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❉❡❞✐❝♦ ❡st❡ tr❛❜❛❧❤♦ ❛♦s ♠❡✉s ♣❛✐s✱
❏♦s✐❧❡✐❞❡ ❡ ❏♦ã♦ ❇❛t✐st❛✳
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❖ ê①✐t♦ ❞❛ ✈✐❞❛ ♥ã♦ s❡ ♠❡❞❡ ♣❡❧♦

❝❛♠✐♥❤♦ q✉❡ ✈♦❝ê ❝♦♥q✉✐st♦✉✱ ♠❛s

s✐♠ ♣❡❧❛s ❞✐✜❝✉❧❞❛❞❡s q✉❡ s✉♣❡r♦✉

♥♦ ❝❛♠✐♥❤♦✳

❆❜r❛❤❛♠ ▲✐♥❝♦❧♥
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❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ♣r✐♠❡✐r❛♠❡♥t❡ ❛ ❉❡✉s q✉❡ ♠❡ ❣✉✐♦✉ ❞✉r❛♥t❡ ❡ss❛ ❝❛♠✐♥❤❛❞❛✳

❆♦s ♠❡✉s ♣❛✐s ❡ ✐r♠ã♦s ♣❡❧♦ ❝❛r✐♥❤♦ ❡ ❛♣♦✐♦✱ ❡♠ ❡s♣❡❝✐❛❧ à ♠✐♥❤❛ ♠ã❡ ❏♦s✐❧❡✐❞❡
❙❛♥t♦s ◆✉♥❡s q✉❡ ❝♦♥tr✐❜✉✐✉ ❞❡ ♠❛♥❡✐r❛ tã♦ ♠❛r❝❛♥t❡ ❡♠ ♠✐♥❤❛ ❢♦r♠❛çã♦✳

❆❣r❛❞❡ç♦ ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ❇✉❧♠❡r✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛✱ ❝♦♠♣❛♥❤❡✐r✐s♠♦✱
❛♣r❡♥❞✐③❛❞♦ ❡ ♣❡❧❛s s✉❛s ❝♦rr❡çõ❡s✳

❆❣r❛❞❡ç♦ ❛♦ ❊❞❡r ▲❡❛♥❞r♦ ❡ ❛♦ ▲á③❛r♦ ♣❡❧♦ ❛♣♦✐♦ ❡ ✐♥❝❡♥t✐✈♦✱ ❛♦s ♠❡✉s ❝♦❧❡❣❛s
❞❡ ❝✉rs♦ ♣❡❧❛ ❛♠✐③❛❞❡✱ ♠♦♠❡♥t♦s ❞❡ ❞❡s❝♦♥tr❛çã♦ ❡ ❞❡ ❡st✉❞♦s✳ ❱♦❝ês ✜③❡r❛♠
♣❛rt❡ ❞❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❡ ✈ã♦ ❝♦♥t✐♥✉❛r ♣r❡s❡♥t❡s ❡♠ ♠✐♥❤❛ ✈✐❞❛✳

❆♦s ♣r♦❢❡ss♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s ❞♦ ❉▼❆✲❯❋❱✱ ♣♦r ❝♦❧❛❜♦r❛r❡♠ ❝♦♠ ❛ ♠✐♥❤❛
❢♦r♠❛çã♦ ❡ ♣❡❧♦s ❡✜❝✐❡♥t❡s s❡r✈✐ç♦s ♣r❡st❛❞♦s✳

❆❣r❛❞❡ç♦ ❛ t♦❞♦s q✉❡ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❡st❡
tr❛❜❛❧❤♦✳

❋✐♥❛❧♠❡♥t❡✱ ❛❣r❛❞❡ç♦ à ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ✐♥❞✐s♣❡♥sá✈❡❧ ♣❛r❛ ❛
r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳
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❘❡s✉♠♦

◆❯◆❊❙✱ ❚❤❛♠✐❧❡s ❙❛♥t♦s✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❥✉❧❤♦ ❞❡ ✷✵✶✼✳
❙✐st❡♠❛s ❙✐♥❣✉❧❛r❡s ❍✐♣❡r❜ó❧✐❝♦s✳ ❖r✐❡♥t❛❞♦r✿ ❇✉❧♠❡r ▼❡❥í❛ ●❛r❝í❛✳

◆❡st❡ tr❛❜❛❧❤♦ ❞❡♠♦♥str❛♠♦s ❛❧❣✉♥s t❡♦r❡♠❛s q✉❡ tr❛t❛♠ ❞❛ ❡str✉t✉r❛ ❧♦❝❛❧

❞♦s ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s✱ ❝♦♠♦ ♦ ❚❡♦r❡♠❛ ❞♦ ❋❧✉①♦ ❚✉❜✉❧❛r✱ q✉❡ é ❛♣❧✐❝❛❞♦ ❛

♣♦♥t♦s r❡❣✉❧❛r❡s✱ ❡ ♦ ❚❡♦r❡♠❛ ❞❡ ●r♦❜♠❛♥✲❍❛rt♠❛♥✱ q✉❡ é ❛♣❧✐❝❛❞♦ ❛ ♣♦♥t♦s

s✐♥❣✉❧❛r❡s ❤✐♣❡r❜ó❧✐❝♦s✳ ❚❛♠❜é♠ ❞❡✜♥✐♠♦s ❝♦♥❥✉♥t♦s ❍✐♣❡r❜ó❧✐❝♦s✱ P❛r❝✐❛❧♠❡♥t❡

❍✐♣❡r❜ó❧✐❝♦s✱ ❉❡❝♦♠♣♦s✐çã♦ ❞♦♠✐♥❛❞❛✱ ❋❧✉①♦ ▲✐♥❡❛r ❞❡ P♦✐♥❝❛ré ❡ ❈❛♠♣♦

❙✐♥❣✉❧❛r ❆①✐♦♠❛ ❆✳ ◆♦ ❡♥t❛♥t♦✱ ♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ♦ ❡st✉❞♦ ❞❡

❙✐st❡♠❛s ❉✐♥â♠✐❝♦s ❙✐♥❣✉❧❛r❡s ❍✐♣❡r❜ó❧✐❝♦s✱ ♦s q✉❛✐s sã♦ s✉❜❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s

❡ ✐♥✈❛r✐❛♥t❡s ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❢❡❝❤❛❞❛ q✉❡ ❛❞♠✐t❡♠ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❝♦♥tí♥✉❛

❞♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❡♠ ❞♦✐s s✉❜✜❜r❛❞♦s ✐♥✈❛r✐❛♥t❡s✱ ♦♥❞❡ ✉♠ ❞❡❧❡s t❡♠ ✉♠

❝♦♠♣♦rt❛♠❡♥t♦ ❝♦♥tr❛t✐✈♦ ❡ ♦ ♦✉tr♦✱ s❡♥❞♦ ❞♦♠✐♥❛❞♦ ♣❡❧♦ ♣r✐♠❡✐r♦✱ ❡①♣❛♥❞❡

ár❡❛✳ ❆❧é♠ ❞✐ss♦✱ sã♦ s✐st❡♠❛s ❝✉❥❛s s✐♥❣✉❧❛r✐❞❛❞❡s sã♦ t♦❞❛s ❤✐♣❡r❜ó❧✐❝❛s✳

❆❜♦r❞❛♠♦s t❛♠❜é♠ ✉♠ ❡①❡♠♣❧♦ ❞❡ ❝♦♥❥✉♥t♦ ❙✐♥❣✉❧❛r ❍✐♣❡r❜ó❧✐❝♦✱ ♦ ❆tr❛t♦r

❞❡ ▲♦r❡♥③ ❡ ♦ ♠♦❞❡❧♦ ❣❡♦♠étr✐❝♦ ❞❡ss❡ ❆tr❛t♦r✳

✈✐✐



❆❜str❛❝t

◆❯◆❊❙✱ ❚❤❛♠✐❧❡s ❙❛♥t♦s✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❏✉❧②✱ ✷✵✶✼✳
❙✐♥❣✉❧❛r ❍②♣❡r❜♦❧✐❝ ❙②st❡♠s✳ ❆❞✈✐s❡r✿ ❇✉❧♠❡r ▼❡❥í❛ ●❛r❝í❛✳

■♥ t❤✐s ✇♦r❦ ✇❡ ❞❡♠♦♥str❛t❡ s♦♠❡ t❤❡♦r❡♠s t❤❛t ❞❡❛❧ ✇✐t❤ t❤❡ ❧♦❝❛❧ str✉❝t✉r❡

♦❢ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s✱ s✉❝❤ ❛s t❤❡ ❚✉❜✉❧❛r ❋❧♦✇ ❚❤❡♦r❡♠✱ ✇❤✐❝❤ ✐s ❛♣♣❧✐❡❞

t♦ r❡❣✉❧❛r ♣♦✐♥ts✱ ❛♥❞ ●r♦❜♠❛♥✲❍❛rt♠❛♥✬s ❚❤❡♦r❡♠✱ ✇❤✐❝❤ ✐s ❛♣♣❧✐❡❞ t♦

s✐♥❣✉❧❛r ❤②♣❡r❜♦❧✐❝ ♣♦✐♥ts✳ ❲❡ ❛❧s♦ ❞❡✜♥❡ ❍②♣❡r❜♦❧✐❝ s❡t✱ P❛rt✐❛❧❧② ❍②♣❡r❜♦❧✐❝✱

❉♦♠✐♥❛t❡❞ ❙♣❧✐tt✐♥❣✱ ▲✐♥❡❛r P♦✐♥❝❛ré ❋❧♦✇ ❛♥❞ ❙✐♥❣✉❧❛r ❆①✐♦♠ ❆ ✈❡❝t♦r ✜❡❧❞✳

❍♦✇❡✈❡r✱ t❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✐s t❤❡ st✉❞② ♦❢ ❙✐♥❣✉❧❛r

❍②♣❡r❜♦❧✐❝ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s✱ ✇❤✐❝❤ ❛r❡ ❝♦♠♣❛❝t ❛♥❞ ✐♥✈❛r✐❛♥t s✉❜s❡ts ♦❢ ❛

❝❧♦s❡❞ ♠❛♥✐❢♦❧❞ t❤❛t ❛❞♠✐t ❛ ❝♦♥t✐♥✉♦✉s s♣❧✐tt✐♥❣ ♦❢ t❤❡ t❛♥❣❡♥t ❜✉♥❞❧❡ ✐♥t♦ t✇♦

✐♥✈❛r✐❛♥t s✉❜❜✉♥❞❧❡s✱ ♦♥❡ ♦❢ t❤❡♠ ❤❛s ❛ ❝♦♥tr❛❝t✐✈❡ ❜❡❤❛✈✐♦r ❛♥❞ t❤❡ ♦t❤❡r✱ ❜❡✐♥❣

❞♦♠✐♥❛t❡❞ ❜② t❤❡ ✜rst✱ ❡①♣❛♥❞s ❛r❡❛✳ ▼♦r❡♦✈❡r✱ ❛❧❧ s✐♥❣✉❧❛r✐t✐❡s ♦❢ t❤✐s s②st❡♠s

❛r❡ ❤②♣❡r❜♦❧✐❝✳ ❊①❛♠♣❧❡s ♦❢ ❙✐♥❣✉❧❛r ❍②♣❡r❜♦❧✐❝ s❡ts ❛r❡ t❤❡ ▲♦r❡♥③ ❛ttr❛❝t♦r

❛♥❞ t❤❡ ❣❡♦♠❡tr✐❝ ♠♦❞❡❧ ♦❢ t❤✐s ❛ttr❛❝t♦r✳

✈✐✐✐



■♥tr♦❞✉çã♦

❆ t❡♦r✐❛ ❞❡ ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❝♦♠♣r❡❡♥❞❡r ♦
❝♦♠♣♦rt❛♠❡♥t♦ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦ ❞♦s ❡st❛❞♦s ❞❡ ✉♠ s✐st❡♠❛ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡
❞✐❢❡r❡♥❝✐á✈❡❧ M ❞❡ ❞✐♠❡♥sã♦ n ❞❛❞♦ ♣♦r ✉♠❛ ❢✉♥çã♦ f : M −→ M ♦✉ ✉♠ ✢✉①♦
ϕ : R×M −→M ✱ ♦✉ s❡❥❛✱ ❛s ❛❧t❡r❛çõ❡s ❞♦s ❡st❛❞♦s ❞♦ s✐st❡♠❛ ♥❛ ✈❛r✐❡❞❛❞❡ ❝♦♠
♦ ❞❡❝♦rr❡r ❞♦ t❡♠♣♦ t✱ ♦ q✉❛❧ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❞✐s❝r❡t♦ (t ∈ Z) ♦✉ ❝♦♥tí♥✉♦
(t ∈ R)✳ ❆ ❡✈♦❧✉çã♦ ❞♦s ❡st❛❞♦s ♣♦❞❡♠ ♠♦str❛r ❞❡s❞❡ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦
♠✉✐t♦ s✐♠♣❧❡s ❡ ♣♦rt❛♥t♦ ♣r❡✈✐sí✈❡❧✱ ❛té ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❜❛st❛♥t❡ ❝♦♠♣❧✐❝❛❞♦
❡ ❝♦♠♣❧❡①♦✱ ♦♥❞❡ é ✐♠♣♦ssí✈❡❧ ❢❛③❡r ❛❧❣✉♠ t✐♣♦ ❞❡ ♣r❡✈✐sã♦ ❞❛ ❡✈♦❧✉çã♦ ❞❛s ór❜✐t❛s
❞❡ ✉♠ ♣♦♥t♦ ♦✉ ✉♠ ❝♦♥❥✉♥t♦ ❛ ❧♦♥❣♦ ♣r❛③♦✳

P❡❧❛ ❞✐✜❝✉❧❞❛❞❡ q✉❡ r❡♣r❡s❡♥t❛ ❡st✉❞❛r ❞✐♥â♠✐❝❛s ❡s♣❡❝í✜❝❛s✱ ❜✉s❝♦✉✲s❡
♣r♦♣r✐❡❞❛❞❡s ❣❡r❛✐s q✉❡ s❛t✐s❢❛③❡♠ ♦s ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s✳ ◆❛s ❞é❝❛❞❛s ✻✵ ❡ ✼✵✱
❝♦♠ ♦s tr❛❜❛❧❤♦s ❞❡ ❙♠❛❧❡ ❬✷✾❪✱ ❙✐♥❛✐ ❬✷✽❪✱ ❘✉❡❧❧❡ ❬✺❪✱ ❇♦✇❡♥ ❬✹❪✱ ❡♥tr❡ ♦✉tr♦s✱ ❢♦✐
✐♥tr♦❞✉③✐❞♦ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❈♦♥❥✉♥t♦ ❍✐♣❡r❜ó❧✐❝♦ ❝♦♥❞✉③✐♥❞♦ ❛♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦
❞❛ ❚❡♦r✐❛ ❍✐♣❡r❜ó❧✐❝❛✱ ❛ q✉❛❧ ♣❡r♠✐t✐✉ ❢❛❝✐❧✐t❛r ♦ ❡st✉❞♦ ❣❡r❛❧ ❞♦s ❙✐st❡♠❛s
❉✐♥â♠✐❝♦s✳ ❊ss❛ t❡♦r✐❛ ❜✉s❝❛ ❡♥t❡♥❞❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s
✐♥✈❛r✐❛♥t❡s Λ ♣❛r❛ ✢✉①♦s ❡ ❞✐❢❡♦♠♦r✜s♠♦s ❡♠ ✈❛r✐❡❞❛❞❡s ❝♦♠♣❛❝t❛s ❞❡ ❞✐♠❡♥sã♦
✜♥✐t❛✱ ♦s q✉❛✐s ❛♣r❡s❡♥t❛♠ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❝♦♥tí♥✉❛ ❞♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ TpM
❡♠ ❝❛❞❛ ♣♦♥t♦ p ∈ Λ✳

◆❛ t❡♥t❛t✐✈❛ ❞❡ ❛♠♣❧✐❛r ♦ ❛❧❝❛♥❝❡ ❞❛ ❚❡♦r✐❛ ❍✐♣❡r❜ó❧✐❝❛✱ ♠♦t✐✈❛❞♦✱ ♣♦r
❡①❡♠♣❧♦✱ ❡♠ ❡♥t❡♥❞❡r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❆tr❛t♦r ❞❡ ▲♦r❡♥③✱ ♦ q✉❛❧ é ✉♠ ❡①❡♠♣❧♦
❝❧áss✐❝♦ ❞❡ ❞✐♥â♠✐❝❛ ♥ã♦ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠ s✐♥❣✉❧❛r✐❞❛❞❡✱ q✉❡ s✉r❣❡♠ ✈ár✐❛s ♥♦çõ❡s
♠❛✐s ❢r❛❝❛s ❞❡ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡✱ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✿

✭✐✮ ❖ ❝♦♥❝❡✐t♦ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❞♦♠✐♥❛❞❛✱ q✉❡ ❢♦✐ ✐♥tr♦❞✉③✐❞♦ ♥♦s tr❛❜❛❧❤♦s
❞❡ ▼❛ñé ❬✶✼❪✱ ▲✐❛♦ ❬✶✹❪ ❡ P❧✐ss ❬✷✻❪✱ ♥♦ ❡s❢♦rç♦ ❞❡ ♣r♦✈❛r ❛ ❝♦♥❥❡❝t✉r❛ ❞❡
❡st❛❜✐❧✐❞❛❞❡ ❞❡ P❛❧✐s✲❙♠❛❧❡ ❬✷✺❪✳

✭✐✐✮ ❆ ♥♦çã♦ ❞❡ ❍✐♣❡r❜♦❧✐❝✐❞❛❞❡ P❛r❝✐❛❧ q✉❡ s✉r❣✐✉ ❛ ♣❛rt✐r ❞♦ ❡st✉❞♦ ❞♦s
s✐st❡♠❛s q✉❡ r♦❜✉st❛♠❡♥t❡ ♥ã♦ sã♦ ❤✐♣❡r❜ó❧✐❝♦s✱ ❇r✐♥✲P❡s✐♥✱ ❬✻❪✳

✭✐✐✐✮ ❖ ❝♦♥❝❡✐t♦ ❞❡ ✈❛r✐❡❞❛❞❡s ✐♥✈❛r✐❛♥t❡s ❝♦♥❢♦r♠❡ ❛♣r❡s❡♥t❛❞♦ ♣♦r ❍✐rs❝❤✲
P✉❣❤✲❙❤✉❜ ❬✶✵❪✳

✭✐✈✮ ❆ ♥♦çã♦ ❞❡ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡ s❡❝❝✐♦♥❛❧ ✐♥tr♦❞✉③✐❞❛s ♥♦s tr❛❜❛❧❤♦s ❞❡▼❡t③❣❡r✲
▼♦r❛❧❡s ❬✶✾❪✱ ❇♦♥❛tt✐✲❉í❛③✲❱✐❛♥❛ ❬✸❪ ❡ ❆r❛ú❥♦✲P❛❝í✜❝♦ ❬✶❪✱ ♦s q✉❛✐s
❝❛r❛❝t❡r✐③❛♠✲s❡ ♣♦r ❡①♣❛♥❞✐r ❛ ár❡❛ s♦❜r❡ ❝❛❞❛ s✉❜❡s♣❛ç♦ ❜✐❞✐♠❡♥s✐♦♥❛❧
♥♦ s✉❜✜❜r❛❞♦ ❝❡♥tr❛❧✳

✶



✷

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ❡st✉❞❛r ♦s ❝♦♥❥✉♥t♦s ❙✐♥❣✉❧❛r❡s ❍✐♣❡r❜ó❧✐❝♦s ❡♠
✈❛r✐❡❞❛❞❡s tr✐❞✐♠❡♥s✐♦♥❛✐s✳ ❊st❡s ❝♦♥❥✉♥t♦s ❢♦r❛♠ ✐♥tr♦❞✉③✐❞♦s ♣♦r ▼♦r❛❧❡s✲
P❛❝í✜❝♦✲P✉❥❛❧s ❡♠ ✶✾✾✽✱ ❬✷✶❪✱ ❝♦♠♦ ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s ❝♦♥❥✉♥t♦s C1

r♦❜✉st♦s tr❛♥s✐t✐✈♦s s✐♥❣✉❧❛r❡s✱ ♦✉ s❡❥❛✱ ✉♠ ❝♦♥❥✉♥t♦ tr❛♥s✐t✐✈♦ Λ q✉❡ ❝♦♥té♠
s✐♥❣✉❧❛r✐❞❛❞❡s ❡ q✉❡ é ❛ ❝♦♥t✐♥✉❛çã♦✱ ❡♠ ✉♠ ✈✐③✐♥❤❛♥ç❛ U ❞❡ Λ ♥❛ ✈❛r✐❡❞❛❞❡✱
❞❡ t♦❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ C1 ♣ró①✐♠♦ ❞❡ ✉♠ ❝❛♠♣♦ X✳ ❊ss❡s ❝♦♥❥✉♥t♦s ❞❡✜♥❡♠
✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❝♦♠ t♦❞❛s ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❤✐♣❡r❜ó❧✐❝❛s ❡ ❛❞♠✐t❡♠ ✉♠❛
❞❡❝♦♠♣♦s✐çã♦ ✐♥✈❛r✐❛♥t❡ ❞♦♠✐♥❛❞❛✳ ■♥❢♦r♠❛❧♠❡♥t❡✱ ✉♠ ❝♦♥❥✉♥t♦ Λ ❝♦♠♣❛❝t♦ ❡
✐♥✈❛r✐❛♥t❡ é ❞✐t♦ s❡r ❙✐♥❣✉❧❛r ❍✐♣❡r❜ó❧✐❝♦ s❡ ❡①✐st❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦ ✜❜r❛❞♦
t❛♥❣❡♥t❡ ❡♠ ❞♦✐s s✉❜✜❜r❛❞♦s ✐♥✈❛r✐❛♥t❡s✱ ♦♥❞❡ ✉♠ ❞❡❧❡s t❡♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦
❝♦♥tr❛t✐✈♦ ❡ ♦ ♦✉tr♦✱ s❡♥❞♦ ❞♦♠✐♥❛❞♦ ♣❡❧♦ ♣r✐♠❡✐r♦✱ ❡①♣❛♥❞❡ ár❡❛✳ ❖ ♣r✐♠❡✐r♦
❡①❡♠♣❧♦✱ ❞❡♥tr❡ ♦✉tr♦s✱ ❞❡ ❝♦♥❥✉♥t♦ ❙✐♥❣✉❧❛r ❍✐♣❡r❜ó❧✐❝♦ é ♦ ❛tr❛t♦r ❞❡ ▲♦r❡♥③ ❡
s❡✉s ♠♦❞❡❧♦s ❣❡♦♠étr✐❝♦s✳

❉❡s❞❡ ❡♥tã♦ ❡st✉❞♦✉✲s❡ ♠✉✐t♦s ♣r♦❜❧❡♠❛s r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛ ❣❡♥❡r❛❧✐③❛çã♦
❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❝♦♥❥✉♥t♦s ❍✐♣❡r❜ó❧✐❝♦s ❡♠ ✈❛r✐❡❞❛❞❡s ❞❡ ❞✐♠❡♥sã♦ n✳ ❊st❛
❞✐ss❡rt❛çã♦ ♣r❡t❡♥❞❡ ❛❜♦r❞❛r s♦❜r❡ ❡ss❡s ❛s♣❡❝t♦s✱ ♥ã♦ ❞❡ ❢♦r♠❛ ❡①❛✉st✐✈❛✱ ♠❛s ♦
s✉✜❝✐❡♥t❡ ♣❛r❛ ❝♦♠♣r❡❡♥❞❡r ♦s ❙✐st❡♠❛s ❙✐♥❣✉❧❛r❡s ❍✐♣❡r❜ó❧✐❝♦s✳ ❆ ❞✐ss❡rt❛çã♦
❡st❛ ❞✐✈✐❞✐❞❛ ❝♦♠♦ s❡❣✉❡✳

◆♦ ❝❛♣ít✉❧♦ ✶✱ ❡①✐❜✐♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ♣r❡❧✐♠✐♥❛r❡s ♣❛r❛ ❝♦♠♣r❡ssã♦ ❞♦
t❡①t♦✱ ❛❧é♠ ❞❡ ♥♦çõ❡s ❡ ❞❡✜♥✐çõ❡s ❜ás✐❝❛s ❞♦ ❡st✉❞♦ ❞❡ ❙✐st❡♠❛ ❉✐♥â♠✐❝♦✱ t❛♥t♦
❞✐s❝r❡t♦ ❝♦♠♦ ❝♦♥tí♥✉♦✱ ❡ ❛ r❡❧❛çã♦ ❡♥tr❡ ❡❧❡s✳ ❋✐♥❛❧✐③❛♠♦s ♦ ❝❛♣ít✉❧♦ ❝♦♠ ♦
❚❡♦r❡♠❛ ❞❡ ❋❧✉①♦ ❚✉❜✉❧❛r q✉❡ ❞✐s❝♦rr❡ s♦❜r❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❧♦❝❛❧ ❞❛s ór❜✐t❛s
❞❡ ✉♠ ♣♦♥t♦ r❡❣✉❧❛r✳

◆♦ ❝❛♣ít✉❧♦ ✷✱ s♦❜r❡ ❍✐♣❡r❜♦❧✐❝✐❞❛❞❡✱ ✉t✐❧✐③❛♠♦s ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ♣❛r❛
❞❡♠♦♥str❛r ❞❡ ♠❛♥❡✐r❛ ♠❛✐s ❣❡r❛❧ ♦ ❚❡♦r❡♠❛ ❞❡ ●r♦❜♠❛♥✲❍❛rt♠❛♥ ♣❛r❛
❞✐❢❡♦♠♦r✜s♠♦ ❡ ♣❛r❛ ❝❛♠♣♦s✱ q✉❡ r❡s✉♠✐❞❛♠❡♥t❡ r❡❞✉③ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛r
❛s ❝♦♥❥✉❣❛çõ❡s ❧♦❝❛✐s ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ❡♠ t♦r♥♦ ❞❡ ♣♦♥t♦ ✜①♦s ❤✐♣❡r❜ó❧✐❝♦s ❡ ❞❡
❝❛♠♣♦s ❡♠ t♦r♥♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❤✐♣❡r❜ó❧✐❝❛s✱ ❛♦ ❞❡ ❝❧❛ss✐✜❝❛r ❛s ❝♦♥❥✉♥❣❛çõ❡s
❞❡ ✐s♦♠♦r✜s♠♦s ❤✐♣❡r❜ó❧✐❝♦s ❡ ❛ ❞❡ ❝❛♠♣♦s ❧✐♥❡❛r❡s ❝♦♠ s✐♥❣✉❧❛r✐❞❛❞❡s
❤✐♣❡r❜ó❧✐❝❛s✳ ❆✐♥❞❛ ♥❡st❡ ❝❛♣ít✉❧♦ ❞❡✜♥✐♠♦s ❈♦♥❥✉♥t♦s ❍✐♣❡r❜ó❧✐❝♦s ❡ ❡①✐❜✐♠♦s
❡①❡♠♣❧♦s✳ ❊ ♣♦r ✜♠ ❞❡✜♥✐♠♦s ❛s ❱❛r✐❡❞❛❞❡s ■♥✈❛r✐❛♥t❡s ❊stá✈❡❧ ❡ ■♥stá✈❡❧ W s

❡ W u ❡ ❡①✐❜✐♠♦s ♦ ❚❡♦r❡♠❛ ❞❛ ❱❛r✐❡❞❛❞❡ ❊stá✈❡❧ q✉❡ ❡♠ s✉♠❛✱ ❛ss❡❣✉r❛ q✉❡
♣ró①✐♠♦ ❛ s✐♥❣✉❧❛r✐❞❛❞❡s ✭♣♦♥t♦s ✜①♦s✮ ❤✐♣❡r❜ó❧✐❝❛s ♦ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r ♣♦ss✉✐
✈❛r✐❡❞❛❞❡s ❡stá✈❡❧ ❡ ✐♥stá✈❡❧ q✉❡ sã♦ t❛♥❣❡♥t❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛♦s s✉❜✜❜r❛❞♦s
❧✐♥❡❛r❡s ❡stá✈❡❧ Es ❡ ✐♥stá✈❡❧ Eu ❞♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❞❡ M s♦❜r❡ Λ✳

◆♦ ❝❛♣ít✉❧♦ ✸✱ ❛♣r❡s❡♥t❛♠♦s ♦ q✉❡ ❢♦✐ ♦ ♣r✐♠❡✐r♦ ❡①❡♠♣❧♦ ❝♦♥❤❡❝✐❞♦ ❞❡ ✉♠
❛tr❛t♦r ❡str❛♥❤♦✱ ♥ã♦ ❤✐♣❡r❜ó❧✐❝♦ ❡ ❝❛ót✐❝♦ ♣❛r❛ ✢✉①♦s✱ ✐♥tr♦❞✉③✐❞♦ ♥✉♠ ❢❛♠♦s♦
tr❛❜❛❧❤♦ ❞❡ ❊❞✇❛r❞ ▲♦r❡♥③ ❬✶✻❪ ❡♠ ✶✾✻✸✳ ◆❡st❡ ❝❛♣ít✉❧♦ t❛♠❜é♠ ❡①✐❜✐♠♦s ❛s
♣r♦♣r✐❡❞❛❞❡s ❞❛s ❡q✉❛çõ❡s ❞❡ ▲♦r❡♥③ ❡ ❛ ❝♦♥str✉çã♦ ❞♦ ♠♦❞❡❧♦ ●❡♦♠étr✐❝♦ ❞♦
❛tr❛t♦r ❞❡ ▲♦r❡♥③✳

❋✐♥❛❧♠❡♥t❡✱ ♥♦ ❝❛♣ít✉❧♦ ✹✱ s♦❜r❡ ❍✐♣❡r❜♦❧✐❝✐❞❛❞❡ ❙✐♥❣✉❧❛r✱ ✉t✐❧✐③❛♠♦s
s✉❜❝♦♥❥✉♥t♦s ❝♦♥❡①♦s✱ ❝♦♠♣❛❝t♦s✱ ♥ã♦ tr✐✈✐❛s ❡ ✐♥✈❛r✐❛♥t❡s Λ ⊂ M ✱ ♦♥❞❡ M
é ✈❛r✐❡❞❛❞❡ tr✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♠♣❛❝t❛ ❡ s❡♠ ❜♦r❞♦ ❞♦t❛❞❛ ❞❡ ✉♠❛ t♦♣♦❧♦❣✐❛ Cr✱
r ≥ 1✱ ♣❛r❛ ❞❡s❝r❡✈❡r ♦s ❈♦♥❥✉♥t♦s ❍✐♣❡r❜ó❧✐❝♦s✱ P❛r❝✐❛❧♠❡♥t❡ ❍✐♣❡r❜ó❧✐❝♦s ❡
❙✐♥❣✉❧❛r❡s ❍✐♣❡r❜ó❧✐❝♦s✳ ❆❧é♠ ❞✐ss♦✱ ❞❡✜♥✐♠♦s s✐♥❣✉❧❛r✐❞❛❞❡ ✐♥❝♦r♣♦r❛❞❛s q✉❡



✸

sã♦ ❛❝✉♠✉❧❛❞❛s ♣♦r ór❜✐t❛s r❡❣✉❧❛r❡s✱ ❡ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ t✐♣♦ ▲♦r❡♥③ ❛s q✉❛✐s
♣♦ss✉❡♠✱ ♣❡❧❛ ❞❡r✐✈❛❞❛ ❞♦ ✢✉①♦✱ ❛✉t♦✈❛❧♦r❡s r❡❛✐s q✉❡ s❛t✐s❢❛③❡♠ ❛ s❡❣✉✐♥t❡
r❡❛❧çã♦ λ2 < λ3 < 0 < −λ3 < λ1✳ ❚❛♠❜é♠ ❡①✐❜✐♠♦s ♦ ✢✉①♦ ▲✐♥❡❛r ❞❡ P♦✐♥❝❛ré
❡ ❞❡✜♥✐♠♦s q✉❛♥❞♦ ❡st❡ é ❤✐♣❡r❜ó❧✐❝♦✳ ❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❝♦♥❥✉♥t♦s
❙✐♥❣✉❧❛r❡s ❍✐♣❡r❜ó❧✐❝♦s ❡ ✜♥❛❧✐③❛♠♦s ♥♦ss♦ ❡st✉❞♦ ❝♦♠ ♦s ❈♦♥❥✉♥t♦s ❆①✐♦♠❛ ❆ ❡
❙✐♥❣✉❧❛r ❆①✐♦♠❛ ❆✱ ♦s q✉❛✐s sã♦ ❝♦♥❥✉♥t♦s ❤✐♣❡r❜ó❧✐❝♦s✱ ♦✉ ❛ ✉♥✐ã♦ ❞❡ ❝♦♥❥✉♥t♦s
❜ás✐❝♦ ❡ s✐♥❣✉❧❛r❡s ❜ás✐❝♦s ❝✉❥♦ ❝♦♥❥✉♥t♦ ♥ã♦ ❡rr❛♥t❡ é ♦ ❢❡❝❤♦ ❞❡ s❡✉s ❡❧❡♠❡♥t♦s
❝rít✐❝♦s✳



❈❛♣ít✉❧♦ ✶

❙✐st❡♠❛s ❉✐♥â♠✐❝♦s

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ❛❜♦r❞❛r ♦s ♣r✐♥❝✐♣❛✐s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s q✉❡ s❡rã♦
✉s❛❞♦s ❛♦ ❧♦♥❣♦ ❞❡st❛ ❞✐ss❡rt❛çã♦✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s✱ ❝♦♥s✉❧t❛r ❬✽❪✱ ❬✶✷❪✱ ❬✷✸❪✱
❬✷✹❪✱ ❬✷✼❪✱ ❡♥tr❡ ♦✉tr♦s✳

✶✳✶ Pr❡❧✐♠✐♥❛r❡s

❉❡✜♥✐çã♦ ✶✳✶✳ ❙❡❥❛ M ✉♠ ❝♦♥❥✉♥t♦✳ ❯♠❛ t♦♣♦❧♦❣✐❛ ❡♠ M é ✉♠❛ ❢❛♠í❧✐❛ τ ❞❡
s✉❜❝♦♥❥✉♥t♦s ❞❡ M ❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ∅ ❡ M ♣❡rt❡♥❝❡♠ ❛ τ ❀

✷✳ ❆ ✉♥✐ã♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❛r❜✐trár✐❛ ❞❡ ♠❡♠❜r♦s ❞❡ τ ♣❡rt❡♥❝❡♠ ❛ τ ❀

✸✳ ❆ ✐♥t❡rs❡çã♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ✜♥✐t❛ ❞❡ ♠❡♠❜r♦s ❞❡ τ ♣❡rt❡♥❝❡♠ ❛ τ ✳

❖s ♠❡♠❜r♦s ❞❡ τ sã♦ ❝❤❛♠❛❞♦s ❞❡ ❛❜❡rt♦s✳ ❖ ♣❛r (M, τ) é ❝❤❛♠❛❞♦ ❊s♣❛ç♦
❚♦♣ó❧♦❣✐❝♦✳ ❊♠ ❣❡r❛❧✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❞✐③✲s❡ q✉❡ ▼ é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✱
s✉❜❡♥t❡♥❞❡♥❞♦✲s❡ ✉♠❛ t♦♣♦❧♦❣✐❛ τ ❛ ❡❧❡ ❛ss♦❝✐❛❞❛✳

❙❡❥❛ M ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✳ ❯♠ ❛t❧❛s A ❡♠ M é ✉♠❛ ❝♦❧❡çã♦
{φi : Ui → Ũi}i∈I ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s✱ ❝❤❛♠❛❞♦s ❝❛rt❛s ❧♦❝❛✐s ♦✉ s✐st❡♠❛s ❞❡
❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ❞❡ M ✱ ♦♥❞❡ Ui ⊂ M ❡ Ũi ⊂ Rm sã♦ ❛❜❡rt♦s ❡

⋃
i∈I Ui = M ✳

❆s ❛♣❧✐❝❛çõ❡s

φj ◦ φ−1
i : φi(Ui ∩ Uj) ⊂ Ũi → φj(Ui ∩ Uj) ⊂ Ũj

❝❤❛♠❛❞❛s ❞❡♠✉❞❛♥ç❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s sã♦ ❤♦♠❡♦♠♦r✜s♠♦s✳ ❯♠ ❛t❧❛s é ❞❡ ❝❧❛ss❡
Cr✱ 0 ≤ r ≤ ∞✱ s❡ t♦❞❛s ❛s ♠✉❞❛♥ç❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞♦ ❛t❧❛s sã♦ ❞❡ ❝❧❛ss❡ Cr✳
❊ ♥❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ M é ❞❡ ❞✐♠❡♥sã♦ m✳

◆❛ ❝♦❧❡çã♦ ❞❡ t♦❞♦s ♦s ❛t❧❛s ❞❡ ❝❧❛ss❡ Cr ❡♠ M t❡♠♦s ✉♠❛ r❡❧❛çã♦ ❞❡ ♦r❞❡♠
♣❛r❝✐❛❧ ❞❛❞♦ ♣❡❧❛ ✐♥❝❧✉sã♦✿ A ⊂ B s❡ t♦❞❛ ❝❛rt❛ ❧♦❝❛❧ ❞♦ ❛t❧❛s A ❢♦r t❛♠❜é♠

✹
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✉♠❛ ❝❛rt❛ ❧♦❝❛❧ ❞❡ B✳ ❯♠ ❛t❧❛s A é ♠❛①✐♠❛❧ s❡ ♣❛r❛ t♦❞♦ ❛t❧❛s B ❞❡ ❝❧❛ss❡ Cr

❝♦♠ A ⊂ B ✈❛❧❡ B = A✳

❯♠ ❛t❧❛s ❞✐③✲s❡ ❧♦❝❛❧♠❡♥t❡ ✜♥✐t♦ s❡ t♦❞♦ ♣♦♥t♦ p ∈ M t❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛
❛❜❡rt❛ q✉❡ ✐♥t❡rs❡❝t❛ s♦♠❡♥t❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✈✐③✐♥❤❛♥ç❛s ❞❡ M ♥♦ ❛t❧❛s✳

❉❡✜♥✐çã♦ ✶✳✷✳ ❯♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ M é ❍❛✉s❞♦r✛ s❡ ♣❛r❛ ❞♦✐s ♣♦♥t♦s
❞✐st✐♥t♦s p ❡ q ❡♠ M ✱ ❡①✐st❡♠ ❛❜❡rt♦s U, V ⊂ M t❛✐s q✉❡ p ∈ U ✱ q ∈ V ❡
U ∩ V = ∅✳

❉❡✜♥✐çã♦ ✶✳✸✳ ❯♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ M ♣♦ss✉✐ ❜❛s❡ ❡♥✉♠❡rá✈❡❧ ❞❡ ❛❜❡rt♦s s❡
❡①✐st❡ ✉♠❛ ❝♦❧❡çã♦ ❡♥✉♠❡rá✈❡❧ ❞❡ ❛❜❡rt♦s ❞❡ M t❛❧ q✉❡ t♦❞♦ ❛❜❡rt♦ é ❛ ✉♥✐ã♦ ❞❡
❛❜❡rt♦s ❞❡ss❛ ❝♦❧❡çã♦✳

❉❡✜♥✐çã♦ ✶✳✹✳ ❯♠❛ ❱❛r✐❡❞❛❞❡ ❉✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❞✐♠❡♥sã♦ m ❡ ❝❧❛ss❡ Cr✱
r ≥ 1✱ é ✉♠ ♣❛r ♦r❞❡♥❛❞♦ (M,A) ♦♥❞❡ M é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❞❡ ❍❛✉s❞♦r✛
❝♦♠ ❜❛s❡ ❡♥✉♠❡rá✈❡❧ ❡ A é ✉♠ ❛t❧❛s ♠❛①✐♠❛❧✳

❙✉❜❡♥t❡♥❞❡♥❞♦ ♦ ❛t❧❛s ♠❛①✐♠❛❧✱ ❞✐r❡♠♦s q✉❡ M é ✉♠❛ ✈❛r✐❡❞❛❞❡
❞✐❢❡r❡♥❝✐á✈❡❧✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡✱ ✉♠❛ ✈❛r✐❡❞❛❞❡✳

❊①❡♠♣❧♦ ✶✳✺✳ ❖s ❡s♣❛ç♦s ❡✉❝❧✐❞✐❛♥♦s Rm sã♦ ✈❛r✐❡❞❛❞❡s ❞❡ ❞✐♠❡♥sã♦ ♠ ❡
❝❧❛ss❡ C∞✱ ❝♦♠ ❛t❧❛s A ❞❡ ❝❧❛ss❡ C∞ ❝♦♥t❡♥❞♦ ♦ ú♥✐❝♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s
φ = id : Rm → Rm✳

