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        Conjuntos de simetrias de curvas planas invariantes por
transformações afins / Renno Santos Guedes. – Viçosa, MG,
2014.

         x, 100f. : il. (algumas color.) ; 29 cm.

  

         Orientador: Simone Maria de Moraes.

         Dissertação (mestrado) - Universidade Federal de Viçosa.

         Referências bibliográficas: f. 98-100.

  

         1. Teoria dos conjuntos. 2. Invariantes. 3. Singularidades
(Matemática). I. Universidade Federal de Viçosa. Departamento
de Matemática. Programa de Pos-graduação em Matemática.
II. Título.
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✷✳✸ ❙✐♥❣✉❧❛r✐❞❛❞❡s ❞♦ CSS ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✷✳✸✳✶ ❈♦♥❞✐çã♦ ❞❛ ❈ús♣✐❞❡ ❞♦ CSS ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷✳✸✳✷ ■♥✢❡①õ❡s ❡ ❚❛♥❣❡♥t❡s ❉✉♣❧❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✷✳✹ ❚r❛♥s✐çõ❡s ♥♦ CSS ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✸ ❈♦♥❥✉♥t♦s ❞❡ ❙✐♠❡tr✐❛ ❞❛ ❉✐stâ♥❝✐❛ ❆✜♠✲ADSS ✻✶

✸✳✶ ❈♦♥❥✉♥t♦ ❞❡ ❙✐♠❡tr✐❛ ❞❛ ❉✐stâ♥❝✐❛ ❆✜♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✸✳✶✳✶ Pr♦♣r✐❡❞❛❞❡s ❞♦ ADSS ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✸✳✶✳✷ ADSS ❝♦♥t❡♥❞♦ ✉♠❛ r❡t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✸✳✷ ❚❡♦r✐❛ ❞❡ ❙✐♥❣✉❧❛r✐❞❛❞❡ ❡ ADSS ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✹ ❈♦♥❥✉♥t♦ ❞❡ ❙✐♠❡tr✐❛ ❞❛ ❊♥✈♦❧✈❡♥t❡ ❆✜♠✲AESS ✼✻

✹✳✶ AESS ♣♦r ❈❡♥tr♦s ❞❡ ❈ô♥✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✹✳✶✳✶ ❈♦♥t❛t♦ ❞✉♣❧♦ ❞❡ ♦r❞❡♠ ✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✹✳✶✳✷ ❈♦♥s❡q✉ê♥❝✐❛s ❞❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t❛t♦ ❞✉♣❧♦ ❞❡ ♦r❞❡♠ ✸ ✳ ✽✶

✹✳✷ AESS ❝♦♠♦ ❊♥✈♦❧✈❡♥t❡s ❞❡ ❘❡t❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✹✳✷✳✶ ▲✉❣❛r ●❡♦♠étr✐❝♦ ❞❛s ❚❛♥❣❡♥t❡s P❛r❛❧❡❧❛s ▼é❞✐❛s✲MPT L ✾✹

✹✳✸ AESS ❝♦♥t❡♥❞♦ ✉♠❛ r❡t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✺

❈♦♥❝❧✉sã♦ ✾✼

❘❡❢❡rê❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✾✽

✈✐
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✶✳✶ ❈✉r✈❛ ❝♦♥✈❡①❛ à ❡sq✉❡r❞❛ ❡ ❝✉r✈❛ ♥ã♦✲❝♦♥✈❡①❛ à ❞✐r❡✐t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✷ ❋♦r♠❛s ❝♦♠ ❧❛r❣✉r❛ ❝♦♥st❛♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✸ ❈✉r✈❛ ❝♦♠ ❧❛r❣✉r❛ ❝♦♥st❛♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✹ ❊♥✈♦❧✈❡♥t❡s ❞❛ ❢❛♠í❧✐❛ ❞❡ ❝ír❝✉❧♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✺ P❛rá❜♦❧❛ ❝♦♠♦ ❡♥✈♦❧✈❡♥t❡ ❞❛ ❢❛♠í❧✐❛ ❞❡ ❝✉r✈❛s F ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✻ P❛r❛❧❡❧♦❣r❛♠♦ ❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s ~u ❡ ~v ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✷✳✶ ❈✉r✈❛ ❝❡♥tr❛❧♠❡♥t❡ s✐♠étr✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✷✳✷ ❈♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❝❡♥tr❛❧ ❞❡ ✉♠❛ ❝✉r✈❛ ♦✈❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✷✳✸ ❆ r❡t❛ ℓ(t) ❡♠ ✈❡r♠❡❧❤♦ ❡ r❡t❛ r(t) ❡♠ ❛③✉❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✷✳✹ ❈♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✷✳✺ ❖ CSS ❞❛ ♦✈❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✷✳✻ P♦♥t♦ (x, y) ❞♦ CSS ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✷✳✼ P♦s✐çã♦ ❞♦ CSS ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✷✳✽ ❚❛♥❣❡♥t❡ ❞✉♣❧❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✷✳✾ P♦s✐çã♦ ❞♦ CSS ❛♦ ❧♦♥❣♦ ❞❛ t❛♥❣❡♥t❡ ❞✉♣❧❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✷✳✶✵ ■♥✢❡①ã♦ ❡♠ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✷✳✶✶ ■♥✢❡①ã♦ ❞❛ ❝✉r✈❛ ♣❧❛♥❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✷✳✶✷ ❉❡❢♦r♠❛çõ❡s ❞❛ ❝✉r✈❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✷✳✶✸ ❘❡♣r❡s❡♥t❛çã♦ ❡sq✉❡♠át✐❝❛ ❞❛ tr❛♥s✐çã♦ ❞♦ r❛❜♦ ❞❡ ❛♥❞♦r✐♥❤❛ ✳ ✳ ✻✵

✈✐✐
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✸✳✶ ❆ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❛ ❡sq✉❡r❞❛ ♠♦str❛ ♦ ♣r❡✲ADSS ❡ ❛ ❞✐r❡✐t❛ ♠♦s✲
tr❛ ❛ ♦✈❛❧ ❥✉♥t❛♠❡♥t❡♦ ❝♦♠ ♦ ADSS✳ ❆ s❡❣✉♥❞❛ ❧✐♥❤❛ ♠♦str❛ ❛
❝✉r✈❛t✉r❛ ❡✉❝❧✐❞✐❛♥❛ ✭❡sq✉❡r❞❛✮ ❡ ❛ ❝✉r✈❛t✉r❛ ❛✜♠ ✭❞✐r❡✐t❛✮ ✳ ✳ ✳ ✳ ✻✻

✸✳✷ ❆ ❡✈♦❧✉t❛ ❛✜♠ ✭❝✐♥③❛✮ ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❞❛ ❞✐stâ♥❝✐❛ ❛✜♠✳ ✻✻

✸✳✸ ❖s s❡❣♠❡♥t♦s γ1(s) = (−s

2
, 1 − s2) ✭❛③✉❧ ✮ ❡ γ2 = (−s

2
+ 2(1 −

s2),−1+s2) ✭✈❡r♠❡❧❤♦✮ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ♣♦r ✉♠❛ tr❛♥s❢♦r♠❛çã♦
❛✜♠ ❡ ❥✉♥t♦ ❞❡✜♥❡♠ ♦ ADSS s❡♥❞♦ ♦ eixo x ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✸✳✹ ADSS ❣❡r❛❞♦ ♣♦r ❞♦✐s s❡❣♠❡♥t♦s q✉❡ ♥ã♦ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ♣♦r
✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✸✳✺ ■❧✉str❛çã♦ ❞❛s s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ t✐♣♦ An
k ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✹✳✶ ❙✉♣❡r✐♦r pre✲AESS✳ ■♥❢❡r✐♦r✿ AESS ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

✹✳✷ AESS ❥✉♥t♦ ❝♦♠ ❛ ❡✈♦❧✉t❛ ❛✜♠✱ q✉❡ é ♠♦str❛❞❛ ❡♠ ❝✐♥③❛✳ ❖s três
r❛♠♦s q✉❛s❡ r❡t❛ ❞♦ AESS ✐♥❞✐❝❛♠ três ❡✐①♦s ❞❡ s✐♠❡tr✐❛ ❛✜♠✳ ✳ ✽✹

✹✳✸ ❊①❡♠♣❧♦ ❞❛s r❡t❛s ✉s❛❞❛s ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞♦ AESS ❝♦♠♦ ❡♥✲
✈♦❧✈❡♥t❡ ❞❡ r❡t❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✹✳✹ ❖ AESS r❡♣r❡s❡♥t❛❞♦ ♣♦r ✈❡r♠❡❧❤♦ ❡ ♦ MPT L ♣❡❧♦ ♣r❡t♦✳ ✳ ✳ ✳ ✾✺



❘❊❙❯▼❖

●❯❊❉❊❙✱ ❘❡♥♥♦ ❙❛♥t♦s✱ ▼✱❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❢❡✈❡r❡✐r♦ ✷✵✶✹✳
❈♦♥❥✉♥t♦s ❞❡ ❙✐♠❡tr✐❛s ❞❡ ❈✉r✈❛s P❧❛♥❛s ■♥✈❛r✐❛♥t❡s ♣♦r ❚r❛♥s❢♦r♠❛✲
çõ❡s ❆✜♥s✳ ❖r✐❡♥t❛❞♦r✿ ❙✐♠♦♥❡ ▼❛r✐❛ ❞❡ ▼♦r❛❡s✳

◆♦ ✜♥❛❧ ❞♦s ❛♥♦s ✶✾✾✵✱ ♦s ♠❛t❡♠át✐❝♦s P❡t❡r ●✐❜❧✐♥ ❡ ●✉✐❧❧❡r♠♦ ❙❛♣✐r♦ ✐♥tr♦✲

❞✉③✐r❛♠ ❛ t❡♦r✐❛ s♦❜r❡ ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛ ❞❡ ❝✉r✈❛s ♣❧❛♥❛s ✐♥✈❛r✐❛♥t❡s ♣♦r

tr❛♥s❢♦r♠❛çõ❡s ❛✜♥s✳ ❊st❛ ❞✐ss❡rt❛çã♦ é ❞❡❞✐❝❛❞❛ ❛♦ ❡st✉❞♦ ❞❡ ❛❧❣✉♥s ❞❡st❡s

❝♦♥❥✉♥t♦s✿ ♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❝❡♥tr❛❧ ✭CSS✮✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❞❛ ❞✐s✲

tâ♥❝✐❛ ❛✜♠ ✭ADSS✮ ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❞❛ ❡♥✈♦❧✈❡♥t❡ ❛✜♠ ✭AESS✮ ❞❡

✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❢❡❝❤❛❞❛ ❡ ❝♦♥✈❡①❛✳

❊st✉❞❛♠♦s ♦s ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛ ❛tr❛✈és ❞♦ ❧♦❝❛❧ ❣❡♦♠étr✐❝♦ ❞♦s ❝❡♥tr♦s ❞❡

❝ô♥✐❝❛s ❡ ❝♦♠♦ ❡♥✈♦❧✈❡♥t❡ ❞❡ ❝✉r✈❛s✳ ❆♥❛❧✐s❛♠♦s ❛s ❝♦♥❞✐çõ❡s ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s

❞❡ ❝❛❞❛ ✉♠✱ ❡st✉❞❛♥❞♦ ❛❧❣✉♠❛s ❡♠ ♣❛rt✐❝✉❧❛r✳ ❚❛♠❜é♠ ❡st✉❞❛♠♦s ❝♦♥❞✐çõ❡s ❞❡

❝♦♥t❛t♦ ❞❛ ❝✉r✈❛ ❡ ❞❛s ❝ô♥✐❝❛s q✉❡ ❞❡✜♥❡♠ ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛✳

❖ ❡st✉❞♦ ❡stá ❜❛s❡❛❞♦ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦s ❛rt✐❣♦s ❬✶✻❪ ❡ ❬✶✹❪✳

✐①



❆❇❙❚❘❆❈❚

●❯❊❉❊❙✱ ❘❡♥♥♦ ❙❛♥t♦s✱ ▼✳s❝✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❋❡❜r✉❛r② ♦❢ ✷✵✶✹✳
❙②♠♠❡tr② s❡ts ♦❢ ♣❧❛♥❡ ❝✉r✈❡s ✐♥✈❛r✐❛♥ts ✉♥❞❡r ❛✣♥❡ tr❛♥s❢♦r♠❛t✐♦♥s✳
❆❞✐✈✐s❡r✿ ❙✐♠♦♥❡ ▼❛r✐❛ ❞❡ ▼♦r❛❡s✳

