉
❞❡s❡♥❤❛♥❞♦✮✱ ✐❧✉str❛♠♦s ✉♠ ❡①❡♠♣❧♦ ❞♦ q✉❡ ♣♦❞❡ ♦❝♦rr❡r✿

❋✐❣✉r❛ ✶✳✶✹✿ ❋♦❧❤❡❛çõ❡s ♦r✐❡♥tá✈❡✐s ♥♦ ❝ír❝✉❧♦

❖❜s❡r✈❡ q✉❡ ❛ ❢♦❧❤❡❛çã♦ F∗ é ❧♦❝❛❧♠❡♥t❡ ♦r✐❡♥tá✈❡❧ ✭♠❡s♠♦ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛
❞❡ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡✮✳ ❈♦♠♦ D2 é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ❡①✐st❡ ✉♠ ❝❛♠♣♦ ❞❡
✈❡t♦r❡s Y ❡♠ D2✱ ❝♦♠ s✐♥❣✉❧❛r✐❞❛❞❡s {q1, ..., ql)}✱ ❝✉❥❛s ór❜✐t❛s r❡❣✉❧❛r❡s sã♦
❛s ❢♦❧❤❛s ❞❡ F∗✳ ❆♣❧✐❝❛♥❞♦✲ s❡ ❛ t❡♦r✐❛ ❞❡ P♦✐♥❝❛ré✲ ❇❡♥❞✐①s♦♥ ❛♦ ❝❛♠♣♦ Y ✱
♠♦str❛✲ s❡ q✉❡ ❡①✐st❡♠ ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ Γ✱ ✐♥✈❛r✐❛♥t❡ ♣♦r Y ✱ ❡ ✉♠ s❡❣♠❡♥t♦
J ✱ tr❛♥s✈❡rs❛❧ ❛ Y ❞❡ t❛❧ ❢♦r♠❛ q✉❡ é ♣♦ssí✈❡❧ ❞❡✜♥✐r✲ s❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡
♣r✐♠❡✐r♦ r❡t♦r♥♦ f ✱ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p = Γ ∩ J ❡♠ J ✱ s❡❣✉✐♥❞♦✲ s❡ ❛s ór❜✐t❛s
♣♦s✐t✐✈❛s ❞❡ Y ✱ ❛ q✉❛❧ é ❛ ✐❞❡♥t✐❞❛❞❡ ❡ ✉♠❛ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ J−{p}✱ ♠❛s ♥ã♦
é ❛ ✐❞❡♥t✐❞❛❞❡ ❡♠ ♥❡♥❤✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p ❡♠ J ✳ ❆ ✐♠❛❣❡♠ ❞❡ Γ ♣♦r g ❞❡✜♥❡
✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ g(Γ) ♥✉♠❛ ❢♦❧❤❛ ❞❡ F ❝✉❥❛ ❤♦❧♦♥♦♠✐❛ é ❝♦♥❥✉❣❛❞❛ ❛ f ✳ ■st♦
❝♦♥❝❧✉✐ ♦ ❡s❜♦ç♦ ❞❛ ❞❡♠♦♥str❛çã♦✳



❈❛♣ít✉❧♦ ✷

❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧

◆❡st❡ ❝❛♣ít✉❧♦ t❡♠♦s ❝♦♠♦ ♦❜❥❡t✐✈♦ ❛♣r❡s❡♥t❛r ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛
q✉❡ ♠♦t✐✈♦✉ ❡st❡ ❡st✉❞♦✳ P❛r❛ ✐st♦✱ ✉t✐❧✐③❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ❡ ❝♦♥❝❡✐t♦s
❛♣r❡s❡♥t❛❞♦s ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ❬✶✻❪✳

■♥✐❝✐❛❧♠❡♥t❡✱ ♣r♦✈❛r❡♠♦s q✉❡ ❛ ❢✉♥çã♦ Γ t❡♠ ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ s❡✱
s♦♠❡♥t❡ s❡✱ ❛ ❢✉♥çã♦ P t❡♠ ❝r❡s❝✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧✳

▲❡♠❛ ✷✳✶✳ ❙❡❥❛ G = {g1, ..., gm} ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❣❡r❛❞♦r❡s ❞♦ π1(M)✳
❊♥tã♦✱ ❡①✐st❡ k1, k2 t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ α 6= e✱

k1 ≤
l2(α)

l1(α)
≤ k2

❉❡♠♦♥str❛çã♦✳ ❯s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ✶✳✽✹ ❡ ✷✳✶✱ s❡ α = gε1i1 g
ε2
i2
...gεnin ✱ ♦♥❞❡ εi = ±1

t❡♠♦s l1(α) = |ε1| + |ε2| + ... + |εn|✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ❛ ❞❡✜♥✐çã♦✱
l2(α) ≤ l2(gi1) + l2(gi2) + ...+ l2(gin)✳ ❈♦♠♦ G é ✜♥✐t♦ t♦♠❡♠♦s

k2 = max{l2(g1), l2(g2), ..., l2(gm)}.