❊①❡♠♣❧♦ ✶✳✻✳ ❆ ❡s❢❡r❛ Sn = {x ∈ Rn+1 : |x| = 1} é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦
♥ ❡ ❝❧❛ss❡ C∞ ❞❡ Rn+1✱ ❝♦♠ ❛t❧❛s A = {φN ;φS}✱ ♦♥❞❡ N = (0, . . . , 0, 1) ∈ Sn

é ♦ ♣♦❧♦ ♥♦rt❡✱ S = (0, . . . , 0,−1) ∈ Sn ♦ ♣♦❧♦ s✉❧✱ ❡ φN : Sn − {N} → Rn✱
φS : Sn−{S} → Rn ❛s ♣r♦❥❡çõ❡s ❡st❡r❡♦❣rá✜❝❛s r❡❧❛t✐✈❛s ❛♦ ♣♦❧♦ ♥♦rt❡ ❡ ♣♦❧♦ s✉❧
r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✶✳✼✳ ❙❡❥❛♠ M ✱ N ✈❛r✐❡❞❛❞❡s ❞❡ ❝❧❛ss❡ Cr✱ (r ≥ 1)✳ ❯♠❛ ❛♣❧✐❝❛çã♦
f : M → N é ❞✐t❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ p ∈ M s❡ ❡①✐st❡♠ ❝❛rt❛s ❧♦❝❛✐s
φ : U → Rm ❡♠ M ✱ ψ : V → Rn ❡♠ N ✱ ❝♦♠ p ∈ U ❡ f(U) ⊂ V t❛✐s q✉❡

ψ ◦ f ◦ φ−1 : φ(U) ⊂ Rm −→ ψ(V ) ⊂ Rn

é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ φ(p)✳ ❙❡ f :M → N ❢♦r ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ t♦❞♦s ♦s ♣♦♥t♦s
❞❡ M ✱ ❞✐③❡♠♦s q✉❡ f é ❞✐❢❡r❡♥❝✐á✈❡❧✳

❆ ❛♣❧✐❝❛çã♦ f :M → N é ❞✐t❛ s❡r ❞❡ ❝❧❛ss❡ Ck, (k ≤ r) s❡✱ ♣❛r❛ ❝❛❞❛ p ∈M ✱
❡①✐st❡♠ ❝❛rt❛s ❧♦❝❛✐s φ : U → Rm ❡♠ M ✱ ψ : V → Rn ❡♠ N ✱ ❝♦♠ p ∈ U ❡
f(U) ⊂ V t❛✐s q✉❡ ψ ◦ f ◦ φ−1 : φ(U)→ ψ(V ) é ❞❡ ❝❧❛ss❡ Ck✳

◆♦ q✉❡ s❡❣✉❡ Ck(M,N) é ♦ ❝♦♥❥✉♥t♦ ❞❛s ❛♣❧✐❝❛çõ❡s ❞❡ ❝❧❛ss❡ Ck, k ≥ 0✱ ❞❡
M ❛ N ✳

❉❡✜♥✐çã♦ ✶✳✽✳ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❞❡ ❝❧❛ss❡ Cr✳ ❆ t♦♣♦❧♦❣✐❛ ❞❡

❲❤✐t♥❡② ♦✉ t♦♣♦❧♦❣✐❛ ❢♦rt❡ ❞❡ Ck(M,N) é ❞❡✜♥✐❞❛ ❞❡❝❧❛r❛♥❞♦✲s❡ ♦s ❛❜❡rt♦s
q✉❡ ❣❡r❛♠ ❛ s✉❛ t♦♣♦❧♦❣✐❛✱ ❝♦♥str✉í❞♦s ❝♦♠♦ s❡❣✉❡✿
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❙❡❥❛♠ f ∈ Ck(M,N)✱ Φ = {φi, Ui}i∈Λ ✉♠ ❛t❧❛s ❞❡ M ❧♦❝❛❧♠❡♥t❡ ✜♥✐t♦✱
K = {Ki}i∈Λ ✉♠❛ ❝♦❜❡rt✉r❛ ♣♦r ❝♦♠♣❛❝t♦s ❞❡M ❝♦♠ Ki ⊂ Ui t❛❧ q✉❡ f(Ui) ⊂ Vi✱
Ψ = {ψi, Vi}i∈Λ ✉♠ ❛t❧❛s ❞❡ N ❡ ǫ = {ǫi}i∈Λ✳ ❉❡✜♥✐♠♦s ♣♦rt❛♥t♦ ✉♠❛ ✈✐③✐♥❤❛♥ç❛
❢♦rt❡ ❜ás✐❝❛ ❞❡ f

Nk(f ; Ψ,Φ, K, ǫ)

❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❛♣❧✐❝❛çõ❡s g : M → N t❛❧ q✉❡ ♣❛r❛ t♦❞♦ i ∈ Λ✱
g(Ki) ⊂ Vi ❡

‖ Dr(ψifφ
−1
i )(x)−Dr(ψigφ

−1
i )(x) ‖< ǫi

♣❛r❛ t♦❞♦ x ∈ ϕi(Ki)✱ r = 0, . . . , k✳

✶✳✷ ◆♦t❛çõ❡s ❡ ❉❡✜♥✐çõ❡s

❉❡✜♥✐çã♦ ✶✳✾✳ ❯♠ ❙✐st❡♠❛ ❉✐♥â♠✐❝♦ ❞❡ ❝❧❛ss❡ Cr (r ≥ 0) é ✉♠ t❡r♥♦
(M,T, ϕ) ♦♥❞❡ M é ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ϕ : T ×M → M é ✉♠❛ ❛♣❧✐❝❛çã♦
❞❡ ❝❧❛ss❡ Cr✱ s❛t✐s❢❛③❡♥❞♦

✶✳ ϕ(0, x) = x✱ ∀x ∈M

✷✳ ϕ(t, ϕ(s, x)) = ϕ(t+ s, x)✱ ∀x ∈M ❡ ∀t, s ∈ T

❖ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❞✐③✲s❡ ❞✐s❝r❡t♦ q✉❛♥❞♦ T = Z ❡ ❝♦♥tí♥✉♦ q✉❛♥❞♦ T = R✳

❋✐①❛♥❞♦ t ∈ T ✱ ϕ ❞❡t❡r♠✐♥❛ ❛ ❛♣❧✐❝❛çã♦ ϕt : M → M ✱ ❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ✶ ❡
✷ ♣♦❞❡♠ s❡r r❡❡s❝r✐t❛s✱ ♣❛r❛ t♦❞♦ x ∈M ✱

✶✳ ϕ0(x) = x

✷✳ (ϕt ◦ ϕs)(x) = ϕt+s(x)

❯♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❞✐s❝r❡t♦ (M,Z, f) ❝♦♥s✐st❡ ❞♦ ❡st✉❞♦ ❞❛s ✐t❡r❛❞❛s ❞❛
❛♣❧✐❝❛çã♦ f ✱ ✐st♦ é✿

f 0(x) := x

f 1(x) := f(x)

f 2(x) = f(f(x))

✳✳✳

fn(x) = f ◦ f ◦ f ◦ . . . ◦ f(x)︸ ︷︷ ︸
n vezes

❙❡ ❛ ❛♣❧✐❝❛çã♦ ❢♦r ✐♥✈❡rsí✈❡❧ ❡st✉❞❛♠♦s t❛♠❜é♠✿

f−2(x) := f−1 ◦ f−1(x)

f−n(x) := f−1 ◦ f−1 ◦ f−1 ◦ . . . ◦ f−1(x)︸ ︷︷ ︸
n vezes
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❊①❡♠♣❧♦ ✶✳✶✵✳ ❙❡❥❛ ♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❞✐s❝r❡t♦ (R,Z, f)✱ f : R → R ❞❡✜♥✐❞❛
♣♦r f(x) = x2 + c✱ ♦♥❞❡ ❝ é ✉♠ ♥ú♠❡r♦ r❡❛❧ ✜①♦✳ ◆❡st❡ ❝❛s♦✱ ❞❛❞♦ q✉❛❧q✉❡r
♥ú♠❡r♦ r❡❛❧ x ❡ q✉❛❧q✉❡r N s❡♠♣r❡ ✈❛✐ ❡①✐st✐r ❛ ◆✲és✐♠❛ ✐t❡r❛❞❛ ❞❡ f ❝❛❧❝✉❧❛❞❛
❡♠ x✳ ❚♦♠❡♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ c = 2✱ x = 0 ❡ N = 3✱ ❞❛í t❡♠♦s✿

f 3(0) = f(f(f(0))) = f(f(02+2)) = f(f(2)) = f(22+2) = f(f(6)) = 62+2 = 38.

◆♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s ❝♦♥tí♥✉♦s (M,R, ϕ) ♣r❡❝✐s❛♠♦s ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ❝❛♠♣♦
✈❡t♦r✐❛❧ ❡ ❞❡ ✜❜r❛❞♦ t❛♥❣❡♥t❡✳

❉❡✜♥✐çã♦ ✶✳✶✶✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳
❯♠ ❋✐❜r❛❞♦ ❱❡t♦r✐❛❧ s♦❜r❡ M ✱ ❞❡ ✜❜r❛ E✱ é ✉♠❛ ✈❛r✐❡❞❛❞❡ F ❥✉♥t♦ ❝♦♠ ✉♠❛
❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ π : F →M t❛❧ q✉❡✿

✶✳ P❛r❛ t♦❞♦ ♣♦♥t♦ p ∈ M ✱ ❡①✐st❡ ✉♠ ❛❜❡rt♦ U ⊆ M ❝♦♠ p ∈ U ❡ ✉♠
❞✐❢❡♦♠♦r✜s♠♦ τU : π−1(U)→ U × E t❛❧ q✉❡ πU(τU(x)) = π(x)✳

π−1(U)
τU

//

π

��

U × E

πU
yy

U

✷✳ ❊①✐st❡♠ U ❡ V ❛❜❡rt♦s✱ t❛✐s q✉❡

(U ∩ V )× E τU←− π−1(U ∩ V )
τV−→ (U ∩ V )× E

(x, v) 7−→ (x, τUV x(v))

♦♥❞❡ τUV x : E −→ E é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r ✐♥✈❡rsí✈❡❧ ❡ ❛ ❢✉♥çã♦

U ∩ V −→ Gl(E)

x 7−→ τUV x

é ❞✐❢❡r❡♥❝✐á✈❡❧✳

❋✐❣✉r❛ ✶✳✶✿ ❋✐❜r❛❞♦ ❱❡t♦r✐❛❧✳
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❉❡✜♥✐çã♦ ✶✳✶✷✳ ❉❛❞♦ ✉♠ ❋✐❜r❛❞♦ ❱❡t♦r✐❛❧ F ❝♦♠ πF : F →M ✱ ✉♠ ❙✉❜✜❜r❛❞♦

❱❡t♦r✐❛❧ ❞❡ F é ✉♠ ✜❜r❛❞♦ ✈❡t♦r✐❛❧ E ❝♦♠ πE : E → M ✱ ❡♠ q✉❡ E é ✉♠
s✉❜❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❞❡ F ❡ πE é ❛ r❡str✐çã♦ ❞❡ πF ❛ E✳

❉❡✜♥✐çã♦ ✶✳✶✸✳ ❙❡❥❛ M ❱❛r✐❡❞❛❞❡ ❉✐❢❡r❡♥❝✐á✈❡❧✱ Cr✱ ❡ p ∈ M ✱ ❞❡✜♥✐♠♦s ♦
❊s♣❛ç♦ ❚❛♥❣❡♥t❡ ❛ M ❡♠ p ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦

TpM := {[ϕ, v]p : v ∈ Rm, ϕ : U ⊆M → Rm ❝❛rt❛ ❝♦♠ p ∈ U}/∼

♦♥❞❡ [ϕ, v]p ∼ [ψ,w]p s❡ D(ψ ◦ ϕ−1)ϕ(p) · v = w✳

❊①❡♠♣❧♦ ✶✳✶✹✳ ❙❡❥❛ Rn ✈❛r✐❡❞❛❞❡ ❝♦♠ ❛t❧❛s A = {id : Rn → Rn}✳ ❙❡ p ∈ Rn✱
TpR

n = {[id, v]p : v ∈ Rn} ❢❛r❡♠♦s ✉♠❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ [id, v]p ❝♦♠ v ∈ Rn

♣♦rt❛♥t♦ TpRn ≃ Rn✳

❖❜s❡r✈❛çã♦ ✶✳✶✺✳ ❚❛♠❜é♠ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ ❊s♣❛ç♦ ❚❛♥❣❡♥t❡ ❛ M ❡♠ p
❝♦♠♦ ♦ ❝♦♥❥✉♥t♦

TpM := {γ : (−ǫ, ǫ)→ Rm é ❝✉r✈❛ Ck, k ≥ 1, t❛❧ q✉❡ γ(0) = p}/∼

♦♥❞❡ γ1 ∼ γ2 s❡ ❡①✐st❡ ✉♠❛ ❝❛rt❛ ϕ : U ⊆M → Ũ ⊆ Rm✱ ❝♦♠ p ∈ U ❡ 0 ∈ Ũ ✱ t❛❧
q✉❡ (ϕ ◦ γ1)′(0) = (ϕ ◦ γ2)′(0)✳

❆s ❞❡✜♥✐çõ❡s ✶✳✶✸ ❡ ✶✳✶✺ sã♦ ❡q✉✐✈❛❧❡♥t❡s ❥á q✉❡ ❛ ❛♣❧✐❝❛çã♦

H : TpM −→ TpM

[γ] 7−→ [ϕ, (ϕ ◦ γ)′(0)]

é ✉♠❛ ❜✐❥❡çã♦✳

❉❡ ❢❛t♦✱ s❡❥❛♠ ϕ : U ⊂ M → Rm ✉♠❛ ❝❛rt❛ ❧♦❝❛❧✱ p ∈ U ❡ [γ], [α] ∈ TpM
❡♥tã♦

✭✐✮ H ❡stá ❜❡♠ ❞❡✜♥✐❞❛✿

[γ] = [α]⇒ H([γ]) = [ϕ, (ϕ ◦ γ)′(0)]p = [ϕ, (ϕ ◦ α)′(0)]p = H([α]).

✭✐✐✮ H é ✐♥❥❡t✐✈❛✿

H([γ]) = H([α])⇒ [ϕ, (ϕ ◦ γ)′(0)]p = [ϕ, (ϕ ◦ α)′(0)]p
⇒ D(ϕ ◦ ϕ−1) · (ϕ ◦ γ)′(0) = (ϕ ◦ α)′(0)
⇒ (ϕ ◦ γ)′(0) = (ϕ ◦ α)′(0)
⇒ [γ] = [α].

✭✐✐✐✮ H é s♦❜r❡❥❡t✐✈❛✿

❙❡❥❛ [ϕ, v]p ∈ TpM ❡♥tã♦ [ϕ−1(ϕ(p) + tv)] ∈ TpM é t❛❧ q✉❡

H([ϕ−1(ϕ(p) + tv)]) = [ϕ, (ϕ ◦ ϕ−1(ϕ(p) + tv))′(0)]p = [ϕ, v]p.
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❉❡✜♥✐çã♦ ✶✳✶✻✳ ❙❡❥❛ M ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❉❡♥♦t❛r❡♠♦s ♣♦r TM ❛ ✉♥✐ã♦
❞✐s❥✉♥t❛ ❞❡ t♦❞♦s ♦s ♣❧❛♥♦s t❛♥❣❡♥t❡s ❛ M ✱ ♦✉ s❡❥❛✱

TM :=
⋃

p∈M

TpM

❡ss❡ ❝♦♥❥✉♥t♦ é ❝❤❛♠❛❞♦ ❋✐❜r❛❞♦ ❚❛♥❣❡♥t❡ ❛ss♦❝✐❛❞♦ à ✈❛r✐❡❞❛❞❡ M ✳

▼♦str❛✲s❡ q✉❡ ♦ ❋✐❜r❛❞♦ ❚❛♥❣❡♥t❡ é ✉♠ ❋✐❜r❛❞♦ ❱❡t♦r✐❛❧ ❞❡ ✜❜r❛ Rm✳ P❛r❛
♠❛✐♦r❡s ❞❡t❛❧❤❡s s♦❜r❡ ❡st❡ ❢❛t♦ ❝♦♥s✉❧t❛r ❬✶✸❪✳

❉❡✜♥✐çã♦ ✶✳✶✼✳ ❯♠ ❈❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡ ❝❧❛ss❡ Cr (r ≥ 1) é ✉♠❛ ❛♣❧✐❝❛çã♦
X : M → TM ❞❡ ❝❧❛ss❡ Cr✱ q✉❡ ❛ ❝❛❞❛ ♣♦♥t♦ p ∈ M ✱ ❛ss♦❝✐❛ ✉♠ ✈❡t♦r
X(p) ∈ TpM ✳

❉❡♥♦t❛r❡♠♦s Xr(M) ♦ ❝♦♥❥✉♥t♦ ❞♦s ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❞❡ ❝❧❛ss❡ Cr ❡♠ M ✳

❖❜s❡r✈❛çã♦ ✶✳✶✽✳ P♦r ❛❜✉s♦ ❞❡ ♥♦t❛çã♦✱ s❡ X : U ⊂ Rm → TRm ∼= Rm × Rm✱
❞❡♥♦t❛r❡♠♦s ♣♦r X : U ⊂ Rm → Rm✳

❊①❡♠♣❧♦ ✶✳✶✾✳ ❆ ❛♣❧✐❝❛çã♦ X : R2 → R2 ❞❛❞❛ ♣♦r X(x, y) = (−y, x) é ✉♠
❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡ ❝❧❛ss❡ C∞✱ ❥á q✉❡ ♣❛r❛ ❝❛❞❛ p = (x, y) ∈ R2 t❡♠♦s q✉❡
X(p) = (−y, x) ∈ TpR2 = R2✳

❉❛❞♦ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ❞❡ ❝❧❛ss❡ Cr (r ≥ 1) ❞❡✜♥✐❞♦ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡
M ✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ✢✉①♦ ϕt ❞❡✜♥✐❞♦ ♣❛r❛ t♦❞♦ t ∈ R ❛ss♦❝✐❛❞♦ ❛♦ ❝❛♠♣♦✱ s♦❧✉çã♦

❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧
dϕt
dt

(x) = X(x) s✉❥❡✐t❛ à ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ x(t0) = x0✳

❉❡✜♥✐çã♦ ✶✳✷✵✳ ❯♠❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞❡ ✉♠ ❝❛♠♣♦ X : U ⊂ Rn → Rn q✉❡
♣❛ss❛ ♣❡❧♦ ♣♦♥t♦ x0 ♥♦ t❡♠♣♦ t0 é ✉♠❛ ❢✉♥çã♦ x : I ⊂ R→ U t❛❧ q✉❡ x(t0) = x0

❡ ẋ(t) = X(x(t)) ♣❛r❛ t♦❞♦ t ∈ I✳ ✭❖♥❞❡ ẋ =
dx

dt
✮✳

❉❡✜♥✐çã♦ ✶✳✷✶✳ ❯♠❛ ór❜✐t❛ ❞❡ ✉♠ ♣♦♥t♦ q ∈M é ♦ ❝♦♥❥✉♥t♦

O(q) = {ϕt(q) : t ∈ T}.

❋✐❣✉r❛ ✶✳✷✿ Ór❜✐t❛s ♣❡r✐ó❞✐❝❛s (M,R, ϕ) ❡ (M,Z, f)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◗✉❛♥❞♦ T = R ❛s ór❜✐t❛s sã♦ ❝✉r✈❛s ❡♠ M ✱ ❡♥q✉❛♥t♦ q✉❡ ♣❛r❛ T = Z ✉♠❛
ór❜✐t❛ é ✉♠❛ s✉❝❡ssã♦ ❞❡ ♣♦♥t♦s✳ ✭❱❡r ✜❣✉r❛ ✶✳✷✮✳
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❉❡✜♥✐çã♦ ✶✳✷✷✳ ❯♠ ♣♦♥t♦ p é ✉♠ ♣♦♥t♦ ✜①♦ s❡ ϕt(p) = p✱ ♣❛r❛ t♦❞♦ t ∈ T ✱
✭❡q✉✐✈❛❧❡♥t❡♠❡♥t❡ O(p) = {p}✮✳

●❡r❛❧♠❡♥t❡✱ ❡♠ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ❝♦♥tí♥✉♦s✱ p ∈ M é ❝❤❛♠❛❞♦
s✐♥❣✉❧❛r✐❞❛❞❡ ♣❛r❛ ♦ ❝❛♠♣♦ X s❡ X(p) = 0✱ ♦✉ s❡❥❛✱ s❡ é ♣♦♥t♦ ✜①♦ ♣❛r❛ ♦
✢✉①♦ ϕt✳ ❈❛s♦ ❝♦♥trár✐♦✱ p é ❞✐t♦ ♣♦♥t♦ r❡❣✉❧❛r✳

❉❡♥♦t❛r❡♠♦s ♣♦r Sing(X) ♦ ❝♦♥❥✉♥t♦ ❞❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ X✳

❉❡✜♥✐çã♦ ✶✳✷✸✳ ❯♠ ♣♦♥t♦ p ∈M é ❝❤❛♠❛❞♦ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ♣❛r❛ ✉♠ ❙✐st❡♠❛
❉✐♥â♠✐❝♦ (M,T, ϕ) s❡ ❡①✐st❡ t′ > 0 t❛❧ q✉❡ ϕt′(p) = p ❡ ϕt(p) 6= p✱ ♣❛r❛ t♦❞♦
0 < t < t′✳ ◆❡st❡ ❝❛s♦✱ t′ é ❝❤❛♠❛❞♦ ❞❡ ♣❡rí♦❞♦✳

❆ ór❜✐t❛ ❞❡ ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ é ❝❤❛♠❛❞❛ ❞❡ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✳ ❯s❛r❡♠♦s
Per(ϕ) ♣❛r❛ ✐♥❞✐❝❛r ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s✳

❯♠❛ ór❜✐t❛ ❢❡❝❤❛❞❛ é ✉♠❛ ór❜✐t❛ q✉❡ é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦✳ ❆ss✐♠ ❛s ór❜✐t❛s
❢❡❝❤❛❞❛s ❡♠ ❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s sã♦ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❡ ❛s ór❜✐t❛s ♣❡r✐ó❞✐❝❛s✳
❚❛♠❜é♠ ❝❤❛♠❛r❡♠♦s ❡❧❡♠❡♥t♦ ❝rít✐❝♦ ❞❡ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ✉♠ ♣♦♥t♦ ✜①♦✱
✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ♦✉ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✳

❊♠ ✉♠❛ ór❜✐t❛ ♣♦❞❡♠♦s ♣r♦❝✉r❛r ♦s s❡✉s ♣♦♥t♦s ❞❡ ❛❝✉♠✉❧❛çã♦✱ ♦✉ s❡❥❛✱ ♦s
♣♦♥t♦s ❡♠ t♦r♥♦ ❞♦s q✉❛✐s ❛ ór❜✐t❛ ✐rá ♣❛ss❛r ✉♠❛ ✐♥✜♥✐❞❛❞❡ ❞❡ ✈❡③❡s✳ P❛r❛ ✐ss♦✱
s❡❣✉❡ ♦ s❡❣✉✐♥t❡ ❝♦♥❝❡✐t♦✳

❉❡✜♥✐çã♦ ✶✳✷✹✳ ❉❛❞♦ p ∈ M ❞❡✜♥✐♠♦s ♦ ω✲❧✐♠✐t❡ ❡ ♦ α✲❧✐♠✐t❡ ❞❡ p✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♠♦ ♦s ❝♦♥❥✉♥t♦s

ω(p) = {q ∈M : lim
tn→∞

ϕtn(p) = q, ♣❛r❛ ❛❧❣✉♠❛ s❡q✉ê♥❝✐❛ tn}

α(p) = {q ∈M : lim
tn→−∞

ϕtn(p) = q, ♣❛r❛ ❛❧❣✉♠❛ s❡q✉ê♥❝✐❛ tn}

❊①❡♠♣❧♦ ✶✳✷✺✳ ❖ ❝ír❝✉❧♦ S1 é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ❞♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ C ❞❛
❢♦r♠❛ eix2π✱ x ∈ R✳ ❖❜s❡r✈❛♠♦s q✉❡ s❡ k é ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦✱ ❡♥tã♦ eix2π ❡
ei(x+k)2π r❡♣r❡s❡♥t❛♠ ♦ ♠❡s♠♦ ♣♦♥t♦ ♥♦ ❝ír❝✉❧♦✳ ❯♠❛ r♦t❛çã♦ ❞❡ â♥❣✉❧♦ 2π é ❛
❛♣❧✐❝❛çã♦

Rσ : S1 −→ S1

❞❛❞❛ ♣♦r
Rσ(e

ix2π) = ei(x+σ)2π

◆♦t❛♠♦s q✉❡ Rσ(e
ix2π) é ♦ ♣r✐♠❡✐r♦ ✐t❡r❛❞♦✱ ♦ s❡❣✉♥❞♦ é R

2
σ(e

ix2π) =
Rσ(Rσ(e

ix2π)) = ei(x+2σ)2π✳ ❙✉❝❡ss✐✈❛♠❡♥t❡✱ ♦ ♠✲és✐♠♦ ✐t❡r❛❞♦ é

R
m
σ (e

ix2π) = Rσ(R
m−1
σ (eix2π)) = ei(x+mσ)2π

❆ ór❜✐t❛ O(eix2π) é ♣❡r✐ó❞✐❝❛ s❡

R
m
σ (e

ix2π) = ei(x+mσ)2π = eix2π ⇔ mσ = k ∈ Z⇔ σ ∈ Q

❖❜s❡r✈❛♠♦s q✉❡ s❡ σ =
p

q
✱ ♣ ❡ q ♣r✐♠♦s ❡♥tr❡ s✐✱ ❡♥tã♦ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ S1 sã♦

♣❡r✐ó❞✐❝♦s ❡ s❡✉ ♣❡rí♦❞♦ é q✳ ◗✉❛♥❞♦ σ é ✐rr❛❝✐♦♥❛❧ ♥ã♦ ❤á ór❜✐t❛s ♣❡r✐ó❞✐❝❛s✱
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♣♦ré♠✱ ♥❡st❡ ❝❛s♦✱ ❛ ór❜✐t❛ ❞❡ q✉❛❧q✉❡r ♣♦♥t♦ é ❞❡♥s❛ ❡♠ S1✳ ❖s ❝♦♥❥✉♥t♦s
ω✲❧✐♠✐t❡ ❡ α✲❧✐♠✐t❡ sã♦

ω(eix2π) = α(eix2π) = S1, se σ ∈ R\Q

ω(eix2π) = α(eix2π) = O(eix2π), se σ ∈ Q.

❉❡✜♥✐çã♦ ✶✳✷✻✳ ❙❡❥❛ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ (M,T, ϕ)✳ ❯♠ ♣♦♥t♦ p é ❝❤❛♠❛❞♦
♥ã♦ ❡rr❛♥t❡ ♣❛r❛ ϕ✱ s❡ ♣❛r❛ t♦❞❛ ✈✐③✐♥❤❛♥ç❛ U ✱ ❝♦♥t❡♥❞♦ p✱ ❡ ♣❛r❛ t♦❞♦ s > 0✱
❡①✐st❡ t > s t❛❧ q✉❡

ϕt(U) ∩ U 6= ∅.

❯s❛r❡♠♦s ❛ ♥♦t❛çã♦ Ω(ϕ) ✭❛s ✈❡③❡s✱ Ω(X)✮ ♣❛r❛ ✐♥❞✐❝❛r ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s
♥ã♦ ❡rr❛♥t❡s ❞❡ ϕ✱ ✭♦✉ ❞♦ ❝❛♠♣♦ X✮✳ ❈❧❛r❛♠❡♥t❡ Per(ϕ) ⊂ Ω(ϕ)✳

Pr♦♣♦s✐çã♦ ✶✳✷✼✳ ❖ ❝♦♥❥✉♥t♦ Ω(ϕ) é ❢❡❝❤❛❞♦✱ ϕ(Ω(ϕ)) ⊆ Ω(ϕ) ❡ ❛❧é♠ ❞✐ss♦✱
❝♦♥té♠ ω✲❧✐♠✐t❡ ❡ α✲❧✐♠✐t❡ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ M ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (xn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ Ω(ϕ) ❝♦♠ xn → x ∈ M ✱ ❞❛❞❛
✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ U ❞❡ ①✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡ xn ∈ U ✱ ∀n ≥ n0✳ ❊♥tã♦
❝♦♠♦ xn ∈ U t❡♠♦s q✉❡ ❡①✐st❡ Vxn ⊂ U ❛❜❡rt♦ t❛❧ q✉❡ xn ∈ Vxn ♣❛r❛ ❝❛❞❛ n > n0✳
❋✐①❡ n > n0✱ ❝♦♠♦ xn ∈ Ω(ϕ) t❡♠♦s q✉❡ ❡①✐st❡ m ≥ 1 t❛❧ q✉❡ ϕm(Vxn)∩Vxn 6= ∅✱
❧♦❣♦ ϕm(U) ∩ U 6= ∅ ❡ ♣♦rt❛♥t♦ x ∈ Ω(ϕ)✳

P♦r ♦✉tr♦ ❧❛❞♦ t❡♠♦s q✉❡ s❡ x ∈ ϕ(Ω(ϕ)) ❡♥tã♦ x = ϕ(y) ❝♦♠ y ∈ Ω(ϕ)✳
❙❡❥❛ V ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ①✱ t❡♠♦s q✉❡ ϕ−1(V ) é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ②✱ ❧♦❣♦
❡①✐st❡ n > 0 t❛❧ q✉❡ ϕn(ϕ−1(V )) ∩ ϕ−1(V ) 6= ∅ ❞♦♥❞❡ ϕn(V ) ∩ V 6= ∅✳ P♦rt❛♥t♦
x ∈ Ω(ϕ)✱ ♦✉ s❡❥❛✱ ϕ(Ω(ϕ)) ⊆ Ω(ϕ)✳

❋✐♥❛❧♠❡♥t❡✱ s❡❥❛ x = limnk→∞ ϕnk
(y) ∈ U ✱ ❝♦♠ ❯ ❛❜❡rt♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡

nk é ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡✳ ❊♥tã♦ ϕnk
(y) ∈ U ♣❛r❛ ❦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡

❡ ϕnk+1
(y) ∈ U ♣❡❧♦ q✉❡ U ∩ ϕnk+1−nk

(U) 6= ∅✱ ♦✉ s❡❥❛✱ ♦ ω✲❧✐♠✐t❡ ❞♦s ♣♦♥t♦s
❞❡ ▼ ❡stã♦ ❡♠ Ω(ϕ)✳ ❖ ❛r❣✉♠❡♥t♦ ♣❛r❛ ♦s ♣♦♥t♦s α✲❧✐♠✐t❡ é ❝♦♠♣❧❡t❛♠❡♥t❡
❛♥á❧♦❣♦✳

❉❡✜♥✐çã♦ ✶✳✷✽✳ ❖s s✐st❡♠❛s ❞✐♥â♠✐❝♦s (M,T, ϕ) ❡ (N, T, ψ)
sã♦ t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞♦s s❡ ❡①✐st❡ ✉♠ ❤♦♠❡♦♠♦✜s♠♦ h : M → N
t❛❧ q✉❡

h ◦ ϕ = ψ ◦ h
h é ❝❤❛♠❛❞❛ ❝♦♥❥✉❣❛çã♦ t♦♣♦❧ó❣✐❝❛ ❡♥tr❡ ϕ ❡ ψ✳

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ (M,T, ϕ) ❡ (N, T, ψ) sã♦ t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞♦s s❡
♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ❝♦♠✉t❛t✐✈♦

M
ϕ

//

h
��

M

h
��

N
ψ

// N
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❊①❡♠♣❧♦ ✶✳✷✾✳ ❙❡❥❛♠ ♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s (R2,R, X) ❡ (R2,R, Y ) ❞❛❞♦s ♣♦r
X(x, y) = (x,−y) ❡ Y (x, y) = (x,−y + x3)✱ ❡ s❡❥❛ h : R2 → R2 ❞❡✜♥✐❞❛ ♣♦r

h(x, y) =

(
x, y +

x3

4

)
❛ ❝♦♥❥✉❣❛çã♦ t♦♣♦❧ó❣✐❝❛ ❡♥tr❡ ♦s ❝❛♠♣♦s ❳ ❡ ❨✳

❉❡ ❢❛t♦✱ ♦s ✢✉①♦s ❞❡ ❳ ❡ ❨ sã♦ ❞❛❞♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦r✿

ϕt(a, b) = (aet, be−t)

ψt(a, b) =

(
aet,

(
b− a3

4

)
e−t +

a3

4
e3t
)

❆ss✐♠✱

(h ◦ ϕt)(a, b) = h(aet, be−t) =

(
aet, be−t +

a3

4
e3t
)

P♦r ♦✉tr♦ ❧❛❞♦✱

(ψt ◦ h)(a, b) = ψt

(
a, b+

a3

4

)

=

(
aet,

(
b+

a3

4
− a3

4

)
e−t +

a3

4
e3t
)

=

(
aet, be−t +

a3

4
e3t
)
.

❖❜s❡r✈❛çã♦ ✶✳✸✵✳ ❖s s✐st❡♠❛s ❞✐♥â♠✐❝♦s (M,T, ϕ) ❡ (N, T, ψ) s❡rã♦✿

✶✳ C
r−❝♦♥❥✉❣❛❞♦s✱ r ≥ 1✱ s❡ ❡①✐st❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ h : M → N ❞❡ ❝❧❛ss❡

Cr t❛❧ q✉❡ h ◦ ϕ = ψ ◦ h✳

✷✳ ❙❡♠✐❝♦♥❥✉❣❛❞♦s✱ s❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ s♦❜r❡❥❡t♦r❛ h : M → N ❞❡
❝❧❛ss❡ Cr t❛❧ q✉❡ h ◦ ϕ = ψ ◦ h✳

❉❡✜♥✐çã♦ ✶✳✸✶✳ ❙❡❥❛♠ ϕ ❡ ψ ❡♠ Cr(M,N)✳ ❆ C
r−❞✐stâ♥❝✐❛ ❡♥tr❡ ϕ ❡ ψ

❞❡♥♦t❛❞❛ dr(ϕ, ψ) é ❞❛❞❛ ♣♦r

dr(ϕ, ψ) = sup
x∈M

(|ϕ(x)− ψ(x)|, |ϕ(1)(x)− ψ(1)(x)|, . . . , |ϕ(r)(x)− ψ(r)(x)|)

❙❡♥❞♦ ϕ(r) é ❛ r✲és✐♠❛ ❞❡r✐✈❛❞❛ ❞❡ ϕ✳

■♥t✉✐t✐✈❛♠❡♥t❡✱ ❞✉❛s ❛♣❧✐❝❛çõ❡s sã♦ Cr−♣ró①✐♠❛s s❡ ❡❧❛✱ ❜❡♠ ❝♦♠♦ s✉❛s r
♣r✐♠❡✐r❛s ❞❡r✐✈❛❞❛s✱ ❞✐❢❡r❡♠ ♣♦r ❛♣❡♥❛s ✉♠❛ q✉❛♥t✐❞❛❞❡ ♣❡q✉❡♥❛✳

❊①❡♠♣❧♦ ✶✳✸✷✳ ❙❡❥❛♠ (J,Z, f) ❡ (J,Z, g) ❞♦✐s s✐st❡♠❛s ❞✐♥â♠✐❝♦s✱ J = [0, 1] ⊂
R✱ ❞❡✜♥✐❞♦s ♣♦r f(x) = 2x ❡ g(x) = (2+ǫ)x✳ ❊❧❡s sã♦ Cr−ǫ ❞✐st❛♥t❡s ♥♦ ✐♥t❡r✈❛❧♦
J ✱ ♣♦✐s

dr(f, g) = sup
x∈J

(|f(x)− g(x)|, |f (1)(x)− g(1)(x)|, . . . , |f (r)(x)− g(r)(x)|)

= sup
x∈J

(|2x− 2x− ǫx|, |2− 2− ǫ|, |0|, . . . , |0|) = ǫ.
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❉❡✜♥✐çã♦ ✶✳✸✸✳ ❯♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ (M,T, ϕ) é C
r−❡str✉t✉r❛❧♠❡♥t❡

❡stá✈❡❧✱ s❡ ❡①✐st❡♠ (M,T, ψ) ❡ ǫ > 0 t❛❧ q✉❡ ϕ ❡ ψ sã♦ Cr−ǫ−♣ró①✐♠♦s✱ ♦✉
s❡❥❛✱ dr(ϕ, ψ) < ǫ✳ ❆❧é♠ ❞✐ss♦✱ ϕ é t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞❛ ❛ ψ✳

❊♠ r❡s✉♠♦✱ ✉♠❛ ❛♣❧✐❝❛çã♦ ϕ é ❡str✉t✉r❛❧♠❡♥t❡ ❡stá✈❡❧ s❡ ❝❛❞❛ ❛♣❧✐❝❛çã♦ ✏♥❛s
♣r♦①✐♠✐❞❛❞❡s✑ é t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞❛ ❛ ϕ ❡ ♣♦r ✐ss♦ t❡♠ ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛
♠❡s♠❛ ❞✐♥â♠✐❝❛✳

❉❡✜♥✐çã♦ ✶✳✸✹✳ ❯♠ ❝♦♥❥✉♥t♦ Λ ⊂M ❝♦♠♣❛❝t♦ é

✶✳ ■♥✈❛r✐❛♥t❡ ♣♦r ϕt✱ s❡ ϕt(Λ) = Λ, ∀t ∈ T ❀

✷✳ ❚r❛♥s✐t✐✈♦✱ s❡ é ✐♥✈❛r✐❛♥t❡ ❡ Λ = ω(p) ♣❛r❛ ❛❧❣✉♠ p ∈M ❀

✸✳ ◆ã♦ tr✐✈✐❛❧✱ s❡ Λ ♥ã♦ é ✉♠❛ ór❜✐t❛ ❢❡❝❤❛❞❛ ❞❡ X❀

✹✳ ■♥✈❛r✐❛♥t❡ ▼❛①✐♠❛❧✱ s❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❝♦♠♣❛❝t❛ U ❞❡ Λ t❛❧ q✉❡

Λ =
⋂

t∈T

ϕt(U)

U é ❝❤❛♠❛❞♦ ❜❧♦❝♦ ✐s♦❧❛♥t❡❀

✺✳ ❙✉♠✐❞♦✉r♦✱ s❡ é ✐♥✈❛r✐❛♥t❡ ♠❛①✐♠❛❧ ❡ t❡♠ ✉♠ ❜❧♦❝♦ ✐s♦❧❛♥t❡ ♣♦s✐t✐✈❛♠❡♥t❡
✐♥✈❛r✐❛♥t❡ U ✱ ✐st♦ é✱

ϕt(U) ⊂ U, ∀t > 0

✻✳ ❆tr❛t♦r✱ s❡ é s✉♠✐❞♦✉r♦ tr❛♥s✐t✐✈♦❀

✼✳ ❙✐♥❣✉❧❛r✱ s❡ ❝♦♥té♠✱ ♣❡❧♦ ♠❡♥♦s✱ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡✳

❉❡✜♥✐çã♦ ✶✳✸✺✳ ❯♠ ❛tr❛t♦r Λ✱ ❞❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ∈ X
r(M)✱ é Cr−r♦❜✉st♦

s❡ ❡stá ❝♦♥t✐❞♦ ♥✉♠ ❜❧♦❝♦ ✐s♦❧❛♥t❡ U ✱ t❛❧ q✉❡

ΛY =
⋂

t≥0

ψt(U)

é ✉♠ ❛tr❛t♦r ♣❛r❛ ❝❛❞❛ Y Cr−♣ró①✐♠♦ ❞❡ X✳ ❖♥❞❡ ψt é ♦ ✢✉①♦ ❣❡r❛❞♦ ♣❡❧♦ ❝❛♠♣♦
Y ✳

❖✉ s❡❥❛✱ s❡ ♠♦❞✐✜❝❛r♠♦s ❧✐❣❡✐r❛♠❡♥t❡ ♦ ✢✉①♦✱ ❝♦♥t✐♥✉❛ ❡①✐st✐♥❞♦ ✉♠ ❛tr❛t♦r✳

❉❡✜♥✐çã♦ ✶✳✸✻✳ ❯♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ tr❛♥s✐t✐✈♦ Λ ❞❡ X é C
r−r♦❜✉st♦

tr❛♥s✐t✐✈♦ s❡ ❡①✐st❡ ✉♠ ❜❧♦❝♦ ✐s♦❧❛♥t❡ U ❞❡ Λ t❛❧ q✉❡

ΛY =
⋂

t∈R

ψt(U)

é tr❛♥s✐t✐✈♦ ♣❛r❛ t♦❞♦ Y Cr−♣ró①✐♠♦ ❞❡ X✳

❊♠ ♣❛rt✐❝✉❧❛r✱ q✉❛♥❞♦ r = 1 ❞✐r❡♠♦s ❛♣❡♥❛s q✉❡ Λ é r♦❜✉st♦ tr❛♥s✐t✐✈♦✳



✶✹ ✶✳✸✳ ❘❊▲❆➬➹❖ ❊◆❚❘❊ ❙■❙❚❊▼❆❙ ❈❖◆❚❮◆❯❖❙ ❊ ❉■❙❈❘❊❚❖❙

✶✳✸ ❘❡❧❛çã♦ ❡♥tr❡ ❙✐st❡♠❛s ❈♦♥tí♥✉♦s ❡ ❉✐s❝r❡t♦s

P♦❞❡♠♦s tr❛♥s❢♦r♠❛r ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❝♦♥tí♥✉♦ (M,R, ϕ) ❡♠ ✉♠ s✐st❡♠❛
❞✐♥â♠✐❝♦ ❞✐s❝r❡t♦ (M,Z, f)✱ ♣❡❧♦ ♠❡♥♦s ❞❡ ❞✉❛s ♠❛♥❡✐r❛s✿

✶✳ ❉❛❞♦ t0 ∈ R✱ ✜①♦✱ ❡ ❝♦♥s✐❞❡r❛♥❞♦ f = ϕt0 ✱ t❡♠♦s q✉❡✱ ♣❛r❛ n ∈ Z

fn = (ϕt0)
n = ϕnt0 .