■♥ t❤❡ ✶✾✾✵s✱ ♠❛t❤❡♠❛t✐❝✐❛♥s P❡t❡r ●✐❜❧✐♥ ❛♥❞ ●✉✐❧❧❡r♠♦ ❙❛♣✐r♦ ❤❛✈❡ ✐♥tr♦❞✉❝❡❞

t❤❡ t❤❡♦r② ♦❢ ❛✣♥❡ ✐♥✈❛r✐❛♥t s②♠♠❡tr② s❡ts ♦❢ ♣❧❛♥❡ ❝✉r✈❡s✳ ❚❤✐s ❞✐ss❡rt❛t✐♦♥

✐s ❞❡✈♦t❡❞ t♦ t❤❡ st✉❞② ♦❢ s♦♠❡ ♦❢ t❤❡s❡ s②♠♠❡tr② s❡ts✿ ❝❡♥tr❡ s②♠♠❡tr② s❡ts

✭CSS✮✱ ❛✣♥❡ ❞✐st❛♥❝❡ s②♠♠❡tr② s❡t ✭ADSS✮ ❛♥❞ ❛✣♥❡ ❡♥✈❡❧♦♣❡ s②♠♠❡tr② s❡t

✭AESS✮ ♦❢ ❛ ❛ s✐♠♣❧❡ ❝❧♦s❡❞ ❝♦♥✈❡① s♠♦♦t❤ ❝✉r✈❡✳

❲❡ st✉❞② t❤❡s❡ s②♠♠❡tr② s❡ts ♦❢ t❤r♦✉❣❤ t❤❡ ❧♦❝✉s ♦❢ ❝❡♥t❡rs ♦❢ ❝♦♥✐❝s ❛♥❞ ❛s

❛♥ ❡♥✈❡❧♦♣❡ ♦❢ ❝✉r✈❡s✳ ❲❡ ❛♥❛❧②③❡ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ s✐♥❣✉❧❛r✐t✐❡s✱ st✉❞②✐♥❣ s♦♠❡

✐♥ ♣❛rt✐❝✉❧❛r✳ ❲❡ ❛❧s♦ st✉❞② ❝♦♥❞✐t✐♦♥s ♦❢ ❝♦♥t❛❝t ♦❢ t❤❡ ❝✉r✈❡ ❛♥❞ ♦❢ t❤❡ ❝♦♥✐❝s

t❤❛t ❞❡✜♥❡❞ t❤✐s s②♠♠❡tr② s❡ts✳

①



■◆❚❘❖❉❯➬➹❖

◆♦ ❡st✉❞♦ ❞❡ ❢♦r♠❛s ✭s❤❛♣❡s✮ ♣❧❛♥❛s ✉♠ ❝♦♥❥✉♥t♦ ❡s♣❡❝✐❛❧ é ♦ ❝♦♥❥✉♥t♦
❞❡ s✐♠❡tr✐❛✱ ❡st❡ t❡♠ s✐❞♦ tr❛t❛❞♦ ♥❛ ▼❛t❡♠át✐❝❛ ❛♦ s❡ ❡st✉❞❛r ❝✉r✈❛s ♣❧❛♥❛s
❢❡❝❤❛❞❛s✱ ♦✉ ❝♦♥t♦r♥♦s ❞❡ s✉♣❡r❢í❝✐❡s ♣❧❛♥❛s✳ ❊st❡ ❝♦♥❥✉♥t♦ t❛♠❜é♠ ❞❡s❡♠♣❡♥❤❛
✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ♥❛ ár❡❛ ❞❡ ❘❡❝♦♥str✉çã♦ ❞❡ ■♠❛❣❡♥s ❞❛ ❈♦♠♣✉t❛çã♦ ●rá✜❝❛
❡ ♣❛ss♦✉ ❛ s❡r ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ❞❛s ❈✐ê♥❝✐❛s ❇✐♦❧ó❣✐❝❛s ❛♣ós ❛ ♣✉❜❧✐❝❛çã♦✱ ❡♠
✶✾✼✸✱ ❞♦ tr❛❜❛❧❤♦ ❇✐♦❧♦❣✐❝❛❧ ❙❤❛♣❡ ❛♥❞ ❱✐s✉❛❧ ❙❝✐❡♥❝❡ ❞❡ ❍✳ ❇❧✉♠ ✭❬✹❪✮✳

❖ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❞❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ é ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ ❧♦❝❛❧ ❣❡♦♠étr✐❝♦
❞❡ ♣♦♥t♦s ❡q✉✐❞✐st❛♥t❡s ❞❡✱ ♣❡❧♦ ♠❡♥♦s✱ ❞♦✐s ♣♦♥t♦s ❞✐❢❡r❡♥t❡s s♦❜r❡ ❛ ❝✉r✈❛✱
♣♦rt❛♥t♦ sã♦ ❡①tr❡♠♦s ❧♦❝❛✐s ❞❛s ❢✉♥çõ❡s ❞✐stâ♥❝✐❛ ❞❡✜♥✐❞❛s s♦❜r❡ ❛ ❝✉r✈❛✳ ❖ ❢❛t♦
❞❛s ❢✉♥çõ❡s ❞✐stâ♥❝✐❛s t❡r❡♠ ❡①tr❡♠♦s ❧♦❝❛✐s s✐❣♥✐✜❝❛ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s
❞❡ s✐♠❡tr✐❛ é ♦❜t✐❞♦ ♣❡❧❛ ✐♥t❡rs❡❝çã♦ ❞❛s ♥♦r♠❛✐s ✭❡✉❝❧✐❞✐❛♥❛✮ ❞♦s ❝♦rr❡s♣♦♥❞❡♥t❡s
♣♦♥t♦s ❞❛ ❝✉r✈❛✳ ■st♦ ❧❡✈❛ ❛ ✉♠❛ ❞❡✜♥✐çã♦ ❡q✉✐✈❛❧❡♥t❡ ❞❡st❡ ❝♦♥❥✉♥t♦✱ ❝♦♠♦ s❡♥❞♦
♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞♦s ❝❡♥tr♦s ❞❡ ❝ír❝✉❧♦s ❜✐t❛♥❣❡♥t❡s à ❝✉r✈❛✳

❍á s✉❜❝♦♥❥✉♥t♦s ✐♠♣♦rt❛♥t❡s ❞♦s ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛✱ ♣♦r ❡①❡♠♣❧♦ ♦ ❡✐①♦
♠❡❞✐❛❧ ♦✉ ❡sq✉❡❧❡t♦✱ é ♦❜t✐❞♦ ♣❡❧♦s ♣♦♥t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s ❝❡♥tr♦s ❞♦s
❞✐s❝♦s ❜✐t❛♥❣❡♥t❡s ❝♦♠♣❧❡t❛♠❡♥t❡ ❝♦♥t✐❞♦s ♥❛ ❢♦r♠❛ ❞❡✜♥✐❞❛ ♣❡❧❛ ❝✉r✈❛✳ ❖ ❡✐①♦
♠❡❞✐❛❧ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ♠✉✐t♦ ✐♥t❡r❡ss❛♥t❡ ❞❛ ❢♦r♠❛ ❞❡✜♥✐❞❛ ♣❡❧❛ ❝✉r✈❛✱ ♣♦r
s❡r ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ r❡♣r❡s❡♥t❛çõ❡s ✐♥✈❛r✐❛♥t❡s ❞❡ ❡s❝❛❧❛✳

❖s ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛ ❡ ♦s ❡✐①♦s ♠❡❞✐❛✐s ❛♣❛r❡❝❡♠ ❡♠ ❘❡❝♦♥str✉çã♦ ❞❡
■♠❛❣❡♥s ♥❛ ❈♦♠♣✉t❛çã♦ ●rá✜❝❛✱ ❡♠ ❱✐sã♦ ❈♦♠♣✉t❛❝✐♦♥❛❧ ❡ ❡♠ ♦✉tr❛s ár❡❛s✳

◆❛ ❇✐♦❧♦❣✐❛ ♦s ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛ ❛♣❛r❡❝❡♠ ❡♠ s✐st❡♠❛s ✈✐s✉❛✐s✳ P❡❧♦ ❢❛t♦
❞❡ q✉❡✱ ❡♠ ❣❡r❛❧✱ ❛ s✐♠❡tr✐❛ é ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛ ❛tr❛❡♥t❡ à ✈✐sã♦ ❤✉♠❛♥❛✱ ♦s
s✐st❡♠❛s ✈✐s✉❛✐s ❜✐♦❧ó❣✐❝♦s ♣♦❞❡♠ t❡r ♠❡❧❤♦r ❞❡s❡♠♣❡♥❤♦ q✉❛♥❞♦ s❡ ♦❜s❡r✈❛ ♦s
♣♦♥t♦s ❡♠ ❞❡t❡r♠✐♥❛❞❛s ♣♦s✐çõ❡s ♥♦ ❡✐①♦ ♠❡❞✐❛❧✱ ❡st❛s ❡①♣❡r✐ê♥❝✐❛s ❜❛s❡✐❛♠✲s❡✱
♣♦r ❡①❡♠♣❧♦✱ ♥❛ ♠❡❞✐çã♦ ❞❛ s❡♥s✐❜✐❧✐❞❛❞❡ ❞❡ ❞❡t❡❝çã♦ ❤✉♠❛♥❛✱ ♦ ❛✉♠❡♥t♦ ❞❡
s❡♥s✐❜✐❧✐❞❛❞❡ é ❡♥❝♦♥tr❛❞♦ ❡♠ ❝❡rt♦s ♣♦♥t♦s ♥♦ ❡✐①♦ ♠❡❞✐❛❧ ❞❛ ❢♦r♠❛ ❞❡✜♥✐❞❛ ♣♦r
✉♠❛ ❞❛❞❛ ❝✉r✈❛ ❢❡❝❤❛❞❛✳

✶



✷ ▲■❙❚❆ ❉❊ ❋■●❯❘❆❙

❆ ❞❡t❡r♠✐♥❛çã♦ ❞♦s ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛✱ ❡♠ ❣❡r❛❧✱ ♥ã♦ é ✉♠❛ t❛r❡❢❛ ❢á❝✐❧✱
❡s♣❡❝✐❛❧♠❡♥t❡ ♣❛r❛ ❢♦r♠❛s ❝♦♠♣❧❡①❛s ♦❜t✐❞❛s ❛ ♣❛rt✐r ❞❡ ✐♠❛❣❡♥s r❡❛✐s✱ ❡ tê♠
s✐❞♦ ♦ t❡♠❛ ❞❡ ❡①t❡♥s❛s ♣❡sq✉✐s❛s✱ t❛✐s ❝♦♠♦ ❬✾❪✱ ❬✶✶❪ ❡ ❬✶✼❪✳ ◆❡st❛s ❛❜♦r❞❛✲
❣❡♥s ♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ♣♦❞❡ s❡r ♦r✐❣✐♥❛❞♦ ♥❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ ❞✐❛❣r❛♠❛s ❞❡
❱♦r♦♥♦✐✱ ♥❛ r❡❞❡✜♥✐çã♦ ❞♦ ❡✐①♦ ♠❡❞✐❛❧ ❞❡ ❢♦r♠❛s ❞✐st✐♥t❛s ❡ ❡♠ s✐♠✉❧❛çõ❡s ❞❡
tr❛♥s❢♦r♠❛çõ❡s✳

◆❛ ♣❡sq✉✐s❛ ▼❛t❡♠át✐❝❛✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ tê♠ t✐❞♦ ✉♠ ♣❛♣❡❧ ❞❡ ❞❡s✲
t❛q✉❡✱ ❝♦♥str✉çõ❡s ❞❡ ❞✐❢❡r❡♥t❡s s✐♠❡tr✐❛s ❢♦r❛♠ ✐♥tr♦❞✉③✐❞❛s ♥❛ ❧✐t❡r❛t✉r❛ ❡ ❛
❝r✐❛çã♦ ❞❡ ♥♦✈♦s t✐♣♦s ❡ ✈❛r✐❛çõ❡s s♦❜r❡ ♦s ♠♦❞❡❧♦s ❡①✐st❡♥t❡s ❢❛③❡♠ ♣❛rt❡ ❞❡
✉♠❛ ár❡❛ ❞❡ ♣❡sq✉✐s❛ ❜❛st❛♥t❡ ❛t✐✈❛✳ ▼✉✐t♦s tr❛❜❛❧❤♦s r❡❝❡♥t❡s r❡❢❡r❡♥t❡ ❛♦
❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ t❡♠ s✐❞♦ r❡❛❧✐③❛❞♦s✱ t❛✐s ❝♦♠♦✿

✶✳ ❘❡♣r❡s❡♥t❛çã♦ ❢♦r♠❛❧ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❬✾❪ ❡ ❬✸✶❪✳

✷✳ ❊str✉t✉r❛ ❞✐❢❡r❡♥❝✐❛❧ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❬✻❪✱ ❬✼❪✱ ❬✾❪ ❡ ❬✺❪✳

✸✳ ❊str✉t✉r❛ t♦♣♦❧ó❣✐❝❛ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❬✸✶❪✳

✹✳ ❘❡❧❛çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❝♦♠ s✉❛ ❝✉r✈❛t✉r❛ ❬✷❪✱ ❬✷✷❪✱ ❬✷✺❪ ❡ ❬✸✶❪✱ ❡
♠✉✐t❛s ♦✉tr❛s ♣r♦♣r✐❡❞❛❞❡s ♠❛t❡♠át✐❝❛s✳

✺✳ ❆s r❡❧❛çõ❡s ❡♥tr❡ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❡ ❛ t❡♦r✐❛ ❞❛ ❜✐❢✉r❝❛çã♦ ❞❡ ❝♦♥❥✉♥t♦s ❞❡
s✐♠❡tr✐❛ ✭❞❡s❝r✐t♦s✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠ ❬✻❪✮✳