❉❛í✱

l2(α)

l1(α)
≤

l2(gi1) + l2(gi2) + ...+ l2(gin)

|ε1|+ |ε2|+ ...+ |εn|
≤

k2 + k2 + ...+ k2
|ε1|+ |ε2|+ ...+ |εn|

=
nk2
n
≤ k2.

P❛r❛ ♦❜t❡r♠♦s k1✱ ❝♦♥s✐❞❡r❛r❡♠♦s ♦ r❡❝♦❜r✐♠❡♥t♦ ✉♥✐✈❡rs❛❧ ❞❛ ✈❛r✐❡❞❛❞❡ M ✳
❙❡ p : M̃ →M ❛ ❛♣❧✐❝❛çã♦ r❡❝♦❜r✐♠❡♥t♦✱ ✜①❡♠♦s x̃ ∈ M̃ t❛❧ q✉❡ p(x̃) = x0✳ ❙❡❥❛
K ✉♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♠♣❛❝t♦ ❝♦♠ ❞✐â♠❡tr♦ D ❡ d ♦ ❞✐â♠❡tr♦ ❞❡ M ✳
❈♦♥s✐❞❡r❡ ❛ ❜♦❧❛ ❡♠ M̃ ❞❡ ❝❡♥tr♦ x̃ ❡ r❛✐♦ 3d+D

B(x̃, 3d+D)

❖❜s❡r✈❡ q✉❡✱ s❡ ♣r❛ ❛❧❣✉♠ γ ∈ π1(M̃) t❡♠✲s❡ q✉❡ γK ✐♥t❡rs❡❝t❛ ❛ ❜♦❧❛ ❞❡ ❝❡♥tr♦
x̃ ❡ r❛✐♦ 3d B(x̃, 3d) ❡♥tã♦ γK ❡stá ❝♦♥t✐❞❛ ♥❛ ❜♦❧❛ B(x̃, 3d+D)

✸✹



✸✺

❋✐❣✉r❛ ✷✳✶✿ ❇✭x̃, 3d+D✮

◆♦t❡♠♦s q✉❡ {α ∈ π1(M) : l2(α) ≤ 3d} é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳ ❉❡ ❢❛t♦✱ ❝♦♠♦
p−1{x0} é ❞✐s❝r❡t♦ t❡♠♦s q✉❡ p−1{x0}∩B(x̃, 3d) é ✜♥✐t♦✱ ❧♦❣♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❧❛ss❡s
❤♦♠♦tó♣✐❝❛s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ 3d q✉❡ ❧✐❣❛♠ x̃ ❝♦♠ ❛❧❣✉♠ ♣♦♥t♦
❡♠ p−1{x0} ∩ B(x̃, 3d) é t❛♠❜é♠ ✜♥✐t♦✳ ❆ss✐♠ ❛s s✉❛s ♣r♦❥❡çõ❡s ♣♦r p ❢♦r♠❛♠
✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❡♠ M ✳ ■st♦ é✱ {α ∈ π1(M) : l2(α) ≤ 3d} é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳
❙❡❥❛ k = max{l1(α) : α ∈ {α ∈ π1(M) : l2(α) ≤ 3d}}

❉❛❞♦ ✉♠ ❝❛♠✐♥❤♦ α ♣♦❞❡♠♦s ♣❛rt✐❝✐♦♥á✲❧♦ ♥❛ ❢♦r♠❛ α = γ1 ∗γ2 ∗ ...∗γm ♦♥❞❡
|γi| = d, i = 1, ...,m− 1 ❡ 0 ≤ |γm| < d✱ ✈❡❥❛ ❛ ❋✐❣✉r❛ ✷✳✷✳

❋✐❣✉r❛ ✷✳✷✿ 0 ≤ |γm| < d

▲♦❣♦✱ |α| = |γ1|+ |γ2|+ |γ3|+ ...+ |γm−1|+ |γm| ≥ |γ1|+ ...+ |γm−1| = (m−1) ·d

P♦rt❛♥t♦✱ |α|
d
≥ m− 1 ♦✉

m ≤
|α|

d
+ 1 (∗)



✸✻

❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ❝❛♠✐♥❤♦s βi ❝♦♠ |βi| ≤ d ✱ t❛❧ q✉❡ α =
(γ1 ∗ β