✷✳ ❙❡❥❛♠ ϕt : M → M ✉♠ ✢✉①♦ ❡ O ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❞❡ ♣❡rí♦❞♦
τ0 > 0✳ ❙❡❥❛ S ⊆ M ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❞❡ ❝♦❞✐♠❡♥sã♦ 1✱ ♦✉ s❡❥❛✱
dim(S) = dim(M)− 1 t❛❧ q✉❡✿

✭✐✮ O ∩ S = {x0}

✭✐✐✮
d

dt
ϕt(x) 6∈ TxS, ∀x ∈ S.

❉❛❞♦ x ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ Vx0 ⊂ S ❞❡ x0✱ ❞❡✜♥❛ ❛ ❛♣❧✐❝❛çã♦

P : Vx0 −→ S

x 7−→ ϕτ (x)

♦♥❞❡ τ é ♦ ♠❡♥♦r ✈❛❧♦r ♣♦s✐t✐✈♦ ❞❡ t ♣❛r❛ ♦ q✉❛❧ ϕt(x) ∈ S✳ ❆ ❛♣❧✐❝❛çã♦ P
é ❝❤❛♠❛❞❛ ❛♣❧✐❝❛çã♦ ❞❡ P♦✐♥❝❛ré ❡ ❛ s✉❜✈❛r✐❡❞❛❞❡ S é ❛ ❙❡çã♦ ❞❡ P♦✐♥❝❛ré✳
✭❱❡r ✜❣✉r❛ ✶✳✸✮✳

❋✐❣✉r❛ ✶✳✸✿ ❆♣❧✐❝❛çã♦ ❞❡ P♦✐♥❝❛ré✳

❉❡ ♠❡s♠♦ ♠♦❞♦✱ ❞❛❞♦ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❞✐s❝r❡t♦ (M,Z, f)✱ ♣♦❞❡♠♦s
❝♦♥str✉✐r ✉♠ ✢✉①♦ ❞❡✜♥✐❞♦ ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❞✐♠❡♥sã♦ ✐❣✉❛❧ ❛ dim(M)+ 1✳ ❊st❡
✢✉①♦ é ❞❡♥♦♠✐♥❛❞♦ s✉s♣❡♥sã♦ ❞❛ ❛♣❧✐❝❛çã♦ f ✱ q✉❡ é ❝♦♥str✉í❞♦ ❝♦♠♦ s❡❣✉❡✳

❙❡❥❛ f :M →M ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❝❧❛ss❡ Cr, r ≥ 0✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ♣r♦❞✉t♦
❝❛rt❡s✐❛♥♦ R×M ✳ ❉❡✜♥❛ ❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ (s+1, x) ∼ (s, f(x))✱ ♦❜t❡♠♦s
♦ s❡❣✉✐♥t❡ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡

Mf = (R×M)/∼.
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P❛r❛ ♦❜t❡r t♦❞♦s ♦s ♣♦♥t♦s é s✉✜❝✐❡♥t❡ ❝♦♥s✐❞❡r❛r 0 ≤ s ≤ 1✱ ♠❛s ♦s ♦✉tr♦s
♣♦♥t♦s sã♦ ✐♥❝❧✉í❞♦s ♣♦rq✉❡ ❡❧❡s ❞❡✐①❛♠ ❝❧❛r♦ q✉❡ ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ t❡♠ ✉♠❛
❡str✉t✉r❛ Cr s❡ f ❢♦r Cr✳ ❈♦♥s✐❞❡r❡♠♦s ❛s ❡q✉❛çõ❡s ❡♠ R×M ✱ ❞❛❞❛s ♣♦r ẋ = 0
❡ ṡ = 1✳

❊❧❛s ✐♥❞✉③❡♠ ✉♠ ✢✉①♦ ϕ−t ❡♠ R×M q✉❡ ♣❛ss❛ ❛♦ ✢✉①♦ ϕt ♥♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡
Mf ✳ ◆♦t❡ q✉❡ ϕ−1(0, x) = (1, x) ∼ (0, f(x))✱ ♣❛r❛ t♦❞♦ t✳ ✭❱❡r ✜❣✉r❛ ✶✳✹✮✳

❋✐❣✉r❛ ✶✳✹✿ ❙✉s♣❡♥sã♦ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦✳

◆♦t❡ q✉❡✱ s❡ ✐❞❡♥t✐✜❝❛r♠♦sM ❝♦♠ ❛ s❡çã♦ S = {0}×M ❞♦ ✢✉①♦ ϕt✱ ♦❜t❡♠♦s
❝♦♠♦ ❛♣❧✐❝❛çã♦ ❞❡ P♦✐♥❝❛ré ❛ ❛♣❧✐❝❛çã♦ f ✳ ❆ss✐♠✱ ❧♦❝❛❧♠❡♥t❡✱ ❛ s✉s♣❡♥sã♦ ❡ ❛
❛♣❧✐❝❛çã♦ ❞❡ P♦✐♥❝❛ré sã♦ ❝♦♥str✉çõ❡s ✐♥✈❡rs❛s ✉♠❛ ❞❛ ♦✉tr❛✳

✶✳✹ ❚❡♦r❡♠❛ ❞♦ ❋❧✉①♦ ❚✉❜✉❧❛r

❯♠ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ ❛ s❡❣✉✐r ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✶✺❪✳

❚❡♦r❡♠❛ ✶✳✸✼ ✭❆♣❧✐❝❛çã♦ ■♥✈❡rs❛✮✳ ❙❡❥❛ f : U → Rm ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❝❧❛ss❡
Cr✱ r ≥ 1✱ ♥♦ ❛❜❡rt♦ U ⊂ Rm s❡ a ∈ U é t❛❧ q✉❡ ❛ ❞❡r✐✈❛❞❛ Df(a) : Rm → Rm é
✉♠ ✐s♦♠♦r✜s♠♦ ✭✐st♦ é✱ detJf(a) 6= 0) ❡♥tã♦ ❢ é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❧♦❝❛❧✳

❉❡✜♥✐çã♦ ✶✳✸✽✳ ❙❡❥❛♠ X : U → Rn ✉♠ ❝❛♠♣♦ ❞❡ ❝❧❛ss❡ Cr, r ≥ 1✱ U ⊂ Rn

❛❜❡rt♦ ❡ A ⊂ Rn−1 t❛♠❜é♠ ❛❜❡rt♦✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ f : A→ U
❞❡ ❝❧❛ss❡ Cr ❝❤❛♠❛✲s❡ s❡çã♦ tr❛♥s✈❡rs❛❧ ❧♦❝❛❧ ❞❡ ❳ q✉❛♥❞♦✱ ∀a ∈ A✱
Df(a) · (Rn−1) ❡ X(f(a)) ❣❡r❛♠ ♦ ❡s♣❛ç♦ Rn✳

❙❡❥❛ Σ = f(A) ♠✉♥✐❞♦ ❞❛ t♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛ ♣♦r ❯✳ ❙❡ f : A → Σ ❢♦r ✉♠
❤♦♠❡♦♠♦r✜s♠♦✱ ❞✐③✲s❡ q✉❡ Σ é ✉♠❛ s❡çã♦ tr❛♥s✈❡rs❛❧ ❞❡ ❳✳

❚❡♦r❡♠❛ ✶✳✸✾ ✭❋❧✉①♦ ❚✉❜✉❧❛r✮✳ ❙❡❥❛ p ✉♠ ♣♦♥t♦ ♥ã♦ s✐♥❣✉❧❛r ❞❡ ✉♠ ❝❛♠♣♦
X : U ⊂ Rn → Rn ❞❡ ❝❧❛ss❡ Cr, r ≥ 1 ❡ f : A → Σ ✉♠❛ s❡çã♦ tr❛♥s✈❡rs❛❧ ❧♦❝❛❧
❞❡ ❳ ❞❡ ❝❧❛ss❡ Cr ❝♦♠ f(0) = p✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ p ❡♠ U ❡
✉♠ ❞✐❢❡♦♠♦r✜s♠♦ h : (−ǫ, ǫ)× B → V ❞❡ ❝❧❛ss❡ Cr✱ ♦♥❞❡ ǫ > 0 ❡ B é ✉♠❛ ❜♦❧❛
❡♠ Rn−1 ❞❡ ❝❡♥tr♦ ♥❛ ♦r✐❣❡♠ t❛❧ q✉❡ h é ✉♠❛ Cr✲❝♦♥❥✉❣❛çã♦ ❡♥tr❡ ♦ ❝❛♠♣♦ X|V
❡ ♦ ❝❛♠♣♦ ❝♦♥st❛♥t❡ Y : (−ǫ, ǫ)× B → Rn ❞❛❞♦ ♣♦r Y ≡ (1, 0, . . . , 0) ∈ Rn✳
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❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ϕ : G→ U ♦ ✢✉①♦ ❞♦ ❝❛♠♣♦ ❳✱ ♦♥❞❡ G = {(t, x) ∈ R×U}✳
❙❡❥❛

F : GA = {(t, u) : (t, f(u)) ∈ G} → U

GA ⊂ R × A✱ ❞❡✜♥✐❞❛ ♣♦r F (t, u) = ϕ(t, f(u))✳ ❋ ❛♣❧✐❝❛ ❧✐♥❤❛s ♣❛r❛❧❡❧❛s
❡♠ ❝✉r✈❛s ✐♥t❡❣r❛✐s ❞❡ ❳✳ ▼♦str❡♠♦s q✉❡ ❋ é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❧♦❝❛❧ ❡♠
0 = (0, 0) ∈ R × Rn−1✳ P❡❧♦ t❡♦r❡♠❛ ❞❛ ❛♣❧✐❝❛çã♦ ✐♥✈❡rs❛ ✶✳✸✼✱ é s✉✜❝✐❡♥t❡
♠♦str❛r q✉❡ DF (0) é ✉♠ ✐s♦♠♦r✜s♠♦✳

❉❡ ❢❛t♦✱

D1F (0) = D1ϕ(0, f(0)) =
d

dt
ϕ(t, f(0)|t=0 = X(ϕ(0, p)) = X(p)

❊ ♠❛✐s✱ D2F (t, u) = D2ϕ(t, f(u)) ❡ ϕ(0, f(u)) = f(u) ♣❛r❛ t♦❞♦ u ∈ A✳ ▲♦❣♦✱

D2F (0, u) = D2ϕ(0, f(u)) = D1f(u)⇒ D2F (0) = D1f(0)

Pr♦ss❡❣✉✐♥❞♦ ❛ss✐♠ ♦❜t❡♠♦s✱

DjF (0) = Dj−1f(0), j = 2, . . . , n.

P♦rt❛♥t♦ ♦s ✈❡t♦r❡s DjF (0), j = 1, . . . , n ❣❡r❛♠ ♦ Rn ❡ ❞❛í detDF (0) 6= 0✱
♦✉ s❡❥❛✱ DF (0) é ✉♠ ✐s♦♠♦r✜s♠♦✳ ❆♣❧✐❝❛♥❞♦ ✶✳✸✼ ❡①✐st❡♠ ǫ > 0 ❡ ✉♠❛ ❜♦❧❛
B ∈ Rn−1 ❝♦♠ ❝❡♥tr♦ ♥❛ ♦r✐❣❡♠ t❛✐s q✉❡ h := F |((−ǫ,ǫ)×B) é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦
s♦❜r❡ ♦ ❛❜❡rt♦ V := F ((−ǫ, ǫ)× B)✳

❋✐♥❛❧♠❡♥t❡✱ ♠♦str❡♠♦s q✉❡ ❤ é ❛ Cr−❝♦♥❥✉❣❛çã♦ ❡♥tr❡ ♦s ❝❛♠♣♦s ❨ ❡ X|V ✳
❙❡❥❛♠ ψ(t, x) = x + (t, 0, . . . , 0) ♦ ✢✉①♦ ❞❡ ❨✱ x = (t0, u0) ∈ (−ǫ, ǫ) × B ❡
t ∈ (−ǫ− t0, ǫ− t0)✳ ❆ss✐♠✱ ♣❛r❛ ♦ ♣❛r (t, x) ✈❛❧❡✿

h(ψ(t, x)) = ϕ(t, h(x))⇔ ϕ(−t, h(ψ(t, x))) = h(x)

♦✉ s✐♥t❡t✐❝❛♠❡♥t❡✱ ϕ−t ◦ h ◦ ψt(x) = h(x)✳ ❈♦♠ ✐ss♦✱ t❡♠♦s✿

ϕ−t ◦ h ◦ ψt(x) = ϕ−t ◦ h ◦ ψt(t0, u0)
= ϕ−t ◦ h ◦ ψ(t+ t0, u0)

= ϕ−t ◦ ϕ(t+ t0, f(u0))

= ϕ(t0, f(u0))

= h(t0, u0)

= h(x).

❖ t❡♦r❡♠❛ ❞♦ ✢✉①♦ t✉❜✉❧❛r ❞❡s❝r❡✈❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❧♦❝❛❧ ❞❛s ór❜✐t❛s ♥❛
✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ♣♦♥t♦ r❡❣✉❧❛r✳ ❈♦♠ ✐ss♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♠♦❞❡❧♦ ❧♦❝❛❧ ♣❛r❛
♣♦♥t♦s ♥ã♦ s✐♥❣✉❧❛r❡s q✉❡ sã♦ ❛s ór❜✐t❛s r❡t❛s ♣❡r❝♦rr✐❞❛s ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ❞❡
t❡♠♣♦ 1✳ ✭❱❡r ✜❣✉r❛ ✶✳✺✮✳
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❈❛♣ít✉❧♦ ✷

❍✐♣❡r❜♦❧✐❝✐❞❛❞❡

✷✳✶ Pr❡❧✐♠✐♥❛r❡s

❉❡✜♥✐çã♦ ✷✳✶✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ ♦ ❝♦r♣♦ K✳ ❯♠❛ ♥♦r♠❛ ❡♠ E
é ✉♠❛ ❛♣❧✐❝❛çã♦ ‖ · ‖: E → [0,+∞) q✉❡ s❛t✐s❢❛③

✶✳ ✭◆✉❧✐❞❛❞❡✮ ‖ x ‖= 0⇔ x = 0

✷✳ ✭❍♦♠♦❣❡♥❡✐❞❛❞❡✮ ‖ λx ‖= |λ| ‖ x ‖

✸✳ ✭❉❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✮ ‖ x+ y ‖≤‖ x ‖ + ‖ y ‖

♣❛r❛ q✉❛✐sq✉❡r ✈❡t♦r❡s x, y ∈ E ❡ ❡s❝❛❧❛r λ ∈ K✳

❯♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ E ♠✉♥✐❞♦ ❞❡ ✉♠❛ ♥♦r♠❛ ‖ · ‖✳

❯♠❛ s❡q✉ê♥❝✐❛ (xn)n∈N ❞❡ ✈❡t♦r❡s ❡♠ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ E é ❞❡ ❈❛✉❝❤② s❡
♣❛r❛ t♦❞♦ ǫ > 0 ❞❛❞♦✱ ❡①✐st❡ ✉♠ n0 ∈ N t❛❧ q✉❡ ‖ xm − xn ‖< ǫ, ∀ m,n > n0✳

❉❡✜♥✐çã♦ ✷✳✷✳ ❯♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ E é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ s❡ t♦❞❛
s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❢♦r ❝♦♥✈❡r❣❡♥t❡✳

❊①❡♠♣❧♦ ✷✳✸✳ ❖s ❡s♣❛ç♦s ♥♦r♠❛❞♦s Rn✱ ❝♦♠ ❛ ♥♦r♠❛

‖ x ‖=
(

n∑

i=1

| xi |2
)1/2

♦♥❞❡ x = (x1, . . . , xn)✱ sã♦ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱ ♣♦✐s t♦❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠
Rn ❝♦♥✈❡r❣❡✳

❉❡✜♥✐çã♦ ✷✳✹✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❝♦♠♣❧❡①♦ ❡ s❡❥❛ A : E → E ✉♠
♦♣❡r❛❞♦r ❧✐♥❡❛r✳ ❖ ❡s♣❡❝tr♦ ❞❡ A é ♦ ❝♦♥❥✉♥t♦

sp(A) := {λ ∈ C : (λI − A) ♥ã♦ é ✐♥✈❡rtí✈❡❧}.

✶✽
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❊①❡♠♣❧♦ ✷✳✺✳ ❙❡❥❛ A : R2 → R2 ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❞❛❞♦ ♣♦r

A(x, y) =

[
3 1
0 1/2

] [
x
y

]

❚❡♠♦s q✉❡ ♦ sp(A) = {3, 1/2}✱ ♥❡st❡ ❝❛s♦✱ ❝❛❞❛ ❛✉t♦✈❛❧♦r ❞❡ ❆✳

❉❡✜♥✐çã♦ ✷✳✻✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✳ ❯♠❛ ❛♣❧✐❝❛çã♦ F : E → E é ✉♠❛
❝♦♥tr❛çã♦ s❡ ❡①✐st❡ 0 ≤ λ < 1 t❛❧ q✉❡

‖ F (x)− F (y) ‖≤ λ ‖ x− y ‖, ∀x, y ∈ E.

❚❡♦r❡♠❛ ✷✳✼ ✭P♦♥t♦ ✜①♦ ♣❛r❛ ❝♦♥tr❛çã♦✮✳ ❙❡❥❛♠ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤
❢❡❝❤❛❞♦ ❡ F : E → E ✉♠❛ ❝♦♥tr❛çã♦✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ✜①♦ p ∈ E✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ x ∈ E ❡ xn = F n(x), ∀n ∈ N✳ ❈♦♠♦ F é ✉♠❛ ❝♦♥tr❛çã♦✱
❡♥tã♦ ♣❛r❛ 0 ≤ λ < 1 t❡♠♦s q✉❡

‖ F (x)− F (y) ‖≤ λ ‖ x− y ‖, ∀x, y ∈ E.

▼♦str❡♠♦s q✉❡ xn é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤②✱ ♣❛r❛ t❛❧✱ ✈❡r✐✜q✉❡♠♦s ♣♦r ✐♥❞✉çã♦
q✉❡

‖ xn+1 − xn ‖≤ λn ‖ x1 − x0 ‖, ∀n ∈ N.

❆ss✐♠✱ ♣❛r❛ n = 1 t❡♠♦s

‖ xn+1 − xn ‖=‖ F (xn)− F (xn−1) ‖≤ λ ‖ xn − xn−1 ‖ .

❙✉♣♦♥❤❛♠♦s ❛ ❢ór♠✉❧❛ ✈á❧✐❞❛ ♣❛r❛ ✉♠ ❝❡rt♦ n ∈ N✳ P❛r❛ n + 1✱ ❞❛ ú❧t✐♠❛
❞❡s✐❣✉❛❧❞❛❞❡✱ t❡♠♦s✿

‖ xn+2−xn+1 ‖≤ λ ‖ xn+1−xn ‖ ≤︸︷︷︸
❤✐♣✳ ✐♥❞✉çã♦

λ ·λn ‖ x1−x0 ‖= λn+1 ‖ x1−x0 ‖ .

Pr♦✈❛♥❞♦ ❛ ✐♥❞✉çã♦✳

❉❛❞♦s m > n✱ t❡♠♦s ♣♦rt❛♥t♦

‖ xm−xn ‖≤ (λn+. . .+λm)· ‖ x1−x0 ‖≤
(

+∞∑

j=n

λj

)
· ‖ x1−x0 ‖=

λn

1− λ ‖ F (x)−x ‖ .

▲♦❣♦✱ xn é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤②✳ ❊①✐st❡ ♣♦rt❛♥t♦✱ p = lim xn ❡ p ∈ E✱ ♣♦rq✉❡
E é ❢❡❝❤❛❞♦✳ ❆ss✐♠✱

F (p) = F ( lim
n→+∞

xn) = lim
n→+∞

F (xn) = lim
n→+∞

xn+1 = p.

◆♦t❛♠♦s q✉❡ ❛ s❡❣✉♥❞❛ ✐❣✉❛❧❞❛❞❡ s❡ ❞á ♣♦✐s t♦❞♦ ❝♦♥tr❛çã♦ é ❝♦♥tí♥✉❛✱ ❡ ❛ ú❧t✐♠❛
♣♦✐s ❡♠ ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ t♦❞❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡ ♣❛r❛ ♦ ♠❡s♠♦
❧✐♠✐t❡✳ ❙❡ t✐✈❡r♠♦s ❛✐♥❞❛ F (q) = q✱ ❝♦♠ q ∈ E ❡♥tã♦

‖ q − p ‖=‖ F (q)− F (p) ‖≤ λ ‖ q − p ‖⇒ (1− λ) ‖ q − p ‖≤ 0.
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❈♦♠♦ 1− λ > 0 t❡♠♦s ‖ q − p ‖= 0 ❡ ❛ss✐♠ q = p✳ P♦rt❛♥t♦✱ ♦ ♣♦♥t♦ ✜①♦ ❞❡ F
é ú♥✐❝♦✳

◆♦ q✉❡ s❡❣✉❡ L(E) é ♦ ❡s♣❛ç♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s L : E → E✱ ❡ L(E)
é ✉♠❛ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❝♦♠ ♥♦r♠❛ ❞❛❞❛ ♣♦r

‖ L ‖= sup
v 6=0

‖ Lv ‖
‖ v ‖ .

▲❡♠❛ ✷✳✽ ✭P❡rt✉❜❛çã♦ ❞♦ ✐s♦♠♦r✜s♠♦✮✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ L ∈
L(E)✱ s❛t✐s❢❛③❡♥❞♦ ‖ L ‖≤ a < 1 ❡ G ∈ L(E) ✐s♦♠♦r✜s♠♦ ❝♦♠ ‖ G−1 ‖≤ a < 1
❡♥tã♦✿

✶✳ (I + L) é ✉♠ ✐s♦♠♦r✜s♠♦ ❝♦♠ ‖ (I + L)−1 ‖≤ 1

(1− a) ✳

✷✳ (I +G) é ✉♠ ✐s♦♠♦r✜s♠♦ ❝♦♠ ‖ (I +G)−1 ‖≤ a

(1− a) ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ y ∈ E ✜①❛❞♦✳ ❉❡✜♥❛ u : E → E ♣♦r✿

u(x) = y − L(x).

❉❡ss❛ ❢♦r♠❛ t❡♠✲s❡ q✉❡✿

‖ u(x1)− u(x2) ‖=‖ L(x1)− L(x2) ‖≤‖ x1 − x2 ‖

♣r♦✈❛♥❞♦ q✉❡ u é ✉♠❛ ❝♦♥tr❛çã♦✳ ❈♦♠♦ E é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ♣❡❧♦ t❡♦r❡♠❛
✷✳✼✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ z ∈ E t❛❧ q✉❡ u(z) = z✱ ♦✉ s❡❥❛✱ y − L(z) = z✱ ♦ q✉❡
✐♠♣❧✐❝❛ q✉❡ y = (I + L)(z)✱ ♣r♦✈❛♥❞♦ q✉❡ (I + L) é s♦❜r❡❥❡t✐✈♦✳ ❆❧é♠ ❞✐ss♦✱
(I + L)(x1) = (I + L)(x2) ⇒ x1 + L(x1) = x2 + L(x2) ⇒ x1 − x2 = L(x1 − x2)✱
❧♦❣♦ x1 = x2✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ ‖ L ‖≥ 1✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❉❡ss❛ ❢♦r♠❛ (I+L)
é ✉♠ ✐s♦♠♦r✜s♠♦✳ ❙❡❥❛♠ y ∈ E ❝♦♠ ‖ y ‖= 1 ❡ x ∈ E t❛❧ q✉❡ x = (I + L)−1(y)✳
❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ (I + L)✱ s❡❣✉❡ q✉❡ x+ L(x) = y ❡ r❡❛❣r✉♣❛♥❞♦✱ x = y − L(x)✳
P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ❡ ♦ ❢❛t♦ ❞❡ q✉❡ ‖ L ‖≤ a < 1 t❡♠♦s

‖ x ‖ ≤ 1 + a ‖ x ‖

‖ x ‖ ≤ 1

1− a
‖ (I + L)−1 ‖ ≤ 1

(1− a)

❞❡♠♦♥str❛♥❞♦ ♦ ✐t❡♠ ✶✳

❆❣♦r❛✱ (I + G) = G(I + G−1)✳ ❈♦♠♦ ‖ G−1 ‖≤ a < 1 s❡❣✉❡ ❞♦ ✐t❡♠ ✶
q✉❡ (I + G−1) é ✐♥✈❡rsí✈❡❧✳ ❙❡♥❞♦ G ✐s♦♠♦r✜s♠♦✱ (I + G) t❛♠❜é♠ ♦ é✳ ❉❛í✱
(I +G)−1 = (I +G−1)−1G−1✱ ❛ss✐♠

‖ (I +G)−1 ‖≤‖ (I +G−1)−1 ‖ · ‖ G−1 ‖≤ a

1− a
❞❡♠♦♥str❛♥❞♦ ♦ ít❡♠ ✷✳
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▲❡♠❛ ✷✳✾ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧✮✳ ❙❡❥❛♠ α ≥ 0 ✉♠❛ ❝♦♥st❛♥t❡✱ u, v : I → R

❞✉❛s ❢✉♥çõ❡s ♣♦s✐t✐✈❛s ❝♦♥tí♥✉❛s t❛✐s q✉❡

u(t) ≤ α +

∫ t

t0

u(s)v(s), ∀t ∈ I.

❊♥tã♦ ✈❛❧❡
u(t) ≤ α · e

∫ t
t0
v(s)ds

.

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ α = 0, u ≡ 0✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r♦ s✉♣♦♥❤❛♠♦s α > 0✳ ❈♦♥s✐❞❡r❡ φ : I → R ❞❛❞❛ ♣♦r
φ(t) = α +

∫ t
t0
u(s)v(s)ds. P❡❧♦ t❡♦r❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ❝á❧❝✉❧♦✱

dφ

dt
= u(t) · v(t).

▼❛s ♣♦r ❤✐♣ót❡s❡ t❡♠♦s q✉❡ u(t) ≤ φ(t)✳ ❆ss✐♠✱

dφ

dt
= u(t) · v(t) ≤ φ(t) · v(t).

❙❡♥❞♦ α > 0 ❡ u, v ≥ 0✱ s❡❣✉❡✲s❡ q✉❡ φ é ❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈❛✳ ❈♦♠ ✐ss♦✱
♣♦❞❡♠♦s ❡s❝r❡✈❡r✿

1

φ(t)
· dφ(t)

dt
≤ v(t) ⇒ d(lnφ(t))

dt
≤ v(t) ⇒

∫ t
t0

d(lnφ(t))

dt
ds ≤

∫ t
t0
v(s)ds ⇒

ln

(
φ(t)

φ(t0)

)
≤
∫ t
t0
v(s)ds⇒ φ(t) ≤ φ(t0) · e

∫ t
t0
v(s)ds

.

❈♦♠♦ φ(t0) = α ❡ u(t) ≤ φ(t)✳ ❙❡❣✉❡✲s❡ q✉❡

u(t) ≤ α · e
∫ t
t0
v(s)ds

.

❆❣♦r❛✱ ♣❛r❛ α = 0✳ ❈♦♥s✐❞❡r❡♠♦s α = ǫ > 0 ♥♦ ❝❛s♦ ❥á ♣r♦✈❛❞♦ ❡ t♦♠❡♠♦s ♦
❧✐♠✐t❡ q✉❛♥❞♦ ǫ→ 0✳ ❈♦♠ ✐ss♦ ♦❜t❡♠♦s q✉❡

u(t) ≡ 0, ∀t ∈ I.

❆ s❡❣✉✐r ✈❡r❡♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ♣♦♥t♦ ✜①♦ ❤✐♣❡r❜ó❧✐❝♦ ♣❛r❛ s✐st❡♠❛s ❞✐♥â♠✐❝♦s
❞✐s❝r❡t♦s✳

❉❡✜♥✐çã♦ ✷✳✶✵✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳ ❯♠ ■s♦♠♦r✜s♠♦ ▲✐♥❡❛r A ∈
L(E) é ❞✐t♦ ❤✐♣❡r❜ó❧✐❝♦ s❡ ♦ ❡s♣❡❝tr♦ ❞❡ A ♥ã♦ ✐♥t❡rs❡❝t❛ ❛ ❡s❢❡r❛ S1✳ ❙❡ E t❡♠
❞✐♠❡♥sã♦ ✜♥✐t❛ ✐st♦ é ♦ ♠❡s♠♦ q✉❡ ❞✐③❡r q✉❡ ♥❡♥❤✉♠ ❛✉t♦✈❛❧♦r ❞❡ A t❡♠ ♥♦r♠❛
✐❣✉❛❧ ❛ ✶✳

❉❡✜♥✐çã♦ ✷✳✶✶✳ ❉❛❞♦ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ f : U ⊂ E → E ❞❡ ❝❧❛ss❡ Cr✱ ✉♠
♣♦♥t♦ ✜①♦ p ∈ U é ❞✐t♦ ❤✐♣❡r❜ó❧✐❝♦ s❡ Df(p) é ✉♠ ✐s♦♠♦r✜s♠♦ ❤✐♣❡r❜ó❧✐❝♦✳



✷✷ ✷✳✶✳ P❘❊▲■▼■◆❆❘❊❙

❊①❡♠♣❧♦ ✷✳✶✷✳ ❙❡❥❛ L : R2 → R2 ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❞❛❞♦ ♣♦r

L(u) =

[
2 0
0 1/2

]
u,

✐st♦ é✱ s❡ u =

[
x
y

]
✱ ❡♥tã♦

L

[
x
y

]
=

[
2x
1

2
y

]
.

❖❜s❡r✈❡ q✉❡ ❛ ♠❛tr✐③ r❡♣r❡s❡♥t❛çã♦ ❞❡ L t❡♠ ❛✉t♦✈❛❧♦r❡s 2 ❡
1

2
✱ ❧♦❣♦ L é ✉♠

✐s♦♠♦r✜s♠♦ ❤✐♣❡r❜ó❧✐❝♦✳ ❆❧é♠ ❞✐ss♦✱ (0, 0) é ♦ ú♥✐❝♦ ♣♦♥t♦ ✜①♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ L✱

❥á q✉❡ L

[
x
y

]
=

[
2x
1

2
y

]
=

[
x
y

]
⇔ x = 0 ❡ y = 0✳ ◆♦t❡ q✉❡✱

L(x, 0) = (2x, 0) = 2(x, 0)

L(0, y) = (0,
1

2
y) =

1

2
(0, y)

♦s ♣♦♥t♦s ❞♦ ❡✐①♦ ① s❡ ❛❢❛st❛♠ ❞❛ ♦r✐❣❡♠ s♦❜ ✐t❡r❛çã♦ ❞❡ L✳ ❊ ♦s ♣♦♥t♦s ❞♦ ❡✐①♦
② ❝♦♥✈❡r❣❡♠ ♣❛r❛ ✵ s♦❜ ✐t❡r❛çã♦ ❞❡ L✳

◆♦ ❝❛s♦ ❡♠ q✉❡ E = R✱ ♦ ♣♦♥t♦ ✜①♦ p ∈ U ✱ ❞♦ ❞✐❢❡♦♠♦r✜s♠♦ f : U ⊂ R→ R

❞❡ ❝❧❛ss❡ Cr✱ é ❤✐♣❡r❜ó❧✐❝♦ s❡ ‖ Df(x) ‖= |f ′(p)| 6= 1✳ ❈♦♠ ✐ss♦✱ s❡ |f ′(p)| < 1✱
❡♥tã♦ p é ❝❤❛♠❛❞♦ ♣♦♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ❛tr❛t♦r ♦✉ ♣♦ç♦✳ ❙❡ |f ′(p)| > 1✱ ❡♥tã♦ p é
❝❤❛♠❛❞♦ ♣♦♥t♦ ❤✐♣❡r❜ó❧✐❝♦ r❡♣✉❧s♦r ♦✉ ❢♦♥t❡✳

❊①❡♠♣❧♦ ✷✳✶✸✳ ❙❡❥❛ f : R→ R ❞❛❞❛ ♣♦r f(x) =
1

2
(x3 + x)✳ ❖s ♣♦♥t♦s ✜①♦s ❞❡

f sã♦ 0✱ 1 ❡ −1✳ ❈❛❧❝✉❧❛♥❞♦ s✉❛ ❞❡r✐✈❛❞❛ ♦❜t❡♠♦s f ′(x) =
1

2
(3x2 + 1)✳ ❆ss✐♠✱

| f ′(0) |= 1

2
< 1❀ | f ′(1)) |= 2 > 1❀ | f ′(−1) |= 2 > 1✳ ❈♦♠ ✐ss♦✱ 0 é ♣♦♥t♦

❤✐♣❡r❜ó❧✐❝♦ ❛tr❛t♦r✱ 1 ❡ −1 sã♦ ♣♦♥t♦s ❤✐♣❡r❜ó❧✐❝♦s r❡♣✉❧s♦r❡s✳

P❛r❛ s✐st❡♠❛s ❞✐♥â♠✐❝♦ ❝♦♥tí♥✉♦s t❡♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡
❤✐♣❡r❜ó❧✐❝❛✳

❉❡✜♥✐çã♦ ✷✳✶✹✳ ❙❡❥❛ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X : M → TM ❞❡ ❝❧❛ss❡ Cr✱ ✉♠❛
s✐♥❣✉❧❛r✐❞❛❞❡ p ∈ M é ❤✐♣❡r❜ó❧✐❝❛ s❡ t♦❞♦s ❛✉t♦✈❛❧♦r❡s ❞❡ s✉❛ ♣❛rt❡ ❧✐♥❡❛r
DX(p) tê♠ ♣❛rt❡ r❡❛❧ ♥ã♦ ♥✉❧❛✳

❉❡✜♥✐çã♦ ✷✳✶✺✳ ❯♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❤✐♣❡r❜ó❧✐❝❛ p ∈ M é ❝❤❛♠❛❞❛ ❞❡ ❢♦♥t❡ ♦✉
♣♦ç♦ s❡ DX(p) ♣♦ss✉✐✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦s ❛✉t♦✈❛❧♦r❡s t♦❞♦s ♣♦s✐t✐✈♦s ♦✉ t♦❞♦s
♥❡❣❛t✐✈♦s✳ ❈❛s♦ ❝♦♥trár✐♦✱ p é ✉♠❛ s❡❧❛ ❤✐♣❡r❜ó❧✐❝❛✳

❊①❡♠♣❧♦ ✷✳✶✻✳ ❙❡❥❛ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X : R2 → R2 ❞❡ ❝❧❛ss❡ Cr✱ ❞❛❞♦ ♣♦r
X(x, y) = (x,−y)✳ ❈❧❛r❛♠❡♥t❡✱ (0, 0) é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ X✳ ❚❡♠♦s q✉❡

DX(0, 0) =

[
1 0
0 −1

]



✷✸ ✷✳✷✳ ❚❊❖❘❊▼❆ ❉❊ ●❘❖❇▼❆◆✲❍❆❘❚▼❆◆

❝♦♠♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ (0, 0) sã♦ 1 ❡ −1✱ ❧♦❣♦ (0, 0) é ✉♠❛ s❡❧❛ ❤✐♣❡r❜ó❧✐❝❛✳

✷✳✷ ❚❡♦r❡♠❛ ❞❡ ●r♦❜♠❛♥✲❍❛rt♠❛♥

❙❡ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ A : E → E ✉♠ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r ❤✐♣❡r❜ó❧✐❝♦✱
❡①✐st❡♠ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ E = Es ⊕ Eu ✐♥✈❛r✐❛♥t❡ ♣♦r A ❡ ✉♠❛ ♥♦r♠❛ ❡♠ E
s❡❣✉♥❞♦ ❛ q✉❛❧✱ ♣❛r❛ a ≥ 0✱

‖ As ‖≤ a < 1, ♦♥❞❡ As := A|Es → Es.

‖ (Au)−1 ‖≤ a < 1, ♦♥❞❡ Au := A|Eu → Eu.

❙❡❥❛ C0
b (E) ♦ ❡s♣❛ç♦ ❞❛s ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s ❡ ❧✐♠✐t❛❞❛s ❞❡ E ❡♠ E ❝♦♠ ♥♦r♠❛

✉♥✐❢♦r♠❡
|v| := sup{|v(x)|, x ∈ E}, ∀v ∈ C0

b (E)

❝♦♠♦ E = Es ⊕ Eu✱ t❡♠♦s ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ s♦♠❛ ❞✐r❡t❛

C0
b (E) := C0

b (E,E
s)⊕ C0

b (E,E
u), ❝♦♠ v = vs ⊕ vu, ∀v ∈ C0

b (E)

♦♥❞❡ vs := πs ◦ v ❡ vu := πu ◦ v✱ s❡♥❞♦ πs : Es ⊕ Eu → Es ❡ πu : Es ⊕ Eu → Eu

❛s ♣r♦❥❡çõ❡s ♥❛t✉r❛✐s✳

▲❡♠❛ ✷✳✶✼✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ A : E → E ✉♠ ✐s♦♠♦r✜s♠♦ ❧✐♥❡❛r
❤✐♣❡r❜ó❧✐❝♦✱ ❡♥tã♦ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡ s❡ φ1 ❡ φ2 ∈ C0

b (E) tê♠ ❝♦♥st❛♥t❡s ❞❡
▲✐♣s❝❤✐t③ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ ǫ✱ ❡♥tã♦ (A+ φ1) ❡ (A+ φ2) sã♦ ❝♦♥❥✉❣❛❞♦s✳

❉❡♠♦♥str❛çã♦✳ Pr❡❝✐s❛♠♦s ♠♦str❛r q✉❡ ❡①✐st❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h : E → E
t❛❧ q✉❡

h ◦ (A+ φ1) = (A+ φ2) ◦ h.

❙✉♣♦♥❤❛♠♦s h = I +w✱ ❝♦♠ w ∈ C0
b (E)✱ ✐st♦ é✱ h ❡stá ❛ ✉♠❛ ❞✐stâ♥❝✐❛ ✜♥✐t❛

❞❛ ✐❞❡♥t✐❞❛❞❡✳ ❆ss✐♠✱ s❡❣✉❡ q✉❡

(I + w) ◦ (A+ φ1) = (A+ φ2) ◦ (I + w)⇔

A+ φ1 + w ◦ (A+ φ1) = A+ A ◦ w + φ2 ◦ (I + w).

❋❛③❡♥❞♦ ♦ ❝❛♥❝❡❧❛♠❡♥t♦ ❞❡ ❆ ❡ r❡❛❣r✉♣❛♥❞♦ ♦s t❡r♠♦s t❡♠♦s q✉❡✿

A ◦ w − w ◦ (A+ φ1) = φ1 − φ2 ◦ (I + w). ✭✷✳✶✮

▼♦str❡♠♦s q✉❡ w ∈ C0
b (E) s❛t✐s❢❛③❡♥❞♦ ❛ ❡q✉❛çã♦ ✷✳✶ é ú♥✐❝♦✳

❈♦♥s✐❞❡r❡ ♦ ♦♣❡r❛❞♦r L̂ ❞❡✜♥✐❞♦ ❡♠ C0
b (E) ❞❛❞♦ ♣♦r

L̂(y) := A ◦ y − y(A+ φ1).