◆♦ ✜♥❛❧ ❞♦s ❛♥♦s ✶✾✾✵✱ ♦s ♠❛t❡♠át✐❝♦s P❡t❡r ●✐❜❧✐♥ ❡ ●✉✐❧❧❡r♠♦ ❙❛♣✐r♦ ✐♥✲
tr♦❞✉③✐r❛♠ ❛ t❡♦r✐❛ s♦❜r❡ ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛ ❞❡ ❝✉r✈❛s ♣❧❛♥❛s ✐♥✈❛r✐❛♥t❡s ♣♦r
tr❛♥s❢♦r♠❛çõ❡s ❛✜♥s ❡ ♣r♦❞✉③✐r❛♠ ♦s ♣r✐♠❡✐r♦s tr❛❜❛❧❤♦s s♦❜r❡ ❡ss❛ t❡♦r✐❛ ✭❬✶✸❪✱
❬✶✻❪✱ ❬✶✼❪ ❡ ❬✶✽❪✮✳

❊♠ ♣r✐♥❝í♣✐♦✱ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡ ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛ ✐♥✈❛r✐❛♥t❡ ❛✜♠ ♣❛r❛
❝✉r✈❛s ♣❧❛♥❛s ❛✜♥s ❢♦✐ ❢❡✐t❛ ♣❛rt✐♥❞♦ ❞❛s ❝♦♥str✉çõ❡s ❞❡ ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛
❡✉❝❧✐❞✐❛♥♦✳ ◆❡st❡ ❝❛s♦✱ ❞✐❢❡r❡♥t❡s ❝♦♥str✉çõ❡s ❞♦s ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛s r❡s✉❧t❛♠
❡♠ ❝♦♥❥✉♥t♦s ✐❞ê♥t✐❝♦s✱ ♠❛s ♦s ✐♥✈❛r✐❛♥t❡s ❛✜♥s ❛♥á❧♦❣♦s ❛ ❡st❛s ❝♦♥str✉çõ❡s ❞ã♦
♦r✐❣❡♠ ❛ ❞✐st✐♥t♦s ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛✳ ❊st❡ é ♦ ♠♦t✐✈♦ ❞❛ r✐q✉❡③❛ ❞❡st❡ t❡♠❛✱
♣♦✐s ♥ã♦ ❤á ✉♠ ú♥✐❝♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ✐♥✈❛r✐❛♥t❡ ❛✜♠✳

◆❡st❛ ❞✐ss❡rt❛çã♦✱ ❡st✉❞❛♠♦s três ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛✱ ❛ s❛❜❡r✿ ♦ ❝♦♥❥✉♥t♦
❞❡ s✐♠❡tr✐❛ ❝❡♥tr❛❧ ✭CSS✮✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❞❛ ❞✐stâ♥❝✐❛ ❛✜♠ ✭ADSS✮ ❡ ♦
❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❞❛ ❡♥✈♦❧✈❡♥t❡ ❛✜♠ ✭AESS✮ ❞❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛✳ ❖ ❡st✉❞♦
❡stá ❜❛s❡❛❞♦ ♥♦s ❞♦s ❛rt✐❣♦s ❬✶✸❪✱ ❬✶✹❪✱ ❬✶✻❪ ❡ ❬✶✽❪✳

❖ t❡①t♦ ❡stá ❞✐✈✐❞♦ ❡♠ q✉❛tr♦ ❝❛♣ít✉❧♦s ❞✐str✐❜✉í❞♦s ❝♦♠♦ s❡❣✉❡✿

■♥✐❝✐❛♠♦s ❝♦♠ ✉♠ ❝❛♣ít✉❧♦ ❞❡ ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s ❞❛ ●❡♦♠❡✲
tr✐❛ ❉✐❢❡r❡♥❝✐❛❧ ❡ ❞❛ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧ ❆✜♠ ♣❛r❛ ❝✉r✈❛s ♣❧❛♥❛s✱ t❛✐s ❝♦♠♦✿
❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✱ ✈❡t♦r❡s t❛♥❣❡♥t❡s ❡ ♥♦r♠❛✐s✱ ❝✉r✈❛t✉r❛s✱ ❡✈♦❧✉t❛s✱ ❡♥✈♦❧✈❡♥✲
t❡s ❞❡ ❝✉r✈❛s✱ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❛✜♠ ❡ tr❛♥s❢♦r♠❛çõ❡s ❛✜♥s ♣❧❛♥❛s✳ ❋✐♥❛❧✐③❛♠♦s ♦



✸ ▲■❙❚❆ ❉❊ ❋■●❯❘❆❙

❝❛♣ít✉❧♦ ✐♥tr♦❞✉③✐♥❞♦ ❛ ♥♦çã♦ ❞❡ ❝♦♥t❛t♦ ❡♥tr❡ ❝✉r✈❛s ♣❧❛♥❛s q✉❡ s❡rá ✉t✐❧✐③❛❞❛
♥♦s ❝❛♣ít✉❧♦s s✉❜s❡q✉❡♥t❡s✳

◆♦ ❝❛♣ít✉❧♦ ✷ ✐♥✐❝✐❛♠♦s ❛♣r❡s❡♥t❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❝❡♥tr❛❧ ✲CSS ♣❛r❛
❝✉r✈❛s ♣❧❛♥❛s✳ ❉❛❞❛ C ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❢❡❝❤❛❞❛ ❡ s✐♠♣❧❡s✱ ♣❛r❛
❝❛❞❛ ♣❛r ❞❡ ♣♦♥t♦s ❞✐st✐♥t♦s ❞❡ C q✉❡ tê♠ t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s tr❛ç❛♠♦s ✉♠❛ r❡t❛
♣❛ss❛♥❞♦ ♣♦r ❡st❡s ♣♦♥t♦s✱ ♦ CSS ❞❡ C é ❛ ❡♥✈♦❧✈❡♥t❡ ❞❡st❛s r❡t❛s✳ ❆❜♦r❞❛♠♦s
t❛♠❜é♠ ❛ ❊✈♦❧✉t❛ ❞❡ ➪r❡❛✲AE ✳ ❊♠ ❬✷✸❪ ❡♥❝♦♥tr❛♠♦s ✉♠❛ ♦✉tr❛ ❞❡✜♥✐çã♦ ♣❛r❛
♦ CSS ❞❡ ✉♠❛ ❝✉r✈❛ ❞❡ ❏♦r❞❛♥ ❝♦♥✈❡①❛✱ ❡st❡ é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦
❞❡ ❜✐❢✉r❝❛çã♦ ❞❛ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s r❛③ã♦✲❞❛✲❞✐stâ♥❝✐❛✳

◆❡st❡ ❝❛♣ít✉❧♦ ❞❡✜♥✐♠♦s ♦ CSS✱ ♣❛r❛♠❡tr✐③❛♠♦s ❛s r❡t❛s q✉❡ ♦ ❞❡✜♥❡✳ ❉❡t❡r✲
♠✐♥❛♠♦s s♦❜ q✉❛✐s ❝♦♥❞✐çõ❡s ♦ CSS t❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s✱ ♣❛r❛ ❡st✉❞á✲❧❛s ❢❛③❡♠♦s
♣r✐♠❡✐r♦ ✉♠❛ ❛♥á❧✐s❡ ❞❛ ❡str✉t✉r❛ ❧♦❝❛❧ ❞♦ CSS✳ ◆❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞♦ ❝❛♣ít✉❧♦
❡st✉❞❛♠♦s ❛s ✐♥✢❡①õ❡s ❡ t❛♥❣❡♥t❡s ❞✉♣❧❛s ❞♦ CSS ❡ s✉❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞♦ t✐♣♦
❝ús♣✐❞❡ ❡ r❛❜♦ ❞❡ ❛♥❞♦r✐♥❤❛✳

◆♦ ❈❛♣ít✉❧♦ ✸ ✐♥tr♦❞✉③✐♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❞❛ ❞✐stâ♥❝✐❛ ❛✜♠✲ADSS
♣❛r❛ ❝✉r✈❛s ♣❧❛♥❛s ❢❡❝❤❛❞❛s ❝♦♥✈❡①❛s✳ ❖ ADSS ❞❡ ✉♠❛ ❝✉r✈❛ C ❞✐❢❡r❡♥❝✐á✈❡❧✱
❢❡❝❤❛❞❛ ❡ ❝♦♥✈❡①❛ é ❞❡✜♥✐❞♦ ❛tr❛✈és ❞❛ ❞✐stâ♥❝✐❛ ❛✜♠✱ ❞❛❞❛ ❡♠ ❬✷✷❪✱ q✉❡ é ✉♠
✐♥✈❛r✐❛♥t❡ ❛✜♠✳ ❖ ADSS é ♦ ❢❡❝❤♦ ❞♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ❞❡ R

2 q✉❡ ❡stã♦ ❡♠
♣❡❧♦ ♠❡♥♦s ❞♦✐s ♥♦r♠❛✐s ❛✜♥s ❡ ❡q✉✐❞✐st❛♥t❡s ❛✜♠ ❞♦s ♣♦♥t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s
❞❛ ❝✉r✈❛✳

❆ss✐♠✱ ♥❡st❡ ❝❛♣ít✉❧♦ ❞❡✜♥✐♠♦s ♦ ADSS✱ ❛♣r❡s❡♥t❛♠♦s s✉❛s ♣r♦♣r✐❡❞❛❞❡s✱
❡st✉❞❛♠♦s ♦ ❝❛s♦ ❡♠ q✉❡ ♦ ADSS ❝♦♥té♠ ✉♠❛ r❡t❛✳ ❈♦♥❝❧✉í♠♦s ♦ ❝❛♣ít✉❧♦ ❝♦♠
♦ ❡st✉❞♦ ❞❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞♦ ADSS✱ ♠♦str❛♥❞♦ q✉❡ ❡st❡ ❝♦♥❥✉♥t♦ t❛♠❜é♠
♣♦❞❡ s❡r ♦❜t✐❞♦ ❝♦♠♦ ♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞♦s ❝❡♥tr♦s ❞❡ ❝ô♥✐❝❛s q✉❡ tê♠ ❝♦♥t❛t♦
❞❡ ♦r❞❡♠ ✹ ❝♦♠ ♣❡❧♦ ♠❡♥♦s ❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s ❞❛ ❝✉r✈❛✳

◆♦ ❝❛♣ít✉❧♦ ✹✱ ❡st✉❞❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❞❛ ❡♥✈♦❧✈❡♥t❡ ❛✜♠✲AESS
❞❡ ✉♠❛ ❝✉r✈❛ C ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❢❡❝❤❛❞❛ ❡ ❝♦♥✈❡①❛✳ ❆♣r❡s❡♥t❛♠♦s ❞✉❛s ♠❛♥❡✐r❛s ❞❡
❞❡✜♥✐r ♦ AESS✱ ✉♠❛ s❡♠❡❧❤❛♥t❡ à ♣r✐♠❡✐r❛ ❞❡✜♥✐çã♦ ❞♦ CSS ❡ ♦✉tr❛ ❛♥á❧♦❣❛ à
s❡❣✉♥❞❛ ❞❡✜♥✐çã♦ ❞♦ADSS✳ ❊s♣❡❝✐✜❝❛♠❡♥t❡ ✐♥tr♦❞✉③✐♠♦s ♦AESS ❝♦♠♦ ♦ ❧✉❣❛r
❣❡♦♠étr✐❝♦ ❞♦s ❝❡♥tr♦s ❞❡ ❝ô♥✐❝❛s q✉❡ tê♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ≥ 3 ❝♦♠ ♣❡❧♦ ♠❡♥♦s
❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s ❞❛ ❝✉r✈❛❀ ❡ ❝♦♠♦ ❛ ❡♥✈♦❧✈❡♥t❡ ❞❛s r❡t❛s q✉❡✱ ❡♠ ❝❛❞❛ ♣❛r ❞❡
♣♦♥t♦s ❞❛ ❝✉r✈❛ q✉❡ ♥ã♦ tê♠ t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s✱ ♣❛ss❛ ♣❡❧♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦
❞❛s t❛♥❣❡♥t❡s ❝♦rr❡s♣♦♥❞❡♥t❡s à ❝✉r✈❛ ❡ ♣❡❧♦ ♣♦♥t♦ ♠é❞✐♦ ❞❛ ❝♦r❞❛ q✉❡ ✉♥❡ ♦s
❞♦✐s ♣♦♥t♦s ❞❛ ❝✉r✈❛✳ ❉❡✜♥✐♠♦s ✉♠ ♦✉tr♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ✐♥✈❛r✐❛♥t❡ ❛✜♠
♦ MPT L✱ ❛ ✜♠ ❞❡ ❝♦♠♣r❡❡♥❞❡r ❛ ❡str✉t✉r❛ ❞♦ AESS✳

