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✈❡t♦r❡s ♥✉♠❛ ✈❛r✐❡❞❛❞❡ r❡✈❡❧❛ ♦✉ ♣r❡❞✐③ ♦ s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦ ❢✉t✉r♦ ❡ ♣❛ss❛❞♦✱
❡st❡ é ♦ ♣r✐♥❝í♣✐♦ ❜ás✐❝♦ ❞❡ ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s✳ ❊st❛ ❧✐♥❤❛ ❞❡ ♣❡sq✉✐s❛ ❛❜r❛♥❣❡✿
●❡♦♠❡tr✐❛✱ ❚♦♣♦❧♦❣✐❛✱ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s ❖r❞✐♥ár✐❛s ✭❊❉❖✬s✮✱ ❞❡♥tr❡ ♦✉tr❛s
ár❡❛s ❡ s✉❜ár❡❛s ❞❛ ♠❛t❡♠át✐❝❛✳ ❚❛❧ é ❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ q✉❡ s✉r❣✐r❛♠ t❡♦r✐❛s
♣❡rt✐♥❡♥t❡s ❛ ❝❛❞❛ ♣r♦❜❧❡♠❛ ❡♥❢r❡♥t❛❞♦✱ ❝♦♠♦ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡✱ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡
♣❛r❝✐❛❧ ❡✱ r❡❝❡♥t❡♠❡♥t❡✱ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡ s❡❝❝✐♦♥❛❧✳

❆s ♣r✐♠❡✐r❛s ✐❞❡✐❛s ❞ã♦ ♦r✐❣❡♠ ❛♦s ✢✉①♦s ❆♥♦s♦✈ ❡✱ ❛s ú❧t✐♠❛s ❛♦s ✢✉①♦s
❙❡❝❝✐♦♥❛❧✲❆♥♦s♦✈✱ ♦s q✉❛✐s✱ ❡♠ ❧✐♥❤❛s ❣❡r❛✐s✱ sã♦ ✢✉①♦s tr❛♥s✈❡rs❛✐s ❛ ❢r♦♥t❡✐r❛
❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❛♠❜✐❡♥t❡✱ ❝✉❥❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❡♠ ✉♠
s✉❜✜❜r❛❞♦ ❡stá✈❡❧ ❡ ✉♠ ❝❡♥tr❛❧ ❡♠ ❝❛❞❛ ♣♦♥t♦ ❞♦ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ♠❛①✐♠❛❧ é
❞♦♠✐♥❛❞❛ ❡ s❡❝❝✐♦♥❛❧♠❡♥t❡ ❡①♣❛♥s♦r ♥♦ s✉❜✜❜r❛❞♦ ❝❡♥tr❛❧✳

❉❛❞♦ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ✉♠ ❞♦s q✉❡st✐♦♥❛♠❡♥t♦s ❣❡r❛❞♦s sã♦ ❛s r❡❧❛çõ❡s
❡♥tr❡ ❛ ❞✐♥â♠✐❝❛ ❡ ❛s ♣r♦♣r✐❡❞❛❞❡s t♦♣♦❧ó❣✐❝❛s ❞❛s ✈❛r✐❡❞❛❞❡s q✉❡ s✉♣♦rt❛
t❛❧ ❞✐♥â♠✐❝❛✱ t❛✐s ❝♦♠♦ ✐♥❝♦♠♣r❡ss✐❜✐❧✐❞❛❞❡ ❞❡ s✉♣❡r❢í❝✐❡s ❡ ✐rr❡❞✉t✐❜✐❧✐❞❛❞❡ ❞❛
✈❛r✐❡❞❛❞❡✳

❯♠❛ ✸✲✈❛r✐❡❞❛❞❡ ❢❡❝❤❛❞❛ q✉❡ ❛❞♠✐t❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❆♥♦s♦✈ ❞❡
❝♦❞✐♠❡♥sã♦ ✉♠✱ ✐st♦ é✱ ❛ ❞✐♠❡♥sã♦ ❞♦ s✉❜✜❜r❛❞♦ ❡stá✈❡❧ ♦✉ ❞♦ s✉❜✜❜r❛❞♦ ✐♥stá✈❡❧
é ✐❣✉❛❧ ❛ ✉♠✱ é ✐rr❡❞✉tí✈❡❧✳ ❖✉tr♦ ✐♠♣♦rt❛♥t❡ r❡s✉❧t❛❞♦ é q✉❡ s❡ X é ✉♠
❝❛♠♣♦ s❡❝❝✐♦♥❛❧ ❆♥♦s♦✈ ♥✉♠❛ ✸✲✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ ❡ ✐rr❡❞✉tí✈❡❧ ♦♥❞❡ t♦❞❛s ❛s
s✐♥❣✉❧❛r✐❞❛❞❡s sã♦ ❞♦ t✐♣♦ ▲♦r❡♥③ ❡ ♥ã♦ ❛♣r❡s❡♥t❛ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s ❤♦♠♦tó♣✐❝❛s
❛ ✉♠ ♣♦♥t♦ ❡♥tã♦ t♦❞♦ t♦r♦ T tr❛♥s✈❡rs❛❧ ❛♦ ❝❛♠♣♦ X é ✐♥❝♦♠♣r❡ssí✈❡❧✱ ❬✷❪✳

❊♠ ✢✉①♦s ❆♥♦s♦✈ ♥ã♦ tr❛♥s✐t✐✈♦s ♥✉♠❛ ✸✲✈❛r✐❡❞❛❞❡M ✱ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s
♥ã♦ ❡rr❛♥t❡s✱ ❞❡♥♦t❛❞♦ ♣♦r Ω(X)✱ ♦♥❞❡X é ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s Cr ✭r ≥ 1✮✱ ❛❞♠✐t❡

✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡s♣❡❝tr❛❧✿ Ω(X) =
n⋃

j=1

Ωj ♦♥❞❡ ❝❛❞❛ Ωj ✭❞❡♥♦♠✐♥❛❞♦ ❝♦♥❥✉♥t♦

❜ás✐❝♦✮ é ❢❡❝❤❛❞♦✱ ❞✐s❥✉♥t♦s ❞♦✐s ❛ ❞♦✐s✱ ✐♥✈❛r✐❛♥t❡ ♣❡❧♦ ✢✉①♦ ❡ tr❛♥s✐t✐✈♦ ✭❬✶✽❪✮✳
❊♠ ❬✹❪ ♣r♦✈❛✲s❡ q✉❡ ♦s ❝♦♥❥✉♥t♦s Ωj ✭j = 1, ..., n✮ ♣♦❞❡♠ s❡r s❡♣❛r❛❞♦s ♣♦r t♦r♦s
❞♦✐s ❛ ❞♦✐s ❞✐s❥✉♥t♦s✱ ♥ã♦ ✐s♦tó♣✐❝♦s ❡ ✐♥❝♦♠♣r❡ssí✈❡✐s✳ ❚❡♠♦s t❛♠❜é♠ q✉❡ ✉♠
t♦r♦ T é ✐♥❝♦♠♣r❡ssí✈❡❧ ♥✉♠❛ ✸✲✈❛r✐❡❞❛❞❡ ✐rr❡❞✉tí✈❡❧ s❡ T é tr❛♥s✈❡rs❛❧ ❛ ✉♠
❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❆♥♦s♦✈ ❬✷❪✱ ❬✹❪ ❡ ❬✺❪✳

❆ ❡①✐stê♥❝✐❛ ❞❡ s✉♣❡r❢í❝✐❡s ✐♥❝♦♠♣r❡ssí✈❡✐s ❞✐s❥✉♥t❛s ❞♦✐s ❛ ❞♦✐s ❡♠ ✸✲
✈❛r✐❡❞❛❞❡s ♦r✐❡♥tá✈❡✐s✱ ❢❡❝❤❛❞❛s ❡ ✐rr❡❞✉tí✈❡✐s ♣♦❞❡♠ ❛❥✉❞❛r ♥❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡
✈❛r✐❡❞❛❞❡s ♦❜t✐❞❛s ♣♦r ✉♠ ❝♦rt❡ ❛♦ ❧♦♥❣♦ ❞❡ss❛s s✉♣❡r❢í❝✐❡s ✐♥❝♦♠♣r❡ssí✈❡✐s✱ ♣♦r

✶
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❡①❡♠♣❧♦✱ s❡r ✉♠❛ ✈❛r✐❡❞❛❞❡ ❛tr❛t♦r✐❛❧ ♦✉ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❙❡✐❢❡rt ✭✈❡r ❬✻❪✮✳

❊st❛ ❞✐ss❡rt❛çã♦ t❡♠ ❝♦♠♦ ❜❛s❡ ♦ ❛rt✐❣♦ ■♥❝♦♠♣r❡ss✐❜✐❧✐t② ♦❢ t♦r✉s tr❛♥✈❡rs❡ t♦
✈❡❝t♦r ✜❡❧❞s✱ ❞♦ ♣r♦❢❡ss♦r ❈❛r❧♦s ❆✳ ▼♦r❛❧❡s✱ ♣✉❜❧✐❝❛❞♦ ♥♦ ❚♦♣♦❧♦❣② Pr♦❝❡❞✐♥❣s✱
✈♦❧✉♠❡ ✷✽✱ ◆♦✳ ✶✱ ♥♦ ❛♥♦ ❞❡ ✷✵✵✹✱ ❝✉❥♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ é ❞❛r ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡
✉♠ t♦r♦ ♠❡r❣✉❧❤❛❞♦ ♥✉♠❛ ✸✲✈❛r✐❡❞❛❞❡ ❢❡❝❤❛❞❛ ❡ ♦r✐❡♥tá✈❡❧M s❡❥❛ ✐♥❝♦♠♣r❡ssí✈❡❧✳

❆ss✉♠✐♠♦s q✉❡ T é tr❛♥s✈❡rs❛❧ ❛♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X✱ ♠❛s ♥ã♦ s✉♣♦♠♦s q✉❡
X é ❆♥♦s♦✈✳ ❊♠ ✈❡③ ❞✐ss♦✱ ❛ss✉♠✐♠♦s q✉❡ X ❡①✐❜❡ ✉♠❛ ú♥✐❝❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛
O ❛ q✉❛❧ ♥ã♦ ✐♥t❡rs❡❝t❛ T ✳ ❙❡ ❛❧é♠ ❞✐ss♦ O é ❤✐♣❡r❜ó❧✐❝♦ ❡ ♥ã♦ ❤♦♠♦tó♣✐❝♦ ❛ ✉♠
♣♦♥t♦ ❡♠ M ✱ ❡♥tã♦ T é ✐♥❝♦♠♣r❡ssí✈❡❧ ❡ M é ✐rr❡❞✉tí✈❡❧✳ ❊♠ r❡s✉♠♦✱ ❡st❡ é ♦
❝♦♥t❡ú❞♦ ❞♦ t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧ ❞♦ ❛rt✐❣♦✳

◆♦ ❝❛♣ít✉❧♦ ✶ ♥♦s ❞❡❞✐❝❛♠♦s ❛ ❛♣r❡s❡♥t❛r ❛♦ ❧❡✐t♦r ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s
♥❡❝❡ssár✐♦s ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ tr❛❜❛❧❤♦✱ ♦ q✉❛❧ ❡stá ❡str✉t✉r❛❞♦ ❡♠ q✉❛tr♦
s❡❝çõ❡s q✉❡✱ ❡♠ ❧✐♥❤❛s ❣❡r❛✐s✱ ❛❜♦r❞❛♥❞♦ ♦s s❡❣✉✐♥t❡s t❡♠❛s✿ ♥♦çõ❡s ❞❡ ✈❛r✐❡❞❛❞❡s
❞✐❢❡r❡♥❝✐á✈❡✐s ❡ ❝♦♥❝❡✐t♦s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s✳

◆❛ s❡çã♦ ✶✱ ❛♣r❡s❡♥t❛r❡♠♦s r❡s✉❧t❛❞♦s s♦❜r❡ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✱ t❛✐s
❝♦♠♦ ❞❡✜♥✐çõ❡s ❞❡ ✈❛r✐❡❞❛❞❡ t♦♣♦❧ó❣✐❝❛ ❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❞❡
❢✉♥çõ❡s ❡♥tr❡ ✈❛r✐❡❞❛❞❡s✱ ❝♦♥❝❡✐t♦ ❞❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❡ ✜❜r❛❞♦ t❛♥❣❡♥t❡ ❞❡
✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ✐s♠♦r✜s♠♦ ❡♥tr❡ ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ TpM ❡ ♦ ❡s♣❛ç♦
❡✉❝❧✐❞✐❛♥♦ Rn✱ ♦♥❞❡M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❞✐♠❡♥sã♦ n ❡ p ✉♠ ♣♦♥t♦
❞❡M ✱ ❞❡✜♥✐çã♦ ❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s✱ ❞❡♥t❡ ♦✉tr♦s✳
❊st❛ s❡çã♦ t❡♠♦ ❝♦♠♦ ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ❬✶✵❪ ❡ ❬✶✺❪✳

P❛r❛ ❛ s❡çã♦ ✷ ✉t✐❧✐③❛♠♦s ❝♦♠♦ ♣r✐♥❝✐♣❛✐s ❢♦♥t❡s ❛s r❡❢❡rê♥❝✐❛s ❬✶✻❪✱ ❬✶✽❪ ❡
❬✷✶❪✳ ❊st❛ s❡çã♦ ♣♦ss✉✐ ❝♦♥❝❡✐t♦s s♦❜r❡ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s s♦❜r❡ ✉♠❛ ✈❛r✐❡❞❛❞❡
❞✐❢❡r❡♥❝✐á✈❡❧✱ ✢✉①♦ ❛ss♦❝✐❛❞♦ ❛♦ ❝❛♠♣♦✱ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡✱ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s
♥❛ t❡♦r✐❛ ❞❡ s✐st❡♠❛s ❞✐♠â♠✐❝♦s ❝♦♠♦ ❚❡♦r❡♠❛ ❞♦ ❋❧✉①♦ ❚✉❜✉❧❛r✱ ❚❡♦r❡♠❛ ❞❛
❱❛r✐❡❞❛❞❡ ❊stá✈❡❧ ✭❬✽❪✮✱ r❡s✉❧t❛❞♦s s♦❜r❡ ♦s ❝♦♥❥✉♥t♦s ω− ❧✐♠✐t❡ ❡ α−❧✐♠✐t❡ ❡
♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ♥ã♦ ✲❡rr❛♥t❡s ❞❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s✳ ❆♣r❡s❡♥t❛♠♦s
t❛♠❜é♠✱ ✉♠ ♣♦✉❝♦ ❞❛ t❡♦r✐❛ ❞❛ ❢✉♥çã♦ ❞❡ Pr✐♠❡✐r♦ ❘❡t♦r♥♦ ❞❡ P♦✐♥❝❛ré✳

❖ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦ é ❞❡❞✐❝❛❞♦ ❛ ♥♦çõ❡s ❞❡ t♦♣♦❧♦❣✐❛ ❛❧❣é❜r✐❝❛ ❡ ❛s♣❡❝t♦s
t♦♣♦❧ó❣✐❝♦s✱ ❡st❡ ❝❛♣ít✉❧♦ ❡stá ❡str✉t✉r❛❞♦ ❡♠ ❞✉❛s s❡çõ❡s s♦❜r❡ ♦s t❡♠❛s
r❡❢❡r✐❞♦s✳ ◆❛ ♣r✐♠❡✐r❛ s❡çã♦✱ ❛❜♦r❞❛♠♦s ♥♦çõ❡s ❞❡ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ ❝❛♠✐♥❤♦s
❡♠ ✈❛r✐❡❞❛❞❡s✱ t✐♣♦s ❞❡ ❤♦♠♦t♦♣✐❛s✱ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡✱ ❛❧é♠
❞❡ ❝♦♥❝❡✐t♦s s♦❜r❡ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦✱ ♦ q✉❛❧ t❡♠ ❣r❛♥❞❡ r❡❧❛çã♦ ❝♦♠ ❛
✐♥❝♦♠♣r❡ss✐❜✐❧✐❞❛❞❡ ❞❡ s✉♣❡r❢í❝✐❡s ♥✉♠❛ ✸✲✈❛r✐❡❞❛❞❡ ✭❬✻❪✮✳ ❆ s❡❣✉♥❞❛ s❡çã♦ é
❞❡st✐♥❛❞❛ ❛♦s ♣r✐♥❝✐♣❛✐s ❝♦♥❝❡✐t♦s t♦♣♦❧ó❣✐❝♦s ✉t✐❧✐③❛❞♦s ♥❡ss❡ tr❛❜❛❧❤♦✱ t❛✐s ❝♦♠♦
✐♥❝♦♠♣r❡ss✐❜✐❧✐❞❛❞❡ ❞❡ s✉♣❡r❢í❝✐❡s ❡ ✐rr❡❞✉t✐❜✐❧✐❞❛❞❡ ❞❡ ✈❛r✐❡❞❛❞❡s✱ ❛❧é♠ ❞❡ ♦✉tr♦s
r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s✳ ❚❡♥❞♦ ❝♦♠♦ ♣r✐♥❝✐♣❛❧ r❡❢❡rê♥❝✐❛ ❬✻❪✱ ❬✼❪ ❡ ❬✶✾❪✳

◆♦ ❝❛♣ít✉❧♦ ✸✱ ❛♣r❡s❡♥t❛♠♦s ♦s ♣r✐♥❝✐♣❛✐s ❧❡♠❛s ❡ t❡♦r❡♠❛s ❝♦♠ ❛ ✜♥❛❧✐❞❛❞❡
❞❡ ❞❡♠♦♥str❛r ♦ t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧ ❞♦ ❛rt✐❣♦ ❞❡ r❡❢❡rê♥❝✐❛✳ ❯♠ ❡①❡♠♣❧♦ ❞❡ ✉♠
t♦r♦ s❛t✐s❢❛③❡♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠
❬✸❪✳

❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧✳ ❙❡❥❛ T ✉♠ t♦r♦ ♠❡r❣✉❧❤❛❞♦ ❡♠ ✉♠❛ ✸✲✈❛r✐❡❞❛❞❡
❢❡❝❤❛❞❛ ❡ ♦r✐❡♥tá✈❡❧ M ✳ ❙✉♣♦♥❤❛ q✉❡



✸ ❙❯▼➪❘■❖

✶✳ T é tr❛♥s✈❡rs❛❧ ❛ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X✱ C1✱ ❡♠ M ✳

✷✳ ❊①✐st❡ ✉♠❛ ú♥✐❝❛ ór❜✐t❛ O ❞❡ X q✉❡ ♥ã♦ ✐♥t❡rs❡❝t❛ T ✳

✸✳ O é ❤✐♣❡r❜ó❧✐❝♦ ❡ ♥ã♦ é ❤♦♠♦tó♣✐❝♦ ❛ ✉♠ ♣♦♥t♦ ❡♠ M ✳

❊♥tã♦✱ T é ✐♥❝♦♠♣r❡ssí✈❡❧ ❡ M é ✐rr❡❞✉tí✈❡❧✳



❈❛♣ít✉❧♦ ✶

❈♦♥❝❡✐t♦s ❞❡ ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s

◆❡st❡ ❝❛♣ít✉❧♦ s❡rã♦ ✐♥tr♦❞✉③✐❞♦s ❝♦♥❝❡✐t♦s s♦❜r❡ ✈❛r✐❡❞❛❞❡s✱ ❝❛♠♣♦s ❞❡
✈❡t♦r❡s✱ ✢✉①♦s ❛ss♦❝✐❛❞♦s à ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ♥✉♠❛ ✈❛r✐❡❞❛❞❡✳ ❆❧é♠ ❞❛ ✜①❛çã♦
❞❛ ♥♦t❛çã♦ q✉❡ s❡rá ✉t✐❧✐③❛❞❛ ❛♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦✳ ❚❡♠✲s❡ ❝♦♠♦ ♦❜❥❡t✐✈♦
♣r✐♥❝✐♣❛❧ ❛❥✉❞❛r ♦ ❧❡✐t♦r ❛ s❡ ❢❛♠✐❧✐❛r✐③❛r ❝♦♠ ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❜ás✐❝♦s q✉❡
sã♦ ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ♦ ♥♦ss♦ tr❛❜❛❧❤♦✳

✶✳✶ ◆♦çõ❡s s♦❜r❡ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s

◆❡st❛ s❡çã♦ ✈❛♠♦s ❞❡✜♥✐r ❝♦♥❝❡✐t♦s ❡ ❛♣r❡s❡♥t❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❜ás✐❝♦s
s♦❜r❡ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✱ ♦s q✉❛✐s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✾❪✱ ❬✶✵❪ ❡
❬✶✺❪✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ t♦♣♦❧ó❣✐❝❛ ❞❡ ❞✐♠❡♥sã♦ n✱ é ✉♠ ❡s♣❛ç♦
t♦♣♦❧ó❣✐❝♦ M ❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

• M é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❞❡ ❍❛✉s❞♦r✛✳

• M t❡♠ ✉♠❛ ❜❛s❡ ❡♥✉♠❡rá✈❡❧ ❞❡ ❛❜❡rt♦s✳

• P❛r❛ q✉❛❧q✉❡r ♣♦♥t♦ p ∈M ❡①✐st❡♠ ❛❜❡rt♦s U ⊂M ❝♦♥t❡♥❞♦ p ❡ A ❡♠ R
n

❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ φ : U → A✱ ❡♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❝❛❞❛ ♣♦♥t♦ p ∈ M
♣♦ss✉✐ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❤♦♠❡♦♠♦r❢❛ ❛ ✉♠ ❛❜❡rt♦ ❞❡ R

n✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✳ ❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ t♦♣♦❧ó❣✐❝❛ ❡ U ⊂ M ❛❜❡rt♦ t❛❧ q✉❡
p ∈ U (p ∈ M)✱ A ⊂ R

n ❛❜❡rt♦ ❡ φ : U → A ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳ ❖ ♣❛r
(U, φ) é ❞❡♥♦♠✐♥❛❞♦ ❝❛rt❛ ❧♦❝❛❧ ♦✉ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧ ❞❡ M ❡♠ p✳ U
é ❞❡♥♦♠✐♥❛❞♦ ✈✐③✐♥❤❛♥ç❛ ❝♦♦r❞❡♥❛❞❛✳

➚s ✈❡③❡s✱ ❞✐r❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ φ : U → A ⊂ R
n✱ ❝♦♠ U ⊂ M ✱ A ⊂ R

n

❛❜❡rt♦s ❡ p ∈M ✱ é ✉♠❛ ❝❛rt❛ ♦✉ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ❡♠ ✈❡③ ❞❡ (U, φ) é
✉♠❛ ❝❛rt❛ ❧♦❝❛❧ ♦✉ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧ ❞❡ M ❡♠ p✳

✹



✺ ✶✳✶✳ ◆❖➬Õ❊❙ ❙❖❇❘❊ ❱❆❘■❊❉❆❉❊❙ ❉■❋❊❘❊◆❈■➪❱❊■❙

❉❡✜♥✐çã♦ ✶✳✶✳✸✳ ❯♠ ❛t❧❛s ❞❡ ❞✐♠❡♥sã♦ n ❞❡ M é ✉♠❛ ❝♦❧❡çã♦ U = {φi : Ui →
Ai}i∈I ❞❡ ❤♦♠❡♠♦r✜s♠♦s ♦♥❞❡ Ui ⊂ M ❛❜❡rt♦✱ Ai ⊂ R

n ❛❜❡rt♦ ❡ ∪i∈IUi = M ✳
❖s ❤♦♠❡♦♠♦r✜s♠♦s✿

φj ◦ φ
−1
i : φi(Ui ∩ Uj) ⊂ Ai → φj(Ui ∩ Uj) ⊂ Aj

sã♦ ❝❤❛♠❛❞♦s ♠✉❞❛♥ç❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s✳

❯♠ ❛t❧❛s U é ❞✐t♦ ❞❡ ❝❧❛ss❡ Cr✱ 1 ≤ r ≤ ∞✱ s❡ t♦❞❛s ❛s ♠✉❞❛♥ç❛s ❞❡
❝♦♦r❞❡♥❛❞❛s ❞♦ ❛t❧❛s U sã♦ ❞❡ ❝❧❛ss❡ Cr✳

Φi Φj

Φi
-1 Φj

Ui Uj

Ai Aj

Rm

M

Rm

o 

❋✐❣✉r❛ ✶✳✶

❯♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ψ : W → R
m ❞❡ M ❞✐③✲s❡ ❛❞♠✐ssí✈❡❧

r❡❧❛t✐✈❛♠❡♥t❡ ❛ ✉♠ ❛t❧❛s U ❞❡ ❞✐♠❡♥sã♦ m ❡ ❝❧❛ss❡ Cr✱ r > 0✱ ❞❡ M s❡ ♣❛r❛
t♦❞♦ φ ∈ U ❝♦♠ U ∩W 6= ∅✱ ♦♥❞❡ φ : U → A ⊂ R

m t❡♠✲s❡ q✉❡ ❛s ♠✉❞❛♥ç❛s ❞❡
❝♦♦r❞❡♥❛❞❛s φ ◦ ψ−1 ❡ ψ ◦ φ−1 sã♦ ❞❡ ❝❧❛ss❡ Cr✳ ❖✉ s❡❥❛✱ U ∪ {ψ} é t❛♠❜é♠ ✉♠
❛t❧❛s ❞❡ ❝❧❛ss❡ Cr✳

❯♠ ❛t❧❛s U ❞❡ ❞✐♠❡♥sã♦ m ❡ ❝❧❛ss❡ Cr✱ r > 0✱ ❞❡ M é ❝❤❛♠❛❞♦ ♠á①✐♠♦

q✉❛♥❞♦ ❝♦♥té♠ t♦❞♦s ♦s s✐st❡♠❛s ❝♦♦r❞❡♥❛❞❛s q✉❡ sã♦ ❛❞♠✐ssí✈❡✐s ❡♠ r❡❧❛çã♦ ❛
U✳

❱❛❧❡ r❡ss❛❧t❛r q✉❡ t♦❞♦ ❛t❧❛s ❞❡ ❞✐♠❡♥sã♦ m ❡ ❞❡ ❝❧❛ss❡ Cr✱ r > 0✱ ❞❡ M ✱
♣♦❞❡ s❡r ❛♠♣❧✐❛❞♦ ❛té s❡ t♦r♥❛r ✉♠ ❛t❧❛s ♠á①✐♠♦ ❞❡ ❝❧❛ss❡ Cr✱ ♣❛r❛ ✐ss♦ ❜❛st❛
❛❝r❡s❝❡♥t❛r✲❧❤❡ t♦❞♦s ♦s s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❛❞♠✐ssí✈❡✐s✳

❉❡✜♥✐çã♦ ✶✳✶✳✹✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❞✐♠❡♥sã♦ m ❡ ❝❧❛ss❡ Cr✱
r > 0✱ é ✉♠ ♣❛r (M,U)✱ ♦♥❞❡ M é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❞❡ ❍❛✉s❞♦r✛✱ ❝♦♠ ❜❛s❡
❡♥✉♠❡rá✈❡❧ ❡ U é ✉♠ ❛t❧❛s ♠á①✐♠♦ ❞❡ ❞✐♠❡♥sã♦ m ❡ ❝❧❛ss❡ Cr✳

❆ ❡①✐❣ê♥❝✐❛ ❞❡ ♦ ❛t❧❛s U s❡r ♠á①✐♠♦ ♥ã♦ é ♥❡❝❡ssár✐❛✱ ♠❛s é ❝♦♥✈❡♥✐❡♥t❡ ♣♦✐s
♠✉✐t♦s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s✱ ❝♦♠♦ ❛❧❣✉♥s t❡♦r❡♠❛s ❞❡ ❲❤✐t♥❡② ♥❡❝❡ss✐t❛♠
❞❡ss❛ ♣r♦♣r✐❡❞❛❞❡✱ ❛ss✐♠ ❝♦♠♦ ❢❛t♦ ❞❡M s❡r ❞❡ ❍❛✉s❞♦r✛ ❡ t❡r ❜❛s❡ ❡♥✉♠❡rá✈❡❧✳
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❖❜s❡r✈❛çã♦ ✶✳✶✳✺✳ ➚s ✈❡③❡s✱ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦Mm ♣❛r❛ ✐♥❞✐❝❛r q✉❡ ✈❛r✐❡❞❛❞❡
❞✐❢❡r❡♥❝✐á✈❡❧ M é ❞✐♠❡♥sã♦ m✱ ✐st♦ é✱ ♦ ❛t❧❛s ♠á①✐♠♦ U t❡♠ ❞✐♠❡♥sã♦ m✳

❖❜s❡r✈❛çã♦ ✶✳✶✳✻✳ ❆s s✉♣❡r❢í❝✐❡s sã♦ ❛s ❝❤❛♠❛❞❛s ✈❛r✐❡❞❛❞❡s ❞❡ ❞✐♠❡♥sã♦ ❞♦✐s✳
❊♥q✉❛♥t♦ ✉♠❛ ❝✉r✈❛ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ ✉♠✳

✶✳✶✳✶ ❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❡♥tr❡ ✈❛r✐❡❞❛❞❡s

❉❡✜♥✐çã♦ ✶✳✶✳✼✳ ❙❡❥❛♠ Mm ❡ Nn ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❞❡ ❝❧❛ss❡ Cr✱ r > 0✳
❯♠❛ ❛♣❧✐❝❛çã♦ f : M → N é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ p ∈ M s❡ ❡①✐st❡♠ ❝❛rt❛s
x : U → x(U) ⊂ R

m ❡♠ M ✱ y : V → y(V ) ⊂ R
n ❡♠ N ✱ ❝♦♠ p ∈ U ❡ f(U) ⊂ V

t❛✐s q✉❡ fxy = y ◦ f ◦ x−1 : x(U) ⊂ R
m → y(V ) ⊂ R

n é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦
x(p)✳

●❡r❛❧♠❡♥t❡ ❝❤❛♠❛♠♦s fxy ❝♦♠♦ ❛ ❡①♣r❡ssã♦ ❞❛ ❛♣❧✐❝❛çã♦ f ♥❛s ❝♦♦r❞❡♥❛❞❛s
♦✉ ❝❛rt❛s x ❡ y✳

Rm Rn 

M N

p f(p)

f

x y

y o  f o  x-1  

y(f(p))

y(V)

x(p)
x(U)

❋✐❣✉r❛ ✶✳✷

❱❛❧❡ r❡ss❛❧t❛r q✉❡ ❛ ♥♦çã♦ ❞❡ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❡♥tr❡ ✈❛r✐❡❞❛❞❡s ✐♥❞❡♣❡♥❞❡
❞❛ ❡s❝♦❧❤❛ ❞❛s ❝❛rt❛s x ❡ y✳ ❈♦♥s✐❞❡r❡ ❛s ❝❛rt❛s x′ : U ′ → x′(U ′) ⊂ R

m ❡♠ M ❡
y′ : V ′ → y′(V ′) ⊂ R

n ❡♠ N t❛✐s q✉❡ p ∈ U ′ ❡ f(U ′) ⊂ V ′✳ ❊♥tã♦✱

y′ ◦ f ◦ (x′)−1 = y′ ◦ y−1 ◦ y ◦ f ◦ (x′ ◦ x−1 ◦ x)−1

= y′ ◦ y−1 ◦ y ◦ f ◦ x−1 ◦ x ◦ (x′)−1

= y′ ◦ y−1 ◦ fxy ◦ x ◦ (x
′)−1

= y′ ◦ y−1 ◦ fxy ◦ ((x
′) ◦ x−1)−1.

❈♦♠♦ y′ ◦y−1 ❡ x′ ◦x−1 sã♦ ❞✐❢❡♦♠♦r✜s♠♦s ❡ fxy é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ x(p) s❡❣✉❡
q✉❡ fx′y′ = y′ ◦ f ◦ (x′)−1 é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ x′(p)✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ ❛ ♥♦çã♦ ❞❡
❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❡♥tr❡ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳

❉❡✜♥✐çã♦ ✶✳✶✳✽✳ ❉✐③❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ f : M → N ❞❡s❝r✐t❛ ❞❛ ❞❡✜♥✐çã♦
❛❝✐♠❛ é ❞✐❢❡r❡♥❝✐á✈❡❧ s❡ f é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ t♦❞♦s ♦s s❡✉s ♣♦♥t♦s✳
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❉❡✜♥✐çã♦ ✶✳✶✳✾✳ ❙❡❥❛♠ Mm ❡ Nn ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❞❡ ❝❧❛ss❡ Cr✱ r > 0✳
❯♠❛ ❛♣❧✐❝❛çã♦ f :M → N é ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❝❧❛ss❡ Cr✱ ❝♦♠ k ≤ r✱ ♣❛r❛ ❝❛❞❛
♣♦♥t♦ p ∈ M s❡ ❡①✐st❡♠ ❝❛rt❛s x : U → x(U) ⊂ R

m ❡♠ M ✱ y : V → y(V ) ⊂ R
n

❡♠ N ✱ ❝♦♠ p ∈ U ❡ f(U) ⊂ V t❛✐s q✉❡ y ◦ f ◦ x−1 : x(U) ⊂ R
m → y(V ) ⊂ R

n é
❞❡ ❝❧❛ss❡ Ck✳

❈♦♠♦ ❛s ♠✉❞❛♥ç❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❡♠ M ❡ N sã♦ ❞✐❢❡♦♠♦r✜♠♦s ❞❡ ❝❧❛ss❡
Cr t❡♠✲s❡ q✉❡ ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛s ❝❛rt❛s x ❡ y✳

✶✳✶✳✷ ❊s♣❛ç♦ ❚❛♥❣❡♥t❡

❈♦♥s✐❞❡r❡ Mm ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❝❧❛ss❡ Cr✱ r > 0 ❡ x ∈ M ✳
❉❡♥♦t❛r❡♠♦s ♣♦r Cx ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝✉r✈❛s α : (−ǫ, ǫ) → M ✱ ǫ ≥ 0✱ t❛✐s
q✉❡ α(0) = x ❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ 0✳ ❙❡❥❛♠ α, β ∈ Cx✱ ❞✐③❡♠♦s q✉❡ ❡❧❛s t❡♠ ♦
♠❡s♠♦ ✈❡t♦r t❛♥❣❡♥t❡ ❡♠ x s❡ ♣❛r❛ ❛❧❣✉♠❛ ❝❛rt❛ φi : Ui → Ũi ⊂ R

m✱ x ∈ Ui

t❡♠✲s❡ q✉❡ (φi ◦ α)
′(0) = (φi ◦ β)

′(0)✳ ❈❛s♦ s❡❥❛ ♥❡❝❡ssár✐♦ ❝♦♥s✐❞❡r❡ ǫ ≥ 0 ❞❡ t❛❧
❢♦r♠❛ q✉❡ α((−ǫ, ǫ)) ⊂ Ui✳

❊st❛ ♣r♦♣r✐❡❞❛❞❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ ❝❛rt❛✳ ❙❡❥❛ φj : Uj → Ũj ⊂ R
m✱

x ∈ Uj✱ ✉♠❛ ♦✉tr❛ ❝❛rt❛✳ ❆ss✐♠✱

(φj ◦ α)
′(0) = D(φj ◦ φ

−1
i )(φi(x))(φi ◦ α)

′(0)

(φj ◦ β)
′(0) = D(φj ◦ φ

−1
i )(φi(x))(φi ◦ β)

′(0).

❈♦♠♦ (φi ◦ α)
′(0) = (φi ◦ β)

′(0) s❡❣✉❡ q✉❡ (φj ◦ α)
′(0) = (φj ◦ β)

′(0)✳ ◆❡st❡
❝❛s♦ ❞✐③❡♠♦s q✉❡ t❛✐s ❝✉r✈❛s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳ ❊st❛ r❡❧❛çã♦ é ✉♠❛ r❡❧❛çã♦ ❞❡
❡q✉✐✈❛❧ê♥❝✐❛ ♥♦ ❝♦♥❥✉♥t♦ Cx ❡ ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ α s❡rá ❞❡♥♦t❛❞❛ ♣♦r [α]✱
é ❝❤❛♠❛❞❛ ♦ ✈❡t♦r t❛♥❣❡♥t❡ ❛ α ♥♦ ♣♦♥t♦ x ∈ M ✳ ❖ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❛ M ♥♦
♣♦♥t♦ x✱ ❞❡♥♦t❛❞♦ ♣♦r TxM ✱ é ♦ ❝♦♥❥✉♥t♦ ❞❡ t❛✐s ✈❡t♦r❡s t❛♥❣❡♥t❡s✳

❯♠❛ ❝❛rt❛ φi : Ui → Ũi✱ x ∈ Ui✱ ❡st❛❜❡❧❡❝❡ ✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ TxM ❡ Rm✳ ❊st❛
❜✐❥❡çã♦ ❛ss♦❝✐❛ ❛ ❝❛❞❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ [α] ∈ TxM ♦ ✈❡t♦r (φi ◦α)

′(0) ∈ R
m✱

♦✉ s❡❥❛✱ φi : TxM → R
m ❞❛❞❛ ♣♦r✿

φi([α]) = (φi ◦ α)
′(0)

é ✉♠❛ ❜✐❥❡çã♦✳ ❉❡ ❢❛t♦✱
1. φi é ✐♥❥❡t✐✈❛✳

φi([α]) = φi([β]) ⇒ (φi ◦ α)
′(0) = (φ ◦ β)′(0).

❊♥tã♦ α ❡ β sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ❛ss✐♠ [α] = [β]✳ ▲♦❣♦✱ φi é ✐♥❥❡t✐✈❛✳

2. φi é s♦❜r❡❥❡t✐✈❛✳

❉❛❞♦ v ∈ R
m✱ s❡❥❛ α ∈ Cx ❞❛❞❛ ♣♦r α(t) = φ−1

i (φi(x) + tv) t❡♠♦s q✉❡
φi([α]) = (φi ◦ α)

′(0) = v✳
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P♦rt❛♥t♦✱ φi é ✉♠❛ ❜✐❥❡çã♦✳

❆ss✐♠✱ ♣♦❞❡♠♦s ♠✉♥✐r TxM ❝♦♠ ❛ ❡str✉t✉r❛ ❞❡ ✉♠❛ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧✱ ❞❡
♠♦❞♦ q✉❡ φi s❡❥❛ ✉♠ ✐s♦♠♦r✜s♠♦✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❛s ♦♣❡r❛çõ❡s ❞❡ s♦♠❛ ❡
♣r♦❞✉t♦ ♣♦r ✉♠ ♥ú♠❡r♦ r❡❛❧ s❡rã♦ ❞❡✜♥✐❞❛s ♣♦r✿

[α] + [β] = (φi)
−1(φi([α]) + φi([β]))

c · [α] = (φi)
−1(c · φi([α])).

❖❜s❡r✈❡ q✉❡ ❡st❛ ❞❡✜♥✐çã♦ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❡ φi✳ ❙❡❥❛ φj : Uj → Ũj✱
x ∈ Uj✱ ❡♥tã♦✿

(φj)([α]) = (φj ◦ α)
′(0)

= ((φj ◦ (φi)
−1) ◦ (φi ◦ α))

′(0)

= D(φj ◦ (φi)
−1)(φi(x)) · φi([α]).

❈♦♠♦ D(φj ◦ (φi)
−1)(φi(x)) é ✉♠ ✐s♦♠♦r✜s♠♦ ✭♣♦✐s φj ◦ (φi)

−1 é ✉♠
❞✐❢❡♦♠♦r✜s♠♦✮✱ ❡ φi é ✉♠ ✐s♦♠♦r✜s♠♦ t❡♠♦s q✉❡ φj t❛♠❜é♠ é ✉♠ ✐s♦♠♦r✜s♠♦✳
❆ss✐♠✱ ❛ ❡str✉t✉r❛ ❞❡ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ✐♥❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ ❝❛rt❛✳

❉❛❞♦s ✉♠❛ ❝❛rt❛ φ : U → V ⊂ R
m ❡♠ M ❡ ✉♠ ♣♦♥t♦ x ∈ U ✐♥❞✐❝❛♠♦s ♣♦r

{ ∂
∂x1 (x), ...,

∂
∂xm (x)} ❛ ❜❛s❡ ❞❡ TxM q✉❡ é ❧❡✈❛❞❛ ♣❡❧♦ ✐s♦♠♦r✜s♠♦ φ : TxM → R

m

s♦❜r❡ ❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ {e1, ..., e2}✳ ❖ ✈❡t♦r ∂
∂xi (p) ∈ TxM é ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛

❞❡ q✉❛❧q✉❡r ❝❛♠✐♥❤♦ α ∈ Cx t❛❧ q✉❡ (φ ◦ α)′(0) = ei✳

❊①❡♠♣❧♦ ✶✳✶✳✶✵✳ TxR
m = R

m

❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✿ φ = id : Rm → R
m✳ ❊♥tã♦ ❛

❛♣❧✐❝❛çã♦✿
φ : TxR

m → R
m

❞❛❞❛ ♣♦r
φ([α]) = (id ◦ α)′(0) = α′(0)

❈♦♠♦ ❥á ❢♦✐ ✈✐st♦✱ φ é ✉♠ ✐s♦♠♦r✜s♠♦✳

❈♦♠ ❡st❡ ✐s♦♠♦r✜s♠♦ ❡st❛♠♦s ✐❞❡♥t✐✜❝❛♥❞♦ ❛ ❝♦❧❡çã♦ [α] = {β ∈ Cx | α′(0) =
(id ◦ α)′(0) = (id ◦ β)′(0) = β′(0)} ❝♦♠ ♦ ✈❡t♦r v ∈ R

m t❛❧ q✉❡ α′(0) = v✳

v

❋✐❣✉r❛ ✶✳✸

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✶✳ ❙❡❥❛♠ Mm ❡ Nn ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ f : M → N
✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ p ∈M ✳ ❆ ❛♣❧✐❝❛çã♦ Df(p) : TpM → Tf(p)N
q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ ✈❡t♦r t❛♥❣❡♥t❡ [α] ∈ TpM ♦ ❡❧❡♠❡♥t♦ [f ◦ α] ∈ Tf(p)N é ✉♠❛
tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❡ α✳
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f

M N

α f oα 

ε

-ε
0

❋✐❣✉r❛ ✶✳✹

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✺❪ ♦✉ ❬✶✵❪✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✷✳ ❆ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r Df(p) ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✳✶✶ é
❝❤❛♠❛❞❛ ❞❡r✐✈❛❞❛ ❞❡ f ♥♦ ♣♦♥t♦ p✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✶✸✳ ✭❘❡❣r❛ ❞❛ ❈❛❞❡✐❛✮ ❙❡❥❛♠ Mm✱ Nn✱ P k ✈❛r✐❡❞❛❞❡s
❞✐❢❡r❡♥❝✐á✈❡✐s✱ f : M → N ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ✉♠ ♣♦♥t♦ p ∈ M ❡
g : N → P ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ f(p) ∈ N ✳ ❊♥tã♦ g ◦f :M → P
é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ p ∈M ❡

D(g ◦ f)(p) = Dg(f(p)) ◦Df(p) : TpM → Tg(f(p))P.