❙❡❥❛♠ L : C0
b (E) → C0

b (E) ❞❛❞♦ ♣♦r L(y) := y − A−1 ◦ y ◦ (A + φ1) ❡
Â : C0

b (E)→ C0
b (E) ❞❛❞❛ ♣♦r Â(y) = A ◦ y✳ ❆ss✐♠✱ L̂ = Â ◦ L✳
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❙❡ ♣r♦✈❛r♠♦s q✉❡ Â ❡ L ♣♦ss✉❡♠ ✐♥✈❡rs❛✱ t❡r❡♠♦s q✉❡ L̂ é ✐♥✈❡rsí✈❡❧✳ ❙❡❥❛
α ∈ C0

b (E) t❡♠♦s q✉❡ Â(A−1(α)) = α ❛ss✐♠ Â é s♦❜r❡❥❡t✐✈❛✳ ❆❧é♠ ❞✐ss♦✱ s❡
α, β ∈ C0

b (E) ❝♦♠ Â(α) = Â(β) s❡❣✉❡ q✉❡ A(α) = A(β) ❡ ❝♦♠♦ A é ✐♥❥❡t✐✈♦✱
t❡♠♦s q✉❡ α = β✳ ▲♦❣♦✱ Â s❡♥❞♦ ❜✐❥❡çã♦ é ✐♥✈❡rtí✈❡❧✳

❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡ C0
b (E,E

s) ❡ C0
b (E,E

u) sã♦ ✐♥✈❛r✐❛♥t❡s ♣♦r L✱ ♣♦✐s✱ ❝♦♠♦ A
é ✐s♦♠♦r✜s♠♦ q✉❡ t❡♠ Es ❡ Eu ❝♦♠♦ s✉❜❡s♣❛ç♦s ❞❡ E ✐♥✈❛r✐❛♥t❡s✱ s❡❣✉❡ q✉❡ ❡st❡s
s✉❜❡s♣❛ç♦s sã♦ ✐♥✈❛r✐❛♥t❡s ♣♦r A−1✳ ❈♦♠ ✐ss♦✱ L(ys) = ys − A−1 ◦ ys ◦ (A+ φ1)✱
ys ∈ C0

b (E,E
s)✱ s❡❣✉❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ys◦(A+φ1) t♦♠❛ ✈❛❧♦r❡s ❡♠ Es ❡ ♣♦rt❛♥t♦✱

L(ys) ∈ C0
b (E,E

s)✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ L(yu) ∈ C0
b (E,E

u)✳

❉❛í✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r L = Ls + Lu✱ ♦♥❞❡

Ls := L|C0
b (E,E

s), L
s : C0

b (E,E
s)→ C0

b (E,E
s)

Lu := L|C0
b (E,E

u), L
u : C0

b (E,E
u)→ C0

b (E,E
u).

❙❡ ǫ ❢♦r s✉✜❝✐❡♥t❡ ♣❡q✉❡♥♦✱ ♦ ▲❡♠❛ ✷✳✽ ❣❛r❛♥t❡ q✉❡ (A + φ1) é ✉♠
❤♦♠❡♦♠♦r✜s♠♦✳ ❉❡✜♥✐♥❞♦ ♦ ♦♣❡r❛❞♦r G : C0

b (E,E
s)→ C0

b (E,E
s) ♣♦r

G(ys) = A−1 ◦ ys ◦ (A+ φ1)

G é ✐♥✈❡rsí✈❡❧✱ ♣♦rq✉❡ é ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ❛♣❧✐❝❛çõ❡s ✐♥✈❡rsí✈❡✐s✱ ❝♦♠ ✐♥✈❡rs❛

G−1(ys) = As ◦ ys ◦ (A+ φ1)
−1

G−1 é ✉♠❛ ❝♦♥tr❛çã♦ ❝♦♠ ♥♦r♠❛ ❧✐♠✐t❛❞❛ ♣♦r a < 1✳ ❉❡ ❢❛t♦✱ ❥á q✉❡
‖ G−1 ‖≤‖ As ‖ · ‖ (A + φ1)

−1 ‖✱ ❡s❝r❡✈❡♥❞♦ x = xs + xu✱ s❡ xu 6= 0 t♦♠❛♥❞♦ ǫ
s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ s❡ ✈❡r✐✜❝❛ q✉❡ G−1 é ✉♠❛ ❝♦♥tr❛çã♦✱ ❡ s❡ xu = 0 s❡❣✉❡
q✉❡ A(x) = As(x) ❡ ❝♦♠♦ φ1 t❡♠ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③ q✉❡ ♣♦❞❡ s❡r r❡❞✉③✐❞❛
♦ q✉❛♥t♦ ❢♦r ♥❡❝❡ssár✐♦✱ (A+ φ1) sã♦ ♣ró①✐♠♦ ❞❡ A q✉❛♥t♦ ❢♦r ♥❡❝❡ssá✐♦✳ ❏á q✉❡
‖ As ‖ ❡ ‖ (Au)−1 ‖ t❡♠ ♥♦r♠❛ ❧✐♠✐t❛❞❛ ♣♦r λ < 1✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

P❡❧♦ ▲❡♠❛ ✷✳✽ t❡♠♦s q✉❡ Ls é ✐♥✈❡rsí✈❡❧ ❡ ‖ (Ls)−1 ‖≤ a

1− a ❛ss✐♠ ❝♦♠♦ Lu

é ✐♥✈❡rsí✈❡❧ ❡ ‖ (Lu)−1 ‖≤ 1

1− a.

P♦rt❛♥t♦✱ L̂ é ✐♥✈❡rsí✈❡❧ ❝♦♠ ♥♦r♠❛

‖ L̂−1 ‖=‖ L−1 · Â−1 ‖≤ ‖ A
−1 ‖

1− a .

❉❡ss❛ ❢♦r♠❛ ❛ ❡q✉❛çã♦ ✷✳✶ é ❡q✉✐✈❛❧❡♥t❡ ❛

w = L̂−1(φ1 − φ2 ◦ (I + w)). ✭✷✳✷✮

▼❛s w s❛st✐s❢❛rá ❛ ❡q✉❛çã♦ ✷✳✷ s❡ ❡ só s❡ ❢♦r ♣♦♥t♦ ✜①♦ ❞♦ ♦♣❡r❛❞♦r
T : C0

b (E)→ C0
b (E)✱ ❞❛❞♦ ♣♦r

T (y) := L̂−1(φ1 − φ2 ◦ (I + y)).
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❉❛❞♦s y1✱ y2 ∈ C0
b (E)✱ t❡♠♦s

‖ T (y1)− T (y2) ‖ =‖ L̂−1(φ1)− L̂−1(φ2 ◦ (I + y1))− L̂−1(φ1) + L̂−1(φ2 ◦ (I + y2)) ‖
=‖ L̂−1(φ2 ◦ (I + y1))− L̂−1(φ2 ◦ (I + y2)) ‖
≤‖ L̂−1 ‖ ·|φ2 ◦ (I + y1)− φ2 ◦ (I + y2)|

≤ ‖ A
−1 ‖

1− a · ǫ · |y1 − y2|.

❆ss✐♠ ♣❛r❛ ǫ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ T é ✉♠❛ ❝♦♥tr❛çã♦ ❡ ❡①✐st❡ ✉♠ ú♥✐❝♦
♣♦♥t♦ ✜①♦✱ w q✉❡ s❛t✐s❢❛③ ✷✳✷✱ ❧♦❣♦

(I + w) ◦ (A+ φ1) = (A+ φ2) ◦ (I + w).

❙ó r❡st❛ ♠♦str❛r q✉❡ (I + w) é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳ P❛r❛ t❛❧✱ s❡❣✉✐♥❞♦ ♦
r❛❝✐♦❝í♥✐♦ ❛❝✐♠❛ ❡ ♣❡r♠✉t❛♥❞♦ φ1 ❝♦♠ φ2✱ ♦❜t❡♠♦s ✉♠ ú♥✐❝♦ v ∈ C0

b (E) t❛❧ q✉❡

(I + v) ◦ (A+ φ2) = (A+ φ1) ◦ (I + v).

■st♦ ♣♦st♦✱ (I + v) é ❛ ✐♥✈❡rs❛ ❞❡ (I + w)✳ ❉❡ ❢❛t♦✱

(I+w)◦(I+v)◦(A+φ2) = (I+w)◦(A+φ1)◦(I+v) = (A+φ2)◦(I+w)◦(I+v).

❚❡♠♦s ❡♥tã♦ q✉❡ (I + w) ◦ (I + v) s❡♠✐❝♦♥❥✉❣❛ (A + φ2) ❝♦♥s✐❣♦ ♠❡s♠♦✳ ❊
(I + w) ◦ (I + v) ❡stá ❛ ✉♠❛ ❞✐stâ♥❝✐❛ ✜♥✐t❛ ❞❛ ✐❞❡♥t✐❞❛❞❡

(I + w) ◦ (I + v) = I + v + w ◦ (I + v)

v+w◦ (I+v) ∈ C0
b (E)✳ ❏á q✉❡ ❛ ✐❞❡♥t✐❞❛❞❡ I t❛♠❜é♠ s❡♠✐❝♦♥❥✉❣❛ (A+φ2) ❝♦♠

❡❧❡ ♠❡s♠♦✱ ❞❛ ✉♥✐❝✐❞❛❞❡ ❞❛ ❝♦♥str✉çã♦ ❞❡ v✱ s❡❣✉❡✲s❡ q✉❡ I = (I + w) ◦ (I + v)✳
❆♥❛❧♦❣❛♠❡♥t❡✱ (I + w) ◦ (I + v) s❡♠✐❝♦♥❥✉❣❛ (A + φ1) ❝♦♠ ❡❧❡ ♣ró♣r✐♦✳ ❉❡ss❛
❢♦r♠❛✱

(I + w) ◦ (I + v) = (I + v) ◦ (I + w) = I.

❖ q✉❡ ✐♠♣❧✐❝❛ q✉❡ h = (I + w) é ❤♦♠❡♦♠♦r✜s♠♦ ❝♦♥❥✉❣❛♥❞♦ (A + φ1) ❡
(A+ φ2)✳ ❈♦♠♣❧❡t❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

❚❡♦r❡♠❛ ✷✳✶✽ ✭●r♦❜♠❛♥✲❍❛rt♠❛♥ ♣❛r❛ ❞✐❢❡♦♠♦r✜s♠♦s✮✳ ❙❡❥❛♠ f : M → M
✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❝❧❛ss❡ Cr ❡ p ∈ M ✉♠ ♣♦♥t♦ ✜①♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ❢✳ ❙❡❥❛
A = Dfp : TpM → TpM ✳ ❊♥tã♦ ❡①✐st❡♠ ✈✐③✐♥❤❛♥ç❛s V ❞❡ p ❡♠ M ❡ U ❞❡ 0 ❡♠
TpM ❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h : U → V t❛✐s q✉❡

h ◦ A = f ◦ h.

❉❡♠♦♥str❛çã♦✳ ❚r❛t❛♥❞♦✲s❡ ❞❡ r❡s✉❧t❛❞♦ ❧♦❝❛❧✱ ♣♦❞❡♠♦s✱ s❡♠ ♣❡r❞❛ ❞❡
❣❡♥❡r❛❧✐❞❛❞❡ ❡ ✉s❛♥❞♦ ❝❛rt❛s ❧♦❝❛✐s✱ s✉♣♦r f ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡✜♥✐❞♦ ❞❡ ✉♠❛
✈✐③✐♥❤❛♥ç❛ W ❞❡ p ♣❛r❛ ♦✉tr❛ N ❞❡ ③❡r♦ ❡♠ E = TpM ✱ ❝♦♠ f(0) = 0✳ ❙❡❥❛
ǫ0 > 0 t❛❧ q✉❡ (A+φ) é ❝♦♥❥✉❣❛❞♦ ❛ A ❡♠ E✱ ♣❛r❛ t♦❞♦ φ ❧✐♠✐t❛❞♦ ❝♦♠ ❝♦♥st❛♥t❡
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❞❡ ▲✐♣s❝❤✐t③ ❧✐♠✐t❛❞❛ ♣♦r ǫ0✱ ❝♦♥❢♦r♠❡ ▲❡♠❛ ✷✳✶✼✳ P❛r❛ ❡st❡ ǫ0 t♦♠❡♠♦s ✉♠❛
✈✐③✐♥❤❛♥ç❛ Br ⊂ W ∩ N t❛❧ q✉❡ (A + φ)|Br/2

= f |Br/2
✱ (A + φ)|Br

C = A✱ φ
é ❧✐♠✐t❛❞❛ ❡ t❡♠ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ ǫ0✳ P❡❧♦ ▲❡♠❛ ✷✳✶✼✱
❡①✐st❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h : E → E ❛ ✉♠❛ ❞✐stâ♥❝✐❛ ✜♥✐t❛ ❞❛ ✐❞❡♥t✐❞❛❞❡ t❛❧
q✉❡

h ◦ A = (A+ φ) ◦ h.

❈♦♠♦ A é ✐s♦♠♦r✜s♠♦ ❤✐♣❡r❜ó❧✐❝♦ ❡ ③❡r♦ s❡✉ ú♥✐❝♦ ♣♦♥t♦ ✜①♦ ✭♥ã♦ ♣♦ss✉✐♥❞♦
♦✉tr♦✱ ♣♦✐s ❡st❡ s❡r✐❛ ✉♠ ❛✉t♦✈❡t♦r ❞♦ ❛✉t♦✈❛❧♦r ✶✮✱ ♣❡❧❛ ❝♦♥❥✉❣❛çã♦ ✐♠♣❧✐❝❛ q✉❡
(A+ φ) ♣♦ss✉✐ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ✜①♦✳ ❙❡ p é ♣♦♥t♦ ✜①♦ ❞❡ (A+ φ) t❡♠♦s

h ◦ A(h−1(p)) = (A+ φ) ◦ h(h−1(p))⇒
h ◦ A ◦ h−1(p) = (A+ φ)(p) = p⇒

A ◦ h−1(p) = h−1(p)

♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ h−1(p) é ♣♦♥t♦ ✜①♦ ❞❡ A✱ ❧♦❣♦✱ ③❡r♦✳ ❆ss✐♠✱ (A+ φ)(0) = 0✱
❞❛í h(0) = 0✳

❆❣♦r❛✱ r❡str✐❣✉✐♥❞♦ h ❛ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ③❡r♦ U ⊂ Br/2 t❛❧ q✉❡
V := h(U) ⊂ W ✳ ❚❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ x ∈ U ∩ A−1(U) ✈❛❧❡

h ◦ A(x) = f ◦ h(x).

❈♦r♦❧ár✐♦ ✷✳✶✾✳ ❙❡❥❛ p ✉♠ ♣♦♥t♦ ✜①♦ ❤✐♣❡r❜ó❧✐❝♦ ♣❛r❛ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦
f :M →M ❞❡ ❝❧❛ss❡ Cr✳ ❊①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ p t❛❧ q✉❡ s❡ fn(x) ∈ U ✱
♣❛r❛ t♦❞♦ n ∈ Z✱ ❡♥tã♦ x = p✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦s ♣♦♥t♦s ✜①♦s ❤✐♣❡r❜ó❧✐❝♦s ❞❡ f
sã♦ ✐s♦❧❛❞♦s✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ t❡♦r❡♠❛ ❞❡ ●r♦❜♠❛♥✲❍❛rt♠❛♥ ✭✷✳✶✽✮ ❡①✐st❡♠ ✈✐③✐♥❤❛♥ç❛s
U ❡♠ t♦r♥♦ ❞❡ p✱ V ❡♠ t♦r♥♦ ❞❡ 0 ❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h : U → V ✱ ❝♦♠
A◦h = h◦f ✳ ❈♦♠♦ A é ✉♠ ✐s♦♠♦r✜s♠♦ ❤✐♣❡r❜ó❧✐❝♦✱ ❡♥tã♦ ♦ ú♥✐❝♦ ♣♦♥t♦ ✜①♦ é ♦
0✱ ❛ss✐♠✱ ♣❛r❛ t♦❞❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ 0✱ q✉❛❧q✉❡r ♣♦♥t♦ ❞✐❢❡r❡♥t❡ ❞❛ ♦r✐❣❡♠✱ ♦✉ ❡❧❡ ♥♦
♣❛ss❛❞♦ (n < 0) ❡st❛✈❛ ❢♦r❛ ❞❡ t❛❧ ✈✐③✐♥❤❛♥ç❛✱ ♦✉ ❡❧❡ ♥♦ ❢✉t✉r♦ (n > 0)✱ ❡st❛rá ❢♦r❛
❞❛ ♠❡s♠❛✳ ❉❛í✱ s❡ fn(x) ∈ U ✱ ∀n ∈ Z✱ ❡♥tã♦ h(fn(x)) = An(h(x)) ∈ V ✱ ∀n ∈ Z✳
P❡❧♦ ❛r❣✉♠❡♥t♦ ❛❝✐♠❛✱ h(x) = 0 ❡ ❛❧é♠ ❞✐ss♦✱ ❝♦♠♦ A(h(p)) = h(f(p)) = h(p)✱
❡♥tã♦ h(p) = 0✱ ❝♦♠ ✐ss♦✱ ❥á q✉❡ h é ❤♦♠❡♦♠♦r✜s♠♦ ❧♦❣♦ x = p✳

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ x ∈ U é ♦✉tr♦ ♣♦♥t♦ ✜①♦ ❤✐♣❡r❜ó❧✐❝♦ ✭fn(x) = x ∈ U, ∀n ∈
Z✮✱ ❧♦❣♦ x = p✳

❆❣♦r❛ ♣❛r❛ ❡♥✉♥❝✐❛r ❡ ❞❡♠♦♥str❛r ♦ t❡♦r❡♠❛ ❞❡ ●r♦❜♠❛♥✲❍❛rt♠❛♥ ♣❛r❛
❝❛♠♣♦s ♣r❡❝✐s❛♠♦s ❞♦ s❡❣✉✐♥t❡ ❧❡♠❛✳

▲❡♠❛ ✷✳✷✵✳ ❙❡❥❛ X : V ⊂ Rm → Rm ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❡ ❝❧❛ss❡ Cr✱(r ≥ 1)
❝♦♠ X(0) = 0✳ ❙❡❥❛ L = DX0✳ ❉❛❞♦s ǫ > 0 ❡ K > 0✱ ❡①✐st❡ ✉♠ ❝❛♠♣♦
Y : Rm → Rm ❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿
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✶✳ ❖ ❝❛♠♣♦ Y t❡♠ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③ ❧✐♠✐t❛❞❛ ♣♦r K ❡✱ ♣♦rt❛♥t♦✱ ♦ ✢✉①♦
✐♥❞✉③✐❞♦ ♣♦r Y ❡stá ❞❡✜♥✐❞♦ ❡♠ R× Rm❀

✷✳ Y = L ❢♦r❛ ❞❡ ✉♠❛ ❜♦❧❛ B(0, r)❀

✸✳ ❊①✐st❡ ✉♠ ❛❜❡rt♦ U ⊂ V ❝♦♥t❡♥❞♦ ③❡r♦ t❛❧ q✉❡ Y = X ❡♠ U ❀

✹✳ ❊s❝r❡✈❡♥❞♦ Yt = Lt+φt✱ ❡①✐st❡ N > 0 t❛❧ q✉❡ |φt| ≤ N ♣❛r❛ t♦❞♦ t ∈ [−2, 2]
❡ φ1 t❡♠ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ ǫ✳

❉❡♠♦♥str❛çã♦✳ ❱✐st♦ q✉❡ L = (DX)0✱ t❡♠♦s q✉❡ X = L+ ψ✱ ♦♥❞❡ ψ : V → Rm

é Cr t❛❧ q✉❡ ψ(0) = 0 ❡ Dψ0 = 0✳ ❙❡❥❛ β : R → R ✉♠❛ ❢✉♥çã♦ C∞ t❛❧ q✉❡
β(R) ⊂ [0, 1]✱ ❝♦♠

β(t) =

{
1, se t ≤ r

2
0, se t ≥ r

❙❡❥❛ Ψ : Rm → Rm ❞❡✜♥✐❞❛ ♣♦r

Ψ(x) =

{
β(|x|) · ψ(x), se x ∈ V
0, se x ∈ Rm \ V

❉❛❞♦ δ > 0✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r r > 0 ❞❡ t❛❧ ❢♦r♠❛ q✉❡ Ψ s❡❥❛ ❞❡ ❝❧❛ss❡ Cr

❡ s❡❥❛ δ−▲✐♣s❝❤✐t③✳ ❉❛í✱ ❞❛ ❞❡✜♥✐çã♦ ❞❡ Ψ✱ Ψ = ψ ❡♠ B
(
0,
r

2

)
❡ Ψ ≡ 0 ❢♦r❛

B(0, r)✳ ❙❡❥❛ Y : Rm → Rm ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❡✜♥❛❞❛ ♣♦r Y = L+Ψ✳ ❉❛í✱

Y =

{
X, em B

(
0,
r

2

)

L, fora de B(0, r)

s❛t✐s❢❛③❡♥❞♦ ✶✳ ❆❣♦r❛✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧ ✭▲❡♠❛
✷✳✾✮✱ t❡♠♦s q✉❡

|Yt(x)− Yt(y)| ≤ eK|t| · |x− y| ≤︸︷︷︸
|t|≤2

e2K · |x− y|.

❙❡❥❛ φt := Yt − Lt✱ ❡♥tã♦

φt(x)− φt(y) = [Yt(x)− Yt(y)] + [Lt(x)− Lt(y)]

=

∫ t

0

[Ψ(Ys(x))−Ψ(Ys(y))]ds+

∫ t

0

L(φs(x)− φs(y))ds⇒

|φt(x)− φt(y)| ≤ δ · e2K · |x− y| · 2 +
∣∣∣∣
∫ t

0

L(φs(x)− φs(y))ds
∣∣∣∣

≤ δ · e2K · |x− y| · 2︸ ︷︷ ︸
:=α

+

∫ t

0

‖ L ‖︸ ︷︷ ︸
:=v(s)

· |φs(x)− φs(y)|︸ ︷︷ ︸
:=u(s)

ds.

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧ ✭✷✳✾✮✱ ♦❜t❡♠♦s

|φt(x)− φt(y)| ≤ δ · e2K · |x− y| · 2 · e‖L‖·
∫ t
0 ds ≤ δ · e2K · |x− y| · 2 · e‖L‖·2.
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❚♦♠❛♥❞♦ Ψ ❞❡ ♠♦❞♦ q✉❡ s✉❛ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③ δ > 0 s❡❥❛ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛
ǫ

e2K · 2 · e‖L‖·2 ✳ ❖ q✉❡ ✐♠♣❧✐❝❛✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ q✉❡ φ1 t❡♠ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③

♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ ǫ✳ ❋✐♥❛❧♠❡♥t❡✱ |φt|✱ ❝♦♠ t ∈ [−2, 2] é ❧✐♠✐t❛❞❛ s❡ x ∈ B(0, r)

|φt(x)| = |φt(x)− φt(0)| ≤ ǫ · r

s❡ x /∈ B(0, r)

|φt(x)| = |φt(x)−φt(0)| =
∣∣∣∣
∫ t

0

[Ψ(Ys(x))−Ψ(Ys(0))]ds+

∫ t

0

L(φs(x)− φs(0))ds
∣∣∣∣ ≤

✭◆♦t❡ q✉❡ Ψ(Ys(x)) = 0✱ s❡ Ys(x) /∈ B(0, r)✮

∫ t

0

ǫ · rds+
∣∣∣∣
∫ t

0

L(φs(x)− φs(0))ds
∣∣∣∣ ≤ 2 · ǫ · r+ ‖ L ‖ ·

∫ t

0

|φs(x)− φs(0)|ds

♦ q✉❡ ✐♠♣❧✐❝❛ ♥♦✈❛♠❡♥t❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧ ✭✷✳✾✮ q✉❡ ❡①✐st❡ N > 0
t❛❧ q✉❡

|φt(x)| ≤ N, ∀x ∈ Rm e ∀t ∈ [−2, 2].

❙❛❜❡♠♦s q✉❡ ♣♦❞❡♠♦s r❡❧❛❝✐♦♥❛r ❝❛♠♣♦ ❝♦♠ ❞✐❢❡♦♠♦r✜s♠♦✱ ♦ s❡❣✉✐♥t❡ ❧❡♠❛
é ✉♠ ❡①❡♠♣❧♦ ❞❡ss❛ r❡❧❛çã♦ ❡♥✈♦❧✈❡♥❞♦ s✐♥❣✉❧❛r✐❞❛❞❡ ❤✐♣❡r❜ó❧✐❝❛ ❡ ♣♦♥t♦ ✜①♦
❤✐♣❡r❜ó❧✐❝♦✳

▲❡♠❛ ✷✳✷✶✳ ❙❡❥❛ X : U ⊂ Rm → Rm ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s✱ ❡ ϕt ♦ s❡✉
✢✉①♦✳ ❊♥tã♦ p é s✐♥❣✉❧❛r✐❞❛❞❡ ❤✐♣❡r❜ó❧✐❝❛ ❞❡ X ⇔ p é ♣♦♥t♦ ✜①♦ ❤✐♣❡r❜ó❧✐❝♦
❞♦ ❞✐❢❡♦♠♦r✜s♠♦ f = ϕ1✱ t❡♠♣♦ ✶ ❞❡ X✳

❉❡♠♦♥str❛çã♦✳ (⇒) ❙❡ p é s✐♥❣✉❧❛r✐❞❛❞❡ ❤✐♣❡r❜ó❧✐❝❛ ❞❡ X✱ t❡♠♦s q✉❡ ϕ(t, p) = p✱
∀t ∈ R✱ ❡♠ ♣❛rt✐❝✉❧❛r ♣❛r❛ t = 1✱ ❛ss✐♠ f = ϕ1 t❡♠ p ❝♦♠♦ ♣♦♥t♦ ✜①♦✳
❉❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ r❡❧❛çã♦ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✱ t❡♠♦s q✉❡ ∂xϕ
é s♦❧✉çã♦ ❞❡ Ż = DX(p) · Z;Z0 = I✳ P♦rt❛♥t♦✱ ∂xϕ(t, p) = et·DX(p)✱ ♦ q✉❡ ♥♦s ❞á

Dfp = ∂xϕ(1, p) = eDX(p)

❝♦♠ ✐ss♦ ♦ ❡s♣❡❝tr♦ sp(Dfp) = esp(DX(p))✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ |λ| 6= 1, ∀λ ∈ sp(Dfp)✱
✐st♦ é✱ p é ♣♦♥t♦ ✜①♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ f ✳

(⇐) ❙❡ p é ♣♦♥t♦ ✜①♦ ❤✐♣❡r❜ó❧✐❝♦ ❞♦ t❡♠♣♦ ✶ ❞❡ X✱ ❡♥tã♦ ♣❡❧♦ ❝♦r♦❧ár✐♦
✷✳✶✾ ❞♦ t❡♦r❡♠❛ ❞❡ ●r♦❜♠❛♥✲❍❛rt♠❛♥ ♣❛r❛ ❞✐❢❡♦♠♦r✜s♠♦✱ p é ✐s♦❧❛❞♦✳ ❚❡♠♦s
q✉❡ p ♥ã♦ ♣♦❞❡ ♣❡rt❡♥❝❡r ❛ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦✱ ♦s ♣♦♥t♦s
❞❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ s❡r✐❛♠ ♣♦♥t♦s ✜①♦s ❞❡ f ❡ ❛ss✐♠ p ♥ã♦ s❡r✐❛ ✐s♦❧❛❞♦✳ ▲♦❣♦✱
❝♦♠♦ ϕ(n, p) = p, ∀n ∈ N ❡ ϕ(·, p) ♥ã♦ é ♣❡r✐ó❞✐❝❛ r❡❣✉❧❛r✱ s❡❣✉❡✲s❡ ❡♥tã♦ q✉❡
ϕ(t, p) = p, ∀t ∈ R ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ p é ✉♠❛ s✐❣✉❧❛r✐❞❛❞❡ ❞❡ X✳

❆❣♦r❛✱ ❞❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ r❡❧❛çã♦ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✱ t❡♠♦s
q✉❡ ∂xϕ é s♦❧✉çã♦ ❞❡ Ż = DX(p) · Z;Z0 = I✳ P♦rt❛♥t♦✱ ∂xϕ(t, p) = et·DX(p)✱ ♦
q✉❡ ♥♦s ❞á

Dfp = ∂xϕ(1, p) = eDX(p)
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❝♦♠ ✐ss♦ ♦ ❡s♣❡❝tr♦ sp(Dfp) = esp(DX(p))✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ |λ| 6= 1, ∀λ ∈
sp(Dfp)✳ ❆ss✐♠ ♦s ❡❧❡♠❡♥t♦s ❞❡ sp(DX(p)) tê♠ ♣❛rt❡ r❡❛❧ ♥ã♦ ♥✉❧❛✱ ♦✉ s❡❥❛✱
p é s✐♥❣✉❧❛r✐❞❛❞❡ ❤✐♣❡r❜ó❧✐❝❛✳

❚❡♦r❡♠❛ ✷✳✷✷ ✭●r♦❜♠❛♥✲❍❛rt♠❛♥ ♣❛r❛ ❝❛♠♣♦s✮✳ ❙❡❥❛♠ p ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡
❤✐♣❡r❜ó❧✐❝❛ ❞❡ ✉♠ ❝❛♠♣♦ X : V ⊂ Rm → Rm ❞❡ ❝❧❛ss❡ Cr, r ≥ 1 ❡ L = DXp✳
❊♥tã♦ X é ❧♦❝❛❧♠❡♥t❡ t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞♦ ✭✈✐❛ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❤✮ ❛
L✱ ❡♠ ✈✐③✐♥❤❛♥ç❛s ❞❡ ♣ ❡ ③❡r♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ Y : Rm → Rm ✉♠ ❝❛♠♣♦ Cr ❝♦♠♦ ♥♦ ▲❡♠❛ ✷✳✷✵✳ ❏á q✉❡
Y = X ❡♠ U ✱ ✈✐③✐♥❤❛♥ç❛ ❞❡ ③❡r♦✱ t❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ ❝♦♥❥✉❣❛
❧♦❝❛❧♠❡♥t❡ Y ❡ X ❡♠ U ✳ ❯♠❛ ✈❡③ q✉❡ ❛ ❝♦♥❥✉❣❛çã♦ é tr❛♥s✐t✐✈❛✱ só ♥♦s r❡st❛
♠♦str❛r q✉❡ ♦s ✢✉①♦s Yt ❡ Lt✱ ❞♦s ❝❛♠♣♦s Y ❡ L r❡s♣❡❝t✐✈❛♠❡♥t❡✱ sã♦ ❝♦♥❥✉❣❛❞♦s✱
∀t ∈ R✳ ❈♦♠♦ DY0 = L✱ ❞❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ r❡❧❛çã♦ às ❝♦♥❞✐çõ❡s
✐♥✐❝✐❛✐s✱ t❡♠♦s q✉❡ ❛ ❞❡r✐✈❛❞❛ (DY1)0 ❞♦ ❞✐❢❡♦♠♦r✜s♠♦ Y1 ♥❛ ♦r✐❣❡♠ é eL = L1✳

❉❡ ❢❛t♦✱ ❡s❝r❡✈❡♥❞♦ ϕ(t, x) = Yt(x)✱ t❡♠♦s q✉❡ DYt(x) =
∂ϕ(t, x)

∂x
é s♦❧✉çã♦ ❞❡

{
Ż = DY (ϕ(t, x)) · Z
Z(0) = Im ← ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ m×m

P♦r s❡r x = 0 ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ϕ(t, 0) = 0✱ ❡ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ s❡ r❡❡s❝r❡✈❡
{
Ż = DY (0) · Z = L · Z
Z(0) = Im

✐♠♣❧✐❝❛♥❞♦ q✉❡ DYt(0) = et·L ❡♥tã♦ ♣❛r❛ t = 1 DY1(0) = eL = L1✳

▲♦❣♦✱ ♦ ❞✐❢❡♦♠♦r✜s♠♦ Y1 = L1+φ1 t❡♠ ❛ ♦r✐❣❡♠ ❝♦♠♦ ♣♦♥t♦ ✜①♦ ❤✐♣❡r❜ó❧✐❝♦
❡ φ1 ❝♦♠♦ ♦ r❡st♦ ❞❡ s✉❛ ❞❡r✐✈❛❞❛ (L1) ♥❛ ♦r✐❣❡♠✳ P❡❧♦ ▲❡♠❛ ✷✳✶✼✱ ❡①✐st❡ ✉♠
ú♥✐❝♦ ❤♦♠❡♦♠♦r✜s♠♦ h : Rm → Rm ❛ ✉♠❛ ❞✐stâ♥❝✐❛ ✜♥✐t❛ ❞❛ ✐❞❡♥t✐❞❛❞❡ q✉❡
s❛t✐s❢❛③ h ◦ Y1 = L1 ◦ h✳ ▼♦str❛♠♦s q✉❡ ❡st❡ h t❛♠❜é♠ s❛t✐s❢❛③ h ◦ Yt(x) =
Lt ◦ h(x), ∀t ∈ R, ∀x ∈ Rm✱ ♦✉ s❡❥❛✱ Y é t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞♦ ❛ L✳

❈♦♥s✐❞❡r❡ H : Rm → Rm ❞❛❞♦ ♣♦r

H(x) :=

∫ 1

0

L−t ◦ h ◦ Yt(x)dt.

H é ❝♦♥tí♥✉❛ ❡ ❞❛ ❝♦♥❞✐çã♦ (4) ❞♦ ▲❡♠❛ ✷✳✷✵✱ t❡♠♦s q✉❡ H ❡stá ❛ ✉♠❛ ❞✐stâ♥❝✐❛
✜♥✐t❛ ❞❛ ✐❞❡♥t✐❞❛❞❡✳

❆❣♦r❛✱ ∀s ∈ R ✈❛❧❡
H ◦ Ys = Ls ◦H.

❈♦♠ ❡❢❡✐t♦✱ s❡ t✐✈❡r♠♦s H ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ✈❛❧❡✱ ∀s ∈ [0, 1]✱
♣♦✐s ❞❛❞♦ q ∈ R+ ♣♦❞❡♠♦s ❡s❝r❡✈❡r q = n+ s✱ ❝♦♠ n ∈ N ❡ s ∈ [0, 1]✳ ❉❛í✱

H ◦ Yq = H ◦ Y1 ◦ Y1 ◦ . . . ◦ Y1︸ ︷︷ ︸
n−vezes

◦Ys =
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L1 ◦H ◦ Y1 ◦ Y1 ◦ . . . ◦ Y1︸ ︷︷ ︸
(n−1)−vezes

◦Ys = Ln+s ◦H = Lq ◦H.

❙❡ q < 0 ❡ H ✐♥✈❡rsí✈❡❧✱ ❡♥tã♦

H ◦ Yq = (Y−q ◦H−1)−1 = (H−1 ◦ L−q)
−1 = Lq ◦H.

❙❡❥❛ s ∈ [0, 1]✳ ❚❡♠♦s

L−s ◦H ◦ Ys = L−s ◦
(∫ 1

0

L−t ◦ h ◦ Yt dt
)
◦ Ys =

∫ 1

0

L−s ◦ L−t ◦ h ◦ Yt ◦ Ys dt =
∫ 1

0

L−(s+t) ◦ h ◦ Yt+s dt.

t♦♠❛♥❞♦ u = t+ s− 1✱ t❡♠♦s q✉❡

∫ 1

0

L−(s+t) ◦ h ◦ Yt+s dt =
∫ s

−1+s

L−(u+1) ◦ h ◦ Yu+1 du =

∫ 0

−1+s

L−(u+1) ◦ h ◦ Yu+1 du+

∫ s

0

L−(u+1) ◦ h ◦ Yu+1 du.

❋❛③❡♥❞♦ v = u+ 1 ♥❛ ♣r✐♠❡✐r❛ ♣❛r❝❡❧❛

L−s ◦H ◦ Ys =
∫ 1

s

L−v ◦ h ◦ Yv dv +
∫ s

0

L−u ◦ (L−1 ◦ h ◦ Y1)︸ ︷︷ ︸
h

◦Yu du =

∫ 1

0

L−u ◦ h ◦ Yu du = H.

❚❡♠♦s ♣♦rt❛♥t♦✱ q✉❡ H é ❝♦♥tí♥✉❛ ❡ s❡♠✐❝♦♥❥✉❣❛ Y1 ❡ L1✳ ❆❧é♠ ❞✐ss♦✱ H ❡stá ❛
✉♠❛ ❞✐stâ♥❝✐❛ ✜♥✐t❛ ❞❛ ✐❞❡♥t✐❞❛❞❡✱ ❞❛❞♦ t ∈ [0, 1]✱

L−t ◦ h ◦ Yt = L−t ◦ (I + w) ◦ (Lt + φt)

= L−t ◦ I ◦ Lt + L−t ◦ I ◦ φt + L−t ◦ w ◦ Lt + L−t ◦ w ◦ φt
= I + L−t ◦ φt + L−t ◦ w ◦ Lt + L−t ◦ w ◦ φt.

❋❛③❡♥❞♦ w̃t = L−t ◦ φt + L−t ◦ w ◦ Lt + L−t ◦ w ◦ φt✳ ❊①✐st❡ Ñ > 0 t❛❧ q✉❡
|w̃t(x)| ≤ Ñ , ∀t ∈ [0, 1], ∀x ∈ Rm✳ ❆ss✐♠✱

H(x) :=

∫ 1

0

L−t ◦ h ◦ Yt dt =
∫ 1

0

I + w̃t dt =

∫ 1

0

w̃t dt

❝♦♠ |
∫ 1

0
w̃t(x) dt| ≤

∫ 1

0
Ñ dt = Ñ .

❉❛ ✉♥✐❝✐❞❛❞❡ ❞❛ t❡s❡ ❞♦ ▲❡♠❛ ✷✳✶✼✱ s❡❣✉❡✲s❡ q✉❡H = h✱ q✉❡ é ❤♦♠❡♦♠♦r✜s♠♦✳
■st♦ s✐❣♥✐✜❝❛ q✉❡ h ❝♦♥❥✉❣❛ Ys ❡ Ls✱ ∀s ∈ R✳

❊♠ s✉♠❛✱ ♦ t❡♦r❡♠❛ ❞❡ ●r♦❜♠❛♥✲❍❛rt♠❛♥ r❡❞✉③ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝❧❛ss✐✜❝❛r
❛s ❝♦♥❥✉❣❛çõ❡s ❧♦❝❛✐s ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ❡♠ t♦r♥♦ ❞❡ ♣♦♥t♦s ✜①♦s ❤✐♣❡r❜ó❧✐❝♦s
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❡ ❞❡ ❝❛♠♣♦s ❡♠ t♦r♥♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❤✐♣❡r❜ó❧✐❝❛s ❛♦ ❞❡ ❝❧❛ss✐✜❝❛r ❛s
❝♦♥❥✉❣❛çõ❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❡ ✐s♦♠♦r✜s♠♦s ❤✐♣❡r❜ó❧✐❝♦s ❡ ❞❡ ❝❛♠♣♦s ❧✐♥❡❛r❡s
❝♦♠ s✐♥❣✉❧❛r✐❞❛❞❡s ❤✐♣❡r❜ó❧✐❝❛s✳

✷✳✸ ❈♦♥❥✉♥t♦s ❍✐♣❡r❜ó❧✐❝♦s

❯t✐❧✐③❛r❡♠♦s ❛ ♥♦r♠❛ ❞❡ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r A✱ ❞❛❞❛ ♣♦r

‖ A ‖= sup
v 6=0

‖ Av ‖
‖ v ‖ .