❋✐♥❛❧✐③❛♠♦s ♦ ❝❛♣ít✉❧♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞♦ AESS✱ ❞❡ ✉♠❛ ❝✉r✈❛ C✱ ❛tr❛✈és
❞❡ ❝ô♥✐❝❛✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❝♦♥❥✉♥t♦ ❡ ❡st✉❞❛♠♦s ❛s ❝♦♥✲
❞✐çõ❡s ❞❡ ❝♦♥t❛t♦ ❡♥tr❡ ❝✉r✈❛ ❡ ❛s ❝ô♥✐❝❛s q✉❡ ❞❡✜♥❡♠ ♦ AESS✳ ❋✐♥❛❧✐③❛♠♦s
r❡❧❛❝✐♦♥❛♥❞♦ ♦ ADSS ❡ AESS✱ ♠♦str❛♥❞♦ q✉❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ ❡st❡s ❝♦♥❥✉♥t♦s
❝♦♥té♠ r❡t❛s ♦s ❛r❝♦s ❞❡ ❝✉r✈❛ q✉❡ ♦s ❞❡✜♥❡♠ ♥ã♦ t❡♠ ♣r♦♣r✐❡❞❛❞❡s s✐♠✐❧❛r❡s✱
♣❛r❛ ♦ AESS ♣♦❞❡♠♦s ❣❛r❛♥t✐r q✉❡ ❤á ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠ q✉❡ ❧❡✈❛ ✉♠ ❛r❝♦
❞❛ ❝✉r✈❛ ♥♦ ♦✉tr♦✱ ♣♦ré♠ ♥ã♦ ♣♦❞❡♠♦s ❣❛r❛♥t✐r ❡ss❛ ♣r♦♣r✐❡❞❛❞❡ ♣❛r❛ ♦ ADSS✳
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❖ ♦❜❥❡t✐✈♦ ❞❡st❡ ❝❛♣ít✉❧♦ é ✐♥tr♦❞✉③✐r ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ❞❡ ●❡✲
♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧ ❡ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧ ❆✜♠ ♣❛r❛ ❝✉r✈❛s ♣❧❛♥❛s q✉❡ s❡rã♦
✉s❛❞♦s ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ◆❡st❡ s❡♥t✐❞♦✱ ❛❜♦r❞❛r❡♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ✱
❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝✉r✈❛t✉r❛ ❛✜♠✱ ❞✐stâ♥❝✐❛ ❛✜♠ ❡ ❡♥✈♦❧✈❡♥t❡ ❞❡
r❡t❛s✳

❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❡st❡ ❝❛♣ít✉❧♦ sã♦ ❬✽❪✱ ❬✶✷❪✱ ❬✶❪✱ ❬✷✶❪✱ ❬✷✹❪✱ ❬✷✺❪✱
❬✷✼❪✱ ❬✷✽❪ ❡ ❬✸✵❪✳

❆s ✜❣✉r❛s ❞❡st❡ ❝❛♣✐t✉❧♦ ❢♦r❛♠ ♣r♦❞✉③✐❞❛s ❝♦♠ ♦s ❛♣❧✐❝❛t✐✈♦s ▲❛t❡①❉r❛✇ ❡
▼❛♣❧❡✱ ❡①❝❡t♦ ❛s ✜❣✉r❛s ✷✳✶ ❡ ✶✳✸ q✉❡ ❢♦r❛♠ r❡t✐r❛❞❛s ❞❡ ❬✶❪ ❡ ❬✷✶❪✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✶✳✶ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧ ❞❡ ❈✉r✈❛s P❧❛♥❛s

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ✐♥tr♦❞✉③✐r ♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❡ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧✳

❆s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❡st❛ s❡çã♦ ❡ ♦s r❡s✉❧t❛❞♦s ♥❡❧❛ ❝♦♥t✐❞♦s sã♦ ❬✶❪✱ ❬✷✼❪ ❡ ❬✸✵❪✳

❉❡✜♥✐çã♦ ✶✳✶✳ ❯♠❛ ❝✉r✈❛ ♣❧❛♥❛ ♣❛r❛♠❡tr✐③❛❞❛ ❞✐❢❡r❡♥❝✐á✈❡❧ é ✉♠❛ ❛♣❧✐✲
❝❛çã♦

γ : I −→ R
2

t 7−→ γ(t),

❞❡ ❝❧❛ss❡ C∞ ❞❡✜♥✐❞❛ ♥✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ I ❞❛ r❡t❛✳ ❆ ✈❛r✐á✈❡❧ t ∈ I é ❞✐t❛
♣❛râ♠❡tr♦ ❞❛ ❝✉r✈❛ ❡ γ(I)✱ ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ R

2 ❞♦s ♣♦♥t♦s γ(t) ♣❛r❛ t ∈ I✱ é
❝❤❛♠❛❞♦ tr❛ç♦ ❞❛ ❝✉r✈❛✳

✹
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❉❡✜♥✐çã♦ ✶✳✷✳ ❙❡❥❛

γ : I −→ R
2

t 7−→ γ(t) = (x(t), y(t)),

✉♠❛ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❖ ✈❡t♦r t❛♥❣❡♥t❡ ❛ γ ❡♠ t ∈ I é ❞❛❞♦
♣♦r✿

γ′(t) = (x′(t), y′(t)).

❊ ❛ r❡t❛ t❛♥❣❡♥t❡ ❛ γ ❡♠ t0 ∈ I✱ q✉❡ ♣❛ss❛ ♣♦r γ(t0) ♥❛ ❞✐r❡çã♦ γ′(t0)✱ é ❞❛❞❛
♣♦r✿

rγ(λ) = γ(t0) + λγ′(t0), λ ∈ R.

P❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ t❡♦r✐❛ ❧♦❝❛❧ ❞❛s ❝✉r✈❛s é ♣r❡❝✐s♦ q✉❡ ❡①✐st❛ ✉♠❛
r❡t❛ t❛♥❣❡♥t❡ ❛ ✉♠❛ ❝✉r✈❛ γ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞♦ ♣❛râ♠❡tr♦ t❀ ♣❛r❛ ✐ss♦✱ é
s✉✜❝✐❡♥t❡ q✉❡ ♦ ✈❡t♦r t❛♥❣❡♥t❡ ❛ γ s❡❥❛ ♥ã♦ ♥✉❧♦ ♣❛r❛ t♦❞♦ t✳ P♦rt❛♥t♦
r❡str✐♥❣✐♠♦s ♦ ❡st✉❞♦ às ❝✉r✈❛s q✉❡ s❛t✐s❢❛③❡♠ ❡st❛ ❝♦♥❞✐çã♦✳

❉❡✜♥✐çã♦ ✶✳✸✳ ❯♠❛ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛ ❞✐❢❡r❡♥❝✐á✈❡❧ γ : I −→ R
2

t 7−→ γ(t)
é ❞✐t❛ r❡✲

❣✉❧❛r s❡ ∀ t ∈ I, γ′(t) 6= ~0✳

❉❡✜♥✐çã♦ ✶✳✹✳ ❆ ❢✉♥çã♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❞❡ γ ❛ ♣❛rt✐r ❞❡ ✉♠ ♣♦♥t♦
t0 ∈ I✱ ❞❡♥♦t❛❞❛ ♣♦r ℓt0✱ é ❞❡✜♥✐❞❛ ♣♦r

ℓt0 : I −→ R

t 7−→ ℓt0(t) =

∫ t

t0

‖γ′(u)‖du,

❡st❛ ❢✉♥çã♦ ♠❡❞❡✱ ❛ ♠❡♥♦s ❞❡ s✐♥❛❧✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ ❛r❝♦ ❞❡ γ ❞❡ γ(t0) ❛ γ(t)✳

❉❡✜♥✐çã♦ ✶✳✺✳ ❯♠❛ ❝✉r✈❛ r❡❣✉❧❛r γ : I −→ R
2

s 7−→ γ(s)
❡stá ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠✲

♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✱ s❡ ❡ s♦♠❡♥t❡ s❡✱ ‖γ′(s)‖ = 1✳

◆♦t❛çõ❡s ✶✳✶✳ ❊♠ ❣❡r❛❧ ✐♥❞✐❝❛r❡♠♦s ✉♠ ♣❛râ♠❡tr♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ♣♦r s✳

❖ ♥♦♠❡ ❞❛ ♣❛r❛♠❡tr✐③❛çã♦ ❛❝✐♠❛ s❡ ❥✉st✐✜❝❛ ✉♠❛ ✈❡③ q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡
❛r❝♦ ❛ ♣❛rt✐r ❞❡ s0 ♣❛r❛ t❛❧ ♣❛r❛♠❡tr✐③❛çã♦ é ❞❛❞❛ ♣♦r✿

ℓ =

∫ s

s0

‖γ′(u)‖du = s− s0.

P♦rt❛♥t♦✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❝♦✐♥❝✐❞❡✱ ❛ ♠❡♥♦s ❞❡ s✐♥❛❧ ❡ ❞❡ ✉♠❛ ❝♦♥st❛♥t❡✱
❝♦♠ ♦ ♣❛râ♠❡tr♦ ❞❛ ❝✉r✈❛✳

❊①❡♠♣❧♦ ✶✳✻✳ ❆ ❛♣❧✐❝❛çã♦

γ(s) =
(

a cos
s

a
, a sin

s

a

)

, s ∈ R,

❝♦♠ a 6= 0✱ é ✉♠❛ ❝✉r✈❛ r❡❣✉❧❛r ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✱ ♣♦✐s

‖γ′(s)‖ =

√

(

− sin
s

a

)2

+
(

cos
s

a

)2

= 1, ∀ s ∈ R.
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Pr♦♣♦s✐çã♦ ✶✳✼✳ ❚♦❞❛ ❝✉r✈❛ r❡❣✉❧❛r ❛❞♠✐t❡ ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ♣❡❧♦ ❝♦♠♣r✐✲
♠❡♥t♦ ❞❡ ❛r❝♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ γ : I −→ R
2

t 7−→ γ(t)
✉♠❛ ❝✉r✈❛ r❡❣✉❧❛r ♣❛r❛♠❡tr✐③❛❞❛ ♣♦r ✉♠❛

♣❛râ♠❡tr♦ ❛r❜✐trár✐♦✳ ❉❛❞♦ t0 ∈ I✱ ❝♦♥s✐❞❡r❡♠♦s

s : I −→ R

t 7−→ s(t) =

∫ t

t0

‖γ′(u)‖du,

❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❞❡ γ ❛ ♣❛rt✐r ❞❡ t0✳

❈♦♠♦ γ é r❡❣✉❧❛r✱ ❡♥tã♦
ds

dt
= ‖γ′(t)‖ > 0 ❡ ♣♦rt❛♥t♦ γ é ✐♥❥❡t✐✈❛✳ ❆ss✐♠✱

s : I −→ J = s(I)
t 7−→ s(t)

é ✉♠❛ ❜✐❥❡çã♦✱ s❡❥❛ t : J −→ I
s 7−→ t(s)

❛ ✐♥✈❡rs❛ ❞❡ s✳

❆✜r♠❛çã♦ ✿ β : J −→ R
2

s 7−→ β(s) = γ(t(s))
é ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ❞❡ γ ♣❡❧♦ ❝♦♠♣r✐✲

♠❡♥t♦ ❞❡ ❛r❝♦✳

❉❡ ❢❛t♦✱ β′(s) = γ′(t(s))· dt
ds

⇒ ‖β′(s)‖ = ‖γ′(t(s))‖·
∣

∣

∣

∣

dt

ds

∣

∣

∣

∣

= ‖γ′(t)‖· 1
∣

∣

∣

∣

ds

dt

∣

∣

∣

∣

=

= ‖γ′(t)‖ · 1

‖γ′(t)‖ = 1✳

P♦rt❛♥t♦✱ β é r❡♣❛r❛♠❡tr✐③❛çã♦ ❞❡ γ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✳

�

Pr♦♣♦s✐çã♦ ✶✳✽ ✭❬✸✵❪✮✳ ❙❡❥❛♠ γ : I −→ R
2

t 7−→ γ(t)
✉♠❛ ❝✉r✈❛ r❡❣✉❧❛r ❡ ℓ : I −→ J ⊂ R

t 7−→ ℓ(t)
❛ ❢✉♥çã♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❞❡ γ ❛ ♣❛rt✐r ❞❡ t0✳ ❊♥tã♦ ❡①✐st❡ ❛ ❢✉♥çã♦ ✐♥✈❡rs❛
h : J −→ I

s 7−→ h(s)
❞❡ ℓ ❝♦♠ J = ℓ(I) t❛❧ q✉❡

β : J −→ R
2

s 7−→ β(s) = γ ◦ h(s)

é ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ γ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✳

❖❜s❡✈❛çã♦ ✶✳✾✳

❯♠❛ ♣❛r❛♠❡tr✐③❛çã♦ β ❞❡ γ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ♥ã♦ é ú♥✐❝❛✱ ♣♦✐s ❞❡✲
♣❡♥❞❡ ❞❛ ❢✉♥çã♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✱ q✉❡ ♣♦r s✉❛ ✈❡③ ❞❡♣❡♥❞❡ ❞♦ ♣♦♥t♦ t0 ✜①❛❞♦✳

❙❡❥❛
γ : I −→ R

2

t 7−→ γ(t) = (x(t), y(t)),
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✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧ r❡❣✉❧❛r✱ ❞❛❞♦ t ∈ I ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ✈❡t♦r t❛♥✲
❣❡♥t❡ ✉♥✐tár✐♦

~t(t) =
(x′(t), y′(t))

‖γ′(t)‖ .

❖ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐tár✐♦ q✉❡ ❝♦♥s✐❞❡r❛♠♦s é ❛q✉❡❧❡ q✉❡ ❝♦♠♣❧❡t❛ ❝♦♠ ~t ✉♠❛ ❜❛s❡
♦r✐❡♥t❛❞❛ ♣♦s✐t✐✈❛♠❡♥t❡ ❞❡ R

2✱ ♦✉ s❡❥❛✱

~n(t) =
(−y′(t), x′(t))

‖γ′(t)‖ .