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ❛s s❡❣✉✐♥t❡s ❝❛rt❛s x : U → x(U) ❡♠M ❡ y : V → y(V )
❡♠ N ❡ z : W → z(W ) ❡♠ P ✱ t❛✐s q✉❡ p ∈ U ✱ f(U) ∈ V ❡ g(V ) ∈ W ✳ ❚❡♠♦s
q✉❡✱ fxy = y ◦ f ◦ y−1 : x(U) ⊂ R

m → y(V ) ⊂ R
n é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ x(p) ❡

gyz = z ◦ g ◦ y−1 : y(V ) ⊂ R
n → z(W ) ⊂ R

p é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ y(f(p))✳ P❡❧❛
r❡❣r❛ ❞❛ ❝❛❞❡✐❛ ❡♠ ❡s♣❛ç♦s ✈❡t♦r✐❛s r❡❛✐s✱ s❡❣✉❡ q✉❡✿

gyz ◦ fxy = z ◦ (g ◦ f) ◦ x−1 : x(U) ⊂ R
m → z(W ) ⊂ R

p

é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ x(p)✳ ❆ss✐♠✱ g ◦ f : M → P é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦
p ∈M ✳

❆❣♦r❛✱ ❞❛❞♦ [α] ∈ TpM t❡♠♦s q✉❡

D(g ◦ f)(p)[α] = [g ◦ f ◦ α]
= [g ◦ (f ◦ α)]
= Dg(f(p))[f ◦ α]
= Dg(f(p)) ◦Df(p)[α].

P♦rt❛♥t♦✱ g ◦ f : M → P é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ p ∈ M ❡ D(g ◦ f)(p) =
Dg(f(p)) ◦Df(p) : TpM → Tg(f(p))P ✳

❊①❡♠♣❧♦ ✶✳✶✳✶✹✳ ❙❡❥❛ Mm ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❝❧❛ss❡ Cr✱ r > 0✱ ❡
φ : U ⊂M → A ⊂ R

m ✉♠❛ ❝❛rt❛ ♣❛r❛ ♦ ♣♦♥t♦ x ∈M ✳ ❊♥tã♦✱

Dφ(x) : TxM → Tφ(x)R
m

[α] 7→ [φ ◦ α]
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P❡❧♦ ❡①❡♠♣❧♦ ✶✳✶✳✶✵✱ ♣♦❞❡ s❡r ❞❡✜♥✐❞❛ ❝♦♠♦✿

Dφ(x) : TxM → R
m

t❛❧ q✉❡
Dφ(x)[α] = (φ ◦ α)′(0).

❆ss✐♠✱ Dφ(x) é ✉♠ ✐s♦♠♦r✜s♠♦✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✺✳ ❙❡❥❛♠ Mm ❡ Nn ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❉✐③❡♠♦s q✉❡
f : M → N é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ s❡ f é ❜✐❥❡t♦r❛✱ ❞✐❢❡r❡♥❝✐❛❧ ❡ ❝♦♠ ✐♥✈❡rs❛
❞✐❢❡r❡♥❝✐á✈❡❧✳ ❊ f é ❞✐❢❡♦♠♦r✜s♠♦ ❧♦❝❛❧ ❡♠ p ∈ M s❡ ❡①✐st❡♠ ✈✐③✐♥❤❛♥ç❛s U ❞❡
p ❡♠ M ❡ V ❞❡ f(p) t❛❧ q✉❡ f |U : U → V é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✳

❆ ♥♦çã♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦ é ❛ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✱
♦✉ s❡❥❛✱ s❡ ❡①✐st❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❡♥tr❡ ❞✉❛s ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s Mm ❡
Nn ❞✐③❡♠♦s q✉❡ ❡❧❛s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳ ❆ss✐♠ ❝♦♠♦ ❛ ♥♦çã♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦
❡♥tr❡ ✈❛r✐❡❞❛❞❡s t♦♣♦❧ó❣✐❝❛s é ❛ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ ✈❛r✐❡❞❛❞❡s t♦♣♦❧ó❣✐❝❛s✳

❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ❞❛ ❋✉♥çã♦ ❈♦♠♣♦st❛ é q✉❡ s❡ f : M → N
é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❡♥tr❡ ❞✉❛s ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s M ❡ N ❡♥tã♦ Df(p) :
TpM → Tf(p)N é ✉♠ ✐s♦♠♦r✜s♠♦ ♣❛r❛ t♦❞♦ p ∈ M ✱ ❡♠ ♣❛rt✐❝✉❧❛r ❛s ❞✐♠❡♥sõ❡s
❞❡ M ❡ N sã♦ ✐❣✉❛✐s✳ ❯♠❛ r❡❝í♣r♦❝❛ ❞❡st❡ ❢❛t♦ é ♦ t❡♦r❡♠❛ ❛ s❡❣✉✐r✳

❚❡♦r❡♠❛ ✶✳✶✳✶✻✳ ❙❡❥❛ f : Mn → Nn ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♥tr❡ ❞✉❛s
✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s M ❡ N ✱ t❛❧ q✉❡ Df(p) : TpM → Tf(p)N é ✉♠
✐s♦♠♦r✜s♠♦✱ ❝♦♠ p ∈M ✳ ❊♥tã♦✱ f é ❞✐❢❡♦♠♦r✜s♠♦ ❧♦❝❛❧ ❡♠ p✳

✶✳✶✳✸ ■♠❡rsõ❡s ❡ ▼❡r❣✉❧❤♦s

❉❡✜♥✐çã♦ ✶✳✶✳✶✼✳ ❙❡❥❛ Mm ❡ Nn ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❯♠❛ ❛♣❧✐❝❛çã♦
❞✐❢❡r❡♥❝✐á✈❡❧ f : M → N é ✉♠❛ s✉❜♠❡rsã♦ s❡ Df(p) : TpM → Tf(p)N é
s♦❜r❡❥❡t✐✈❛ ♣❛r❛ t♦❞♦ p ∈ M ✳ ❱❛❧❡ r❡ss❛❧t❛r q✉❡ s❡ f é ✉♠❛ s✉❜♠❡rsã♦ ❡♥tã♦
m ≥ n✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✽✳ ❙❡❥❛ Mm ❡ Nn ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❯♠❛ ❛♣❧✐❝❛çã♦
❞✐❢❡r❡♥❝✐á✈❡❧ f : M → N é ✉♠❛ ✐♠❡rsã♦ s❡ Df(p) : TpM → Tf(p)N é ✐♥❥❡t✐✈❛
♣❛r❛ t♦❞♦ p ∈ M ✳ ❙❡ ❛❧é♠ ❞✐ss♦✱ f ❢♦r ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ s♦❜r❡ ❛ s✉❛ ✐♠❛❣❡♠
f(M) ⊂ N ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛ ♣♦r N ✱ ❞✐③❡♠♦s q✉❡ f é ✉♠ ♠❡r❣✉❧❤♦✳ ❙❡
M ⊂ N ❡ ❛ ✐♥❝❧✉sã♦ i :M →֒ N é ✉♠ ♠❡r❣✉❧❤♦ ❡♥tã♦M é ❝❤❛♠❛❞❛ s✉❜✈❛r✐❡❞❛❞❡
❞❡ N ✳

❖❜s❡r✈❡ q✉❡ ♣❛r❛ f : M → N s❡r ✉♠❛ ✐♠❡rsã♦ é ♥❡❝❡ssár✐♦ q✉❡ m ≤ n✱ ❛
❞✐❢❡r❡♥ç❛ n−m é ❝❤❛♠❛❞❛ ❞❡ ❝♦❞✐♠❡♥sã♦ ❞❛ ✐♠❡rsã♦ f ✳ ❖s t❡♦r❡♠❛s ✐♥t✐t✉❧❛❞♦s
❚❡♦r❡♠❛s ❞❡ ❲❤✐t♥❡② ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✾❪✳

❚❡♦r❡♠❛ ✶✳✶✳✶✾✳ ✭❲❤✐t♥❡②✮ ❙❡ M é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❞✐♠❡♥sã♦
m ❡♥tã♦ ❡①✐st❡ ✉♠ ♠❡r❣✉❧❤♦ ❛❞❡q✉❛❞♦ f :M → R

2m+1✳



✶✶ ✶✳✶✳ ◆❖➬Õ❊❙ ❙❖❇❘❊ ❱❆❘■❊❉❆❉❊❙ ❉■❋❊❘❊◆❈■➪❱❊■❙

❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ S ⊂ M ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡✳ ❯♠❛
✈✐③✐♥❤❛♥ç❛ t✉❜✉❧❛r ❞❡ S é ♦ ♣❛r (V, S) ♦♥❞❡ V é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ S ❡♠ M
❡ π : V → S é ✉♠❛ s✉❜♠❡rsã♦ ❞❡ ❝❧❛ss❡ C∞ t❛❧ q✉❡ π(p) = p✱ ∀p ∈ S✳

❚❡♦r❡♠❛ ✶✳✶✳✷✵✳ ✭❬✶✵❪✮ ❙❡❥❛ S ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❞❡ M ✱ ❝♦♠♣❛❝t❛ ❡ s❡♠ ❜♦r❞♦✱
❞❡ ❝❧❛ss❡ C∞ ❡♥tã♦ S ♣♦ss✉✐ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ t✉❜✉❧❛r✳

❚♦❞❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M ❞❡ ❝❧❛ss❡ Cr✱ r > 0✱ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛
❝♦♠♦ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❝❧❛ss❡ C∞✳

❚❡♦r❡♠❛ ✶✳✶✳✷✶✳ ✭❲❤✐t♥❡②✮ ❙❡❥❛ Mm ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❝❧❛ss❡
Cr✱ r > 0✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ♠❡r❣✉❧❤♦ Cr f : M → R

2m+1 t❛❧ q✉❡ f(M) é ✉♠❛
✈❛r✐❡❞❛❞❡ ❢❡❝❤❛❞❛ ❞❡ ❝❧❛ss❡ C∞ ❡♠ R

2m+1✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✷✳ ❙❡❥❛ Mm ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❉❡✜♥✐♠♦s ♦ ✜❜r❛❞♦
t❛♥❣❡♥t❡ ❞❡ M ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦✿

TM = {(x, v); x ∈M, v ∈ TxM}

✳

❙❡❥❛ π : TM → M ❛ ♣r♦❥❡çã♦ (x, v) 7→ x✳ P♦❞❡✲s❡ ❞❡✜♥✐r ✉♠❛ t♦♣♦❧♦❣✐❛ ❡
✉♠❛ ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❡♠ TM ✳

❙❡❥❛ U = {φi : Ui ⊂M → Ũi ⊂ R
m, i ∈ I} ✉♠ ❛t❧❛s ♠❛①✐♠❛❧ ❞❡ M ✳ ❉❡✜♥❛✿

Φi : π
−1(Ui) ⊂ TM → Ui × R

m

t❛❧ q✉❡
Φi(x, v) = (x,Dφi(x)v).

1. Φi é ✐♥❥❡t✐✈❛✳

Φi(x, v) = Φi(y, w) ⇒ (x,Dφi(x)v) = (y,Dφi(y)w) ⇒

⇒ x = y, Dφi(x)v = Dφi(y)w.

❈♦♠♦ x = y ❡ Dφi(x) é ✉♠ ✐s♦♠♦r✜s♠♦✱ ✈❡r ❡①❡♠♣❧♦✱ s❡❣✉❡ q✉❡ v = w ❡✱ Φ
é ✐♥❥❡t✐✈❛✳

❉❛❞♦ v ∈ R
m✱ s❡❥❛ α ∈ Cx ❞❛❞❛ ♣♦r α(t) = φ−1

i (φi(x) + tv) t❡♠♦s q✉❡
φi([α]) = (φi ◦ α)

′(0) = v✳
2. Φi é s♦❜r❡❥❡t✐✈❛✳

❉❛❞♦ (x, v) ∈ Ui×R
m s❡❥❛ α ∈ Cx ❞❛❞❛ ♣♦r α(t) = φ−1

i (φi(x)+ tv) t❡♠♦s q✉❡
Φi(x, [α]) = (x, v)

P♦rt❛♥t♦✱ Φi é ✉♠❛ ❜✐❥❡çã♦✳ ❊ t❛♠❜é♠✱

Φj ◦ Φ
−1
1 : (Ui ∩ Uj)× R

m → (Ui ∩ Uj)× R
m
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❞❛❞❛ ♣♦r
Φj ◦ Φ

−1
1 (x, w) = (x,D(φj ◦ φ

−1
i )(φi(x))w).

❈♦♠♦ φj ◦ φ
−1
i é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✱ ❧♦❣♦ Φj ◦ Φ

−1
1 é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✳

❉❡✜♥✐♠♦s ✉♠❛ t♦♣♦❧♦❣✐❛ ❡♠ TM ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ W ⊂ TM é ❛❜❡rt♦
s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Φi(W ∩ π−1(Ui)) é ❛❜❡rt♦ ♣❛r❛ t♦❞♦ i ∈ I✳ ❉❡ss❡ ♠♦❞♦✱ ❛s
❛♣❧✐❝❛çõ❡s Φi sã♦ ❤♦♠❡♦♠♦r✜s♠♦s✳ ❈♦♥s✐❞❡r❡ ❛s s❡❣✉✐♥t❡s ❛♣❧✐❝❛çõ❡s ♣❛r❛ ❝❛❞❛
i ∈ I✿

Φ̃i : π
−1(Ui) → Ũi × R

m

❞❡✜♥✐❞❛ ♣♦r
Φ̃i(x, v) = (φi(x), Dφi(x)v).

❈♦♠♦
⋃

i∈I

φi(Ui) = M ❡ Dφi(x)R
m = R

m t❡♠♦s q✉❡
⋃

i∈I

Φ̃i(π
−1(Ui)) = TM ✱

❡♥tã♦ ❡ss❡ ❝♦♥❥✉♥t♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❢♦r♠❛♠ ✉♠ ❛t❧❛s ❡♠ TM ✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✸✳ ❙❡❥❛ Mm ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❯♠❛ ♠étr✐❝❛
❘✐❡♠❛♥♥✐❛♥❛ ✭♦✉ ❡str✉t✉r❛ ❘✐❡♠❛♥♥✐❛♥❛✮ é ✉♠❛ ❧❡✐ q✉❡ ❢❛③ ❝♦rr❡s♣♦♥❞❡r
❛ ❝❛❞❛ ♣♦♥t♦ p ∈M ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ TpM ✳

❙❡❥❛ g ✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛✱ ❞❡♥♦t❛r❡♠♦s ♣♦r g(p; u, v) ♦✉ 〈u, v〉p ♦
♣r♦❞✉t♦ ✐♥t❡r♥♦ ❞♦s ✈❡t♦r❡s u, v ∈ TpM ✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✹✳ ❖ ❝♦♠♣r✐♠❡♥t♦ ♦✉ ♥♦r♠❛ ❞❡ ✉♠ ✈❡t♦r v ∈ TpM ♣♦❞❡ s❡r
❞❡✜♥✐❞♦ ❝♦♠♦✿

| v |p=
√
〈v, v〉p.

❊st❛ ♥♦r♠❛ r❡❝❡❜❡ ♦ ♥♦♠❡ ❞❡ ♥♦r♠❛ ❘✐❡♠❛♥♥✐❛♥❛✳

❯♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ♦♥❞❡ ❡stá ❞❡✜♥✐❞❛ ✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ é
❞❡♥♦♠✐♥❛❞❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✳

❆ ❝❛❞❛ ❝❛rt❛ ❡♠ Mm✱ x : U ⊂M → x(U) ⊂ R
m ❛ss♦❝✐❡ ❛ ❢✉♥çã♦✿

gx : X(U)× R
m × R

m → R

❞❡✜♥✐❞❛ ♣♦r✱
gx(x(p); a, b) = 〈(Dxp)

−1a, (Dxp)
−1b〉p

◆♦t❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ p ∈ U ✱ t❡♠✲s❡ ❞❡✜♥✐❞♦ ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ R
m ❞❛❞♦

♣♦r✿
(a, b) 7→ gx(x(p); a, b).

❈♦♥s✐❞❡r❡ ❛s ❢✉♥çõ❡s gxij : U → R✱ 1 ≤ i, j ≤ m ❞❡✜♥✐❞❛s ♣♦r✿

gxij(p) = gx(x(p); ei, ej) = 〈
∂

∂xi
(p),

∂

∂xj
(p)〉p.
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❙❡❥❛♠ a = (a1, ..., am) ❡ b = (b1, ..., bm) ✈❡t♦r❡s ❞♦ R
m ❡♥tã♦✱

(Dxp)
−1a =

m∑

i=1

ai
∂

∂xi
(p)

(Dxp)
−1b =

m∑

j=1

bj
∂

∂xj
(p).

▲♦❣♦✱ gx(x(p); a, b) =
m∑

i,j=1

gxij(p)a
ibj✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✺✳ ❉✐③✲s❡ q✉❡ ✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ g ♥✉♠❛ ✈❛r✐❡❞❛❞❡
❞✐❢❡r❡♥❝✐á✈❡❧ Mm é ❞❡ ❝❧❛ss❡ Ck✱ k > 0✱ s❡✱ ♣❛r❛ ❝❛❞❛ ❝❛rt❛ x : U ⊂
M → x(U) ⊂ R

m ❛ ❢✉♥çã♦ gx : x(U) × R
m × R

m → R é ❞❡ ❝❧❛ss❡ Ck✱ ♦✉
❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ s❡ ❛s ❢✉♥çõ❡s gxij : U → R sã♦ ❞❡ ❝❧❛ss❡ Ck✳

❈♦♠♦ ❛s ♠✉❞❛♥ç❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s sã♦ ❞✐❢❡♦♠♦r✜s♠♦✱ ❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ♥ã♦
❞❡♣❡♥❞❡ ❞❛ ❝❛rt❛ x✳

Pr♦♣♦s✐çã♦ ✶✳✶✳✷✻✳ ❚♦❞❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M ❞❡ ❝❧❛ss❡ Ck✱ k > 0✱ ❛❞♠✐t❡
✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ ❝❧❛ss❡ Ck−1✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✺❪✱ ♣á❣✐♥❛ ✷✶✵✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✼✳ ❉✉❛s ✈❛r✐❡❞❛❞❡s V ❡ W sã♦ tr❛♥s✈❡rs❛✐s ❡♠ M s❡ ♣❛r❛
q✉❛❧q✉❡r ♣♦♥t♦ q ∈ V ∩W t❡♠♦s q✉❡ ♦s ❡s♣❛ç♦s t❛♥❣❡♥t❡s ❞❡ TqV ❡ TqW ❣❡r❛♠
TqM ✳

✶✳✷ ◆♦çõ❡s ❞❡ ❙✐st❡♠❛s ❞✐♥â♠✐❝♦s

◆❡st❛ s❡çã♦ ✈❛♠♦s ❞❡✜♥✐r ❡ ❛♣r❡s❡♥t❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❜ás✐❝♦s s♦❜r❡ ❝❛♠♣♦s
❞❡ ✈❡t♦r❡s ❡ ✢✉①♦s ♥✉♠❛ ✈❛r✐❡❞❛❞❡ ♦r✐❡♥tá✈❡❧ ❡ ❝♦♠♣❛❝t❛✳ ❉❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ A
♥✉♠❛ ✈❛r✐❡❞❛❞❡M ❞❡♥♦t❛r❡♠♦s ♣♦r intA✱ A ❡ frA✱ ♦ ✐♥t❡r✐♦r✱ ♦ ❢❡❝❤♦ ❡ ❛ ❢r♦♥t❡✐r❛
❞❡ A✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❡st❛ s❡çã♦ ❢♦r❛♠ ❬✽❪✱ ❬✶✸❪✱
❬✶✻❪✱ ❬✶✼❪✱ ❡ ❬✶✽❪✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✳ ❯♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❡ ❝❧❛ss❡ Cr✱ r > 0✱ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡
Mn é ✉♠❛ ❛♣❧✐❝❛çã♦ X : M → TM q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ ♣♦♥t♦ p ∈ M ✉♠ ✈❡t♦r
X(p) ∈ TpM ✱ X ∈ Cr✳ ❉❡✜♥✐♠♦s Xr(M) ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞♦s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s
❞❡ ❝❧❛ss❡ Cr ❡♠ M ✳
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x

M

 TxM

❋✐❣✉r❛ ✶✳✺

❆♣r❡s❡♥t❛r❡♠♦s ✉♠ t♦♣♦❧♦❣✐❛ ♥❛t✉r❛❧ ♥♦ ❡s♣❛ç♦ X
r(M)✱ r > 0✱ ❞❡ ❝❛♠♣♦s

❞❡ ✈❡t♦r❡s ❞❡ ❝❧❛ss❡ Cr ♥✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛✳ ◆❡st❛ t♦♣♦❧♦❣✐❛ ❞♦✐s ❝❛♠♣♦s
X, Y ∈ X

r(M) ❡st❛rã♦ ♣ró①✐♠♦s s❡ ♦s ❝❛♠♣♦s ❡ s✉❛s ❞❡r✐✈❛❞❛s ❛té ❛ ♦r❞❡♠ r
❡st✐✈❡r❡♠ ♣ró①✐♠♦s ❡♠ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ M ✳

❈♦♥s✐❞❡r❡ ✐♥✐❝✐❛❧♠❡♥t❡ ♦ ❡s♣❛ç♦ Cr(M,Rs) ❞❛s ❛♣❧✐❝❛çõ❡s ❞❡ ❝❧❛ss❡ Cr✱
0 ≤ r < ∞✱ ❞❡✜♥✐❞❛s ♥❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ M ✳ ❚❡♠♦s ✉♠❛ ❡str✉t✉r❛ ♥❛t✉r❛❧
❞❡ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡♠ Cr(M,Rs)✿ (f + g)(p) = f(p) + g(p) ❡ (λf)(p) = λf(p)
♣❛r❛ f, g ∈ Cr(M,Rs) ❡ λ ∈ R✳ ❚♦♠❡ ❡♠ M ✉♠❛ ❝♦❜❡rt✉r❛ ✜♥✐t❛ ♣♦r ❛❜❡rt♦s
V1, ..., Vk t❛❧ q✉❡ ❝❛❞❛ Vi ❡st❡❥❛ ❝♦♥t✐❞♦ ♥♦ ❞♦♠í♥✐♦ ❞❡ ✉♠❛ ❝❛rt❛ ❧♦❝❛❧ (xi, Ui) ❝♦♠
xi(Ui) = B(2) ❡ xi(Vi) = B(1)✱ ♦♥❞❡ B(1) ❡ B(2) sã♦ ❜♦❧❛s ❞❡ r❛✐♦s ✶ ❡ ✷ ❡ ❝❡♥tr♦
♥❛ ♦r✐❣❡♠ ❞❡ R

n✳ P❛r❛ f ∈ Cr(M,Rs) ❞❡♥♦t❛♠♦s ♣♦r f i = f ◦ x−1
i : B(2) → R

s✳
❉❡✜♥✐♠♦s✿

|| f ||r= max
i

sup
u∈B(1)

{|| f i(u) ||, || Df i(u) ||, ..., || Drf i(u) ||}.

Pr♦♣♦s✐çã♦ ✶✳✷✳✷✳ ✭❬✶✻❪✮ || . ||r é ✉♠❛ ♥♦r♠❛ ❝♦♠♣❧❡t❛ ❡♠ Cr(M,Rs)✳

❉❡✜♥✐çã♦ ✶✳✷✳✸✳ ❯♠❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞❡ ✉♠ ❝❛♠♣♦ X ∈ X
r(M) ♣❛ss❛♥❞♦ ♣♦r

p ∈M é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❝❧❛ss❡ Cr+1 α : I →M ✱ ♦♥❞❡ I é ✉♠ ✐♥t❡r✈❛❧♦ ❞❛ r❡t❛
r❡❛❧ ❝♦♥t❡♥❞♦ ♦ ③❡r♦✱ t❛❧ q✉❡ α(0) = p ❡ α′(t) = X(α(t))✱ ∀t ∈ I✳

❉✐③❡♠♦s q✉❡ α é ✉♠❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ dx
dt

= X(x) ❝♦♠ ❝♦♥❞✐çã♦
✐♥✐❝✐❛❧ x(0) = p✳ ❆ ✐♠❛❣❡♠ ❞❡ ✉♠❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ é ❝❤❛♠❛❞❛ ór❜✐t❛ ♦✉
tr❛❥❡tór✐❛✳

❉❡✜♥✐çã♦ ✶✳✷✳✹✳ ❯♠ ✢✉①♦ ❧♦❝❛❧ ❞❡ X ∈ X
r(M) ❡♠ p ∈M é ✉♠❛ ❛♣❧✐❝❛çã♦✿

ϕ : (−ǫ, ǫ)× Vp → U

Vp é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ q ∈ Vp ❛ ❛♣❧✐❝❛çã♦ ϕq : (−ǫ, ǫ) → U
❞❡✜♥✐❞❛ ♣♦r ϕq(t) = ϕ(t, q) é ✉♠❛ ❝✉r✈❛ ✐♥t❡❣r❛❧✱ ✐st♦ é✱ ϕq(0) = ϕ(0, q) = q ❡✿

ϕq
′(t) =

d

dt
ϕq(t) =

∂ϕ

∂t
(t, q) = X(ϕ(t, q))

∀(t, q) ∈ (−ǫ, ǫ)× Vp✳

❉❡✜♥✐çã♦ ✶✳✷✳✺✳ ❯♠ ✢✉①♦ ❣❧♦❜❛❧ ❞❡ X ∈ X
r(M) é ✉♠❛ ❛♣❧✐❝❛çã♦ ϕ : R×M →

M t❛❧ q✉❡ ϕ(0, p) = p ❡✱
∂ϕ

∂t
(t, p) = X(ϕ(t, p)).
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▲♦❣♦✱ ♣❛r❛ ❝❛❞❛ p ∈ M ❛ ❛♣❧✐❝❛çã♦ ϕp : M → M ❞❡✜♥✐❞❛ ♣♦r ϕp(t) = ϕ(t, p)
é ✉♠❛ ❝✉r✈❛ ✐♥t❡❣r❛❧✱ ♦✉ s❡❥❛✱ ϕp(0) = ϕ(0, p) = p ❡✱

ϕp
′(t) =

d

dt
ϕp(t) =

∂ϕ

∂t
(t, p) = X(ϕ(t, p)).

P❛r❛ q✉❛✐sq✉❡r (t, p) ∈ R×M.

Pr♦♣♦s✐çã♦ ✶✳✷✳✻✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ ❡ X ∈ X
r(M)✳ ❊①✐st❡ ❡♠

M ✉♠ ✢✉①♦ ❣❧♦❜❛❧ ❞❡ ❝❧❛ss❡ Cr ♣❛r❛ X✳ ■st♦ é✱ ✉♠❛ ❛♣❧✐❝❛çã♦ ϕ : R×M → M
t❛❧ q✉❡ ϕ(0, p) = p ❡ (∂/∂t)ϕ(t, p) = X(ϕ(t, p))✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✻❪✳

❈♦r♦❧ár✐♦ ✶✳✷✳✼✳ ❙❡❥❛♠ X ∈ X
r(M) ❡ ϕ : R×M →M ♦ ✢✉①♦ ❞❡ X✳ P❛r❛ ❝❛❞❛

t ∈ R✱ ❛ ❛♣❧✐❝❛çã♦ Xt : M → M ✱ Xt(p) = ϕ(t, p)✱ é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❝❧❛ss❡
Cr✳ ❆❧é♠ ❞✐ss♦✱ X0 = identidade✱ Xt+s = Xt ◦Xs✱ ∀t, s ∈ R✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ ϕ(t + s, p) = ϕ(t, ϕ(s, p))✱ ♣❛r❛ s, t ∈ R ❡
p ∈M ✳

❙❡❥❛♠ α(t) = ϕ(t + s, p) ❡ β(t) = ϕ(t, ϕ(s, p))✳ ❚❡♠♦s q✉❡ α ❡ β sã♦ ❝✉r✈❛s
✐♥t❡❣r❛✐s ❞♦ ❝❛♠♣♦ X ❡ α(0) = β(0) = ϕ(s, p)✱ ❡♥tã♦ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❛s ❝✉r✈❛s
✐♥t❡❣r❛✐s s❡❣✉❡ q✉❡ α(t) = β(t)✱ ✐st♦ é✱ ϕ(t+ s, p) = ϕ(t, ϕ(s, p))✳

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ✢✉①♦s s❡❣✉❡ q✉❡ X0(p) = ϕ(0, p) = p ✱ ∀p ∈ M ✱ ❛ss✐♠ X0

é ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ M ✳ ❊✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✻ t❡♠♦s q✉❡ Xt : M → M é ✉♠❛
❛♣❧✐❝❛çã♦ ❞❡ ❝❧❛ss❡ Cr ♣❛r❛ t♦❞♦ t ∈ R ✜①❛❞♦✳ ❈♦♠♦✱

Xt ◦X−t(p) = ϕ(t, ϕ(−t, p)) = ϕ(t− t, p) = ϕ(0, p) = X0(p) = p.

❊✱

X−t ◦Xt(p) = ϕ(−t, ϕ(t, p)) = ϕ(−t+ t, p) = ϕ(0, p) = X0(p) = p.

❊♥tã♦✱ Xt ◦ X−t = X−t ◦ Xt = identidade✱ ❛ss✐♠ Xt é ❞❡ ❝❧❛ss❡ Cr ❡ t❡♠
✐♥✈❡rs❛ ❞❡ ❝❧❛ss❡ Cr ❞❛❞❛ ♣♦r X−t✳ P♦rt❛♥t♦✱ ❛ ❛♣❧✐❝❛çã♦ Xt : M → M é ✉♠
❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❝❧❛ss❡ Cr✱ ♣❛r❛ ❝❛❞❛ t ∈ R✳

❙❡❥❛♠ X ∈ X
r(M) ❡ Xt ♦ ✢✉①♦ ❞♦ ❝❛♠♣♦ X✳

❉❡✜♥✐çã♦ ✶✳✷✳✽✳ ❆ ór❜✐t❛ ❞❡ ✉♠ ♣♦♥t♦ p ∈M ♣❛r❛ ✉♠ ✢✉①♦ Xt é ♦ ❝♦♥❥✉♥t♦
OX(p) = {Xt(p); t ∈ R}✳

❉❡✜♥✐çã♦ ✶✳✷✳✾✳ ❆ ór❜✐t❛ ♣♦s✐t✐✈❛ ❞❡ ✉♠ ♣♦♥t♦ p ∈ M ♣❛r❛ ✉♠ ✢✉①♦ Xt é
♦ ❝♦♥❥✉♥t♦ O+

X(p) = {Xt(p); t ≥ 0}✳ ❊ ❛ ór❜✐t❛ ♥❡❣❛t✐✈❛ ❞❡ p ∈ M ♣❛r❛ ✉♠
✢✉①♦ Xt é ♦ ❝♦♥❥✉♥t♦ O−

X(p) = {Xt(p); t ≤ 0}✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✵✳ ❯♠ ♣♦♥t♦ p ∈M é ❞✐t♦ ♣♦♥t♦ ✜①♦ ♣❛r❛ ♦ ❞✐❢❡♦♠♦r✜s♠♦ Xt

s❡ Xt(p) = p✱ ♣❛r❛ ❝❛❞❛ t ∈ R✳
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❉❡✜♥✐çã♦ ✶✳✷✳✶✶✳ ❙❡ X(p) = 0 ❡♥tã♦ ❞✐③❡♠♦s q✉❡ p ∈M é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡
❞♦ ❝❛♠♣♦ X✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✶✷✳ ❙❡ p ∈M é ✉♠ ♣♦♥t♦ ✜①♦ ♣❛r❛ ❝❛❞❛ Xt✱ ❝♦♠ t ∈ R ❡♥tã♦ p
é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♣❛r❛ ♦ ❝❛♠♣♦ X✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ p ∈M
♣❛r❛ ♦ ❝❛♠♣♦ X é ✉♠ ♣♦♥t♦ ✜①♦ ♣❛r❛ Xt✱ ♣❛r❛ ❝❛❞❛ t ∈ R ✜①❛❞♦✳

❉❡ ❢❛t♦✱ ❝♦♠♦ Xt(p) = p✱ ∀t ∈ R ❡✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✼ t❡♠♦s q✉❡
Xt(p) = ϕ(t, p)✱ ❧♦❣♦ (∂/∂t)ϕ(t, p) = 0✱ ❛ss✐♠ (∂/∂t)ϕ(t, p) = X(ϕ(t, p)) = 0
♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ X(ϕ(t, p)) = X(p) = 0✳

P♦rt❛♥t♦ X(p) = 0 ❡ p é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♣❛r❛ ♦ ❝❛♠♣♦ X✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❊❉❖ ❝♦♠ ✈❛❧♦r ✐♥✐❝✐❛❧✿

dα

dt
= X(α(t))

α(0) = p.

▲♦❣♦✱ α(t) = p s❛t✐s❢❛③ ❛ ❊❉❖ ❛❝✐♠❛✳ ❆ss✐♠✱ p é ♣♦♥t♦ ✜①♦ ♣❛r❛ ❝❛❞❛ Xt✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✸✳ ❯♠ ♣♦♥t♦ p ∈M é ❝❤❛♠❛❞♦ ♣❡r✐ó❞✐❝♦ ♣❛r❛ ✉♠ ✢✉①♦ Xt✱ s❡
❡①✐st❡ T > 0 t❛❧ q✉❡ XT (p) = p ❡ Xt(p) 6= p✱ ∀t < T ✳

❆ ór❜✐t❛ ❞❡ ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ é ❝❤❛♠❛❞❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✳ ❯♠❛ ór❜✐t❛
❢❡❝❤❛❞❛ ❞❡ ✉♠ ♣♦♥t♦ p ∈ M é q✉❛♥❞♦ O(p) é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦✱ ❛s ór❜✐t❛s
q✉❡ ♥ã♦ sã♦ s✐♥❣✉❧❛r✐❞❛❞❡s sã♦ ❞✐t❛s ór❜✐t❛s r❡❣✉❧❛r❡s✳ ❖s ♣♦♥t♦s r❡❣✉❧❛r❡s sã♦
♦s ♣♦♥t♦s ♣❛r❛ ♦s q✉❛✐s ♦ ❝❛♠♣♦ ♥ã♦ s❡ ❛♥✉❧❛✳

❊①❡♠♣❧♦ ✶✳✷✳✶✹✳ ❙❡❥❛ S2 ⊂ R
3 ❛ ❡s❢❡r❛ ✉♥✐tár✐❛✳ ❈♦♥s✐❞❡r❡ ♦ ✢✉①♦ ❞❡✜♥✐❞♦ ♣❡❧❛

r♦t❛çã♦ ❞❡ ❝❛❞❛ ♣♦♥t♦ ❞❛ ❡s❢❡r❛ ❡♠ t♦r♥♦ ❞♦ ❡✐①♦ NS✱ ✈❡r ❋✐❣✉r❛ ✶✳✻✳ ❚❡♠♦s q✉❡
♦ ♣♦❧♦ ♥♦rt❡ ❡ ♦ ♣♦❧♦ s✉❧ t❡♠ ❝♦♠♦ ór❜✐t❛ ♦ ♣ró♣r✐♦ ♣♦♥t♦✳ ❊✱ ❛s ❞❡♠❛✐s ór❜✐t❛s
sã♦ ♦s ♣❛r❛❧❡❧♦s ❞❛ ❡s❢❡r❛ S2✳ ❊♥tã♦✱ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s sã♦ ♦s ♣♦❧♦s ♥♦rt❡ ❡ s✉❧ ❡
❛s ♦✉tr❛s ór❜✐t❛s sã♦ ór❜✐t❛s r❡❣✉❧❛r❡s ❡ ♣❡r✐ó❞✐❝❛s✳

N

S

❋✐❣✉r❛ ✶✳✻✳ ❋❧✉①♦ ❡♠ S2

❉❡✜♥✐çã♦ ✶✳✷✳✶✺✳ ❖ ❝♦♥❥✉♥t♦ ω✲❧✐♠✐t❡ ❞❡ ✉♠ ♣♦♥t♦ p ∈M é ❞❛❞♦ ♣♦r✿

ω(p) = {x ∈M ; ∃ tn → ∞ quando n→ ∞ tal que lim
n→∞

Xtn(p) = x}.
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❆ss✐♠✱ ω(p) é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❛ ór❜✐t❛ ♣♦s✐t✐✈❛ ❞❡ p✳
❉❡✜♥✐♠♦s t❛♠❜é♠ ♦ ❝♦♥❥✉♥t♦ α✲❧✐♠✐t❡ ❞❡ ✉♠ ♣♦♥t♦ p ∈M ❞❛❞♦ ♣♦r

α(p) = {x ∈M ; ∃ tn → −∞ quando n→ ∞ tal que lim
n→∞

Xtn(p) = x}.

❊♥tã♦✱ ♦ ❝♦♥❥✉♥t♦ α(p) é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❛ ór❜✐t❛ ♥❡❣❛t✐✈❛
❞❡ p✳

❖❜s❡r✈❛♠♦s q✉❡ ♦ α✲❧✐♠✐t❡ ❞❡ ✉♠ ♣♦♥t♦ p ∈M é ♦ ω✲❧✐♠✐t❡ ❞❡ p ♣❛r❛ ♦ ❝❛♠♣♦
−X✳ ■♥t✉✐t✐✈❛♠❡♥t❡✱ α(p) é ♦♥❞❡ ❛ ór❜✐t❛ ❞❡ p ✧♥❛s❝❡✧❡ ω(p) é ♦♥❞❡ ❡❧❛ ✧♠♦rr❡✧✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✶✻✳ ❙❡ p é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ ❝❛♠♣♦ X ∈ X
r(M) ❡♥tã♦

ω(p) = α(p) = {p}✳

❉❡ ❢❛t♦✱

X(p) = 0 ⇔ Xt(p) = p, ∀t ∈ R ⇒ ∀tn → ∞ (♦✉ tn → −∞) ⇒ Xtn(p) → p.

P♦rt❛♥t♦✱ ω(p) = α(p) = {p}✳

◆♦ ❡①❡♠♣❧♦ ❛ s❡❣✉✐r ✈❛♠♦s ❡①✐❜✐r ♦s ❝♦♥❥✉♥t♦s ω✲❧✐♠✐t❡ ❡ α✲❧✐♠✐t❡ ❞❡ ✉♠
❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❝♦♠ s✐♥❣✉❧❛r✐❞❛❞❡s✳

❊①❡♠♣❧♦ ✶✳✷✳✶✼✳ ❈♦♥s✐❞❡r❡ ❛ ❡s❢❡r❛ ✉♥✐tár✐❛ S2 ⊂ R
3 ❝❡♥tr❛❞❛ ♥❛ ♦r✐❣❡♠ ❡

s❡❥❛♠ (x, y, z) ❛s ❝♦♦r❞❡♥❛❞❛s ❝❛♥ô♥✐❝❛s ❡♠ R
3✳ ❈❤❛♠❛♠♦s pN = (0, 0, 1) ❞❡

♣♦❧♦ ♥♦rt❡ ❡ pS = (0, 0,−1) ❞❡ ♣♦❧♦ s✉❧ ❞❡ S2✳ ❉❡✜♥✐♠♦s ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X
❞❡ ❝❧❛ss❡ C∞ ❡♠ S2 ♣♦r✿

X(x, y, z) = (−xz,−yz, x2 + y2).

❆s s✐♥❣✉❧❛r✐❞❛❞❡s ❞♦ ❝❛♠♣♦ X sã♦ ♦s ♣♦♥t♦s (x, y, z) ∈ S2 t❛✐s q✉❡✿

X(x, y, z) = (0, 0, 0) ⇒ (−xz,−yz, x2 + y2) = (0, 0, 0).

❊♥tã♦✱
x = y = 0.

❈♦♠♦
x2 + y2 + z2 = 1

t❡♠♦s q✉❡ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s sã♦ pN ❡ pS✳

❯♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❛ ❡s❢❡r❛ ♣♦❞❡ s❡r ❡①♣r❡ss❛❞❛ ❝♦♠♦✿

Y (θ, ϕ) = (cosθsenϕ, cosθϕ, senθ).

P❛r❛ ❝❛❞❛ ϕ ✜①❛❞♦ t❡♠♦s ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ✉♠ ♠❡r✐❞✐❛♥♦ ❞❡ S2✳ ❚❡♠♦s
q✉❡ ♦ ❝❛♠♣♦ X é t❛♥❣❡♥t❡ ❛♦s ♠❡r✐❞✐❛♥♦s ❞❡ S2✳
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❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ✉♠ ♠❡r✐❞✐❛♥♦ ❞❛❞❛ ♣♦r✿

α(θ) = (cosθsenϕ, cosθϕ, senθ).

❆ss✐♠✱
α′(θ) = (−senθsenϕ,−senθϕ, cosθ).

❊✱
X(α(θ)) = cosθ(−senθsenϕ,−senθϕ, cosθ) = cosθα′(θ).

P♦rt❛♥t♦✱ ♦ ❝❛♠♣♦ é t❛♥❣❡♥t❡ ❛♦s ♠❡r✐❞✐❛♥♦s ❞❡ S2 ❛♣♦♥t❛♥❞♦ ♣❛r❛ ❝✐♠❛
s❡❣✉❡ q✉❡ ω(p) = pN ❡ α(p) = pS✱ ♣❛r❛ t♦❞♦ p ∈ S2 − {pN , pS}✳ ❊✱ ω(pN) =
α(pN) = {pN}✱ ω(pS) = α(pS) = {pS}✳

pN

pS

❋✐❣✉r❛ ✶✳✼

❖❜s❡r✈❛çã♦ ✶✳✷✳✶✽✳ ❙❡❥❛♠ p, q ∈ M s❡ q ♣❡rt❡♥❝❡ ❛ ór❜✐t❛ ❞❡ p ♣❡❧♦ ❝❛♠♣♦ X
❡♥tã♦ ω(p) = ω(q)✳

❉❡ ❢❛t♦✱ ❝♦♠♦ q ♣❡rt❡♥❝❡ ❛ ór❜✐t❛ ♣♦s✐t✐✈❛ ❞❡ p✱ s❡❣✉❡ q✉❡ ❡①✐st❡ t0 ∈ R t❛❧
q✉❡ Xt0(p) = q✳ ❊✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✼ t❡♠♦s q✉❡ X−t0(q) = p✳ ❱❛♠♦s ♠♦str❛r
q✉❡ ω(p) ⊂ ω(q)✳

❙❡❥❛ x ∈ ω(p)✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ tn → ∞ t❛❧ q✉❡ Xtn(p) → x✳ P❡❧❛
❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ✢✉①♦ Xt ❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✼✱ t❡♠✲s❡ q✉❡✿

Xt0(Xtn(p)) → Xt0(x) ⇒ Xt0+tn(p) → Xt0(x) ⇒

⇒ Xtn(Xt0(p)) → Xt0(x) ⇒ Xtn(q) → Xt0(x) ⇒

⇒ X−t0(Xtn(q)) → X−t0(Xt0(x)) ⇒

⇒ Xtn−t0(q) → x.

❋❛③❡♥❞♦ sn = tn − t0✱ s❡❣✉❡ q✉❡ sn → ∞ ♣♦✐s tn → ∞✳ ❆ss✐♠✱

Xsn(q) → x.

P♦rt❛♥t♦✱ x ∈ ω(q) ❡✱ ω(p) ⊂ ω(q)✳
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❆❣♦r❛ ✈❛♠♦s ♠♦str❛r q✉❡ ω(q) ⊂ ω(p)✳

❙❡❥❛ x ∈ ω(q)✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ tn → ∞ t❛❧ q✉❡ Xtn(q) → x✳ P❡❧❛
❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ✢✉①♦ Xt ❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✼✱ t❡♠✲s❡ q✉❡✿

X−t0(Xtn(q)) → X−t0(x) ⇒ Xtn−t0(q) → X−t0(x) ⇒

⇒ Xtn(X−t0(q)) → X−t0(x) ⇒ Xtn(p) → X−t0(x) ⇒

⇒ Xt0(Xtn(p)) → Xt0(X−t0(x)) ⇒ Xtn+t0(p) → x.