❉❡✜♥✐çã♦ ✷✳✷✸✳ ❙❡❥❛ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❞✐s❝r❡t♦ (M,Z, f)✳ ❯♠ s✉❜❝♦♥❥✉♥t♦
❝♦♠♣❛❝t♦✱ ✐♥✈❛r✐❛♥t❡ ♣♦r f ✱ Λ ⊂ M é ❞✐t♦ ❍✐♣❡r❜ó❧✐❝♦ ♣❛r❛ f ✱ s❡ ❡①✐st❡♠
❝♦♥st❛♥t❡s k > 0✱ λ ∈ (0, 1) ❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉❜❡s♣❛ç♦s Es

x, E
u
x ⊂ TxM ✱ ♣❛r❛

❝❛❞❛ x ∈ Λ t❛✐s q✉❡

✶✳ TxM = Es
x ⊕ Eu

x

✷✳ ‖ Dfn(x) · v ‖≤ kλn ‖ v ‖, ∀v ∈ Es(x), ∀n > 0

✸✳ ‖ Df−n(x) · w ‖≤ kλn ‖ w ‖, ∀w ∈ Eu(x), ∀n > 0✳

Es é ❝❤❛♠❛❞♦ ❞❡ s✉❜❡s♣❛ç♦ ❊stá✈❡❧✱ ❣❡r❛❞♦ ♣❡❧♦s ❛✉t♦✈❡t♦r❡s ❛ss♦❝✐❛❞♦s ❛
❛✉t♦✈❛❧♦r❡s ❝♦♠ ♣❛rt❡ r❡❛❧ ♠❡♥♦r ❞♦ q✉❡ ③❡r♦✳

Eu é ❝❤❛♠❛❞♦ ❞❡ s✉❜❡s♣❛ç♦ ■♥stá✈❡❧✱ ❣❡r❛❞♦ ♣❡❧♦s ❛✉t♦✈❡t♦r❡s ❛ss♦❝✐❛❞♦s
❛ ❛✉t♦✈❛❧♦r❡s ❝♦♠ ♣❛rt❡ r❡❛❧ ♠❛✐♦r ❞♦ q✉❡ ③❡r♦✳

❉❡✜♥✐çã♦ ✷✳✷✹✳ ❙❡❥❛ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❝♦♥tí♥✉♦ (M,R, ϕ)✳ ❯♠ s✉❜❝♦♥❥✉♥t♦
❝♦♠♣❛❝t♦✱ ✐♥✈❛r✐❛♥t❡✱ Λ ⊂ M ✱ é ❞✐t♦ ❍✐♣❡r❜ó❧✐❝♦✱ s❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s k > 0✱
λ ∈ (0, 1) ❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❞❡ M s♦❜r❡ Λ t❛✐s q✉❡

✶✳ TΛM = Es
Λ ⊕ EX

Λ ⊕ Eu
Λ

✷✳ ‖ Dϕt(x) · v ‖≤ ke−λt ‖ v ‖, ∀v ∈ Es, ∀t ≥ 0, ∀x ∈ Λ

✸✳ ‖ Dϕ−t(x) · w ‖≤ ke−λt ‖ w ‖, ∀w ∈ Eu, ∀t ≥ 0, ∀x ∈ Λ.

❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♣❛r❛ ❞✐❢❡♦♠♦r✜s♠♦s✱ Es é ♦ s✉❜✜❜r❛❞♦ ❊stá✈❡❧✱
❞✐r❡çã♦ ❞❡ ❝♦♥tr❛çã♦ ♣❡❧♦ ✢✉①♦✱ Eu é ♦ s✉❜✜❜r❛❞♦ ■♥stá✈❡❧✱ ❞✐r❡çã♦ ❞❡ ❡①♣❛♥sã♦
♣❡❧♦ ✢✉①♦✳

EX é ♦ s✉❜❡s♣❛ç♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❣❡r❛❞♦ ♣❡❧♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ t❛♥❣❡♥t❡ ❛♦
✢✉①♦✳

❉❡✜♥✐çã♦ ✷✳✷✺✳ ❯♠❛ ór❜✐t❛ ❢❡❝❤❛❞❛ ❞♦ ❝❛♠♣♦ X é ✉♠❛ ór❜✐t❛ ❤✐♣❡r❜ó❧✐❝❛ s❡
❡st❛ é ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦✳

❉❡✜♥✐çã♦ ✷✳✷✻✳ ❯♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ H é ❞✐t♦ t✐♣♦ s❡❧❛ s❡ Es
x 6= 0 ❡ Eu

x 6= 0✱
♣❛r❛ t♦❞♦ x ∈ H✳
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✷✳✸✳✶ ❊①❡♠♣❧♦s ❚r✐✈✐❛✐s

❖s ❝♦♥❥✉♥t♦s Λ ❛ s❡❣✉✐r sã♦ ❤✐♣❡r❜ó❧✐❝♦s

✭❛✮ Λ = {p}✱ s❡♥❞♦ p ♣♦♥t♦ ✜①♦ ❤✐♣❡r❜ó❧✐❝♦✳

✭❜✮ Λ = {p1, . . . , pn} ♦♥❞❡ ❝❛❞❛ pi é ♣♦♥t♦ ✜①♦ ❤✐♣❡r❜ó❧✐❝♦✳

✭❝✮ Λ = ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❤✐♣❡r❜ó❧✐❝❛✳

✭❞✮ Λ = O(p1)∪ . . .∪O(pn)∪{q1, . . . , qn} ♦♥❞❡ ❝❛❞❛ O(pi) ❡ qi sã♦ ❤✐♣❡r❜ó❧✐❝♦s✳

✷✳✸✳✷ ❋❡rr❛❞✉r❛ ❞❡ ❙♠❛❧❡

❙❡❥❛ S ♦ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❝♦♥st✐t✉í❞♦ ♣♦r ✉♠ q✉❛❞r❛❞♦ Q = [0, 1] × [0, 1]

❡ ❞♦✐s s❡♠✐✲❞✐s❝♦s A ❡ B ❞❡ r❛✐♦
1

2
✳ ❈♦♥s✐❞❡r❡ Hj ♣❛r❛ j = 1, 2 ❞♦✐s r❡tâ♥❣✉❧♦s

❤♦r✐③♦♥t❛✐s ❞✐s❥✉♥t♦s

Hj = {(x, y) : 0 ≤ x ≤ 1, yj1 ≤ y ≤ yj2}

❝♦♠ 0 ≤ y11 < y12 < y21 < y22 ≤ 1✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ Vj ♣❛r❛ j = 1, 2 ❞♦✐s r❡tâ♥❣✉❧♦s
✈❡rt✐❝❛✐s ❞✐s❥✉♥t♦s

Vj = {(x, y) : xj1 ≤ x ≤ xj2, 0 ≤ y ≤ 1}

❝♦♠ 0 ≤ x11 < x12 < x21 < x22 ≤ 1✳ ✭❱❡r ✜❣✉r❛ ✷✳✶✮✳

❋✐❣✉r❛ ✷✳✶✿ ❋❡rr❛❞✉r❛ ❞❡ ❙♠❛❧❡✳

❆ ❢❡rr❛❞✉r❛ ❞❡ ❙♠❛❧❡ é ✉♠❛ ❛♣❧✐❝❛çã♦ h : S → S q✉❡ ✈❡r✐✜❝❛ ❛s s❡❣✉✐♥t❡s
❝♦♥❞✐çõ❡s✿

✶✳ ❆ ✐♠❛❣❡♠ h(S) ⊂ S t❡♠ ❛ ❢♦r♠❛ ❞❡ ✉♠❛ ❢❡rr❛❞✉r❛ q✉❡ é ♦❜t✐❞❛ ❛ ♣❛rt✐r

❞❛ ❝♦♥tr❛çã♦ ❤♦r✐③♦♥t❛❧ ♣♦r ✉♠ ❢❛t♦r λ <
1

2
✱ ❞❛ ❡①♣❛♥sã♦ ✈❡rt✐❝❛❧ ♣♦r ✉♠

❢❛t♦r µ > 2 ❡ ✉♠❛ ❞♦❜r❛ ❛♦ ♠❡✐♦✱ ❢❛③❡♥❞♦ h(S) ❛tr❛✈❡ss❛r S ❞✉❛s ✈❡③❡s✳
✭❱❡r ✜❣✉r❛✷✳✷✮✳
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❋✐❣✉r❛ ✷✳✷✿ ❋❡rr❛❞✉r❛ ❞❡ ❙♠❛❧❡✳

✷✳ ❊♠ ❝❛❞❛ ✉♠ ❞♦s r❡tâ♥❣✉❧♦s ❤♦r✐③♦♥t❛✐s H1 ❡ H2 ❞❡ Q ∩ h−1(Q) h é ❧✐♥❡❛r
❡ tr❛♥s❢♦r♠❛ H1 ❡ H2 ♥♦s r❡tâ♥❣✉❧♦s ✈❡rt✐❝❛✐s V1 ❡ V2 ❞❡ h(Q) ∩Q✳

✸✳ P♦r ❧✐♥❡❛r✐❞❛❞❡ ❞❡ h : Hi → Vi✱ i = 1, 2✱ h ♣r❡s❡r✈❛ s❡❣♠❡♥t♦s ❤♦r✐③♦♥t❛✐s ❡
✈❡rt✐❝❛✐s ❡♠ Q❀

✹✳ h|A : A→ A é ✉♠❛ ❝♦♥tr❛çã♦✱ ❡ ♣❡❧♦ t❡♦r❡♠❛ ❞♦ ♣♦♥t♦ ✜①♦ ♣❛r❛ ❝♦♥tr❛çõ❡s
✷✳✼✱ ♣♦ss✉✐ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ✜①♦✳

❖ ❝♦♥❥✉♥t♦ hn(Q)∩h−n(Q) ❞♦s ♣♦♥t♦s q✉❡ ♣❡r♠❛♥❡❝❡♠ ❡♠ Q ❛♣ós n ✐t❡r❛çõ❡s
❞❡ h ❡ h−1✱ é ❝♦♥st✐t✉í❞♦ ♣♦r 22n q✉❛❞r❛❞♦s✳ ◆❛ ✜❣✉r❛ ✷✳✸ r❡♣r❡s❡♥t❛✲s❡ ♦s
❝♦♥❥✉♥t♦s

⋂1
n=−1 h

n(Q) ❡
⋂2
n=−2 h

n(Q)✳

❋✐❣✉r❛ ✷✳✸✿ ■t❡r❛çõ❡s ❞❛ ❢❡rr❛❞✉r❛✿
⋂1
n=−1 h

n(Q) ❡
⋂2
n=−2 h

n(Q)✳

❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s q✉❡ ♣❡r♠❛♥❡❝❡♠ ❡♠ Q ♣❛r❛ t♦❞❛s ❛s ✐t❡r❛çõ❡s
❞❡ h é ❡♥tã♦

Λ =
⋂

n∈Z

hn(Q).

❙❡❥❛♠ p ∈ S ❡ v ∈ TpS✱ ❝♦♠ v = v1 + v2✳ ❆ss✐♠✱

Dh(p) · v1 = λv1 e Dh(p) · v2 = µv2.

P♦rt❛♥t♦✱ ❡①✐st❡ ✉♠❛ ❞✐r❡çã♦ ❝♦♥tr❛t♦r❛ ❡ ♦✉tr❛ ❡①♣❛♥s♦r❛✳ ❙❡♥❞♦ S ✐♥✈❛r✐❛♥t❡
♣♦r h✱ t❡♠♦s q✉❡ S é ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦✳
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✷✳✹ ❱❛r✐❡❞❛❞❡s ■♥✈❛r✐❛♥t❡s

❉❡✜♥✐çã♦ ✷✳✷✼✳ ❖s ❝♦♥❥✉♥t♦s

W ss(p) = {q ∈M : lim
t→∞
‖ ϕt(p)− ϕt(q) ‖= 0}

W uu(p) = {q ∈M : lim
t→−∞

‖ ϕt(p)− ϕt(q) ‖= 0}

sã♦ ❝❤❛♠❛❞♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❢♦rt❡ ❡ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧

❢♦rt❡ ❞♦ ♣♦♥t♦ p✳

❉❡✜♥✐çã♦ ✷✳✷✽✳ ❉❛❞♦ ǫ > 0✱ ❞❡✜♥✐♠♦s ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❧♦❝❛❧ ❡ ✈❛r✐❡❞❛❞❡

✐♥stá✈❡❧ ❧♦❝❛❧ ❞❡ t❛♠❛♥❤♦ ǫ ❞♦ ♣♦♥t♦ p ∈M ❝♦♠♦ ♦s ❝♦♥❥✉♥t♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱

W ss
ǫ (p) = {q ∈M :‖ ϕt(p)− ϕt(q) ‖≤ ǫ, ♣❛r❛ t♦❞♦ t ≥ 0}

W uu
ǫ (p) = {q ∈M :‖ ϕt(p)− ϕt(q) ‖≤ ǫ, ♣❛r❛ t♦❞♦ t ≤ 0}.

P♦rt❛♥t♦✱ ♦✉tr❛ ❢♦r♠❛ ❞❡ ♦❜t❡r ❛s ✈❛r✐❡❞❛❞❡s ❡stá✈❡✐s ❡ ✐♥stá✈❡✐s ❢♦rt❡s é ❛
s❡❣✉✐♥t❡✿

W ss(p) =
⋃

t≥0

ϕ−t(W
ss
ǫ (ϕt(p))

❡
W uu(p) =

⋃

t≥0

ϕt(W
uu
ǫ (ϕ−t(p)).

❚❡♦r❡♠❛ ✷✳✷✾ ✭❚❡♦r❡♠❛ ❞❛ ❱❛r✐❡❞❛❞❡ ❡stá✈❡❧ ♣❛r❛ ✢✉①♦s✮✳ ❙❡❥❛ Λ ✉♠ ❝♦♥❥✉♥t♦
✐♥✈❛r✐❛♥t❡ ❡ ❤✐♣❡r❜ó❧✐❝♦ ♣❛r❛ ✉♠ ✢✉①♦ ϕt : M → M ✳ ❊♥tã♦ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡
♣❛r❛ ❝❛❞❛ p ∈ Λ✱ ❡①✐st❡♠ ❞♦✐s ❞✐s❝♦s ♠❡r❣✉❧❤❛❞♦s W ss

ǫ (p) ❡ W uu
ǫ (p) ❡♠ M ♦s

q✉❛✐s sã♦ t❛♥❣❡♥t❡s ❛ Es
p ❡ Eu

p ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ r❡s✉❧t❛❞♦ é ❜❡♠ ❡①t❡♥s❛ ♣❛r❛ ✐♥❝❧✉✐r ♥❡st❡ tr❛❜❛❧❤♦✱ ♥♦
❡♥t❛♥t♦✱ ♣❛r❛ ♦ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦✱ ✉♠❛ ♣r♦✈❛ ❞❡t❛❧❤❛❞❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠
❬✶✵❪✱ ❬✶✷❪✱ ❬✷✼❪✳

❊st❡ t❡♦r❡♠❛ ♠♦str❛ q✉❡ s❡ p ♣❡rt❡♥❝❡ ❛ ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦✱ ❡♥tã♦
W ss(p) ❡ W uu(p) sã♦ s✉❜✈❛r✐❡❞❛❞❡s ♠❡r❣✉❧❤❛❞❛s ❡♠ M ❞❡ ❝❧❛ss❡ C1 ❡✱
❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦s ❝♦♥❥✉♥t♦s

W s(p) =
⋃

t∈T

W ss(ϕt(p))

W u(p) =
⋃

t∈T

W uu(ϕt(p))

❞❡♥♦♠✐♥❛❞♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❡ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ ❞♦ ♣♦♥t♦ p
sã♦ t❛♠❜é♠ s✉❜✈❛r✐❡❞❛❞❡s ♠❡r❣✉❧❤❛❞❛s ❡♠ M ✳

❖ ❚❡♦r❡♠❛ ❞❛ ❱❛r✐❡❞❛❞❡ ❊stá✈❡❧ ❛ss❡❣✉r❛ q✉❡ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦✱
♦ s✐st❡♠❛ ♥ã♦ ❧✐♥❡❛r ♣♦ss✉✐ ✈❛r✐❡❞❛❞❡s ❡stá✈❡✐s ❡ ✐♥st❛✈❡✐s✱ W s ❡ W u q✉❡ sã♦
t❛♥❣❡♥t❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛♦s s✉❜❡s♣❛ç♦s✱ Es ❡ Eu✱ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r✐③❛❞♦✳
❆❧é♠ ❞✐ss♦✱ W s ❡ W u t❡♠ ❛s ♠❡s♠❛s ❞✐♠❡♥sõ❡s ❞❡ Es ❡ Eu✳ ✭❱❡r ✜❣✉r❛ ✷✳✹✮✳
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❖❜s❡r✈❛çã♦ ✷✳✸✵✳ ❯♠ r❡s✉❧t❛❞♦ ❛♥á❧♦❣♦ é ✈á❧✐❞♦ ♣❛r❛ ❞✐❢❡♦♠♦r✜s♠♦✳

❋✐❣✉r❛ ✷✳✹✿ ❚❡♦r❡♠❛ ❞❡ ❱❛r✐❡❞❛❞❡ ❊stá✈❡❧✳

❆ ❋✐❣✉r❛ ✷✳✺ ♠♦str❛ ❛s ✈❛r✐❡❞❛❞❡s ❡stá✈❡❧ ❡ ✐♥stá✈❡❧ ❞♦ ♣♦♥t♦ p✳ ◆♦t❡ q✉❡
s❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ Es ❡ Eu tr❛♥s✈❡rs❛❧ ❡♥tã♦ W s(p) ❡ W u(p) t❛♠❜é♠ s❡rã♦
tr❛♥s✈❡rs❛✐s ❛♦ ❧♦♥❣♦ ❞❡ Xt(p)✳

❋✐❣✉r❛ ✷✳✺✿ ❱❛r✐❡❞❛❞❡s ❊stá✈❡❧ ❡ ■♥stá✈❡❧ ❞♦ ♣♦♥t♦ p✳



❈❛♣ít✉❧♦ ✸

❆tr❛t♦r ❞❡ ▲♦r❡♥③

✸✳✶ ■♥tr♦❞✉çã♦

❊♠ ✶✾✻✸✱ ♦ ♠❡t❡r❡♦❧♦❣✐st❛ ❞♦ ▼■❚✱ ❊❞✇❛r❞ ◆♦rt♦♥ ▲♦r❡♥③ ♣✉❜❧✐❝♦✉ ♦ ❛rt✐❣♦
✏❉❡t❡r♠✐♥✐st✐❝ ◆♦♥♣❡r✐♦❞✐❝ ✢♦✇✑ ❬✶✻❪✳ ◆❡ss❡ ❛rt✐❣♦ ✐♥tr♦❞✉③✐✉ ♦ s❡❣✉✐♥t❡ s✐st❡♠❛
♥ã♦ ❧✐♥❡❛r ❞❡ ❡q✉❛çõ❡s✿ ❙❡❥❛ X : R3 → R3 ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡✜♥✐❞♦ ♣♦r
X(x, y, z) = (ẋ, ẏ, ż)✱ ♦♥❞❡





ẋ(t) = −σx+ σy

ẏ(t) = rx− y − xz
ż(t) = xy − bz

❡ σ, r, b sã♦ ♣❛râ♠❡tr♦s r❡❛✐s ♣♦s✐t✐✈♦s ❡ (x, y, z) ∈ R3✱ q✉❡ ❢♦✐ ♦❜t✐❞❛ ♣♦r
s✐♠♣❧✐✜❝❛çã♦ ❞❡ ♦✉tr❛s ❡q✉❛çõ❡s ❡st✉❞❛❞❛s ♣♦r ❙❛❧t③♠❛♥✳ ■♥✐❝✐❛❧♠❡♥t❡ ❡❧❡ ✜①♦✉

♦s ♣❛râ♠❡tr♦s σ = 10, r = 28, b =
8

3
♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ ♦r✐❣❡♠✳ ❆♦ ❡s❝♦❧❤❡r ✉♠❛

❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ♣ró①✐♠❛ ❞❛ ♦r✐❣❡♠ ❞❡♣❛r♦✉✲s❡ ❝♦♠ ✉♠❛ ór❜✐t❛ ❞❡ ❝♦♠♣♦rt❛♠❡♥t♦
♠✉✐t♦ ❡str❛♥❤♦✱ ❧✐♠✐t❛❞❛ q✉❡ ♥ã♦ ♠♦str❛✈❛ r❡❣✉❧❛r✐❞❛❞❡✳ ❆ ✜❣✉r❛ ♠♦str❛ ❛
s♦❧✉çã♦ ❡ t❡♠ ❛ ❛♣❛rê♥❝✐❛ s✐♠✐❧❛r ❛ ✉♠❛ ❜♦r❜♦❧❡t❛✳ P♦r ❡st❛ r❛③ã♦ ✜❝♦✉ ❝♦♥❤❡❝✐❞❛
❝♦♠♦ ❜✉tt❡r✢②✳

❋✐❣✉r❛ ✸✳✶✿ ❆tr❛t♦r ❞❡ ▲♦r❡♥③✳

✸✻
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✸✳✷ Pr♦♣r✐❡❞❛❞❡s ❞❛s ❊q✉❛çõ❡s ❞❡ ▲♦r❡♥③

✶✳ ❙✐♠❡tr✐❛

❊①✐st❡ ✉♠❛ s✐♠❡tr✐❛ ♥❛t✉r❛❧ (x, y, z) 7→ (−x,−y, z) ♣❛r❛ q✉❛✐sq✉❡r σ, r, b
♣♦s✐t✐✈♦s✳ ■st♦ é✱ s❡ (x(t), y(t), z(t)) é ✉♠❛ s♦❧✉çã♦✱ (−x(t),−y(t), z(t))
t❛♠❜é♠ é✳

✷✳ ❙✐♥❣✉❧❛r✐❞❛❞❡s ❞♦ ❝❛♠♣♦ X

P♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ♣r♦❝✉r❛♥❞♦ ♦s ♣♦♥t♦s (x, y, z) ∈ R3 t❛✐s
q✉❡ X(x, y, z) = (0, 0, 0)✳ ❙❡❣✉❡ ❡♥tã♦ q✉❡✿





−σx+ σy = 0

rx− y − xz = 0

xy − bz = 0

❘❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛✱ ♦❜t❡♠♦s três s✐♥❣✉❧❛r✐❞❛❞❡s✱ ♣❛r❛ r > 1✱

p = (0, 0, 0)

q+ = (
√
b(r − 1),

√
b(r − 1), r − 1)

q− = (−
√
b(r − 1),−

√
b(r − 1), r − 1)

✸✳ ❖s ❛✉t♦✈❛❧♦r❡s ❞❛s s✐♥❣✉❧❛r✐❞❛❞❡s

❯s❛♥❞♦ ♦s ♣❛râ♠❡tr♦s σ = 10, r = 28, b =
8

3
❛s s✐♥❣✉❧❛r✐❞❛❞❡s s❡rã♦

p = (0, 0, 0); q− = (−6
√
2,−6

√
2, 27); q+ = (6

√
2, 6
√
2, 27)✳ ❆ss✐♠✱ s❡❥❛

DX(x, y, z) =



∂x(ẋ) ∂y(ẋ) ∂z(ẋ)
∂x(ẏ) ∂y(ẏ) ∂z(ẏ)
∂x(ż) ∂y(ż) ∂z(ż)


 =



−σ σ 0
r − z −1 −x
y x −b




❖ ❝á❧❝✉❧♦ ❞♦s ❛✉t♦✈❛❧♦r❡s ❞❡ DX(p), DX(q−), DX(q+)✱ r❡❞✉③✲s❡ ❛ ❛❝❤❛r ❛s
r❛í③❡s ❞♦s ♣♦❧✐♥ô♠✐♦s ❝❛r❛❝t❡ríst✐❝♦s ❞❡ss❛s três ❞❡r✐✈❛❞❛s✳

DX(p) =



−10 10 0
28 −1 0

0 0 −8

3




DX(q+) =



−10 10 0

1 −1 −6
√
2

6
√
2 6
√
2 −8

3




DX(q−) =



−10 10 0

1 −1 6
√
2

−6
√
2 −6

√
2 −8

3



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❖s ♣♦❧✐♥ô♠✐♦s ❝❛r❛❝t❡ríst✐❝♦s ❞❡ DX(p), DX(q−), DX(q+)✱ ❝♦♠ s✉❛s
r❡s♣❡❝t✐✈❛s r❛í③❡s✱ sã♦✿

✭✐✮ f(λ) = λ3 +
41

3
λ2 − 722

3
λ− 720

λ1 ≈ 11, 83; λ2 ≈ −22, 83; λ3 ≈ −2, 67

✭✐✐✮ f(µ) = µ3 +
41

3
µ2 +

304

3
µ+ 1440

µ1 ≈ −13, 85; µ2 ≈ 0, 094 + 10, 19i; µ3 ≈ 0, 094− 10, 19i

✭✐✐✮ f(ζ) = ζ3 +
41

3
ζ2 +

304

3
ζ + 1440

ζ1 ≈ −13, 85; ζ2 ≈ 0, 094 + 10, 19i; ζ3 ≈ 0, 094− 10, 19i

❯♠❛ ✈❡③ ❝♦♥❤❡❝✐❞♦s ♦s ❛✉t♦✈❛❧♦r❡s ❞❛s três s✐♥❣✉❧❛r✐❞❛❞❡s é ♣♦ssí✈❡❧ t❡r
✉♠❛ ✐❞é✐❛ ❣❡♦♠étr✐❝❛ ❞❛s ✈❛r✐❡❞❛❞❡s ❡stá✈❡✐s ❡ ✐♥stá✈❡✐s✱ ✐st♦ ♣❡❧♦ ♠❡♥♦s
♥❛s ✈✐③✐♥❤❛♥ç❛s ❞❡st❛s s✐♥❣✉❧❛r✐❞❛❞❡s✳ ✭❱❡r ✜❣✉r❛ ✸✳✷✮✳

❋✐❣✉r❛ ✸✳✷✿ P❛rt❡ ❞❛s ✈❛r✐❡❞❛❞❡s ❡stá✈❡❧ ❡ ✐♥stá✈❡❧ ❞❛s s✐♥❣✉❧❛r✐❞❛❞❡s

✹✳ ❆ ❞✐✈❡r❣ê♥❝✐❛ ❞♦ ❝❛♠♣♦

❯s❛♥❞♦ ❛ ❞❡r✐✈❛❞❛ ❞❡ X✱ t❡♠♦s q✉❡ s✉❛ ❞✐✈❡r❣ê♥❝✐❛ é ❞❛❞❛ ♣♦r

div(X(x, y, z)) = tr❛ç♦(DX(x, y, z)) = −(σ + 1 + b) < 0

✐st♦ s✐❣♥✐✜❝❛ q✉❡ ♦ ✢✉①♦ ϕt ❛ss♦❝✐❛❞♦ ❛♦ ❝❛♠♣♦ X ❝♦♥tr❛✐ ✈♦❧✉♠❡
s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡✳ ❉❛❞♦ ✉♠ ✈♦❧✉♠❡ ✐♥✐❝✐❛❧ V0 ❞❡ ✉♠ só❧✐❞♦ é ♣♦ssí✈❡❧
❝❛❧❝✉❧❛r ♦ ✈♦❧✉♠❡ V (t) ❞❡ss❡ só❧✐❞♦ ♥♦ t❡♠♣♦ t

V (t) = e
∫
div(X(p))dt

V (t) = V0e
−(σ+1+b)t

✺✳ ❊①✐st❡ ✉♠ ❡❧✐♣s♦✐❞❡ ♦♥❞❡ ❡✈❡♥t✉❛❧♠❡♥t❡ ❡♥tr❛♠ ❛s ór❜✐t❛s

❊①✐st❡ ✉♠❛ ❡❧✐♣s♦✐❞❡ ♦♥❞❡ ❡✈❡♥t✉❛❧♠❡♥t❡ ❡♥tr❛♠ t♦❞❛s ❛s ór❜✐t❛s ❡ ♥✉♥❝❛
♠❛✐s ✈♦❧t❛♠ ❛ s❛✐r✳ ❙♣❛rr♦✇ ❬✸✵❪ ♠♦str❛ ❝♦♠♦ é ♦❜t✐❞♦ ❡ss❡ ❡❧✐♣s♦✐❞❡✳
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❊s❝♦❧❤❡♥❞♦ ✉♠❛ ❢✉♥çã♦ ❞❡ ▲②❛♣✉♥♦✈

V = rx2 + σy2 + σ(z − 2r)2

✈❡r✐✜❝❛✲s❡ q✉❡ ❛s ór❜✐t❛s ✐♥❣r❡ss❛♠ tr❛♥s✈❡rs❛❧♠❡♥t❡ ♥♦ ❡❧✐♣s♦✐❞❡✳

❆ss✐♠ ❡①✐st❡ ✉♠❛ r❡❣✐ã♦ só❧✐❞❛ K ❝✉❥❛ ❢r♦♥t❡✐r❛ é ♦ ❡❧✐♣s♦✐❞❡ ♦♥❞❡ t♦❞❛s
❛s ór❜✐t❛s ❛❝❛❜❛♠ ❡♥tr❛♥❞♦✳ ❙✉♣♦♥❞♦ K ❝♦♠♣❛❝t♦ ❡♥tã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡
❡st❛s ór❜✐t❛s t❡rã♦ q✉❡ ❛❝✉♠✉❧❛r ❡♠ ❛❧❣✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡K✳ ◆❛ r❡❛❧✐❞❛❞❡
❛s s✐♠✉❧❛çõ❡s ♠♦str❛♠ q✉❡ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ B ❤♦♠❡♦♠♦r❢♦ ❛ ✉♠ ❜✐t♦r♦✱
❞❡ t❛❧ ❢♦r♠❛ q✉❡ t♦❞❛ ór❜✐t❛ ❛tr❛✈❡ss❛✲♦ tr❛♥s✈❡rs❛❧♠❡♥t❡ ❡ ♥✉♥❝❛ ♠❛✐s
✈♦❧t❛ ❛ s❛✐r✳

▲♦❣♦ ❡①✐st❡ ✉♠❛ r❡❣✐ã♦ só❧✐❞❛✱ ❧✐♠✐t❛❞❛ ❡ ❛❜❡rt❛ U ✱ ❝✉❥❛ ❛ ❢r♦♥t❡✐r❛ ❞❡ U é
∂U = B✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡ U s❡rá ✉♠ ❜❧♦❝♦ ✐s♦❧❛♥t❡✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❛
♦r✐❣❡♠ é ❛ ú♥✐❝❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❡♠ U ❝♦♥t✐❞❛✳ ▲♦❣♦ ♥♦ss♦ ❝❛♥❞✐❞❛t♦ ❛ s❡r
❛tr❛t♦r é ♦ ❝♦♥❥✉♥t♦

Λ =
⋂

t≥0

ϕt(U).

P❛r❛ ❝♦♥str✉✐r ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❡st❛ r❡❣✐ã♦ só❧✐❞❛ U ❝♦♠ ❢r♦♥t❡✐r❛
❤♦♠❡♠♦r❢❛ ❛ ✉♠ ❜✐t♦r♦✱ é só r❡t✐r❛r ✉♠❛ ✈✐③✐♥❤❛♥ç❛ s✉✜❝✐❡♥t❡♠❡♥t❡
♣❡q✉❡♥❛ q✉❡ ❝♦♥t❡♥❤❛ ❛s ✈❛r✐❡❞❛❞❡s ❡stá✈❡✐s t❛♥t♦ ❞❡ q+ ❝♦♠♦ ❞❡ q−✳ ❆ss✐♠
t❡r❡♠♦s ✉♠❛ r❡❣✐ã♦ ❝♦♠♦ é ♠♦str❛❞❛ ♥❛ ❋✐❣✉r❛ ✸✳✸✱ q✉❡ é ❤♦♠❡♦♠♦r❢❛ ❛
✉♠ ❜✐t♦r♦✳

❋✐❣✉r❛ ✸✳✸✿ ❖ ❜✐t♦r♦

✸✳✸ ▼♦❞❡❧♦ ❣❡♦♠étr✐❝♦ ❞♦ ❆tr❛t♦r ❞❡ ▲♦r❡♥③

❉♦✐s ❣r✉♣♦s ❞❡ ♣❡sq✉✐s❛❞♦r❡s ❞❡ ♠❛♥❡✐r❛ ✐♥❞❡♣❡♥❞❡♥t❡ ❆❢r❛✐♠♦✈✐❝❤✱ ❇✉❦♦✈✱
❙❤✐❧♥✐❦♦✈ ✭❯❘❙❙✲✶✾✼✼✮ ❡ ●✉❝❦❡♥❤❡✐♠❡r✱ ❲✐❧❧✐❛♠s ✭❯❙❆✲✶✾✼✾✮ ✜③❡r❛♠ ♦ ♠♦❞❡❧♦
❞♦ ❛tr❛t♦r ❞❡ ▲♦r❡♥③ ❜❛s❡❛❞♦s ♥❛s ♣r♦♣r✐❡❞❛❞❡s q✉❡ ❛s ♦❜s❡r✈❛çõ❡s ♥ú♠❡r✐❝❛s
✐♥❞✐❝❛✈❛♠ ❡ s✉❣❡r✐❛♠✳ ▼♦str❛r❛♠ q✉❡ ♦ ♠♦❞❡❧♦ ❣❡♦♠étr✐❝♦ é ✉♠ ✢✉①♦ ❡♠ ✸
❞✐♠❡♥sõ❡s t❛❧ q✉❡✿

✶✳ ❊①✐st❡ ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r p✳
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✷✳ ❊①✐st❡ ✉♠❛ s❡çã♦ tr❛♥s✈❡rs❛❧ ❛♦ ✢✉①♦✳

✸✳ ❊①✐st❡ ✉♠❛ ❢♦❧❤❡❛çã♦ ✐♥✈❛r✐❛♥t❡ ♣❡❧❛ ❛♣❧✐❝❛çã♦ ❞❡ r❡t♦r♥♦ à s❡çã♦
tr❛♥s✈❡rs❛❧✳

✹✳ ❆ ❛♣❧✐❝❛çã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ✐♥❞✉③✐❞❛ é ❡①♣❛♥s♦r❛✳

P❛r❛ s✉❛ ❝♦♥str✉çã♦ ❝♦♥s✐❞❡r❡ ❛s ❡q✉❛çõ❡s ❞❡ ▲♦r❡♥③ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❛
♦r✐❣❡♠✱ ♣♦r ✉♠❛ ♠✉❞❛♥ç❛ ♥ã♦ ❧✐♥❡❛r ❞❡ ❝♦♦r❞❡♥❛❞❛s ❛s ❡q✉❛çõ❡s sã♦ ❝♦♥❥✉❣❛❞❛s
❛s ❡q✉❛çõ❡s ❧✐♥❡❛r✐③❛❞❛s ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ♣ ✭❡st❡ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛
❞❡ ●r♦❜♠❛♥✲❍❛rt♠❛♥ ♣❛r❛ ❝❛♠♣♦s✱ ❚❡♦r❡♠❛ ✷✳✷✷✮✳





ẋ = λ1x

ẏ = λ2y

ż = λ3z

♦♥❞❡ λ1 ≈ 11, 83;λ2 ≈ −22, 83;λ3 ≈ −2, 67✳

❆ s♦❧✉çã♦ ❞❡ss❡ s✐t❡♠❛ é ✐♠❡❞✐❛t❛





x(t) = eλ1tx0

y(t) = eλ2ty0

z(t) = eλ3tz0

❈♦♥s✐❞❡r❡♠♦s ♦s s❡❣✉✐♥t❡s ❝♦♥❥✉♥t♦s✿

S = {(x, y, z0); |x|, |y| ≤ α}

S ′ = S \ {(x, y, z0); |x| = 0}
Σ± = {(±x1, y, z); |y|, |z| ≤ β}

❝♦♠ α ❡ β ♣♦s✐t✐✈♦s ❡ ♣❡q✉❡♥♦s✳ ✭❱❡r ✜❣✉r❛ ✸✳✹✮✳

❋✐❣✉r❛ ✸✳✹✿ ❘❡❣✐ã♦ ❡♠ ❢♦r♠❛ ❞❡ ❝ús♣✐❞❡✳
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❈♦♥str✉✐♠♦s ❞✉❛s ❛♣❧✐❝❛çõ❡s P1 : S ′ → Σ✱ ❡ P2 : Σ → S✱ ❞❡✜♥✐♠♦s ✉♠❛
❛♣❧✐❝❛çã♦ P = P1 ◦P2 : S

′ → S✱ ❞❛❞❛ ♣♦r P (x, y) = (f(x), g(x, y)) ❡ ✜♥❛❧♠❡♥t❡ ❛
♣r♦❥❡t❛♠♦s ♥❛ r❡t❛ r❡❛❧✳ ✭❱❡r ✜❣✉r❛s ✸✳✺✱ ✸✳✻✮✳

❋✐❣✉r❛ ✸✳✺✿ ❆♣❧✐❝❛çõ❡s P1 ❡ P2✳

❋✐❣✉r❛ ✸✳✻✿ ❚r❛♥s❢♦r♠❛çã♦ ❞♦ ♠♦❞❡❧♦ ❣❡♦♠étr✐❝♦ ❞❡ ▲♦r❡♥③✳
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❆ ❛♣❧✐❝❛çã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ f : [−A,A] \ {0} → [−A,A] ♣♦ss✉✐ ❛s s❡❣✉✐♥t❡s
♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ❆ s✐♠❡tr✐❛ ❞❛s ❡q✉❛çõ❡s ❞❡ ▲♦r❡♥③ ✐♠♣❧✐❝❛♠ q✉❡

f(−x) = −f(x)

✷✳ ❚❡♠ ú♥✐❝❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❡♠ x = 0

✸✳ ❖s ❧✐♠✐t❡s ❧❛t❡r❛✐s ❡♠ x = 0 sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡

lim
x→0−

f(x) = A lim
x→0+

f(x) = −A

✹✳ ❢ é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ [−A,A] \ {0} ❡ f ′(x) >
√
2✱ ♦✉ s❡❥❛✱ ❢ é ❡①♣❛♥s♦r❛✳

✺✳ ❖s ❧✐♠✐t❡s ❧❛t❡r❛✐s ❞❡ f ′ ❡♠ x = 0 sã♦

lim
x→0−

f ′(x) =∞ lim
x→0+

f ′(x) =∞.

❆ss✐♠ ❡st✉❞❛r ♦ ✢✉①♦ tr✐❞✐♠❡♥s✐♦♥❛❧✱ r❡❞✉③✲s❡ ❛ ❡st✉❞❛r ✉♠❛ ❛♣❧✐❝❛çã♦
❜✐❞✐♠❡♥s✐♦♥❛❧ q✉❡ ❛❥✉❞❛ ❛ ❝♦♠♣r❡❡♥❞❡r ❛ ❞✐♥â♠✐❝❛ ❞♦ ✢✉①♦✱ ❞❛í ♦ ❡st✉❞♦ ❢♦✐
r❡❞✉③✐❞♦ ❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ❝❤❛♠❛❞❛ ❆♣❧✐❝❛çã♦ ❞❡ ▲♦r❡♥③✳

❯♠ ❞♦s ❛s♣❡❝t♦s ♠❛✐s s✉r♣r❡❡♥❞❡♥t❡s ❞❡st❛ ❝♦♥str✉çã♦ é q✉❡ ❡❧❛ é r♦❜✉st❛✳
❙❡ ♠♦❞✐✜❝❛r♠♦s ❧✐❣❡✐r❛♠❡♥t❡ ♦ ✢✉①♦s ❛✐♥❞❛ ❝♦♥t✐♥✉❛ ❡①✐st✐♥❞♦ ✉♠ ❛tr❛t♦r✳

❊♠ ♠❡❛❞♦s ❞♦s ❛♥♦s ✾✵✱ ❈✳ ▼♦r❛❧❡s✱ ▼✳ ❏✳ P❛❝í✜❝♦✱ ❊✳ P✉❥❛❧s ❬✷✶❪ ♣r♦✈❛r❛♠
♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✱ q✉❡ ❡♥✉♥❝✐❛♠♦s s❡♠ ❞❡♠♦♥str❛çã♦✳

❚❡♦r❡♠❛ ✸✳✶✳ ◗✉❛❧q✉❡r ❛tr❛t♦r r♦❜✉st♦ ❞❡ ✉♠ ✢✉①♦ ❡♠ ✸ ❞✐♠❡♥sõ❡s é ❤✐♣❡r❜ó❧✐❝♦
♦✉ ❞❡ t✐♣♦ ▲♦r❡♥③✳

❙❡r t✐♣♦ ▲♦r❡♥③ s✐❣♥✐✜❝❛ q✉❡ t❡♠ t♦❞❛s ❛s ♣r♦♣r✐❡❞❛❞❡s q✉❡ ❞❡s❝r❡✈❡♠ ♦s
♠♦❞❡❧♦s ❣❡♦♠étr✐❝♦s ❞❡ ▲♦r❡♥③✳

❲✳ ❚✉❝❦❡r ❬✸✶❪ ♣r♦✈♦✉ ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛

❚❡♦r❡♠❛ ✸✳✷✳ ❆s ❡q✉❛çõ❡s ❞❡ ▲♦r❡♥③ ❛❞♠✐t❡♠ ✉♠ ❛tr❛t♦r ❡str❛♥❤♦ ♣❛r❛ ♦s
✈❛❧♦r❡s ❞♦s ♣❛r❛♠êtr♦s ♦r✐❣✐♥❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❛❞♦s ♣♦r ▲♦r❡♥③✳



❈❛♣ít✉❧♦ ✹

❍✐♣❡r❜♦❧✐❝✐❞❛❞❡ ❙✐♥❣✉❧❛r

❆♦ ❧♦♥❣♦ ❞❡st❡ ❝❛♣ít✉❧♦M ❞❡s✐❣♥❛ ✉♠❛ 3−✈❛r✐❡❞❛❞❡ ❢❡❝❤❛❞❛✱ ✐st♦ é✱ ✈❛r✐❡❞❛❞❡
❞❡ ❞✐♠❡♥sã♦ ✸✱ ❝♦♠♣❛❝t❛ ❡ s❡♠ ❜♦r❞♦✱ ❡ X

r(M) ❞❡♥♦t❛ ♦ ❝♦♥❥✉♥t♦ ❞♦s ❝❛♠♣♦s
✈❡t♦r✐❛✐s Cr ❡♠ M ✱ ❞♦t❛❞♦ ❞❛ t♦♣♦❧♦❣✐❛ ❞❡ ❲❤✐t♥❡② Cr, r ≥ 1✳ ❆❧é♠ ❞✐ss♦✱
Λ ⊂ M é ❝♦♥❡①♦ ❡ ♥ã♦ tr✐✈✐❛❧✱ ❡ ♠❛✐s✱ ♦s ❝♦♥❥✉♥t♦s tr❛♥s✐t✐✈♦s sã♦ s❡♠♣r❡ ♥ã♦
✈❛③✐♦s ❡ ♥ã♦ tr✐✈✐❛✐s✳ P❛r❛ ❝❛❞❛ ❝❛♠♣♦ X ❞❡ ❝❧❛ss❡ Cr (r ≥ 1) ❞❡✜♥✐❞♦ ❡♠ ✉♠❛
✈❛r✐❡❞❛❞❡ M ✱ ❛ss♦❝✐❛r❡♠♦s ♦ ✢✉①♦ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r Xt ❞❡✜♥✐❞♦ ♣❛r❛ t♦❞♦
t ∈ R✳

▲❡♠❜r❛♠♦s q✉❡✱ ❡❧❡♠❡♥t♦ ❝rít✐❝♦ é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♦✉ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛
❞❡ ✉♠ ❝❛♠♣♦ X✳ ❊ Sing(X) é ♦ ❝♦♥❥✉♥t♦ ❞❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ X ❡♠ M ✳

❯t✐❧✐③❛r❡♠♦s ❛s ♥♦r♠❛s ❞❡ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r A

‖ A ‖:= sup
v 6=0

‖ Av ‖
‖ v ‖ ❡ m(A) := inf

v 6=0

‖ Av ‖
‖ v ‖ .