−1
1 ) ∗ (β1 ∗ γ2 ∗ β

−1
2 ) ∗ ... ∗ (βm−2 ∗ γm−1 ∗ β

−1
m−1) ∗ (βm−1 ∗ γm). ❱❡❥❛ ❋✐❣✉r❛

✷✳✸✳

❋✐❣✉r❛ ✷✳✸✿ |αi| ≤ 3d

❆ss✐♠✱ s❡ α1 = (γ1 ∗ β
−1
1 ), α2 = (β1 ∗ γ2 ∗ β

−1
2 ), α3 = (β2 ∗ γ3 ∗ β

−1
3 ), ..., αm =

(βm−1 ∗ γm)✳
α = α1 ∗ ... ∗ αm

❖❜s❡r✈❡ q✉❡✱ |α1| = |γ1|+|β
−1
1 | = 2d ≤ 3d, |α2| = |β1|+|γ2|+|β

−1
2 | ≤ 3d, ..., |αm| ≤

|βm−1|+ |γm| ≤ 3d✳ P♦rt❛♥t♦✱ l2(αi) ≤ 3d✳

❆❣♦r❛✱
l1(α) ≤ l1(α1) + l1(α2) + ...+ l1(αm)

l1(α) ≤ k + k + k + ...+ k ≤ mk

P♦r (∗) t❡♠♦s

l1(α) ≤ (
|α|

d
+ 1) · k (∗∗)

❙❡❥❛ d0 = inf{|β|; β 6≃ 0}✱ ♦❜s❡r✈❡ q✉❡✱ d0 > 0✳ ❈❛s♦ ❝♦♥trár✐♦ s❡ ❡①✐st✐r✐❛ β 6≃ 0
❡ |β| = 0 ❧♦❣♦ t❡rí❛♠♦s q✉❡ β ❡st❛r✐❛ ❝♦♥t✐❞♦ ♥✉♠❛ ❜♦❧❛✱ ❛ss✐♠ s❡r✐❛ ❤♦♠♦tó♣✐❝❛
❛ ✉♠ ♣♦♥t♦✳ ❆❜s✉r❞♦✳

❆✜r♠❛♠♦s q✉❡ |α| + d ≤ (1 + d
d0
)|α|✳ ❉❡ ❢❛t♦✱ ♣❛r❛ α 6≃ 0✱ |α| ≤ d0✳ ❊♥tã♦✱

d ≤ |α|
d0
d✱ ♣♦✐s d ≥ 0 ❡ d0 > 0

|α|+ d ≤ |α|+
|α|

d0
d

|α|+ d ≤ (1 +
d

d0
)|α|.

✐st♦ ♣r♦✈❛ ❛ ❛✜r♠❛çã♦✳
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P♦r (∗∗)✱ t❡♠♦s✿

l1(α) ≤ (
|α|

d
+ 1)k

= (
|α|+ d

d
)

≤
(1 + d

d0
)|α|k

d

=
(d0 + d)|α|k

dd0

♣❛r❛ q✉❛❧q✉❡r α 6= 0✱

l1(α) ≤ inf
α∈α
{
d0 + d

dd0
k|α|}

≤
d0 + d

dd0
k. inf

α∈α
{α}

❉❡✜♥❛ k1 =
dd0

k(d+d0)
✱

❧♦❣♦✱
l2(α)

l1(α)
≥

dd0
k(d+ d0)

≥ k1

✷✳✶ Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛

❈♦♠♦ ♦ ✢✉①♦ é ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠✱ ♣♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❝❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱
q✉❡ dim(Es) = 1 ✭❝❛s♦ ❝♦♥trár✐♦✱ ✐♥✈❡rt❡♠♦s ♦ s❡♥t✐❞♦ ❞♦ ✢✉①♦✮✳ ▲❡♠❜r❡♠♦s q✉❡
s❡ x ∈M ❡♥tã♦ W ss(x) é ❛ ✈❛r✐❡❞❛❞❡ t❛♥❣❡♥t❡ à Es ♥♦ ♣♦♥t♦ x ❡ W u(x) ❞❡♥♦t❛
❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ ❢r❛❝❛ ❞❡ x

❈♦♠♦ ❛ ❢♦❧❤❡❛çã♦ ❡stá✈❡❧ ♣♦❞❡ ❞❡✜♥✐r ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♥ã♦ ♥✉❧♦✱ ♣♦❞❡♠♦s
❞❡✜♥✐r ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ✉♥✐tár✐♦ ❡♠ M ✱ ✈❡❥❛ ✶✳✾✷✳ ❆ss✐♠ s❡❥❛ ηt ♦ ✢✉①♦
❝♦♥tí♥✉♦ ❛ss♦❝✐❛❞♦ ❛ ❡ss❡ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❡♠ M ✳ ❖ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ✉♠
s❡❣♠❡♥t♦ ❞❡ ♦r❜✐t❛ é ❞❛❞♦ ♣❡❧♦ t❡♠♣♦✳ ❈♦♥s✐❞❡r❡ N ⊂M ✉♠ ❝♦♥❥✉♥t♦ ♠✐♥✐♠❛❧
♣❛r❛ ηt ❡ t♦♠❡ x0 ∈ N ✳ ❙❡❥❛ D ⊂ W u(x0) ✉♠ ❞✐s❝♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❢❡❝❤❛❞♦ ❡
♠❡r❣✉❧❤❛❞♦ ❝♦♠ x0 ♣♦♥t♦ ✐♥t❡r✐♦r à D✳