❋❛③❡♥❞♦ kn = tn + t0✱ s❡❣✉❡ q✉❡ kn → ∞ ♣♦✐s tn → ∞✳ ❆ss✐♠✱

Xkn(p) → x.

P♦rt❛♥t♦✱ ω(q) ⊂ ω(p) ❡✱ ❛ss✐♠ ω(p) = ω(q)✱ ❝♦♠♦ q✉❡rí❛♠♦s✳

❯♠ r❡s✉❧t❛❞♦ ❛♥á❧♦❣♦ ❛ ❡st❡ s❡ ✈❡r✐✜❝❛ ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ α✲❧✐♠✐t❡✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✶✾✳ ❙❡❥❛ p ∈ M ✱ Xt ✉♠ ✢✉①♦✳ ❙❡ x ∈ ω(p) t❡♠♦s q✉❡
OX(x) ⊂ ω(p)✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ y ∈ α(p)✱ ❡♥tã♦ OX(y) ⊂ α(p)✳

❉❡ ❢❛t♦✱ s❡ x ∈ ω(p)✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ tn → ∞ t❛❧ q✉❡
Xtn(p) → x✳ P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ✢✉①♦ ❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✼ t❡♠♦s q✉❡✿

Xt+tn(p) → Xt(x) ∀t ∈ R.

❋❛③❡♥❞♦ kn = t+ tn t❡♠♦s q✉❡ kn → ∞✱ ♣♦✐s tn → ∞✱ ❡♥tã♦✿

Xkn(p) → Xt(x).

P♦rt❛♥t♦✱ Xt(x) ∈ ω(p)✱ ♣❛r❛ t♦❞♦ t ∈ R✱ ♦✉ s❡❥❛✱ OX(x) ⊂ ω(p)✳

❘❡♣❡t✐♥❞♦ ♦ ♣r♦❝❡ss♦ ♣❛r❛ y ∈ α(p) t❡♠♦s q✉❡ OX(y) ⊂ α(p)✳

❉❡✜♥✐çã♦ ✶✳✷✳✷✵✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ Λ ⊂ M é ❞✐t♦ ✐♥✈❛r✐❛♥t❡ ♣❛r❛
✉♠ ✢✉①♦ Xt s❡ Xt(Λ) = Λ✱ ∀t ∈ R✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ Λ ⊂ M é ❞✐t♦ ✐♥✈❛r✐❛♥t❡
♣♦s✐t✐✈❛♠❡♥t❡ ✭ ♥❡❣❛t✐✈❛♠❡♥t❡✮ ♣❛r❛ ✉♠ ✢✉①♦ Xt s❡ Xt(Λ) ⊂ Λ✱ ∀t ≥ 0
✭∀t ≤ 0✮✳

❉❡✜♥✐çã♦ ✶✳✷✳✷✶✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ ❡ X ∈ X
r(M)✳ ❯♠

s✉❜❝♦♥❥✉♥t♦ Λ ⊂M é s✐♥❣✉❧❛r s❡ ❡st❡ ♣♦ss✉✐ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡❀ ♥ã♦ tr✐✈✐❛❧ s❡
Λ ♥ã♦ é ✉♠❛ ú♥✐❝❛ ór❜✐t❛✳ ❊ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ✐♥✈❛r✐❛♥t❡ Λ ♣❛r❛ ♦ ✢✉①♦
Xt é ❝❤❛♠❛❞♦ s✉♠✐❞♦✉r♦ s❡✿

Λ =
⋂

t≥0

Xt(U).

P❛r❛ ❛❧❣✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ Λ q✉❡ s❛t✐s❢❛③ Xt(U) ⊂ U ✱ ∀t ≥ 0✳
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❉❡✜♥✐çã♦ ✶✳✷✳✷✷✳ ❯♠ ♣♦♥t♦ p ∈ M é ❞❡♥♦♠✐♥❛❞♦ ♣♦♥t♦ ♥ã♦✲❡rr❛♥t❡ ♣❛r❛
✉♠ ❝❛♠♣♦ X ∈ X

r(M) s❡✱ ♣❛r❛ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ V ❞❡ p ❡ q✉❛❧q✉❡r ♥ú♠❡r♦
r❡❛❧ T > 0✱ ❡①✐st❡ | t |> T t❛❧ q✉❡ Xt(V ) ∩ V 6= ∅✳ ❙❡ p ♥ã♦ é ✉♠ ♣♦♥t♦ ♥ã♦✲
❡rr❛♥t❡✱ ❡♥tã♦ p é ❝❤❛♠❛❞♦ ♣♦♥t♦ ❡rr❛♥t❡✳ ❉❡♥♦t❛r❡♠♦s ♣♦r Ω(X) ♦ ❝♦♥❥✉♥t♦
❞♦s ♣♦♥t♦s ♥ã♦ ❡rr❛♥t❡s ❞❡ X✳

❉❡♥♦t❛r❡♠♦s ♣♦r Per(X) ❡ Sing(X) ♦s ❝♦♥❥✉♥t♦s ❞♦s ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s ❡
s✐♥❣✉❧❛r❡s ❞♦ ❝❛♠♣♦ X✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✷✸✳ ❖ ❝♦♥❥✉♥t♦ Ω(X) é ✐♥✈❛r✐❛♥t❡✱ ❢❡❝❤❛❞♦ ❡ Per(X) ∪
Sing(X) ⊂ Ω(X)✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ Ω(X) é ✐♥✈❛r✐❛♥t❡✱ ✐st♦ é✱ Xt(Ω(X)) = Ω(X)✳
Pr♦✈❛r❡♠♦s q✉❡ Xt(Ω(Xt)) ⊂ Ω(X)✱ ∀t ∈ R✳

❙❡❥❛ y ∈ Xt(Ω(Xt))✱ ❝♦♠ t ∈ R✱ ❛ss✐♠ x = X−t(y) ∈ Ω(X)✳ ❈♦♠♦ x ∈ Ω(Xt)
❡♥tã♦ ♣❛r❛ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ V ❞❡ x ❡ q✉❛❧q✉❡r ♥ú♠❡r♦ r❡❛❧ T > 0✱ ❡①✐st❡
| t0 |> T t❛❧ q✉❡✿

Xt0(V ) ∩ V 6= ∅.

❊✱ y = Xt(x)✳ ❙❡❥❛ U ✉♠❛ ✈✐③✐♥❤❛♥ç❛ q✉❛❧q✉❡r ❞❡ y✱ t❡♠♦s q✉❡ x = X−t(y) ∈
X−t(U)✳ ▲♦❣♦✱ X−t(U) é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x✱ ❡♥tã♦✿

X−t(U) ∩Xt0(X−t(U)) 6= ∅.

❆ss✐♠✱
Xt(X−t(U)) ∩Xt(Xt0(X−t(U))) 6= ∅.

P❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✷✳✼ t❡♠♦s q✉❡✱

U ∩Xt0(U) 6= ∅.

P♦rt❛♥t♦✱ y ∈ Ω(X) ❡✱ ❛ss✐♠ Xt(Ω(X)) ⊂ Ω(X)✱ ∀t ∈ R✳

❆❣♦r❛ ♣r♦✈❛r❡♠♦s q✉❡ Ω(X) ⊂ Xt(Ω(X)).

❙❡❥❛ x ∈ Ω(X)✱ ❝♦♠♦ Xt(Ω(X)) ⊂ Ω(X)✱ ∀t ∈ R s❡❣✉❡ q✉❡ X−t(x) ∈ Ω(X)✱
❛ss✐♠ x = Xt(X−t(x)) ∈ Xt(Ω(X)) ♣❛r❛ t♦❞♦ t ∈ R✳

❊♥tã♦✱ Ω(X) ⊂ Xt(Ω(X))✱ ∀t ∈ R✳

P♦rt❛♥t♦✱ Ω(X) é ✐♥✈❛r✐❛♥t❡ ♣❡❧♦ ✢✉①♦ Xt✳

❋✐♥❛❧♠❡♥t❡ ✈❛♠♦s ♠♦str❛r q✉❡ Ω(X) é ❢❡❝❤❛❞♦✳

❙❡❥❛ p ∈ Ω(X)✱ ❡♥tã♦ ♣❛r❛ t♦❞❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ p t❡♠♦s q✉❡✱

U ∩ Ω(X) 6= ∅.



✷✶ ✶✳✷✳ ◆❖➬Õ❊❙ ❉❊ ❙■❙❚❊▼❆❙ ❉■◆➶▼■❈❖❙

❆ss✐♠✱ ❡①✐st❡ x ∈ U t❛❧ q✉❡ x ∈ Ω(X)✳ ❈♦♠♦ x ∈ Ω(X) s❡❣✉❡ q✉❡ ♣❛r❛
q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ V ❞❡ x ❡ q✉❛❧q✉❡r ♥ú♠❡r♦ r❡❛❧ T > 0✱ ❡①✐st❡ | t |> T t❛❧ q✉❡
Xt(V ) ∩ V 6= ∅✳ ❚❡♠♦s q✉❡✱ U é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x✱ ❡♥tã♦✿

U ∩Xt(U) 6= ∅.

▲♦❣♦✱ p ∈ Ω(X) ❡✱ ♣♦rt❛♥t♦ Ω(X) é ❢❡❝❤❛❞♦✳

❉❡✈❡♠♦s ♠♦str❛r q✉❡ Ω(X) ❝♦♥té♠ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s✳

❉❡ ❢❛t♦✱ s❡ p é ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❡♥tã♦ ❡①✐st❡ t0 > 0 t❛❧ q✉❡ Xt0(p) = p✳
❆ss✐♠✱ ♣❛r❛ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ V ❞❡ p ❡ q✉❛❧q✉❡r ♥ú♠❡r♦ r❡❛❧ T > 0✱ ❡①✐st❡
n ∈ N t❛❧ q✉❡ nt0 > T ❡ Xnt0(p) = p ❡♥tã♦✱

Xnt0(V ) ∩ V 6= ∅.

▲♦❣♦✱ p ∈ Ω(X)✳

P♦r ú❧t✐♠♦✱ s❡❥❛ p ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♣❛r❛ ♦ ❝❛♠♣♦X✱ ❧♦❣♦ s✉❛ ór❜✐t❛ s❡ r❡❞✉③
s♦♠❡♥t❡ ❛♦ ♣♦♥t♦ p✱ ❛ss✐♠ ❞❛❞♦ V ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p ❡ q✉❛❧q✉❡r ♥ú♠❡r♦ r❡❛❧
T > 0✱ t❡♠♦s q✉❡ p ∈ Xt(V )✱ ∀t > 0✱ ✐st♦ é✱

Xt(V ) ∩ V 6= ∅.

❊♥tã♦✱ p ∈ Ω(X)✳ P♦rt❛♥t♦✱ Ω(X) é ✐♥✈❛r✐❛♥t❡✱ ❢❡❝❤❛❞♦ ❡ Per(X)∪Sing(X) ⊂
Ω(X)✳

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r s❡rá ♠✉✐t♦ ✉t✐❧✐③❛❞❛ ♥♦ t❡①t♦ ❡ ♣❛r❛ ❡✈✐t❛r s✉❛
❝♦♥❣❧♦♠❡r❛çã♦ ❞❡ r❡❢❡rê♥❝✐❛s ♥❛ ❞✐ss❡rt❛çã♦✱ ❛ss✉♠✐r❡♠♦s q✉❡ é ❝♦♥❤❡❝✐❞❛✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✷✹✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛✱ X ∈ X
r(M) ❡ p ∈ M ✳

❊♥tã♦✿

✶✳ ω(p) 6= ∅❀

✷✳ ω(p) é ❢❡❝❤❛❞♦❀

✸✳ ω(p) é ✐♥✈❛r✐❛♥t❡ ♣❡❧♦ ✢✉①♦✱ ✐st♦ é✱ ω(p) é ❛ ✉♥✐ã♦ ❞❡ ór❜✐t❛s ❞❡ X❀

✹✳ ω(p) é ❝♦♥❡①♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ tn → ∞ ❡ pn = Xtn(p)✳ ❈♦♠♦M é ❝♦♠♣❛❝t❛ t❡♠♦s q✉❡ pn
♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❝✉❥♦ ❧✐♠✐t❡ ♣❡rt❡♥❝❡ ❛ ω(p)✳ ▲♦❣♦✱ ω(p) 6= ∅✳

❱❛♠♦s ♣r♦✈❛r q✉❡ ω(p) é ❢❡❝❤❛❞♦✳ ❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡
q ∈ ω(p) t❛❧ q✉❡ q /∈ ω(p)✳ ❈♦♠♦ q /∈ ω(p) ❡♥tã♦ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V
❞♦ ♣♦♥t♦ p ❞✐s❥✉♥t❛ ❞❡ {Xt(p); t ≥ T}✱ ♣❛r❛ ❛❧❣✉♠ T > 0✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡
V ∩ ω(p) = ∅✱ ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s q ∈ ω(p)✳ P♦rt❛♥t♦✱ ω(p) é ❢❡❝❤❛❞♦✳
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❙❡❥❛ q ∈ ω(p) ❡♥tã♦ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✶✳✷✳✶✾ s❡❣✉❡ q✉❡ OX(q) ∈ ω(p)✳ ❆ss✐♠✱
ω(p) é ✐♥✈❛r✐❛♥t❡ ♣❡❧♦ ✢✉①♦✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ ω(p) ♥ã♦ s❡❥❛ ❝♦♥❡①♦✳ P♦❞❡♠♦s ❡♥tã♦ ❡s❝♦❧❤❡r ❛❜❡rt♦s
A ❡ B t❛✐s q✉❡ ω(p) ⊂ A ∪ B ✱ A ∩ ω(p) 6= ∅✱ B ∩ ω(p) 6= ∅ ❡ A ∩ B = ∅✳
❈♦♠♦ ❛ ór❜✐t❛ ❞❡ p s❡ ❛❝✉♠✉❧❛ ❡♠ ♣♦♥t♦s ❞❡ A ❡ B✱ ❞❛❞♦ T > 0 t❡♠♦s q✉❡
❡①✐st❡ t > T t❛❧ q✉❡ Xt(p) ∈ K = M − (A ∪ B)✳ ▲♦❣♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛
tn → ∞ ❝♦♠ Xtn ∈ K✱ s❡♥❞♦ K ❢❡❝❤❛❞♦ ❡ M ❝♦♠♣❛❝t♦ ❡♥tã♦ K é ❝♦♠♣❛❝t♦
❡✱ ♣♦rt❛♥t♦ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ Xtn q✉❡ ❝♦♥✈❡r❣❡ ❛ ✉♠ ♣♦♥t♦ q ∈ K✳
❊♥tã♦✱ q ∈ ω(p) ⊂ A ∪ B✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦ ω(p) é ❝♦♥❡①♦✳

❯♠ r❡s✉❧t❛❞♦ ❛♥á❧♦❣♦ s❡ ✈❡r✐✜❝❛ ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ α(p)✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✷✺✳ ❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛✱ X ∈ X
r(M) ❡ x ∈ M

❡♥tã♦ ω(x) ⊂ Ω(X) ❡ α(x) ⊂ Ω(X)✳

❱❛♠♦s ♣r♦✈❛r q✉❡ ω(x) ⊂ Ω(X)✳

❙❡❥❛ y ∈ ω(X) ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ tn → ∞✱ n → ∞✱ t❛❧ q✉❡
Xtn(x) → y✳

❉❛❞♦ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ y ❡ T ∈ R✱ ❝♦♠ T > 0✳ ❉❡✈❡♠♦s ♠♦str❛r q✉❡
❡①✐st❡ |t| > T t❛❧ q✉❡✿

Xt(V ) ∩ V 6= ∅.

❈♦♠♦ Xtn(x) → y✱ q✉❛♥❞♦ tn → ∞ ❝♦♠ n→ ∞✱ s❡❣✉❡ q✉❡ ❡①✐st❡ tn0
> T t❛❧

q✉❡ Xtn0
(x) ∈ V ✳

❊✱ t❛♠❜é♠ Xtn(Xtn0
(x)) → y ❛ss✐♠ ❡①✐st❡ ✉♠ tn1

> tn0
> T t❛❧ q✉❡

Xtn1
(Xtn0

(x)) ∈ V ✳

❆ss✐♠✱ Xtn1
(Xtn0

(x)) ∈ V ❡ Xtn1
(Xtn0

(x)) ∈ Xtn1
(V )✱ ♣♦✐s Xtn0

(x)) ∈ V ✳

❊♥tã♦✱ s❡ ❝♦♥s✐❞❡r❛♠♦s t = tn1
> T t❡♠♦s q✉❡

Xt(V ) ∩ V 6= ∅.

P♦rt❛♥t♦✱ y ∈ Ω(X)✳ ❊✱ ω(x) ⊂ Ω(X)✱ ∀x ∈M ✳

Pr♦✈❛r❡♠♦s q✉❡ α(x) ⊂ Ω(X)✳

❙❡❥❛ p ∈ α(x) ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ tn → −∞✱ n → ∞✱ t❛❧ q✉❡
Xtn(x) → p✳

❉❛❞♦ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ p ❡ T ∈ R✱ ❝♦♠ T > 0✳ Pr❡❝✐s❛♠♦s ♠♦str❛r q✉❡
❡①✐st❡ |t| > T t❛❧ q✉❡✿

Xt(U) ∩ U 6= ∅.

❙❛❜❡♥❞♦ q✉❡ Xtn(x) → p✱ q✉❛♥❞♦ tn → ∞ ❝♦♠ n→ ∞✱ ❡♥tã♦ ❡①✐st❡ tn0
< −T

❡ Xtn(x) ∈ U ✳



✷✸ ✶✳✷✳ ◆❖➬Õ❊❙ ❉❊ ❙■❙❚❊▼❆❙ ❉■◆➶▼■❈❖❙

❊✱ Xtn(Xtn0
(x)) → p ❛ss✐♠ ❡①✐st❡ ✉♠ tn1

< tn0
< −T t❛❧ q✉❡ Xtn1

(Xtn0
(x)) ∈

U ✳

P♦rt❛♥t♦✱ Xtn1
(Xtn0

(x)) ∈ U ❡ Xtn1
(Xtn0

(x)) ∈ Xtn1
(U)✱ ♣♦✐s Xtn0

(x)) ∈ U ✳

❈♦♥s✐❞❡r❡ t = tn1
< −T ❡♥tã♦

Xt(U) ∩ U 6= ∅.

▲♦❣♦✱ p ∈ Ω(X) ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ α(x) ⊂ Ω(X)✱ ♣❛r❛ q✉❛❧q✉❡r x ∈M ✳

❉❡✈✐❞♦ ❛ ❡ss❛ ♦❜s❡r✈❛çã♦✱ ♦ ❝♦♥❥✉♥t♦ Ω(X) é ♥ã♦ ✈❛③✐♦ ❡♠ M ✱ q✉❛♥❞♦ M ❢♦r
✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛✱ ✉♠❛ ✈❡③ q✉❡ ♣❛r❛ ❝❛❞❛ x ∈ M ♦ ❝♦♥❥✉♥t♦ ω(x) é ♥ã♦
✈❛③✐♦✳ ❖ ♠❡s♠♦ ♦❝♦rr❡ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ α(x)✳

✶✳✷✳✶ ❋✉♥çã♦ ❞❡ Pr✐♠❡✐r♦ ❘❡t♦r♥♦ ❞❡ P♦✐♥❝❛ré ❡

❍✐♣❡r❜♦❧✐❝✐❞❛❞❡

◆❛ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ ϕt(x) ♣❛r❛ ✐♥❞✐❝❛r ❛ ❝✉r✈❛
✐♥t❡❣r❛❧ ❞❡ x ❛✈❛❧✐❛❞❛ ♥♦ t❡♠♣♦ t✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ✶✳✷✳✺ t❡♠♦s q✉❡
ϕt(x) = ϕ(t, x)✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✷✻✳ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠♣❛❝t❛ ❡ f ∈
X

r(M)✳

✶✳ ❙❡❥❛ ϕt(x) ✉♠❛ s♦❧✉çã♦ ❞❡ x′ = f(x) ❡♥tã♦ Dϕt
xf(x) = f(ϕt(x)) ♣❛r❛

q✉❛❧q✉❡r t✳

✷✳ ❙❡ γ é ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❞❡ ♣❡rí♦❞♦ T ❡ p ∈ γ ❡♥tã♦ ❛ ❞❡r✐✈❛❞❛ DϕT
p

t❡♠ 1 ❝♦♠♦ ❛✉t♦✈❛❧♦r ❛ss♦❝✐❛❞♦ ❛♦ ❛✉t♦✈❡t♦r f(p)✳

✸✳ ❙❡ p ❡ q sã♦ ❞♦✐s ♣♦♥t♦s ♥❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ γ ❞❡ ♣❡rí♦❞♦ T ❡♥tã♦ ❛s
❞❡r✐✈❛❞❛s DϕT

p ❡ DϕT
q sã♦ ❧✐♥❡❛r♠❡♥t❡ ❝♦♥❥✉❣❛❞❛s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ DϕT

p

❡ DϕT
q tê♠ ♦s ♠❡s♠♦s ❛✉t♦✈❛❧♦r❡s✳

❉❡♠♦♥str❛çã♦✳ ✶✳ ❈♦♠♦ ϕt(x) é ✉♠❛ s♦❧✉çã♦ ❞❡ x′ = f(x) s❡❣✉❡ q✉❡✿

f(ϕt(x)) =
d

ds
ϕs(x)|s=t =

d

ds
ϕt ◦ ϕs(x)|s=0 = Dϕt

xf(x).

✷✳ ❚❡♠♦s q✉❡ ϕT (p) = p ❡♥tã♦ DϕT
p f(p) = f(ϕT (p)) = f(p)✳ ❆ss✐♠✱ 1 é ❛✉t♦✈❛❧♦r

❞❡ DϕT
p f(p) ❛ss♦❝✐❛❞♦ ❛♦ ❛✉t♦✈❡t♦r f(p)✳

✸✳ ❙✉♣♦♥❤❛ q✉❡ q = ϕr(p)✳ ❊♥tã♦✱

q = ϕT (q) = ϕT ◦ ϕr(p) = ϕr(p) = ϕr ◦ ϕT (p) ⇒
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⇒ ϕT ◦ ϕr(p) = ϕr ◦ ϕT (p).

▲♦❣♦✱
DϕT

qDϕ
r
p = Dϕr

pDϕ
T
p ⇒

⇒ DϕT
q = Dϕr

pDϕ
T
p (Dϕ

r
p)

−1.

❊♥tã♦✱ DϕT
p ❡ DϕT

q sã♦ ❧✐♥❡❛r♠❡♥t❡ ❝♦♥❥✉❣❛❞❛s ❡✱ ❛ss✐♠ tê♠ ♦s ♠❡s♠♦s
❛✉t♦✈❛❧♦r❡s✳

❉❡✜♥✐çã♦ ✶✳✷✳✷✼✳ ❙❡❥❛ Σ ✉♠❛ ✈❛r✐❡❞❛❞❡ ♠❡r❣✉❧❤❛❞❛ ❡♠ M ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠
❡ X ∈ X

r(M)✱ r > 0✱ Σ é ✉♠❛ tr❛♥s✈❡rs❛❧ ♦✉ s❡çã♦ tr❛♥s✈❡rs❛❧ ❧♦❝❛❧ ❛♦
❝❛♠♣♦ X ❡♠ p ∈ Σ ⊂M s❡ ♦s ✈❡t♦r❡s ❞❡ ✉♠❛ ❜❛s❡ ❞❡ TpΣ ❡ ♦ ✈❡t♦r X(p) ❣❡r❛♠
TpM ✳

❉❡✜♥✐çã♦ ✶✳✷✳✷✽✳ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ ❡ X
r(M) ♦ ❡s♣❛ç♦ ❞♦s

❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❞❡ ❝❧❛ss❡ Cr✱ r > 0✱ ❞❡ Mn ♠✉♥✐❞♦ ❞❡ ✉♠❛ t♦♣♦❧♦❣✐❛ Cr✳
❉♦✐s ❝❛♠♣♦s X, Y ∈ X

r(M) sã♦ t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s s❡ ❡①✐st❡ ✉♠
❤♦♠❡♦♠♦r✜s♠♦ h : M → M q✉❡ ❧❡✈❛ ór❜✐t❛s ❞❡ X ❡♠ ór❜✐t❛s ❞❡ Y ♣r❡s❡r✈❛♥❞♦
❛ ♦r✐❡♥t❛çã♦ ❞❛s tr❛❥❡tór✐❛s✱ ✐st♦ é✱ s❡ p ∈ M ❡ δ > 0✱ ❡①✐st❡ ǫ > 0 t❛❧ q✉❡ ♣❛r❛
0 < t < δ ✱ h(Xt(p)) = Yt(h(p)) ♣❛r❛ ❛❧❣✉♠ 0 < t < ǫ✳ ❉✐③❡♠♦s q✉❡ h é ✉♠❛
❡q✉✐✈❛❧ê♥❝✐❛ t♦♣♦❧ó❣✐❝❛ ❡♥tr❡ X ❡ Y ✳

❉✐③❡♠♦s q✉❡ ♦s ❝❛♠♣♦s X ❡ Y sã♦ ❝♦♥❥✉❣❛❞♦s s❡ ❡①✐st❡ ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛
t♦♣♦❧ó❣✐❝❛ h q✉❡ ♣r❡s❡r✈❛ ♦ ♣❛râ♠❡tr♦ t✱ ✐st♦ é✱ h(Xt(p)) = Yt(h(p)) ♣❛r❛ t♦❞♦
t ∈ R ❡ t♦❞♦ p ∈M ✳

❉❡✜♥✐çã♦ ✶✳✷✳✷✾✳ ❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ X, Y ∈ X
r(M)✱ r > 0✱

❡ p, q ∈M ✳ X ❡ Y sã♦ ❞✐t♦s t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s ❡♠ p ❡ q s❡ ❡①✐st❡♠
✈✐③✐♥❤❛♥ç❛s Vp ❡ Wq ❞❡ p ❡ q r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h : Vp → Wq

q✉❡ ❧❡✈❛ ór❜✐t❛s ❞❡ X ❡♠ ór❜✐t❛s ❞❡ Y ♣r❡s❡r✈❛♥❞♦ ❛ ♦r✐❡♥t❛çã♦ ❞❛ ór❜✐t❛s ❡
h(p) = q✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✸✵✳ ❙❡ f :M → N é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❝❧❛ss❡ Cr+1✱ r > 0✱
♦♥❞❡ Mm ❡ Nn sã♦ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❙❡❥❛ X ∈ X

r(M)✱ ❡♥tã♦ Y = f∗X
❞❡✜♥✐❞♦ ♣♦r Y (q) = DfpX(p)✱ ❝♦♠ q = f(p) é ✉♠ ❝❛♠♣♦ ❞❡ ❝❧❛ss❡ Cr ❡♠ N ✱
♣♦✐s f∗X = Df ◦ X ◦ f−1✳ ❙❡ α : I → M é ✉♠❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞❡ X✱ ❡♥tã♦
f ◦ α : I → N é ✉♠❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❡♠ Y ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ f ❧❡✈❛ tr❛❥❡tór✐❛s ❞❡
X ❡♠ tr❛❥❡tór✐❛s ❞❡ Y ✳

❙❡ x : U ⊂ M → V ⊂ R
m é ✉♠❛ ❝❛rt❛ ❡♠ M ✱ Y = x∗X é ✉♠ ❝❛♠♣♦ ❞❡

✈❡t♦r❡s ❞❡ ❝❧❛ss❡ Cr ❡♠ V ✳ ❉✐③❡♠♦s q✉❡ Y é ❛ ❡①♣r❡ssã♦ ❞❡ X ♥❛ ❝❛rt❛ ❧♦❝❛❧ x✳

❚❡♦r❡♠❛ ✶✳✷✳✸✶✳ ✭❋❧✉①♦ ❚✉❜✉❧❛r✮ ❙❡❥❛♠ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧
X ∈ X

r(M)✱ r > 0 ❡ p ∈ M ✉♠ ♣♦♥t♦ r❡❣✉❧❛r ❞❡ X✱ ✐st♦ é✱ X(p) 6= 0✳ ❙❡❥❛♠
C = {(x1, ..., xn) ∈ R

n; | xi |< 1, 1 ≤ i ≤ n} ❡ XC ✉♠ ❝❛♠♣♦ ❞❡✜♥✐❞♦ ❡♠ C ♣♦r
XC(x) = (1, 0, ..., 0)✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❝❧❛ss❡ Cr✱ h : Vp → C✱
♦♥❞❡ Vp é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p ❡♠ M ✱ ❧❡✈❛♥❞♦ tr❛❥❡tór✐❛s ❞❡ X ❡♠ tr❛❥❡tór✐❛s
❞❡ XC✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ x : U → U0 ⊂ R
n ✉♠❛ ❝❛rt❛ t❛❧ q✉❡ p ∈ U ❝♦♠ x(p) = 0✳

❙❡❥❛ x∗X ♦ ❝❛♠♣♦ ❞❡ ❝❧❛ss❡ Cr ✐♥❞✉③✐❞♦ ♣♦r X ❡♠ U0✳ ❈♦♠♦ X(p) 6= 0 t❡♠♦s
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q✉❡ x∗X(0) = DxpX(x−1(0)) = DxpX(p) 6= 0 ♣♦✐s Dxp é ✉♠ ✐s♦♠♦r✜s♠♦✳ ❙❡❥❛
ϕ : [−τ, τ ]×V0 → U0 ♦ ✢✉①♦ ❧♦❝❛❧ ❞❡ x∗X ❡ s❡❥❛ H = {w ∈ R

n; 〈w, x∗X(0)〉 = 0✳

❆✜r♠❛çã♦✿ H é ✐s♦♠♦r❢♦ ❛ R
n−1✳

❖ s✉❜❡s♣❛ç♦ H0 ❣❡r❛❞♦ ♣♦r x∗X(0) t❡♠ ❞✐♠❡♥sã♦ ✶ ❡♠ R
n✳ ❙❡❥❛ H1 ♦

s✉❜❡s♣❛ç♦ ❝♦♠♣❧❡♠❡♥t❛r ❞❡H0 ❡♠ R
n✱ ❧♦❣♦ ❞✐♠❡♥sã♦ ❞❡H1 é ✐❣✉❛❧ ❛ n−1✳ ❊ ✉♠❛

❜❛s❡ ❞❡ R
n é ❞❛❞❛ ♣❡❧♦ n − 1 ✈❡t♦r❡s ❞❛ ❜❛s❡ ❞❡ H1 ✉♥✐ã♦ ❝♦♠ ♦ ✈❡t♦r x∗X(0)

❞❛ ❜❛s❡ ❞❡ H0✳ P❡❧♦ ♣r♦❝❡ss♦ ❞❡ ♦rt♦❣♦♥❛❧✐③❛çã♦ ❞❡ ●r❛♠ ❙❝❤♠✐❞t ♣♦❞❡♠♦s
t♦r♥❛r ❡ss❡s ✈❡t♦r❡s ✉♠ ❛ ✉♠ ♦rt♦❣♦♥❛✐s✱ ❛ss✐♠ H t❡rá ❝♦♠♦ ❜❛s❡ n − 1 ✈❡t♦r❡s
♦rt♦❣♦♥❛✐s ❛ x∗X(0) ✳ P♦rt❛♥t♦✱ H é ✐s♦♠♦r❢♦ ❛ R

n−1✳

❙❡❥❛ ψ : [−τ, τ ] × S → U0 ♦♥❞❡ S = V0 ∩H✳ ❈♦♥s✐❞❡r❡ ✉♠❛ ❜❛s❡ {e1, ..., en}
❞❡ R × H✱ q✉❡ é ✐s♦♠♦r❢♦ ❛ R

n✱ ♦♥❞❡ e1 = (1, 0, ..., 0) ❡ {e2, ..en} ⊂ {0} × H✱
s❡❣✉❡ q✉❡✿

Dψ(0,0)e1 =
∂ϕ

∂t
(t, 0)|t=0 = x∗X(ϕ(0, 0)) = x∗X(0) ✭♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ✢✉①♦ ❧♦❝❛❧✮

Dψ(0,0)ej = ej, 2 ≤ j ≤ n, ♣♦✐s ψ(0, y) = y ∀y ∈ S.

▲♦❣♦ Dψ(0,0) : R × H → R
m é ✉♠ ✐s♦♠♦r✜s♠♦✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❋✉♥çã♦

■♥✈❡rs❛✱ ψ é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ (0, 0) ❡♠ [−τ, τ ]× S s♦❜r❡
✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ 0 ❡♠ R

n✳ P♦rt❛♥t♦✱ s❡ ǫ > 0 é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦
Cǫ = {(t, x) ∈ R × S; | t |< ǫ, | x |< ǫ} ❡ ψ̃ : Cǫ → U0 é ❛ r❡str✐çã♦ ❞❡ ψ ❛ Cǫ

❡♥tã♦ ψ̃ é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ Cr s♦❜r❡ s✉❛ ✐♠❛❣❡♠ ❡♠ U0✳

❆❧é♠ ❞✐ss♦✱ ψ̃ ❧❡✈❛ ór❜✐t❛s ❞♦ ❝❛♠♣♦ ♣❛r❛❧❡❧♦ XCǫ
❡♠ Cǫ ❡♠ ór❜✐t❛s ❞❡

x∗X✳ ❈♦♥s✐❞❡r❡ ♦ ❞✐❢❡♦♠♦r✜s♠♦ C∞ f : C → Cǫ ❞❛❞♦ ♣♦r f(y) = ǫy ❡ ❞❡✜♥❛
h−1 = x−1ψ̃f : C → M é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ Cr s♦❜r❡ s✉❛ ✐♠❛❣❡♠✳ ❊♥tã♦
h : x−1ψ̃(Cǫ) → C é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ Cr✳

❙❡❥❛ γ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❞❡ ✉♠ ❝❛♠♣♦ X ∈ X
r(M)✳ P♦r ✉♠ ♣♦♥t♦ x0 ∈ γ

❝♦♥s✐❞❡r❡ ✉♠❛ tr❛♥s✈❡rs❛❧ ♦✉ s❡çã♦ tr❛♥s✈❡rs❛❧ Σ ❛♦ ❝❛♠♣♦ X✳

Σ
x

x0

P(x)

❋✐❣✉r❛ ✶✳✽✳ ❚r❛♥s❢♦r♠❛çã♦ ❞❡ P♦✐♥❝❛ré
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❆ ór❜✐t❛ ♣♦r x0 ✈♦❧t❛ ✐♥t❡rs❡❝t❛r Σ ♥♦ t❡♠♣♦ τ ✱ ♦♥❞❡ τ é ♦ ♣❡rí♦❞♦ ❞❡ γ✳ P❡❧❛
❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ❝❛♠♣♦✱ ❛ ór❜✐t❛ ♣♦r ✉♠ ♣♦♥t♦ ❡♠ Σ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❛
x0 t❛♠❜é♠ ✈♦❧t❛ ❛ ✐♥t❡rs❡❝t❛r Σ ❡♠ ✉♠ t❡♠♣♦ ♣ró①✐♠♦ ❛ τ ✳

❙❡❥❛ V ⊂ Σ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛ ❞❡ x0✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛
❛♣❧✐❝❛çã♦ P : V → Σ q✉❡ ❝❛❞❛ ♣♦♥t♦ x ∈ V ❛ss♦❝✐❛ P (x)✱ s❡♥❞♦ P (x) ♦ ♣r✐♠❡✐r♦
♣♦♥t♦ ♦♥❞❡ ❛ ór❜✐t❛ ❞❡ x ✈♦❧t❛ ❛ ✐♥t❡rs❡❝t❛r Σ✳ ❊st❛ ❛♣❧✐❝❛çã♦ é ❞❡♥♦♠✐♥❛❞❛
tr❛♥s❢♦r♠❛çã♦ ❞❡ P♦✐♥❝❛ré ♦✉ ❢✉♥çã♦ ❞❡ Pr✐♠❡✐r♦ ❘❡t♦r♥♦ ❞❡ P♦✐♥❝❛ré

❛ss♦❝✐❛❞❛ ❛ ór❜✐t❛ γ ❡ à tr❛♥s✈❡rs❛❧ Σ✳

❉❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦s ❝❛♠♣♦s X ❡ −X s❡❣✉❡ q✉❡ P é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❞❡
✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x0 ❡♠ Σ✳

❉❡✜♥✐çã♦ ✶✳✷✳✸✷✳ ❯♠ ✢✉①♦ t✉❜✉❧❛r ❞❡ X ∈ X
r(M) é ✉♠ ♣❛r (F, f) ♦♥❞❡ F é

✉♠ ❛❜❡rt♦ ❞❡ M ❡ f é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ Cr ❞❡ F s♦❜r❡ ♦ ❝✉❜♦ In = I × In−1 =
{(x, y) ∈ R× R

n−1; | x |< 1 ❡ || yi ||< 1, 1 ≤ i ≤ n − 1}✱ ♦♥❞❡ n é ❛ ❞✐♠❡♥sã♦
❞❛ ✈❛r✐❡❞❛❞❡ M ✳

❙❡ f∗X ❞❡♥♦t❛ ♦ ❝❛♠♣♦ ✐♥❞✉③✐❞♦ ♣♦r f ✱ ✐st♦ é✱ f∗X(x, y) =
Dff−1(x,y)X(f−1(x, y)) ❡♥tã♦ f∗X é ♣❛r❛❧❡❧♦ ❛♦ ❝❛♠♣♦ ❝♦♥st❛♥t❡ (x, y) 7→ (1, 0)✳

❖ ❛❜❡rt♦ F ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ é ❝❤❛♠❛❞♦ ✉♠❛ ❝❛✐①❛ ❞❡ ✢✉①♦ ♣❛r❛ ♦ ❝❛♠♣♦
X✳ ◆♦ ❚❡♦r❡♠❛ ✶✳✷✳✸✶ t❡♠♦s q✉❡ s❡ p ∈M é ✉♠ ♣♦♥t♦ r❡❣✉❧❛r ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r
✉♠❛ ❝❛✐①❛ ❞❡ ✢✉①♦ q✉❡ ❝♦♥té♠ p✳

❚❡♦r❡♠❛ ✶✳✷✳✸✸✳ ✭❋❧✉①♦ ❚✉❜✉❧❛r ▲♦♥❣♦✮ ❙❡❥❛ γ ⊂ M ✉♠ ❛r❝♦ ❞❡ ✉♠❛
tr❛❥❡tór✐❛ ❞❡ X ❝♦♠♣❛❝t♦ ❡ ♥ã♦ ❢❡❝❤❛❞♦✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ✢✉①♦ t✉❜✉❧❛r (F, f)
❞❡ X t❛❧ q✉❡ γ ⊂ F ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ α : [−ǫ, a + ǫ] → M ✉♠❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞❡ X t❛❧ q✉❡
α([0, a]) = γ ❡ α(t) 6= α(t′) s❡ t 6= t′✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♠♣❛❝t♦ γ̃ = α([−ǫ, a + ǫ])✳
❈♦♠♦ ♦s ♣♦♥t♦s ❞❡ γ̃ sã♦ r❡❣✉❧❛r❡s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❋❧✉①♦ ❚✉❜✉❧❛r ✭✶✳✷✳✸✶✮✱
❡①✐st❡ ✉♠❛ ❝♦❜❡rt✉r❛ ❞❡ γ̃ ♣♦r ❝❛✐①❛s ❞❡ ✢✉①♦✳ ❈♦♠♦ γ̃ é ❝♦♠♣❛❝t♦✱ s❡❣✉❡ ❡ss❛
❝♦❜❡rt✉r❛ ❛❞♠✐t❡ ✉♠ ♥ú♠❡r♦ ❞❡ ▲❡❜❡s❣✉❡✱ ❡♥tã♦ ❝♦♥s✐❞❡r❡ δ > 0 ♦ ♥ú♠❡r♦ ❞❡
▲❡❜❡s❣✉❡ ❞❡st❛ ❝♦❜❡rt✉r❛✳ ❙❡❥❛ {F1, ..., Fk} ✉♠❛ ❝♦❜❡rt✉r❛ ✜♥✐t❛ ♣♦r ❝❛✐①❛s ❞❡
✢✉①♦ ❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ δ/2✳ ❉❡✈✐❞♦ ❛ ❡s❝♦❧❤❛ ❞♦ ❞✐â♠❡tr♦ ❞❛s ❝❛✐①❛s ❞❡
✢✉①♦✱ t❡♠♦s q✉❡ s❡ Fi ∩ Fj = ∅ ❡♥tã♦ Fi ∪ Fj ❡stá ❝♦♥t✐❞♦ ♥✉♠❛ ♠❡s♠❛ ❝❛✐①❛
❞❡ ✢✉①♦ ❞❡ X✳ ❯s❛♥❞♦ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡ ♣♦❞❡♠♦s✱ ❞✐♠✐♥✉✐r ♦s Fi✱ s❡ ♥❡❝❡ssár✐♦✱
❛❣r✉♣á✲❧♦s ❞❡ ♠♦❞♦ q✉❡ ❝❛❞❛ Fi ✐♥t❡rs❡t❡ ❛♣❡♥❛s Fi−1 ❡ Fi+1✳

α(0)α(-ε) α(a + ε)α(a)

F1
F2

F3

❋✐❣✉r❛ ✶✳✾
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❙❡❥❛♠ −ǫ = t1 < t2 < ... < tm = a+ ǫ t❛✐s q✉❡ pi = α(ti) ∈ F ∩ γ̃ ❡ ❞❡♥♦t❡♠♦s
♣♦r In−1

d = {(0, y) ∈ I × In−1; | yj |< d, 1 ≤ j ≤ n− 1}✳ ❙❡❥❛♠ (Fi, fi) ♦s ✢✉①♦s
t✉❜✉❧❛r❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛s ❝❛✐①❛s Fi✱ 1 ≤ i ≤ k✳ ❚❡♠♦s q✉❡ Σ1 = f1(I

n−1
d é ✉♠❛

s❡çã♦ tr❛♥s✈❡rs❛❧ ❛ x✱ ✉♠❛ ✈❡③ q✉❡ f1 é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❧♦❝❛❧ ❡ p1 ∈ Σ1✳ ❙❡❥❛
Σi = Xti−t1(Σ) ❡♥tã♦ Σi é ✉♠❛ tr❛♥s✈❡rs❛❧ ❛ X t❛❧ q✉❡ pi ∈ Σi✳ ❈♦♥s✐❞❡r❛♥❞♦
d > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ t❡♠♦s q✉❡ Σi ⊂ Fi✳

Σ1
Σ2

Σ3

p1

p2 p3

❋✐❣✉r❛ ✶✳✶✵

P❛r❛ ❝❛❞❛ p ∈ γ̃ t♦♠❡ t ∈ [0, a + 2ǫ] t❛❧ q✉❡ p = Xt1(p1) ❡ ❝♦♥s✐❞❡r❡ ❛ s❡çã♦
Σp = Xt(Σ1)✳ P❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❋❧✉①♦ ❚✉❜✉❧❛r t❡♠♦s q✉❡ Σp ∩ Σq = ∅ s❡ p 6= q ❡
q✉❡ F =

⋃

p∈γ̃

Σp é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ γ✳

Σi

pi

Fi

 γ~

❋✐❣✉r❛ ✶✳✶✶

◆❛ ✈✐③✐♥❤❛♥ç❛ ❡stá ❞❡✜♥✐❞❛ ✉♠❛ ✜❜r❛çã♦ Cr ❝✉❥❛ ✜❜r❛ s♦❜r❡ ♦ ♣♦♥t♦ p é Σp✳
■st♦ é✱ ❛ ♣r♦❥❡çã♦ π1 : F → γ̃ q✉❡ ❛ ❝❛❞❛ z ∈ F ❛ss♦❝✐❛ ♦ ♣♦♥t♦ p t❛❧ q✉❡ z ∈ Σp

é ✉♠❛ ❛♣❧✐❝❛çã♦ Cr✳ ❚❡♠♦s q✉❡✱ s❡ z ∈ F ❡♥tã♦ z = Xt(x0) ❝♦♠ x0 ∈ Σ1✱ ❛ss✐♠
π1(z) = Xt(p1) ∈ γ̃✳

❈♦♥s✐❞❡r❡ ❛ ♣r♦❥❡çã♦ Cr✱ π2 : F → Σ1 q✉❡ ❛ ❝❛❞❛ ♣♦♥t♦ z ∈ F ❛ss♦❝✐❛
❛ ✐♥t❡rs❡çã♦ ❞❛ ór❜✐t❛ ❞❡ z ❝♦♠ Σ1✱ ✐st♦ é✱ s❡ z ∈ Σp ❡ p = Xt(p1) ❡♥tã♦
π2(z) = X−t(z)✳ ❙❡❥❛♠ g1 : γ̃ → [−1, 1] ❡ g2 : Σ1 → In−1 ❞♦✐s ❞✐❢❡♦♠♦r✜s♠♦s✳
❉❡✜♥✐♠♦s✱ ❡♥tã♦ f : F → I × In−1 ❞❛❞❛ ♣♦r f(z) = (g1 ◦ π1(z), g2 ◦ π2(z))✳ ▲♦❣♦✱
(F, f) é ✉♠ ✢✉①♦ t✉❜✉❧❛r q✉❡ ❝♦♥té♠ γ✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✸✹✳ ❖ ❞✐❢❡♦♠♦r✜s♠♦ f ❡♥❝♦♥tr❛❞♦ ❛❝✐♠❛ ❧❡✈❛ ór❜✐t❛s ❞♦ ❝❛♠♣♦
❝♦♥st❛♥t❡ C : I × In−1 → R

n ❞❛❞♦ ♣♦r C(x, y) = (1, 0)✳ ●❡r❛❧♠❡♥t❡✱ f ♥ã♦
♣r❡s❡r✈❛ ♦ ♣❛râ♠❡tr♦ t✱ ✐st♦ é✱ f∗X ♥ã♦ é ✐❣✉❛❧ ❛♦ ❝❛♠♣♦ ❝♦♥st❛♥t❡ C✳ ◆♦
❡♥t❛♥t♦✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ f̃ : F̃ → (−b, b) × In−1✱ ♦♥❞❡
b > 0✱ t❛❧ q✉❡ f̃∗X s❡❥❛ ♦ ❝❛♠♣♦ ❝♦♥st❛♥t❡✳

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ p ∈ γ ❡ b > 0 t❛❧ q✉❡ γ ⊂
⋃

t∈(−b,b)

Xt(p) ⊂ F ✳ ❙❡❥❛

Σp ⊂ F ✉♠❛ s❡çã♦ tr❛♥s✈❡rs❛❧ ❛ X ♣❡❧♦ ♣♦♥t♦ p✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛ ♣❛r❛

q✉❡ F̃ =
⋃

t∈(−b,b)

Xt(p) ❡st❡❥❛ ❝♦♥t✐❞♦ ❡♠ F ✳ ❙❡ z ∈ F̃ ❡ X−t(z) ∈ Σp✱ ❞❡✜♥✐♠♦s

f̃(z) = (t, hX−t(z))✱ ♦♥❞❡ h : Σp → In−1 é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ Cr✳
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❆ss✐♠✱ f̃ é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ Cr✳ ❚❡♠♦s q✉❡✱

h−1 : In−1 → Σp

α 7→ h−1(α)

❡♥tã♦✱
f̃−1 : (−b, b)× In−1 → F̃ =

⋃

t∈(−b,b)

Xt(p)

(t, α) 7→ Xt(h
−1(α)).