❆ ❜❛s❡ ♦r❞❡♥❛❞❛
{

~t(t), ~n(t)
}

t∈I
é ❝❤❛♠❛❞❛ r❡❢❡r❡♥❝✐❛❧ ❞❡ ❋r❡♥❡t ❞❛ ❝✉r✈❛

γ✳

◆♦ ❝❛s♦ ❡♠ q✉❡ γ ❡stá ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ t❡♠♦s✿
{

~t(s) = γ′(s),
~n(s) = (−y′(s), x′(s)).

❈♦♠♦ ~t(s) é ✉♥✐tár✐♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡✲❧♦✿

~t(s) = (cos θ(s), sin θ(s)),

❝♦♠ θ(s) ♦ â♥❣✉❧♦ ❡♥tr❡ ♦ ✈❡t♦r ~t ❡ ♦ eixo x ♣♦s✐t✐✈♦✳ ▲♦❣♦

~n(s) = (− sin θ(s), cos θ(s)) e ~t′(s) = θ′(s)(− sin θ(s), cos θ(s)) = θ′(s)~n(s, .

s❡♥❞♦ θ′(s) ❛ ✈❛r✐❛çã♦ ❞♦ â♥❣✉❧♦ θ ❡ ♣♦rt❛♥t♦ ❞♦ ✈❡t♦r ~t✱ ❡st❡ ♥ú♠❡r♦ é ❝❤❛♠❛❞♦
❞❡ ❝✉r✈❛t✉r❛ ❞❡ γ ❡♠ s✱ ❡ ✐♥❞✐❝❛❞♦ ♣♦r κγ(s)✳

▲♦❣♦✱ κγ(s) = θ′(s)✱ ❡ ♣♦rt❛♥t♦

~t′(s) = κγ(s)~n(s). ✭✶✳✶✮

❈♦♠♦ ~t é C∞ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛ ❢✉♥çã♦

κγ : I −→ R

s 7−→ κγ(s) = θ′(s).

❖❜s❡r✈❡♠♦s q✉❡✿

~t(s) · ~n(s) ≡ 0 ⇒ ~t′(s) · ~n(s) = −~n′(s) ·~t(s) = κγ(s),

❞❛✐ q✉❡
~n′(s) =

(

~n′(s) ·~t(s)
)

~t(s) = −κγ(s)~t(s) ✭✶✳✷✮

❆s ❡q✉❛çõ❡s ✭✶✳✶✮ ❡✭✶✳✷✮✿
{

~t′(s) = κγ(s)~n(s)
~n′(s) = −κγ(s)~t(s)

sã♦ ❝❤❛♠❛❞❛s ❋ór♠✉❧❛s ❞❡ ❋r❡♥❡t ❞❛ ❝✉r✈❛ ♣❧❛♥❛✳

◆♦ ❝❛s♦ ❡♠ q✉❡ γ ♥ã♦ ❡stá ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✱ ❡st❛s
❡q✉❛çõ❡s sã♦✿

{

~t′(t) = κγ(t)‖γ′(t)‖ ~n(t)
~n′(t) = −κγ(t)‖γ′(t)‖ ~t(s)
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❉❡✜♥✐çã♦ ✶✳✶✵✳ ❙❡❥❛ γ ✉♠❛ ❝✉r✈❛ r❡❣✉❧❛r ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡
❛r❝♦ t❛❧ q✉❡ κ(s0) 6= 0, s0 ∈ I✱ ♦ ♥ú♠❡r♦

ρ(s0) =
1

|κ(s0)|
é ❝❤❛♠❞❛❞♦ ♦ r❛✐♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ γ em s0,

❡ ♦ ♣♦♥t♦ C(s0) = γ(s0) +
1

κ(s0)
~n(s0) é ❝❤❛♠❛❞♦ ♦ ❝❡♥tr♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ γ

❡♠ s0✳

❖ ❝ír❝✉❧♦ ♦s❝✉❧❛❞♦r ❞❡ γ ❡♠ s0 é ♦ ❝ír❝✉❧♦ ❞❡ ❝❡♥tr♦ C(s0) ❡ r❛✐♦ ρ(s0)✳

❉❡✜♥✐çã♦ ✶✳✶✶✳ ❙❡❥❛ γ : I → R
2 ✉♠❛ ❝✉r✈❛ r❡❣✉❧❛r t❛❧ q✉❡ κ(t) 6= 0 ♣❛r❛ t♦❞♦

t ∈ I✳ ❆ ♠❡❞✐❞❛ q✉❡ ✈❛r✐❛ ♦ ♣❛râ♠❡tr♦ t✱ ♦ ❝❡♥tr♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡s❝r❡✈❡ ✉♠❛
❝✉r✈❛ E : I −→ R

2

t 7−→ E(t)
✱ ❝❤❛♠❛❞❛ ❛ ❡✈♦❧✉t❛ ❞❡ γ✱ ❞❛❞❛ ♣♦r

E(t) = γ(t) +
1

κ(t)
~n(t).

❖❜s❡✈❛çã♦ ✶✳✶✷✳

❆ ❡✈♦❧✉t❛ é ✉♠❛ ❝✉r✈❛ q✉❡ ❞á ✐♥❢♦r♠❛çõ❡s ✐♠♣♦rt❛♥t❡s q✉❛♥t♦ ❛ ❣❡♦♠❡tr✐❛
❞❛ ❝✉r✈❛✳ P♦r ❡①❡♠♣❧♦✱ ♦s ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❞❛ ❡✈♦❧✉t❛ sã♦ ♦s ✈ért✐❝❡s ❞❛ ❝✉r✈❛
q✉❡ sã♦ ♦s ♣♦♥t♦s ❡♠ q✉❡ κ′(t) = 0✳

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❣❛r❛♥t❡ q✉❡ ❛ ❝✉r✈❛t✉r❛ ❞❡t❡r♠✐♥❛ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❛
♠❡♥♦s ❞❡ s✉❛ ♣♦s✐çã♦ ♥♦ ♣❧❛♥♦✳

❚❡♦r❡♠❛ ✶✳✶✸✳ ❬✸✵❪ ✭ ❚❡♦r❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❛s ❝✉r✈❛s ♣❧❛♥❛s ✮

❙❡❥❛ h : I −→ R

s 7−→ h(s)
✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❝❧❛ss❡ C∞✱ ❡♥tã♦✿

✭✐✮ ❊①✐st❡ ✉♠❛ ❝✉r✈❛ r❡❣✉❧❛r γ : I −→ R
2

s 7−→ γ(s)
♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡

❛r❝♦ t❛❧ q✉❡✱ ❛ ❢✉♥çã♦ ❝✉r✈❛t✉r❛ κγ ❞❡ γ s❛t✐s❢❛③✿ κγ ≡ h✳

✭✐✐✮ ❙❡ ❡①✐❣✐r♠♦s q✉❡ ❡♠ s0 ❛ ❝✉r✈❛ γ ♣❛ss❡ ♣♦r p0 ❝♦♠ ✈❡t♦r ✈❡❧♦❝✐❞❛❞❡ v0✱ ♦✉

s❡❥❛✱

{

γ(s0) = p0
γ′(s0) = ~v0

, ❝♦♠ ~v0 ✈❡t♦r ✉♥✐tár✐♦ ❞❡ R
2✱ ❡♥tã♦ ❛ ❝✉r✈❛ γ ❞♦

✐t❡♠ ✭✐✮ é ú♥✐❝❛✳

✭✐✐✐✮ ❙❡ γ ❡ β sã♦ ❝✉r✈❛s q✉❡ s❛t✐s❢❛③❡♠ ♦ ✐t❡♠ ✭✐✮✱ ♦✉ s❡❥❛✱ κγ ≡ h ❡ κβ ≡ h✱
❡①✐st❡ ✉♠ ♠♦✈✐♠❡♥t♦ rí❣✐❞♦ ❞♦ ♣❧❛♥♦ q✉❡ ❧❡✈❛ γ ❡♠ β✱ ♦✉ s❡❥❛✱ ❡①✐st❡♠
Rθ : R

2 → R
2 ✉♠❛ r♦t❛çã♦ ❡ T~v : R2 → R

2 ✉♠ tr❛♥s❧❛çã♦ t❛✐s q✉❡

β = T~v ◦R(γ)
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✶✳✶✳✶ ❈♦♥t❛t♦ ❡♥tr❡ ❈✉r✈❛s P❧❛♥❛s

❯♠❛ ❝✉r✈❛ t❛♠❜é♠ ♣♦❞❡ s❡r ❞❛❞❛ ❞❡ ♠❛♥❡✐r❛ ✐♠♣❧í❝✐t❛ ❝♦♠♦ ✐♠❛❣❡♠ ✐♥✈❡rs❛
❞❡ ✉♠ ✈❛❧♦r r❡❣✉❧❛r ❞❡ ✉♠❛ ❢✉♥çã♦ F : R2 −→ R

(x, y) 7−→ F (x, y).
✳ ❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❞á

❡ss❛ ❣❛r❛♥t✐❛ ❡ s❡rá ✉s❛❞♦ ♥❛ s❡çã♦ ✶✳✶✳✹ q✉❛♥❞♦ ❞❡✜♥✐♠♦s ❡♥✈♦❧✈❡♥t❡s✳

❚❡♦r❡♠❛ ✶✳✶✹ ✭❬✷✼❪✮✳ ❙❡❥❛♠ V ✉♠ ❛❜❡rt♦ ❞❡ R
2 ❡

F : V −→ R

(x, y) 7−→ F (x, y),
,

✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧✳

❉❛❞♦ (x0, y0) ∈ V✱ ❝♦♠ F (x0, y0) = p✱ s❡ ∇F (x0, y0) 6= ~0✱ ❡♥tã♦ ❡①✐st❡ U ✉♠❛
✈✐③✐♥❤❛♥ç❛ ❞❡ (x0, y0) ❡♠ V✱ ❡ γ : (t0 − δ, t0 + δ) −→ R

2

t 7−→ γ(t)
✱ ❝♦♠ δ > 0✱ t❛✐s q✉❡✿

✐✮ γ ((t0 − δ, t0 + δ)) ⊂ U ✱ γ(t0) = (x0, y0) ❡ F (γ(t)) = p ♣❛r❛ t♦❞♦ t ∈ (t0 −
δ, t0 + δ)✳

✐✐✮ ❙❡ (x, y) ∈ U ❡ F (x, y) = p✱ ❡♥tã♦ ❡①✐st❡ t ∈ (t0 − δ, t0 + δ) t❛❧ q✉❡ γ(t) =
(x, y)✳

◆♦s ❧✐✈r♦s ❞❡ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧ ❡♥❝♦♥tr❛♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦ ❞❡ ❝♦♥✲
t❛t♦ ❡♥tr❡ ❝✉r✈❛s✳

❉❡✜♥✐çã♦ ✶✳✶✺✳ ❙❡❥❛♠ γ ❡ β ❝✉r✈❛s r❡❣✉❧❛r❡s ❞❛❞❛s ♣♦r

γ : I −→ R
2

s 7−→ γ(s)
❡

β : J −→ R
2

t 7−→ β(t).

❉✐③❡♠♦s q✉❡ γ ❡ β t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ k ❡♠ P = γ(t0) = β(t0) s❡✱ ❡
s♦♠❡♥t❡ s❡



















γ′(s0) = β′(t0)
γ′′(s0) = β′′(t0)

✳✳✳
γ(k)(s0) = β(k)(t0)

❡ γ(k+1)(s0) 6= β(k+1)(t0).