◆♦t❡ q✉❡✱ ηt t❡♠ ✈❡❧♦❝✐❞❛❞❡ ✉♠ ❡♠ t♦❞♦ ♣♦♥t♦✳ ❙❡❥❛ V ✉♠ ❛❜❡rt♦ t❛❧ q✉❡
V =

⋃

−δ≤t≤δ

ηt(D) ♣❛r❛ δ > 0 ♣❡q✉❡♥♦✳

❖❜s❡r✈❡ q✉❡✱ ❛ ór❜✐t❛ ❢✉t✉r❛ ❞❡ x0 ♣♦r ηt ❞á ✈ár✐❛s ✈♦❧t❛s✱ ♣♦ré♠ s❡♠♣r❡
r❡t♦r♥❛ ❞❡♥tr♦ ❞❡ V ✱ ✐ss♦ s❡ ❞❡✈❡ ❛♦ ❢❛t♦ ❞❡ x0 ∈ N s❡r ✉♠ ♣♦♥t♦ r❡❝♦rr❡♥t❡ ❞❡
ηt✱ ❝♦♠♦ V ❡stá ❞❡✜♥✐❞♦ ♣♦r ✉♠❛ ✧❝❛✐①❛ ❞❡ ✢✉①♦s✧❞❡ ηt✱ ✈❡♠♦s q✉❡ ❡ss❛s ór❜✐t❛s
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❋✐❣✉r❛ ✷✳✹✿ ❞✐s❝♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❢❡❝❤❛❞♦ ❡ ♠❡r❣✉❧❤❛❞♦ ❡♠ M

❋✐❣✉r❛ ✷✳✺✿ ❈❛✐①❛ ❞❡ ❋❧✉①♦ V

t❛♠❜é♠ ❝♦rt❛♠ D✱ ✐♥✜♥✐t❛s ✈❡③❡s✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❞❡✜♥✐r t❡♠♣♦s s✉❝❡ss✐✈♦s ♥❛
ór❜✐t❛ ❞❡ x0 q✉❡ ❡stá ❛✐♥❞❛ ✈♦❧t❛ ❛ ❝♦rt❛r D✳ ❊①✐st❡ ✉♠ ♥ú♠❡r♦ ♠❡♥♦r ♣♦s✐t✐✈♦ t1
t❛❧ q✉❡ ηt1(x0) ∈ D✳ ■♥❞✉t✐✈❛♠❡♥t❡✱ ❞❛❞♦ tn−1✱ ❞❡✜♥❛ tn ❝♦♠♦ ♦ ♠❡♥♦r t > tn−1

❞❡ t❛❧ ♠♦❞♦ q✉❡ ηtn(x0) ∈ D✳

tn − tn−1 é ♦ t❡♠♣♦ ❡♥tr❡ ηtn−1(x0) e ηtn(x0)✳

▲❡♠❛ ✷✳✷✳ ❊①✐st❡ L > 0 t❛❧ q✉❡ tn − tn−1 < L ♣❛r❛ t♦❞♦ n ∈ Z
+✳
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❉❡♠♦♥str❛çã♦✳ ❋❛r❡♠♦s ❛ ♣r♦✈❛ ♣♦r ❛❜s✉r❞♦✳ ❙✉♣♦♥❤❛ q✉❡ ♣❛r❛ t♦❞♦ L > 0
❡①✐st❡ nL ∈ Z

+ t❛❧ q✉❡ tnL
− tnL−1 ≥ L (∗)✳

❆ss✐♠✱ ♣❛r❛ L = 1 ❡①✐st❡ n1 ∈ Z
+ t❛❧ q✉❡ tn1 − tn1−1 > 1✳ P❛r❛ L = 2

❛✜r♠❛♠♦s q✉❡ ❡①✐st❡ n2 > n1 ∈ Z
+ t❛❧ q✉❡ tn2 − tn2−1 > 2✳ ❈❛s♦ ❝♦♥trár✐♦✱ ♣❛r❛

t♦❞♦ n2 ∈ Z
+ t❛❧ q✉❡ n2 > n1✱

tn2 − tn2−1 ≤ 2

❙❡ t♦♠❛r♠♦s L = max{ti − ti−1; i = 1, ..., n1} ❡ L̃ = max{L, 2}✱ t❡rí❛♠♦s ♣❛r❛
t♦❞♦ i ∈ Z✱ ti−ti−1 ≤ L̃ ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❛ ✭✯✮✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r✱
♥ú♠❡r♦s ✐♥t❡✐r♦s nk t❛✐s q✉❡ nk > nk−1 > ... > n2 > n1✳ ❊✱

tnk
− tnk−1 > k (∗∗)

◆♦t❡ q✉❡✱{ηtnk
(x0)} ∈ D ∩ N ✳ ❊①✐st❡ ✉♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ y ❞❡ {ηtnk

(x0)}✳
❈♦♠♦D∩N é ❢❡❝❤❛❞♦✱ t❡♠♦s q✉❡✱ y ∈ D∩N ✳ P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ ηt✱ ❞❛❞♦ ǫ > 0✱
❡①✐st❡ L1 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ x ∈ B(y, ǫ)✱ t❡♠♦s q✉❡✱ {ηt(x) : 0 ≤ t ≤ L1} ∩ V 6= ∅✱
♦♥❞❡ V =