❙❡❥❛✱ α : (−ǫ, ǫ) → M ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ t❛❧ q✉❡ α(0) = Xt(h
−1(α))

❡ α′(0) = X(Xt(h
−1(α)))✳ ▲♦❣♦✱ f̃ ◦ α(0) = f̃(Xt(h

−1(α)) = (t, h(h−1(α))) =
(t, α) ∈ (−b, b) × In−1 ⊂ R

n ❡♥tã♦✱ Df̃f̃−1(t,α)(X(Xt(h
−1(α)) é ❞❛❞♦ ♣❡❧♦ ✈❡t♦r

(1, 0)✱ ❛ss✐♠ f̃∗X é ♦ ❝❛♠♣♦ C✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✸✺✳ ❙❡❥❛♠ γ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❞❡ ✉♠ ❝❛♠♣♦ X ∈ X
r(M)✱

♦♥❞❡ Mn é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❡ Σ é ✉♠❛ tr❛♥s✈❡rs❛❧ ❛ X ♣♦r ✉♠ ♣♦♥t♦
p ∈ γ✳ ❙❡ PΣ : U ⊂ Σ → Σ é ❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ P♦✐♥❝❛ré ❡♥tã♦ PΣ é ✉♠
❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❝❧❛ss❡ Cr ❞❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ p s♦❜r❡ ✉♠ ❛❜❡rt♦ ❞❡ Σ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ (F1, f1) ✉♠ ✢✉①♦ t✉❜✉❧❛r ❝♦♥t❡♥❞♦ p ❡ (F2, f2) ✉♠ ✢✉①♦
t✉❜✉❧❛r ❧♦♥❣♦ t❛❧ q✉❡ γ ⊂ F1∪F2 ❝♦♠♦ ♥❛ ✜❣✉r❛✳ ❙❡❥❛♠ Σ1 ❡ Σ2 ❛s ❝♦♠♣♦♥❡♥t❡s
❞♦ ❜♦r❞♦ ❞❡ F2 q✉❡ sã♦ tr❛♥s✈❡rs❛✐s ❛ X✱ ✐st♦ é✱ Σ1 = f−1

2 ({−1} × In−1) ❡
Σ2 = f−1

2 ({1} × In−1)✳

❉❡♥♦t❛r❡♠♦s ♣♦r π1 : V ⊂ Σ → Σ1✱ π2 : Σ1 → Σ2 ❡ π3 : Σ2 → Σ ❛s ♣r♦❥❡çõ❡s
❛♦ ❧♦♥❣♦ ❞❛s tr❛❥❡tór✐❛s ❞❡ X✱ ♦♥❞❡ V é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ♣❡q✉❡♥❛ ❞❡ p✳

Σ

F1

F2

Σ2Σ1

p

q

 γ

π
π1

2π (q)1 π3 π2 π1 

  (q)

(q)

❋✐❣✉r❛ ✶✳✶✷

❆ss✐♠ PΣ = π3 ◦ π2 ◦ π1✳ ❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞♦ ❋❧✉①♦ ❚✉❜✉❧❛r ▲♦♥❣♦ t❡♠♦s
q✉❡ π1✱ π2 ❡ π3 sã♦ ❞❡ ❝❧❛ss❡ Cr✱ ❧♦❣♦ PΣ é ❞❡ ❝❧❛ss❡ Cr✳ ❈♦♠♦ PΣ t❡♠ ✉♠❛ ✐♥✈❡rs❛
❞❡ ❝❧❛ss❡ Cr✱ q✉❡ é ❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ P♦✐♥❝❛ré ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ❝❛♠♣♦ −X✱
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s❡❣✉❡ q✉❡ PΣ é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❝❧❛ss❡ Cr ❞❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ p s♦❜r❡
✉♠ ❛❜❡rt♦ ❞❡ Σ✳

❉❡ ❢♦r♠❛ ♠❛✐s ❣❡r❛❧✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ P♦✐♥❝❛ré ♣❛r❛ ❛s
❡①tr❡♠✐❞❛❞❡s ❞❡ ✉♠ ❛r❝♦ ❝♦♠♣❛❝t♦ ❡ ♥ã♦ ❢❡❝❤❛❞♦ ❞❡ ✉♠❛ tr❛❥❡tór✐❛ ❞❡ ✉♠ ❝❛♠♣♦
X ∈ X

r(M)✳ ❙❡❥❛♠ p, q ❛s ❡①tr❡♠✐❞❛❞❡s ❞❡ss❡ ❛r❝♦ ❝♦♠♣❛❝t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦
❋❧✉①♦ ❚✉❜✉❧❛r ▲♦♥❣♦✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r tr❛♥s✈❡rs❛✐s Σ1 ❡ Σ2 ♣❛ss❛♥❞♦ ♣❡❧♦s
♣♦♥t♦s p ❡ q✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❚❡♠♦s q✉❡ q = Xτ (p) ♣❛r❛ ❛❧❣✉♠ τ ∈ R✱ ❞❡✈✐❞♦
❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ❝❛♠♣♦✱ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ p s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛ ♦s
♣♦♥t♦s ❞❡st❛ ✈✐③✐♥❤❛♥ç❛ ✐♥t❡rs❡❝t❛♠ Σ2 ♥✉♠ t❡♠♣♦ ♣ró①✐♠♦ ❛ τ ✭s❡ ♥❡❝❡ssár✐♦
❝♦♥s✐❞❡r❡ ❛ ♣r✐♠❡✐r❛ ✐♥t❡rs❡çã♦✮✳

Σ1 Σ2

p q

x P(x)

❋✐❣✉r❛ ✶✳✶✸

❉❡✜♥✐♠♦s ❛ ❢✉♥çã♦ ♦✉ tr❛♥s❢♦r♠❛çã♦ ❞❡ P♦✐♥❝❛ré ♣❡❧❛ ❛♣❧✐❝❛çã♦ P :
V ⊂ Σ1 → Σ2 t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ x ∈ V ❛ss♦❝✐❛ ♦ ♣♦♥t♦ P (x)✱ ♦♥❞❡ P (x)
é ❛ ♣r✐♠❡✐r❛ ✐♥t❡rs❡çã♦ ❞❛ ór❜✐t❛ ❞❡ x ❝♦♠ Σ2✳ ❈♦♠♦ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ t❡♠♦s
q✉❡ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ P♦✐♥❝❛ré s❡rá ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❝❧❛ss❡ Cr ❞❡ ✉♠❛
✈✐③✐♥❤❛♥ç❛ p s♦❜r❡ ✉♠ ❛❜❡rt♦ ❞❡ Σ2✳

❉❡✜♥✐çã♦ ✶✳✷✳✸✻✳ ❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠♣❛❝t❛✱ X ∈ X
r(M)✱

r ≥ 1 ❡ γ é ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❞❡ ♣❡rí♦❞♦ T ❝♦♠ p ∈ γ✱ ♣❡❧❛ Pr♦♣♦s✐çã♦
✶✳✷✳✷✻✱ t❡♠♦s q✉❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ (DXT )p sã♦ 1, λ1, ..., λn−1✳ ❊♥tã♦ ♦s n − 1
❛✉t♦✈❛❧♦r❡s λ1, ..., λn−1 sã♦ ❝❤❛♠❛❞♦s ❞❡ ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❝❛r❛❝t❡ríst✐❝♦s ♦✉
✭❛✉t♦✈❛❧♦r❡s✮ ❞❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✳ ◆♦t❡ q✉❡ t❛♠❜é♠ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✷✻ ♦s
❛✉t♦✈❛❧♦r❡s ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❛ ❡s❝♦❧❤❛ ❞♦ ♣♦♥t♦ p ∈ γ✳

❙❡❥❛ γ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❞❡ ♣❡rí♦❞♦ T ❞❡ ✉♠ ❝❛♠♣♦ X ∈ X
r(M)✱ r > 0

♥✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠♣❛❝t❛ Mn✳ ❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ❞❡❝♦♠♣♦s✐çã♦
❞♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ r❡str✐t♦ ❛ γ ❝♦♠♦ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡ ❡♠ M ✿

TpM = Eu
p ⊕ EX

p ⊕ Es
p,

♣❛r❛ ❝❛❞❛ ♣♦♥t♦ p ∈ γ✱ ❝♦♠ D(Xt)pE
σ
p = Eσ(p)✱ ♣❛r❛ σ = u, s,X✳ ❆q✉✐ ⊕ ❞❡♥♦t❛

s♦♠❛ ❞✐r❡t❛✳

❈♦♥s✐❞❡r❡ (DXT )p ❛ ❞❡r✐✈❛❞❛ ❡♠ p ❞❡ XT : M →M ❡✱ s❡❥❛♠ 1, λ1, · · · , λn−1

♦s ❛✉t♦✈❛❧♦r❡s ❞❡ (DXT )p✱ t❛✐s q✉❡ λk 6= 1✱ ∀k = 1, ..., n− 1✳ ❖s s✉❜✜❜r❛❞♦s Es
p

❡ Eu
p ❡stã♦ ❛ss♦❝✐❛❞♦s ❛♦s ❛✉t♦✈❛❧♦r❡s ❞❡ (DXT )p ❞❡ ♠♦❞♦ q✉❡ ♦ s✉❜✜❜r❛❞♦ Es

p

❡stá ❛ss♦❝✐❛❞♦ ❛♦s ❛✉t♦✈❛❧♦r❡s λi t❛✐s q✉❡ | λi |< 1✱ ❡♥q✉❛♥t♦ Eu
p ❡stá ❛ss♦❝✐❛❞♦

❛♦s ❛✉t♦❧❛✈♦r❡s λj t❛✐s q✉❡ | λj |> 1✳ ❖ s✉❜✜❜r❛❞♦ EX
p ❣❡r❛❞♦ ♣❡❧♦ ❝❛♠♣♦ ❡stá
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❛ss♦❝✐❛❞♦ ❛♦ ❛✉t♦✈❛❧♦r 1✱ ❝♦♠♦ X(p) 6= 0✱ ♣❛r❛ t♦❞♦ p ∈ γ t❡♠♦s q✉❡ dimEX
p = 1

❡✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r EX
p = 〈X(p)〉✱ ♦♥❞❡ 〈X(p)〉 ❞❡♥♦t❛ ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦

✈❡t♦r X(p)✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ✈❡r ❬✶✼❪ ❡ ❬✶✽❪✳

❯♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❝♦♠ ❡st❛s ♣r♦♣r✐❡❞❛❞❡s é ❞✐t❛ s❡r ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛
❤✐♣❡r❜ó❧✐❝❛✳

❉❡✜♥✐çã♦ ✶✳✷✳✸✼✳ ❯♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ γ ❤✐♣❡r❜ó❧✐❝❛ é ❞✐t❛ s❡r t✐♣♦ s❡❧❛ q✉❛♥❞♦
dimEs

p 6= 0 ❡ dimEs
p 6= 0✱ p ∈ γ✳

❉❡✜♥✐çã♦ ✶✳✷✳✸✽✳ ❖s ❝♦♥❥✉♥t♦s✿

W ss(p) = {q ∈M ; d(Xt(p), Xt(q)) → 0, q✉❛♥❞♦ t→ ∞}

❡
W uu(p) = {q ∈M ; d(Xt(p), Xt(q)) → 0, q✉❛♥❞♦ t→ −∞}

sã♦ ❝❤❛♠❛❞♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❡ ✐♥stá✈❡❧ ❢♦rt❡ ❞♦
♣♦♥t♦ p ♣❛r❛ ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X✳ ❖♥❞❡ d ❞❡♥♦t❛ ❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛
❞❛ ✈❛r✐❡❞❛❞❡ M ✳

❉❛❞♦ ǫ > 0✱ ❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❧♦❝❛❧ ❞❡ t❛♠❛♥❤♦ ǫ ❞♦ ♣♦♥t♦ p ∈M é ♦
❝♦♥❥✉♥t♦ ❞❡♥♦t❛❞♦ ♣♦r W ss

ǫ (p) ❞♦s ♣♦♥t♦s y ∈M t❛✐s q✉❡

lim
t→+∞

d(Xt(p), Xt(y)) = 0

❡
d(Xt(p), Xt(y)) ≤ ǫ, ∀t ≥ 0.

❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡✜♥❡✲s❡ ❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ ❧♦❝❛❧ ❞❡ t❛♠❛♥❤♦ ǫ ❞❡ ✉♠
♣♦♥t♦ p ∈M ✳

❆ ♥♦çã♦ ❞❡ ❤✐♣❡r❜ó❧✐❝♦✱ ❛ss✐♠ ❝♦♠♦ ❛s ✈❛r✐❡❞❛❞❡s ❡stá✈❡✐s ❡ ✐♥stá✈❡✐s

❧♦❝❛✐s ♣♦❞❡♠ s❡r ❣❡♥❡r❛❧✐③❛❞❛s ♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ Λ ⊂M ❝♦♠♣❛❝t♦ ❡ ✐♥✈❛r✐❛♥t❡
♣❡❧♦ ✢✉①♦✱ ♦ ♠❡s♠♦ ♦❝♦rr❡ ♣❛r❛ ♦ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❡ ❛s ❞❡✜♥✐çõ❡s r❡❧❛❝✐♦♥❛❞❛s
❝♦♠ ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡✱ ✈❡r ❬✽❪✳ P❛r❛ ♥♦ss♦ tr❛❜❛❧❤♦ ❝♦♥s✐❞❡r❛r❡♠♦s Λ = γ✳

❚❡♦r❡♠❛ ✶✳✷✳✸✾✳ ✭❚❡♦r❡♠❛ ❞❛ ❱❛r✐❡❞❛❞❡ ❊stá✈❡❧ ♣❛r❛ ❋❧✉①♦s✮✳ ❙❡❥❛
Λ ⊂M ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ✐♥✈❛r✐❛♥t❡ ♣❛r❛ ✉♠ ✢✉①♦ Xt✳ ❊♥tã♦ ❡①✐st❡ ǫ > 0
t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ p ∈ Λ ❡①✐st❡♠ ❞♦✐s ❞✐s❝♦s ♠❡r❣✉❧❤❛❞♦s W ss

ǫ (p) ❡ W uu
ǫ (p)

♦s q✉❛✐s sã♦ t❛♥❣❡♥t❡s ❛ Es
p ❡ Eu

p ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✽❪ ♦✉ ❬✶✼❪✳

❆ss✐♠ ❛s ✈❛r✐❡❞❛❞❡s ❡stá✈❡❧ ❡ ✐♥stá✈❡❧ ❢♦rt❡ ❞❡ ✉♠ ♣♦♥t♦ p ∈ M ♣❛r❛ ✉♠
❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❝♦♠♦

W ss(p) =
⋃

t≥0

X−t(W
ss
ǫ (Xt(p))
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W uu(p) =
⋃

t≥0

Xt(W
uu
ǫ (X−t(p)).

❉❡✜♥✐♠♦s ❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧ ❡ ✐♥stá✈❡❧ ❞❡ ✉♠ ♣♦♥t♦ p ∈M ♣❛r❛ ♦ ❝❛♠♣♦
❞❡ ✈❡t♦r❡s X ❝♦♠♦ s❡♥❞♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♦s ❝♦♥❥✉♥t♦s

W s(p) =
⋃

t∈R

W ss(Xt(p))

W u(p) =
⋃

t∈R

W uu(Xt(p)).

❙❡ Λ é ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ♣❛r❛ ✉♠ ✢✉①♦ Xt✱ ❡♥tã♦ W s(p) ❡ W u(p)
sã♦ ✈❛r✐❡❞❛❞❡s t❛♥❣❡♥t❡s ❛ Es ⊕ EX ❡ Eu ⊕ EX ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ ❞❡♣❡♥❞❡♠
❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ p✳ ▼❛✐♦r❡s ❞❡t❛❧❤❡s ✈❡r ❬✽❪ ❡ ❬✷✶❪✳

❈♦♥s✐❞❡r❡ M ✉♠❛ ✸✲✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ X ∈ X
r(M)✱ r ≥ 1✱ γ ✉♠❛ ór❜✐t❛

♣❡r✐ó❞✐❝❛ ❤✐♣❡r❜ó❧✐❝❛ t✐♣♦ s❡❧❛ ❞❡ ♣❡rí♦❞♦ T > 0✳ ◆❡st❡ ❝❛s♦✱ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡
(DXT )p✱ ❝♦♠ p ∈ γ✱ sã♦ 1, λ1, λ2✳ ❉❡✈❡♠♦s t❡r q✉❡ | λ1 |< 1 ❡ | λ2 |> 1✱ ❛ss✐♠
λ1, λ2 sã♦ ♥ú♠❡r♦s r❡❛✐s✳ ▲♦❣♦✱ (DXT )p ♣♦ss✉✐ três ❛✉t♦✈❛❧♦r❡s r❡❛✐s ❡ ❞✐st✐♥t♦s
❞♦✐s ❛ ❞♦✐s✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❜❛s❡ {v0, v1, v2} ❞❡ TpM ✭✐s♦♠♦r❢♦ ❛ R3✮✱ ♦♥❞❡ vi✱
0 ≤ i ≤ 2 sã♦ ♦s ❛✉t♦✈❡t♦r❡s ❛ss♦❝✐❛❞♦s ❛♦s ❛✉t♦✈❛❧♦r❡s 1, λ1, λ2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆ss✐♠✱ EX
p é ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣❡❧♦ ❛✉t♦✈❛❧♦r v0 = X(p)✱ ❛ss♦❝✐❛❞♦ ❛♦

❛✉t♦✈❛❧♦r 1✱ Es
p é ♦ s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r v1 ❛ss♦❝✐❛❞♦ ❛♦ ❛✉t♦✈❛❧♦r λ1✱ Eu

p é ♦
s✉❜❡s♣❛ç♦ ❣❡r❛❞♦ ♣♦r v2 ❛ss♦❝✐❛❞♦ ❛♦ ❛✉t♦✈❛❧♦r λ2✳

p

Esp

X(
p)

Eup

❋✐❣✉r❛ ✶✳✶✹

❉❡✈✐❞♦ ❛s ❤✐♣ót❡s❡s ♣♦❞❡♠♦s ❡s❝r❡✈❡r (DXT )p ❝♦♠♦✿

(DXT )p =




1 0 0
0 λ1 0
0 0 λ2




❈♦♠♦ (DXp)T é ✉♠ ✐s♦♠♦r✜s♠♦✱ t❡♠✲s❡ q✉❡ λ1 6= 0 ❡ λ2 6= 0✳ ❙❡❥❛ W ss(p)
❛ ✈❛r✐❡❞❛❞❡ ❢♦rt❡ ❞♦ ♣♦♥t♦ p ∈ γ✱ q✉❡ é t❛♥❣❡♥t❡ ❛♦ s✉❜❡s♣❛ç♦ Es

p ✭✈❡r ❚❡♦r❡♠❛
✶✳✷✳✸✾✮✳ ❚❡♠♦s q✉❡ XT (W

ss(p)) = W ss(p)✱ ♣♦✐s s❡ y ∈ XT (W
ss(p)) ❡♥tã♦

y = XT (x) ❝♦♠ x ∈ W ss(p) ❡♥tã♦ x = X−T (y)✱ ❧♦❣♦✿

d(Xt(x), Xt(p)) → 0, t→ ∞ ⇒
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⇒ d(Xt(X−T (y), Xt(X−T (p)) → 0, t→ ∞ ⇒

⇒ d(Xt−T (y), Xt−T (p)) → 0, t− T → ∞ ⇒

⇒ y ∈ W ss(p).

P♦rt❛♥t♦✱ XT (W
ss(p)) ⊂ W ss(p)✳ ❊✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ s❡ x ∈ W ss(p) ❡♥tã♦

d(Xt(x), Xt(p)) → 0, t→ ∞✳ ❙❡❥❛ s = t− T ❛ss✐♠ s→ ∞ ❡✱

d(Xs(x), Xs(p)) → 0, s→ ∞ ⇒

⇒ d(Xt−T (x), Xt−T (p)) → 0, t→ ∞ ⇒

⇒ d(Xt(X−T (x)), Xt(X−T (p))) → 0 ⇒

⇒ d(Xt(X−T (x)), Xt(p)) → 0 ⇒

⇒ X−T (x) ∈ W ss(p) ⇒

⇒ x ∈ XT (W
ss(p)).

▲♦❣♦✱ XT (W
ss(p)) = W ss(p)✳ ❆❣♦r❛✱ ❢❛③❡♥❞♦ ❛ r❡str✐çã♦ ❞❡ XT ❛ W ss(p)

t❡♠♦s q✉❡✿
XT : W ss(p) → W ss(p)

❡✱
(DXT )p|Es

p
: Es

p → Es
p

t❛❧ q✉❡
(DXT )p|Es

p
v = λ1v, ∀v ∈ Es

p.

❈♦♠♦ W ss(p) t❡♠ ❞✐♠❡♥sã♦ ✉♠ ❡ é t❛♥❣❡♥t❡ ❛♦ s✉❜❡s♣❛ç♦ Es
p ❣❡r❛❞♦ ♣❡❧♦

❛✉t♦✈❡t♦r v1 t❡♠♦s q✉❡ W ss(p) é ❤♦♠❡♦♠♦r❢♦ ❛ ✉♠ ✐♥t❡r✈❛❧♦ ❞❛ r❡t❛✳ ❆ss✐♠✱
♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r (DXT )p|Es

p
♣♦s✐t✐✈❛ ♦✉ ♥❡❣❛t✐✈❛ ❞❡♣❡♥❞❡♥❞♦ ❞♦ ✈❛❧♦r λ1✳

❈❛s♦✱ λ1 > 0 t❡r❡♠♦s q✉❡ f = XT |W ss(p) é ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡✳

Wss
 (p)

p=0

 γ

_

+

❋✐❣✉r❛ ✶✳✶✺✳ ❱❛r✐❡❞❛❞❡ ❊stá✈❡❧ ❋♦rt❡
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❈♦♥s✐❞❡r❡ q✉❡ p = 0 ♥♦ ✐♥t❡r✈❛❧♦ r❡❛❧ ❛♦ q✉❛❧ W ss(p) é ❤♦♠❡♦♠♦r❢♦✱
❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✶✳✶✺✱ ♦♥❞❡ + ✐♥❞✐❝❛ ❛ ♣❛rt❡ ♣♦s✐t✐✈❛ ❡ − ❛ ♣❛rt❡
♥❡❣❛t✐✈❛ ❞♦ ✐♥t❡r✈❛❧♦ r❡❛❧✳ ❈♦♠♦ f(p) = f(0) = 0 ❡✱ f é ❝r❡s❝❡♥t❡ t❡♠♦s q✉❡
x ≤ 0 ⇒ f(x) ≤ 0 ❡✱ t❛♠❜é♠ f(y) ≥ 0 ✱ ∀y ≥ 0✳

❆ ❋✐❣✉r❛ ✶✳✶✻ ❞❡s❝r❡✈❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ór❜✐t❛ ❞❡ ❞♦✐s ♣♦♥t♦s x, y ♥❛
✈❛r✐❡❞❛❞❡ t❛✐s q✉❡ x < 0 < y✳ ◆♦t❡ q✉❡✱ ♥❡st❡ ❝❛s♦✱ ♦ s❛t✉r❛çã♦ ❞❡ W ss(p) ♣❡❧♦
✢✉①♦ ♥♦s ❞á ✉♠❛ ✈❛r✐❡❞❛❞❡ ❤♦♠❡♦♠♦r❢❛ ❛ ✉♠ ❛♥❡❧ ✭♦✉ ❝✐❧✐♥❞r♦✮✱ ❛ss✐♠ W s(γ)
s❡rá ❤♦♠❡♦♠♦r❢❛ ❛ ✉♠ ❛♥❡❧✳

     (p)

0  γ

x

_

+

y

Wss

❋✐❣✉r❛ ✶✳✶✻✳ ❱❛r✐❡❞❛❞❡ ❊stá✈❡❧

◆♦ ❝❛s♦✱ q✉❡ f é ❞❡❝r❡s❝❡♥t❡ t❡♠♦s q✉❡ s❡ x ≤ 0 ❡♥tã♦ f(x) ≥ f(0) = 0
❡✱ y ≥ 0 ⇒ f(y) ≤ 0✳ ●❡♦♠❡tr✐❝❛♠❡♥t❡✱ ♦ s❛t✉r❛❞♦ ♣❡❧♦ ✢✉①♦ ❞❡ W ss(p) s❡rá
❤♦♠❡♦♠♦r❢♦ ❛ ✉♠❛ ❢❛✐①❛ ❞❡ ▼ö❡❜✐✉s✱ ♥❡st❡ ❝❛s♦ W s(γ) s❡rá ❤♦♠❡♦♠♦r❢♦ ❛ ✉♠❛
❢❛✐①❛ ❞❡ ▼ö❡❜✐✉s✳

Wss
  (p)

0

 γ

x

f(x)

f 2(x)

f 3(x)

_

+

❋✐❣✉r❛ ✶✳✶✼



❈❛♣ít✉❧♦ ✷

◆♦çõ❡s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛ ❡

❆s♣❡❝t♦s ❚♦♣♦❧ó❣✐❝♦s

◆❡st❡ ❝❛♣ít✉❧♦ ❛❜♦r❞❛r❡♠♦s ❝♦♥❝❡✐t♦s ✐♥tr♦❞✉tór✐♦s s♦❜r❡ t♦♣♦❧♦❣✐❛ ❛❧❣é❜r✐❝❛
❡ ❛❧❣✉♥s ❛s♣❡❝t♦s t♦♣♦❧ó❣✐❝♦s✱ q✉❡ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ s❡rã♦ ❞❡
❡①tr❡♠❛ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ✉♠❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ ❞♦ tr❛❜❛❧❤♦✳

✷✳✶ ❈♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❡ ❚♦♣♦❧♦❣✐❛ ❆❧❣é❜r✐❝❛

❖ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡ss❛ s❡çã♦ s❡rá ❞❡✜♥✐r ❡ ❛♣r❡s❡♥t❛r r❡s✉❧t❛❞♦s
✐♠♣♦rt❛♥t❡s s♦❜r❡ ♦ ♣r✐♠❡✐r♦ ❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ♦
❛ss✉♥t♦ ✐♥❞✐❝❛♠♦s ❛s r❡❢❡rê♥❝✐❛s ❬✶✹❪✱ ❬✶✾❪ ❡ ❬✷✵❪✳

❙❡❥❛♠M ❡ N ✈❛r✐❡❞❛❞❡s✱ f, g :M → N ❞✉❛s ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s ❡ I = [0, 1]✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✳ ❉✐③❡♠♦s q✉❡ f ❡ g sã♦ ❤♦♠♦tó♣✐❝❛s q✉❛♥❞♦ ❡①✐st❡ ✉♠❛
❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛

H :M × I → N

t❛❧ q✉❡ H(x, 0) = f(x) ❡ H(x, 1) = g(x) ∀x ∈M ✳
❆ ❛♣❧✐❝❛çã♦ H é ❝❤❛♠❛❞❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ g✳ ◆♦t❛çã♦✿ H : f ≃ g ♦✉ f ≃ g✳

❆ ❤♦♠♦t♦♣✐❛ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞❛ ❝♦♠♦ ✉♠❛ ❞❡❢♦r♠❛çã♦ ❞❛ ❛♣❧✐❝❛çã♦ f ❛té
❛ ❛♣❧✐❝❛çã♦ g ♥✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ I = [0, 1]✱ ♦♥❞❡ ♥♦ t❡♠♣♦ ③❡r♦ t❡♠♦s ❛
❛♣❧✐❝❛çã♦ f ❡ ♥♦ t❡♠♣♦ ✶ t❡♠♦s ❛ ❛♣❧✐❝❛çã♦ g✳

❱❛❧❡ r❡ss❛❧t❛r ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦ ❝♦♥tr❛❞♦♠í♥✐♦ ♥❛ ❤♦♠♦t♦♣✐❛✱ ♣♦✐s é ♥❡❧❡ q✉❡
♦ ♣r♦❝❡ss♦ ❞❡ ❞❡❢♦r♠❛çã♦ ♦❝♦rr❡✳

❉❡✜♥✐çã♦ ✷✳✶✳✷✳ ❈♦♥s✐❞❡r❡ ❞♦✐s ❤♦♠❡♦♠♦r✜s♠♦ f : M → N ❡ g : M → N ✳
❉✐③❡♠♦s q✉❡ f ❡ g sã♦ ✐s♦tó♣✐❝❛s q✉❛♥❞♦ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛

H :M × I → N

t❛❧ q✉❡ H(x, 0) = f(x) ❡ H(x, 1) = g(x) ∀x ∈ M ❡✱ ♣❛r❛ ❝❛❞❛ t ∈ I t❡♠✲s❡ q✉❡
Ht :M → N é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

✸✹
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◆♦t❡ q✉❡ t♦❞❛ ✐s♦t♦♣✐❛ é t❛♠❜é♠ ✉♠❛ ❤♦♠♦t♦♣✐❛✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✸✳ ❆ r❡❧❛çã♦ ❞❡ ❤♦♠♦t♦♣✐❛✱ f ≃ g é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛
❞❛s ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s ❞❡ M ❡♠ N ✳

❉❡♠♦♥str❛çã♦✳ ✶✳ ❘❡✢❡①✐✈❛✿

❙❡❥❛ f : M → N ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✱ ❡♥tã♦ ❝♦♥s✐❞❡r❡✱ F : M × I → N
❞❛❞❛ ♣♦r✿

F (x, t) = f(x).

❆ss✐♠✱ F é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ f ✳ P♦rt❛♥t♦✱ ≃ é r❡✢❡①✐✈❛✳

✷✳ ❙✐♠étr✐❝❛✿

❙❡❥❛♠ f, g : M → N ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s✱ t❛✐s q✉❡ f ≃ g✱ ❧♦❣♦ ❡①✐st❡ ✉♠❛
❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✿

F :M × I → N

t❛❧ q✉❡ F (x, 0) = f(x) ❡ F (x, 1) = g(x)✳

❉❡✜♥❛✱ K :M × I → N ❞❛❞❛ ♣♦r✿

K(x, t) = F (x, 1− t).

❊♥tã♦✱
K(x, 0) = F (x, 1) = g(x)

K(x, 1) = F (x, 0) = f(x)

❡✱ K é ❝♦♥tí♥✉❛✱ ♣♦✐s F é ❝♦♥tí♥✉❛✳ ▲♦❣♦✱ K é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ g ❡ f ✱ ♦✉
s❡❥❛✱ g ≃ f ✳ P♦rt❛♥t♦✱ ≃ é s✐♠étr✐❝❛✳

✸✳❚r❛♥s✐t✐✈❛✿

❙❡❥❛♠ f, g, h :M → N ❝♦♥tí♥✉❛s t❛✐s q✉❡ F : f ≃ g ❡ G : g ≃ h✳ ❊♥tã♦✿

F (x, 0) = f(x), F (x, 1) = g(x)

G(x, 0) = g(x), G(x, 1) = h(x).

❉❡✜♥❛
L :M × I → N

t❛❧ q✉❡

L(x, t) =

{
F (x, 2t), s❡ 0 ≤ t ≤ 1

2
,

G(x, 2t− 1), s❡ 1
2
≤ t ≤ 1.

❈♦♠♦ L(x, 1
2
) = F (x, 1) = g(x) = H(x, 0)✱ s❡❣✉❡ q✉❡ L é ❝♦♥tí♥✉❛✳ ❆ss✐♠✱ L

é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ h✳ ▲♦❣♦✱ ≃ é tr❛♥s✐t✐✈❛✳

P♦rt❛♥t♦✱ ≃ é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳
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Pr♦♣♦s✐çã♦ ✷✳✶✳✹✳ ❙❡❥❛♠ f, f
′

: M → N ❡ g, g
′

: N → S ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s✳
❙❡ f ≃ f

′

❡ g ≃ g
′

❡♥tã♦ g ◦ f ≃ g
′

◦ f
′

✳ ■st♦ é✱ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ❛♣❧✐❝❛çõ❡s
❤♦♠♦tó♣✐❝❛s ♣r❡s❡r✈❛ ❤♦♠♦t♦♣✐❛s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠✿
F :M × I → N ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥t❡ f ❡ f

′

✱ ❡♥tã♦✿

F (x, 0) = f(x) ❡ F (x, 1) = f
′

(x)

❡ G : N × I → S ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ g ❡ g
′

✱ ❛ss✐♠✿

G(x, 0) = g(y) ❡ G(y, 1) = g
′

(y).

❉❡✜♥❛✱ L :M × I → S ❞❛❞❛ ♣♦r✿

L(x, t) = G(F (x, t), t)

L é ❝♦♥tí♥✉❛ ✭❝♦♠♣♦st❛ ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s✮ ❡✿

L(x, 0) = G(F (x, 0), 0) = G(f(x), 0) = g(f(x)) = g ◦ f(x)

L(x, 1) = G(F (x, 1), 1) = G(f
′

(x), 1) = g
′

(f
′

(x)) = g
′

◦ f
′

(x).

P♦rt❛♥t♦✱ L é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ◦ g ❡ f
′

◦ g
′

✱ ♦✉ s❡❥❛✱ g ◦ f ≃ g
′

◦ f
′

✳

❉❡✜♥✐çã♦ ✷✳✶✳✺✳ ❆s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ s❡❣✉♥❞♦ ❛ r❡❧❛çã♦ ❞❡ ❤♦♠♦t♦♣✐❛ sã♦
❞❡♥♦♠✐♥❛❞❛s ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛✳

❊①❡♠♣❧♦ ✷✳✶✳✻✳ ❯♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❝♦♥tí♥✉♦ t❛♥❣❡♥t❡ ❡♠ Sn é ✉♠❛ ❛♣❧✐❝❛çã♦
❝♦♥tí♥✉❛ v : Sn → R

n+1 t❛❧ q✉❡ < x, v(x) >= 0 ∀x ∈ Sn✳ ❙❡ ❡①✐st❡ ✉♠ ❝❛♠♣♦
❝♦♥tí♥✉♦ ❞❡ ✈❡t♦r❡s t❛♥❣❡♥t❡s ❡ ♥ã♦✲♥✉❧♦s ❡♠ Sn ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ ❛♥tí♣♦❞❛
α : Sn → Sn é ❤♦♠♦tó♣✐❝❛ ❛ ✐❞❡♥t✐❞❛❞❡✳

❉❡ ❢❛t♦✱ v : Sn → R
n+1 ❝♦♥tí♥✉♦✱ t❛♥❣❡♥t❡ ❡ ♥ã♦✲♥✉❧♦ ❡♠ Sn✱ ❞❡✜♥✐♠♦s ❛

❛♣❧✐❝❛çã♦ f : Sn → Sn ❞❛❞❛ ♣♦r✿

f(x) =
x+ v(x)

‖ x+ v(x) ‖
.

❊♥tã♦✱ f é ❝♦♥tí♥✉❛ ❡ f(x) 6= x✱ ∀x ∈ Sn ✭❛ss✐♠✱ f(x) 6= −α(x) ∀x ∈ Sn✮✳
▲♦❣♦✱ (1− t)f(x) + tα(x) 6= 0✱ ∀t ∈ I = [0, 1] ❡ ∀x ∈ Sn✱ t❡♠♦s q✉❡✿

F : Sn × I → Sn

F (x, t) =
(1− t)f(x) + tα(x)

‖ (1− t)f(x) + tα(x) ‖
.

❙❡❣✉❡ q✉❡✱

F (x, 0) =
f(x)

‖ f(x) ‖
= f(x)
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F (x, 1) =
α(x)

‖ α(x) ‖
= α(x).

❆ss✐♠✱ F é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ α✱ ❡♥tã♦ f ≃ α✳ P♦r ♦✉tr♦ ❧❛❞♦✱
❞❡✜♥✐♥❞♦ H : Sn × I → Sn t❛❧ q✉❡

H(x, t) =
x+ tv(x)

‖ x+ tv(x) ‖
.

▲♦❣♦✱
H(x, 0) =

x

‖ x ‖
= idSn

H(x, 1) =
x+ v(x)

‖ x+ v(x) ‖
= f(x).

H é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ idSn ❡ f ✳ ❊♥tã♦✱ f ≃ α ❡ idSn ≃ f ✱ ❝♦♠♦ ≃ é ✉♠❛
r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✱ Pr♦♣♦s✐çã♦ ✷✳✶✳✸✱ t❡♠♦s q✉❡ idSn ≃ α✳

❉❡✜♥✐çã♦ ✷✳✶✳✼✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : M → N ❝❤❛♠❛✲s❡ ✉♠❛
❡q✉✐✈❛❧ê♥❝✐❛ ❤♦♠♦tó♣✐❝❛ q✉❛♥❞♦ ❡①✐st❡ g : N →M ❝♦♥tí♥✉❛ t❛❧ q✉❡ g◦f ≃ idN
❡ f ◦ g ≃ idM ✳ ❉✐③❡♠♦s q✉❡ g é ✉♠ ✐♥✈❡rs♦ ❤♦♠♦tó♣✐❝♦ ❞❡ f ❡ q✉❡ M ❡ N
t❡♠ ♦ ♠❡s♠♦ t✐♣♦ ❞❡ ❤♦♠♦t♦♣✐❛✳ ◆♦t❛çã♦✿ f :M ≡ N ♦✉ M ≡ N ✳

❊①❡♠♣❧♦ ✷✳✶✳✽✳ ❖ ❝✐❧✐♥❞r♦✱ S1×R✱ t❡♠ ♦ ♠❡s♠♦ t✐♣♦ ❞❡ ❤♦♠♦t♦♣✐❛ ❞♦ ❝ír❝✉❧♦✱
S1✳

S1  
x {0}

❋✐❣✉r❛ ✷✳✶

❱❛♠♦s ♠♦str❛r q✉❡ S1×R ≡ S1×{0} ≡ S1✳ ❈♦♥s✐❞❡r❡✱ f : S1×R → S1×{0}
❞❡✜♥✐❞❛ ♣♦r

f(x, t) = (x, 0).

❊✱ ❛ ✐♥❝❧✉sã♦ i : S1 × {0} → S1 × R✳ ❉❡✜♥❛✿

H : (S1 × R)× I → S1 × R t❛❧ q✉❡

H((x, t), s) = (x, ts).
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H é ❝♦♥tí♥✉❛ ❡✱

H((x, t), 0) = (x, 0) = (g ◦ f)(x, t)

H((x, t), 1) = idS1×R(x, t).

❊♥tã♦✱ H é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ g ◦ f ❡ idS1×R✳ ❆❧é♠ ❞✐ss♦✱ f ◦ i(x, 0) =
(x, 0) = idS1×{0}(x, 0). ▲♦❣♦✱ S1 × R ≡ S1 × {0}.