◆♦t❡ q✉❡ ♣❛r❛ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ✐♥✈❡rsí✈❡❧ ❛ s❡❣✉♥❞❛ ♥♦r♠❛✱ q✉❡ t❛♠❜é♠ é
❝❤❛♠❛❞❛ ♥♦r♠❛ ♠í♥✐♠❛ ♦✉ ❝♦♥♦r♠❛ ♣♦❞❡ s❡r ❡①♣r❡ss❛ ❝♦♠♦ m(A) =‖ A−1 ‖−1✳

✹✳✶ ❍✐♣❡r❜♦❧✐❝✐❞❛❞❡ ❋r❛❝❛

❊♠❜♦r❛ ❥á t❡♥❤❛♠♦s ❞❡✜♥✐❞♦ ❝♦♥❥✉♥t♦s ❤✐♣❡r❜ó❧✐❝♦s✱ ♣❛r❛ ♣r♦♣ós✐t♦ ❞❡
❝♦♠♣r❡❡♥sã♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ❡♥✉♥❝✐á✲❧♦ ♥♦✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✹✳✶✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ Λ ⊂ M ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡ ♣♦r X ∈ X
r(M)

é ❞✐t♦ ❍✐♣❡r❜ó❧✐❝♦✱ s❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s λ ∈ (0, 1)✱ k > 0 ❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦
❞♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❞❡ M s♦❜r❡ Λ t❛✐s q✉❡

✶✳ TΛM = Es
Λ ⊕ EX

Λ ⊕ Eu
Λ

✷✳ ‖ DXt(x)|Es
x
‖≤ ke−λt, ∀t > 0, ∀x ∈ Λ

✸✳ ‖ DX−t(x)|Eu
x
‖≤ ke−λt, ∀t > 0, ∀x ∈ Λ.

✹✸
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❖♥❞❡✱ Es é ♦ s✉❜✜❜r❛❞♦ ❡stá✈❡❧✱ ❞✐r❡çã♦ ❞❡ ❝♦♥tr❛çã♦ ♣❡❧♦ ✢✉①♦✳ Eu

é ♦ s✉❜✜❜r❛❞♦ ✐♥stá✈❡❧✱ ❞✐r❡çã♦ ❞❡ ❡①♣❛♥sã♦ ♣❡❧♦ ✢✉①♦✳ EX é ♦ s✉❜❡s♣❛ç♦
✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❣❡r❛❞♦ ♣❡❧♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ t❛♥❣❡♥t❡ ❛♦ ✢✉①♦✳ ✭❱❡r ✜❣✉r❛ ✹✳✶✮✳
❊ss❡s s✉❜✜❜r❛❞♦s sã♦ ✐♥✈❛r✐❛♥t❡s ♣❡❧❛ ❞❡r✐✈❛❞❛ DXt ❞♦ ✢✉①♦ Xt✱ ♥♦ s❡❣✉✐♥t❡
s❡♥t✐❞♦

DXt(E
i
x) = Ei

Xt(x), x ∈ Λ, t ∈ R, i = s,X, u.

❖❜s❡r✈❡ q✉❡ ❛ ❝♦♥❞✐çã♦ ✸ ❞❛ ❞❡✜♥✐çã♦ ✹✳✶ ✈✐st❛ ❝♦♠♦ ‖ DXt(x)|Eu
x
‖≥ k−1eλt

♣♦❞❡ s❡r s✉s❜st✐t✉✐❞❛ ♣❡❧❛ s❡❣✉✐♥t❡✿

m(DXt(x)|Eu
x
) ≥ k−1eλt, ∀t > 0, ∀x ∈ Λ.

❋✐❣✉r❛ ✹✳✶✿ ❈♦♥❥✉♥t♦ ❍✐♣❡r❜ó❧✐❝♦✳

❉❡✜♥✐çã♦ ✹✳✷✳ ❯♠ ❝♦♥❥✉♥t♦ ❜ás✐❝♦ é ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ q✉❡ é ✐♥✈❛r✐❛♥t❡
♠❛①✐♠❛❧ ❡ tr❛♥s✐t✐✈♦✱ ♦✉ ❝♦♥té♠ ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❝rít✐❝♦✳

❉❡✜♥✐çã♦ ✹✳✸✳ ❙❡❥❛ Λ ⊆ M ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡ ♣❛r❛ ♦ ❝❛♠♣♦
X ∈ X

r(M)✳ ❯♠❛ ❞❡❝♦♠♣♦s✐çã♦ ✐♥✈❛r✐❛♥t❡ ❝♦♥tí♥✉❛ ♣♦r DXt ❞♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡
TΛM = EΛ ⊕ FΛ é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦♠✐♥❛❞❛ s❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s
λ ∈ (0, 1)✱ k > 0 t❛✐s q✉❡

‖ DXt(x)|Ex ‖ · ‖ DX−t(x)|Fx ‖≤ ke−λt, ∀t > 0, ∀x ∈ Λ.

❖✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

‖ DXt(x)|Ex ‖
m(DXt(x)|Fx)

≤ ke−λt, ∀t > 0, ∀x ∈ Λ.

❈♦♠ ❡ss❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞✐③❡♠♦s q✉❡ ♦ ✜❜r❛❞♦ E ❞♦♠✐♥❛ ♦ ✜❜r❛❞♦ F ✱ ♣♦rq✉❡
q✉❛❧q✉❡r ❝♦♥tr❛çã♦✴❡①♣❛♥sã♦ ❛♦ ❧♦♥❣♦ ❞❛ ❞✐r❡çã♦ E é ♠❛✐s ❢♦rt❡ q✉❡ q✉❛❧q✉❡r
❝♦♥tr❛çã♦✴❡①♣❛♥sã♦ ♥❛ ❞✐r❡çã♦ F ✳
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❉❡✜♥✐çã♦ ✹✳✹✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ Λ ⊂ M ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡ ♣♦r X ∈ X
r(M)

é P❛r❝✐❛❧♠❡♥t❡ ❍✐♣❡r❜ó❧✐❝♦ s❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s λ ∈ (0, 1)✱ k > 0 ❡ ✉♠❛
❞❡❝♦♠♣♦s✐çã♦ ✐♥✈❛r✐❛♥t❡ ❝♦♥tí♥✉❛ ❞♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ TΛM = Es

Λ ⊕ Ec
Λ t❛✐s q✉❡

✶✳ ❆ ❞❡❝♦♠♣♦s✐çã♦ é ♥ã♦ tr✐✈✐❛❧✿ Es
x 6= 0 ❡ Ec

x 6= 0, ∀t > 0, ∀x ∈ Λ.

✷✳ ❖ s✉❜✜❜r❛❞♦ Es
Λ é ❝♦♥tr❛t♦r✿ ‖ DXt(x)|Es

x
‖≤ ke−λt, ∀t > 0, ∀x ∈ Λ.

✸✳ ❆ ❞❡❝♦♠♣♦s✐çã♦ é ❞♦♠✐♥❛❞❛✿ ‖ DXt(x)|Es
x
‖ · ‖ DX−t(x)|Ec

x
‖≤ ke−λt✱

∀t > 0, ∀x ∈ Λ.

Ec é ❝❤❛♠❛❞♦ s✉❜✜❜r❛❞♦ ❝❡♥tr❛❧✳ ✭❱❡r ✜❣✉r❛ ✹✳✷✮✳

❋✐❣✉r❛ ✹✳✷✿ ❈♦♥❥✉♥t♦ P❛r❝✐❛❧♠❡♥t❡ ❍✐♣❡r❜ó❧✐❝♦✳

◆♦t❡ q✉❡✱ t♦❞♦ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ é ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✱ ♣❛r❛ ✈❡r ✐st♦✱
❜❛st❛ t♦♠❛r Ec = EX ⊕ Eu✳ ❖ ❝♦♥trár✐♦ ♥❡♠ s❡♠♣r❡ é ✈❡r❞❛❞❡✐r♦✳

❉❡✜♥✐çã♦ ✹✳✺✳ ❯♠ ❝♦♥❥✉♥t♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ Λ ❞❡ X s❡ ❞✐③ ❡①♣❛♥❞❡
ár❡❛ ♥❛ ❞✐r❡çã♦ ❝❡♥tr❛❧ Ec s❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s λ ∈ (0, 1)✱ k > 0 t❛✐s q✉❡

| det(DXt(x)|Ec
x
) |> keλt, ∀t > 0, ∀x ∈ Λ.

❖♥❞❡ det(DXt(x)|Ec
x
) ❞❡♥♦t❛ ♦ ❥❛❝♦❜✐❛♥♦ ❞❡ DXt(x) ❛♦ ❧♦♥❣♦ ❞❡ Ec

x✱ ∀x ∈ Λ✳

●❡r❛❧♠❡♥t❡✱ é ❞✐t♦ ❡①♣❛♥❞❡ ✈♦❧✉♠❡ ❛♦ ❡♠ ✈❡③ ❞❡ ❡①♣❛♥❞❡ ár❡❛✱ ♠❛s
❝♦♠♦ ❡st❛♠♦s tr❛t❛♥❞♦ ❞❡ ✈❛r✐❡❞❛❞❡ tr✐❞✐♠❡♥s✐♦♥❛✐s✱ é ♠❛✐s ❛♣r♦♣r✐❛❞♦ ❡ss❛
❞❡♥♦♠✐♥❛çã♦✳

❉❡✜♥✐çã♦ ✹✳✻✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ Λ ⊂M ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡ ♣♦r X ∈ X
r(M) é

❙✐♥❣✉❧❛r ❍✐♣❡r❜ó❧✐❝♦ s❡ Λ é ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✱ ❡①♣❛♥❞❡ ár❡❛ ♥❛ ❞✐r❡çã♦
❝❡♥tr❛❧ ❡ ❝❛❞❛ ✉♠❛ ❞❡ s✉❛s s✐♥❣✉❧❛r✐❞❛❞❡s é ❤✐♣❡r❜ó❧✐❝❛✳

❊①❡♠♣❧♦ ✹✳✼✳ ❖ ❛tr❛t♦r ❞❡ ▲♦r❡♥③ ❣❡♦♠étr✐❝♦ é ✉♠ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❍✐♣❡r❜ó❧✐❝♦
q✉❡ ♥ã♦ é ❤✐♣❡r❜ó❧✐❝♦✳ ✭❱❡r ❝❛♣ít✉❧♦ ✸ ❡ ❊①❡♠♣❧♦ ✹✳✺✳✶✮✳
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❉❡✜♥✐çã♦ ✹✳✽✳ ❯♠ s✉♠✐❞♦✉r♦ s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦ é ✉♠ s✉♠✐❞♦✉r♦ q✉❡ ❛♦
♠❡s♠♦ t❡♠♣♦ é ✉♠ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦✳

❚❡♦r❡♠❛ ✹✳✾✳ ❙❡❥❛ Λ ✉♠ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦ ♣❛r❛ ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X✱
♥ã♦ tr✐✈✐❛❧✱ ❝♦♠ ❞❡❝♦♠♣♦s✐çã♦ TΛM = Es

Λ ⊕ Ec
Λ✱ ❡♥tã♦✿

✶✳ X(x) 6∈ Es
x✱ ♣❛r❛ t♦❞♦ x ∈ Λ \ Sing(X)✳

✷✳ X(x) ∈ Ec
x✱ ♣❛r❛ t♦❞♦ x ∈ Λ✳

✸✳ dim(Es
x) = 1✱ ♣❛r❛ t♦❞♦ x ∈ Λ✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ Λ ♥ã♦ é ❤✐♣❡r❜ó❧✐❝♦✳ ❈❛s♦ ❝♦♥trár✐♦ ♦ r❡s✉❧t❛❞♦ é
tr✐✈✐❛❧✳

✶✳ ❙✉♣♦♥❤❛♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❡①✐st❡ x0 ∈ Λ\Sing(X) t❛❧ q✉❡X(x0) ∈ Es
x0
✳

❊♥tã♦ X(x) ∈ Es
x ♣❛r❛ ❝❛❞❛ x ♥❛ ór❜✐t❛ ❞❡ x0✱ ♣♦✐s Es é ✐♥✈❛r✐❛♥t❡✳ P❡❧❛

❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ t❡♠♦s X(x) ∈ Es
x ♣❛r❛ t♦❞♦ x ∈ α(x0) ❡✱ ♣♦rt❛♥t♦

ω(x) é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♣❛r❛ t♦❞♦ x ∈ α(x0)✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ α(x0) ❝♦♥té♠
✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ σ ❞❡ t✐♣♦ s❡❧❛✱ ♣♦✐s s❡ σ ❢♦ss❡ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ t✐♣♦ ♣♦ç♦
❝♦♥tr❛❞✐r✐❛ ♦ ❢❛t♦ ❞❡ q✉❡ σ ∈ α(x0) ❡ t❛♠❜é♠ ♥ã♦ ♣♦❞❡r✐❛ s❡r ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡
t✐♣♦ ❞❡ ❢♦♥t❡ ❥á q✉❡ ✐ss♦ s✐❣♥✐✜❝❛ q✉❡ ♥ã♦ ❤❛✈❡r✐❛ ✉♠ ω−❧✐♠✐t❡✳ ❈♦♠ ✐ss♦ t❡♠♦s
❞♦✐s ❝❛s♦s✿

✭✐✮ α(x0) = {σ}✳
❊♥tã♦ x0 ∈ W u(σ)✳ ❆ss✐♠✱ ♣❛r❛ t ∈ R✱ ❞❡✜♥✐♠♦s ♦ ✈❡t♦r ✉♥✐tár✐♦

vt =
DXt(x0)(X(x0))

‖ DXt(x0)(X(x0)) ‖
.

❏á q✉❡ x0 ∈ W u(σ) q✉❡ é ✐♥✈❛r✐❛♥t❡✱ s❡❣✉❡ q✉❡ DXt(x0)(X(x0)) ∈
TXt(x0)W

u(σ) ❡ ❞❛í vt ∈ TXt(x0)W
u(σ) ∩ Es

Xt(x0)
✱ ∀t ∈ R✳

❚♦♠❡ ✉♠❛ s❡q✉ê♥❝✐❛ tn → ∞ t❛❧ q✉❡ ❛ s❡q✉ê♥❝✐❛ v−tn ❝♦♥✈❡r❣❡ ♣❛r❛
✭❞✐❣❛♠♦s✮ v∞✳ ❚❡♠♦s q✉❡ v∞ é ✉♠ ✈❡t♦r ✉♥✐tár✐♦✱ ❡ ✈✐st♦ q✉❡X−tn(x0)→ σ✱
❥á q✉❡ ❡st❡ é ♦ α−❧✐♠✐t❡ ❡ ❝♦♠♦ Es é ❝♦♥tí♥✉♦ ♦❜t❡♠♦s q✉❡ v∞ ∈
TσW

u(σ) ∩ Es
σ✳

❉❡ss❛ ♠❛♥❡✐r❛ v∞ é ✉♠ ✈❡t♦r ✉♥✐tár✐♦ q✉❡ ❡stá ♥❛ ❞✐r❡çã♦ Eu ❡ Es ❡ ❛
✐♥t❡rs❡çã♦ ❞❡st❡s é ❛♣❡♥❛s ♦ ✈❡t♦r ♥✉❧♦✱ ♦ q✉❡ ❣❡r❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

✭✐✐✮ α(x0) 6= {σ}✳
❊♥tã♦ ❡①✐st❡ x1 ∈ (W u(σ) \ {σ}) ∩ α(x0)✳ ▲♦❣♦✱ X(x1) ∈ Es

x1
✱ ❡ ❡♥tã♦

s✉❜st✐t✉✐♥❞♦ x0 ♣♦r x1 ♥♦ ♣r✐♠❡✐r♦ ❝❛s♦ ♦❜t❡♠♦s q✉❡ X(x1) ❡stá ♥❛ ❞✐r❡çã♦
✐♥stá✈❡❧ ❡ ❡stá✈❡❧ ❛♦ ♠❡s♠♦ t❡♠♣♦ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

P♦rt❛♥t♦✱ ♥ã♦ ♣♦❞❡ ❤❛✈❡r x0 ∈ Λ \ Sing(X) t❛❧ q✉❡ X(x0) ∈ Es
x0
✳

✷✳ ❙❡ x ∈ Sing(X)✱ ❡♥tã♦ X(x) = 0✱ ❛ss✐♠ X(x) ∈ Ec
x✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s

s✉♣♦r q✉❡ x ∈ Λ \ Sing(X)✱ ❝♦♠ ✐ss♦ t❡♠♦s ❞♦✐s ❝❛s♦s✿
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✭✐✮ α(x) t❡♠ ✉♠ ♣♦♥t♦ r❡❣✉❧❛r y✳

❊①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ tn →∞ t❛❧ q✉❡

lim
n→∞

X−tn(x) = y

❡ ♣❡❧♦ ✐t❡♠ ✶ X(y) 6∈ Es
y✱ ✐st♦ s✐❣♥✐✜❝❛ q✉❡ ♦ â♥❣✉❧♦ ❡♥tr❡ X(y) ❡ Es

y é
❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✳ P♦r ♦✉tr♦ ❧❛❞♦ ❞❡✈✐❞♦ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ❝❛♠♣♦✱

lim
n→∞

X(X−tn(x)) = X(y)

❡
lim
n→∞

Es
X−tn (x)

= Es
y.

❆ss✐♠✱ ♦ â♥❣✉❧♦ ❡♥tr❡ X(X−tn(x)) ❡ Es
X−tn (x)

é ❧✐♠✐t❛❞♦ ❡ ♠❛✐♦r q✉❡ ③❡r♦
♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❈♦♠♦ Es
Λ ❞♦♠✐♥❛ Ec

Λ✱ ❡♥tã♦ ♦ â♥❣✉❧♦ ❡♥tr❡ DXtn(X−tn(x))(E
s
X−tn (x)

) ❡
DXtn(X−tn(x))(X(X−tn(x))) ❝♦♥✈❡r❣❡ ♣❛r❛ ③❡r♦ q✉❛♥❞♦ n→∞✳

P♦ré♠✱ DXtn(X−tn(x))(E
s
X−tn (x)

) = Ec
x ❡ DXtn(X−tn(x))(X(X−tn(x))) =

X(x)✳ ▲♦❣♦ ♦ â♥❣✉❧♦ ❡♥tr❡ X(x) ❡ Ec
x é ③❡r♦✱ ♦✉ s❡❥❛✱ X(x) ∈ Ec

x✳

✭✐✐✮ α(x) ♥ã♦ t❡♠ ♣♦♥t♦s r❡❣✉❧❛r❡s✳

❊♥tã♦ α(x) ❝♦♥té♠ ❛❧❣✉♠ σ ∈ Sing(X)✱ ✐st♦ s✐❣♥✐✜❝❛ q✉❡ x ∈ W u(σ)✳ P♦r
♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ TσW u(σ)∩Es

σ = {0}✱ ❡♥tã♦ TσW u(σ) ⊂ Ec
σ✱ ❥á q✉❡ Ec

σ é ♦
♠❛✐♦r ❡s♣❛ç♦ q✉❡ ✐♥t❡rs❡❝t❛❞♦ ❝♦♠ Es

σ é ✐❣✉❛❧ ❛ ③❡r♦✳ ❊♥tã♦ TxW u(σ) ⊂ Ec
x

❡ ❝♦♠♦ X(x) ∈ TxW u(σ) ❡♥tã♦ X(x) ∈ Ec
x✳

✸✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s ♠♦str❛r q✉❡ dim(Ec
x) = 2✱ ∀x ∈ Λ✳

❙✉♣♦♥❤❛♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ dim(Ec
x0
) = 1✱ ♣❛r❛ ❛❧❣✉♠ x0 ∈ Λ✳ ❈♦♠♦

Ec é ❝♦♥tí♥✉♦ ❡ Λ é ❝♦♥❡①♦✱ ♦❜t❡♠♦s q✉❡ dim(Ec
x) = 1✱ ∀x ∈ Λ✳ ❯♠❛ ✈❡③

q✉❡ Λ ❡①♣❛♥❞❡ ár❡❛ ♥❛ ❞✐r❡çã♦ ❝❡♥tr❛❧ Ec
Λ ❡✱ ❛❧é♠ ❞✐ss♦✱ X(x) ∈ Ec

x✱ ❡♥tã♦
‖ DXt(x)(X(x)) ‖→ ∞✱ q✉❛♥❞♦ t → ∞✱ ♣❛r❛ t♦❞♦ x ∈ Λ \ Sing(X)✳ ❏á
q✉❡ Λ é ❝♦♠♣❛❝t♦ ‖ DXt(x)(X(x)) ‖→ ∞ ♥ã♦ ♣♦❞❡ ❛❝♦♥t❡❝❡r ❛ ♠❡♥♦s q✉❡
Λ \ Sing(X) = ∅✱ ❛ss✐♠✱ ♣♦r s❡r ❝♦♥❡①♦✱ ❝♦♥❝❧✉✐♠♦s q✉❡ Λ é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡
❞❡ X✱ ✉♠ ❛❜s✉r❞♦✱ ✉♠❛ ✈❡③ q✉❡ Λ é ♥ã♦ tr✐✈✐❛❧✳

❈♦♠♦ r❡s✉❧t❛❞♦✱ ✉♠❛ ✈❡③ q✉❡ Λ é ❝♦♥❡①♦ ❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ é ❝♦♥tí♥✉❛ ♦❜t❡♠♦s
q✉❡

dim(Es
x) = dim(TxM)− dim(Ec

x)

= 3− 2 = 1

♣❛r❛ t♦❞♦ x ∈ Λ✳

❉❡✜♥✐çã♦ ✹✳✶✵✳ ❯♠ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❜ás✐❝♦ é ✉♠ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r
❤✐♣❡r❜ó❧✐❝♦ q✉❡ é ✐♥✈❛r✐❛♥t❡ ♠❛①✐♠❛❧ ❡ tr❛♥s✐t✐✈♦✳
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✹✳✷ ❙✐♥❣✉❧❛r✐❞❛❞❡s ■♥❝♦r♣♦r❛❞❛s ❡ ❚✐♣♦ ▲♦r❡♥③

❉❡✜♥✐çã♦ ✹✳✶✶✳ ❙❡❥❛ σ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ❝♦♥t✐❞❛ ❡♠
✉♠ ❝♦♥❥✉♥t♦ Λ ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡ ♣♦r X✳ ❉✐③❡♠♦s q✉❡ σ é✿

✶✳ ■♥❝♦r♣♦r❛❞❛✱ s❡ σ é ❛❝✉♠✉❧❛❞❛ ♣♦r ór❜✐t❛s r❡❣✉❧❛r❡s ❞❡ X ❡♠ Λ✳

✷✳ ❚✐♣♦ ▲♦r❡♥③✱ s❡ DX(σ) t❡♠ ❛✉t♦✈❛❧♦r❡s r❡❛✐s {λ1, λ2, λ3}✱ t❛✐s q✉❡

λ2 < λ3 < 0 < −λ3 < λ1.

❚♦❞❛s ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ t✐♣♦ ▲♦r❡♥③ σ sã♦ ❤✐♣❡r❜ó❧✐❝❛s✳ ❊♥tã♦ ❛s ✈❛r✐❡❞❛❞❡s
✐♥✈❛r✐❛♥t❡s W s(σ) ❡ W u(σ) ❡stã♦ ❜❡♠ ❞❡✜♥✐❞❛s ❡ sã♦ t❛♥❣❡♥t❡s r❡s♣❡❝t✐✈❛♠❡♥t❡
❛♦s ❛✉t♦❡s♣❛ç♦s ❛ss♦❝✐❛❞♦s ❛♦ ❝♦♥❥✉♥t♦ ❞❡ ❛✉t♦✈❛❧♦r❡s {λ2, λ3} ❡ {λ1}✳ ❈♦♠ ✐ss♦✱
W s(σ) é ❜✐❞✐♠❡♥s✐♦♥❛❧ ❡W u(σ) é ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ ❆❧é♠ ❞✐ss♦✱ ❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧
❢♦rt❡W ss(σ) t❛♥❣❡♥t❡ ❛♦ ❛✉t♦❡s♣❛ç♦ ❛ss♦❝✐❛❞♦ ❛ {λ2} t❛♠❜é♠ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳

❊①❡♠♣❧♦ ✹✳✶✷✳ ❆ ✉♥✐ã♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❜ás✐❝♦ ♥ã♦ tr✐✈✐❛❧ ❡ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡
❞❡ t✐♣♦ ▲♦r❡♥③ é ✉♠ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦ q✉❡ é ❤✐♣❡r❜ó❧✐❝♦ ❡ ♥ã♦
tr❛♥s✐t✐✈♦✳ ■ss♦ s❡ ❞á✱ ✉♠❛ ✈❡③ q✉❡ ♦ ω−❧✐♠✐t❡ ♥ã♦ s❡r✐❛ t♦❞♦ ♦ ❝♦♥❥✉♥t♦✱ ❥á
q✉❡ ♣❛r❛ s❡r tr❛♥s✐t✐✈♦ ♦ ❝♦♥❥✉♥t♦ ❞❡✈❡ s❡r ❝♦♥❡①♦✳

❊①❡♠♣❧♦ ✹✳✶✸✳ ❈♦♥s✐❞❡r❡ Λ = {σ}✱ ♦♥❞❡ σ é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ t✐♣♦ ▲♦r❡♥③
σ ♣❛r❛ ✉♠ ✢✉①♦ Xt✱ t ∈ R✱ ❞❡ ❝❧❛ss❡ C1✱ s♦❜r❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ tr✐❞✐♠❡♥s✐♦♥❛❧ M ✱
✐st♦ é✱ σ é s✐♥❣✉❧❛r✐❞❛❞❡ ❤✐♣❡r❜ó❧✐❝❛ ❞❡ t✐♣♦ s❡❧❛ t❛❧ q✉❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ DX(σ)
sã♦ r❡❛✐s ❡ s❛t✐s❢❛③❡♠ λ2 < λ3 < 0 < −λ3 < λ1.

❉❡♥♦♠✐♥❡ Ei ♦ ❛✉t♦❡s♣❛ç♦ ❛ss♦❝✐❛❞♦ ❛♦ ❛✉t♦✈❛❧♦r λi✱ i = 1, 2, 3 ❡ ❡s❝♦❧❤❛
E = E2 ❡ F = E1 ⊕ E3✱ ❝♦♠♦ ♥❛ ✜❣✉r❛ ✹✳✸✳

❋✐❣✉r❛ ✹✳✸✿ ❙✐♥❣✉❧❛r✐❞❛❞❡ t✐♣♦ ▲♦r❡♥③✳

❊♥tã♦ ❛ ❞❡❝♦♠♣♦s✐çã♦ é tr✐✈✐❛❧♠❡♥t❡ ❝♦♥tí♥✉❛✱ ♣♦✐s Λ = {σ} é ❛♣❡♥❛s ✉♠
♣♦♥t♦✱ E ❝♦♥tr❛✐ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ✈❡t♦r❡s ❡ t❡♠ ❞✐♠❡♥sã♦ 1 ❡ F ❡①♣❛♥❞❡ ár❡❛
✉♥✐❢♦r♠❡♠❡♥t❡✳ P♦❞❡♠♦s ❝♦♥s✐❞❡r❛r s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡

DX(σ) =



λ1 0 0
0 λ2 0
0 0 λ3



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❞❛í t❡♠♦s q✉❡ Xt(x) = eAtx✱ ♦♥❞❡ A = DX(σ) ❡ x = (x1, x2, x3) ∈ R3✱ ❧♦❣♦

DXt(σ) · x = AeAtx =



λ1e

λ1t 0 0
0 λ2e

λ2t 0
0 0 λ3e

λ3t





x1
x2
x3


 .

❚♦♠❛♥❞♦ v = (0, v2, 0) ∈ E ❡ w = (0, 0, 0) + (0, 0, w3) ∈ F = E1 ⊕ E3✱ ❝♦♠ ✐ss♦
t❡♠♦s q✉❡

‖ DXt(σ) · v ‖ · ‖ DX−t(σ) · w ‖ = (|λ2|· ‖ v ‖ eλ2t) · (|λ3|· ‖ w ‖ e−λ3t)
= |λ2| · |λ3|· ‖ v ‖ · ‖ w ‖ e(λ2−λ3)t

= |λ2| · |λ3|· ‖ v ‖ · ‖ w ‖ e−(λ3−λ2)t

❝♦♠♦ λ3 − λ2 > 0 t❡♠♦s q✉❡ ❛ ❞❡❝♦♠♣♦s✐çã♦ é ❞♦♠✐♥❛❞❛ ❡ ✐ss♦ ♦❝♦rr❡ ♣♦rq✉❡ E
❛❞♠✐t❡ ✈❡t♦r❡s ♠❛✐s ❢♦rt❡♠❡♥t❡ ❝♦♥tr❛í❞♦s ❞♦ q✉❡ ❛q✉❡❧❡s ❞❡ F ✳

❈♦♠ ✐ss♦ t❡♠♦s ✉♠ ❡①❡♠♣❧♦ ❞❡ ❝♦♥❥✉♥t♦ ❜ás✐❝♦ q✉❡ ❡①♣❛♥❞❡ ár❡❛ ❡
♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦✱ ♣♦rt❛♥t♦✱ t❛♠❜é♠ é s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦✳

◆♦ ❡♥t❛♥t♦✱ ❛ ❡s❝♦❧❤❛ ❞♦s s✉❜✜❜r❛❞♦s é ❡ss❡♥❝✐❛❧✱ s❡ t✐✈❡ss❡♠♦s ❡s❝♦❧❤✐❞♦
E = E3 ❡ F = E1 ⊕ E2✱ ❛ ❞❡❝♦♠♣♦s✐çã♦ ♥ã♦ s❡r✐❛ ❞♦♠✐♥❛❞❛ ❡ ❝♦♠ ✐ss♦✱ ♥ã♦
t❡rí❛♠♦s ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡ ♣❛r❝✐❛❧ ♥❡♠ s✐♥❣✉❧❛r✳

❈❛❜❡ ♦❜s❡r✈❛r q✉❡ ❈♦♥❥✉♥t♦s ❍✐♣❡r❜ó❧✐❝♦s ♥ã♦ ♣♦❞❡♠ t❡r s✐♥❣✉❧❛r✐❞❛❞❡s
✐♥❝♦r♣♦r❛❞❛s✱ ❡①❝❡t♦ s❡ Λ é ❝♦♠♣♦st♦ ❞❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s
❤✐♣❡r❜ó❧✐❝❛s✳ ❈❛s♦ ❝♦♥trár✐♦✱ q✉❛❧q✉❡r s✐♥❣✉❧❛r✐❞❛❞❡ ✐♥❝♦r♣♦r❛❞❛ σ ❡♠ ✉♠
❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ Λ s❡r✐❛ ✉♠ ♣♦♥t♦ ❞❡ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♣❛r❛ ❛ ❞❡❝♦♠♣♦s✐çã♦
❤✐♣❡r❜ó❧✐❝❛✱ ❞❡✈✐❞♦ à ❛✉sê♥❝✐❛ ❞❛ ❞✐r❡çã♦ ❞♦ ✢✉①♦ ♥♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❛ σ✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♠♦str❛ q✉❡ ♥ã♦ ♣♦❞❡♠♦s t❡r ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦
❤✐♣❡r❜ó❧✐❝❛ s❡♠ ❛ ❞✐r❡çã♦ ❞♦ ✢✉①♦✱ ❛ ♠❡♥♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ s❡ r❡❞✉③❛
❛ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ✐s♦❧❛❞❛s✳

Pr♦♣♦s✐çã♦ ✹✳✶✹✳ ❙❡❥❛ Λ ⊂ M ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡ ♣♦r X✳
❙❡ ❡①✐st❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ TΛM = EΛ ⊕ FΛ✱ ✐♥✈❛r✐❛♥t❡ ♣♦r DXt✱ ❡ ❡①✐st❡♠
❝♦♥st❛♥t❡s k, λ > 0✱ t❛✐s q✉❡✱ ♣❛r❛ t♦❞♦ x ∈ Λ ❡ t♦❞♦ t > 0✱

‖ DXt(x)|Ex ‖≤ ke−λt ❡ ‖ DX−t(x)|FXt(x)
‖≤ ke−λt.

❊♥tã♦✱ Λ é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❤✐♣❡r❜ó❧✐❝❛s✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡ ♣r♦✈❡♠♦s q✉❡ Λ ⊂ Sing(X)✳ ❙✉♣♦♥❤❛♠♦s✱ ♣♦r
❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡ x ∈ Λ \ Sing(X)✳ ▲♦❣♦✱ x é ✉♠ ♣♦♥t♦ r❡❣✉❧❛r ♣❛r❛ X✱
♦✉ s❡❥❛✱ X(x) 6= 0✳ ❆ss✐♠✱ ❝♦♠♦ E é s✉❜✜❜r❛❞♦ ❞❡ ❝♦♥tr❛çã♦✱ ❛ ❞✐r❡çã♦ ❞♦ ✢✉①♦
X(x) ❡stá ❝♦♥t✐❞❛ ❡♠ Fx✱ ♣❛r❛ t♦❞♦ x ∈ Λ✳ ▼❛s✱ ❛♣❧✐❝❛♥❞♦ ♦ ✢✉①♦ r❡✈❡rs♦ X−t

❣❡r❛❞♦ ♣❡❧♦ ❝❛♠♣♦ −X s♦❜r❡ ♦ ♠❡s♠♦ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ Λ✱ t❡♠♦s q✉❡ F s❡r✐❛
✉♠❛ s✉❜✜❜r❛❞♦ ❞❡ ❝♦♥tr❛çã♦✱ ❡♥tã♦ X(x) ∈ Ex✱ ♣❛r❛ t♦❞♦ x ∈ Λ✳ ❈♦♠ ✐ss♦✱
X(x) ∈ Ex ∩ Fx = {0}✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳
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❚♦❞❛✈✐❛✱ ❛ ❤✐♣ót❡s❡ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ♠♦str❛ q✉❡ ❝❛❞❛ σ ∈ Λ é ✉♠❛
s✐♥❣✉❧❛r✐❞❛❞❡ ❤✐♣❡r❜ó❧✐❝❛✱ ♦✉ s❡❥❛✱ ❛ ♣❛rt❡ r❡❛❧ ❞♦s ❛✉t♦✈❛❧♦r❡s ❞❡ DX|Eσ sã♦
♥❡❣❛t✐✈♦s ❡ ❛ ♣❛rt❡ r❡❛❧ ❞♦s ❛✉t♦✈❛❧♦r❡s ❞❡ DX|Fσ sã♦ ♣♦s✐t✐✈♦s✳ ❯♠❛ ✈❡③ q✉❡
❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❤✐♣❡r❜ó❧✐❝❛s sã♦ ✐s♦❧❛❞❛s ♥❛ ✈❛r✐❡❞❛❞❡ M ✱ ♣❡❧❛ ❞❡❝♦♠♣♦s✐çã♦
❝♦♥tí♥✉❛ ❞♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡✱ ❡ ❥á q✉❡ Λ é ❝♦♠♣❛❝t♦✱ ❝♦♥❝❧✉✐♠♦s q✉❡ Λ é ❝♦♥❥✉♥t♦
✜♥✐t♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❤✐♣❡r❜ó❧✐❝❛s✳

✹✳✸ ❋❧✉①♦ ▲✐♥❡❛r ❞❡ P♦✐♥❝❛ré

❉❡✜♥✐çã♦ ✹✳✶✺✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ ❡ X ∈ X
r(M), r ≥ 1✳ ❉❛❞♦

q ∈ M \ Sing(X)✱ ❞❡✜♥✐♠♦s Nq ❝♦♠♦ ♦ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ ❞❡ EX
q ❡

❞❡♥♦t❛♠♦s Θq : TqM → Nq ❛ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧✳

▲❡♠❛ ✹✳✶✻✳ ❙❡ q ∈M \ Sing(X) ❡ Lq é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ TqM t❛❧ q✉❡ EX
q ⊂ Lq

❡♥tã♦ Θq(Lq) = Nq ∩ Lq✳

❉❡♠♦♥str❛çã♦✳ ❋✐①❡ v ∈ Lq✳ ❏á q✉❡ TM\Sing(X)M = NM\Sing(X) ⊕ EX
M\Sing(X)✱

♣♦❞❡♠♦s ❡s❝r❡✈❡r v = w+z ♣❛r❛ ❛❧❣✉♠ w ∈ Nq ❡ ❛❧❣✉♠ z ∈ EX
q ✳ P♦r ♦✉tr♦ ❧❛❞♦✱

❝♦♠♦ EX
q ⊂ Lq ❡ w = v − z t❡♠♦s q✉❡ w ∈ Lq ❛ss✐♠ w ∈ Lq ∩ Nq✳ P♦rt❛♥t♦✱

Θq(v) = w ∈ Nq ∩ Lq ♣r♦✈❛♥❞♦ q✉❡ Θq(Lq) ⊂ Nq ∩ Lq✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ v ∈ Nq ∩ Lq ❡♥tã♦ Θq(v) = v ❛ss✐♠✱ v = Θq(v + X(q))✳
❯♠❛ ✈❡③ q✉❡ v ∈ Lq ❡ X(q) ∈ EX

q ⊂ Lq ♦❜t❡♠♦s q✉❡ v ∈ Θq(Lq)✱ ♣♦rt❛♥t♦
Nq ∩ Lq ⊂ Θq(Lq)✳

❉❡✜♥✐çã♦ ✹✳✶✼✳ ❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡ Λ s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s✱
❞❡✜♥✐♠♦s ♦ s✉❜✜❜r❛❞♦ ♥♦r♠❛❧ ❞♦ ❝❛♠♣♦ X s♦❜r❡ Λ ❝♦♠♦

NΛ =
⋃

q∈Λ

Nq.