⋃

−δ≤t≤δ

ηt(D)✳

❋✐❣✉r❛ ✷✳✻✿ ❈❛✐①❛ ❞❡ ❋❧✉①♦s

❆ss✐♠✱ {ηL1+t(x)t ∈ [0, 2δ]} ∩D 6= ∅ ♣❛r❛ t♦❞♦ x ∈ B(y, ǫ)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡
x ∈ B(y, ǫ) ∩D ♦ t❡♠♣♦ ❞❡ r❡t♦r♥♦ ❞❡ x é ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ L1 + 2δ✳ ❈♦♠♦ y é
♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ❡♥tã♦ limt→∞ ηtnk

(x0) = y✳ P♦rt❛♥t♦✱ ❡①✐st❡ k > L1+2δ t❛❧
q✉❡ ηtnk−1(x0) ∈ B(y, ǫ) ∩D✳ ▲♦❣♦✱ ♦ t❡♠♣♦ ❞❡ r❡t♦r♥♦ ❞❡ ηtkn−1

(x0) ≤ L1 + 2δ✳
■st♦ é✱ tkn − tnk−1 ≤ L1 + 2δ✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦ à ✭✯✯✮✳

▲❡♠❛ ✷✳✸✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❡ ❝♦♥s✐❞❡r❡ ϕt : M → M
✉♠ ✢✉①♦ ❆♥♦s♦✈✳ ❊♥tã♦✱ ♥ã♦ ♣♦❞❡ ❡①✐st✐r ✉♠❛ ❝✉r✈❛ γ ❝♦♥tí♥✉❛✱ ❢❡❝❤❛❞❛✱
❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ♥✉❧❛ ❡ tr❛♥s✈❡rs❛❧ ♣❛r❛ t♦❞♦ ♣♦♥t♦ ❞❛ ❢♦❧❤❡❛çã♦ ✐♥stá✈❡❧ ♦✉
❡stá✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❡①✐st❡ γ ❝♦♥tí♥✉❛✱ ❢❡❝❤❛❞❛✱
❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ♥✉❧❛ ❡ tr❛♥s✈❡rs❛❧ ❛ ❢♦❧❤❡❛çã♦ ✐♥stá✈❡❧✳ P❡❧♦ t❡♦r❡♠❛ ❞❡
❍❛❡✢✐❣❡r ✶✳✶✵✾ ❡①✐st❡ ✉♠❛ ❢♦❧❤❛ F ❞❛ ❢♦❧❤❡❛çã♦ ✐♥stá✈❡❧ ❡ ✉♠❛ ❝✉r✈❛ γ ❡♠ F
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❝✉❥♦ ❣❡r♠❡ ❞❡ ❤♦❧♦♥♦♠✐❛ ❡♠ ✉♠ s❡❣♠❡♥t♦ J é tr❛♥s✈❡rs❛❧ ❛ F ✱ ❝♦♠ p = J ∩ γ✱ é
❛ ✐❞❡♥t✐❞❛❞❡ ❡♠ ✉♠❛ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ J − {p} ♠❛s ❞✐❢❡r❡ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❡♠
q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ ❞❡ p em J ✳ ❆ss✐♠✱ t❡♠♦s ❞♦✐s ❝❛s♦s ❛ ❝♦♥s✐❞❡r❛r✿

❙✉♣♦♥❤❛♠♦s q✉❡ F s❡❥❛ ❤♦♠❡♦♠♦r❢❛ ❛ Ru+1✱ ♦♥❞❡ u é ❛ ❞✐♠❡♥sã♦ ❞❛ ❢♦❧❤❡❛çã♦
✐♥stá✈❡❧✳ ❊♥tã♦✱ t♦❞❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ γ ⊂ F é ❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ♥✉❧❛ ❡♠ F ❡ ❛
❛♣❧✐❝❛çã♦ ❞❡ ❤♦❧♦♥♦♠✐❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ γ é fγ = Id✱ ♠❛s ✐ss♦ ❝♦♥tr❛❞✐③ ♦
❚❡♦r❡♠❛ ❞❡ ❍❛❡✢✐❣❡r✱ ♣♦✐s ❡①✐st❡ ✉♠❛ ❢♦❧❤❛ F ❞❛ ❢♦❧❤❡❛çã♦ ✐♥stá✈❡❧ ❡ ✉♠❛ ❝✉r✈❛
γ ❡♠ F ❝✉❥♦ ❣❡r♠❡ ❞❡ ❤♦❧♦♥♦♠✐❛ ❡♠ ✉♠ s❡❣♠❡♥t♦ J é tr❛♥s✈❡rs❛❧ ❛ F ✱ ❝♦♠
p = J ∩ γ✱ é ❛ ✐❞❡♥t✐❞❛❞❡ ❡♠ ✉♠❛ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ J − {p} ♠❛s ❞✐❢❡r❡
❞❛ ✐❞❡♥t✐❞❛❞❡ ❡♠ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ ❞❡ p ❡♠ J ✳ ❆❣♦r❛ s✉♣♦♥❤❛♠♦s q✉❡ F ♥ã♦
s❡❥❛ ❤♦♠❡♦♠♦r❢❛ ❛ R