❊①❡♠♣❧♦ ✷✳✶✳✾✳ ❆ ❢❛✐①❛ ❞❡ ▼ö❡❜✐✉s t❡♠ ♦ ♠❡s♠♦ t✐♣♦ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ S1✳

❱❡r ❬✷✵❪✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✵✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ M é ❞✐t❛ ❝♦♥trát✐❧ q✉❛♥❞♦ t❡♠ ♦ ♠❡s♠♦ t✐♣♦
❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ✉♠ ♣♦♥t♦✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✶✳ M é ❝♦♥trát✐❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡
id :M →M é ❤♦♠♦tó♣✐❝❛ ❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥st❛♥t❡ ❞❡ M ✳

❉❡♠♦♥str❛çã♦✳ (⇒) ❈♦♠♦ M é ❝♦♥trát✐❧ t❡♠♦s q✉❡ f : M → {x} é ✉♠❛
❡q✉✐✈❛❧ê♥❝✐❛ ❤♦♠♦tó♣✐❝❛ ✭ x ∈ M✮✱ ❛ss✐♠ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ g :
{x} →M t❛❧ q✉❡ g é ♦ ✐♥✈❡rs♦ ❤♦♠♦tó♣✐❝♦ ❞❡ f ✱ ❡♥tã♦ g ◦ f ≃ idM ✳

▼❛s✱ g ◦ f : M → {x} ❧♦❣♦ g ◦ f é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥st❛♥t❡ ❞❡ M ✳ ❙❡♥❞♦✱
g ◦ f ≃ idM ✱ s❡❣✉❡ q✉❡ ❛ id : M → M é ❤♦♠♦tó♣✐❝❛ ❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥st❛♥t❡
❡♠ M ✳

(⇐) ❙❡❥❛ f : M → {x}✱ x ∈ M ✱ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥st❛♥t❡ t❛❧ q✉❡ f ≃ idM ✳
❊♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✹✱ s❡❣✉❡ q✉❡ f◦idM ≃ idM◦idM ✱ ♦✉ s❡❥❛✱ f◦idM ≃ idM ✳
❊✱ t❛♠❜é♠ q✉❡ idM ◦ f ≃ idM ◦ idM ✱ ❧♦❣♦ idM ◦ f ≃ idM ✳

❈♦♠♦ f ◦ idM ≃ idM ❡ idM ◦ f ≃ idM ✱ t❡♠♦s q✉❡ f é ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛
❤♦♠♦tó♣✐❝❛ ❛ss✐♠ M ❡ {x} t❡♠ ♦ ♠❡s♠♦ t✐♣♦ ❞❡ ❤♦♠♦t♦♣✐❛✳ ▲♦❣♦✱ M é
❝♦♥trát✐❧✳

❊①❡♠♣❧♦ ✷✳✶✳✶✷✳ Rn é ❝♦♥trát✐❧✳

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ R
n✱ id : Rn → R

n✱ ❡ ❛♣❧✐❝❛çã♦ ❝♦♥st❛♥t❡
g : Rn → R

n t❛❧ q✉❡ g(x) = p✱ ∀x ∈ R
n✳ ❈♦♠♦ R

n é ❝♦♥✈❡①♦ s❡❣✉❡ q✉❡ ♦ s❡❣♠❡♥t♦
(1− t)x+ tp✱ t ∈ [0, 1] ❡stá ✐♥t❡✐r❛♠❡♥t❡ ❝♦♥t✐❞♦ ❡♠ R

n✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❞❡✜♥✐r✿

H : Rn × I → R
n ❞❛❞❛ ♣♦r

H(x, t) = (1− t)x+ tp.

❊♥tã♦✱
H(x, 0) = x = id(x)

H(x, 1) = p = g(x).

❈♦♠♦ H é ❝♦♥tí♥✉❛ ❡♥tã♦ H é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ ❛ id : R
n → R

n ❡
❛♣❧✐❝❛çã♦ ❝♦♥st❛♥t❡ g : Rn → R

n✱ ❛ss✐♠ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✶✶ t❡♠♦s q✉❡ R
n é

❝♦♥trát✐❧✳



✸✾ ✷✳✶✳ ❈❖◆❈❊■❚❖❙ ❇➪❙■❈❖❙ ❉❊ ❚❖P❖▲❖●■❆ ❆▲●➱❇❘■❈❆

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✸✳ ❙❡ M ♦✉ N é ❝♦♥trát✐❧ ❡♥tã♦ t♦❞❛ ❛♣❧✐❝❛çã♦ f : M → N é
❤♦♠♦tó♣✐❝❛ ❛ ✉♠❛ ❝♦♥st❛♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ M s❡❥❛ ❝♦♥trát✐❧✱ ❡♥tã♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✶✶✱
❡①✐st❡ ✉♠❛ ❤♦♠♦t♦♣✐❛✿

H :M × I →M

❡♥tr❡ ❛ idM ❡ ❛♣❧✐❝❛çã♦ ❝♦♥st❛♥t❡ g :M →M ✱ t❛❧ q✉❡ g(x) = p✱ ∀x ∈M ✳ ❚❡♠♦s
q✉❡✱

H(x, 0) = idM(x) = x, ∀x ∈M

H(x, 1) = g(x) = p, ∀x ∈M.

❙❡❥❛ f :M → N ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ q✉❛❧q✉❡r✳ ❈♦♥s✐❞❡r❡✿

F :M × I → N ❞❛❞❛ ♣♦r

F (x, t) = (f ◦H)(x, t) = f(H(x, t)).

❆ss✐♠✱
F (x, 0) = f(H(x, 0)) = f(x)

F (x, 1) = f(H(x, 1)) = f(p).

▲♦❣♦✱ F é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ ❛ ❝♦♥st❛♥t❡ f(p)✳

❆❣♦r❛✱ s❡ ❝♦♥s✐❞❡r❛♠♦s N ❝♦♥trát✐❧ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❤♦♠♦t♦♣✐❛✿ K : N×I →
N ❡♥tr❡ ❛ idN ❡ ❛ ❛♣❧✐❝❛çã♦ ❝♦♥st❛♥t❡ c : N → N ✱ t❛❧ q✉❡ c(x) = q ∀x ∈ N ✳
❉❡✜♥❛✿

L :M × I → N t❛❧ q✉❡

L(x, t) = K(f((x), t).

❊♥tã♦✱
L(x, 0) = K(f(x), 0) = idN(f(x)) = f(x)

L(x, 1) = K(f(x), 1) = c(f(x)) = q.

❙❡❣✉❡ q✉❡✱ L é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ ✉♠❛ ❝♦♥st❛♥t❡✳ P♦rt❛♥t♦✱ s❡ M ♦✉
N é ❝♦♥trát✐❧ t❡♠♦s q✉❡ q✉❛❧q✉❡r ❛♣❧✐❝❛çã♦ f :M → N ❝♦♥tí♥✉❛ é ❤♦♠♦tó♣✐❝❛ ❛
✉♠❛ ❝♦♥st❛♥t❡✳

❉✐r❡♠♦s q✉❡ (M,A) é ✉♠ ♣❛r ❞❡ ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s q✉❛♥❞♦ A ⊂ M ❢♦r
✉♠ s✉❜❡s♣❛ç♦ ❞❡ M ✳❉❛❞♦s ♦s ♣❛r❡s (M,A) ❡ (N,B) ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛
f : (M,A) → (N,B) t❛❧ q✉❡ f(A) ⊂ B✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✹✳ ❉❛❞❛s ❛s ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s f, g : (M,A) → (N,B) ✉♠❛
❤♦♠♦t♦♣✐❛ ❞❡ ♣❛r❡s ❡♥tr❡ f ❡ g é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✿

H : (M × I, A× I) → (N,B)

t❛❧ q✉❡ H(x, 0) = f(x)✱ H(x, 1) = g(x) ∀x ∈M ✳
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❉❡✜♥✐çã♦ ✷✳✶✳✶✺✳ ❉❛❞❛s f, g :M → N ❝♦♥tí♥✉❛s✱ ❞✐③❡♠♦s q✉❡ f é ❤♦♠♦tó♣✐❝❛
❛ g r❡❧❛t✐✈❛♠❡♥t❡ ❛ ✉♠ s✉❜❡s♣❛ç♦ A ⊂ M q✉❛♥❞♦ ❡①✐st❡ ✉♠❛ ❤♦♠♦t♦♣✐❛
H : f ≃ g t❛❧ q✉❡✿

H(x, t) = f(x) = g(x), ∀x ∈ A.

❉❡♥♦t❛♠♦s ♣♦r✿ f ≃ g (rel A)✳

P♦❞❡♠♦s ♣❡r❝❡❜❡r q✉❡ ♣❛r❛ ❡①✐st✐r ✉♠❛ ❤♦♠♦t♦♣✐❛ r❡❧❛t✐✈❛ ❛ A ⊂ M ❡♥tr❡
f, g :M → N é ♥❡❝❡ssár✐♦ q✉❡ f(x) = g(x), ∀x ∈ A✳

❊①❡♠♣❧♦ ✷✳✶✳✶✻✳ ❆ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ id : Rn−{0} → R
n−{0} é ❤♦♠♦tó♣✐❝❛

à ❛♣❧✐❝❛çã♦ r❛❞✐❛❧ r : Rn −{0} → R
n −{0} ❞❛❞❛ ♣♦r r(x) = x

‖x‖
r❡❧❛t✐✈❛♠❡♥t❡ ❛♦

s✉❜❡s♣❛ç♦ Sn−1✳

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ ♦ s❡❣♠❡♥t♦ ❞❛❞♦ ♣♦r (1−t)x+t x
‖x‖

✱ ❝♦♠ x ∈ R
n ❡ t ∈ [0, 1]✱

❡stá ✐♥t❡✐r❛♠❡♥t❡ ❝♦♥t✐❞♦ ❡♠ R
n ✭ ✉♠❛ ✈❡③ q✉❡ R

n é ❝♦♥✈❡①♦✮✳

❆✜r♠❛çã♦✿ (1 − t)x + t x
‖x‖

♥ã♦ ❝♦♥té♠ ❛ ♦r✐❣❡♠ ❞❡ R
n✱ ✐st♦ é✱ ❡stá ❝♦♥t✐❞♦

❡♠ R
n − {0}✳

❙✉♣♦♥❤❛✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ (1− t)x+ t x
‖x‖

❝♦♥té♠ ❛ ♦r✐❣❡♠ ❞❡ R
n✱ ❡♥tã♦✿

(1− t)x+ t
x

‖ x ‖
= 0 ♣❛r❛ ❛❧❣✉♠ t ∈ [0, 1].

❊♥tã♦✱

x((1− t) + t
1

‖ x ‖
) = 0 ⇒ ((1− t) + t

1

‖ x ‖
) = 0.

❙❡ ‖ x ‖= 1 ❡♥tã♦ 1 = 0 ✉♠ ❛❜s✉r❞♦✳ ▲♦❣♦ ‖ x ‖6= 1✳

❆ss✐♠✱

t =
‖ x ‖

‖ x ‖ −1
.

❈❛s♦ ✶✳ ❙❡ ‖ x ‖< 1 t❡rí❛♠♦s q✉❡ (‖ x ‖ −1) < 0 ❛ss✐♠ t < 0✱ ✉♠ ❛❜s✉r❞♦ ♣♦✐s
t ∈ [0, 1]✳

❈❛s♦ ✷✳ ❙❡ ‖ x ‖> 1 ❡♥tã♦✿
0 <‖ x ‖ −1 <‖ x ‖

‖ x ‖ −1

‖ x ‖
< 1

‖ x ‖

‖ x ‖ −1
> 1.

▲♦❣♦✱ t > 1 ✭✉♠ ❛❜s✉r❞♦ ♣♦✐s t ∈ [0, 1]✮✳

❚❡♠♦s q✉❡✱ (1− t)x+ t x
‖x‖

❡stá ❝♦♥t✐❞♦ ❡♠ R
n − {0}✳
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❆ss✐♠ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✿

H : Rn − {0} × I → R
n − {0} t❛❧ q✉❡

H(x, t) = (1− t)x+ t
x

‖ x ‖
.

❊♥tã♦✱
H(x, 0) = x = id(x)

H(x, 1) =
x

‖ x ‖
= r(x).

▲♦❣♦✱ H é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ id : Rn − {0} → R
n − {0} ❡ r : Rn − {0} →

R
n − {0}✳

❆❣♦r❛✱ s❡ x ∈ Sn−1 t❡♠♦s q✉❡ id(x) = r(x) ❡✱

H(x, t) = x = id(x) = r(x), ∀x ∈ Sn−1.

P♦rt❛♥t♦✱ id ≃ r (rel Sn−1)✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✼✳ ❙❡❥❛ A ⊂ M ✱ A é ✉♠ r❡tr❛t♦ ❞❡ M s❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦
❝♦♥tí♥✉❛ s♦❜r❡❥❡t✐✈❛ r : M → A t❛❧ q✉❡ ❝♦♠ ❛ ✐♥❝❧✉sã♦ i : A → M ♦ s❡❣✉✐♥t❡
❞✐❛❣r❛♠❛ ❝♦♠✉t❛✿

M r // A

A
idA

>>

i

OO

❖✉ s❡❥❛✱ r ◦ i = idA✳ ❆ ❢✉♥çã♦ r é ❞✐t❛ r❡tr❛çã♦ ❡♥tr❡ M ❡ A✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✽✳ ❙❡❥❛ A ⊂ M ✳ A é ❞✐t♦ r❡tr❛t♦ ♣♦r ❞❡❢♦r♠❛çã♦ ❞❡ M s❡
❡①✐st❡ ✉♠❛ r❡tr❛çã♦ r :M → A t❛❧ q✉❡

i ◦ r ≃ idM .

i : A→M ❞❡♥♦t❛ ✐♥❝❧✉sã♦ ❞❡ A ❡♠ M ✳

❊①❡♠♣❧♦ ✷✳✶✳✶✾✳ S1 × {0} ⊂ S1 × R é ✉♠ r❡tr❛t♦ ♣♦r ❞❡❢♦r♠❛çã♦ ❞♦ ❝✐❧✐♥❞r♦✱
S1 × R✳

❇❛st❛ ❝♦♥s✐❞❡r❛r r = f ♥♦ ❡①❡♠♣❧♦ ✷✳✶✳✽✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✷✵✳ ❙❡ A ⊂ M é ✉♠ r❡tr❛t♦ ♣♦r ❞❡❢♦r♠❛çã♦ ❞❡ M ✱ ❡♥tã♦
M ≡ A✳

❉❡ ❢❛t♦✱ t❡♠♦s q✉❡ i◦ r ≃ idM ❡ r ◦ i = idA✱ ♦♥❞❡ r :M → A ❞❡♥♦t❛ ❛ ❢✉♥çã♦
r❡tr❛çã♦ ❡ i ❞❡♥♦t❛ ❛ ✐♥❝❧✉sã♦ ❞❡ A ❡♠ M ✳ ▲♦❣♦✱ M ≡ A✳
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✷✳✶✳✶ ●r✉♣♦ ❋✉♥❞❛♠❡♥t❛❧

❉❡✜♥✐çã♦ ✷✳✶✳✷✶✳ ❉✐r❡♠♦s q✉❡ ❞♦✐s ❝❛♠✐♥❤♦s α, β : I → M sã♦ ❝❛♠✐♥❤♦s
❤♦♠♦tó♣✐❝♦s ❝♦♠ ❡①tr❡♠♦s ✜①♦s q✉❛♥❞♦ t✐✈❡r♠♦s α ≃ β (rel ∂I)✳ ❆ss✐♠ ✉♠❛
❤♦♠♦t♦♣✐❛ H : α ≃ β é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✿

H : I × I →M

t❛❧ q✉❡
H(s, 0) = α(s), H(s, 1) = β(s)

H(0, t) = α(0) = β(0)

H(1, t) = α(1) = β(1).

P❛r❛ q✉❛✐sq✉❡r q✉❡ s❡❥❛♠ t, s ∈ I✳ ❉❡♥♦t❛r❡♠♦s ♣♦r [α] ❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛
❞♦ ❝❛♠✐♥❤♦ α✱ ✐st♦ é✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❝❛♠✐♥❤♦s q✉❡ ♣♦ss✉❡♠ ❛s ♠❡s♠❛s
❡①tr❡♠✐❞❛❞❡s ❞❡ α ❡ q✉❡ sã♦ ❤♦♠♦tó♣✐❝♦s ❛ α ❝♦♠ ❡①tr❡♠♦s ✜①♦s ❞✉r❛♥t❡ ❛
❤♦♠♦t♦♣✐❛✳

❖❜s❡r✈❡ q✉❡ ♣❛r❛ ❞♦✐s ❝❛♠✐♥❤♦s α ❡ β s❡❥❛♠ ❝❛♠✐♥❤♦s ❤♦♠♦tó♣✐❝♦s é
♥❡❝❡ssár✐♦ q✉❡ t❡♥❤❛♠ ❛ ♠❡s♠❛ ❡①tr❡♠✐❞❛❞❡✱ ♦✉ s❡❥❛✱ α(0) = β(0) ❡ α(1) = β(1)✳

❯♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ é q✉❛♥❞♦ ♦s ❝❛♠✐♥❤♦s α ❡ β sã♦
❢❡❝❤❛❞♦s ✭✐st♦ é✱ α(0) = β(0) = α(1) = β(1) = x0✮✱ ❡♥tã♦ α ≃ β s❡ ❡①✐st❡
✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✿

H : I × I →M

t❛❧ q✉❡
H(s, 0) = α(s), H(s, 1) = β(s)

H(0, t) = H(1, t) = x0.

❉❡✜♥✐çã♦ ✷✳✶✳✷✷✳ ❙❡❥❛♠ α, β : I → M ❝❛♠✐♥❤♦s q✉❡ ♦ ✜♠ ❞❡ α ❝♦✐♥❝✐❞❡
❝♦♠ ❛ ❡①tr❡♠✐❞❛❞❡ ❞❡ β✱ ♦✉ s❡❥❛✱ α(1) = β(0)✳ ❉❡✜♥✐♠♦s ♦ ♣r♦❞✉t♦ αβ ♦✉
❥✉st❛♣♦s✐çã♦ ❝♦♠♦ s❡♥❞♦ ♦ ❝❛♠✐♥❤♦ q✉❡ ❝♦♥s✐st❡ ❡♠ ♣❡r❝♦rr❡r α ❡ ❞❡♣♦✐s β✳
❆ss✐♠ αβ : I →M é ♦ ♥♦✈♦ ❝❛♠✐♥❤♦ ❞❛❞♦ ♣♦r✿

αβ(s) =

{
α(2s), s❡ 0 ≤ s ≤ 1

2
,

β(2s− 1), s❡ 1
2
≤ s ≤ 1.

❈♦♠♦ α(1) = β(0) ❛s r❡❣r❛s ❛❝✐♠❛ ❞❡✜♥❡♠ ❜❡♠ ✉♠❛ ❛♣❧✐❝❛çã♦ αβ : I → M
t❛❧ q✉❡ αβ|[0, 1

2
] ❡ αβ|[ 1

2
,1] sã♦ ❝♦♥tí♥✉❛s✳ ❊♥tã♦✱ αβ é ❝♦♥tí♥✉❛ ❡ ❛ss✐♠ é ✉♠

❝❛♠✐♥❤♦ q✉❡ ❝♦♠❡ç❛ ❡♠ α(0) ❡ t❡r♠✐♥❛ ❡♠ β(1)✳

❉❡✜♥✐çã♦ ✷✳✶✳✷✸✳ ❖ ❝❛♠✐♥❤♦ ✐♥✈❡rs♦ ❞❡ α : I →M é ♦ ❝❛♠✐♥❤♦ α−1 : I →M
❞❛❞♦ ♣♦r✿

α−1(s) = a(1− s), 0 ≤ s ≤ 1.

❙❡❥❛ j : I → I ❛ ❢✉♥çã♦ ❞❛❞❛ ♣♦r j(s) = 1−s✳ ❊♥tã♦ α−1 = α◦j✳ ❉❡♥♦t❛r❡♠♦s
♣♦r εx ♦ ❝❛♠✐♥❤♦ ❝♦♥st❛♥t❡ ❡♠ x ∈ M ✱ ✐st♦ é✱ εx(s) = x✱ ∀s ∈ I✳ ❙✉❛ ❝❧❛ss❡ ❞❡
❤♦♠♦t♦♣✐❛ s❡rá ❞❡♥♦t❛❞❛ ♣♦r [εx]✳
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❙❡❥❛♠ α, β : I →M ❝❛♠✐♥❤♦s t❛✐s q✉❡ α(1) = β(0)✱ ❡♥tã♦✿

Pr♦♣♦s✐çã♦ ✷✳✶✳✷✹✳ ❙❡ α ≃ α
′

❡ β ≃ β
′

❡♥tã♦ αβ ≃ α
′

β
′

❡ α−1 ≃ (α
′

)−1✳

❉❡♠♦♥str❛çã♦✳ ❙❡ H : α ≃ α
′

❡ K : β ≃ β
′

sã♦ ❤♦♠♦tó♣✐❝♦s✳ ❉❡✜♥❛

L : I × I →M ❞❛❞❛ ♣♦r✿

L(s, t) =

{
H(2s, t), s❡ 0 ≤ s ≤ 1

2
, t ∈ I

K(2s− 1, t), s❡ 1
2
≤ s ≤ 1 t ∈ I.

❈♦♠♦ H(1, t) = K(0, t) = α(1) = β(0)✱ ∀t ∈ I✱ t❡♠♦s q✉❡ L ❡stá ❜❡♠
❞❡✜♥✐❞❛✳ ❆❧é♠ ❞✐ss♦✱ L([0, 1

2
]×I) ❡ L([ 1

2
,0]×I) sã♦ ❝♦♥tí♥✉❛s ❡♥tã♦ L é ❝♦♥tí♥✉❛ ❡♠

I × I✳ ❚❡♠♦s q✉❡✿

L(s, 0) = H(2s, 0) = α(s), s ∈ [0,
1

2
]

L(s, 0) = K(2s− 1, 0) = β(s), s ∈ [0,
1

2
].

❆ss✐♠✱ L(s, 0) = αβ(s)✳

❆♥❛❧♦❣❛♠❡♥t❡✱ t❡♠✲s❡ q✉❡ L(s, 1) = α
′

β
′

(s)✳ ❊✱

L(0, t) = H(0, t) = α
′

(0) = α(0) = β(0) = αβ(0) = β
′

(0) = α
′

β
′

(0).

❚❡♠♦s q✉❡✱
L(0, t) = αβ(0) = α

′

β
′

(0)

L(1, t) = H(1, t) = α
′

(1) = α(1) = β(1) = αβ(1) = β
′

(1) = α
′

β
′

(1).

❊♥tã♦✱
L(0, t) = αβ(1) = α

′

β
′

(1).

❈♦♠ ✐ss♦ ❝♦♥❝❧✉í♠♦s q✉❡ L é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ αβ ❡ α
′

β
′

✳ P♦rt❛♥t♦✱
αβ ≃ α

′

β
′

✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡✿

G : I × I →M ❞❡✜♥❛❞❛ ♣♦r

G(s, t) = H(1− s, t).

❆ss✐♠✱
G(s, 0) = H(1− s, 0) = α−1

G(s, 1) = H(1− s, 1) = (α
′

)−1

G(0, t) = H(1, t) = α(1) = α−1(0) = α
′

(1) = (α
′

)−1(0)

G(1, t) = H(0, t) = α(0) = α−1(1) = α
′

(0) = (α
′

)−1(1).
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❈♦♠♦ G é ❝♦♥tí♥✉❛ t❡♠♦s q✉❡ G é ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ α−1 ❡ (α
′

)−1✳
P♦rt❛♥t♦✱ α−1 ≃ (α

′

)−1✳

❈♦♥s✐❞❡r❡ ❛s ❝❧❛ss❡s [α] ❡ [β] ❞♦s ❝❛♠✐♥❤♦s ❡♠ M q✉❡ t❡♠ ♦r✐❣❡♠ ♥✉♠ ♣♦♥t♦
x ∈ M ❡ t❡r♠✐♥❛♠ ♥✉♠ ♣♦♥t♦ y ∈ M ❡ q✉❡ t❡♠ ♦r✐❣❡♠ ❡♠ y ❡ t❡r♠✐♥❛♠ ♥✉♠
♣♦♥t♦ z ∈M ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✷✳✶✳✷✺✳ ❉❡✜♥✐♠♦s ❛ ❝❧❛ss❡ ❞♦ ♣r♦❞✉t♦ [αβ] ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦
❞❡ t♦❞♦s ♦s ❝❛♠✐♥❤♦s ❤♦♠♦tó♣✐❝♦s ❛♦ ❝❛♠✐♥❤♦ αβ✱ ♦♥❞❡ α ∈ [α] ❡ β ∈ [β]✳ P♦r
❞❡✜♥✐çã♦✿ [α][β] = [αβ]✳

❉❡✜♥✐♠♦s t❛♠❜é♠✱ ❛ ❝❧❛ss❡ ✐♥✈❡rs❛ ❞❡ [α] ❝♦♠♦ s❡♥❞♦ ❛ ❝❧❛ss❡ ❞♦ ❝❛♠✐♥❤♦
α−1✱ ♦♥❞❡ α ∈ [α]✱ ❞❡♥♦t❛❞❛ ♣♦r [α−1]

❆ Pr♦♣♦s✐çã♦ ✷✳✶✳✷✹ ♠♦str❛ q✉❡ [αβ] ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞♦s ❝❛♠✐♥❤♦s
α ∈ [α] ❡ β ∈ [β] ❡✱ t❛♠❜é♠ q✉❡ [α−1] ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❡ α ∈ [α]✳
P♦rt❛♥t♦✱ [αβ] ❡ [α−1] ❡stã♦ ❜❡♠ ❞❡✜♥✐❞♦s✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✷✻✳ ✭❬✶✹❪✮ ❙❡❥❛♠ α, β, γ : I → M ❝❛♠✐♥❤♦s t❛✐s q✉❡ ✉♠ ❞❡❧❡s
t❡r♠✐♥❛♠ ♦♥❞❡ ♦ s❡❣✉✐♥t❡ ❝♦♠❡ç❛✳ ❈♦♥s✐❞❡r❡ s✉❛s ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛ [α]✱ [α]✱
[γ] ❡ α(0) = x α(1) = y✱ ♦♥❞❡ x, y ∈ M ✳ ❙❡❥❛♠ εx ❡ εy ♦s ❝❛♠✐♥❤♦s ❝♦♥st❛♥t❡s
❞❡ x ❡ ❞❡ y✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡ [εx]✱ [εy] ❛s ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ss❡s ❝❛♠✐♥❤♦s
❝♦♥st❛♥t❡s✳ ❊♥tã♦✿

✶✳ [α][α−1] = [εx]✳

✷✳ [α−1][α] = [εy]✳

✸✳ [εx][α] = [α] = [α][εy]✳

✹✳ ([α][β])[γ] = [α]([β][γ])✳

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ ❝♦♥s✐❞❡r❛♠♦s ♥❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛✱ ♦s ❝❛♠✐♥❤♦s α, β, γ :
I → M ❢❡❝❤❛❞♦s t❛✐s q✉❡ α(0) = α(1) = β(0) = β(1) = γ(0) = γ(1) = x✱ ❝♦♠
x ∈M ✱ t❡rí❛♠♦s q✉❡✿

[α][α−1] = [εx]

[α−1][α] = [εx]

[εx][α] = [α] = [α][εx].

❆ss✐♠ ❝♦♠ ❡st❛s ♣r♦♣r✐❡❞❛❞❡s ❡ ❛ ♣r♦♣r✐❡❞❛❞❡ 4 ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✷✻✱ ❛s
❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛s ❞♦s ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s ♥✉♠ ♣♦♥t♦ x ∈ M ❝♦♥st✐t✉✐ ✉♠
❣r✉♣♦ ❝♦♠ ❛ ♦♣❡r❛çã♦ ❞❡ ♣r♦❞✉t♦ ❞❡ ❝❛♠✐♥❤♦s✳ ❈♦♠ ✐ss♦ ♣♦❞❡♠♦s ❞❛r ❛ s❡❣✉✐♥t❡
❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✷✳✶✳✷✼✳ ❈♦♥s✐❞❡r❡ ♣❛r❡s ❞♦ t✐♣♦ (M,x0)✱ x0 ∈ M s❡rá ❝❤❛♠❛❞♦
♣♦♥t♦ ❜ás✐❝♦ ❞❡ M ✳ ❖s ❝❛♠✐♥❤♦s α : (I, ∂I) → (M,x0) s❡rã♦ ❝❤❛♠❛❞♦s
❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s ❝♦♠ ❜❛s❡ ♥♦ ♣♦♥t♦ x0✳ ❖ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦s ♣❡❧❛s ❝❧❛ss❡s
❞❡ ❤♦♠♦t♦♣✐❛s ❞❡ ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s ❝♦♠ ❜❛s❡ ♥♦ ♣♦♥t♦ x0 é ❝❤❛♠❛❞♦ ❣r✉♣♦
❢✉♥❞❛♠❡♥t❛❧ ❞❡ M ❝♦♠ ❜❛s❡ ♥♦ ♣♦♥t♦ x0✱ ❞❡♥♦t❛❞♦ ♣♦r π1(M,x0)✳
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❚❡♦r❡♠❛ ✷✳✶✳✷✽✳ ❉❛❞♦s x0, x1 ∈M ✱ s❡ x0 ❡ x1 ♣❡rt❡♥❝❡♠ ❛ ♠❡s♠❛ ❝♦♠♣♦♥❡♥t❡
❝♦♥❡①❛ ♣♦r ❝❛♠✐♥❤♦s ❞❡ M ❡♥tã♦ π1(M,x0) ❡ π1(M,x1) sã♦ ✐s♦♠♦r❢♦s✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ x0 ❡ x1 ♣❡rt❡♥❝❡♠ ❛ ♠❡s♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ♣♦r
❝❛♠✐♥❤♦s ❞❡ M ✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❝❛♠✐♥❤♦ γ : I → M q✉❡ ❧✐❣❛ x0 ❛ x1✱ ♦✉
s❡❥❛✱ γ(0) = x0 ❡ γ(1) = x1✳ ❙❡ α é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❞❡ x0 ❡♥tã♦ γ−1αγ é ✉♠
❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❞❡ x1✳

❊♥tã♦✱ s❡ α ≃ α
′

✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✷✹ t❡♠♦s q✉❡ γ−1αγ ≃ γ−1α
′

γ✳
▲♦❣♦✱ s❡ [α] = [α

′

] s❡❣✉❡ q✉❡ [γ−1αγ] ≃ [γ−1α
′

γ]✱ ♣♦rt❛♥t♦ ❞❛❞♦ ✉♠ ❡❧❡♠❡♥t♦
[α] ∈ π1(M,x0) ❛ ❛♣❧✐❝❛çã♦ [α] 7−→ [γ−1αγ] ✐♥❞✉③ ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦ [γ−1αγ] ∈
π1(M,x1)✳ ❉❡♥♦t❛r❡♠♦s ❡ss❛ ❛♣❧✐❝❛çã♦ ♣♦r✿

Pγ : π1(M,x0) → π1(M,x1) ❞❛❞❛ ♣♦r

Pγ([α]) = [γ−1αγ].

❉❛❞♦s [α], [β] ∈ π1(M,x0) t❡♠♦s q✉❡

Pγ([α][β]) = [γ−1][α][β][γ]
= [γ−1][α][γ][γ−1][β][γ]
= ([γ−1][α][γ])([γ−1][β][γ])
= Pγ([α])Pγ([β]).

❆ss✐♠✱ Pγ é ✉♠ ❤♦♠♦♠♦r✜s♠♦✳ ❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦✿

P−1
γ : π1(M,x1) → π1(M,x0) t❛❧ q✉❡

P−1
γ ([β]) = [γβγ−1].

❚❡♠♦s q✉❡ P−1
γ é ❛ ✐♥✈❡rs❛ ❞❡ Pγ✳ ❉❡ ❢❛t♦✱ ♣♦✐s

P−1
γ ◦ Pγ([α]) = P−1

γ ([γ−1αγ])
= [γγ−1αγγ−1]
= [α].

❆♥❛❧♦❣❛♠❡♥t❡✱ t❡♠✲s❡ q✉❡ Pγ ◦ P
−1
γ ([β]) = [β]✳ ❊♥tã♦✱ P−1

γ ◦ Pγ = idπ1(M,x0)

❡ Pγ ◦ P
−1
γ = idπ1(M,x1)✳

P♦rt❛♥t♦✱ Pγ é ✉♠ ✐s♦♠♦r✜s♠♦✳

❈♦r♦❧ár✐♦ ✷✳✶✳✷✾✳ ❙❡ M é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s ❡♥tã♦ ♣❛r❛ q✉❛✐sq✉❡r ♣♦♥t♦s
❜ás✐❝♦s x0, x1 ∈M t❡♠✲s❡ q✉❡ π1(M,x0) ❡ π1(M,x1) sã♦ ✐s♦♠♦r❢♦s✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ M é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s✱ ❡♥tã♦ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛
❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ♣♦r ❝❛♠✐♥❤♦s ✭♦ ♣ró♣r✐♦ M✮✱ ❛ ❝♦♥❝❧✉sã♦ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡
❞❛ ❛♣❧✐❝❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✷✽✳

❖ ❝♦r♦❧ár✐♦ ❛❝✐♠❛ ♠♦str❛ q✉❡ q✉❛♥❞♦ M é ❝♦♥❡①♦ ♣♦r ❝❛♠✐♥❤♦s ♦ ❣r✉♣♦
❢✉♥❞❛♠❡♥t❛❧ ✐♥❞❡♣❡♥❞❡ ❞♦ ♣♦♥t♦ ❜❛s❡ ❡s❝♦❧❤✐❞♦✱ ❛ss✐♠ ♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r ♦
❣r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ♣♦r π1(M) s❡♠ ♥❡♥❤✉♠❛ r❡❢❡rê♥❝✐❛ ❡①♣❧í❝✐t❛ ❛♦ ♣♦♥t♦ ❜ás✐❝♦✳
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❉❡✜♥✐çã♦ ✷✳✶✳✸✵✳ ❙❡ π1(M,x) = {[εx]}✱ ♣❛r❛ t♦❞♦ x ∈ M ✱ ♦♥❞❡ [εx] ❞❡♥♦t❛
❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞♦ ❝❛♠✐♥❤♦ ❝♦♥st❛♥t❡ ♥♦ ♣♦♥t♦ x✱ ❞✐③❡♠♦s q✉❡ M é
s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ t♦❞♦ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ α : I → M
❝♦♠ ❜❛s❡ ♥✉♠ ♣♦♥t♦ x ∈M t❡♠✲s❡ q✉❡ α ≃ εx✳

❊①❡♠♣❧♦ ✷✳✶✳✸✶✳ 1. ❙❡ M é ❝♦♥trát✐❧ ❡♥tã♦ M é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳
2. ❙❡ n > 1✱ ❡♥tã♦ Sn é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳

❱❡r ❬✶✹❪✳

❉❡✜♥✐çã♦ ✷✳✶✳✸✷✳ ❯♠❛ ❛♣❧✐❝❛çã♦ f : M → N ❝♦♥tí♥✉❛ ✐♥❞✉③ ✉♠
❤♦♠♦♠♦r✜s♠♦✭y0 = f(x0)✮✿

f# : π1(M,x0) → π1(N, y0)

❞❡✜♥✐❞♦ ♣♦r✿
f#([α]) = [f ◦ α]

f# é ❝❤❛♠❛❞♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♣❡❧❛ ❛♣❧✐❝❛çã♦ f ✳

❈♦♠♦ α ≃ α
′

s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ ❤♦♠♦t♦♣✐❛✿

F : I × I →M

t❛❧ q✉❡
F (s, 0) = α(s), F (s, 1) = α

′

(s)

F (0, t) = F (1, t) = x0.

❈♦♥s✐❞❡r❡✿
H : I × I → N ❞❛❞❛ ♣♦r✿

H(s, t) = f ◦ F (s, t).

H é ❝♦♥tí♥✉❛✱ ♣♦✐s é ❛ ❝♦♠♣♦st❛ ❞❡ ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s✳ ❊✱ t❛♠❜é♠✿

H(s, 0) = f ◦ F (s, 0) = f ◦ α(s)

H(s, 0) = f ◦ F (s, 0) = f ◦ α
′

(s)

H(0, t) = f ◦ F (0, t) = f(x0) = y0

H(1, t) = f ◦ F (1, t) = f(x0) = y0.

❊♥tã♦✱ f ◦ α ≃ f ◦ α
′

✱ ❛ss✐♠ f# ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳

❆❧é♠ ❞✐ss♦✱ f ◦ (αβ) = (f ◦ α)(f ◦ β)✳

❉❡ ❢❛t♦✱ αβ : I →M t❛❧ q✉❡✿

αβ(s) =

{
α(2s), s❡ 0 ≤ s ≤ 1

2
,

β(2s− 1), s❡ 1
2
≤ s ≤ 1.



✹✼ ✷✳✶✳ ❈❖◆❈❊■❚❖❙ ❇➪❙■❈❖❙ ❉❊ ❚❖P❖▲❖●■❆ ❆▲●➱❇❘■❈❆

▲♦❣♦✱ f ◦ (αβ) : I → N é ❞❛❞❛ ♣♦r✿

f ◦ (αβ)(s) =

{
f ◦ α(2s), s❡ 0 ≤ s ≤ 1

2
,

f ◦ β(2s− 1), s❡ 1
2
≤ s ≤ 1.

❆ss✐♠✱ f ◦ (αβ)(s) = (f ◦ α(s))(f ◦ β(s))✱ ∀s ∈ I✳ P♦rt❛♥t♦✱ f ◦ (αβ) =
(f ◦ α)(f ◦ β)✳ ❊♥tã♦ f#([αβ]) = f#([α])f#([β])✱ ❝♦♥❝❧✉í♠♦s q✉❡ f# é ✉♠
❤♦♠♦♠♦r✜s♠♦✳

❙❡ id :M →M é ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ ❡♥tã♦ id# : π1(M,x0) → π1(M,x0) é
♦ ❤♦♠♦♠♦r✜s♠♦ ✐❞❡♥t✐❞❛❞❡✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✸✸✳ ❚❡♠♦s q✉❡ s❡ h : M → N é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❡♥tã♦
h# : π1(M,x0) → π1(N, y0)✱ h(x0) = y0✱ é ✉♠ ✐s♦♠♦r✜s♠♦✳

❉❡ ❢❛t♦✱❝♦♠♦ h :M → N é ❝♦♥tí♥✉❛ ❥á t❡♠♦s q✉❡ h# : π1(M,x0) → π1(N, y0)✱
h(x0) = y0 ✱ ❞❛❞♦ ♣♦r h#([α]) = [h ◦ α] é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♣♦r h✳

❙❡♥❞♦ h ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❡①✐st❡ h−1 : N → M ❡ h−1 é ❝♦♥tí♥✉❛✱ ❧♦❣♦
h−1
# : π1(N, y0) → π1(M,x0) ❞❛❞♦ ♣♦r h−1

# ([β]) = [h−1 ◦ β] é ✉♠ ❤♦♠♦♠♦r✜s♠♦
✐♥❞✉③✐❞♦ ♣♦r h−1✳

❊♥tã♦✱

h−1
# ◦ h#([α]) = h−1

# ([h ◦ α])
= [h−1 ◦ h ◦ α]
= [α].

❊✱

h# ◦ h−1
# ([β]) = h#([h

−1 ◦ β])
= [h ◦ h−1 ◦ β]
= [β].

▲♦❣♦✱ h# : π1(M,x0) → π1(M, y0) é ✐♥✈❡rtí✈❡❧ ❡ s✉❛ ✐♥✈❡rs❛ é ❞❛❞❛ ♣♦r
h−1
# : π1(N, y0) → π1(M,x0)✳ P♦rt❛♥t♦✱ h# : π1(M,x0) → π1(M, y0) é ✉♠

✐s♦♠♦r✜s♠♦✳ ❈♦♠ ✐ss♦✱ ♦❜s❡r✈❛✲s❡ q✉❡ ✈❛r✐❡❞❛❞❡s ❤♦♠❡♦♠♦r❢❛s ♣♦ss✉❡♠ ❣r✉♣♦s
❣r✉♣♦s ❢✉♥❞❛♠❡♥t❛✐s ✐s♦♠♦r❢♦s✳

❉❡✜♥✐çã♦ ✷✳✶✳✸✹✳ ❉✐③❡♠♦s q✉❡ ❞♦✐s ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s α, βI → M sã♦
❧✐✈r❡♠❡♥t❡ ❤♦♠♦tó♣✐❝♦s q✉❛♥❞♦ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ H : I×I →M
t❛❧ q✉❡

H(s, 0) = α(s), H(s, 1) = β(s)

H(0, t) = H(1, t).

P❛r❛ q✉❛✐sq✉❡r s, t ∈ I✳ ❆ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡ s✐❣♥✐✜❝❛ q✉❡ ♣❛r❛ t♦❞♦ t ∈ I ♦
❝❛♠✐♥❤♦ Ht : I →M ❞❛❞♦ ♣♦r Ht(s) = H(s, t) é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦✳ ◆♦t❡ q✉❡
❛ r❡❧❛çã♦ ❞❡ ❝❛♠✐♥❤♦s ❧✐✈r❡♠❡♥t❡ ❤♦♠♦tó♣✐❝♦s é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳
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❊①❡♠♣❧♦ ✷✳✶✳✸✺✳ ❖s ❝❛♠✐♥❤♦s α ❡ γ ♥♦ ❝✐❧✐♥❞r♦ sã♦ ❧✐✈r❡♠❡♥t❡ ❤♦♠♦tó♣✐❝♦s✱
✈❡r ❋✐❣✉r❛ ✷✳✷✳

γ

α

❋✐❣✉r❛ ✷✳✷✳ ▲✐✈r❡♠❡♥t❡ ❍♦♠♦tó♣✐❝♦s

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r r❡❧❛❝✐♦♥❛ ♦s ❝♦♥❝❡✐t♦s ❞❡ ❝❛♠✐♥❤♦s ❧✐✈r❡♠❡♥t❡
❤♦♠♦tó♣✐❝♦s ❝♦♠ ❝❛♠✐♥❤♦s ❤♦♠♦tó♣✐❝♦s✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✸✻✳ ✭❬✶✹❪✮ ❙❡❥❛♠ α, β : I → M ❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s✱ ❝♦♠ ❜❛s❡
♥♦s ♣♦♥t♦s x ❡ y r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖s ❝❛♠✐♥❤♦s α ❡ β sã♦ ❧✐✈r❡♠❡♥t❡ ❤♦♠♦tó♣✐❝♦s
s❡ ❡ s♦♠❡♥t❡ s❡ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ γ : I →M ✱ ❧✐❣❛♥❞♦ x ❛ y t❛❧ q✉❡ α ≃ γβγ−1✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✸✼✳ ❙❡❥❛M ❝♦♥❡①❛ ♣♦r ❝❛♠✐♥❤♦s ❡ α, β : I →M ❞♦✐s ❝❛♠✐♥❤♦s
❢❡❝❤❛❞♦s✱ ❝♦♠ ❜❛s❡ ♥♦s ♣♦♥t♦s x ❡ y✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ sã♦ ❧✐✈r❡♠❡♥t❡ ❤♦♠♦tó♣✐❝♦s
❡✱ ♦ ❝❛♠✐♥❤♦ β é ❤♦♠♦tó♣✐❝♦ ❛ ✉♠❛ ❝♦♥st❛♥t❡✳ ❊♥tã♦ α t❛♠❜é♠ é ❤♦♠♦tó♣✐❝♦ ❛
✉♠❛ ❝♦♥st❛♥t❡✳

❱❛♠♦s ❞❡♥♦t❛r ♦s ❝❛♠✐♥❤♦s ❝♦♥st❛♥t❡s ❡♠ x ❡ y ♣♦r εx ❡ εy✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✸✻ t❡♠♦s q✉❡ α ≃ γβγ−1✱ ♦♥❞❡ γ é ♦ ❝❛♠✐♥❤♦ q✉❡ ❧✐❣❛ ♦s
♣♦♥t♦s x ❡ y✱ ✐st♦ é✱ γ(0) = x ❡ γ(1) = y✳ ❆ss✐♠✱

β ≃ εy ⇒ γβ ≃ cεy ⇒ γβγ−1 ≃ γεyγ
−1.