◆♦ ❡♥t❛♥t♦✱ ♥❡st❡ tr❛❜❛❧❤♦ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ ❞❡✜♥✐çã♦ q✉❡ ❞❡r✐✈❛ ❞❛ ❞❡✜✲
♥✐çã♦ ❞❡ ❝♦♥t❛t♦ ❡♥tr❡ ❞✉❛s ✈❛r✐❡❞❛❞❡s✱ ✉♠❛ ❞❛❞❛ ❝♦♠♦ ✐♠❛❣❡♠ ✐♥✈❡rs❛ ❞❡ ✉♠❛
s✉❜♠❡rsã♦ ❡ ♦✉tr❛ ❝♦♠♦ ❛ ✐♠❛❣❡♠ ❞❡ ✉♠❛ ✐♠❡rsã♦✳

❉❡✜♥✐çã♦ ✶✳✶✻✳ ❙❡❥❛♠

F : R
2 −→ R

(x, y) 7−→ F (x, y)
❡

γ : I −→ R
2

t 7−→ γ(t),
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✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ ✵ ❝♦♠♦ ✈❛❧♦r r❡❣✉❧❛r ❡ ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧
r❡❣✉❧❛r✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆s ❝✉r✈❛s ❞✐❢❡r❡♥❝✐á✈❡✐s F−1({0}) ❡ γ(I) tê♠ ❝♦♥t❛t♦
❞❡ ♦r❞❡♠ k ❡♠ p = γ(t0) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ❢✉♥çã♦ ϕ ❞❡✜♥✐❞❛ ♣♦r

ϕ : I −→ R

t 7−→ ϕ(t) = F ◦ γ(t),

s❛t✐s❢❛③
ϕ(t0) = ϕ′(t0) = · · · = ϕ(k−1)(t0) = 0, ϕ(k)(t0) 6= 0. ✭✶✳✸✮

❙❡ ❡♠ ✭✶✳✸✮ ♥ã♦ ❣❛r❛♥t✐r♠♦s ❛ ❝♦♥❞✐çã♦ ϕ(k)(t0) 6= 0✱ ❞✐③❡♠♦s q✉❡ ❛s ❝✉r✈❛s
❛❝✐♠❛ tê♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ≥ k ❡♠ p✳

Pr♦♣♦s✐çã♦ ✶✳✶✼✳ ❙❡❥❛ γ : I −→ R
2

s 7−→ γ(s)
✉♠❛ ❝✉r✈❛ r❡❣✉❧❛r ♣❛r❛♠❡tr✐③❛❞❛✱ ❡♥tã♦✿

✭✐✮ γ t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ≥ 1 ❝♦♠ ✉♠❛ r❡t❛ ♥♦ ♣♦♥t♦ γ(s0) s❡✱ ❡ s♦♠❡♥t❡
s❡✱ ❡st❛ r❡t❛ é ❛ r❡t❛ t❛♥❣❡♥t❡ ❛ γ ❡♠ γ(s0)✳

✭✐✐✮ γ t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ≥ 2 ❝♦♠ ✉♠ ❝ír❝✉❧♦ ❡♠ ❞❛❞♦ ♣♦♥t♦ s❡✱ ❡ s♦♠❡♥t❡
s❡✱ ❡st❡ é ♦ ❝ír❝✉❧♦ ♦s❝✉❧❛❞♦r ❛ γ ♥♦ r❡❢❡r✐❞♦ ♣♦♥t♦✳

❉❡♠♦♥str❛çã♦✳

✐✮ (⇐) ❙✉♣♦♥❤❛♠♦s q✉❡ ❛ ❝✉r✈❛ γ é ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦
❞❡ ❛r❝♦✱ ❡ t♦♠❡♠♦s

rs0 : R −→ R
2

t 7−→ rs0(t) = γ(s0) + tγ′(s0)

✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❛ r❡t❛ t❛♥❣❡♥t❡ ❛ γ ❡♠ s0✳

❖❜s❡r✈❡♠♦s q✉❡ γ(s0) = rs0(0) é ♦ ♣♦♥t♦ ❞❡ ❝♦♥t❛t♦✱ ❡ é ❝❧❛r♦ q✉❡ γ′(s0) =
r′(0)✳ ▲♦❣♦✱ γ ❡ rs0 t❡♠ ❝♦♥t❛❞♦ ❞❡ ♦r❞❡♠ ≥ 1 ❡♠ γ(s0)✳

(⇒) ❙❡❥❛♠ γ✱ β ❞❛❞❛s ♣♦r

γ : I −→ R
2

s 7−→ γ(s)
❡

β : J −→ R
2

t 7−→ β(t) = γ(s0) + t~u,

❝♦♠ ~u é ✉♥✐tár✐♦✳ ❈♦♠♦ γ ❡ β t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ≥ 1 ❡♠ γ(s0)✱ ❡♥tã♦
γ′(s0) = β(s0) = ~u✳ ▲♦❣♦

β : J −→ R
2

t 7−→ β(t) = γ(s0) + tγ′(s0),

é ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❛ r❡t❛ t❛♥❣❡♥t❡ ❛ γ ❡♠ γ(s0)✳

✐✐✮ ❙❡❥❛ γ : I −→ R
2

s 7−→ γ(s)
❝✉r✈❛ r❡❣✉❧❛r ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✳

❙✉♣♦♥❤❛♠♦s q✉❡ γ t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ≥ 2 ❝♦♠ ♦ ❝ír❝✉❧♦ C(C, r) ❡♠
p = γ(s0)✱ ❡♥tã♦

γ(s0) ∈ C(C, r) ❡ ♣♦rt❛♥t♦ ‖γ(s0)− C‖2 = r2.
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❈♦♥s✐❞❡r❡♠♦s ❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧

F : R
2 −→ R

X 7−→ F (X) = ‖X − C‖2 − r2,

❡♥tã♦ C(C, r) = F−1({0}) ❡ ∇F = 2(X − c) 6= 0 ♣❛r❛ t♦❞♦ X ∈ F−1({0})✱
♣♦✐s F (C) = 0 6= r2✳

❆ ❢✉♥çã♦ ❞❡ ❝♦♥t❛t♦ ❡♥tr❡ γ ❡ C é ❞❛❞❛ ♣♦r✿

ϕ : I −→ R

s 7−→ ϕ(s) = F ◦ γ(s) = ‖γ(s)− C‖2 − r2.

❈♦♠♦ γ ❡ C t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ≥ 2 ❡♠ p = γ(s0) ❞❡✈❡♠♦s t❡r✿
{

ϕ′(s0) = 0
ϕ′′(s0) = 0

⇐⇒
{

γ′(s0) · (γ(s0)− C) = 0
γ′′(s0) · (γ(s0)− C) + γ′(s0) · γ′(s0) = 0

⇐⇒
{

γ(s0)− C � ~n(s0)
κ(s0)~n(s0) · (γ(s0)− C) = −1

⇐⇒







C = γ(s0)− λ~n(s0)

λ = − 1

κ(s0)

▲♦❣♦✱

C = γ(s0) +
1

κ(s0)
~n(s0)

é ♦ ❝❡♥tr♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ γ ❡♠ s0 ❡ ‖γ(s0) − C‖2 = ρ(s0)
2 = r2 ⇒ r =

ρ(s0)✳ P♦rt❛♥t♦✱ C é ♦ ❝ír❝✉❧♦ ♦s❝✉❧❛❞♦r ❛ γ ❡♠ s0✳

(⇐) ❙❡❥❛ γ ✉♠❛ ❝✉r✈❛ r❡❣✉❧❛r ❡ s0 ∈ I ♦ ❝ír❝✉❧♦ ♦s❝✉❧❛❞♦r ❛ γ ❡♠ s0✱
❞❡♥♦t❛❞♦ ♣♦r C(C, r) é ♦ s❡❣✉✐♥t❡ s✉❜❝♦♥❥✉♥t♦ ❞❡ R

2

C(C, r) = {X ∈ R
2 ; ‖X − C‖2 = r2},

❝♦♠ C = γ(s0) +
1

κ(s0)
~n(s0) ❡ r =

1

|κ(s0)|
✳

❈♦♥s✐❞❡r❡♠♦s
F : R

2 −→ R

X 7−→ F (X) = ‖X − C‖2 − r2,

❝♦♠ ∇F (X) = 2(X − C) 6= ~0✳ ❉❡✜♥✐♠♦s ❛ ❢✉♥çã♦ ❞❡ ❝♦♥t❛t♦

ϕ : I −→ R

s 7−→ ϕ(s) = F ◦ γ(s) = ‖γ(s)− C‖2 − r2.

t❡♠♦s✿

ϕ(s0) = 0, ♣♦✐s γ(s0) ∈ C(C, r)

ϕ′(s0) = 2γ′(s0)(γ(s0)− C) = 0, ♣♦✐s (γ(s0)− C) � ~n(s0)

ϕ′′(s0) = 2 [κ(s0)~n(s0)(γ(s0)− C) + 1]

P♦rt❛♥t♦✱ ♦ ❝ír❝✉❧♦ ♦s❝✉❧❛❞♦r ❛ γ ❡♠ s0 t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ≥ 2✳

�
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✶✳✶✳✷ ❈ô♥✐❝❛s

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❯♠❛ ❝ô♥✐❝❛ C é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ R
2 ❞❡✜♥✐❞♦ ♣♦r✿

C = {(x, y) ∈ R
2; ax2 + 2hxy + by2 + 2gx+ 2fy + c = 0} ✭✶✳✹✮

♦♥❞❡ a, b, c, h, f, g ∈ R ❡ a, b sã♦ ❛♠❜♦s ♥ã♦ ♥✉❧♦s✱ ♦✉ s❡❥❛✱

C = ϕ−1 ({0}) , ❝♦♠ ϕ(x, y) = ax2 + 2hxy + by2 + 2gx+ 2fy + c.

❆s ❝ô♥✐❝❛s sã♦ ❝❧❛ss✐✜❝❛❞❛s ❡♠✿

❈ô♥✐❝❛s ❞❡❣❡♥❡r❛❞❛s✿ ✉♠ ♣♦♥t♦✱ ✉♠❛ r❡t❛✱ ❞✉❛s r❡t❛s ❝♦♥❝♦rr❡♥t❡s ❡ ❞✉❛s
r❡t❛s ♣❛r❛❧❡❧❛s❀

❈ô♥✐❝❛s ♥ã♦ ❞❡❣❡♥❡r❛❞❛s✿ ♣❛rá❜♦❧❛✱ ❡❧✐♣s❡ ❡ ❤✐♣ér❜♦❧❡✳

❆s ❝ô♥✐❝❛s ♣♦❞❡♠ s❡r ❝❧❛ss✐✜❝❛❞❛s ❛tr❛✈és ❞♦ ❞✐s❝r✐♠✐♥❛♥t❡∆ = ab−h2✱ ❝♦♠♦
s❡❣✉❡✿

✐✮ ❙❡ ∆ > 0✱ ❡♥tã♦ C ✉♠❛ ❡❧✐♣s❡ ♦✉ ✉♠ ♣♦♥t♦❀

✐✐✮ ❙❡ ∆ = 0✱ ❡♥tã♦ C é ✉♠❛ ♣❛rá❜♦❧❛ ♦✉ ✉♠❛ r❡t❛ ♦✉ ✉♠ ♣❛r ❞❡ r❡t❛s ♣❛r❛❧❡❧❛s❀

✐✐✐✮ ❙❡ ∆ < 0✱ ❡♥tã♦ C é ✉♠❛ ❤✐♣ér❜♦❧❡ ♦✉ ✉♠ ♣❛r ❞❡ r❡t❛s ❝♦♥❝♦rr❡♥t❡s✳

❖ ❝❡♥tr♦ ❞❡ ✉♠❛ ❝ô♥✐❝❛ ❞❛ ❞❡✜♥✐çã♦ ✶✳✶✽ é ✉♠❛ s♦❧✉çã♦ (x, y) ❞♦ s✐st❡♠❛
{

ax+ hy + g = 0
hx+ by + f = 0

✶✳✶✳✸ ❈✉r✈❛s P❧❛♥❛s ❋❡❝❤❛❞❛s ❡ ❈♦♥✈❡①❛s ❡ ❈✉r✈❛s ❋❡❝❤❛✲
❞❛s ❝♦♠ ▲❛r❣✉r❛ ❈♦♥st❛♥t❡

❉❛❞❛ ✉♠❛ ❝✉r✈❛ γ : I −→ R
2

t 7−→ γ(t)
❞✐③❡♠♦s q✉❡ γ(t0) é ✉♠ ♣♦♥t♦ s✐♠♣❧❡s ❞❡ γ s❡✱

❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ t♦❞♦ t ∈ I✱ ❝♦♠ t 6= t0 t✐✈❡r♠♦s γ(t) 6= γ(t0)✳ ❈❛s♦ ❝♦♥trár✐♦✱
❞✐③❡♠♦s q✉❡ γ(t) é ♣♦♥t♦ ♠ú❧t✐♣❧♦✳

❉❡✜♥✐çã♦ ✶✳✶✾✳ ❯♠❛ ❝✉r✈❛ γ : I −→ R
2

t 7−→ γ(t)
é s✐♠♣❧❡s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ γ é ✉♠

❛♣❧✐❝❛çã♦ ✐♥❥❡t♦r❛✳

❉❡✜♥✐çã♦ ✶✳✷✵✳ ❯♠❛ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛ ♣♦r γ : [a, b] −→ R
2

t 7−→ γ(t)
é ❢❡❝❤❛❞❛ s❡✱

❡ s♦♠❡♥t❡ s❡✱ γ(a) = γ(b)✳
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❉❡✜♥✐çã♦ ✶✳✷✶✳ ❯♠❛ ❝✉r✈❛ ♣❧❛♥❛ γ : [a, b] −→ R
2

t 7−→ γ(t)
é ❝✉r✈❛ ❞❡ ❏♦r❞❛♥ s❡✱ ❡

s♦♠❡♥t❡ s❡✱ γ é ❢❡❝❤❛❞❛ ❡ γ∣
∣[a,b)

é s✐♠♣❧❡s✳

❉❡✜♥✐çã♦ ✶✳✷✷✳ ❯♠❛ ❝✉r✈❛ r❡❣✉❧❛r γ : [a, b] → R
2 é ❝♦♥✈❡①❛✱ s❡ ♣❛r❛ ❝❛❞❛

t0 ∈ [a, b]✱ ♦ tr❛ç♦ ❞❡ γ ❡stá ✐♥t❡✐r❛♠❡♥t❡ ❝♦♥t✐❞♦ ❡♠ ✉♠ ❞♦s s❡♠✐✲♣❧❛♥♦s
❞❡t❡r♠✐♥❛❞♦s ♣❡❧❛ r❡t❛ t❛♥❣❡♥t❡ à γ ❡♠ t0✳ ❆ ❝✉r✈❛ γ é ❞✐t❛ ❡str✐t❛♠❡♥t❡
❝♦♥✈❡①❛ ❡♠ t0✱ s❡ ♦ tr❛ç♦ ❞❡ γ✱ ❡①❝❡t♦ ♣❡❧♦ ♣♦♥t♦ γ(t0)✱ ❡stá ✐♥t❡✐r❛♠❡♥t❡ ❝♦♥t✐❞♦
♥♦ s❡♠✐✲♣❧❛♥♦ ❛❜❡rt♦ ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ r❡t❛ t❛♥❣❡♥t❡ à ❝✉r✈❛ γ ❡♠ γ(t0)✳