u+1✳ P♦rt❛♥t♦✱ γ ❝♦♥té♠ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ γ′❛ q✉❛❧ é ♥ã♦
❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ♥✉❧❛ ❡♠ F ✳ ❚♦♠❛♥❞♦ J ✉♠ s❡❣♠❡♥t♦ tr❛♥s✈❡rs❛❧ ❛ ❢♦❧❤❡❛çã♦
F ❡♠ p ∈ J ∩ γ′✱ ♥❡st❡ ❝❛s♦ t❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❞❡ ❤♦❧♦♥♦♠✐❛ s❡rá ❡①♣❛♥s✐✈❛
❡♠ ❛♠❜❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡ J − {p}✱ ♠❛s ✐ss♦ ♥ã♦ ♣♦❞❡ ❛❝♦♥t❡❝❡r ♣♦✐s
♣❡❧♦ ❚❡♦r❡♠❛✱ ❡①✐st❡ ✉♠❛ ❢♦❧❤❛ F ❞❛ ❢♦❧❤❡❛çã♦ ✐♥stá✈❡❧ ❡ ✉♠❛ ❝✉r✈❛ γ ❡♠ F ❝✉❥♦
❣❡r♠❡ ❞❡ ❤♦❧♦♥♦♠✐❛ ❡♠ ✉♠ s❡❣♠❡♥t♦ J é tr❛♥s✈❡rs❛❧ ❛ F ✱ ❝♦♠ p = J ∩ γ✱ é
❛ ✐❞❡♥t✐❞❛❞❡ ❡♠ ✉♠❛ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ J − {p} ♠❛s ❞✐❢❡r❡ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❡♠
q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ ❞❡ p em J ✳ ▲♦❣♦✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❉❡✜♥❛ ♦ ❝❛♠✐♥❤♦ γn = αn ∗βn✱ ♦♥❞❡ αn ✈❛✐ ❞❡ x0 ❛ ηtn(x0) ❛♦ ❧♦♥❣♦ ❞❛ ór❜✐t❛
❡ ✐♠❛❣❡♠ ❞❡ βn ❡♥❝♦♥tr❛✲ s❡ ❡♠ D ❡ ✈❛✐ ❞❡ ηtn(x0) ❛té x0✳

▲❡♠❛ ✷✳✹✳ γn ∼= γm s❡✱ s♦♠❡♥t❡ s❡✱ n = m✳

❉❡♠♦♥str❛çã♦✳ ❙❡ n = m✱ s❡❣✉❡ q✉❡✱ γn ∼= γm✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛♠♦s ♣♦r
❛❜s✉r❞♦ q✉❡ n > m✳ P♦r ❤✐♣ót❡s❡✱ γn ∼= γm✱ ✐st♦ s✐❣♥✐✜❝❛ q✉❡✱ αn ∗βn ≃ αm ∗βm✳
▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ♠❡♠❜r♦s ♣♦r α−1

m ❡ ♣♦r β−1
m ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡♠♦s✿

α−1
m ∗ αn ∗ βn ≃ α−1

m ∗ αm ∗ βm

β−1
m , β−1

m ∗ α
−1
m ∗ αn ∗ βn ≃ β−1

m ∗ βm
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■st♦ é✱

β−1
m ∗ α

−1
m ∗ αn ∗ βn ≃ 0 (∗)

❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ α−1
m ∗αn ✭❝♦♠ ❡①tr❡♠♦s ♠❛♥t✐❞♦s ✜①♦s✮ é ❤♦♠♦tó♣✐❝♦

à ❝✉r✈❛ αn,m ❛ q✉❛❧ é ✉♠ s❡❣♠❡♥t♦ ❞❡ ♦r❜✐t❛ ❞❡ ηt q✉❡ ❝♦♠❡ç❛ ❡♠ ηtm(x0) ✈❛✐ ❛té
ηtn(x0)✳

αn,m(0) = ηtn(x0)✱ αn,m(1) = ηtm(x0)✳ ❆ss✐♠✱

α−1
m ∗ αn ≃ α−1

m ∗ αn ∗ αn,m

❱❡❥❛ ✜❣✉r❛ ✷✳✼ ❡ ✷✳✽✳

❋✐❣✉r❛ ✷✳✼✿ α−1
m ∗ αn ≃ αn,m

❋✐❣✉r❛ ✷✳✽✿ β−1
m ∗ αn,m ∗ βn ∼ 0
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❙❡❣✉❡ q✉❡✱ α−1
m ∗ αn ≃ αn,m✳ ❘❡❡s❝r❡✈❡♥❞♦ (∗)✱ ♦❜t❡♠♦s✿