❈♦♠♦ γεyγ−1 ≃ εx ❡ γβγ−1 ≃ α t❡♠♦s q✉❡ α ≃ εx✳ P♦rt❛♥t♦✱ α é ❤♦♠♦tó♣✐❝♦
❛ ✉♠❛ ❝♦♥st❛♥t❡✳

❈♦r♦❧ár✐♦ ✷✳✶✳✸✽✳ ❙❡❥❛♠ f, g : M → N ❝♦♥tí♥✉❛s ❡ ❤♦♠♦tó♣✐❝❛s✳ ❊♥tã♦ ♦s
❤♦♠♦♠♦r✜s♠♦s ✐♥❞✉③✐❞♦s✿

f# : π1(M,x) → π1(N, y0)

g# : π1(M,x) → π1(N, y1).

y0 = f(x) ❡ y1 = g(x) ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ♣♦r f# = Pγ ◦g#✱ ♦♥❞❡ Pγ : π1(N, y1) →
π1(N, y0) é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡✜♥✐❞♦ ♥❛ ❢♦r♠❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✷✽✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ H : M × I → N ✉♠❛ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ g✱ ❡♥tã♦
H(x, 0) = f(x) ❡ H(x, 1) = g(x)✳ ❖ ❝❛♠✐♥❤♦ γ : I →M ❞❛❞♦ ♣♦r γ(t) = H(x, t)
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é ✉♠ ❝❛♠✐♥❤♦ ❧✐❣❛♥❞♦ γ(0) = H(x, 0) = f(x) = y0 ❛ γ(1) = H(1, x) = g(x) = y1✳
P❛r❛ t♦❞♦ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ α : I →M ❝♦♠ ❜❛s❡ ❡♠ x ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦✿

F : I × I → N

(s, t) 7→ H(α(s), t).

❚❡♠✲s❡ q✉❡✱

F (s, 0) = H(α(s), 0) = f(a(s)) = f ◦ α(s)

F (s, 1) = H(α(s), 1) = g(a(s)) = g ◦ α(s)

F (0, t) = H(α(0), t) = H(x, t) = H(α(1), t) = F (1, t).

❆ss✐♠✱ f ◦α ❡ g ◦α sã♦ ❧✐✈r❡♠❡♥t❡ ❤♦♠♦tó♣✐❝♦s✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✸✻ s❡❣✉❡
q✉❡ f ◦ α ≃ γ(g ◦ α)γ−1✳ ❊♥tã♦✱

f#([α]) = [f ◦ α]
= [γ(g ◦ α)γ−1]
= γg#([α])γ

−1

= Pγ(g#(α)).

P♦rt❛♥t♦✱ f# = Pγ ◦ g#✱ ✐st♦ s✐❣♥✐✜❝❛ q✉❡ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ❝♦♠✉t❛t✐✈♦✳

π1(M,x)
f# //

g#

��

π1(N, y0)

π1(N, y1)

Pγ

88

Pr♦♣♦s✐çã♦ ✷✳✶✳✸✾✳ ✭❬✷✵❪✮ ❙❡❥❛♠ M ❡ N ❝♦♥❡①♦s ♣♦r ❝❛♠✐♥❤♦s ❡ f :M → N é
✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❤♦♠♦tó♣✐❝❛✱ ♦✉ s❡❥❛✱ M ❡ N t❡♠ ♦ ♠❡s♠♦ t✐♣♦ ❞❡ ❤♦♠♦t♦♣✐❛✳
❊♥tã♦✱

f# : π1(M,x0) → π1(N, y0)

❝♦♠ y0 = f(x0) é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ f : M → N ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❤♦♠♦tó♣✐❝❛ ❡ g : N → M
s❡✉ ✐♥✈❡rs♦ ❤♦♠♦tó♣✐❝♦✱ ❡♥tã♦ f ◦g = idM ❡ g◦f = idN ✳ ❙❡❥❛ x0 ∈M ✱ y0 = f(x0)✱
x1 = g(y0) ❡ y1 = f(x1)✳ ❈♦♥s✐❞❡r❡ ♦s ❤♦♠♦♠♦r✜s♠♦s ✐♥❞✉③✐❞♦s✿

f# : π1(M,x0) → π1(N, y0)

f 1
# : π1(M,x1) → π1(N, y1)

g# : π1(N, y0) → π1(M,x1).

❈♦♠♦ g◦f ≃ idM ✱ ♣❡❧❛ ❈♦r♦❧ár✐♦ ✷✳✶✳✸✽ t❡♠♦s q✉❡ g#◦f# = Pγ : π1(M,x0) →
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π1(M,x1)✱ ♦♥❞❡ Pγ é ♦ ✐s♦♠♦r✜s♠♦ ❞❡✜♥✐❞♦ ❞❛ ❢♦r♠❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✷✽✱ ❝♦♠ γ
✉♠ ❝❛♠✐♥❤♦ ❧✐❣❛♥❞♦ x1 ❛ x0✳

❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❛ ❤♦♠♦t♦♣✐❛ f ◦ g ≃ idN ❝♦♥❝❧✉í♠♦s q✉❡ f 1
# ◦ g# = Pδ :

π1(N, y0) → π1(N, y1) é ♦ ✐s♦♠♦r✜s♠♦ ❞❡✜♥✐❞♦ ❞❛ ❢♦r♠❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳✷✽✱ ❝♦♠
δ ✉♠ ❝❛♠✐♥❤♦ ❧✐❣❛♥❞♦ y1 ❛ y0✳ ❆ss✐♠✱ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦✳

π1(M,x0)
f# //

Pγ

��

π1(N, y0)

Pδ

��
g#xx

π1(M,x1)
f1
#

// π1(N, y1)

❙❡♥❞♦ g# ◦ f# ✉♠ ✐s♦♠♦r✜s♠♦ s❡❣✉❡ q✉❡ g# é s♦❜r❡❥❡t✐✈❛✳ ❊✱ f 1
# ◦ g# é

✐s♦♠♦r✜s♠♦ ❧♦❣♦ g# é s♦❜r❡❥❡t✐✈❛✳ ❊♥tã♦ g# é ✉♠ ✐s♦♠♦r✜s♠♦ ❡✱ ♣♦rt❛♥t♦ f# ❡
f 1
# sã♦ t❛♠❜é♠ ✐s♦♠♦r✜s♠♦s✳ ❈♦♥❝❧✉í♠♦s q✉❡ π1(M,x0) ≈ π1(N, y0)✳

❈♦r♦❧ár✐♦ ✷✳✶✳✹✵✳ ❙❡ A ⊂ M é ✉♠ r❡tr❛t♦ ♣♦r ❞❡❢♦r♠❛çã♦ ❞❡ M ✱ ❡♥tã♦ ❛
r❡tr❛çã♦ r :M → A✱ x ∈ A✱ ✐♥❞✉③ ✉♠ ✐s♦♠♦r✜s♠♦✿

π1(M,x) ≈ π1(A, x).

❉❡♠♦♥str❛çã♦✳ P❡❧❛ ♦❜s❡r✈❛çã♦ ✷✳✶✳✷✵ t❡♠ s❡ q✉❡M ≡ A✱ ❡♥tã♦ ♣❡❧❛ Pr♦♣♦s✐çã♦
✷✳✶✳✸✾ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✹✶✳ ✭❬✶✹❪✮ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❝♦♥❡①❛s ♣♦r ❝❛♠✐♥❤♦s ❡♥tã♦
π1(M ×N) ❡ π1(M)× π1(N) sã♦ ✐s♦♠♦r❢♦s✳

❊①❡♠♣❧♦ ✷✳✶✳✹✷✳ ❙❡❥❛ T ♦ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✱ t❡♠♦s q✉❡ S1 ❡ T sã♦ ✈❛r✐❡❞❛❞❡s
❝♦♥❡①❛s ♣♦r ❝❛♠✐♥❤♦s✱ ❡ π1(S1) = Z ✭ ✈❡r ❬✶✹❪✮✳

❈♦♠♦ T = S1 × S1✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✹✶ s❡❣✉❡ q✉❡ π1(T ) = π1(S
1) ×

π1(S
1) = Z× Z✳

✷✳✷ ❆s♣❡❝t♦s t♦♣♦❧ó❣✐❝♦s

❊♠ t♦❞♦ tr❛❜❛❧❤♦ ❝❤❛♠❛r❡♠♦s ❞❡ ❜♦❧❛✱ às ✈❡③❡s ❞❡♥♦t❛❞❛ ♣♦r B3✱ ✉♠❛
✈❛r✐❡❞❛❞❡ ❤♦♠❡♦♠♦r❢❛ à ❜♦❧❛ ✉♥✐tár✐❛ tr✐❞✐♠❡♥s✐♦♥❛❧ ❞♦ R

3✱ ❡ ✉♠ t♦r♦ só❧✐❞♦
s❡rá ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ tr✐❞✐♠❡♥s✐♦♥❛❧ ❤♦♠❡♦♠♦r❢❛ à D2 × S1✱ D2 ❞❡♥♦t❛
♦ ❞✐s❝♦ ✉♥✐tár✐♦ ❞❡ ❞✐♠❡♥sã♦ ✷✳ ❆ ❡s❢❡r❛ S2 s❡rá ✉♠❛ ✈❛r✐❡❞❛❞❡ ❤♦♠❡♦♠♦r❢❛
❛ ❡s❢❡r❛ ✉♥✐tár✐❛ ❞❡ ❞✐♠❡♥sã♦ ✷ ❡♠ R

3✳ ❆s ✈❛r✐❡❞❛❞❡s ❝♦♥s✐❞❡r❛❞❛s ❛q✉✐ s❡rã♦
✸✲✈❛r✐❡❞❛❞❡s ❡ ❝♦♥❡①❛s✱ ❡①❝❡t♦ q✉❛♥❞♦ ❢♦r ♠❡♥❝✐♦♥❛❞♦ ♦ ❝♦♥trár✐♦✳ ❊st❛ s❡çã♦
t❡♠ ❝♦♠♦ ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ❬✶❪✱ ❬✷❪✱ ❬✻❪✱ ❬✼❪✱ ❬✶✵❪ ❡ ❬✶✾❪

❉❡✜♥✐çã♦ ✷✳✷✳✶✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ é ❢❡❝❤❛❞❛ s❡ ❢♦r ❝♦♠♣❛❝t❛✱ ❝♦♥❡①❛ ❡ s❡♠ ❜♦r❞♦✳

❊①❡♠♣❧♦ ✷✳✷✳✷✳ ❖ t♦r♦ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❢❡❝❤❛❞❛✳

❉❡✜♥✐çã♦ ✷✳✷✳✸✳ ❯♠❛ s✉♣❡r❢í❝✐❡ S ♠❡r❣✉❧❤❛❞❛ ❡♠ M s❡♣❛r❛ M s❡ M −S ♥ã♦
é ❝♦♥❡①❛✳
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❊①❡♠♣❧♦ ✷✳✷✳✹✳ ❯♠ t♦r♦ T ♠❡r❣✉❧❤❛❞♦ ❡♠ M ❜♦r❞❛♥❞♦ ✉♠ t♦r♦ só❧✐❞♦ ✭ST ⊂
M✮✱ s❡♣❛r❛ ❛ ✈❛r✐❡❞❛❞❡ M ✱ ♣r♦❞✉③✐♥❞♦ ❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s A,B ♣❛r❛
M − T ✱ ♦♥❞❡ A = int(ST ) ❡ B =M − ST

❉❡✜♥✐çã♦ ✷✳✷✳✺✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ M é ❞✐t❛ ✐rr❡❞✉tí✈❡❧ s❡ t♦❞❛ ❡s❢❡r❛ S2 ⊂M é
❜♦r❞♦ ❞❡ ✉♠❛ ❜♦❧❛ B3 ⊂M ✳ ❙❡ M ♥ã♦ é ✐rr❡❞✉tí✈❡❧ ❞✐③❡♠♦s q✉❡ M é r❡❞✉tí✈❡❧✳

❊①❡♠♣❧♦ ✷✳✷✳✻✳ ❖ t♦r♦ só❧✐❞♦ ❡ S3 sã♦ ✈❛r✐❡❞❛❞❡s ✐rr❡❞✉tí✈❡✐s✳

❱❡r ❬✶❪ ❡ ❬✻❪✳

❉❡✜♥✐çã♦ ✷✳✷✳✼✳ ❯♠❛ s✉♣❡r❢í❝✐❡ S ⊂M é ❞✐t❛ tr❛♥s✈❡rs❛❧ ❛♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s
X ❡♠ M s❡ X(x) /∈ TxS✱ ♣❛r❛ t♦❞♦ x ∈ S✳

❉❡✜♥✐çã♦ ✷✳✷✳✽✳ ❈♦♥s✐❞❡r❡ ♦ s❡♠✐✲❡s♣❛ç♦ s✉♣❡r✐♦r H
m = {x ∈ R

m; xm ≥ 0}✳
❯♠❛ m−✈❛r✐❡❞❛❞❡ ❝♦♠ ❜♦r❞♦ ❞❡ ❝❧❛ss❡ Ck✱ k ≥ 0✱ M ✱ é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦
❞❡ ❍❛✉s❞♦r✛✱ ❝♦♠ ❜❛s❡ ❡♥✉♠❡rá✈❡❧ ♠✉♥✐❞♦ ❞❡ ✉♠ ❛t❧❛s {Φi : Ui → Vi ⊂ H

m}
❝✉❥❛s ♠✉❞❛♥ç❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s sã♦ ❞❡ ❝❧❛ss❡ Ck✳

❖ ❜♦r❞♦ ❞❡ M ✱ ❞❡♥♦t❛❞♦ ♣♦r ∂M ✱ sã♦ ♦s ♣♦♥t♦s x ∈ M t❛✐s q✉❡ Φi(x) ∈
∂Hm = {x ∈ R

m; xm = 0}✳ ❖ ❜♦r❞♦ ❞❡ M t❡♠ ❞✐♠❡♥sã♦ m − 1 ❡ intM é ✉♠❛
✈❛r✐❡❞❛❞❡ s❡♠ ❜♦r❞♦✱ ♠❛✐s ❞❡t❛❧❤❡s ✈❡r ❬✶✵❪✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✾✳ ✭❬✶✶❪✮ ❙❡ M é ✉♠❛ ✸✲✈❛r✐❡❞❛❞❡ ❝♦♠ ❜♦r❞♦✱ ❡♥tã♦ ∂M é ✉♠❛
s✉♣❡r❢í❝✐❡✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✶✵✳ ❙❡ M é ✉♠❛ m−✈❛r✐❡❞❛❞❡ ♦r✐❡♥tá✈❡❧ ❝♦♠ ❜♦r❞♦ ❡♥tã♦ ∂M
t❛♠❜é♠ é ♦r✐❡♥tá✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✵❪ ♦✉ ❬✶✶❪✳

❉❡✜♥✐çã♦ ✷✳✷✳✶✶✳ ✭✧❈♦❧❛❣❡♠ ❞❡ ✈❛r✐❡❞❛❞❡s✧✮ ❙❡❥❛♠ M1 ❡ M2 ✸✲✈❛r✐❡❞❛❞❡s
❝♦♠ ❜♦r❞♦s✱ A ⊂ ∂M1 ❡ B ⊂ ∂M2 ❛❜❡rt♦s ❡ ❢❡❝❤❛❞♦s ❡ φ : A → B ✉♠
❞✐❢❡♦♠♦r✜s♠♦✱ ❡♥tã♦ ❡s❝r❡✈❡♠♦s✿

M1

⋃

φ

M2 =M/τ.

A B
M1 M2

Φ

M1

M2

❋✐❣✉r❛ ✷✳✸

❖♥❞❡ M =M1

⋃
M2 ✭✉♥✐ã♦ ❞✐s❥✉♥t❛✮ ❡ τ : A ∪B → A ∪B t❛❧ q✉❡ τ |A = φ ❡

τ |B = φ−1✳
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❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ M ❡ N sã♦ ✸✲✈❛r✐❡❞❛❞❡s ❝♦♠ ❜♦r❞♦ ❡ ∂M = ∂N ❡
id : ∂M → ∂N ❛ ✐❞❡♥t✐❞❛❞❡ ❡♥tã♦ M

⋃
idN é ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠ ❜♦r❞♦✳

❊①❡♠♣❧♦ ✷✳✷✳✶✷✳ ❈♦♥s✐❞❡r❡ ❞♦✐s t♦r♦s só❧✐❞♦s S1 × D2✱ ♣♦❞❡♠♦s ❝♦❧á✲❧♦s ♣❡❧♦
❜♦r❞♦ ❡ ♣r♦❞✉③✐r ✉♠❛ ✈❛r✐❡❞❛❞❡ S1×D2

⋃
id S

1×D2✱ id : ∂(S1×D2) → ∂(S1×D2)
❤♦♠❡♦♠♦r❢❛ ❛ S1×S2✳ ◆❡st❡ ❝❛s♦✱ ❡st❛♠♦s ✐❞❡♥t✐✜❝❛♥❞♦ ♣❛r❛❧❡❧♦s ❝♦♠ ♣❛r❛❧❡❧♦s
❡ ♠❡r✐❞✐❛♥♦s ❝♦♠ ♠❡r✐❞✐❛♥♦s ❡♠ ∂(S1 ×D2) = S1 × S1✳

❊✱ S1 ×D2
⋃

f S
1 ×D2✱ f : ∂(S1 ×D2) → ∂(S1 ×D2) t❛❧ q✉❡ f(x, y) = (y, x)

♣r♦❞✉③ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❤♦♠❡♦♠♦r❢❛ ❛ S3✳ ❖ ❞✐❢❡♦♠♦r✜s♠♦ f ✐♥❞✐❝❛ q✉❡ ❛ ❝♦❧❛❣❡♠
é ❢❡✐t❛ ❛tr❛✈és ❞❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ♣❛r❛❧❡❧♦s ❝♦♠ ♠❡r✐❞✐❛♥♦s ❡♠ ∂(S1 × D2) =
S1 × S1✳ ❱❡r ❬✻❪✳

❊①❡♠♣❧♦ ✷✳✷✳✶✸✳ P♦❞❡♠♦s ♦❜t❡r S3 ♣❡❧❛ ❝♦❧❛❣❡♠ ❞❡ ❞✉❛s ❜♦❧❛s ♣❡❧♦ ❜♦r❞♦✳ ❱❡r
❬✶✵❪✳

❉❡✜♥✐çã♦ ✷✳✷✳✶✹✳ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ♠❡r❣✉❧❤❛❞❛ ❡♠ M ✳ ❉✐③❡♠♦s
q✉❡ S é ✷✲❧❛❞♦s s❡ ❡①✐st❡ ✉♠ ♠❡r❣✉❧❤♦ h : S × [−1, 1] →M t❛❧ q✉❡ h(x, 0) = x✳

■♥t✉✐t✐✈❛♠❡♥t❡✱ ♣♦❞❡♠♦s ❡♥①❡r❣❛r ❛ ♣r♦♣r✐❡❞❛❞❡ ✷✲❧❛❞♦s ❝♦♠♦ s❡♥❞♦ ✉♠❛
✧❢♦❧❣❛✧q✉❡ ❛ s✉♣❡r❢í❝✐❡ S t❡♠ ♥❛ ✈❛r✐❡❞❛❞❡ M ♣❛r❛ s❡ ❞❡s❧♦❝❛r✱ q✉❡r ❞✐③❡r q✉❡
S ❛❞♠✐t❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❝♦♥❡①❛ ❡♠ M ✳ ❖❜s❡r✈❛♠♦s✱ t❛♠❜é♠ q✉❡ ❡♠ ❝❛❞❛
t ∈ [−1, 1] ✜①❛❞♦ ❛ ✐♠❛❣❡♠ ❞♦ ♠❡r❣✉❧❤♦ h(S × {t}) é ❤♦♠❡♦♠♦r❢❛ ❛ s✉♣❡r❢í❝✐❡
S✳ ●❡♦♠❡tr✐❝❛♠❡♥t❡✱ é ❝♦♠♦ s❡ ❡♠ ❝❛❞❛ t ∈ [−1, 1] ❡♥①❡r❣❛r♠♦s ❛ s✉♣❡r❢í❝✐❡ S
❞❡♣♦✐s ❞❡ ✉♠ ❞❡s❧♦❝❛♠❡♥t♦ ♥❛ ✈❛r✐❡❞❛❞❡✳

❆ ✐♠❛❣❡♠ ❞❡ S × [−1, 1] ♣❡❧♦ ♠❡r❣✉❧❤♦ h é ❝❤❛♠❛❞♦ ✉♠ ❜✐❝♦❧❛r ❞❡ S✳ ▼❛✐s
❣❡r❛❧✱ ❡♠ ✈❡③ ❞♦ ✐♥t❡r✈❛❧♦ [−1, 1] ♣♦❞❡♠♦s t❡r ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ I = [a− ǫ, a+ ǫ]✱
a, ǫ ∈ R ❡ ǫ > 0✱ t❛❧ q✉❡ h(x, a) = x✱ ✉♠❛ ✈❡③ q✉❡ t♦❞♦s ✐♥t❡r✈❛❧♦s ❢❡❝❤❛❞♦s sã♦
❞✐❢❡♦♠♦r❢♦s✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✶✺✳ ❙❡❥❛ T ✉♠ t♦r♦ ✷✲❧❛❞♦s ♥✉♠❛ 3−✈❛r✐❡❞❛❞❡ M ❡ h :
T × [−1, 1] → M ♦ ♠❡r❣✉❧❤♦ ❡♥tã♦ ❛ 3−✈❛r✐❡❞❛❞❡ M0 = M − h(T × (−1, 1))
é ❝❤❛♠❛❞❛ ❞❡ ♦ r❡s✉❧t❛❞♦ ❞♦ ❝♦rt❡ ❞❡ M ❛♦ ❧♦♥❣♦ ❞❡ T ✱ ❡ M −h(T × [−1, 1])
é ❤♦♠❡♦♠♦r❢❛ ❛ M − T ✱ ❞❡♥♦t❛r❡♠♦s q✉❡ M − h(T × [−1, 1]) ∼ M − T ✳ ▼❛✐s
❞❡t❛❧❤❡s ✈❡r ❬✼❪✳

caso conexo

caso desconexo

M0

M0

+

M0

-

❋✐❣✉r❛ ✷✳✹✳ ❋✐❣✉r❛ ❜❛s❡❛❞❛ ❡♠ ❬✷❪

❆♦ r❡❛❧✐③❛r♠♦s ❡st❡ ❝♦rt❡ ♣♦❞❡♠♦s ♦❜t❡r M0 ❝♦♥❡①❛ ♦✉ ♥ã♦✳ ❈❛s♦ s❡❥❛
❞❡s❝♦♥❡①❛ ♦❜t❡♠♦s ❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ♦❜t❡♠♦s ❝♦♠♦
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❜♦r❞♦ ❞❡ M0 ❞✉❛s ❝ó♣✐❛s ❞♦ t♦r♦ T ✭s❡ M é ✉♠❛ ✸✲✈❛r✐❡❞❛❞❡ ❝♦♠ ❜♦r❞♦ ❡♥tã♦
♣r♦❞✉③✐♠♦s ♠❛✐s ❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❜♦r❞♦ ♣❛r❛ M0✮✳

❆♦ ❝♦❧❛r♠♦s ♦s ❜♦r❞♦s ♣r♦❞✉③✐❞♦s ✈✐❛ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ♣♦❞❡♠♦s ♦❜t❡r ✉♠❛
♥♦✈❛ 3−✈❛r✐❡❞❛❞❡ M ′ ✭❡♠ ❣❡r❛❧✱ M ′ ♥ã♦ é ❤♦♠❡♦♠♦r❢❛ ❛ M✮✱ ❡st❡ ❝❛s♦ t❛♠❜é♠
♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ❝✐r✉r❣✐❛ ❞❡ ❉❡❤♥✳ ❱❡r ❬✷❪

❉❡✜♥✐çã♦ ✷✳✷✳✶✻✳ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡✱ ❞✐③❡♠♦s q✉❡ S ❡stá ❞❡✈✐❞❛♠❡♥t❡
♠❡r❣✉❧❤❛❞❛ ❡♠ M s❡ S ❡stá ♠❡r❣✉❧❤❛❞❛ ❡♠ M ❡ ∂M ∩ S = ∂S✳

❉❡✜♥✐çã♦ ✷✳✷✳✶✼✳ ❯♠❛ s✉♣❡r❢í❝✐❡ S ⊂ M ✷✲❧❛❞♦s s❡♠ ❝♦♠♣♦♥❡♥t❡ S2 ♦✉ D2

é ❞✐t❛ s❡r ✐♥❝♦♠♣r❡ssí✈❡❧ s❡ ♣❛r❛ t♦❞♦ ❞✐s❝♦ D ⊂ M ❝♦♠ D ∩ S = ∂D ❡①✐st❡
♦✉tr♦ ❞✐s❝♦ D

′

⊂ S ❝♦♠ ∂D
′

= ∂D✳ ❙❡ S ♥ã♦ é ✐♥❝♦♠♣r❡ssí✈❡❧ ❞✐③❡♠♦s q✉❡ é
❝♦♠♣r❡ssí✈❡❧✳

S
S

D

D'

D

❋✐❣✉r❛ ✷✳✺

❖❜s❡r✈❛çã♦ ✷✳✷✳✶✽✳ ❯♠❛ s✉♣❡r❢í❝✐❡ S ⊂ intM tr❛♥s✈❡rs❛❧ ❛ ✉♠ ❝❛♠♣♦ ❞❡
✈❡t♦r❡s X ❞❡ ❝❧❛ss❡ C1 ♥✉♠❛ ✸✲✈❛r✐❡❞❛❞❡ M é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✷✲❧❛❞♦s✳

❈♦♥s✐❞❡r❡ ♦ ✢✉①♦ ϕ : (−ǫ, ǫ)×M →M ♦ ✢✉①♦ ❛ss♦❝✐❛❞♦ ❛♦ ❝❛♠♣♦ X✱ t❡♠♦s
q✉❡ ϕ|(−ǫ,ǫ)×S : (−ǫ, ǫ)× S →M é ✉♠ ♠❡r❣✉❧❤♦✱ ✉♠❛ ✈❡③ q✉❡ S é tr❛♥s✈❡rs❛❧ ❛♦
❝❛♠♣♦ ❡ ❛ tr❛♥s✈❡rs❛❧✐❞❛❞❡ é ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❛❜❡rt❛✱ ✐st♦ é✱ é ♣r❡s❡r✈❛❞❛ ♥✉♠❛
♣❡q✉❡♥❛ ✈✐③✐♥❤❛♥ç❛ ✭❚❡♦r❡♠❛ ❞❛ ❚r❛♥s✈❡rs❛❧✐❞❛❞❡ ♦✉ ❚❡♦r❡♠❛ ❞❡ ❚♦❤♠ ❬✶✻❪ ✮✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✶✾✳ ✭❬✻❪✮ ❯♠❛ ✈❛r✐❡❞❛❞❡ ✷✲❧❛❞♦s S ⊂ M é ✐♥❝♦♠♣r❡ssí✈❡❧ s❡ ♦
❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♣❡❧❛ ✐♥❝❧✉sã♦ ❢♦r ✐♥❥❡t✐✈♦✳

❊①❡♠♣❧♦ ✷✳✷✳✷✵✳ ❚♦❞♦ t♦r♦ T = S1 × S1 ❡♠ S3 é ❝♦♠♣r❡ssí✈❡❧✳

❉❡ ❢❛t♦✱ ❝♦♠♦ π1(T ) = Z×Z✱ ❡ S3 é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛ ❧♦❣♦ π1(S3) = {0}✱
❡♥tã♦ ♦ ❤♦♠♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ ♣❡❧❛ ❛♣❧✐❝❛çã♦ ✐♥❝❧✉sã♦✿ i# : Z×Z → {0} ♥ã♦ é
✐♥❥❡t✐✈♦✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✶✾ s❡❣✉❡ q✉❡ T ❡♠ S3 é ❝♦♠♣r❡ssí✈❡❧✳

❖s s❡❣✉✐♥t❡s t❡♦r❡♠❛s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✶✾❪✳

❚❡♦r❡♠❛ ✷✳✷✳✷✶✳ ✭❚❡♦r❡♠❛ ❞❛ ❙❡♣❛r❛çã♦ ❞❡ ❇r♦✉✇❡r✮✿ ❙❡ Kn−1 é
t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ✉♠❛ ❡s❢❡r❛ ❞❡ ❞✐♠❡♥sã♦ n − 1 ❡♠ R

n✱ ❡♥tã♦ R
n − K t❡♠

❡①❛t❛♠❡♥t❡ ❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❡ K é ♦ ❜♦r❞♦ ❞❡ ❝❛❞❛ ✉♠❛✳

❖ t❡♦r❡♠❛ ❛❝✐♠❛ ♣❛r❛ ❝❛s♦ n = 2 é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ t❡♦r❡♠❛ ❞❛ ❝✉r✈❛ ❞❡

❏♦r❞❛♥✳
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❚❡♦r❡♠❛ ✷✳✷✳✷✷✳ ✭❚❡♦r❡♠❛ ❞❡ ❙❝❤ö♥✢✐❡s✮ ❉❛❞♦ ✉♠ ♠❡r❣✉❧❤♦ f : S1 → S2✱
♦ ❢❡❝❤♦ ❞❡ ❝❛❞❛ ✉♠❛ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ S2 − f(S1) é ❤♦♠❡♦♠♦r❢❛ ❛♦ ❞✐s❝♦ D2✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✷✸✳ ❙❡❥❛ T ✉♠ t♦r♦ ✷✲❧❛❞♦s ❡♠ ✉♠❛ ✸✲✈❛r✐❡❞❛❞❡ M ✐rr❡❞✉tí✈❡❧✱
❡♥tã♦ T é ✐♥❝♦♠♣r❡ssí✈❡❧ ♦✉ T é ❜♦r❞♦ ❞❡ ✉♠ t♦r♦ só❧✐❞♦ ♦✉ ❡stá ❝♦♥t✐❞♦ ❡♠ ✉♠❛
❜♦❧❛ ❝♦♥t✐❞❛ ❡♠ M ✳

❉❡♠♦♥str❛çã♦✳ ❙❡ T é ✐♥❝♦♠♣r❡ssí✈❡❧ ❡♥tã♦ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳ ❆❣♦r❛✱ s❡ T é
❝♦♠♣r❡ssí✈❡❧✱ ❡①✐st❡ ✉♠ ❞✐s❝♦ D ⊂ M ❝♦♠ D ∩ T = ∂D✱ t❛❧ q✉❡ ∂D ♥ã♦ ❜♦r❞❛
✉♠ ❞✐s❝♦ ❡♠ T ✳ ❊♥tã♦ ♥✉♠❛ ♣❡q✉❡♥❛ ✈✐③✐♥❤❛♥ç❛ ❡♠ T t♦❞♦s ❝ír❝✉❧♦s ❜♦r❞❛♠
✉♠ ❞✐s❝♦✱ r❡❛❧✐③❛♥❞♦ ✉♠❛ ❝✐r✉r❣✐❛ ❡♠ T ❛♦ ❧♦♥❣♦ ❞❡ss❡ ❞✐s❝♦ D ♦❜t❡♠♦s ✉♠❛
s✉♣❡r❢í❝✐❡ ❤♦♠❡♦♠♦r❢❛ ❛ ✉♠❛ ❡s❢❡r❛✱ ❝♦♠♦ M é ✐rr❡❞✉tí✈❡❧ ❞❡✈❡♠♦s t❡r q✉❡ S2

❜♦r❞❛ ✉♠❛ ❜♦❧❛ B ❡♠ M ✳ ❚❡♠♦s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s✿ D ∩B = ∅ ♦✉ D ⊂ B✳

D

D
D

1º caso

D

2º caso

D1 D2

D1 D D2

B

B

❋✐❣✉r❛ ✷✳✻

◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ ✐st♦ é✱ D ∩ B = ∅✱ ❞❡s❢❛③❡♠♦s ❛ ❝✐r✉r❣✐❛ ❡ t❡♠♦s q✉❡ T é
❜♦r❞♦ ❞❡ ✉♠ t♦r♦ só❧✐❞♦✳ ◆♦ s❡❣✉♥❞♦ ❝❛s♦✱ q✉❛♥❞♦ D ⊂ B ❡♥tã♦ T ❡stá ❝♦♥t✐❞♦
❡♠ B✳

❈♦♠♦ T é ✷✲❧❛❞♦s ♣♦❞❡♠♦s s✉♣♦r q✉❡ T ❡stá ♥♦ ✐♥t❡r✐♦r ❞❛ ❜♦❧❛ B✳

❚❡♦r❡♠❛ ✷✳✷✳✷✹✳ ✭❬✶✾❪✮ ✭❚❡♦r❡♠❛ ❞♦ ❚♦r♦ ❙ó❧✐❞♦✮✳ ❙❡❥❛ T ✉♠ t♦r♦
♠❡r❣✉❧❤❛❞♦ ❡♠ S3✱ ❡♥tã♦ T ❞✐✈✐❞❡ ❡st❡ ❡s♣❛ç♦ ❡♠ ❞✉❛s ♣❛rt❡s s❡♥❞♦ ♣❡❧♦ ♠❡♥♦s
✉♠❛ ❞❡❧❛s ❤♦♠❡♦♠♦r❢❛ ❛♦ t♦r♦ só❧✐❞♦ D2 × S1✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✷✺✳ ❙❡❥❛ S ✉♠❛ ❝♦❧❡çã♦ ✜♥✐t❛ ❞❡ s✉♣❡r❢í❝✐❡s ❞✐s❥✉♥t❛s
✐♥❝♦♠♣r❡ssí✈❡✐s✳ M é ✐rr❡❞✉tí✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡ M − S é ✐rr❡❞✉tí✈❡❧✳
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❉❡♠♦♥str❛çã♦✳ (⇒) ❙❡❥❛ M ✐rr❡❞✉tí✈❡❧✱ ❡♥tã♦ t♦❞❛ ❡s❢❡r❛ ❡♠ M −S ⊂M ❜♦r❞❛
✉♠❛ ❜♦❧❛ B ❡♠ M ✳ ❚❡♠♦s ❞♦✐s ❝❛s♦s ♣❛r❛ ❛♥❛❧✐s❛r ✿
1. B ⊂M − S✱ ❡♥tã♦ ♦ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳
2. B ❝♦♥té♠ S✱

◆♦ ❝❛s♦ 1 s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳ ◆♦ ❝❛s♦ 2✱ t❡rí❛♠♦s S ⊂ B ⊂ M ❛ss✐♠
❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ S é ❝♦♠♣r❡ssí✈❡❧ ❡♠ B ✭✉♠❛ ✈❡③ q✉❡ B é ❝♦♥trát✐❧✮ ❡✱
❝♦♥s❡q✉❡♥t❡♠❡♥t❡ S s❡rá ❝♦♠♣r❡ssí✈❡❧ ❡♠ M ✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ❛ ❤✐♣ót❡s❡✳

P♦rt❛♥t♦✱ M − S é ✐rr❡❞✉tí✈❡❧✳

(⇐) ❙✉♣♦♥❤❛ q✉❡ M − S s❡❥❛ ✐rr❡❞✉tí✈❡❧✳ ❙❡❥❛ S2 ⊂ M ✉♠❛ ❡s❢❡r❛✱ ♣♦❞❡♠♦s
❛ss✉♠✐r q✉❡ S2 é tr❛♥s✈❡rs❛❧ ❛ S✳ ❆ss✐♠✱ S ∩ S2 ❝♦♥s✐st❡ ❞❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦s
❞❡ ❝ír❝✉❧♦s✳

❈♦♥s✐❞❡r❡ ✉♠ ❝ír❝✉❧♦ ❡♠ S ∩ S2 ❜♦r❞❛♥❞♦ ✉♠ ❞✐s❝♦ D ❡♠ S2 ❞❡ t❛❧ ❢♦r♠❛
q✉❡ D ∩ S = ∂D✱ ♦✉ s❡❥❛✱ intD ⊂ M − S✳ ❙❡❥❛ Si ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ S t❛❧
q✉❡ D ∩ Si = ∂D✱ ♣❡❧❛ ✐♥❝♦♠♣r❡ss✐❜✐❧✐❞❛❞❡ ❞❡ Si t❡♠♦s q✉❡ ∂D ❜♦r❞❛ ✉♠ ❞✐s❝♦
D

′

⊂ Si✳

S é ✷✲❧❛❞♦s ❡♥tã♦ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ S é ✷✲❧❛❞♦s ❡♠ M ✱ ✐st♦ é✱ Si ❛❞♠✐t❡
✉♠ ❜✐❝♦❧❛r Vi ❡♠M ✱ ❛ss✐♠ ♣♦❞❡♠♦s ❞❡s❧♦❝❛r ∂D

′

♥❡ss❛ ✈✐③✐♥❤❛♥ç❛ Vi ❡♠ ❞✐r❡çã♦
❛♦ ✐♥t❡r✐♦r ❞♦ ❞✐s❝♦ D ❞❡ ♠♦❞♦ q✉❡ t♦❞♦s ♦s ❝ír❝✉❧♦s ❜♦r❞❛♠ ✉♠ ❞✐s❝♦ D∗ ❡♠
M − S ❝♦♠ ∂D∗ ∩D = ∂D∗ ❡ s❡❥❛ Di ⊂ D ♦ ❞✐s❝♦ t❛❧ q✉❡ ∂Di = ∂D∗✳

❈♦♠♦ ❛ ❡s❢❡r❛ D∗∪Di ⊂M−S ❜♦r❞❛ ✉♠❛ ❜♦❧❛ ❡♠M−S ✱ s❡❣✉❡ q✉❡ ❛ ❡s❢❡r❛
D

′

∪D ❜♦r❞❛ ✉♠❛ ❜♦❧❛ B ❡♠ M ✳ ❉❡✈❡♠♦s t❡r q✉❡ B ∩ S = D
′

✱ ❝❛s♦ ❝♦♥trár✐♦✱
t❡rí❛♠♦s Si ❝♦♥t✐❞❛ ♥✉♠❛ ❜♦❧❛✱ ✉♠ ❛❜s✉r❞♦ ❝♦♠ ♦ ❢❛t♦ ❞❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡
S s❡r ✐♥❝♦♠♣r❡ssí✈❡❧✳

D'

Si

B*

B

S
2

D*

Vi
D'

D

Si

S
2

D*

Di

❋✐❣✉r❛ ✷✳✼

P♦r ✉♠❛ ✐s♦t♦♣✐❛ ❡♠ S2 ♣♦❞❡♠♦s ❧❡✈❛r ♦ ❞✐s❝♦ D ♣❛r❛ ♦ ✐♥t❡r✐♦r ❞❡ B ❡♠
❞✐r❡çã♦ ❛♦ ❞✐s❝♦ D

′

❡✱ ✉♠ ♣♦✉❝♦ ♠❛✐s ❛❧é♠ ♥❛ ✈✐③✐♥❤❛♥ç❛ Vi ❞❡ ♠♦❞♦ q✉❡ ♦ ♥♦✈♦
❞✐s❝♦ D ♥ã♦ ✐♥t❡rs❡t❛ Si✱ ❡❧✐♠✐♥❛♥❞♦ ∂D ❡ q✉❛❧q✉❡r ♦✉tr♦ ❝ír❝✉❧♦ ❞❡ S2 ∩ Si q✉❡
❡st❡❥❛ ♥♦ ✐♥t❡r✐♦r ❞❡ D

′

✳
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D'

D

Si

Vi

B

novo D

S
2

B' Vi

❋✐❣✉r❛ ✷✳✽

❘❡♣❡t✐♥❞♦ ❡st❡ ♣r♦❝❡ss♦ ❡❧✐♠✐♥❛♠♦s t♦❞♦s ♦s ❝ír❝✉❧♦s ❞❡ S2∩S ❛ss✐♠ t❡r❡♠♦s
S2 ⊂M − S✳ ❊♥tã♦ S2 ❜♦r❞❛ ✉♠❛ ❜♦❧❛ ❡ M é ✐rr❡❞✉tí✈❡❧✳



❈❛♣ít✉❧♦ ✸

❘❡s✉❧t❛❞♦ Pr✐♥❝✐♣❛❧

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ q✉❡ ♠♦t✐✈♦✉ ❡st❡ ❡st✉❞♦✳
P❛r❛ ✐st♦✱ ✉t✐❧✐③❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ❡ ❝♦♥❝❡✐t♦s ❛♣r❡s❡♥t❛❞♦s ♥♦s ❝❛♣ít✉❧♦s
❛♥t❡r✐♦r❡s✱ ❜❡♠ ❝♦♠♦ ♦s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ♥❛ ♣r✐♠❡✐r❛ s❡çã♦ ❞❡ss❡ ❝❛♣ít✉❧♦✳
❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s sã♦ ❬✶✷❪ ❡ ❬✶✸❪✳

✸✳✶ ❘❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s

❚❡♦r❡♠❛ ✸✳✶✳✶✳ ❙❡❥❛ T ✉♠ t♦r♦ tr❛♥s✈❡rs❛❧ ❛ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X✱ C1✱ ❡♠
✉♠❛ ✸✲✈❛r✐❡❞❛❞❡ ❢❡❝❤❛❞❛ ❡ ✐rr❡❞✉tí✈❡❧ M ✳ ❙❡ ❛ ✉♥✐ã♦ ❞❡ ór❜✐t❛s ❞❡ X q✉❡ ♥ã♦
✐♥t❡rs❡❝t❛♠ T é ❝♦♥❡①❛ ❡♠ M ✱ ❡♥tã♦ T é ✐♥❝♦♠♣r❡ssí✈❡❧✳

❆ ♣r♦✈❛ ❞❡ss❡ t❡♦r❡♠❛ é ❝♦♥s❡q✉ê♥❝✐❛ ❞♦s s❡❣✉✐♥t❡s ❞♦✐s ❧❡♠❛s✳

▲❡♠❛ ✸✳✶✳✷✳ ❙❡ M é ✉♠❛ ✸✲✈❛r✐❡❞❛❞❡ ❢❡❝❤❛❞❛ ❡ ✐rr❡❞✉tí✈❡❧ ❡ T é ✉♠ t♦r♦ ✷✲❧❛❞♦s
♠❡r❣✉❧❤❛❞♦ ❡♠ M ✱ ❡♥tã♦ T é ✐♥❝♦♠♣r❡ssí✈❡❧ ♦✉ s❡♣❛r❛ M ✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ T ♥ã♦ é ✐♥❝♦♠♣r❡ssí✈❡❧✳ ❈♦♠♦ M é ✐rr❡❞✉tí✈❡❧ ❡
T é ✷✲❧❛❞♦s✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✷✸✱ s❡❣✉❡ q✉❡ T ❜♦r❞❛ ✉♠ t♦r♦ só❧✐❞♦ ♦✉ ❡stá
❝♦♥t✐❞♦ ♥♦ ✐♥t❡r✐♦r ❞❡ ✉♠❛ ❜♦❧❛ B ❡♠ M ✳

◆♦ ♣r✐♠❡✐r♦ ❝❛s♦✱ T s❡♣❛r❛ M ❡ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳ ◆♦ s❡❣✉♥❞♦ ❝❛s♦✱ ✈❛♠♦s
♣r♦✈❛r q✉❡ T t❛♠❜é♠ s❡♣❛r❛ M ✳

P❛r❛ ✐ss♦ ❝♦♥s✐❞❡r❡ ✉♠❛ ❜♦❧❛ B′✱ ❝♦❧❛♥❞♦ ❛s ❜♦❧❛s B ❡ B′ ♣❡❧♦ ❜♦r❞♦ ✈✐❛ ✉♠
❞✐❢❡♦♠♦r✜s♠♦ ♦❜t❡♠♦s ✉♠❛ S3 q✉❡ ❝♦♥té♠ T ✳ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞♦ ❚♦r♦ ❙ó❧✐❞♦
q✉❡ T s❡♣❛r❛ S3✳ ❉❡♥♦t❡ ♣♦r H1 ❡ H2 ❛s ❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡ S3 \ T ✳

❈♦♠♦ T ⊂ int(B) t❡♠♦s q✉❡ B′ ∩ T = ∅✳ ❆ss✐♠✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡
B′ ⊂ int(H1) ❡ ❡♥tã♦ H1 \B

′ = B \H2 ❧♦❣♦ ∂(H1 \B
′) = T ∪ ∂B ♣♦✐s ∂B′ = ∂B✳

❆❧é♠ ❞✐ss♦✱ ∂(M \B) = ∂B✳ ❊♥tã♦✱ ♣♦❞❡♠♦s ❝♦❧❛r H1 \B
′ ❡ M \B ❛♦ ❧♦♥❣♦ ❞❡

∂B ❞❡ ❢♦r♠❛ ♦r❞❡♥❛❞❛ ♣❛r❛ ♦❜t❡r ✉♠❛ ✸✲✈❛r✐❡❞❛❞❡ A ❝♦♥❡①❛ ❝♦♠ ❜♦r❞♦ ∂A = T ✳

✺✼
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❆♥❛❧♦❣❛♠❡♥t❡✱ H2 é ❝♦♥❡①❛ ❡ s❛t✐s❢❛③ ∂H2 = T ✳ ❈♦❧❛♥❞♦ A ❡ H2 ❛♦ ❧♦♥❣♦ ❞❡
T ❞❡ ✉♠ ♠♦❞♦ ❛❞❡q✉❛❞♦ ♣r♦❞✉③✐♠♦s M ✳ ❆ss✐♠ M \ T t❡♠ ❞✉❛s ❝♦♠♣♦♥❡♥t❡s✱
A ❡ H2✳ ❊♥tã♦✱ T s❡♣❛r❛ M ♥❡st❡ ❝❛s♦ t❛♠❜é♠✱ ❝♦♠♦ q✉❡rí❛♠♦s✳

❙❡ S ⊂ M é ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ tr❛♥s✈❡rs❛❧ ❛ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X✱
C1✱ ♥✉♠❛ 3−✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ M ✱ ❞❡♥♦t❛r❡♠♦s ♣♦r σS ❛ ✉♥✐ã♦ ❞❛s ór❜✐t❛s ❞❡
X q✉❡ ♥ã♦ ✐♥t❡rs❡❝t❛♠ S✱ ✐st♦ é✱

σS = {x ∈M : OX(x) ∩ S = ∅}.