❉❡✜♥✐çã♦ ✹✳✶✽✳ ❙❡❥❛ Λ ⊂M ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ❝♦♠♣❛❝t♦ ❞❡ X ∈ X
r(M)✱

s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s✳ ❙❡ v ∈ Nq ❞❡♥♦t❛♠♦s ♣♦r Pt(q)v ❛ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ❞❡
DXt(q)v s♦❜r❡ NXt(q)✳ ❖ ✢✉①♦ Pt : NΛ → M \ Sing(X) é ♦ ✢✉①♦ ❧✐♥❡❛r ❞❡

P♦✐♥❝❛ré ❞❡ X ❛ss♦❝✐❛❞♦ ❛ Λ✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ Pt(q)v = ΘXt(q)(DXt(q)v)✳

❋✐❣✉r❛ ✹✳✹✿ ❋❧✉①♦ ▲✐♥❡❛r P♦✐♥❝❛ré tr✐❞✐♠❡♥s✐♦♥❛❧✳
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❉✐③❡♠♦s q✉❡ ✉♠ s✉❜✜❜r❛❞♦ GΛ ❞❡ NΛ é ❝❤❛♠❛❞♦ ✐♥✈❛r✐❛♥t❡ ♣♦r Pt s❡
Pt(q)Gq = GXt(q) ♣❛r❛ t♦❞♦ t ∈ R ❡ q ∈ Λ✳

▲❡♠❛ ✹✳✶✾✳ ❙❡ LΛ é ✉♠ s✉❜✜❜r❛❞♦ ✐♥✈❛r✐❛♥t❡ ♣♦r Xt ❞❡ TΛM ❝♦♥t❡♥❞♦ EX
Λ ✱

❡♥tã♦ ♦ s✉❜✜❜r❛❞♦ ✐♥❞✉③✐❞♦ LΛ = NΛ ∩ LΛ é ✐♥✈❛r✐❛♥t❡ ♣♦r Pt✳

❉❡♠♦♥str❛çã♦✳ ❋✐①❡ q ∈ Λ ❡ t ∈ R✳ ❯♠❛ ✈❡③ q✉❛ LΛ é ✐♥✈❛r✐❛♥t❡ ♣♦r Xt ❡ ♣❡❧❛
❤✐♣ót❡s❡ EX

Xt(q)
⊂ LXt(q) ❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✶✻✱ ΘXt(q)(LXt(q)) = NXt(q) ∩ LXt(q)✳

P♦rt❛♥t♦✱

Pt(Lq) = ΘXt(q)(DXt(q)(Nq ∩ Lq))
= ΘXt(q)(DXt(q)(Nq) ∩ LXt(q))

= ΘXt(q)(DXt(q)(Nq)) ∩ΘXt(q)(LXt(q))

= Pt(q)(Nq) ∩ΘXt(q)(LXt(q))

= NXt(q) ∩ (NXt(q) ∩ LXt(q))

= NXt(q) ∩ LXt(q)

= LXt(q).

❉❡✜♥✐çã♦ ✹✳✷✵✳ ❖ ✢✉①♦ ❧✐♥❡❛r P♦✐♥❝❛ré Pt é ❍✐♣❡r❜ó❧✐❝♦ s♦❜r❡ Λ s❡ ❡①✐st✐r
✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❝♦♥tí♥✉❛ NΛ = GΛ ⊕ FΛ ❡ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s k, λ t❛❧ q✉❡

✶✳ NΛ = GΛ ⊕ FΛ é ✐♥✈❛r✐❛♥t❡ ♣♦r Pt✱ ✐st♦ é✱ ❛♠❜♦s GΛ ❡ FΛ sã♦ ✐♥✈❛r✐❛♥t❡s
♣♦r Pt✳

✷✳ Pt ❝♦♥tr❛✐ GΛ✱ ✐st♦ é✱ ‖ Pt(q)|Gq ‖≤ ke−λt✱ ♣❛r❛ t♦❞♦ t ≥ 0 ❡ q ∈ Λ✳

✸✳ Pt ❡①♣❛♥❞❡ FΛ✱ ✐st♦ é✱ m(Pt(q)|Fq) ≥ keλt✱ ♣❛r❛ t♦❞♦ t ≥ 0 ❡ q ∈ Λ✳

❋✐❣✉r❛ ✹✳✺✿ ❋❧✉①♦ ▲✐♥❡❛r ❞❡ P♦✐♥❝❛ré ❍✐♣❡r❜ó❧✐❝♦✳

❱❡r✐✜❝❛✲s❡ q✉❡ ❛ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡ ❞❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s
♣♦❞❡ s❡r ❡①♣r❡ss❛ ❡♠ t❡r♠♦s ❞❛ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡ ❞♦ ✢✉①♦ ❧✐♥❡❛r ❞❡ P♦✐♥❝❛ré
❛ss♦❝✐❛❞❛ ❛ X✳ P❛r❛ ❛✈❡r✐❣✉❛r ✐ss♦ s❡❣✉❡ ♦ ♣ró①✐♠♦ ❧❡♠❛✱ q✉❡ ♣❛r❛ ♣r♦✈á✲❧♦
✉s❛♠♦s ♦ ❝❛♠♣♦ ❞❡ ❝♦♥❡s ♦ q✉❛❧ é ❞❡✜♥✐❞♦ ❛ s❡❣✉✐r✳
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❉❡✜♥✐çã♦ ✹✳✷✶✳ ❙❡❥❛ S ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ TS s❡✉ ✜❜r❛❞♦ t❛♥❣❡♥t❡✳
❉❛❞♦ x ∈ S✱ α > 0 ❡ ✉♠ s✉❜❡s♣❛ç♦ ❧✐♥❡❛r Vx ⊂ TxS✱ ❞❡♥♦t❛♠♦s ♣♦r Cα(x, Vx) ≡
Cα(x) ♦ ❝♦♥❡ ❛♦ r❡❞♦r ❞❡ Vx ❡♠ TxS ❝♦♠ ✐♥❝❧✐♥❛çã♦ α✱ ✐st♦ é✱

Cα(x) = {vx ∈ TxS : ∠(vx, Vx) ≤ α}

♦♥❞❡ ∠(vx, Vx) é ♦ â♥❣✉❧♦ ❡♥tr❡ ✉♠ ✈❡t♦r vx ❡ ♦ s✉❜❡s♣❛ç♦ Vx✳ ❯♠ ❝❛♠♣♦ ❞❡

❝♦♥❡s ❡♠ S é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ Cα : S → TxS✱ ♦♥❞❡ Cα(x) é ✉♠ ❝♦♥❡
❝♦♠ ✐♥❝❧✐♥❛çã♦ ❝♦♥st❛♥t❡ α ❡♠ TxS✳

▲❡♠❛ ✹✳✷✷✳ ❯♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ✐♥✈❛r✐❛♥t❡ Λ ♣♦r X s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s é
❤✐♣❡r❜ó❧✐❝♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Pt é ❤✐♣❡r❜ó❧✐❝♦ s♦❜r❡ Λ✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ Λ é ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s
❡ ❞❡❝♦♠♣♦s✐çã♦ ❤✐♣❡r❜ó❧✐❝❛ TΛM = Es

Λ⊕EX
Λ ⊕Eu

Λ✳ ❉❡✜♥✐♥❞♦ GΛ = (Es ⊕ EX)Λ
❡ FΛ = (EX ⊕ Eu)Λ✱ ♦✉ s❡❥❛✱ GΛ = NΛ ∩ (Es ⊕ EX)Λ ❡ FΛ = NΛ ∩ (EX ⊕ Eu)Λ
❛ss✐♠✱ ♦❜t❡♠♦s ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❝♦♥tí♥✉❛ NΛ = GΛ ⊕ FΛ q✉❡ é ✐♥✈❛r✐❛♥t❡ ♣♦r
Pt ♣❡❧♦ ▲❡♠❛ ✹✳✶✾✳ ❈♦♠♦ Λ ♥ã♦ t❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s✱ t❡♠♦s q✉❡✱ ♣❛r❛ q ∈ Λ ❡
v ∈ GΛ

‖ Pt(q)v ‖ =‖ ΘXt(q)(DXt(q)v) ‖
≤‖ DXt(q)v ‖
≤ ke−λt ‖ v ‖

❝♦♠ ✐ss♦ Pt ❝♦♥tr❛✐ GΛ✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ FΛ é ❡①♣❛♥❞✐❞♦ ♣♦r Pt✳ ▲♦❣♦ Pt é
❤✐♣❡r❜ó❧✐❝♦ s♦❜r❡ Λ✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛♠♦s q✉❡ Pt é ❤✐♣❡r❜ó❧✐❝♦ s♦❜r❡ Λ ❡ ❞❡♥♦t❡
♣♦r NΛ = GΛ ⊕ FΛ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡✳ ❉❡✜♥❛ ♦ s✉❜✜❜r❛❞♦
AΛ = GΛ ⊕ EX

Λ ❡ BΛ = EX
Λ ⊕ FΛ s♦❜r❡ Λ✳ ◆♦t❡ q✉❡✱ t❛♥t♦ AΛ q✉❛♥t♦ BΛ sã♦

✐♥✈❛r✐❛♥t❡s ♣♦r Xt✳ ❉❡ ❢❛t♦✱ s❡ x ∈ Λ ❡ vx ∈ Ax ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ wx ∈ Gx

t❛❧ q✉❡ vx − wx ∈ EX
x ✳ ❙❡ t ∈ R ❡♥tã♦ DXt(x)vx − DXt(x)wx ∈ EX

Xt(x)

❥á q✉❡ EX
Λ é ✐♥✈❛r✐❛♥t❡ ♣♦r DXt✱ ❛ss✐♠ ΘXt(x)(DXt(x)vx) = Pt(x)wx ❞♦ q✉❛❧

♦❜t❡♠♦s q✉❡ ΘXt(x)(DXt(x)vx) ∈ GXt(x)✱ ❥á q✉❡ GΛ é ✐♥✈❛r✐❛♥t❡ ♣♦r Pt✳ ❈♦♠♦
DXt(x)vx − ΘXt(x)(DXt(x)vx) ∈ EX

Xt(x)
♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ΘXt(x)✱ ❞❛í ♦❜t❡♠♦s

q✉❡ DXt(x)vx ∈ GXt(x) ⊕ EX
Xt(x)

= AXt(x)✱ ♣♦rt❛♥t♦ AΛ é ✐♥✈❛r✐❛♥t❡ ♣♦r Xt✳
❖ ♠❡s♠♦ ♣r♦❝❡ss♦ é ❢❡✐t♦ ♣❛r❛ BΛ✳ ❋✐♥❛❧♠❡♥t❡✱ ❥á q✉❡ Λ é ❝♦♠♣❛❝t❛ ❡ s❡♠
s✐♥❣✉❧❛r✐❞❛❞❡s ♣♦❞❡♠♦s ✉s❛r ❝❛♠♣♦s ❞❡ ❝♦♥❡s ❡♠ t♦r♥♦ ❞❡ GΛ ♣❛r❛ ♦❜t❡r ✉♠
s✉❜✜❜r❛❞♦ ❡stá✈❡❧ Es

Λ ❡♠ AΛ ❝♦♠♣❧❡♠❡♥t❛r ❛ EX
Λ ✳ ❆♥❛❧♦❣❛♠❡♥t❡ ♦❜t❡♠♦s ✉♠

s✉❜✜❜r❛❞♦ ✐♥stá✈❡❧ Eu
Λ ❡♠ BΛ ❝♦♠♣❧❡♠❡♥t❛r ❛ EX

Λ ✳ ❯♠❛ ✈❡③ q✉❡ NΛ = GΛ⊕FΛ

♦❜t❡♠♦s TΛM = Es
Λ⊕EX

Λ ⊕Eu
Λ ❝♦♠ ✐ss♦ ❝♦♥s❡❣✉✐♠♦s ❛ ❞❡❝♦♠♣♦s✐çã♦ ❤✐♣❡r❜ó❧✐❝❛

s♦❜r❡ Λ✳

❖ ✢✉①♦ ❧✐♥❡❛r ❞❡ P♦✐♥❝❛ré ♥ã♦ é ❞❡✜♥✐❞♦ ❡♠ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡✳ P♦rt❛♥t♦✱
♥ã♦ ♣♦❞❡♠♦s ❝❛r❛❝t❡r✐③❛r ✉♠ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠ s✐♥❣✉❧❛r✐❞❛❞❡s
❛tr❛✈és ❞❛ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡ ❞❡ss❡ ✢✉①♦✳ ❆♣❡s❛r ❞❡st❛ ❞✐✜❝✉❧❞❛❞❡✱ ❛✐♥❞❛ ♣♦❞❡♠♦s
♦❜t❡r ❛❧❣✉♠❛s ✐♥❢♦r♠❛çõ❡s ❛ ♣❛rt✐r ❞❛ r❡str✐çã♦ ❞♦ ✢✉①♦ ❧✐♥❡❛r ❞❡ P♦✐♥❝❛ré ❛
Λ∗ = Λ \ Sing(X)✳
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❙❡❥❛ Λ ✉♠ ❝♦♥❥✉♥t♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ♣❛r❛ X ❝♦♠ TΛM = Es
Λ ⊕ Ec

Λ

t❛❧ q✉❡ ❡①♣❛♥❞❡ ár❡❛ ♥❛ ❞✐r❡çã♦ ❞❡ Ec✳ ❙❡❥❛ EX ❛ ❞✐r❡çã♦ ❞♦ ✢✉①♦ ❞❡ X ❡♠ Λ✳
❉❡✜♥❛ ♦ s✉❜✜❜r❛❞♦ FΛ∗ = NΛ∗ ∩Ec

Λ∗ s♦❜r❡ Λ∗✳ ◆♦t❡ q✉❡ FΛ∗ é ✐♥✈❛r✐❛♥t❡ ♣♦r Pt
s♦❜r❡ Λ∗✱ ✉♠❛ ✈❡③ q✉❡ NΛ∗ ❡ Ec

Λ∗ sã♦✳

▲❡♠❛ ✹✳✷✸✳ ❙❡❥❛ Λ ✉♠ ❝♦♥❥✉♥t♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ♣❛r❛ X ∈ X
r(M) q✉❡

❡①♣❛♥❞❡ ár❡❛ ♥❛ ❞✐r❡çã♦ ❝❡♥tr❛❧✳ ❊♥tã♦✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s λ✱k > 0 t❛✐s q✉❡

m(Pt(x)|Fx) ·m(DXt(x)|EX
x
) ≥ keλt

♣❛r❛ t♦❞♦ x ∈ Λ∗ ❡ t > 0✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ TΛM = Es
Λ ⊕ Ec

Λ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❝♦♥tí♥✉❛ ♣❛r❝✐❛❧♠❡♥t❡
❤✐♣❡r❜ó❧✐❝❛ ❞❡ Λ s♦❜r❡ ▼✳

❋✐①❡ x ∈ Λ∗ ❡ ❞❛❞♦s u, v ∈ TxM ✱ s❡❥❛ A(u, v) ❛ ár❡❛ ❞♦ ♣❛r❛❧❡❧♦❣r❛♠♦ ❢♦r♠❛❞♦
♣♦r u, v✳ ❙❡ u ∈ Fx = Nx ∩ Ec

x ❡ v ∈ EX
x t❡♠♦s q✉❡

A(u, v) =‖ u ‖ · ‖ v ‖

✉♠❛ ✈❡③ q✉❡ Nx é ♦ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ ❞❡ EX ✳ ❆ ♣❛rt✐r ❞✐st♦✱ ♦❜t❡♠♦s

A(DXt(x)u,DXt(x)v) =‖ Pt(x)u ‖ · ‖ DXt(x)v ‖

♣♦r ❞❡✜♥✐çã♦ Pt(x)u✳

P♦r ♦✉tr♦ ❧❛❞♦✱

A(DXt(x)u,DXt(x)v) = |det(DXt(x)|Ec
x
)| · A(u, v).

❈♦♠♦ Λ é ❝♦♠♣❛❝t♦ ❡ Ec
Λ ❡①♣❛♥❞❡ ár❡❛✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s k, λ > 0 t❛✐s q✉❡

| det(DXt(x)|Ec
Λ
) |≥ keλt, ∀t > 0.

P♦rt❛♥t♦✱
‖ Pt(x)u ‖ · ‖ DXt(x)v ‖≥ keλt ‖ u ‖ · ‖ v ‖ .

❈♦♠♦ u, v sã♦ ❛r❜✐trár✐♦s s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

✹✳✹ ❙♦❜r❡ ❈♦♥❥✉♥t♦s ❙✐♥❣✉❧❛r❡s ❍✐♣❡r❜ó❧✐❝♦s

▲❡♠❛ ✹✳✷✹ ✭▲❡♠❛ ❍✐♣❡r❜ó❧✐❝♦✮✳ ❙❡❥❛ Λ ✉♠ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦ ♣❛r❛
X ∈ X

r(M)✳ ❙❡ H ⊂ Λ é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ✐♥✈❛r✐❛♥t❡ s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s✱
❡♥tã♦ H é ❤✐♣❡r❜ó❧✐❝♦✳

❉❡♠♦♥str❛çã♦✳ ■♥✈❡rt❡♥❞♦ ♦ s❡♥t✐❞♦ ❞♦ ✢✉①♦✱ s❡ ♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r
q✉❡ Λ é ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ X✳ ◆❡st❡ ❝❛s♦✱ ♦ ♠❡s♠♦ ❛❝♦♥t❡❝❡ ❝♦♠ H✱
❥á q✉❡ H é ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡✳ Pr♦✈❡♠♦s q✉❡ H é ❤✐♣❡r❜ó❧✐❝♦✳ ❙✉♣♦♥❤❛♠♦s
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q✉❡ THM = Es
H ⊕ Ec

H ❝♦♠ Es
H ❝♦♥tr❛t♦r ❡ Ec

H ❡①♣❛♥❞❡ ár❡❛✳ ❯♠❛ ✈❡③ q✉❡ H
♥ã♦ t❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ s✉❜✜❜r❛❞♦ FH = NH ∩Ec

H ✳ ❈♦♠♦
H é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ♣❛r❝✐❛❧♠❡♥t❡ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ X s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s✱
t❡♠♦s ♣❡❧♦ ▲❡♠❛ ✹✳✷✸ q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s λ, k > 0 t❛✐s q✉❡

m(Pt(x)|Fx) ·m(DXt(x)|EX
x
) ≥ keλt

♣❛r❛ t♦❞♦ x ∈ H ❡ t > 0✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉♠❛ ✈❡③ q✉❡H é ❝♦♠♣❛❝t♦✱ ❡①✐st❡ A > 0 t❛❧ q✉❡ ‖ X(x) ‖≤ A✱
∀x ∈ H✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r H s❡r ❝♦♠♣❛❝t♦ ✐♥✈❛r✐❛♥t❡ ❡ s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s✱ ❡①✐st❡
B > 0 t❛❧ q✉❡ ‖ X(x) ‖≥ B, ∀x ∈ H✳

❉❡st❛ ♠❛♥❡✐r❛✱ ♣❛r❛ t♦❞♦ x ∈ H ❡ t > 0✱ t❡♠♦s q✉❡

m(DXt|EX
x
) = inf

‖ DXt(x)(X(x)) ‖
‖ X(x) ‖ = inf

‖ X(Xt(x)) ‖
‖ X(x) ‖ ≤ A

B
.

▲♦❣♦✱ ♦♣❡r❛♥❞♦ m(Pt(x)|Fx) ❡♠ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡ ❛♣❧✐❝❛♥❞♦
♦ ▲❡♠❛ ✹✳✷✸✱ ♥ós ♦❜t❡♠♦s

m(Pt(x)|Fx) ·
A

B
≥ m(Pt(x)|Fx) ·m(DXt(x)|EX

x
) ≥ keλt.

❆ss✐♠✱
m(Pt(x)|Fx) ≥ Ceλt, ∀x ∈ H, ∀t > 0

♦♥❞❡ C =
kB

A
> 0✳ P♦rt❛♥t♦✱ Pt ❡①♣❛♥❞❡ FH ✳

❙❡❥❛ GH = NH ∩ (Es
H ⊕ EX

H )✳ ❈♦♠♦ DXt ❝♦♥tr❛✐ Es
H ✱ ❡♥tã♦ Pt ❝♦♥tr❛✐ GH ✳

❉❛í✱ NH = GH ⊕ FH é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s ❡
✐st♦ ✐♠♣❧✐❝❛ q✉❡ Pt é ❤✐♣❡r❜ó❧✐❝♦ ❡ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✹✳✷✷✱ ❝♦♥❝❧✉í♠♦s ❛ ♣r♦✈❛✳

❊①❡♠♣❧♦ ✹✳✷✺✳ ❙❡❥❛ Λ ✉♠ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦✱ q✉❛❧q✉❡r ór❜✐t❛
♣❡r✐ó❞✐❝❛ ❞❡ X ❡♠ Λ é ❤✐♣❡r❜ó❧✐❝♦✳ ■ss♦ ♦❝♦rr❡ ♣♦✐s ❡♠ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛
♥ã♦ s❡ t❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s✱ ❧♦❣♦ ♦ ▲❡♠❛ ✹✳✷✹ s❡ ❛♣❧✐❝❛✳

PARCIALMENTE HIPERBÓLICOS

SINGULARES HIPERBÓLICOS

HIPERBÓLICOS

❋✐❣✉r❛ ✹✳✻✿ ❘❡❧❛çã♦ ❞♦s ❝♦♥❝❡✐t♦s ❞❡ ❍✐♣❡r❜♦❧✐❝✐❞❛❞❡✳
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❈♦♥s❡❣✉✐♠♦s ❡♥tã♦ r❡❧❛❝✐♦♥❛r ♦s t✐♣♦s ❞❡ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡ ❝♦♠♦ ♠♦str❛ ❛
❋✐❣✉r❛ ✹✳✻✳

❚♦❞♦ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ✐♥✈❛r✐❛♥t❡ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ✭s✐♥❣✉❧❛r
❤✐♣❡r❜ó❧✐❝♦✮ t❛♠❜é♠ é ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ✭s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦✮✳ ▼❛✐s
✐♥t❡r❡ss❛♥t❡✱ às ✈❡③❡s✱ é ❡st❡♥❞❡r ❛ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡ ♣❛r❛ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠
❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ✭s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦✮✳

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ✐❧✉str❛ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧ ❞❡ ❝❛♠♣♦s ❞❡ ❝♦♥❥✉♥t♦s
❤✐♣❡r❜ó❧✐❝♦s✱ ❝✉❥❛ ♣r♦✈❛ ❡♥✈♦❧✈❡ ❝♦♥❝❡✐t♦s q✉❡ ❛q✉✐ ♥ã♦ ❢♦r❛♠ ❡♥✉♥❝✐❛❞♦s✳
❆♣r❡s❡♥t❛♠♦s s❡♠ ❞❡♠♦♥str❛çã♦ ❡st❡ r❡s✉❧t❛❞♦✱ ✉♠❛ ♣r♦✈❛ ♣♦❞❡ s❡r ✈✐st❛ ❡♠
❬✶✷❪ ❚❡♦r❡♠❛ ✶✽✳✷✳✸✱ ❜❡♠ ❝♦♠♦ ♥❛s s✉❛s r❡❢❡rê♥❝✐❛s✳

Pr♦♣♦s✐çã♦ ✹✳✷✻✳ ❙❡❥❛ Λ ⊂ M ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ X ∈ X
r(M)✱ r ≥ 1✳

❊♥tã♦ ♣❛r❛ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ U ❞❡ Λ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡ s❡ Y é ❝❛♠♣♦
❡ d1(X, Y ) < ǫ ❡♥tã♦ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ✐♥✈❛r✐❛♥t❡ ♣❛r❛ Y ✳

❊♠❜♦r❛ ♥ã♦ s❡❥❛ ✉♠ r❡s✉❧t❛❞♦ ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ❡str✉t✉r❛❧✱ ♦ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r
♥♦s ❞á ✉♠❛ ✐❞é✐❛ ❞❡ q✉❡ ❡♠ ♣❡q✉❡♥❛s ✈✐③✐♥❤❛♥ç❛s ❞♦ ❝❛♠♣♦ ♣♦❞❡♠♦s ❛✐♥❞❛ t❡r
❝♦♥❥✉♥t♦s ❙✐♥❣✉❧❛r❡s ❍✐♣❡r❜ó❧✐❝♦s✳

Pr♦♣♦s✐çã♦ ✹✳✷✼✳ ❙❡❥❛ Λ ✉♠ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦ ❞❡ X ∈ X
r(M), r ≥ 1✳

❊♥tã♦ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ Λ ❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ⊂ X
r(M) ❞❡ X ❞❡ t❛❧

❢♦r♠❛ q✉❡ s❡ Y ∈ U ✱ ❡♥tã♦ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ❝♦♠♣❛❝t♦ ❞❡ Y ❡♠ U é
s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ♥♦ ❝❛s♦ ❍✐♣❡r❜ó❧✐❝♦ ✭Pr♦♣♦s✐çã♦ ✹✳✷✻✮✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛
❞❡❝♦♠♣♦s✐çã♦ ❝♦♥tí♥✉❛ ❡ ✐♥✈❛r✐❛♥t❡ Λ é ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❛❜❡rt❛✱ ✐st♦ é✱ ❡①✐st❡♠
✈✐③✐♥❤❛♥ç❛s U ⊃ Λ ❡ U ⊃ X ❝♦♠ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ♣r♦♣♦s✐çã♦✳

❉❡♥♦t❛♥❞♦ ♣♦r ΛY ✱ ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ❡♠ U ♣❛r❛ Y ∈ U ❡ ♣♦r DYt ❛
❞❡r✐✈❛❞❛ ❞♦ ✢✉①♦ Yt ❣❡r❛❞♦ ♣❡❧♦ ❝❛♠♣♦ Y ✱ r❡st❛ ♣r♦✈❛r q✉❡ ❛ ❞✐r❡çã♦ ❝❡♥tr❛❧ ❞❡
ΛY ❡①♣❛♥❞❡ ár❡❛✳

❙❡❥❛♠ u, v ∈ Ec
ΛY

❡ x ∈ ΛY ✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ s✉♣♦♥❤❛♠♦s q✉❡
s✉❛s ✐♠❛❣❡♥s ♣❡❧❛ ❞❡r✐✈❛❞❛ ❞♦ ✢✉①♦ s❡❥❛♠ ♦rt♦❣♦♥❛✐s✱ ❝♦♠ ✐ss♦ t❡♠♦s q✉❡

A(DYt(x)u,DYt(x)v) =‖ DYt(x)u ‖ · ‖ DYt(x)v ‖

❡ ❝♦♠♦
A(DYt(x)u,DYt(x)v) = |det(DYt(x)|Ec

x
)| · A(u, v)

s❡❣✉❡ q✉❡

‖ DYt(x)v ‖ · ‖ DYt(x)v ‖= |det(DYt(x)|Ec
x
)| · A(u, v).

▲❡♠❜r❛♠♦s q✉❡ ♦ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛ X✳

❆❣♦r❛✱ ✉♠❛ ✈❡③ q✉❡ X ❡ Y sã♦ C1✲♣ró①✐♠♦s✱ t❡♠♦s q✉❡

‖ DXt(x)u−DYt(x)u ‖< ǫ
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‖ DXt(x)v −DYt(x)v ‖< ǫ.

❆ss✐♠✱

‖ DYt(x)u ‖ =‖ DXt(x)u−DXt(x)u+DYt(x)u ‖
=‖ DXt(x)u− (DXt(x)u−DYt(x)u) ‖
≥‖ DXt(x)u ‖ − ‖ DXt(x)u−DYt(x)u ‖
>‖ DXt(x)u ‖ − ǫ.

❉♦ ♠❡s♠♦ ♠♦❞♦
‖ DYt(x)v ‖>‖ DXt(x)v ‖ − ǫ.

❖♣❡r❛♥❞♦ ❛s ❞✉❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛✱ ♦❜t❡♠♦s

‖ DYt(x)u ‖‖ DYt(x)v ‖ > (‖ DXt(x)u ‖ − ǫ)(‖ DXt(x)v ‖ − ǫ)

=‖ DXt(x)u ‖‖ DXt(x)v ‖ −ǫ ‖ DXt(x)u ‖ −ǫ ‖ DXt(x)v ‖ +ǫ2

= |det(DXt(x)|Ec
x
)|A(u, v)− ǫ ‖ DXt(x)u ‖ −ǫ ‖ DXt(x)v ‖ +ǫ2

❋❛③❡♥❞♦ ǫ → 0 ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ Λ ❞❡ X ❡①♣❛♥❞❡ ár❡❛ ♥❛
❞✐r❡çã♦ Ec

Λ✱ t❡♠♦s q✉❡

‖ DYt(x)u ‖ · ‖ DYt(x)v ‖ > |det(DXt(x)|Ec
x
)|A(u, v)

> keλtA(u, v)

❖ q✉❡ ✐♠♣❧✐❝❛ q✉❡
|det(DYt(x)|Ec

x
)| > keλt.

P♦rt❛♥t♦✱ Ec
ΛY

❡①♣❛♥❞❡ ár❡❛✳

❆ ♣r♦♣♦s✐çã♦ ❡ ♦ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❝❛r❛❝t❡r✐③❛ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ❝♦♥❥✉♥t♦s
❙✐♥❣✉❧❛r❡s ❍✐♣❡r❜ó❧✐❝♦s✳

Pr♦♣♦s✐çã♦ ✹✳✷✽✳ ❙❡❥❛ Λ ✉♠ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦ ♣❛r❛ ♦ ❝❛♠♣♦ X ❡
s✉♣♦♥❤❛ q✉❡ Λ ♥ã♦ é ❤✐♣❡r❜ó❧✐❝♦✳ ❊♥tã♦✱ Λ t❡♠✱ ♣❡❧♦ ♠❡♥♦s✱ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡
✐♥❝♦r♣♦r❛❞❛✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♦❜s❡r✈❡ q✉❡ Sing(X) 6= ∅ ♣♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱ Λ
s❡r✐❛ ❤✐♣❡r❜ó❧✐❝♦ ♣❡❧♦ ▲❡♠❛ ✹✳✷✹✳

❉❡♥♦t❡♠♦s ♣♦r Λ1 ♦ ❢❡❝❤♦ ❞❡ Λ∗ = Λ \ Sing(X)✳ ❚❡♠♦s q✉❡ Λ1 é ✐♥✈❛r✐❛♥t❡
♣♦r Xt✳ ❉❡ ❢❛t♦✱

Xt(Λ1) = Xt(Λ∗) = Xt(Λ∗) = Xt(Λ \ Sing(X))

= Xt(Λ) \Xt(Sing(X))

= Λ \ Sing(X) = Λ∗

= Λ1.
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❆❧é♠ ❞✐ss♦✱ Λ1 é ❝♦♠♣❛❝t♦✱ ❥á q✉❡ Λ1 ⊂ Λ✱ Λ1 ❢❡❝❤❛❞♦ ❡ Λ ❝♦♠♣❛❝t♦✳

❚♦♠❛♥❞♦ σ1 ∈ Sing(X)✳ ❙❡ σ1 6∈ Λ1✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r Λ = {σ1} ∪Λ1 ✭✉♥✐ã♦
❞✐s❥✉♥t❛✮✳

❈♦♠♦ Λ1 ⊂ Λ✱ t❡♠♦s q✉❡ Λ1 ♥ã♦ é ❤✐♣❡r❜ó❧✐❝♦✱ ✉♠❛ ✈❡③ q✉❡ Λ ♥ã♦ é
❤✐♣❡r❜ó❧✐❝♦✳ ❆❧é♠ ❞✐ss♦✱ Sing(X|Λ1) é ♥ã♦ ✈❛③✐♦✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ Λ1 s❡r✐❛
❤✐♣❡r❜ó❧✐❝♦ ♣❡❧♦ ▲❡♠❛ ✹✳✷✹✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❆❣♦r❛✱ t♦♠❛♥❞♦ σ2 ∈ Sing(X)✱ σ2 6= σ1✳ ❙❡ σ2 6∈ Λ1✱ ❡♥tã♦ ♣♦❞❡♠♦s
❡s❝r❡✈❡r Λ = {σ1, σ2} ∪ Λ1 ✭✉♥✐ã♦ ❞✐s❥✉♥t❛✮✳ ❈♦♠ ✐ss♦✱ ❝♦♥❝❧✉✐♠♦s ♥♦✈❛♠❡♥t❡
q✉❡ Sing(X|Λ1) 6= ∅✱ s❡♥ã♦ Λ1 s❡r✐❛ ❤✐♣❡r❜ó❧✐❝♦✱ ✉♠ ❛❜s✉r❞♦✳

❏á q✉❡ Sing(X) é ✜♥✐t♦✱ r❡♣❡t✐♥❞♦ ♦ ♣r♦❝❡ss♦✱ ❝❤❡❣❛♠♦s ❛ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡
♥♦ ❢❡❝❤♦ ❞❡ Λ∗✱ ❧♦❣♦ ❡❧❛ é ✉♠ ♣♦♥t♦ ❞❡ ❛❞❡rê♥❝✐❛ ❡♠ Λ ❡ ♣♦rt❛♥t♦ ✉♠❛
s✐♥❣✉❧❛r✐❞❛❞❡ ✐♥❝♦r♣♦r❛❞❛✳

❚❡♦r❡♠❛ ✹✳✷✾✳ ❙❡❥❛ Λ ✉♠ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦ ♣❛r❛ ♦ ❝❛♠♣♦
X ∈ X

r(M)✳ ❙❡ σ ∈ Sing(X)∩Λ✱ ❡♥tã♦ σ é t✐♣♦ ▲♦r❡♥③ ♦✉ t❡♠ ❞♦✐s ❛✉t♦✈❛❧♦r❡s
♣♦s✐t✐✈♦s✳ ❆❧é♠ ❞✐ss♦✱ t❡♠✲s❡

Λ ∩W ss(σ) = {σ}.

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r♦ ✈❛♠♦s ♣r♦✈❛r q✉❡ σ é t✐♣♦ ▲♦r❡♥③ ♦✉ t❡♠ ❞♦✐s
❛✉t♦✈❛❧♦r❡s ♣♦s✐t✐✈♦s✳ ❉❡♥♦t❡ ♣♦r TΛM = Es

Λ ⊕ Ec
Λ ❛ ❞❡❝♦♠♣♦s✐çã♦ s✐♥❣✉❧❛r

❤✐♣❡r❜ó❧✐❝❛ ❞❡ M s♦❜r❡ Λ✳ ❙❡ Λ é tr✐✈✐❛❧✱ ❡♥tã♦ t❡♠✲s❡ ♦ r❡s✉❧t❛❞♦✳ ❙✉♣♦♥❤❛ q✉❡
Λ ♥ã♦ é tr✐✈✐❛❧✳ ❈♦♠♦ Λ é ❝♦♥❡①♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✾ ✐♠♣❧✐❝❛ q✉❡ X(x) ∈ Ec

x ❡
dim(Es

x) = 1 ♣❛r❛ t♦❞♦ x ∈ Λ✳ ❊♠ ♣❛rt✐❝✉❧❛r dim(Es
σ) = 1 ❡ σ t❡♠ ✉♠ ❛✉t♦✈❛❧♦r

❝♦♥tr❛t♦r ✭❢♦rt❡✮ λ2 < 0✳ ❙❡ σ t❡♠ s♦♠❡♥t❡ ✉♠ ❛✉t♦✈❛❧♦r ❝♦♥tr❛t♦r✱ ❡♥tã♦ σ t❡♠
❞♦✐s ❛✉t♦✈❛❧♦r❡s ♣♦s✐t✐✈♦s ❡ ♦❜t❡♠♦s ✉♠❛ ♣❛rt❡ ❞♦ r❡s✉❧t❛❞♦✳ ❆ss✐♠ ♣♦❞❡♠♦s
❛ss✉♠✐r q✉❡ σ t❡♠ ♦✉tr♦ ❛✉t♦✈❛❧♦r ♥❡❣❛t✐✈♦ λ3✳ ❊♥tã♦ t❡♠♦s q✉❡ λ2 < λ3 < 0
♣♦r ❞♦♠✐♥â♥❝✐❛✳ ❈♦♠♦ dim(M) = 3 ❡ ♥❡♥❤✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♥✉♠ ❝♦♥❥✉♥t♦
s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦ é ❛tr❛t♦r❛ ✭♣❡❧❛ ❝♦♥❞✐çã♦ ❞❡ ❡①♣❛♥❞❡ ár❡❛✮ t❡♠♦s q✉❡ ❡①✐st❡
✉♠ t❡r❝❡✐r♦ ❛✉t♦✈❛❧♦r ♣♦s✐t✐✈♦ λ1 ❞❡ σ t❛❧ q✉❡ λ2 < λ3 < 0 < λ1✳ ❙❡❣✉❡ ❞❛
❝♦♥❞✐çã♦ ❞❡ ❡①♣❛♥❞✐r ár❡❛ q✉❡ −λ3 < λ1✳ ■st♦ ♣r♦✈❛ q✉❡ σ é t✐♣♦ ▲♦r❡♥③ ❡
♦❜t❡♠♦s ❛ ♦✉tr❛ ♣❛rt❡ ❞♦ r❡s✉❧t❛❞♦✳

❆❣♦r❛ ♣r♦✈❡r♠♦s q✉❡ ❡♠ q✉❛❧q✉❡r ❝❛s♦ t❡♠✲s❡ ❛ ✐❣✉❛❧❞❛❞❡ Λ ∩W ss(σ) = {σ}✳
P♦r ❝♦♥tr❛❞✐çã♦✱ s✉♣♦♥❤❛ q✉❡ ✐st♦ ♥ã♦ ♦❝♦rr❛✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠ ♣♦♥t♦
x0 ∈ Λ ∩ (W ss(σ) \ {σ})✳ ◆❡st❡ ♣♦♥t♦ ❞❡✈❡♠♦s t❡r q✉❡ X(x0) ∈ Es

x0
❡ ❧♦❣♦

X(x0) ∈ Es
x0
∩Ec

x0
✐♠♣❧✐❝❛♥❞♦ X(x0) = 0✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ❊st❛ ❝♦♥tr❛❞✐çã♦

♣r♦✈❛ ❛ ✐❣✉❛❧❞❛❞❡✳

❈♦r♦❧ár✐♦ ✹✳✸✵✳ ❙❡❥❛ Λ ✉♠ s✉♠✐❞♦✉r♦ s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦ ♣❛r❛ ♦ ❝❛♠♣♦ X✳ ❙❡
TΛM = Es

Λ ⊕ Ec
Λ é ❛ ❞❡❝♦♠♣♦s✐çã♦ s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝❛ ❞❡ M s♦❜r❡ Λ✱ ❡♥tã♦✿

✶✳ X(x) ∈ Ec
x✱ ♣❛r❛ t♦❞♦ x ∈ Λ✳

✷✳ dim(Es
x) = 1✱ ♣❛r❛ t♦❞♦ x ∈ Λ✳

✸✳ ❆❧é♠ ❞✐ss♦✱ s❡ σ ∈ Sing(X) ∩ Λ✱ ❡♥tã♦ σ é t✐♣♦ ▲♦r❡♥③ ♦✉ t❡♠ ❞♦✐s
❛✉t♦✈❛❧♦r❡s ♣♦s✐t✐✈♦s✳❊♠ q✉❛❧q✉❡r ❝❛s♦✱ t❡♠✲s❡ Λ ∩W ss(σ) = {σ}.
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❉❡♠♦♥str❛çã♦✳ P♦❞❡♠♦s ❛ss✉♠✐r q✉❡ Λ é ♥ã♦ tr✐✈✐❛❧✱ ♣♦rq✉❡ ❝❛s♦ ❝♦♥trár✐♦✱
Λ s❡r✐❛ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ t✐♣♦ s❡❧❛✱ ♦ q✉❛❧ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❥á q✉❡ Λ é ✉♠
s✉♠✐❞♦✉r♦✳ ❊♥tã♦ ♦ ❈♦r♦❧ár✐♦ s❡❣✉❡ ❞♦s ❚❡♦r❡♠❛s ✹✳✾ ❡ ✹✳✷✾✳

❖❜s❡r✈❛çã♦ ✹✳✸✶✳ ❊♠ ❬✷✷❪ ❢♦✐ ❞❡♠♦♥str❛❞♦ q✉❡ t♦❞❛s ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡
✉♠ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦ sã♦ ❞❡ t✐♣♦ ▲♦r❡♥③✳ ■st♦ ♥ã♦ é ✈❡r❞❛❞❡ ♣❛r❛
s✉♠✐❞♦✉r♦ s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦ ❡♠ ❣❡r❛❧✱ ♣♦r ❡①❡♠♣❧♦ ♥♦ s✉♠✐❞♦r♦ s✐♥❣✉❧❛r
❤✐♣❡r❜ó❧✐❝♦ ❞❛ ❋✐❣✉r❛ ✹✳✼ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s σ2 ❡ σ3 ♥ã♦ sã♦ ❞❡ t✐♣♦ ▲♦r❡♥③✳ ▲♦❣♦
♦ ✐t❡♠ 1 ❞❛ Pr♦♣♦s✐çã♦ ✾✳✷✺ ♣❛❣✳ ✶✼✽ ❡♠ ❬✸❪ é ❢❛❧s♦✳

❋✐❣✉r❛ ✹✳✼✿ ❯♠ s✉♠✐❞♦r♦ s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠ s✐♥❣✉❧❛r✐❞❛❞❡s σ2 ❡ σ3 q✉❡ ♥ã♦
sã♦ ❞❡ t✐♣♦ ▲♦r❡♥③✳

✹✳✺ ❈❛♠♣♦ ❙✐♥❣✉❧❛r ❆①✐♦♠❛ ❆

❉❡✜♥✐çã♦ ✹✳✸✷✳ ❯♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X é ❆①✐♦♠❛ ❆ s❡