0 ≃ β−1
m ∗ α

−1
m ∗ αn ∗ βn ≃ β−1

m ∗ αn,m ∗ βn

P♦rt❛♥t♦✱ β−1
m ∗ α

−1
m ∗ αn ∗ βn✱ ✈❡❥❛ ❛ ✜❣✉r❛ ✷✳✽ é ❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ♥✉❧❛ ❡

♣♦❞❡♠♦s ♣❡rt✉❜á✲❧❛ ❧✐❣❡✐r❛♠❡♥t❡ ❡♠ t♦r♥♦ ❞❡ x0 ♣❛r❛ q✉❡ ❡stá s❡❥❛ tr❛♥s✈❡rs❛❧ ❡♠
t♦❞♦ ♣♦♥t♦ ❞❛ ❢♦❧❤❡❛çã♦ ✐♥stá✈❡❧✳ ❉❡ss❛ ❢♦r♠❛✱ ❝♦♥str✉í♠♦s ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛
❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ♥✉❧❛ ❡ tr❛♥s✈❡rs❛❧ ❛ ❢♦❧❤❡❛çã♦ ✐♥stá✈❡❧✱ ♦ q✉❛❧ ❝♦♥tr❛❞✐③ ♦ ▲❡♠❛
✷✳✸✳

❋✐❣✉r❛ ✷✳✾✿ ❈✉r✈❛ tr❛♥s✈❡rs❛❧ ❡♠ t♦❞♦ ♣♦♥t♦ à ❢♦❧❤❡❛çã♦ ✐♥stá✈❡❧

▲❡♠❛ ✷✳✺✳ ❙❡ α : [0, 1] −→M r❡♣r❡s❡♥t❛ q✉❛❧q✉❡r s❡❣♠❡♥t♦ ❞❛ ór❜✐t❛ ηt✳ ❊♥tã♦
α é ❤♦♠♦tó♣✐❝♦ ✭❝♦♠ ❡①tr❡♠♦s ♠❛♥t✐❞♦s ✜①♦s✮ ❛ ✉♠ ❝❛♠✐♥❤♦ α′ t❛❧ q✉❡

|α′| ≤ C + 2(σ/λ)ln|α|

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝❛❞❛ x ∈ M e t 6= 0✱ ❝♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ❝❛♠✐♥❤♦✿
δx,t : [0, 1] −→M ❞❛❞♦ ♣♦r s 7−→ δx,t(s) = ϕst(x)✳

❖❜s❡r✈❡ q✉❡✱

δx,t(0) = ϕ0.t(x) = ϕ0(x) = x

δx,t(1) = ϕt(x)

δα0,t(0) = ϕ0.t(α1) = ϕtα(1)

δα1,t(1) = ϕ1.t(α1) = ϕt(α(0))

❈♦♥s✐❞❡r❡ ♦ ❝❛♠✐♥❤♦ α′✱ ❞❛❞♦ ♣♦r✿

α′ = δα0,t ∗ ϕt ◦ α ∗ δ
−1
α1,t

◆♦t❡ q✉❡✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✹✷✱ α ∼= α′✳

❖ ❝♦♠♣r✐♠❡♥t♦ ❞❡ α′ é ❞❛❞♦ ♣♦r✿

|α′| = |δα0,t|+ |ϕt ◦ α|+ |δα1,t|

=

∫ 1

0

|
∂δα0,t

∂s
(s)|ds+

∫ 1

0

|
∂ϕt ◦ α(s)

∂s
|ds+

∫ 1

0

|
∂δα1,t

∂s
(s)|ds (∗)
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❈♦♠♦ M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ ❡ Dϕt é ❝♦♥tí♥✉❛✱ ✜①❛♠♦s σ =
supx∈M |Dϕt(p)|✳

|
∂δα0,t(s)

∂s
| = |

∂ϕs,t(α0)

∂s
|

= |
∂ϕ(st, α0)

∂s
|

= |Dϕ(st, α0).t| ≤ |Dϕ(st, α0)||t|

≤ |Dϕst(α0)||t|

≤ σ|t|

❆♥❛❧♦❣❛♠❡♥t❡✱ |∂δα1,t(s)

∂s
| ≤ σ|t|✳ ❊✱

|∂ϕt(α(s))
∂s
| = |∂ϕ(t,α(s))

∂s
| = |Dϕst(α0)|.|

∂α(s)
∂s
|✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ α é ✉♠

s❡❣♠❡♥t♦ ❞❡ W ss(x0),
∂α(s)
∂s

é ✉♠ ✈❡t♦r ❡♠ Es✳ P❡❧❛ ✐♥❡q✉❛çã♦✱

|Dϕt(p).vp| ≤ Ce−λt|vp|

❙❡q✉❡ q✉❡✱

|∂ϕst

(α(s))

∂s
| ≤ Ce−λt|

∂α(s)

∂s
|

P♦rt❛♥t♦✱

|Dϕst(α(s))| ≤ Ce−λt|
∂α(s)

∂s
|

❙✉❜st✐t✉✐♥❞♦ ❡♠ ✭✯✮✱ t❡♠♦s✿

|α′| ≤

∫ 1

0

σ|t|ds+

∫ 1

0

Ce−λt|
∂(α(s))

∂s
|ds+

∫ 1

0

σ|t|ds

= 2σ|t|+ Ce−λt|α|
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❙❡ ❞❡✜♥✐♠♦s t = 1
λ
ln|α|✱ t❡♠♦s✱

|α′| ≤ 2
σ

λ
ln|α|+ Ce−ln|α||α|

|α′| ≤
2σ

λ
ln|α|+ c.