❋✐❣✉r❛ ✶✳✶✿ ❈✉r✈❛ ❝♦♥✈❡①❛ à ❡sq✉❡r❞❛ ❡ ❝✉r✈❛ ♥ã♦✲❝♦♥✈❡①❛ à ❞✐r❡✐t❛

❚❡♦r❡♠❛ ✶✳✷✸ ✭❬✶❪✮✳ ❯♠❛ ❝✉r✈❛ r❡❣✉❧❛r ❞❡ ❏♦r❞❛♥ γ : [a, b] → R
2 é ❝♦♥✈❡①❛ s❡✱

❡ s♦♠❡♥t❡ s❡✱ s✉❛ ❝✉r✈❛t✉r❛ ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧✳

❉❡✜♥✐çã♦ ✶✳✷✹✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❢❡❝❤❛❞❛ ❝♦♥✈❡①❛ γ : [a, b] → R
2

é ❞❡ ❧❛r❣✉r❛ ❝♦♥st❛♥t❡✱ q✉❛♥❞♦ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ♣♦♥t♦s ❞❡ ❝♦♥t❛t♦s ❞❛s
t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s ❝♦♠ ❛ ❝✉r✈❛ γ ♣♦ss✉✐ ❞✐stâ♥❝✐❛s ✐❣✉❛✐s✳

❖❜s❡✈❛çã♦ ✶✳✷✺✳

❆ ❝✉r✈❛ ♠❛✐s ❝♦♥❤❡❝✐❞❛ ❞❡ ❧❛r❣✉r❛ ❝♦♥st❛♥t❡ é ♦ ❝ír❝✉❧♦✱ ♥❡st❡ ❝❛s♦ ❛s ❞✐s✲
tâ♥❝✐❛s ❞❡ ❧❛r❣✉r❛s ❝♦♥st❛♥t❡s sã♦ ♦s ❞✐â♠❡tr♦s✳

❊①✐st❡♠ ❝✉r✈❛s ♥ã♦ ❝✐r❝✉❧❛r❡s q✉❡ ♣♦ss✉❡♠ ❧❛r❣✉r❛ ❝♦♥st❛♥t❡✱ ♣♦r ❡①❡♠♣❧♦s✱
❝✉r✈❛s q✉❡ ♣♦ss✉❡♠ ❛s ❢♦r♠❛s ❞❡ ♠♦❡❞❛s ❞❡ ✷✵ ♣❡♥❝❡s ❡ ✺✵ ♣❡♥❝❡s ♠♦str❛❞❛s ♥❛
✜❣✉r❛ ✶✳✷✳

❋✐❣✉r❛ ✶✳✷✿ ❋♦r♠❛s ❝♦♠ ❧❛r❣✉r❛ ❝♦♥st❛♥t❡

■❧✉str❛♠♦s ♥♦ ❡①❡♠♣❧♦ ❛❜❛✐①♦ ✉♠❛ ❝✉r✈❛ q✉❡ ♣♦ss✉✐ ❧❛r❣✉r❛ ❝♦♥st❛♥t❡✳ ❊♠
❬✷✶❪ ❡st❛s ❝✉r✈❛s sã♦ ❡st✉❞❛❞❛s ❞❡ ♠❛♥❡✐r❛ ❞❡t❛❧❤❛❞❛ ❡ ❤á ♦✉tr♦s ❡①❡♠♣❧♦s ❞❡
t❛✐s ❝✉r✈❛s✳
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❊①❡♠♣❧♦ ✶✳✷✻✳ ❈♦♥s✐❞❡r❡ ❛ ❝✉r✈❛ ♣❧❛♥❛ γ ❝♦♠ ❛ s❡❣✉✐♥t❡ ♣❛r❛♠❡tr✐③❛çã♦✿

x =
(a

2
cos 3t+

a

2
+ b
)

cos t+
3a

2
sin 3t sin t

y =
(a

2
cos 3t+

a

2
+ b
)

sin t− 3a

2
sin 3t cos t

P❛r❛ ✈❛❧♦r❡s ❞❡ a = 2 ❡ b = 8✱ t❡♠♦s ♦ ❣rá✜❝♦

❋✐❣✉r❛ ✶✳✸✿ ❈✉r✈❛ ❝♦♠ ❧❛r❣✉r❛ ❝♦♥st❛♥t❡

✶✳✶✳✹ ❊♥✈♦❧✈❡♥t❡ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❝✉r✈❛s

❉❛❞❛ ✉♠ ❝✉r✈❛ ♣❧❛♥❛ ❡♠ q✉❡ ❛ ❝✉r✈❛t✉r❛ ♥ã♦ s❡ ❛♥✉❧❛✱ s✉❛ ❡✈♦❧✉t❛ t❡♠ ❛
♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡ ❛ r❡t❛ t❛♥❣❡♥t❡ à ❡✈♦❧✉t❛ ❡♠ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ♣♦♥t♦ é ❛ r❡t❛
♥♦r♠❛❧ à ❝✉r✈❛ ♥♦ r❡s♣❡❝t✐✈♦ ♣♦♥t♦✳ ❉❡ ❢❛t♦✱ s❡❥❛ rn ❛ r❡t❛ ♥♦r♠❛❧ ❛ γ ❡♠ s0
❞❡✜♥✐❞❛ ♣♦r

rn := r(λ) = γ(s0) + λ~n(s0), λ ∈ R

❖❜s❡r✈❡ q✉❡ E(s0) ∈ rn✱ ♣♦✐s E(s0) = r

(

1

κ(s0)

)

✳

❈♦♠♦ E ′(s) = ~t(s)− κ′(s)

κ2(s)
~n(s) +

1

κ(s)
(−κ(s))~t(s) = − κ′(s)

κ2(s)
~n(s) ⇒

⇒ ~tE(s) = ±~n(s)✱ ❡♥tã♦ ❛ r❡t❛ t❛♥❣❡♥t❡ ❛ ❡✈♦❧✉t❛ ❡♠ s0 é

sE := s(α) = E(s0) + α~tE(s0), α ∈ R.

= E(s0) + α~n(s0),

P♦rt❛♥t♦✱ ❛s r❡t❛s rn ❡ sE ♣♦ss✉❡♠ ❛ ♠❡s♠❛ ❞✐r❡çã♦✳

P♦❞❡♠♦s ♣❡♥s❛r q✉❡ ❛s r❡t❛s ♥♦r♠❛✐s à ❝✉r✈❛ ♦r✐❣✐♥❛❧ ❢♦r♠❛♠ ✉♠❛ ❢❛♠í❧✐❛ ❞❡
❝✉r✈❛s✱ ❞❡st❡ ♠♦❞♦ ✈❛♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ❝✉r✈❛ q✉❡ é t❛♥❣❡♥t❡ ❛ ✉♠❛ ❢❛♠í❧✐❛ ❞❡
❝✉r✈❛s✳
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❆ ❢❛♠í❧✐❛ ❞❡ ❝✉r✈❛s ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ❆ ❝❛❞❛ ❝✉r✈❛
❞❛ ❢❛♠í❧✐❛ ❛ss♦❝✐❛♠♦s ❛♦ ♥ú♠❡r♦ r❡❛❧ α s❡✉ ♣❛râ♠❡tr♦ ❡ ❝♦♥s✐❞❡r❡♠♦s

F : V ⊂ R
3 −→ R

(x, y, β) 7−→ F (x, y, β),
,

✉♠❛ ❢✉♥çã♦ r❡❛❧ ❞✐❢❡r❡♥❝✐á✈❡❧✱ t❛❧ q✉❡✿

(

∂F

∂x

)2

(x, y, β) +

(

∂F

∂y

)2

(x, y, β) 6= 0.

❊st❛ ❢✉♥çã♦ ♦❜t✐❞❛ ✜①❛♥❞♦ ♦ ♣❛râ♠❡tr♦ β✱ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞♦ t❡♦r❡♠❛
✶✳✶✹✱ ❧♦❣♦ ❡①✐st❡ ✉♠❛ ❝✉r✈❛ Dβ ♥♦ ♣❧❛♥♦ ❝✉❥♦s ♣♦♥t♦s p s❛t✐s❢❛③❡♠ F (p, β) = 0✳
❆ss✐♠✱ ❛s ❝✉r✈❛s Dβ ♦❜t✐❞❛s ❞❡st❛ ♠❛♥❡✐r❛ ❢♦r♠❛♠ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❝✉r✈❛s✳

❉❡✜♥✐çã♦ ✶✳✷✼✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❝✉r✈❛ γ é ✉♠❛ ❡♥✈♦❧✈❡♥t❡ ❞❡ ✉♠❛ ❢❛♠í❧✐❛
❞❡ ❝✉r✈❛s Dβ✱ s❡ ♣❛r❛ ❝❛❞❛ t ❡①✐st❡ ✉♠ ♣❛râ♠❡tr♦ β(t) t❛❧ q✉❡ ❛ ❝✉r✈❛ γ s❡❥❛
t❛♥❣❡♥t❡ à ❝✉r✈❛ ❛ Dβ(t) ♥♦ ♣♦♥t♦ γ(t)✱ ♦♥❞❡ β(t) é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ β′(t) 6=
0, ∀t ∈ I✳

❊①❡♠♣❧♦ ✶✳✷✽✳ ❙❡❥❛ F : R3 → R ❞❡✜♥✐❞❛ ❝♦♠♦

F (x, y, β) = (x− β)2 + y2 −R2,

♦♥❞❡ R é ✉♠❛ ❝♦♥st❛♥t❡✳ ❆s ❝✉r✈❛s Cβ✱ ❞❛ ❢❛♠í❧✐❛ ❣❡r❛❞❛ ♣♦r F ✱ sã♦ ❝ír❝✉❧♦s ❞❡
r❛✐♦ R ❡ ❝❡♥tr♦ (α, 0) ♥♦ ♣❧❛♥♦✳ ❊st❛ ❢❛♠í❧✐❛ t❡♠ ❞✉❛s ❡♥✈♦❧✈❡♥t❡s✱ ❛s r❡t❛s

y = R ❡ y = −R.

❆ r❡t❛ γ(t) = (t, R) é t❛♥❣❡♥t❡ à ❝✉r✈❛ Ct1 ♥♦ ♣♦♥t♦ γ(t1) = (t1, R)✳ ▲♦❣♦✱ ♥❡st❡
❝❛s♦✱ β(t) = t ❡ β′(t) = 1 6= 0✳

❋✐❣✉r❛ ✶✳✹✿ ❊♥✈♦❧✈❡♥t❡s ❞❛ ❢❛♠í❧✐❛ ❞❡ ❝ír❝✉❧♦s
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❖❜s❡r✈❡ q✉❡✱ ♣♦❞❡♠♦s r❡♣❛r❛♠❡tr✐③❛r ❛ ❝✉r✈❛ γ✱ ✉s❛♥❞♦ ♦ ♣❛râ♠❡tr♦ β✱ ♣♦✐s
β′ 6= 0✱ ♦✉ s❡❥❛ ❞❡✜♥✐♠♦s ❛ r❡♣❛r❛♠❡tr✐③❛çã♦ γ̃ ♣❡❧❛ ❡q✉❛çã♦ γ̃(β(t)) = γ(t)✳

❖ t❡♦r❡♠❛ ❛❜❛✐①♦ ♥♦s ❞á ❝♦♥❞✐çõ❡s ♣❛r❛ s❛❜❡r s❡ ✉♠ ♣♦♥t♦ ♣❡rt❡♥❝❡ ❛ ❡♥✈♦❧✲
✈❡♥t❡ ❞❛ ❢❛♠í❧✐❛ ❞❡ ❝✉r✈❛s✳

❚❡♦r❡♠❛ ✶✳✷✾ ✭❬✷✼❪✮✳ ❯♠ ♣♦♥t♦ ❞❛ ❡♥✈♦❧✈❡♥t❡ γ̃(β) s❛t✐s❢❛③ ❛s ❡q✉❛çõ❡s







F (γ̃(β), β) = 0

∂F

∂β
(γ̃(β), β) = 0.