✶✳ Ω(X) é ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦❀

✷✳ Ω(X) é ♦ ❢❡❝❤♦ ❞♦s ❡❧❡♠❡♥t♦s ❝rít✐❝♦s ❞❡ X✳

❊①❡♠♣❧♦ ✹✳✸✸✳ ❯♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ∈ X
r(M), r ≥ 1 é ❝❤❛♠❛❞♦ ❆♥♦s♦✈ s❡

❛ ✈❛r✐❡❞❛❞❡ M é ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦✳ ➱ ❝♦♥❤❡❝✐❞♦ ❞❡ Ω(X) = M q✉❛♥❞♦
t❡♠♦s X ❆♥♦s♦✈✱ ❝♦♠ ✐ss♦ s❡❣✉❡ q✉❡ t♦❞♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❆♥♦s♦✈ é ❆①✐♦♠❛ ❆
✭❱❡r ♣♦r ❡①❡♠♣❧♦ ❬✷✵❪✮✳

❉❡✜♥✐çã♦ ✹✳✸✹✳ ❯♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ∈ X
r(M) é ❙✐♥❣✉❧❛r ❆①✐♦♠❛ ❆ s❡

✶✳ ❖ ❝♦♥❥✉♥t♦ ♥ã♦ ❡rr❛♥t❡ Ω(X) ❞❡ X é ✉♠❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ ❝♦♥❥✉♥t♦s
s✐♥❣✉❧❛r❡s ❜ás✐❝♦s✱ ♦✉ s❡❥❛✱

Ω(X) = Λ1 ∪ ... ∪ Λm

♦♥❞❡ ❝❛❞❛ Λi é ✉♠ ❝♦♥❥✉♥t♦ ❙✐♥❣✉❧❛r ❍✐♣❡r❜ó❧✐❝♦✱ ✐♥✈❛r✐❛♥t❡ ♠❛①✐♠❛❧ ❡
tr❛♥s✐t✐✈♦✳
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✷✳ Ω(X) é ♦ ❢❡❝❤♦ ❞♦s ❡❧❡♠❡♥t♦s ❝rít✐❝♦s ❞❡ X✳

❆ ❢❛♠í❧✐❛ ❞❡ ❝♦♥❥✉♥t♦s s✐♥❣✉❧❛r❡s ❜ás✐❝♦s é ❝❤❛♠❛❞❛ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ s✐♥❣✉❧❛r
❡s♣❡❝tr❛❧ ❞❡ Ω(X)✳

❉❡✜♥✐çã♦ ✹✳✸✺✳ ❯♠ ❝✐❝❧♦ é ✉♠❛ s❡q✉ê♥❝✐❛ Λ0 = Λm,Λ1, . . . ,Λm−1 ❞❡ ❝♦♥❥✉♥t♦s
s✐♥❣✉❧❛r❡s ❜ás✐❝♦s ❞❛ ❞❡❝♦♠♣♦s✐çã♦ s✐♥❣✉❧❛r ❡s♣❡❝tr❛❧ t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ i =
1, . . . ,m ❡①✐st❡ ✉♠❛ ór❜✐t❛ r❡❣✉❧❛r ❝✉❥♦ α−❧✐♠✐t❡ ❡stá ❝♦♥t✐❞♦ ❡♠ Λi−1 ❡ ❝✉❥♦
ω−❧✐♠✐t❡ ❡stá ❝♦♥t✐❞♦ ❡♠ Λi✳

❋✐❣✉r❛ ✹✳✽✿ ❯♠ ❝✐❝❧♦ Λ0 = Λ4,Λ1,Λ2,Λ3✳

❉✐③❡♠♦s q✉❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❙✐♥❣✉❧❛r ❆①✐♦♠❛ ❆ ♥ã♦ ♣♦ss✉✐ ❝✐❝❧♦s s❡
♥ã♦ ❤♦✉✈❡r ♥❡♥❤✉♠ ❝♦♥❥✉♥t♦ ❞❡ ór❜✐t❛s r❡❣✉❧❛r❡s q✉❡ ✉♥❡♠ ♦s s❡✉s ❝♦♥❥✉♥t♦s
s✐♥❣✉❧❛r❡s ❜ás✐❝♦s ❞❡ ❢♦r♠❛ ❝í❝❧✐❝❛✳

❉❡✜♥✐çã♦ ✹✳✸✻✳ ❯♠❛ ✜❧tr❛çã♦ ♣❛r❛ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ∈ X
r(M) é ✉♠❛

❢❛♠í❧✐❛ ✜♥✐t❛ M0 = ∅,M1,M2, · · · ,Mm ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ❝♦♠♣❛❝t❛s ✭❝♦♠ ❜♦r❞♦
♣❛r❛ 1 ≤ i < k✮ t❛❧ q✉❡✿

✶✳ Mm =M ❡ Mi+1 ❝♦♥t❡♠ ♦ ✐♥t❡r✐♦r ❞❡ Mi ♣❛r❛ t♦❞♦ 1 ≤ i ≤ m❀

✷✳ Xt(Mi) ❡stá ❝♦♥t✐❞♦ ♥♦ ✐♥t❡r✐♦r ❞❡ Mi ♣❛r❛ t♦❞♦ 1 ≤ i ≤ m✳

❊♠ s✉♠❛✱ ✉♠❛ ✜❧tr❛çã♦ é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ♦♥❞❡ s❡ ♣♦❞❡
❞❡❝♦♠♣♦r ❛ ❞✐♥â♠✐❝❛ ❡♠ ♣❡❞❛ç♦s ♠❡♥♦r❡s✳

❊①❡♠♣❧♦ ✹✳✸✼✳ ❙❡❥❛♠ S2 = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1} ❡ ♦ ❝❛♠♣♦
✈❡t♦r✐❛❧ ❞❛❞♦ ♣♦r X(p) = [ϕ, (0, 1)]p✱ ❝♦♠ ϕ : S2 \{N} → R2 ✉♠❛ ❝❛rt❛✱ t♦♠❛♥❞♦
M1 = {(x, y, z) ∈ R3 : x2 + y2 + z2 = 1✳ ❯♠❛ ✜❧tr❛çã♦ ❞❡ X é M1,M2 = S2

✭❋✐❣✉r❛ ✹✳✾✮✳

❉❡♥♦♠✐♥❛r❡♠♦s Gr(M) ❝♦♠♦ ♦ ✐♥t❡r✐♦r ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s Cr

❡♠ M ❝✉❥♦s ❡❧❡♠❡♥t♦s ❝rít✐❝♦s sã♦ ❤✐♣❡r❜ó❧✐❝♦s✳
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❋✐❣✉r❛ ✹✳✾✿ ❯♠❛ ✜❧tr❛çã♦ ❞❛ ❡s❢❡r❛✳

❚❡♦r❡♠❛ ✹✳✸✽✳ ❯♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❙✐♥❣✉❧❛r ❆①✐♦♠❛ ❆✱ ❞❡ ❝❧❛ss❡ Cr✱ s❡♠ ❝✐❝❧♦s
❡stá ❡♠ Gr(M) ♣❛r❛ q✉❛❧q✉❡r r ≥ 1✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ X ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❙✐♥❣✉❧❛r ❆①✐♦♠❛ ❆✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦
♥ã♦ ❡rr❛♥t❡ ❞❡ X s❡ ❡s❝r❡✈❡ ❝♦♠♦ Ω(X) = Λ1 ∪ ... ∪ Λm✱ ♦♥❞❡ ❝❛❞❛ Λi é ✉♠
❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❜ás✐❝♦✳

❋✐①❡ 1 ≤ i ≤ m✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✷✼✱ ❡①✐st❡♠ ✈✐③✐♥❤❛♥ç❛s Ui ❞❡ Λi ❡ Ui ❞❡
X ❞❡ t❛❧ ❢♦r♠❛ q✉❡ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ❝♦♠♣❛❝t♦ Λi(Y ) ❞❡ Y ∈ Ui ❡♠
Ui é s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦✳ ❊♥tã♦✱ q✉❛❧q✉❡r s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ Y ❡♠ Λi(Y ) ∈ Ui é
❤✐♣❡r❜ó❧✐❝❛ ❡✱ ♣❡❧♦ ▲❡♠❛ ✹✳✷✹ q✉❛❧q✉❡r ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❞❡ Y ❡♠ Λi(Y ) ∈ Ui é
❤✐♣❡r❜ó❧✐❝❛✱ ♦✉ s❡❥❛✱ t♦❞♦ ❡❧❡♠❡♥t♦ ❝rít✐❝♦ ❞❡ Y ∈ Ui ❡♠ Λi(Y ) ∈ Ui é ❤✐♣❡r❜ó❧✐❝♦✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❥á q✉❡ X ♥ã♦ t❡♠ ❝✐❝❧♦s✱ ❡♥tã♦ ♣♦❞❡♠♦s t♦♠❛r ✉♠❛
✜❧tr❛çã♦ M0 = ∅,M1, . . . ,Mm ❞❡ t❛❧ ♠♦❞♦ q✉❡ ❝❛❞❛ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❜ás✐❝♦
❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❡ ór❜✐t❛s ❝♦♥t✐❞❛s ❡♠ ❛❧❣✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞♦ t✐♣♦
Li = int(Mi \Mi−1)✱ ♦✉ s❡❥❛✱

Λi =
⋂

t∈R

Xt(Li), ∀i = 1, · · · ,m.

❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ X t❛❧ q✉❡ s❡ Y ∈ V ✱
❡♥tã♦ ❛ ✜❧tr❛çã♦ M0,M1, . . . ,Mm ❛✐♥❞❛ é ✜❧tr❛çã♦ ❞❡ Y ✳ P❛r❛ ✜♥❛❧✐③❛r ❛ ♣r♦✈❛✱
♠♦str❡♠♦s q✉❡

Ω(Y ) ⊂ Λ1(Y ) ∪ ... ∪ Λm(Y )

♦♥❞❡ ❝❛❞❛ Λi(Y ) =
⋂
t∈R Yt(Li), ∀i = 1, · · · ,m.

❙❡❥❛ x ∈ Ω(Y )✳ ❆ ♣r✐♠❡✐r❛ ♦❜s❡r✈❛çã♦ é q✉❡ x ♥ã♦ ♣♦❞❡ ♣❡rt❡♥❝❡r ❛ ❢r♦♥t❡✐r❛
❞♦sMi✱ ❝❛s♦ ❝♦♥trár✐♦ ❡♥tr❛r✐❛ ♥♦ ✐♥t❡r✐♦r ❡ ❝♦♠♦ ❛ ❢r♦♥t❡✐r❛ é ❝♦♠♣❛❝t❛ t❡r✐❛♠♦s
✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x q✉❡ ♥✉♥❝❛ r❡t♦r♥❛ ❛ ❡❧❛✳ ▲♦❣♦ x ∈ Li ♣❛r❛ ❛❧❣✉♠ i✳
❱❡❥❛♠♦s q✉❡ x ∈ ⋂t∈R Yt(Li)✳ P♦r ❛❜s✉r❞♦ s✉♣♦♥❤❛ q✉❡ ♥ã♦✱ ♣♦rt❛♥t♦ ❡①✐st❡
t0 ∈ R t❛❧ q✉❡ x 6∈ Y−t0(Mi − Mi−1)✱ ❡♥tã♦ Yt0(x) 6∈ (Mi − Mi−1) ❡ ♣♦rt❛♥t♦
Yt0(x) ∈Mi−1✳ ▼❛s ❡♥tã♦ ❞❛❞❛ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ Yt0(x) ❡❧❛ ♥ã♦ r❡t♦r♥❛ ♣ró①✐♠♦
❞❡ x✱ ❛❜s✉r❞♦✳ ❖ ♦✉tr♦ ❝❛s♦ é ❛♥á❧♦❣♦✳ ❚❡rí❛♠♦s ♣♦r ❛❜s✉r❞♦✱ q✉❡ ❡①✐st❡ t0 ∈ R

t❛❧ q✉❡ x 6∈ Yt0(Mi −Mi−1) ⇒ Y−t0(x) ∈ MC
i ✱ ♠❛s ❡①✐st✐r✐❛ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ q✉❡
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♣❛r❛ ♦ t❡♠♣♦ ♥❡❣❛t✐✈♦ ♥✉♥❝❛ ✈♦❧t❛ ❛ s❡ ✐♥t❡rs❡❝t❛r✱ ❛❜s✉r❞♦✳ ▲♦❣♦

x ∈
⋂

t∈R

Yt(Li) = Λi(Y )

♣❛r❛ ❛❧❣✉♠ i = 1, · · · ,m✳ P♦rt❛♥t♦✱ Ω(Y ) ⊂ Λ1(Y ) ∪ ... ∪ Λm(Y )✳

❈♦♠♦ t♦❞♦s ♦s ❡❧❡♠❡♥t♦s ❝rít✐❝♦s ❞❡ Y ♣❡rt❡♥❝❡♠ ❛♦ Ω(Y ) ❡♥tã♦ ❡❧❡s
♣❡rt❡♥❝❡♠ ❛ Λ1(Y ) ∪ ... ∪ Λm(Y )✳ ❆ss✐♠✱ ❞❡✜♥✐♥❞♦

U = V ∩ U1 ∩ . . . ∩ Um

t❡♠♦s q✉❡ U ∈ X
r(M) é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ X t❛❧ q✉❡ s❡ Y ∈ U t♦❞♦ ❡❧❡♠❡♥t♦

❝rít✐❝♦ ❞❡ Y é ❤✐♣❡r❜ó❧✐❝♦✳ ■st♦ ♣r♦✈❛ q✉❡ X ∈ Gr(M) ❝♦♠♦ q✉❡rí❛♠♦s✳

❖ ✐♥✈❡rs♦ ❛♦ ❚❡♦r❡♠❛ ✹✳✸✽ ♥ã♦ é ✈❡r❞❛❞❡✐r♦✱ ♥❛ ✈❡r❞❛❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❡♠
G1(M) ♥ã♦ ♣r❡❝✐s❛♠ s❡r ❝❛♠♣♦s s✐♥❣✉❧❛r ❆①✐♦♠❛ ❆✳ P♦r ❡①❡♠♣❧♦✱ ♦s ❝❛♠♣♦s
✈❡t♦r✐❛✐s ❝♦♠ ❡①♣❛♥sã♦ ❞❡ ❝✐❝❧♦s s✐♥❣✉❧❛r❡s ❡♠ ❬✷❪ ♣❡rt❡♥❝❡♠ ❛ G1(M) ♣♦✐s ♦
❞❡s❞♦❜r❛♠❡♥t♦ ❞♦ ❝✐❝❧♦ ♥ã♦ ❞á ♦r✐❣❡♠ ❛ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s ♥ã♦ ❤✐♣❡r❜ó❧✐❝❛s✳

✹✳✺✳✶ ❊①❡♠♣❧♦ ❞❡ ❈❛♠♣♦ ❙✐♥❣✉❧❛r ❆①✐♦♠❛ ❆

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❙✐♥❣✉❧❛r ❆①✐♦♠❛ ❆ ❡♠ Gr(M)
❝♦♠ ✉♠ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❜ás✐❝♦ L ❡q✉✐✈❛❧❡♥t❡ ❛♦ ❛tr❛t♦r ❣❡♦♠étr✐❝♦ ❞❡ ▲♦r❡♥③
✭❱❡r ❈❛♣ít✉❧♦ ✸✮✳ ❋❛r❡♠♦s ✉♠ ❡s❜♦ç♦ ❞❛ ♣r♦✈❛✱ ❞❛♥❞♦ ✉♠❛ ✐❞❡✐❛ ❜❡♠ ❣❡r❛❧✱
❝♦♥t✉❞♦ ❝♦♠♣r❡❡♥sí✈❡❧✳

P❛r❛ ❝♦♠❡ç❛r✱ ❝♦♥s✐❞❡r❡ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❧✐♥❡❛r ❞❡ R3 ❞❛❞❛ ♣♦r
L(x, y, z) = (ẋ, ẏ, ż)✱ ♦♥❞❡ 




ẋ = λ1x

ẏ = λ2y

ż = λ3z

✭✹✳✶✮

◆♦t❡ q✉❡ ❛ ♦r✐❣❡♠ σ = (0, 0, 0) é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ L ❝♦♠ ❛✉t♦✈❛❧♦r❡s
{λ1, λ2, λ3}✳ ❆ss✉♠✐♠♦s q✉❡ λ2 < λ3 < 0 < −λ3 < λ1 ❡ ❛ss✐♠ σ é ❞❡ t✐♣♦ ▲♦r❡♥③✳

❖ ✢✉①♦ ✐♥❞✉③✐❞♦ ♣♦r L é ❞❛❞❛ ♣♦r

Lt(x, y, z) = (xeλ1t, yeλ2t, zeλ3t). ✭✹✳✷✮

❉❡♥♦t❛r❡♠♦s ♣♦r x̂ = (x, 0, 0), ŷ = (0, y, 0), ẑ = (0, 0, z) ❛s ❧✐♥❤❛s ❡ ♣♦r
x̂z = (x, 0, z), x̂y = (x, y, 0), ŷz = (0, y, z) ♦s ♣❧❛♥♦s✳ ◆♦t❡ q✉❡ ❛s ❧✐♥❤❛s ❡
♦s ♣❧❛♥♦s sã♦ ♣r❡s❡r✈❛❞♦s ♣♦r Lt✱ t ≥ 0✳ ❉❡ ❢❛t♦✱ ♣♦r ❡①❡♠♣❧♦

Lt(0, y, 0) = (0eλ1t, yeλ2t, 0eλ3t)

= (0, yeλ2t, 0)

❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ❧✐♥❤❛ ŷ ❡ ♦ ♣❧❛♥♦ x̂z sã♦ ✐♥✈❛r✐❛♥t❡s ♣❡❧♦ ✢✉①♦ Lt✳
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❆❣♦r❛✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ Φ ❞❡✜♥✐❞❛ ❞❛ s❡çã♦ tr❛♥s✈❡rs❛❧ S = {z = 1} ❡♠
Σ = {x = ±1}✳ ◆❛ ✈❡r❞❛❞❡ Φ só é ❞❡✜♥✐❞♦ ❡♠ S̃ = S\{(0, y, 1)}✳ ✭❱❡r ❋✐❣✉r❛
✹✳✶✵✮✳

❋✐❣✉r❛ ✹✳✶✵✿ ❈♦♥❥✉♥t♦ L✳

P❛r❛ q✉❛❧q✉❡r q ∈ S̃✱ s❡❥❛ t(q) > 0 ♦ ♣r✐♠❡✐r♦ t❡♠♣♦ ♣♦s✐t✐✈♦ ❛♦ ❧♦♥❣♦ ❞❛
ór❜✐t❛ ❞❡ q ♣❛r❛ q✉❡ Lt(q) ∈ Σ✳ ❊♥tã♦✱ Φ(q) = Lt(q)(q)✳ ❉❡✜♥❛ ❛s r❡❣✐õ❡s

R̃ = {(Lt(q), t) : (q, t) ∈ S̃ × [0, t(q)]}

R = R̃ ∪W s
ǫ (σ) ∪W u

ǫ (σ).

❆q✉✐W l
ǫ(σ) é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❧♦❝❛❧ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ ✐♥stá✈❡❧✮ ❛ss♦❝✐❛❞♦

❛ σ✱ ❝♦♠ l = s, u✳ ◆♦t❛✲s❡ q✉❡ R é ✉♠❛ r❡❣✐ã♦ ❧✐♥❡❛r q✉❡ é ❝♦♠♣r✐♠✐❞❛ ❛♦ ❧♦♥❣♦
❞❡ W u

ǫ (σ)✱ ❞❡✈✐❞♦ ❛ ❛çã♦ ❞❛ ❝♦♥tr❛çã♦ ❞♦ ❛✉t♦✈❛❧♦r λ2✳

❙❡❥❛ f : Σ → S ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ t❛❧ q✉❡ t❡♠ ✉♠❛ ❡①t❡♥sã♦ C∞ ♣❛r❛
✈✐③✐♥❤❛♥ç❛s ♣❡q✉❡♥❛s ❞❡ ❛♠❜❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡ Σ✳ ■❞❡♥t✐✜❝❛♠♦s ❡♠
R, (Φ(q), t(q)) ❝♦♠ (f(Φ(q)), 0) ♣❛r❛ q ∈ S̃ ❡ q ∈ W u

ǫ (σ) ∩ Σ ❝♦♠ (f(q), 0)✳

❈♦♠ ❡st❛ ✐❞❡♥t✐✜❝❛çã♦ ♦❜t❡♠♦s ✉♠❛ ♥♦✈❛ ✈❛r✐❡❞❛❞❡ Lf ✱ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦
❇r❛♥❝❤❡❞ ▼❛♥✐❢♦❧❞✱ ❡ ✉♠ ✢✉①♦ ❛❣✐♥❞♦ s♦❜r❡ ❡❧❡✳ ◆ós ❝❤❛♠❛♠♦s ❡st❡ s✐st❡♠❛
❛ s✉s♣❡♥sã♦ s✐♥❣✉❧❛r ❞❡ Φ✱ ♣♦r ❛♥❛❧♦❣✐❛ ❝♦♠ ❛ s✉s♣❡♥sã♦ ❞❡ ❛♣❧✐❝❛çõ❡s✳

❆ ❡str✉t✉r❛ t♦♣♦❧ó❣✐❝❛ ❞❡ Lf é ❝♦♥❤❡❝✐❞❛✳ ◆ã♦ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧
❞❡✈✐❞♦ à r❡❣✐ã♦ ❝♦♠♣r✐♠✐❞❛ ♥❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ ❧♦❝❛❧✱ ♠❛s ♣♦❞❡ s❡r ♠❡r❣✉❧❤❛❞❛
❡♠ R3 s❡ f ♣r❡s❡r✈❛r ♦r✐❡♥t❛çã♦✳ ■st♦ é s✉✜❝✐❡♥t❡ ♣❛r❛ ❛ ♥♦ss❛ ♣r♦♣♦st❛✳ ❖ ❝❛♠♣♦
✈❡t♦r✐❛❧ ❧✐♥❡❛r ✭✹✳✶✮ r❡❧❛❝✐♦♥❛❞♦ ❛♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❡♠ Lf ✱ ❧❡✈❛ ✉♠ ✢✉①♦ ♣♦s✐t✐✈♦
❞❡ L ❝✉❥❛ ❞✐♥â♠✐❝❛ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ❛ ❛♣❧✐❝❛çã♦ f ✳ ◆ós t❡♠♦s ❛s s❡❣✉✐♥t❡s
♣r♦♣r✐❡❞❛❞❡s ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ♥❛t✉r❛✐s (x, y, z) ❡♠
L = Lf ✿

✭✐✮ L ♣r❡s❡r✈❛ ❛ ❞❡❝♦♠♣♦s✐çã♦ R3 = E ⊕ F ✱ ♦♥❞❡ E = ŷ ❡ F = x̂z❀

✭✐✐✮ ♦ ✢✉①♦ ❞❡ L é ❞❛❞♦ ♣♦r Lt(x, y, z) = (xeλ1t, yeλ2t, zeλ3t)✳
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❖❜s❡r✈❡ q✉❡ ❡♠❜♦r❛ s❡ ♣♦ss❛ ❡s❝♦❧❤❡r f ❞❡ ♠♦❞♦ q✉❡ L s❛t✐s❢❛③ ✭✐✮ ❛❝✐♠❛✱
♥ã♦ é ♣♦ssí✈❡❧ ❡s❝♦❧❤❡r✱ ❞❡ t❛❧ ♠♦❞♦ q✉❡ L ♣r❡s❡r✈❡ ♥❡♠ ❛ ❧✐♥❤❛ (x, 0, 0)✱ ♥❡♠ ❛
❧✐♥❤❛ (0, 0, z)✱ ❞❡✈✐❞♦ ❛ ♦❜str✉çõ❡s t♦♣♦❧ó❣✐❝❛s ó❜✈✐❛s✳

❆✜r♠❛♠♦s q✉❡ L é ✉♠ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦✳ ❉❡ ❢❛t♦✱ t❡♠✲s❡

DLt(x, y, z) · v =



eλ1t 0 0
0 eλ2t 0
0 0 eλ3t


 v.

❆ss✐♠✱

✭■✮ ❙❡ v ∈ E✱ ♦✉ s❡❥❛✱ v = (0, b, 0)✱ t❡♠♦s q✉❡

DLt(x, y, z) · v=



eλ1t 0 0
0 eλ2t 0
0 0 eλ3t





0
b
0




= (0, beλ2t, 0)

= eλ2tv.

▲♦❣♦✱ ‖ DLt|E ‖= eλ2t✱ ❡ ♣♦rt❛♥t♦ E é ❝♦♥tr❛✐❞❛ ♣❡❧❛ ❞❡r✐✈❛❞❛ ❞♦ ✢✉①♦✳

✭■■✮ ❙❡ v ∈ F ✱ ♦✉ s❡❥❛✱ v = (a, 0, c)✱ t❡♠♦s q✉❡

DLt(x, y, z) · v=



eλ1t 0 0
0 eλ2t 0
0 0 eλ3t





a
0
c




= (aeλ1t, 0, ceλ3t),

♦✉ s❡❥❛✱

DLt|F =

[
eλ1t 0
0 eλ3t

]
.

❈♦♠ ✐ss♦✱ ❥á q✉❡ | det(DLt|F ) |= e(λ1+λ3)t ❡ λ1 + λ3 > 0✱ t❡♠♦s q✉❡ F
❡①♣❛♥❞❡ ár❡❛✳

✭■■■✮ ❈♦♠♦ m(DLt|F ) ≥ eλ3t✱ t❡♠♦s q✉❡

‖ DLt|E ‖
m(DLt|F )

≤ eλ2t

eλ3t
= e(λ2−λ3)t.

❏á q✉❡ λ2 − λ3 < 0✱ ❧♦❣♦ E ❞♦♠✐♥❛ F ✳

■st♦ ♣r♦✈❛ q✉❡ ♦ ❝♦♥❥✉♥t♦ L é ❙✐♥❣✉❧❛r ❍✐♣❡r❜ó❧✐❝♦ ♣❛r❛ ♦ ❝❛♠♣♦ L✳ P❡❧❛
❝♦♥str✉çã♦✱ t❡♠♦s q✉❡ L =

⋂
t∈R Lt(U)✱ ♦♥❞❡ U é ✉♠❛ r❡❣✐ã♦ ❧✐♠✐t❛❞❛ q✉❡ é

❤♦♠❡♦♠♦r❢❛ ❛ ✉♠ ❜✐t♦r♦✳ ❆❧é♠ ❞✐ss♦✱ Ω(L) = L ❡ ω(p) = L ♣❛r❛ ❛❧❣✉♠ p ∈ L ❡
✐st♦ ♣r♦✈❛ q✉❡ L é ✉♠ ❈❛♠♣♦ ❙✐♥❣✉❧❛r ❆①✐♦♠❛ ❆✳ ✭❱❡r ❋✐❣✉r❛ ✹✳✶✶✮✳



✻✹ ✹✳✺✳ ❈❆▼P❖ ❙■◆●❯▲❆❘ ❆❳■❖▼❆ ❆

❋✐❣✉r❛ ✹✳✶✶✿ ❯♠ ❈❛♠♣♦ ❙✐♥❣✉❧❛r ❆①✐♦♠❛ ❆ ♥♦ ❝♦♥❥✉♥t♦ L✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❆❘❆Ú❏❖✱ ❱✳❀ P❆❈■❋■❈❖✱ ▼✳❏✳ ❚❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✢♦✇s✳ ❱♦❧✳ ✺✸ ♦❢
❊r❣❡❜♥✐ss❡ ❞❡r ▼❛t❤❡♠❛t✐❦ ✉♥❞ ✐❤r❡r ●r❡♥③❣❡❜✐❡t❡✳ ✸✳ ❋♦❧❣❡✳ ❆ ❙❡r✐❡s
♦❢ ▼♦❞❡r♥ ❙✉r✈❡②s ✐♥ ▼❛t❤❡♠❛t✐❝s ❙♣r✐♥❣❡r✱ ❍❡✐❞❡❧❜❡r❣✱ ✭✷✵✶✵✮✳

❬✷❪ ❇❆▼❖◆✱ ❘✳❀ ▲❆❇❆❘❈❆✱ ❘✳❀ ▼❆◆❊✱ ❘✳❀ P❆❈■❋■❈❖✱ ▼✳❏✳ ❚❤❡
❡①♣❧♦s✐♦♥ ♦❢ s✐♥❣✉❧❛r ❝②❝❧❡s✳ P✉❜❧✳ ▼❛t❤✳ ■❍❊❙✱ ✭✶✾✾✸✮✳

❬✸❪ ❇❖◆❆❚❚■✱ ❈✳❀ ❉■❆❩ ▲✳❀ ❱■❆◆❆✱ ▼✳ ❉②♥❛♠✐❝s ❜❡②♦♥❞ ✉♥✐❢♦r♠
❤②♣❡r❜♦❧✐❝✐t②✿ ❆ ❣❧♦❜❛❧ ❣❡♦♠❡tr✐❝ ❛♥❞ ♣r♦❜❛❜✐❧✐st✐❝ ♣❡rs♣❡❝t✐✈❡✱
❊♥❝②❝❧♦♣❛❡❞✐❛ ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥❝❡s✳ ❱♦❧✳ ✶✵✷✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱
❇❡r❧✐♥ ✲ ❍❡✐❞❡❧❜❡r❣ ✲ ◆❡✇ ❨♦r❦✱ ✭✷✵✵✺✮✳

❬✹❪ ❇❖❲❊◆✱ ❘✳ ❊q✉✐❧✐❜r✐✉♠ st❛t❡s ❛♥❞ t❤❡ ❡r❣♦❞✐❝ t❤❡♦r② ♦❢ ❆♥♦s♦✈
❞✐✛❡♦♠♦r♣❤✐s♠s✳ ❱♦❧✳ ✹✼✵ ♦❢ ▲❡❝t✳ ◆♦t❡s ✐♥ ▼❛t❤✳ ❙♣r✐♥❣❡r ❱❡r❧❛❣✱
✭✶✾✼✺✮✳

❬✺❪ ❇❖❲❊◆✱ ❘✳❀ ❘❯❊▲▲❊✱ ❉✳ ❚❤❡ ❡r❣♦❞✐❝ t❤❡♦r② ♦❢ ❆①✐♦♠ ❆ ✢♦✇s✳ ■♥✈❡♥t✳
▼❛t❤✳✱ ✭✶✾✼✺✮✳

❬✻❪ ❇❘■◆✱ ▼✳ ■✳❀ P❊❙■◆✱ ❨❛✳ ❇✳ P❛rt✐❛❧❧② ❤②♣❡r❜♦❧✐❝ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳
▼❛t❤✳ ❯❙❙❘✲■③✈✳✱ ✭✶✾✼✹✮✳

❬✼❪ ❈❆❙❚❘❖ ❏r✱ ❆✉❣✉st♦ ❆r♠❛♥❞♦ ❞❡✳ ❈✉rs♦ ❞❡ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s
❖r❞✐♥ár✐❛s✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■▼P❆✱ ✭✷✵✵✾✮✳

❬✽❪ ❉❊❱❆◆❊❨✱ ❘♦❜❡rt ▲✳ ❆♥ ■♥tr♦❞✉❝t✐♦♥ t♦ ❈❤❛♦t✐❝ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s✳
✲ ✷✳ ❊❞✳ ✲ ❯♥✐t❡❞ ❙t❛t❡s ♦❢ ❆♠❡r✐❝❛✿ ❲❡st✈✐❡✇ ♣r❡ss✱ ✭✷✵✵✸✮✳

❬✾❪ ❉❮❆❩✱ ▲♦r❡♥③♦ ❏✳ ❋❡rr❛❞✉r❛s P❛r❝✐❛❧♠❡♥t❡ ❍✐♣❡r❜ó❧✐❝❛s✳ ▼❛t❡♠át✐❝❛
❯♥✐✈❡rs✐tár✐❛✱ ✭✷✵✵✵✮✳

❬✶✵❪ ❍■❘❙❈❍✱ ▼✳❀ P❯●❍✱ ❈✳❀ ❙❍❯❇✱ ▼✳ ■♥✈❛r✐❛♥t ▼❛♥✐❢♦❧❞s✳ ▲❡❝✳ ◆♦t✳ ✐♥
▼❛t❤✳ ✺✽✸✱ ❙♣r✐♥❣✲❱❡r❧❛❣✱ ✭✶✾✼✼✮✳

❬✶✶❪ ❍■❘❙❈❍✱ ▼✳❀ P❯●❍✱ ❈✳ ❙t❛❜❧❡ ♠❛♥✐❢♦❧❞s ❛♥❞ ❤②♣❡r❜♦❧✐❝ s❡ts✱✳ Pr♦❝✳
❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ❙②♠♣✳ P✉r❡ ▼❛t❤✳ ✾✱ ✭✶✾✼✵✮✳

❬✶✷❪ ❑❆❚❖❑✱ ❆✳❀ ❍❆❙❙❊▲❇▲❆❚❚✱ ❇✳ ❆ ♠♦❞❡r♥❛ ❚❡♦r✐❛ ❞❡ ❙✐st❡♠❛s
❉✐♥â♠✐❝♦s✳ ❈♦♦r❞❡♥❛çã♦ ❡ r❡✈✐sã♦ ❞❛ tr❛❞✉çã♦ ♣♦r ▲✉✐s ❇❛rr❡✐r❛✱ ❊❞✐çã♦
❞❛ ❋✉♥❞❛çã♦ ❈❛❧♦✉st❡ ●✉❧❜❡♥❦✐❛♥✱ ✭✷✵✵✺✮✳

✻✺



✻✻ ❘❊❋❊❘✃◆❈■❆❙ ❇■❇▲■❖●❘➪❋■❈❆❙

❬✶✸❪ ▲❊❊✱ ❏♦❤♥ ▼✳ ■♥tr♦❞✉❝t✐♦♥ t♦ ❙♠♦♦t❤ ▼❛♥✐❢♦❧❞s✳ ✲ ✷✳ ❊❞✳ ✲ ●r❛❞✉❛t❡
❚❡①ts ✐♥ ▼❛t❤❡♠❛t✐❝s ✷✶✽✱ ❙♣r✐♥❣✱ ✭✷✵✶✷✮✳

❬✶✹❪ ▲■❆❖✱ ❙✳ ❖♥ t❤❡ st❛❜✐❧✐t② ❝♦♥❥❡❝t✉r❡✳ ❈❤✐♥❡s❡ ❆♥♥✳ ♦❢ ▼❛t❤✳✱ ✭✶✾✽✵✮✳

❬✶✺❪ ▲■▼❆✱ ❊❧♦♥ ▲❛❣❡s✳ ❱❛r✐❡❞❛❞❡s ❉✐❢❡r❡♥❝✐á✈❡✐s✳ P✉❜❧✐❝❛çõ❡s
▼❛t❡♠át✐❝❛s✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■▼P❆✱ ✭✷✵✵✼✮✳

❬✶✻❪ ▲❖❘❊◆❩ ❊✳ ◆✳ ❉❡t❡r♠✐♥✐st✐❝ ◆♦♥♣❡r✐♦❞✐❝ ❋❧♦✇✳ ❏✳ ❆t♠♦s✳ ❙❝✐✳✱ ✭✶✾✻✸✮✳

❬✶✼❪ ▼❆Ñ➱✱ ❘✳ ❈♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ st❛❜✐❧✐t② ❝♦♥❥❡❝t✉r❡✳ ❚♦♣♦❧♦❣②✱ ✭✶✾✼✽✮✳

❬✶✽❪ ▼❊▲❖✱ ❲❡❧✐♥❣t♦♥ ❞❡✳ ❚♦♣♦❧♦❣✐❛ ❞❛s ❱❛r✐❡❞❛❞❡s✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■▼P❆✱
✭✷✵✶✶✮✳

❬✶✾❪ ▼❊❚❩●❊❘✱ ❘✳❀ ▼❖❘❆▲❊❙✱ ❈✳ ❙❡❝t✐♦♥❛❧✲❤②♣❡r❜♦❧✐❝ s②st❡♠s✳ ❊r❣♦❞✐❝
❚❤❡♦r② ❛♥❞ ❉②♥❛♠✐❝❛❧ ❙②st❡♠✱ ✭✷✵✵✽✮✳

❬✷✵❪ ▼❖❘❆▲❊❙✱ ❈✳ ❆✳❀ ❇❆❯❚■❙❚❆✱ ❙✳ ▲❡❝t✉r❡s ♦♥ s❡❝t✐♦♥❛❧✲❆♥♦s♦✈ ✢♦✇s✳
❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ❯❋❘❏✱ ✭✷✵✵✾✮✳

❬✷✶❪ ▼❖❘❆▲❊❙✱ ❈✳ ❆✳❀ P❆❈■❋■❈❖✱ ▼✳ ❏✳❀ P❯❏❆▲❙✱ ❊✳ ❘✳ ❖♥ ❈✶✲r♦❜✉st
tr❛♥s✐t✐✈❡ s❡ts ❢♦r t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ✢♦✇s✳ ❈✳ ❘✳ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s ✸✷✻✱
✭✶✾✾✽✮✳

❬✷✷❪ ▼❖❘❆▲❊❙✱ ❈✳ ❆✳❀ P❆❈■❋■❈❖✱ ▼✳ ❏✳❀ P❯❏❆▲❙✱ ❊✳ ❘✳ ❙✐♥❣✉❧❛r
❍②♣❡r❜♦❧✐❝ ❙②st❡♠s✳ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱
✭✶✾✾✾✮✳

❬✷✸❪ P❆▲■❙✱ ❏❛❝♦❜ ❏r✳ ❙❡♠✐♥ár✐♦ ❞❡ ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿
■▼P❆✱ ✭✶✾✼✶✮✳

❬✷✹❪ P❆▲■❙✱ ❏❛❝♦❜ ❏r❀ ▼❊▲❖✱ ❲❡❧✐♥❣t♦♥ ❞❡✳ ■♥tr♦❞✉çã♦ ❛♦s ❙✐st❡♠❛s
❉✐♥â♠✐❝♦s✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■▼P❆✱ ✭✶✾✼✼✮✳

❬✷✺❪ P❆▲■❙✱ ❏✳❀ ❙▼❆▲❊✱ ❙✳ ❙tr✉❝t✉r❛❧ st❛❜✐❧✐t② t❤❡♦r❡♠s✳ Pr♦❝✳ ❆✳ ▼✳ ❙✳
❙②♠♣✳ P✉r❡ ▼❛t❤✳✱ ✭✶✾✼✵✮✳

❬✷✻❪ P▲■❙❙✱ ❱✳ ❖♥ ❛ ❝♦♥❥❡❝t✉r❡ ❞✉❡ t♦ ❙♠❛❧❡✳ ❉✐✛❡r✳ ❯r❛✈♥✳✱ ✭✶✾✼✷✮✳

❬✷✼❪ ❘❖❇■◆❙❖◆✱ ❈❧❛r❦ ❈✳ ❉✐♥❛♠✐❝❛❧ ❙②st❡♠s✿ st❛❜✐❧✐t②✱ s②♠❜♦❧✐❝ ❞②♥❛♠✐❝s
❛♥❞ ❝❤❛♦s✳ ❇♦❝❛ ❘❛t♦♥✿ ❈❘❈ Pr❡ss✱ ✭✶✾✾✹✮✳

❬✷✽❪ ❙■◆❆■✱ ❨✳ ▼❛r❦♦✈ ♣❛rt✐t✐♦♥s ❛♥❞ ❈✲❞✐✛❡♦♠♦r♣❤✐s♠s✳ ❋✉♥❝✳ ❆♥❛❧✳ ❛♥❞
❆♣♣❧✳✱ ✭✶✾✻✽✮✳

❬✷✾❪ ❙▼❆▲❊✱ ❙✳ ❉✐✛❡r❡♥t✐❛❜❧❡ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳ ❱♦❧✳ ✼✸✳ ❇✉❧❧✳ ❆♠❡r✳ ▼❛t❤✳
❙♦❝✳✱ ✭✶✾✻✼✮✳

❬✸✵❪ ❙P❆❘❘❖❲✱ ❈✳ ❚❤❡ ▲♦r❡♥③ ❡q✉❛t✐♦♥s✿ ❇✐❢✉r❝❛t✐♦♥s✱ ❝❤❛♦s✱ ❛♥❞ ❙tr❛♥❣❡
❆ttr❛❝t♦rs✳ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝❛❧ ❙❝✐❡♥s ✹✶✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✭✶✾✽✷✮✳

❬✸✶❪ ❚❯❈❑❊❘✱ ❲✳ ❚❤❡ ▲♦r❡♥③ ❛ttr❛❝t♦r ❡①✐sts✳ ❈✳ ❘✳ ❆❝❛❞✳ ❙❝✐✳ P❛r✐s ❙❡r✳
■ ▼❛t❤✳✱ ✭✶✾✾✾✮✳