Pr♦✈❛ ❞♦ t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧✿ ❈♦♠♦ ❝❛❞❛ αn ❡stá ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦
❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❡ ♣❡❧♦ ▲❡♠❛ ✷✳✷✱

|αn| ≤ n.L

P❡❧♦ ▲❡♠❛ ✷✳✹ ❡ ▲❡♠❛ ✷✳✺✱ ❡①✐st❡ α′
n ≃ αn ✭❝♦♠ ❡①tr❡♠♦s ♠❛♥t✐❞♦s ✜①♦s✮ t❛❧ q✉❡✿

|α′| ≤
2σ

λ
ln|αn|+ C

|α′| ≤
2σ

λ
ln|n.L|+ C

❉❛í✱ s❡

z =
2σ

λ
ln|n.L|+ C

ez = A.eln(n.L)
( 2σ

λ
)

ez(
λ
2σ

) = B.nL

n = B.e(
λz
2σ

) (∗)

❈♦♠♦ ♦ ❞✐s❝♦ é ❝♦♠♣❛❝t♦✱ |βn| ≤ C0✱ ♣❛r❛ t♦❞♦ n✳ ❆ss✐♠✱ |γn| = |αn|+C0✳ ❆❧é♠
❞✐ss♦✱ |αn| = nL✳ ❉❛í✱

l2(γn) ≤ C0 + |α
′
n|

≤ C0 +
2σ

λ
ln|n.L|+ C

≤ C +
2σ

λ
ln|n.L|

❙❡ r = C + 2σ
λ
ln|n.L|✱ t❡♠♦s q✉❡✱ l2(γn) ≤ r✳ ❈♦♠♦ l2(γ1) ≤ l2(γ2) ≤ ... ≤

l2(γn) ≤ r✳ ❙❡❣✉❡ q✉❡✱ ❡①✐st❡♠ ♣❡❧♦ ♠❡♥♦s n ❡❧❡♠❡♥t♦s ❞❡ π1(M)✳ P♦rt❛♥t♦✱

#{α ∈ π1(M); l2(α) ≤ r} ≥ n

■st♦ é✱ P (r) ≥ n✱ ♣♦r (∗)✱

P (r) ≥ B.e(
λz
2σ

)

❆❣♦r❛✱ ❛❥✉st❛♥❞♦ ❛ ❝♦♥st❛♥t❡ B✱ ❢❛③❡♠♦s ❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣❛r❛ t♦❞♦ r✳ ■ss♦
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❝♦♥❝❧✉✐ ❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ ♣❛r❛ t♦❞♦ ✢✉①♦ ❆♥♦s♦✈ ❞❡ ❝♦♦❞✐♠❡♥sã♦ ✉♠✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❆♥♦s♦✈✱ ❉✳ ❱✳ ●❡♦❞❡s✐❝ ✢♦✇s ♦♥ ❝❧♦s❡❞ ❘✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s ✇✐t❤
♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✱ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❙t❡❦❧♦✈ ■♥st✐t✉t❡ ♦❢ ▼❛t❤♠❡t✐❝s✱
✈♦❧✳ ✾✵ ✭✶✾✻✼✮ ✭❆✳ ▼✳ ❙✳ tr❛♥s❧❛t✐♦♥✱ ✶✾✻✾✮

❬✷❪ ❆♥♦s♦✈✱ ❉✳ ❱✳ ❡ ❙✐♥❛✐✱ ●✳✱ ❙♦♠❡ s♠♦t❤ ❡r❣♦❞✐❝ s②st❡♠s✳✳ ❯s♣❡❦❤✐ ▼❛t❤✳
◆❛✉❦ ✷✷ ✭✶✾✻✼✮✳ ✶✵✼ ✲ ✶✼✷✱ ❘✉ss✐❛♥ ▼❛t❤✱ ❙✉r✈❡②s ✷✷ ✭✶✾✻✼✮✱ ✶✵✸ ✲ ✶✻✽✳

❬✸❪ ❇❛✉t✐st❛✱ ❙✳❀ ▼♦r❛❧❡s ❈✳ ▲❡❝t✉r❡s ♦♥ s❡❝t✐♦♥❛❧ ❆♥♦s♦✈✳ ❉✐s♣♦♥í✈❡❧
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