Pr♦♣♦s✐çã♦ ✸✳✶✳✸✳ ❈♦♥s✐❞❡r❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ S ⊂M tr❛♥s✈❡rs❛❧ ❛ ✉♠
❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X✱ C1✱ ♥✉♠❛ 3−✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ M ✱ ❡♥tã♦ σS é ✐♥✈❛r✐❛♥t❡
♣❡❧♦ ✢✉①♦ Xt ❡ σS é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❡♠ M ✱ ❛ss✐♠ σS é ✉♠ ❝♦♥❥✉♥t♦
❝♦♠♣❛❝t♦✳

❉❡♠♦♥str❛çã♦✳ ❆ ✐♥✈❛r✐â♥❝✐❛ ♣❡❧♦ ✢✉①♦ s❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ σS✱ ✉♠❛ ✈❡③ q✉❡ s❡
x ∈ σS ❡♥tã♦ ♣❛r❛ q✉❛❧q✉❡r t ∈ R t❡♠♦s q✉❡ Xt(x) ∈ σS✱ ♣♦✐s ❛ ór❜✐t❛ ❞♦ ♣♦♥t♦
x ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ór❜✐t❛ ❞♦ ♣♦♥t♦ Xt(x)✳ ❆ss✐♠✱ σS é ✉♠ ❝♦♥❥✉♥t♦ ✐♥✈❛r✐❛♥t❡ ♣❡❧♦
✢✉①♦✳

❆❣♦r❛ ✈❛♠♦s ♠♦str❛r q✉❡ σS é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦✳ ❙✉♣♦♥❤❛✱ ♣♦r
❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❡ p ∈ σS ❡ p /∈ σS✳ ❈♦♠♦ p /∈ σS ❡①✐st❡ ✉♠ t❡♠♣♦ T
t❛❧ q✉❡ y = XT (p) ∈ S✳

U
y

V

p

S

xn

❋✐❣✉r❛ ✸✳✶

❊✱ p ∈ σS ❛ss✐♠ ♣❛r❛ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ U ❞❡ p t❡♠✲s❡ q✉❡ U ∩ σS 6= ∅✳
❈♦♥s✐❞❡r❡ V ✉♠❛ ✈✐③✐♥❤❛♥ç❛ t✉❜✉❧❛r ❞♦ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡ p ❛té ♦ ♣♦♥t♦
y s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛ ❡ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❝♦♥té♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ p✱
❡♥tã♦ ❡①✐st❡ xn ∈ σS t❛❧ q✉❡ xn ∈ U ⊂ V ✳ P❡❧♦ ❚❡♦r❡♠❛ ❋❧✉①♦ ❚✉❜✉❧❛r ▲♦♥❣♦
❞❡✈❡♠♦s t❡r q✉❡ ❛s ór❜✐t❛s ❞♦s ♣♦♥t♦s ❡♠ V ✐♥t❡rs❡❝t❛♠ S ♥✉♠ t❡♠♣♦ ♣ró①✐♠♦
❛♦ t❡♠♣♦ T ✱ ❡♠ ♣❛rt✐❝✉❧❛r ❛ ór❜✐t❛ ❞❡ xn ❞❡✈❡ ✐♥t❡rs❡❝t❛r S✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦
❢❛t♦ ❞❡ xn ∈ σS✳

P♦rt❛♥t♦✱ p ∈ σS ❡✱ σS é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦✳ ❙❡♥❞♦ M ✉♠ ❝♦♠♣❛❝t♦ ❡ σS
✉♠ ❢❡❝❤❛❞♦ t❡♠♦s q✉❡ S é ✉♠ ❝♦♠♣❛❝t♦✳

▲❡♠❛ ✸✳✶✳✹✳ ❙❡❥❛ T ✉♠ t♦r♦ tr❛♥s✈❡rs❛❧ ❛ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X✱ C1✱ ❡♠ ✉♠❛
✸✲✈❛r✐❡❞❛❞❡ ❢❡❝❤❛❞❛ M ✳ ❙❡ σT é ❝♦♥❡①❛✱ ❡♥tã♦ T ♥ã♦ s❡♣❛r❛ M ✳
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❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ T s❡♣❛r❛ M ❡ ❞❡♥♦t❡ ♣♦r A ❡ B
❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡ M \ T ✳

❈♦♥s✐❞❡r❡ q✉❡ σT 6= ∅ ❡ q✉❡ ♦ ❝❛♠♣♦ X ❛♣♦♥t❛ ♣❛r❛ ❞❡♥tr♦ ❞❡ A ❡♠ T = ∂A
❡ ♣❛r❛ ❢♦r❛ ❞❡ B ❡♠ T = ∂B✳ ❈♦♠♦ M \ T é ❞❡s❝♦♥❡①♦✱ s❡❣✉❡ q✉❡ ✉♠❛ ór❜✐t❛
♣♦s✐t✐✈❛ ❝♦♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❡♠ T ♥ã♦ ♣♦❞❡ r❡t♦r♥❛r ❛ T ✳ ❖ ♠❡s♠♦ ♦❝♦rr❡ ❝♦♠ ❛s
ór❜✐t❛s ♥❡❣❛t✐✈❛s ❝♦♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ ❡♠ T ✳

❊♥tã♦ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ♣❡q✉❡♥❛ ❝♦♠♣❛❝t❛ ❞❡ T ❡♠ M ✱ ❞✐❣❛♠♦s V ′ = {x ∈
Xt(T ); t ∈ [−ǫ, ǫ]} ✭ ǫ > 0✮✱ t❡♠♦s q✉❡ ♦ ❝❛♠♣♦ ❝♦♥t✐♥✉❛ tr❛♥s✈❡rs❛❧ ❡♠ Xt(T )
✭t ∈ [−ǫ, ǫ]✮ ❛♣♦♥t❛♥❞♦ ♣❛r❛ ♦ ✐♥t❡r✐♦r ❞❡ A✱ ❞❛❞♦ ✉♠ ♣♦♥t♦ y ∈ Ω(X) t❛❧ q✉❡
❛ ór❜✐t❛ ❞❡ y ✐♥t❡rs❡❝t❛ T ♥✉♠ ♣♦♥t♦ x✱ ❡♥tã♦ x ∈ Ω(X)✳ ❈♦♥s✐❞❡r❡ ♦ s❡❣♠❡♥t♦
❞❡ ór❜✐t❛ ❝♦♠♣❛❝t♦ ❞❡ x0 = X−ǫ(x) ❛té x1 = Xǫ(x)✱ t♦♠❛♥❞♦ ✉♠❛ ✈✐③✐♥❤❛♥ç❛
t✉❜✉❧❛r V s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛ ❞❡ss❡ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦
❋❧✉①♦ ❚✉❜✉❧❛r ▲♦♥❣♦✱ s❡❣✉❡ q✉❡ ❛s ór❜✐t❛s ❞♦s ♣♦♥t♦s ♥❡ss❛ ✈✐③✐♥❤❛♥ç❛ t❛♠❜é♠
t❡♠ ♦ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ór❜✐t❛ ❞❡ x ❡✱ ❛❧é♠ ❞✐ss♦ M \ T é ❞❡s❝♦♥❡①♦✳
❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ♣❡q✉❡♥❛ ✈✐③✐♥❤❛♥ç❛ W ⊂ V ❞❡ x t❛❧ q✉❡ ♣❛r❛ t♦❞♦ | t |> 2ǫ
t❡♠✲s❡ q✉❡ Xt(W ) ∩W = ∅✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦ ♣♦✐s x ∈ Ω(X)✳

A

B

T

x1 

x0

x

W

V

❋✐❣✉r❛ ✸✳✷

❉✐ss♦ ❝♦♥❝❧✉í♠♦s q✉❡ Ω(X) ⊂ σT ✳ ❡✱ ❝♦♠♦ ωX(p) ∪ αX(p) ⊂ Ω(X)✱ ✭✈❡r
♦❜s❡r✈❛çã♦ ✶✳✷✳✷✺✮✱ t❡♠♦s q✉❡ ωX(p) ∪ αX(p) ⊂ σT ♣❛r❛ ❝❛❞❛ p ∈ M ✭✐st♦ é
✈❡r❞❛❞❡ ❡♠ ♣❛rt✐❝✉❧❛r q✉❛♥❞♦ p ∈ T ✮✳

❋✐①❡ p ∈ T ✳ P♦r ✉♠ ❧❛❞♦✱ ωX(p) ⊂ int(A)✳ ❊♥tã♦ σT ∩ int(A) 6= ∅✳ P♦r ♦✉tr♦
❧❛❞♦✱ αX(p) ⊂ int(B)✳ ❊♥tã♦ σT ∩ int(B) 6= ∅✳ ❙❡❣✉❡ q✉❡ σT ♥ã♦ é ❝♦♥❡①♦✱ ✉♠❛
❝♦♥tr❛❞✐çã♦✳ ❚❡♠♦s ♦ r❡s✉❧t❛❞♦✳

❈❛s♦✱ σT = ∅ t❡♠♦s q✉❡ t♦❞❛s ❛s ór❜✐t❛s ✐♥t❡rs❡❝t❛♠ T ✳ ❈♦♥s✐❞❡r❡ ❛ ór❜✐t❛
❞❡ ✉♠ ♣♦♥t♦ p ∈ T ✱ ❡♥tã♦ ❛ ór❜✐t❛ ♥❡❣❛t✐✈❛ ❞❡ p ♥ã♦ r❡t♦r♥❛ ❛ T ❡✱ ♣❡❧❛ ❡s❝♦❧❤❛
❞♦ ❝❛♠♣♦✱ O−

X(p) ⊂ int(B)✳ ❙❡❥❛ q ∈ α(p) ❡ α(p) ⊂ int(B)✱ ♣♦rq✉❡ ♦ ❝❛♠♣♦
❛♣♦♥t❛ ♣❛r❛ ❢♦r❛ ❞❡ B ❡♠ ∂B = T ✳

❆❧é♠ ❞✐ss♦ ❛ ór❜✐t❛ ❞♦ ♣♦♥t♦ q ❞❡✈❡rá ✐♥t❡rs❡❝t❛r T ❡✱ ❝♦♠♦ ♦ ❝❛♠♣♦ ❛♣♦♥t❛
♣❛r❛ ❞❡♥tr♦ ❞❡ A ❡♥tã♦ OX(q) ∩ int(A) 6= ∅✳ ❖ ❝♦♥❥✉♥t♦ α(p) é ✐♥✈❛r✐❛♥t❡ ♣❡❧♦
✢✉①♦✱ ❡♥tã♦ α(p) ∩ int(A) 6= ∅✱ ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s α(p) ⊂ int(B)✳ ▲♦❣♦✱ T ♥ã♦
s❡♣❛r❛ M ✱ ❝♦♠♦ q✉❡rí❛♠♦s✳

P♦rt❛♥t♦✱ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s T ♥ã♦ s❡♣❛r❛ M ✳
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❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✸✳✶✳✶✿ P❡❧♦ ▲❡♠❛ ✸✳✶✳✷ s❡❣✉❡ q✉❡ T é
✐♥❝♦♠♣r❡ssí✈❡❧ ♦✉ T s❡♣❛r❛ M ✳ ❊ ♣♦r ❤✐♣ót❡s❡✱ σT é ❝♦♥❡①❛✱ ❡♥tã♦ ♣❡❧♦ ▲❡♠❛
✸✳✶✳✹✱ t❡♠✲s❡ q✉❡ T ♥ã♦ s❡♣❛r❛M ✳ ❆ss✐♠✱ T é ✐♥❝♦♠♣r❡ssí✈❡❧✳ �

❚❡♦r❡♠❛ ✸✳✶✳✺✳ ❙❡❥❛ M ✉♠❛ ✸✲✈❛r✐❡❞❛❞❡ ❢❡❝❤❛❞❛ ❡ ♦r✐❡♥tá✈❡❧✳ ❙✉♣♦♥❤❛ q✉❡ M
❛♣r❡s❡♥t❛ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X✱ C1✱ ❝♦♠ ✉♠ t♦r♦ tr❛♥s✈❡rs❛❧ T s❛t✐s❢❛③❡♥❞♦
❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ❊①✐st❡ ✉♠❛ ú♥✐❝❛ ór❜✐t❛ O ❞❡ X q✉❡ ♥ã♦ ✐♥t❡rs❡❝t❛ T ✳

✷✳ O é ❤✐♣❡r❜ó❧✐❝♦ ❡ ♥ã♦ é ❤♦♠♦tó♣✐❝♦ ❛ ✉♠ ♣♦♥t♦ ❡♠ M ✳

❊♥tã♦✱ M é ✐rr❡❞✉tí✈❡❧✳

❖❜s❡r✈❡ q✉❡✱ ♣❡❧♦ ❢❛t♦ ❞❛ ór❜✐t❛ O ♥ã♦ s❡r ❤♦♠♦tó♣✐❝❛ ❛ ✉♠ ♣♦♥t♦✱ O ❞❡✈❡rá
s❡r ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✱ ♣♦✐s s✐♥❣✉❧❛r✐❞❛❞❡s sã♦ ❤♦♠♦tó♣✐❝❛s ❛ ✉♠ ♣♦♥t♦ ❡
ór❜✐t❛s r❡❣✉❧❛r❡s✱ q✉❡ ♥ã♦ sã♦ ♣❡r✐ó❞✐❝❛s✱ sã♦ ✐♠❛❣❡♥s ❞❡ ❝✉r✈❛s ✐♥t❡❣r❛✐s ❝✉❥♦
❞♦♠í♥✐♦ é ❝♦♥trát✐❧✱ ❝♦♠♦ ♥ã♦ s❡ tr❛t❛ ❞❡ ✉♠❛ ❤♦♠♦t♦♣✐❛ ♦♥❞❡ ♦s ❡①tr❡♠♦s sã♦
✜①❛❞♦s ✭♣♦rq✉❡ ♥ã♦ é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦✮✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✳✶✸✱ s❡❣✉❡ q✉❡ ❛
ór❜✐t❛ é ❤♦♠♦tó♣✐❝❛ ❛ ✉♠ ♣♦♥t♦✳ ▲♦❣♦✱ ❛ ú♥✐❝❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ♣❛r❛ ❛ ór❜✐t❛ O é
s❡r ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✳

P❛r❛ ♣r♦✈❛r ❡ss❡ t❡♦r❡♠❛ ❢❛r❡♠♦s ✉s♦ ❞♦s s❡❣✉✐♥t❡s ❧❡♠❛s✳

▲❡♠❛ ✸✳✶✳✻✳ ❙❡❥❛ M ✉♠❛ ✸✲✈❛r✐❡❞❛❞❡ ❢❡❝❤❛❞❛✳ ❙✉♣♦♥❤❛ q✉❡ M ❛♣r❡s❡♥t❡ ✉♠
t♦r♦ ♠❡r❣✉❧❤❛❞♦ q✉❡ ♥ã♦ s❡♣❛r❛ M t❛❧ q✉❡ ❛ ✈❛r✐❡❞❛❞❡ M0✱ ♦❜t✐❞❛ ♣♦r ✉♠ ❝♦rt❡
❞❡ M ❛♦ ❧♦♥❣♦ ❞❡ T é ✐rr❡❞✉tí✈❡❧✳ ❊♥tã♦✱ M é ✐rr❡❞✉tí✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♣r♦✈❛r q✉❡ T é ✐♥❝♦♠♣r❡ssí✈❡❧ ❡♠ M ✳

T é ✷✲❧❛❞♦s ❡♠ M ✱ ♣♦r ❤✐♣ót❡s❡ t❡♠♦s q✉❡ M − T é ✐rr❡❞✉tí✈❡❧✳ ❙✉♣♦♥❤❛✱
♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ T é ❝♦♠♣r❡ssí✈❡❧ ❡♠ M ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❝✐r✉r❣✐❛ ❛♦ ❧♦♥❣♦
❞❡ ✉♠ ❞✐s❝♦ D ✭♦♥❞❡ D ∩ T = ∂D ❡ ∂D ♥ã♦ ❜♦r❞❛ ✉♠ ❞✐s❝♦ D

′

❡♠ T ✮ q✉❡
tr❛♥s❢♦r♠❛ T ♥✉♠❛ ❡s❢❡r❛ S2✳ S2 ❜♦r❞❛ ✉♠❛ ❜♦❧❛ B ⊂ M ✱ ❥á q✉❡ M − T é
✐rr❡❞✉tí✈❡❧✳ Pr♦❝❡❞❡♥❞♦ ❝♦♠♦ ♥❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✷✸ t❡♠♦s q✉❡ T ❜♦r❞❛
✉♠ t♦r♦ só❧✐❞♦ ♦✉ T ❡stá ❝♦♥t✐❞♦ ♥♦ ✐♥t❡r✐♦r ❞❡ B✳

❯s❛♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❞❛ ♣r♦✈❛ ❞♦ ▲❡♠❛ ✸✳✶✳✷ s❡❣✉❡ q✉❡ T s❡♣❛r❛ M ✱
✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ❛ ❤✐♣ót❡s❡ s♦❜r❡ T ✳

P♦rt❛♥t♦✱ T é ✐♥❝♦♠♣r❡ssí✈❡❧ ❡♠ M ✳ ❊✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✷✺ ❝♦♥❝❧✉í♠♦s
q✉❡ M é ✐rr❡❞✉tí✈❡❧✳

▲❡♠❛ ✸✳✶✳✼✳ ❙❡❥❛ M ✉♠❛ ✸✲✈❛r✐❡❞❛❞❡ ❢❡❝❤❛❞❛ ❡ s❡❥❛ X ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s✱
C1✱ ❝♦♠ ✉♠ t♦r♦ tr❛♥s✈❡rs❛❧ T ✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ór❜✐t❛ O ❞❡ X
q✉❡ ♥ã♦ ✐♥t❡rs❡❝t❛ T ✳ ❙❡ O é ❤✐♣❡r❜ó❧✐❝♦✱ ❡♥tã♦ O é t✐♣♦ s❡❧❛✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ ♦ ❝♦♥❥✉♥t♦ σT = O ♥ã♦ é ✉♠ s✉♠✐❞♦✉r♦ ♣❛r❛
♦ ❝❛♠♣♦ X ❡ ♥❡♠ ✉♠ s✉♠✐❞♦✉r♦ ♣❛r❛ ♦ ❝❛♠♣♦ −X✳ ❉❡✜♥❛✱ ♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦✿

lT = {x ∈ T ; Xt(x) ∩ T = ∅, ∀t > 0}
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■st♦ é✱ lT é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ❞❡ T ❝✉❥❛ ór❜✐t❛ ♣♦s✐t✐✈❛ ♥ã♦ r❡t♦r♥❛ ❛ T ✳
❙✉♣♦♥❤❛✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ σT é ✉♠ s✉♠✐❞♦✉r♦ ♣❛r❛ ♦ ❝❛♠♣♦ X✳

❈♦♠♦ σT é ✉♠ s✉♠✐❞♦✉r♦ ♣❛r❛ ♦ ❝❛♠♣♦X ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ✐♥✈❛r✐❛♥t❡
♣♦s✐t✐✈❛✱ ✐st♦ é✱ Xt(U) ⊂ U ✱ ∀t ≥ 0 ❡✱

σT =
⋂

t≥0

Xt(U).

❆❧é♠ ❞✐ss♦ σT é ❢❡❝❤❛❞♦ ✭✈❡r Pr♦♣♦s✐çã♦ ✸✳✶✳✸✮ ❡ T ❝♦♠♣❛❝t♦ ❡♥tã♦ d(T, σT ) >
0✳ ❊✱ s❡ 0 ≤ s ≤ l t❡♠♦s q✉❡ l = s+ ǫ✱ ǫ ≥ 0 ❛ss✐♠✿

Xǫ(U) ⊂ U ⇒ Xs(Xǫ(U)) ⊂ Xs(U) ⇒

⇒ Xl(U) ⊂ Xs(U).

▲♦❣♦✱ Xl(U) ⊂ Xs(U)✱ ♣❛r❛ t♦❞♦ 0 ≤ s ≤ l✳

❆ss✐♠ ❞❡✈❡♠♦s t❡r ✉♠ t❡♠♣♦ n ≥ 0 t❛❧ q✉❡ ♦ ❛❜❡rt♦ Xn(U) ∩ T = ∅✳ ❈❛s♦
❝♦♥trár✐♦✱ s❡ Xt(U) ∩ T 6= ∅✱ ∀t ≥ 0 t❡♠✲s❡ q✉❡

Xl(U) ⊂ Xs(U), 0 ≤ s ≤ l ⇒

⇒ ∅ 6= Xl(U) ∩ T ⊂ Xs(U) ∩ T, 0 ≤ s ≤ l ⇒

⇒
⋂

t≥0

Xt(U) ∩ T 6= ∅.

▼❛s✱
σT =

⋂

t≥0

Xt(U).

❆ss✐♠✱ σT ∩ T 6= ∅✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦ ❡①✐st❡ n ≥ 0 t❛❧ q✉❡
Xn(U) ∩ T ✳ P♦❞❡♠♦s ❡s❝r❡✈❡r✱

σT =
⋂

t≥n

Xt(U).

❙❡❥❛ V = Xn(U) ✱ ❞❛❞♦ t ≥ n ≥ 0 t❡♠♦s q✉❡ t = n + s✱ ♦♥❞❡ s = t − n ≥ 0✱
❡♥tã♦

Xs(U) ⊂ U ⇒ Xn(Xs(U)) ⊂ Xn(U) = V ⇒

⇒ Xs(Xn(U)) ⊂ V ⇒ Xs(V ) ⊂ V, ∀s ≥ 0.

❊✱
σT =

⋂

s≥0

Xs(V ).

P♦rt❛♥t♦ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r U ❛❜❡rt♦ ❡ t❛❧ q✉❡ U ∩ T = ∅✳
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❙❡♥❞♦ σT ❢❡❝❤❛❞♦ ❡ U ❛❜❡rt♦ ❡♥tã♦ ❡①✐st❡ x ∈ U \ σT ✳ ❊✱ Xt(x) /∈ T ✱ ∀t > 0✱
♣♦✐s U ∩ T = ∅✱ Xt(U) ⊂ U ✱ ∀t > 0 ❡ x ∈ U ✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ x /∈ σT ✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠ ♣r✐♠❡✐r♦ tx > 0 t❛❧
q✉❡ y = X−tx(x) ∈ T ✳ ◆♦t❡ q✉❡ Xt(y) = Xt−tx(x)✳ ❙❡ t ∈ (0, tx] t❡♠♦s q✉❡
| t− tx |< tx ❛ss✐♠ Xt(y) /∈ T ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ tx✳

❆❧é♠ ❞✐ss♦✱ Xt(y) = Xt−tx(x) ∈ U ✱ ♣❛r❛ t♦❞♦ t− tx > 0✱ ✐st♦ é✱ ∀t > tx ❡♥tã♦
Xt(y) /∈ T ✱ ∀t > tx✳

■st♦ ♣r♦✈❛ q✉❡ Xt(y) /∈ T ✱ ∀t > 0✱ ♣♦rt❛♥t♦ y ∈ lT ✱ ♦✉ s❡❥❛✱ lT 6= ∅✳

❆✜r♠❛çã♦ ✶✿ lT é ❢❡❝❤❛❞♦ ❡♠ T ✳

❚❡♠♦s q✉❡ lT ⊂ lT ∩ T ✳ ❆❣♦r❛✱ ✈❛♠♦s ♠♦str❛r q✉❡ lT ∩ T ⊂ lT ✳

❙❡❥❛ p ∈ lT ∩ T ❡♥tã♦ ❡①✐st❡ xn ∈ lT ✱ n ∈ N✱ t❛❧ q✉❡ xn → p✳ ❙✉♣♦♥❤❛ q✉❡
p /∈ lT ✱ ❡♥tã♦ ❛ ór❜✐t❛ ♣♦s✐t✐✈❛ ❞❡ p r❡t♦r♥❛ ❛ T ✱ ✐st♦ é✱ ❡①✐st❡ ✉♠ t❡♠♣♦ t > 0 t❛❧
q✉❡ Xt(p) ∈ T ✳

p

Xt(p)

T

V

xn'

W

❋✐❣✉r❛ ✸✳✸

❙❡❥❛ V ✈✐③✐♥❤❛♥ç❛ t✉❜✉❧❛r s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛ ❞♦ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡
p ❛té Xt(p)✱ ❝♦♥s✐❞❡r❡ W ✉♠ ❛❜❡rt♦ ❞❡ T ❝♦♥t✐❞♦ ❡♠ V t❛❧ q✉❡ p ∈ W t❡♠✲s❡
q✉❡ ❡①✐st❡ ✉♠ ♣♦♥t♦ xn′ ∈ W ⊂ V ∩ lT ✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❋❧✉①♦ ❚✉❜✉❧❛r
▲♦♥❣♦✱ s❡❣✉❡ q✉❡ ❛ ór❜✐t❛ ♣♦s✐t✐✈❛ ❞❡ xn′ ❞❡✈❡rá r❡t♦r♥❛r ❛ T ✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦
❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ lT ✳ ❆ss✐♠✱ lT ∩ T ⊂ lT ✳

P♦rt❛♥t♦✱ lT é ❢❡❝❤❛❞♦ ❡♠ T ✳

❆✜r♠❛çã♦ ✷✿ O+
X(q) ∩ U 6= ∅✱ ∀q ∈ lT ✳

❙✉♣♦♥❤❛ ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ❡①✐st❡ q ∈ lt t❛❧ q✉❡ O+
X(q) ∩ U = ∅ ❡♥tã♦

OX(q) ∩ U = ∅✳ ❚❡♠♦s q✉❡ ω(q) 6= ∅✳ ❙❡❥❛ x ∈ ω(q) ❞❡✈❡♠♦s t❡r q✉❡
OX(x)∩U = ∅ s❡ OX(q)∩U = ∅✳ ❈♦♥s✐❞❡r❡ x ∈ ω(q) ❞❡ ♠♦❞♦ q✉❡ x /∈ T ❡ ❡①✐st❡
N > 0 ❝♦♠ y = XN(x) ∈ T ✭✐ss♦ é ♣♦ssí✈❡❧ ♣♦✐s OX(x) ⊂ ω(q)✱ T é tr❛♥s✈❡rs❛❧
❛♦ ❝❛♠♣♦ X ❡✱ ❛❧é♠ ❞✐ss♦ só ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ór❜✐t❛ q✉❡ ♥ã♦ ✐♥t❡rs❡❝t❛ T ✮✳



✻✸ ✸✳✶✳ ❘❊❙❯▲❚❆❉❖❙ P❘❊▲■▼■◆❆❘❊❙

T

qn
x y

❋✐❣✉r❛ ✸✳✹

❚♦♠❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ t✉❜✉❧❛r s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛ V ❞♦ s❡❣♠❡♥t♦ ❞❡
ór❜✐t❛ ❞❡ x ❛ y = XN(x)✳ ❈♦♠♦ OX(x) ∈ ω(q) ❡①✐st❡ ✉♠ tn > 0 s✉✜❝✐❡♥t❡♠❡♥t❡
❣r❛♥❞❡ ❝♦♠ qn = Xtn(q) ∈ V ✳ P❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❋❧✉①♦ ❚✉❜✉❧❛r ▲♦♥❣♦✱ ❞❡✈❡♠♦s
t❡r q✉❡ qn ∈ V ✐♥t❡rs❡❝t❛ T ♥✉♠ t❡♠♣♦ ♣ró①✐♠♦ ❛ N ✳ ❆ss✐♠ O+

X(q) ❞❡✈❡rá
r❡t♦r♥❛r ❛ T ✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦ ♣♦✐s q ∈ lt✳

▲♦❣♦✱ ❡①✐st❡ ✉♠ t > 0 ❞❡ ♠♦❞♦ q✉❡ Xt(q) ∈ U ✳ ❊✱ ❞❡✈✐❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡
U ♣❛r❛ t♦❞♦ t > t t❡♠✲s❡ q✉❡ Xt(q) ∈ U ✳

❆✜r♠❛çã♦ ✸✿ lT é ❛❜❡rt♦ ❡♠ T ✳

T

U

Xt(y)y

B

❋✐❣✉r❛ ✸✳✺

❙❡❥❛ y ∈ lT ✱ ❡♥tã♦ ❡①✐st❡ t > 0 t❛❧ q✉❡Xt(y) ∈ U ✱ ♣❡❧❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r✱ t♦♠❡
✉♠❛ ✈✐③✐♥❤❛♥ç❛ t✉❜✉❧❛r V ❞♦ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡ y ❛té Xt(y) s✉✜❝✐❡♥t❡♠❡♥t❡
♣❡q✉❡♥❛✱ ❡①✐st❡ ✉♠ ❛❜❡rt♦ B ❞❡ T ❝♦♥t❡♥❞♦ y ❡♠ V ✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❋❧✉①♦
❚✉❜✉❧❛r ▲♦♥❣♦✱ ❞❡✈❡♠♦s t❡r q✉❡ ♣❛r❛ t♦❞♦ q ∈ B t❡♠♦s q✉❡ ❡①✐st❡ ✉♠ tq > 0
❝♦♠ Xtq(q) ∈ U ✳

❆❧é♠ ❞✐ss♦✱ Xt(q) ∈ U ✱ ∀t > tq ❡ U ∩ lT = ∅✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ q ∈ lT ✱ ❛ss✐♠
B ⊂ lT ✳

P♦rt❛♥t♦✱ lT é ❛❜❡rt♦ ❡♠ T ✳ ❙❡♥❞♦ T ❝♦♥❡①♦ ❡ lT ⊂ T é ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦
✈❛③✐♦✱ ❛❜❡rt♦ ❡ ❢❡❝❤❛❞♦ ❡♠ T ✱ ❡♥tã♦ lT = T ✳

❆✜r♠❛çã♦ ✹✿ Ω(X) ⊂ σT .

❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ x ∈ Ω(X) ❡ x /∈ σT ✱ ❡♥tã♦ ❛ ór❜✐t❛ ❞❡ x ✐♥t❡rs❡❝t❛ T ♥✉♠
♣♦♥t♦ y✳ ❈♦♠♦ Ω(X) é ✐♥✈❛r✐❛♥t❡ t❡♠♦s q✉❡ y ∈ Ω(X)✳ ▼❛s✱ lT = T ❧♦❣♦ y ∈ lT ✳

❆ss✐♠✱ ❡①✐st❡ ✉♠ ty > 0 ❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ W ❞❡ y ❝♦♠ W ∩ U = ∅ t❛❧ q✉❡
Xty(W ) ⊂ U ✳ ▲♦❣♦✱ ♣❛r❛ t♦❞♦ t > ty t❡♠✲s❡ q✉❡ Xt(W ) ⊂ U ❡✱ Xt(W )∩W = ∅✳
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❙❡ ♣❛r❛ t < −ty t✐✈❡r♠♦s q✉❡ Xt(W ) ∩ W 6= ∅ ❡♥tã♦ ❡①✐st❡ p ∈ W t❛❧ q✉❡
Xt(p) ∈ W ✱ ❝♦♠♦ 0 < ty < −t t❡♠✲s❡ q✉❡ p = X−t(Xt(p)) ∈ U ♣♦rt❛♥t♦
W ∩ U 6= ∅✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❊♥tã♦✱ Xt(W ) ∩W = ∅✱ ∀ | t |> ty✳ ■st♦ ❝♦♥tr❛❞✐③
♦ ❢❛t♦ ❞❡ y ∈ Ω(X)

▲♦❣♦✱ Ω(X) ⊂ σT ✳

❆❣♦r❛✱ s❡❥❛ x ∈ T ❡ q ∈ α(x)✱ ❝♦♠♦ α(x) ⊂ Ω(X) ✭♦❜s❡r✈❛çã♦ ✶✳✷✳✷✺✮✱ s❡❣✉❡
q✉❡ q ∈ Ω(X) ❡✱ ❛ss✐♠ q ∈ σT ✳ ❊♥tã♦✱ X−tn(x) ∈ U ✱ ♣❛r❛ ❛❧❣✉♠ tn > 0 ❡✱

q′ = X−tn(x) ∈ U ⇒ Xtn(q
′) = x ∈ T.

❯♠ ❛❜s✉r❞♦✱ ♣♦✐s s❡ q′ ∈ U ❡♥tã♦ Xtn(q
′) ∈ Xtn(U) ⊂ U ❡ U ∩ T = ∅✳

P♦rt❛♥t♦✱ σT ♥ã♦ é ✉♠ s✉♠✐❞♦✉r♦ ♣❛r❛ ♦ ❝❛♠♣♦ X✳ ❆♣❧✐❝❛♥❞♦ ✉♠ ❛r❣✉♠❡♥t♦
❛♥á❧♦❣♦ ❛♦ ❝❛♠♣♦ r❡✈❡rs♦ −X✱ t❡♠♦s q✉❡ σT ♥ã♦ é ✉♠ s✉♠✐❞♦✉r♦ ♣❛r❛ ♦ ❝❛♠♣♦
−X✳ ❆ss✐♠✱ σT é ❤✐♣❡r❜ó❧✐❝♦ t✐♣♦ s❡❧❛✳

▲❡♠❛ ✸✳✶✳✽✳ ❙❡❥❛ M0 ✉♠❛ ✸✲✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❝✉❥❛ ❢r♦♥t❡✐r❛ ∂M0

❝♦♥s✐st❡ ❞❡ ❞♦✐s t♦r♦s T1✱ T2✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s Y ✱ C1✱
tr❛♥s✈❡rs❛❧ ❛ ∂M0✱ ❛♣r❡s❡♥t❛♥❞♦ ✉♠❛ ú♥✐❝❛ ór❜✐t❛ O q✉❡ ♥ã♦ ✐♥t❡rs❡❝t❛ ∂M0 ❡
s❛t✐s❢❛③❡♥❞♦✿

✶✳ Y ❛♣♦♥t❛ ♣❛r❛ ❞❡♥tr♦ ❡♠ T1 ❡ ♣❛r❛ ❢♦r❛ ❡♠ T2✳

✷✳ O é ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❤✐♣❡r❜ó❧✐❝❛ t✐♣♦ s❡❧❛✳

✸✳ O ♥ã♦ é ❤♦♠♦tó♣✐❝♦ ❛ ✉♠ ♣♦♥t♦ ❡♠ M0✳

❊♥tã♦✱ M0 é ✐rr❡❞✉tí✈❡❧✳

❆♥t❡s ❞❡ ✐♥✐❝✐❛r ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ ❧❡♠❛✱ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠❛ ♣r♦♣♦s✐çã♦
❡ ❛❧❣✉♠❛s ♦❜s❡r✈❛çõ❡s q✉❡ s❡rã♦ út❡✐s ❞✉r❛♥t❡ ❛ s✉❛ ♣r♦✈❛✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✾✳ ❙❡❥❛ M ✉♠❛ ✸✲✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ ❡ ♦r✐❡♥tá✈❡❧ X ∈ X
r(M)

❡ Xt ♦ ✢✉①♦ ❛ss♦❝✐❛❞♦ ❛ X ❝♦♠ ✉♠❛ s✉♣❡r❢í❝✐❡ S tr❛♥s✈❡rs❛❧✳ ❙❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s
ór❜✐t❛s ❞❡ X q✉❡ ♥ã♦ ✐♥t❡rs❡❝t❛♠ X ❝♦♥s✐st❡ ❡♠ ✉♠❛ ú♥✐❝❛ ór❜✐t❛ O ♣❡r✐ó❞✐❝❛
❤✐♣❡r❜ó❧✐❝❛ t✐♣♦ s❡❧❛✱ ❡♥tã♦ ❡①✐st❡♠ ❝✉r✈❛s ❢❡❝❤❛❞❛s s✐♠♣❧❡s Cj ⊂ S ∩ W i(O)
✭i = u, s, j = 1, 2✮✱ t❛✐s q✉❡

DomΠ = S \ (Cs
1 ∪ C

s
2)

ImΠ = S \ (Cu
1 ∪ Cu

2 ).

❖♥❞❡ Π ❞❡♥♦t❛ ❛ ❢✉♥çã♦ ❞❡ Pr✐♠❡✐r♦ ❘❡t♦r♥♦ ❞❡ P♦✐♥❝❛ré✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❝♦♥str✉✐r Cs
j ✱ (j = 1, 2) ❡ ❛♣❧✐❝❛♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦

❛♦ ❝❛♠♣♦ −X ❝♦♥str✉✐♠♦s Cu
i ✳
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❙❡❥❛ O ❛ ór❜✐t❛ ❤✐♣❡r❜ó❧✐❝❛ t✐♣♦ s❡❧❛ q✉❡ ♥ã♦ ✐♥t❡rs❡❝t❛ S✳ ❋✐①❡ ✉♠ ♣♦♥t♦
p ∈ O✱ ❡♥tã♦ W ss(p) ❡ W ss(p) sã♦ ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✳

❉❡♥♦t❡ ♣♦r t0 > 0 ♦ ♣❡rí♦❞♦ ❞❡ O✱ t❡♠♦s q✉❡ Xt0(W
γ(p)) = W γ(p) ♣❛r❛

γ = uu, ss✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ W s(p) é ✉♠ ❝✐❧✐♥❞r♦ ✭s❡ Xt ♣r❡s❡r✈❛ ❛ ♦r✐❡♥t❛çã♦✮✱ ♦✉
✉♠❛ ❢❛✐①❛ ❞❡ ▼ö❡❜✐✉s ✭s❡ Xt ✐♥✈❡rt❡ ❛ ♦r✐❡♥t❛çã♦✮✳ ❖ ♠❡s♠♦ ♦❝♦rr❡ ❝♦♠ W u(p)✳

❯♠ ✐♥t❡r✈❛❧♦ ❢❡❝❤❛❞♦ ❡♠W ss(p) é ❝❤❛♠❛❞♦ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ s❡ ♦s ♣♦♥t♦s
❞♦ ❜♦r❞♦ sã♦ a ❡ b = Xt0(a) ✭❝❛s♦ Xt ♣r❡s❡r✈❛ ❛ ♦r✐❡♥t❛çã♦ ✮ ♦✉ a ❡ X2t0(a) = b
✭❝❛s♦ Xt ♥ã♦ ♣r❡s❡r✈❛ ❛ ♦r✐❡♥t❛çã♦✮✳

❚♦♠❡ ✉♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ I ❞❡W ss(p) s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❞❛ ór❜✐t❛
❞❡ p ✳ P♦r ❤✐♣ót❡s❡✱ ∀q ∈ I t❡♠♦s q✉❡ ❛ ór❜✐t❛ ❞❡ q ✐♥t❡rs❡❝t❛ S✳ ❉❡♥♦t❛r❡♠♦s
♣♦r π ❛ ♣r✐♠❡✐r❛ ✐♥t❡rs❡çã♦ ❞❡ ❝❛❞❛ ♣♦♥t♦ ❞❡ I ❡♠ S ♣❡❧♦ ❝❛♠♣♦ X✳

❆✜r♠❛çã♦✿ π(a) = π(b)

❙❡❥❛ t1 ∈ R t❛❧ q✉❡ Xt1(b) é ❛ ♣r✐♠❡✐r❛ ✐♥t❡rs❡çã♦ ❡♠ S✳

b = Xt0(a) ⇒ Xt1(b) = Xt0+t1(a) ∈ S.

❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠ N ∈ R t❛❧ q✉❡ N < t1 + t0 ❡ XN(a) ∈ S✳
a = X−t0(b) ⇒ XN(a) = XN−t0(b) ∈ S✱ N − t0 < t1✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦ ♣♦✐s
t1 é ❛ ♣r✐♠❡✐r❛ ✐♥t❡rs❡çã♦ ❞❛ ór❜✐t❛ ❞❡ b ❡♠ S✳

▲♦❣♦✱ π(a) = π(b)✳

❖❜s❡r✈❡ q✉❡ ♥♦ ❝❛s♦ q✉❡ Xt ♣r❡s❡r✈❛ ❛ ♦r✐❡♥t❛çã♦ ✭♦✉ s❡❥❛✱ W s(p) é ✉♠
❝✐❧✐♥❞r♦✮✱ ♣♦❞❡♠♦s t♦♠❛r ✉♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞✐❢❡r❡♥t❡ ❞❡ I ❡♠ W ss(p)
t❛❧ q✉❡ ❡st❡ ❞♦♠í♥✐♦ ♣r♦❞✉③ ✉♠❛ ❝✉r✈❛ s✐♠♣❧❡s ❢❡❝❤❛❞❛ ❞✐st✐♥t❛ ❞❡ Cs

1 ✭❜❛st❛
❝♦♥s✐❞❡r❛r ❛ ♣r✐♠❡✐r❛ ✐♥t❡rs❡çã♦ ❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✮✳

❈♦♠♦ Cs
1 ∪ Cs

2 ⊂ W s(p) t❡♠♦s q✉❡ ♣❛r❛ ♦ ❢✉t✉r♦ ♦s ♣♦♥t♦s ❞❡ Cs
1 ∪ Cs

2 s❡
❛❝✉♠✉❧❛♠ ❡♠ O ❧♦❣♦ DomΠ = S \ Cs

1 ∪ Cs
2 ✳ ❆❧é♠ ❞✐ss♦✱ ♦s ♣♦♥t♦s q✉❡ ♥ã♦

r❡t♦r♥❛♠ ❛ S ❡stã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝♦♥t✐❞♦s ❡♠ W s(p)✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✶✵✳ ❈♦♥s✐❞❡r❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ M0 ❡ ✉♠ ❝❛♠♣♦ Y ❡ t♦❞❛s ❛s
❤✐♣ót❡s❡s ❞❡s❝r✐t❛s ♥♦ ❡♥✉♥❝✐❛❞♦ ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✾✱ t❡♠♦s
q✉❡ ❡①✐st❡♠ ❝✉r✈❛s ❢❡❝❤❛❞❛s s✐♠♣❧❡s Cs

j ⊂ T1 ∩ W s(O) ❡ Cu
j ⊂ T1 ∩ W u(O)

✭j = 1, 2✮ t❛✐s q✉❡
DomΠ = T1 \ (C

s
1 ∪ C

s
2)

ImΠ = T2 \ (C
u
1 ∪ Cu

2 ).

❖♥❞❡ Π : T1 → T2 ❞❡♥♦t❛ ❛ ❢✉♥çã♦ ❞❡ P♦✐♥❝❛ré✳ ◆❡st❡ ❝❛s♦✱ ❡st❛♠♦s
❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ❛ ❢✉♥çã♦ ❞❡ P♦✐♥❝❛ré ❡♥tr❡ ❞✉❛s tr❛♥s✈❡rs❛✐s✿ T1 ❡ T2✳

◆♦ ❝❛s♦ q✉❡ W s(O) é ❤♦♠❡♦♠♦r❢❛ ❛ ✉♠ ❝✐❧✐♥❞r♦ t❡♠♦s q✉❡ ❞✉❛s ❝✉r✈❛s
❢❡❝❤❛❞❛s s✐♠♣❧❡s Cs

1 ❡ Cu
2 ❡✱ ♥♦ ❝❛s♦ q✉❡ W s(O) é ❤♦♠❡♦♠♦r❢❛ ❛ ✉♠❛ ❢❛✐①❛

❞❡ ▼ö❡❜✐✉s t❡r❡♠♦s ✉♠❛ ú♥✐❝❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s Cs
1✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♣❛r❛

W u(O)✳
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❉❡ ❛❝♦r❞♦ ❝♦♠ ❛s ❤✐♣ót❡s❡s ❞❡✈❡♠♦s t❡r q✉❡ ❛s ❝✉r✈❛s Cs
j ⊂ T1 ∩W s(O) ❡

Cu
j ⊂ T1∩W

u(O) ✭j = 1, 2✮ ❡stã♦ ♥♦ ❜♦r❞♦ ❞❡ W s(O) ❡ W u(O)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
◆♦ ❝❛s♦ ❡♠ q✉❡ W s(O) é ✉♠ ❞❡ ❝✐❧✐♥❞r♦ t❡r❡♠♦s q✉❡ ♦ ❜♦r❞♦ ❞❡ W s(O) ✐♥t❡rs❡❝t❛
♦ T1✱ ♣r♦❞✉③✐♥❞♦ ❞✉❛s ❝✉r✈❛s ❢❡❝❤❛❞❛s s✐♠♣❧❡s Cs

1 ❡ C
s
2✱ ❝❛s♦ ❝♦♥trár✐♦✱ s❡ ❡①✐st✐ss❡

✉♠ ♣♦♥t♦ x ∈ T1 ∩W s(O) t❛❧ q✉❡ ❡st❡ ♣♦♥t♦ ♥ã♦ ♣❡rt❡♥❝❡ ❛♦ ❜♦r❞♦ ❞❡ W s(O)
✭✈❡r ❋✐❣✉r❛ ✸✳✻✮✱ ❝♦♠♦ W s(O) é ✐♥✈❛r✐❛♥t❡ ♣❡❧♦ ✢✉①♦✱ ❛ ór❜✐t❛ ♣❛r❛ ♦ ❢✉t✉r♦ ❞❡
x s❡ ❛♣r♦①✐♠❛ ❞❡ O ❡ ❛ ór❜✐t❛ ♣❛r❛ ♦ ♣❛ss❛❞♦ ❞❡ x ♣❡rt❡♥❝❡ ❛ W s(O)✱ T1 é ❜♦r❞♦
❞❡ M0 ❛ss✐♠ ❛ ór❜✐t❛ ❞❡ x ❞❡✈❡r✐❛ s❡r t❛♥❣❡♥t❡ ❛ T1✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡
❞♦ ❝❛♠♣♦ s❡r tr❛♥s✈❡rs❛❧ T1✳

x

O

T1

❋✐❣✉r❛ ✸✳✻✳ ❚❛♥❣ê♥❝✐❛

❖ ♠❡s♠♦ ♦❝♦rr❡ ❝♦♠ W u(O)✱ ❡ ♣❛r❛ ♦ ❝❛s♦ q✉❡ W i(O)✱ ✭i = u, s✮ sã♦ ❢❛✐①❛s
❞❡ ▼ö❡❜✐✉s t❡♠♦s q✉❡ ❛ ❝✉r✈❛ C i

1 ✭i = u, s✮ é ♦ ❜♦r❞♦ ❞❛ ❢❛✐①❛ ❞❡ ▼ö❡❜✐✉s✳

❖❜s❡r✈❛çã♦ ✸✳✶✳✶✶✳ ◆❛ ♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r ❞❡s❝r❡✈❡♠♦s ♦ ❞♦♠í♥✐♦ ❡ ❛ ✐♠❛❣❡♠
❞❛ ❢✉♥çã♦ Π : DomΠ ⊂ T1 → T2✳ ❚❡♠♦s q✉❡✿

DomΠ = T1 \ (C
s
1 ∪ C

s
2)

ImΠ = T2 \ (C
u
1 ∪ Cu

2 ).

❖♥❞❡ Cs
j ⊂ T1 ∩W

s(O) ❡ Cu
j ⊂ T1 ∩W

u(O) ✭j = 1, 2✮✳

❆❧é♠ ❞✐ss♦✱ Π é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ ❡♥tã♦ DomΠ ❡ ImΠ sã♦ ❤♦♠❡♦♠♦r❢♦s✳
❆ss✐♠✱ ♥♦ ❝❛s♦ q✉❡ W s(0) é ✉♠ ❝✐❧✐♥❞r♦ ♦❜t❡♠♦s ❞✉❛s ❝✉r✈❛s ❢❡❝❤❛❞❛s s✐♠♣❧❡s
Cs

1 ❡ Cs
2 q✉❡ ♥ã♦ ♣❡rt❡♥❝❡♠ ❛♦ ❞♦♠í♥✐♦ ❞❛ Π ❡✱ ♥ã♦ sã♦ ❤♦♠♦tó♣✐❝❛s ❛ ✉♠ ♣♦♥t♦

❡♠ T1 ✭♣♦✐s✱ O ♥ã♦ é ❤♦♠♦tó♣✐❝❛ ❛ ✉♠ ♣♦♥t♦ ❡♠ M0✮✱ ♥❡ss❛s ❝♦♥❞✐çõ❡s t❡♠♦s
q✉❡ DomΠ é ❤♦♠❡♠♦r❢♦ ❛ ❞♦✐s ❝✐❧✐♥❞r♦s ✭♦✉ ❛♥é✐s✮✳ ❈♦♠♦ DomΠ ❡ ImΠ sã♦
❤♦♠❡♦♠♦r❢♦s t❡♠♦s q✉❡ ImΠ é ❤♦♠❡♦♠♦r❢❛ ❛ ❞♦✐s ❝✐❧✐♥❞r♦s ❡♠ T2✳ ▲♦❣♦✱ W u(O)
❞❡✈❡rá ♣r♦❞✉③✐r ❞✉❛s ❝✉r✈❛s Cu

1 ❡ Cu
2 ❡♠ T2 q✉❡ ♥ã♦ ♣❡rt❡♥❝❡♠ ❛ ✐♠❛❣❡♠ ❞❛ Π✱

❡♥tã♦ W u(O) é ❤♦♠❡♦♠♦r❢❛ ❛ ✉♠ ❝✐❧✐♥❞r♦✳

P❛r❛ ♦ ❝❛s♦ q✉❡ W s(O) é ❤♦♠❡♦♠♦r❢❛ ❛ ✉♠❛ ❢❛✐①❛ ❞❡ ▼ö❡❜✐✉s ♣r♦❞✉③✐♠♦s
✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ s✐♠♣❧❡s Cs

1 ❡♠ T1 q✉❡ ♥ã♦ ♣❡rt❡♥❝❡ ❛♦ ❞♦♠í♥✐♦ ❞❛ Π ❡ ♥ã♦
❤♦♠♦tó♣✐❝❛ ❛ ✉♠ ♣♦♥t♦ ❡♠ T1✱ ❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ O ♥ã♦ s❡r ❤♦♠♦tó♣✐❝❛ ❛ ✉♠ ♣♦♥t♦
❡♠ M0✱ ❛ss✐♠ DomΠ é ❤♦♠❡♦♠♦r❢♦ ❛ ✉♠ ❝✐❧✐♥❞r♦✱ ❧♦❣♦ ImΠ s❡rá ❤♦♠❡♦♠♦r❢❛
❛ ✉♠ ❝✐❧✐♥❞r♦✳ P♦rt❛♥t♦✱ W u(O) ❞❡✈❡rã♦ ♣r♦❞✉③✐r ✉♠ ❝✉r✈❛ Cu

1 ❡♠ T2 t❛❧ q✉❡
ImΠ = T2 \ C

u
1 ✱ ❡♥tã♦ W

u(O) ❞❡✈❡rá s❡r ❤♦♠❡♦♠♦r❢❛ ❛ ✉♠❛ ❢❛✐①❛ ❞❡ ▼ö❡❜✐✉s✳

❈♦♥❝❧✉í♠♦s q✉❡✱ ♥❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✸✳✶✳✽✱ W s(O) ❡ W u(O) sã♦ ❛♠❜❛s
❤♦♠❡♦♠♦r❢❛s ❛ ❝✐❧✐♥❞r♦s ♦✉ ❢❛✐①❛s ❞❡ ▼ö❡❜✐✉s✳
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❉❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✸✳✶✳✽✳ ❙❡❥❛ Π : DomΠ ⊂ T1 → T2 ❛ ♣r✐♠❡✐r❛ ❢✉♥çã♦
r❡t♦r♥♦ ❞❡ P♦✐♥❝❛ré✳ ❱❛♠♦s ❛♥❛❧✐s❛r ♦ ❝❛s♦ q✉❡ W i(O)✱ i = u, s✱ sã♦ ❝✐❧✐♥❞r♦s
❡✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❞❡♥♦t❛r❡♠♦s W s(O) ♣♦r As ❡ W u(O) ♣♦r Au✳ ❙❡❥❛♠ Cs

j ✱
j = 1, 2 ♦s ❜♦r❞♦s ❞❡ As ❡ Cu

j ✱ j = 1, 2 ♦s ❜♦r❞♦s ❞❡ Au✱ ❡♥tã♦

DomΠ = T1 \ (C
s
1 ∪ C

s
2)

ImΠ = T2 \ (C
u
1 ∪ Cu

2 ).

Cs
j ✱ j = 1, 2 ♥ã♦ sã♦ ❤♦♠♦tó♣✐❝❛s ❛ ✉♠ ♣♦♥t♦ ❡♠ T1✱ ♣♦✐s Cs

j ❡O sã♦ ❧✐✈r❡♠❡♥t❡
❤♦♠♦tó♣✐❝♦s ✭✈❡r ❡①❡♠♣❧♦ ✷✳✶✳✸✺✮ ❡✱ O ♥ã♦ é ❤♦♠♦tó♣✐❝❛ ❛ ✉♠ ♣♦♥t♦ ❡♠ M0✱
❛ss✐♠ Cs

j ♥ã♦ é ❤♦♠♦tó♣✐❝♦ ❛ ✉♠ ♣♦♥t♦ ❡♠M0✱ ❡♠ ♣❛rt✐❝✉❧❛r Cs
j ♥ã♦ é ❤♦♠♦tó♣✐❝♦

❛ ✉♠ ♣♦♥t♦ ❡♠ T1 ⊂ M0✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ Cu
j ✱ j = 1, 2 ♥ã♦ é ❤♦♠♦tó♣✐❝♦ ❛ ✉♠

♣♦♥t♦ ❡♠ T2✳

P♦❞❡♠♦s ✜①❛r ❞✉❛s ✈✐③✐♥❤❛♥ç❛s ❛♥❡❧❛r❡s ♣❡q✉❡♥❛s ❡ ❞✐s❥✉♥t❛s Rs
1✱ R

s
2 ❡♠ T1

❞❡ Cs
1 ❡ Cs

2 ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s❛t✐s❢❛③❡♥❞♦ T1 \ (Rs
1 ∪R

s
2) ⊂ DomΠ ❡

Π(T1 \ (R
s
1 ∪R

s
2)) = T2 \ (R

u
1 ∪R

u
2).

❈♦♠♦ ❛s ❝✉r✈❛s {Cs
1 , C

s
2} ❡ {Cu

1 , C
u
2 } ♥ã♦ sã♦ ❤♦♠♦tó♣✐❝❛s ❛ ✉♠ ♣♦♥t♦ ❡♠ T1 ❡

T2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦✱ ❡♥❝♦❧❤❡♥❞♦ {Rs
1, R

s
2} ❡ {Ru

1 , R
u
2}✱ ♦s ❛♥é✐s {R

s
1, R

s
2} ❡

{Ru
1 , R

u
2} ♣♦❞❡♠ s❡r ❡s❝♦❧❤✐❞♦s ❝♦♠♦ ♥ã♦ ❝♦♥tr❛t❡✐s ✭✐st♦ é✱ ♥ã♦ t❡♠ ♦ ♠❡s♠♦ t✐♣♦

❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ✉♠ ♣♦♥t♦✮ ❡♠ T1 ❡ T2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡❣✉❡ q✉❡ {Rs
1, R

s
2} ❡

{Ru
1 , R

u
2} sã♦ ♣❛r❛❧❡❧♦s ❡♠ T1 ❡ T2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✈✐❞♦ à ❤✐♣❡r❜♦❧✐❝✐❞❛❞❡ ❞❛ ór❜✐t❛ O ❡ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ❝❛♠♣♦ t❡♠♦s q✉❡
❛ ✉♥✐ã♦ ❞❛ s❛t✉r❛çã♦ ❞❡ Rs

1 ∪R
s
2 ✭♣❡❧♦ ✢✉①♦ ❞❡ Y ✮ ❡ ♦ ❛♥❡❧ Au é ✉♠ ❤♦♠❡♦♠♦r❢♦

❛ t♦r♦ só❧✐❞♦ ST q✉❡ ❝♦♥té♠ O ✭♣♦r ❡①❡♠♣❧♦✱ ♥❛ ❋✐❣✉r❛ ✸✳✼✮✳ ❊st❡ t♦r♦ só❧✐❞♦
t❡♠ ♦✐t♦ ❛♥é✐s ♥❛ ❢r♦♥t❡✐r❛✱ ❝♦rr❡s♣♦♥❞❡♥❞♦ ❛ q✉❛tr♦ ❛♥é✐s {Rs

1, R
s
2, R

u
1 , R

u
2} ♥❛

❢r♦♥t❡✐r❛ ❞❡ M0 ❡ ♦✉tr♦s q✉❛tr♦ ♥♦ ✐♥t❡r✐♦r {A1, A2, A3, A4} ✭✈❡r ❋✐❣✉r❛ ✸✳✼✮✳

O

Rs1

Rs2

Ru1Ru2

A1
A2

A3
A4

Cs1

Cs2

Cu1

Cu2

❋✐❣✉r❛ ✸✳✼✳ ❙❛t✉r❛çã♦ ♣❡❧♦ ❋❧✉①♦
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❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❤✐♣ót❡s❡✱ ♦s ❛♥é✐s ❞♦ ✐♥t❡r✐♦r sã♦ ✐♥❝♦♠♣r❡ssí✈❡✐s ❡♠ M0✱
♣♦✐s s❡✉s ❜♦r❞♦s ♥ã♦ sã♦ ❤♦♠♦tó♣✐❝♦s ❛ ✉♠ ♣♦♥t♦ ❡♠M0 ✭♦s ❜♦r❞♦s ❞❡ss❡s ❛♥é✐s
sã♦ ❢♦r♠❛❞♦s ♣❡❧♦s ❜♦r❞♦s ❞❡ Rs

1✱ R
s
2✱ R

u
1 ✱ R

u
2 ✱ q✉❡ ♥ã♦ sã♦ ❤♦♠♦tó♣✐❝♦s ❛ ✉♠

♣♦♥t♦ ❡♠ M0✮✱ ❡♥tã♦ ❡ss❡s ❛♥é✐s sã♦ ✐♥❝♦♠♣r❡ssí✈❡✐s ❡♠ M0✳

❖ r❡st❛♥t❡ ❞❡ T1 sã♦ ❞♦✐s ❛♥é✐s ❝✉❥❛ s❛t✉r❛çã♦ ❞❡ ❝❛❞❛ ✉♠ é ❤♦♠❡♦♠♦r❢❛
❛ ✉♠ t♦r♦ só❧✐❞♦✳ ❆ss✐♠✱ ❛ ✈❛r✐❡❞❛❞❡ M0 ❢♦✐ ❞✐✈✐❞✐❞❛ ❡♠ três t♦r♦s só❧✐❞♦s
❝♦❧❛❞♦s ♣❡❧♦ ❜♦r❞♦✱ ❝✉❥❛ ✐♥t❡rs❡çã♦ sã♦ ❛♥é✐s ✐♥❝♦♠♣r❡ssí✈❡s ❡♠ M0✳ ❈❛❞❛ t♦r♦
só❧✐❞♦ é ✐rr❡❞✉tí✈❡❧✱ ❛ss✐♠ M0 − S✱ ♦♥❞❡ S ❞❡♥♦t❛ ❛ ✉♥✐ã♦ ❞❡ss❡s ❛♥é✐s ❞✐s❥✉♥t♦s
❡ ✐♥❝♦♠♣r❡ssí✈❡✐s✱ é ✐rr❡❞✉tí✈❡❧✱ ❡♥tã♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✳✷✺ t❡♠✲s❡ q✉❡ M0 é
✐rr❡❞✉tí✈❡❧✳

❖ s❡❣✉♥❞♦ ❝❛s♦✱ ❡♠ q✉❡ W s(O) ❡ W u(O) sã♦ ❢❛✐①❛s ❞❡ ▼ö❡❜✐✉s✱ é ♠✉✐t♦
s✐♠✐❧❛r ❛♦ ♣r✐♠❡✐r♦✳ ◆❡st❡ ❝❛s♦ t❡♠♦s q✉❡

DomΠ = T1 \ C
s
1

ImΠ = T2 \ C
u
1 .

❙❡❥❛♠ Rs ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛♥❡❧❛r ❞❡ Cs
1 ❡♠ T1 ❡ Ru ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛♥❡❧❛r ❞❡

Cu
1 ❡♠ T2 ❞❡ t❛❧ ❢♦r♠❛ q✉❡✿

Π(T1 \R
s) = T2 \R

u.

❆❧é♠ ❞✐ss♦ Cs
1 ❡ Cu

1 ♥ã♦ sã♦ ❤♦♠♦tó♣✐❝❛s ❛ ✉♠ ♣♦♥t♦ ❡♠ M ❡✱
❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❡♠ T1 ❡ T2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦✐s O é ♥ã♦ ❤♦♠♦tó♣✐❝❛ ❛ ✉♠
♣♦♥t♦ ❡♠ M0✳ ❉❡♥♦t❡ ♣♦r C1 ❡ C2 ♦s ❜♦r❞♦s ❞♦ ❛♥❡❧ Rs ❡ ♣♦r C3 ❡ C4 ♦s
❜♦r❞♦s ❞♦ ❛♥❡❧ Ru✱ ❝♦♠♦ Cs

1 ❡ Cu
1 ♥ã♦ sã♦ ❤♦♠♦tó♣✐❝❛s ❛ ✉♠ ♣♦♥t♦ ❡♠ T1 ❡

T2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s❡❣✉❡ q✉❡ Cj✱ j = 1, 4 ♥ã♦ sã♦ ❤♦♠♦tó♣✐❝❛s ❛ ✉♠ ♣♦♥t♦ ♥♦
❜♦r❞♦ ✭❡✱ t❛♠❜é♠ ❡♠ M0✮✳

❆ s❛t✉r❛çã♦ ♣❡❧♦ ✢✉①♦ ❞♦ ❛♥❡❧ Rs ✉♥✐ã♦ ❝♦♠ W u(O) é ❤♦♠❡♦♠♦r❢♦ ❛ ✉♠ t♦r♦
só❧✐❞♦✱ ST0✱ ❝♦♠ q✉❛tr♦ ❛♥é✐s ♥♦ ❜♦r❞♦ {Rs, Ru, A1, A2}✱ ♦♥❞❡ A1 é ♦ ❛♥❡❧ ❝✉❥♦s
❜♦r❞♦s sã♦ ✉♠ ❜♦r❞♦ ❞♦ ❛♥❡❧ Rs ❡ ✉♠ ❜♦r❞♦ ❞♦ ❛♥❡❧ Ru ❡ A2 é ✉♠ ❛♥❡❧ ❝✉❥♦
❜♦r❞♦ é ♦ ♦✉tr♦ ❜♦r❞♦ ❞♦ ❛♥❡❧ Rs ❡ ♦ ♦✉tr♦ ❜♦r❞♦ ❞♦ ❛♥❡❧ Ru✱ ♣♦r ❡①❡♠♣❧♦✱ ♦s
❜♦r❞♦s ❞♦ ❛♥❡❧ A1 sã♦ C1 ❡ C3 ❡ ♦s ❜♦r❞♦s ❞♦ ❛♥❡❧ A2 sã♦ C2 ❡ C4✳

❊✱ t❛♠❜é♠ T1 \ R
s é ✉♠ ❛♥❡❧ ❡♠ T1 ❝✉❥♦s ❜♦r❞♦s sã♦ C1 ❡ C2✱ ❛ss✐♠ ❝♦♠♦

T2 \ R
u é ✉♠ ❛♥❡❧ ❡♠ T2 ❝✉❥♦s ❜♦r❞♦s sã♦ C3 ❡ C4✳ ❆ s❛t✉r❛çã♦ ♣❡❧♦ ✢✉①♦ ❞❡

T1\R
s s❡rá ❤♦♠❡♦♠♦r❢♦ ✉♠ t♦r♦ só❧✐❞♦✱ ST1✱ ❝♦❧❛❞♦ ♣❡❧♦ ❜♦r❞♦ ❝♦♠ ♦ t♦r♦ só❧✐❞♦

ST0✱ ♦♥❞❡ ∂(ST0) ∩ ∂(ST1) = A1 ∪A2✳ ❖s ❛♥é✐s A1 ❡ A2 sã♦ ✐♥❝♦♠♣r❡ssí✈❡✐s ❡♠
M0✱ ✉♠❛ ✈❡③ q✉❡ s❡✉s ❜♦r❞♦s ✭C1✱ C2✱ C3 ❡ C4✮ ♥ã♦ sã♦ ❤♦♠♦tó♣✐❝♦s ❛ ✉♠ ♣♦♥t♦
❡♠ M0✳

❆ss✐♠✱ ❛ ✈❛r✐❡❞❛❞❡ M0 ❢♦✐ ❞✐✈✐❞✐❞❛ ❡♠ ❞♦✐s t♦r♦s só❧✐❞♦s ❝♦❧❛❞♦s ♣❡❧♦ ❜♦r❞♦✱
❝✉❥❛ ✐♥t❡rs❡çã♦ sã♦ ❛♥é✐s ✐♥❝♦♠♣r❡ssí✈❡✐s ❡♠M0✳ ❯s❛♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❞♦
♣r✐♠❡✐r♦ ❝❛s♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ M0 é ✐rr❡❞✉tí✈❡❧✳ �

❉❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ✸✳✶✳✺✳ ❙❡❥❛♠ M ✱ X✱ T ❡ O ❝♦♠♦ ♥♦ ❡♥✉♥❝✐❛❞♦✳
❆ss✐♠ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ór❜✐t❛ O ❞❡ X q✉❡ ♥ã♦ ✐♥t❡rs❡❝t❛ T ❡♥tã♦ σT = O ❡✱
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♣♦rt❛♥t♦ σT é ❝♦♥❡①❛✳

❙❡❣✉❡ q✉❡ ❞♦ ▲❡♠❛ ✸✳✶✳✹ q✉❡ T ♥ã♦ s❡♣❛r❛ M ✱ ❡♥tã♦ ♣❛r❛ ♣r♦✈❛r ♦ ❚❡♦r❡♠❛
✸✳✶✳✺ é s✉✜❝✐❡♥t❡ ♣❡❧♦ ▲❡♠❛ ✸✳✶✳✻ ♣r♦✈❛r q✉❡ ❛ ✈❛r✐❡❞❛❞❡ M0 ♦❜t✐❞❛ ♣❡❧♦ ❝♦rt❡ ❞❡
M ❛♦ ❧♦♥❣♦ ❞❡ T é ✐rr❡❞✉tí✈❡❧✳

P❛r❛ ♣r♦✈❛r q✉❡ M0 é ✐rr❡❞✉tí✈❡❧✱ ♦❜s❡r✈❛♠♦s q✉❡ M0 é ✉♠❛ ✸✲✈❛r✐❡❞❛❞❡
❝♦♠♣❛❝t❛✱ ❝♦♥❡①❛ ❝✉❥❛ ❢r♦♥t❡✐r❛ ❝♦♥s✐st❡ ❞❡ ❞♦✐s t♦r♦s✱ T1✱ T2✳ ❙❡❥❛ Y ♦ ❝❛♠♣♦
❞❡ ✈❡t♦r❡s ✐♥❞✉③✐❞♦ ♣♦r X ❡♠ M0✱ ♣♦❞❡♠♦s ❡♥①❡r❣❛r Y ❝♦♠♦ s❡♥❞♦ ❛ r❡str✐çã♦
❞❡ X ❛ M0✳ ❚❡♠♦s q✉❡ O é ❛ ú♥✐❝❛ ór❜✐t❛ ❞❡ Y q✉❡ ♥ã♦ ✐♥t❡rs❡❝t❛ ∂M0✳

❆✜r♠❛çã♦✿ ❖ ❝❛♠♣♦ Y ❡♠ M0 s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s 1✱ 2 ❡ 3 ❞♦ ▲❡♠❛ ✸✳✶✳✽✳

❙❡❥❛ M0 ∼ M − VT ♦♥❞❡ VT = {x ∈ Xt(T ); t ∈ (−ǫ, ǫ)} ✱ ❝♦♠ ǫ > 0
s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳ ❉❡♥♦t❡ T1 = Xǫ(T ) ❡ T2 = X−ǫ(T )✱ t❡♠♦s q✉❡ ♦ ❝❛♠♣♦
X é tr❛♥s✈❡rs❛❧ ❛ T1 ❡ ❛ T2✳

❙❡ q1 ∈ T1 ❡♥tã♦ q1 = Xǫ(q)✱ q ∈ T ✱ ❛ss✐♠ ♣❛r❛ 0 < δ < 2ǫ t❡♠♦s q✉❡
X−δ(q1) /∈M0✳

❊♥tã♦✱ ♦ ❝❛♠♣♦ ❛♣♦♥t❛ ♣❛r❛ ❞❡♥tr♦ ❞❡ T1 ❡♠ q1✳

❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ p2 ∈ T2 ❡♥tã♦ p2 = X−ǫ(p)✱ p ∈ T ❡✱ ♣❛r❛ 0 < λ < 2ǫ s❡❣✉❡
q✉❡ Xλ(p2) /∈M0✳

▲♦❣♦✱ ♦ ❝❛♠♣♦ ❛♣♦♥t❛ ♣❛r❛ ❢♦r❛ ❞❡ T2 ❡♠ p2✳ P♦rt❛♥t♦ Y ❛♣♦♥t❛ ♣❛r❛ ❞❡♥tr♦
❡♠ T1 ❡ ♣❛r❛ ❢♦r❛ ❡♠ T2✱ s❛t✐s❢❛③❡♥❞♦ 1✳

❚❡♠♦s q✉❡ O ♥ã♦ é ❤♦♠♦tó♣✐❝❛ ❛ ✉♠ ♣♦♥t♦ ❡♠ M0✱ ♣♦✐s O é ♥ã♦ ❤♦♠♦tó♣✐❝❛
❛ ✉♠ ♣♦♥t♦ ❡♠ M ✳ ❆❧é♠ ❞✐ss♦✱ O é ❤✐♣❡r❜ó❧✐❝♦ ✭♣♦r ❤✐♣ót❡s❡✮✱ t✐♣♦ s❡❧❛ ✭♣❡❧♦
▲❡♠❛ ✸✳✶✳✼✮ ❡ ♣❡r✐ó❞✐❝❛ ❛ss✐♠ ♥ã♦ é ❤♦♠♦tó♣✐❝❛ ❛ ✉♠ ♣♦♥t♦ ❡♠M0✱ s❛t✐s❢❛③❡♥❞♦
2 ❡ 3✳

❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✶✳✽ M0 é ✐rr❡❞✉tí✈❡❧✳ ❊✱ ♣♦r ✸✳✶✳✼ s❡❣✉❡ q✉❡ M é
✐rr❡❞✉tí✈❡❧✳ �

✸✳✷ Pr♦✈❛ ❞♦ ❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧

❚❡♦r❡♠❛ ✸✳✷✳✶✳ ❙❡❥❛ T ✉♠ t♦r♦ ♠❡r❣✉❧❤❛❞♦ ❡♠ ✉♠❛ ✸✲✈❛r✐❡❞❛❞❡ ❢❡❝❤❛❞❛ ❡
♦r✐❡♥tá✈❡❧ M ✳ ❙✉♣♦♥❤❛ q✉❡

✶✳ T é tr❛♥s✈❡rs❛❧ ❛ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X✱ C1✱ ❡♠ M ✳

✷✳ ❊①✐st❡ ✉♠❛ ú♥✐❝❛ ór❜✐t❛ O ❞❡ X q✉❡ ♥ã♦ ✐♥t❡rs❡❝t❛ T ✳

✸✳ O é ❤✐♣❡r❜ó❧✐❝♦ ❡ ♥ã♦ é ❤♦♠♦tó♣✐❝♦ ❛ ✉♠ ♣♦♥t♦ ❡♠ M ✳

❊♥tã♦✱ T é ✐♥❝♦♠♣r❡ssí✈❡❧ ❡ M é ✐rr❡❞✉tí✈❡❧✳



✼✵ ✸✳✷✳ P❘❖❱❆ ❉❖ ❚❊❖❘❊▼❆ P❘■◆❈■P❆▲

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ T ✱ X✱ M ✱ O ❝♦♠♦ ♥♦ ❡♥✉♥❝✐❛❞♦✳ P♦r ✉♠ ❧❛❞♦✱ T ✱ M ✱ X✱
O s❛t✐s❢❛③❡♠ ❛ ❤✐♣ót❡s❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✶✳✺ ❡♥tã♦ M é ✐rr❡❞✉tí✈❡❧✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ór❜✐t❛ O q✉❡ ♥ã♦ ✐♥t❡rs❡❝t❛ T t❡♠♦s q✉❡
σT = O ❡✱ ❛ss✐♠✱ σT é ❝♦♥❡①❛✳ ❈♦♠♦ M é ✐rr❡❞✉tí✈❡❧✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✸✳✶✳✶
q✉❡ T é ✐♥❝♦♠♣r❡ssí✈❡❧✳



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

❖ ❛rt✐❣♦ ❞❛ r❡❢❡rê♥❝✐❛ ❬✸❪✱ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❛r ✉♠❛ r❡s♣♦st❛ ❛
s❡❣✉✐♥t❡ ♣❡r❣✉♥t❛✿ ❙❡❥❛ M é ✉♠❛ 3−✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ ❡ ♦r✐❡♥tá✈❡❧ ❝♦♠ ✉♠
✢✉①♦ Xt ❆♥♦s♦✈ tr❛♥s✐t✐✈♦ tr❛♥s✈❡rs♦ ❛ ✉♠ t♦r♦ T ✳ ❊♥tã♦ M é t♦♣♦❧♦❣✐❝❛♠❡♥t❡
❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ s✉s♣❡♥sã♦ ❞❡ ✉♠ ❞✐❢❡♦♠♦r✜♠♦ ❞❡ ❆♥♦s♦✈❄

P❛r❛ r❡s♣♦♥❞❡r ❡ss❛ q✉❡stã♦✱ ♦s ❛✉t♦r❡s ❝♦♥str✉✐r❛♠ ✉♠ ❡①❡♠♣❧♦ ♥✉♠❛
3−✈❛r✐❡❞❛❞❡M ❝♦♠ ✉♠ ✢✉①♦ ❆♥♦s♦✈ tr❛♥s✐t✐✈♦ ❛♣r❡s❡♥t❛♥❞♦ ✉♠ t♦r♦ tr❛♥s✈❡rs❛❧
q✉❡ ♥ã♦ é t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ s✉s♣❡♥sã♦ ❞❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦
❞❡ ❆♥♦s♦✈✳ ❈♦♥str♦❡♠ ✉♠❛ 3−✈❛r✐❡❞❛❞❡ M0 ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❝✉❥♦ ❜♦r❞♦
❝♦♥s✐st❡ ❞❡ ❞♦✐s t♦r♦s ❡ ❝♦♠ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s Y tr❛♥s✈❡rs❛❧ ❛♦ ❜♦r❞♦ ❞❡ M0

❡ ❛ ✈❛r✐❡❞❛❞❡ M ✱ ♦❜t✐❞❛ ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦ ❞♦s t♦r♦s ❞♦ ❜♦r❞♦ ❞❡ M0✱ s❛t✐s❢❛③ ❛s
❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✶✳

❯♠❛ ú❧t✐♠❛ ♦❜s❡r✈❛çã♦ s♦❜r❡ ✉♠ ❝❛♠♣♦ X ❝♦♠♦ ♥♦ ❡♥✉♥❝✐❛❞♦ ❚❡♦r❡♠❛ ✸✳✷✳✶
é q✉❡ ❡st❡ ❝❛♠♣♦ ♥ã♦ ♣♦ss✉✐ s✐♥❣✉❧❛r✐❞❛❞❡s✳

❈❛s♦ p ∈ M é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ t❡♠♦s q✉❡ p ∈ T ♦✉ p ∈ M − T ✳ ❙❡ p ∈ T
❡♥tã♦ 0 = X(p) ∈ TpT ✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ T s❡r tr❛♥s✈❡rs❛❧ ❛♦ ❝❛♠♣♦ X✳
❆❣♦r❛✱ s❡ p ∈ M − T ❡♥tã♦ {p} = OX(p) ∩ T = ∅ ❧♦❣♦ p ∈ σT ✱ ✉♠ ❛❜s✉r❞♦ ♣♦✐s
σT é ✉♠❛ ú♥✐❝❛ ór❜✐t❛ O ✭O é ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✮ ❡ O 6= OX(p)✳ P♦rt❛♥t♦✱ X
é ✉♠ ❝❛♠♣♦ s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s✳

✼✶
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❬✶❪ ❆♣❛③❛✱ ❊✳ ❙♦❜r❡ ❆tr❛t♦r❡s ❡ ❈♦♥s❡q✉ê♥❝✐❛s ❚♦♣♦❧ó❣✐❝❛s✳ ❚❡s❡ ❞❡
❉♦✉t♦r❛❞♦ ✭✷✵✵✻✮✱ ❯❋❘❏✳

❬✷❪ ❇❛✉t✐st❛✱ ❙✳❀ ▼♦r❛❧❡s ❈✳ ▲❡❝t✉r❡s ♦♥ s❡❝t✐♦♥❛❧ ❆♥♦s♦✈✳ ❉✐s♣♦♥í✈❡❧
❡♠✿ ❤tt♣✿✴✴✇✇✇✳♣r❡♣r✐♥t✳✐♠♣❛✳❜r✴❙❤❛❞♦✇s✴❙❊❘■❊❴❉✴✷✵✶✶✴✽✻✳❤t♠❧✳
Ú❧t✐♠♦ ❛❝❡ss♦ ❡♠✿ ✺ ❞❡ ❞❡③❡♠❜r♦ ❞❡ ✷✵✶✻✳

❬✸❪ ❇♦♥❛tt✐✱ ❈✳❀ ▲❛♥✈❡❣✐♥ ❘✳ ❯♥ ❡①❛♠♣❧❡ ❞❡ ❢♦t ❞✬❆♥♦s♦✈ tr❛♥s✐t✐❢
tr❛♥s✈❡rs❡ à ✉♥ t♦r❡ ❡t ♥♦♥ ❝♦♥❥✉❣✉é à ✉♥❡ s✉s♣❡♥s✐♦♥ ✭❋r❡♥❝❤✮✱ ❊r❣♦❞✐❝
❚❤❡♦r② ✫ ❉②♥❛♠✳ ❙②s✳ ✶✹ ✭✶✾✾✹✮✱ ✻✸✸✲✻✹✸✳

❬✹❪ ❇r✉♥❡❧❧❛✱ ▼✳ ❙❡♣❛r❛t✐♥❣ t❤❡ ❜❛s✐❝ s❡ts ♦❢ ❛ ♥♦♥tr❛♥s✐t✐✈❡ ❆♥♦s♦✈ ✢♦✇✱
❇✉❧❧✳ ▲♦♥❞♦♥ ▼❛t❤✳ ❙♦❝✳ ✷✺ ✭✶✾✾✸✮✱ ✹✽✼✲✹✾✵✳

❬✺❪ ❋❡♥❧❡②✱ ❙✳ ❙✉r❢❛❝❡s tr❛♥s✈❡rs❡ t♦ ♣s❡✉❞♦✲❆♥♦s♦✈ ✢♦✇s ❛♥❞ ✈✐rt✉❛❧ ✜❜❡rs
✐♥ ✸✲♠❛♥✐❢♦❧❞s✱ ❚♦♣♦❧♦❣② ✸✽ ✭✶✾✾✾✮✱ ✽✷✸✲✽✺✾✳

❬✻❪ ❍❛t❝t❤❡r✱ ❆✳ ❇❛s✐❝ ❚♦♣♦❧♦❣② ♦❢ ✸✲▼❛♥✐❢♦❧❞s✳ Pr❡♣r✐♥t ❛✈❛✐❧❛❜❧❡ ❛t
❤tt♣✿✴✴✇✇✇✳♠❛t❤✳❝♦r♥❡❧❧✳❡❞✉✴∼❤❛t❝❤❡r✳

❬✼❪ ❍❡♠♣❡❧✱ ❏✳ ✸✲▼❛♥✐❢♦❧❞s✱ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝s ❙t✉❞✐❡s✱ ✽✻✳ Pr✐♥❝❡t♦♥✱
◆❏✿ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✱ ✶✾✼✻✳

❬✽❪ ❍✐rs❝❤✱ ▼✳ ❲✳❀ P✉❣❤✱ ❈✳ ❈✳❀ ❙❤✉❜✱ ▼✳ ■♥✈❛r✐❛♥t ▼❛♥✐❢♦❧❞s✱ ▲❡❝t✉r❡
◆♦t❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✱ ✺✽✸✳ ❇❡r❧✐♥✲◆❡✇ ❨♦r❦✿ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✶✾✼✼✳

❬✾❪ ❍✐rs❝❤✱ ▼✳ ❲✳ ❉✐✛❡r❡♥t✐❛❧ ❚♦♣♦❧♦❣②✱ ●r❛❞✉❛t❡ ❚❡①ts ✐♥ ▼❛t❤❡♠❛t✐❝s✱
✈✳ ✸✸✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ◆❡✇ ❨♦r❦✱ ✶✾✾✹✳

❬✶✵❪ ▼❡❧♦✱ ❲✳ ❚♦♣♦❧♦❣✐❛ ❞❛s ❱❛r✐❡❞❛❞❡s✳ ❉✐s♣♣♦♥í✈❡❧ ❡♠✿ ✇✸✳✐♠♣❛✳❜r✴∼
❞❡♠❡❧♦✴t♦♣♦❧♦❣✐❛❞✐❢❡r❡♥❝✐❛❧✷✵✶✶✳ Ú❧t✐♠♦ ❛❝❡ss♦ ❡♠✿ ✷✵ ❞❡ ♥♦✈❡♠❜r♦ ❞❡
✷✵✶✻✳

❬✶✶❪ ▼♦✐s❡✱ ❊✳ ❊✳ ●❡♦♠❡tr✐❝ ❚♦♣♦❧② ✐♥ ❉✐♠❡♥s✐♦♥s ✷ ❛♥❞ ✸✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✳
◆❡✇ ❨♦r❦✱ ✶✾✼✼✳

❬✶✷❪ ▼♦r❛❧❡s✱ ❈✳ ❆✳ ❆①✐♦♠ ❆ ✢♦✇s ✇✐t❤ ❛ tr❛♥s✈❡rs❡ t♦r✉s✱ ❚r❛♥s✳ ❆♠❡r✳
▼❛t❤✳ ❙♦❝ ✸✺✺ ✭✷✵✵✸✮✱ ✼✸✺✲✼✹✺✳

❬✶✸❪ ▼♦r❛❧❡s✱ ❈✳ ❆✳ ■♥❝♦♠♣r❡ss✐❜✐❧✐t② ♦❢ ❚♦r✉s tr❛♥s✈❡rs❡ t♦ ✈❡❝t♦r ✜❡❧❞s✳
❚♦♣♦❧♦❣② Pr♦❝❡❡❞✐♥❣s✱ ❱♦❧✳ ✷✽✱ ◆♦✳ ✶✱ ✷✵✵✹✱ ✷✶✾✲✷✷✽✳
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❬✶✹❪ ▲✐♠❛✱ ❊✳ ▲✳ ●r✉♣♦ ❢✉♥❞❛♠❡♥t❛❧ ❡ ❡s♣❛ç♦s ❞❡ r❡❝♦❜r✐♠❡♥t♦✳ ❘✐♦ ❞❡
❥❛♥❡✐r♦✿ Pr♦❥❡t♦ ❊✉❝❧✐❞❡s✱ ■▼P❆✱ ✶✾✾✸✳
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