■♥✈❡rs❛♠❡♥t❡✱ s❡ ✉♠❛ ❝✉r✈❛ γ̃(β) s❛t✐s❢❛③ ❛s ❡q✉❛çõ❡s ❛❝✐♠❛✱ ❡♥tã♦ γ̃ é ❛ ❡♥✈♦❧✲
✈❡♥t❡ ❞❛ ❢❛♠í❧✐❛ ❞❡ ❝✉r✈❛s ❣❡r❛❞❛ ♣♦r F ✳

❉❡✜♥✐çã♦ ✶✳✸✵✳ ❙❡❥❛

F : R
3 −→ R

(x, y, t) 7−→ F (x, y, t),
,

✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❉✐③❡♠♦s q✉❡ ✉♠ ♣♦♥t♦ (x, y) ❡ ✉♠ ♣♦♥t♦ ❞❡ r❡❣r❡s✲
sã♦ s❡ s❛t✐s❢❛③























F (x, y, t) = 0

∂F

∂t
(x, y, t) = 0

∂2F

∂t2
(x, y, t) = 0

❊①❡♠♣❧♦ ✶✳✸✶✳ ❈♦♥s✐❞❡r❡ ❛ ❢❛♠í❧✐❛ ❞❡ ❝✉r✈❛s ❣❡r❛❞❛s ♣♦r

F (x, y, α) = αx− py − α2

2
,

s❡♥❞♦ p ✉♠❛ ❝♦♥st❛♥t❡ ♥ã♦ ♥✉❧❛✳ ❆s ❝✉r✈❛s Dα sã♦ ❧✐♥❤❛s r❡t❛s✳ P❛r❛ ❡♥❝♦♥✲
tr❛r♠♦s ❛ ❡♥✈♦❧✈❡♥t❡ ❞❡ Dα✱ ♣r❡❝✐s❛♠♦s r❡s♦❧✈❡r ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞❛❞♦ ♣❡❧♦
t❡♦r❡♠❛ ✭✶✳✷✾✮✱ ♦✉ s❡❥❛







αx− py − α2

2
= 0

x− α = 0.

❙✉❜st✐t✉✐♥❞♦ x = α ♥❛ ❡q✉❛çã♦ αx− py − α2

2
= 0✱♦❜t❡♠♦s✿

y =
α2

2p
.

❆ss✐♠✱ ❛ ❡♥✈♦❧✈❡♥t❡ ❞❛ ❢❛♠í❧✐❛ ❞❡ ❝✉r✈❛s F ❝♦♠♦ ♠♦str❛ ❛ ✜❣✉r❛ ✶✳✺ é ✉♠❛
♣❛rá❜♦❧❛ ❞❡ R

2✳
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❋✐❣✉r❛ ✶✳✺✿ P❛rá❜♦❧❛ ❝♦♠♦ ❡♥✈♦❧✈❡♥t❡ ❞❛ ❢❛♠í❧✐❛ ❞❡ ❝✉r✈❛s F ✳

✶✳✷ ❚r❛♥s❢♦r♠❛çõ❡s ❆✜♥s ❞♦ P❧❛♥♦ ♥♦ P❧❛♥♦

◆❡st❛ s❡çã♦ ✈❛♠♦s ✐♥tr♦❞✉③✐r ❛s tr❛♥s❢♦r♠❛çõ❡s ❛✜♥s ❞♦ ♣❧❛♥♦ ♥♦ ♣❧❛♥♦✱ s✉❛s
♣r♦♣r✐❡❞❛❞❡s✱ ♦ t❡♦r❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ●❡♦♠❡tr✐❛ ❆✜♠ ❡ ♦s ❣r✉♣♦s ❞❡ tr❛♥s✲
❢♦r♠❛çõ❡s✳

❆s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❡st❛ s❡çã♦ sã♦✿ ❬✶✷❪✱ ❬✷✹❪✱ ❬✷✺❪ ❡ ❬✷✽❪✳

✶✳✷✳✶ ❚r❛♥s❢♦r♠❛çõ❡s ❆✜♠ ❞♦ P❧❛♥♦

❉❡✜♥✐çã♦ ✶✳✸✷✳ ❯♠❛ ❛♣❧✐❝❛çã♦ T : R
2 → R

2 é ✉♠❛ ❝♦❧✐♥❡❛r✐③❛çã♦ s❡✱ ❡
s♦♠❡♥t❡ s❡✱

✭✐✮ T é ✉♠❛ ❜✐❥❡çã♦✳

✭✐✐✮ ❉❛❞♦s P,Q ❡ R ♣♦♥t♦s ❞✐st✐♥t♦s ❡♠ R
2✱ ❡♥tã♦ P,Q ❡ R sã♦ ❝♦❧✐♥❡❛r❡s s❡✱

❡ s♦♠❡♥t❡ s❡✱ T(P),T(Q) ❡ T(R) sã♦ ❝♦❧✐♥❡❛r❡s

❉❡✜♥✐çã♦ ✶✳✸✸✳ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ T : R
2 → R

2 é ✉♠❛ ✐s♦♠❡tr✐❛ s❡✱ ❡
s♦♠❡♥t❡ s❡✱ d(X, Y ) = d(T(X),T(Y )) ♣❛r❛ q✉❛✐sq✉❡r X ❡ Y ❡♠ R

2✳

➱ ❢á❝✐❧ ✈❡r q✉❡ t♦❞❛ ✐s♦♠❡tr✐❛ ♣❧❛♥❛ é ✉♠❛ ❜✐❥❡çã♦ ✭✈✐❞❡ ❬✷✽❪✮✳ ❙❛❜❡♠♦s ❞❛
❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r q✉❡ ❞❛❞♦s X, Y ❡ Z ❡♠ R

2✳

d(X,Z) + d(Z, Y ) = d(X, Y ) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ X, Y ❡ Z sã♦ ❝♦❧✐♥❡❛r❡s.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

Pr♦♣♦s✐çã♦ ✶✳✸✹✳ ❚♦❞❛ ✐s♦♠❡tr✐❛ é ✉♠❛ ❝♦❧✐♥❡❛r✐③❛çã♦✳
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❆ r❡❝í♣r♦❝❛ ❞❡st❡ r❡s✉❧t❛❞♦ ♥ã♦ é ✈❡r❞❛❞❡✐r❛✳

❊①❡♠♣❧♦ ✶✳✸✺✳ ❙❡❥❛

T : R
2 −→ R

2

X 7−→ T(X) = Ak(X),

❝♦♠ Ak = kI2✱ k 6= 0✱ T é ❝❤❛♠❛❞❛ ✉♠❛ ❞✐❧❛t❛çã♦ ❞❡ ❛♠♣❧✐t✉❞❡ k✳

❙❡ k = 1✱ ❡♥tã♦ T é ❛ ✐❞❡♥t✐❞❛❞❡✳ ➱ ❢á❝✐❧ ✈❡r q✉❡✿

d(T(X),T(Y )) = |k|d(X, Y ),

❧♦❣♦ s❡ k = ±1✱ ❡♥tã♦ T ♥ã♦ é ✉♠❛ ✐s♦♠❡tr✐❛✳

❉❡✜♥✐çã♦ ✶✳✸✻✳ ❯♠❛ ❛♣❧✐❝❛çã♦ T : R2 → R
2 é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠ s❡

❡①✐st❡♠ A ∈ GL2(R) ❡ ~b ✉♠ ✈❡t♦r ❞❡ R
2 t❛✐s q✉❡

T(X) = A(X) +~b, ∀ X ∈ R
2

❚❡♦r❡♠❛ ✶✳✸✼✳ ❚♦❞❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠ é ✉♠❛ ❝♦❧✐♥❡❛r✐③❛çã♦✳

❉❡♠♦♥str❛çã♦✳

✭✐✮ T é s♦❜r❡❥❡t✐✈❛✱ ❞❛❞♦ Y ∈ R
2✱ ❝♦♥s✐❞❡r❡♠♦s X = A−1(Y −~b)✱ ❡♥tã♦✿

T(X) = A(X) +~b,

= A
(

A−1(Y −~b)
)

+~b,

= Y −~b+~b = Y. ✭✶✳✺✮

✭✐✐✮ T é ✐♥❥❡t✐✈❛✱ ♣♦✐s ❞❛❞♦ X ❡ Y ❡♠ R
2✱ ❡♥tã♦

T(X) = T(Y ) ⇔ A(X) +~b = A(Y ) +~b

⇔ A(X) = A(Y )

⇔ A(X − Y ) = OR2 .

❈♦♠♦ A é ✐♥✈❡rtí✈❡❧✱ ❡♥tã♦ ❞❡✈❡♠♦s t❡r X − Y = 0 ⇐⇒ X = Y ✳ ▲♦❣♦✱ T
é ✐♥✈❡rtí✈❡❧ ❡ ❛ ✐♥✈❡rs❛ ❞❡ T é ❞❛❞❛ ♣♦r

T−1(X) = A−1(X) +~b1, ❝♦♠ b1 = −A−1(~b).

❉❡ ❢❛t♦✿

T−1 (T(X)) = T−1
(

A(X) +~b
)

= A−1
(

A(X) +~b
)

+~b

= A−1 (A(X)) +A−1(~b) +
(

−A−1(~b)
)

= X.
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❖❜s❡r✈❡♠♦s q✉❡ P ❡ Q sã♦ ♣♦♥t♦s ❞✐st✐♥t♦s ❡ ❛ r❡t❛ q✉❡ ♣❛ss❛ ♣♦r ❡st❡s ♣♦♥t♦s
♣♦❞❡ s❡r ♣❛r❛♠❡tr✐③❛❞❛ ♣♦r✿

r(t) = (1− t)P + tQ, ❝♦♠ t ∈ R.

❊ ❛ r❡t❛ ❛ ✐♠❛❣❡♠ ❞❡ r(t) ♣♦r T é ❞❛❞❛ ♣♦r✿

s(t) = T ((1− t)P + tQ)

= A ((1− t)P + tQ) +~b

= AP − tAP + tAQ+~b

= (1− t)
(

A(P ) +~b
)

+ t
(

A(Q) +~b
)

= (1− t)T(P ) + tT(Q)

♦✉ s❡❥❛ s(t) = T(r(t)) é ❛ r❡t❛ q✉❡ ♣❛ss❛ ♣♦r T(P ) ❡ T(Q)✳

❈♦♠♦ T é ✐♥✈❡rtí✈❡❧ s❡❣✉❡ q✉❡ T−1(s(t) = r(t))✳ P♦rt❛♥t♦✱ P,Q ❡ R sã♦
❝♦❧✐♥❡❛r❡s s❡✱ ❡ s♦♠❡♥t❡ s❡ T(P ),T(Q) ❡ T(R) t❛♠❜é♠ ♦ sã♦✳ �

❖❜s❡✈❛çã♦ ✶✳✸✽✳ ❆ r❡❝í♣r♦❝❛ ❞❡st❡ t❡♦r❡♠❛ t❛♠❜é♠ é ✈á❧✐❞❛✱ ♦✉ s❡❥❛✱ t♦❞❛ ❝♦✲
❧✐♥❡❛r✐③❛çã♦ é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ♥♦
❆♣ê♥❞✐❝❡ ❊ ❞❡ ❬✷✽❪✳

❈♦r♦❧ár✐♦ ✶✳✸✾✳ ❙❡❥❛ T : R2 → R
2 ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠✱ ❡♥tã♦ t❡♠♦s✿

✭✐✮ ℓ é ✉♠❛ r❡t❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ T(ℓ) é ✉♠❛ r❡t❛✳

✭✐✐✮ ℓ ❡ m sã♦ r❡t❛s ♣❛r❛❧❡❧❛s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ T(ℓ) ❡ T(m) sã♦ r❡t❛s ♣❛r❛❧❡❧❛s✳

✭✐✐✐✮ ℓ ❡ m sã♦ r❡t❛s ❝♦♥❝♦rr❡♥t❡s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ T(ℓ) ❡ T(m) sã♦ r❡t❛s
❝♦♥❝♦rr❡♥t❡s✳

✭✐✈✮ ❉❛❞♦s P ❡ Q ♣♦♥t♦s ❞✐st✐♥t♦s✱ M é ♣♦♥t♦ ♠é❞✐♦ ❞♦ s❡❣♠❡♥t♦ PQ s❡✱ ❡
s♦♠❡♥t❡ s❡ T(M) é ♣♦♥t♦ ♠é❞✐♦ ❞♦ s❡❣♠❡♥t♦ T(P )T(Q)✳

❉❡♠♦♥str❛çã♦✳

✭✐✮ ❙❡❥❛♠ ℓ = P + [~v] ✉♠❛ r❡t❛ ❡

T : R
2 −→ R

2

X 7−→ T(X)
,

✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠✳ ❉❛❞♦ x ∈ ℓ✱ x = P + t~v✱ t❡♠♦s

T(x) = A (P + t~v) +~b

= A(P ) + tA(~v) +~b

= A(P ) +~b+ tA(~v)

= T(P ) + tA(~v).



✷✵ ✶✳✷✳ ❚❘❆◆❙❋❖❘▼❆➬Õ❊❙ ❆❋■◆❙ ❉❖ P▲❆◆❖ ◆❖ P▲❆◆❖

▲♦❣♦ T(x) ❡stá ♥❛ r❡t❛ ℓ′ q✉❡ ♣❛ss❛ ♣♦r T(P ) ❡ t❡♠ ❞✐r❡çã♦ ❞❡ A(~v)✳ ❈♦♠♦
x ∈ ℓ é ❛r❜✐trár✐♦✱ s❡❣✉❡ q✉❡ T(ℓ) ⊂ ℓ′✳

❉❛❞♦ y ∈ ℓ′✱ s❛❜❡♠♦s q✉❡ y = T(P ) + λA(~v)✱ t♦♠❛♥❞♦ z = P + λ~v ❡
❞❡s❡♥✈♦❧✈❡♥❞♦ ❝♦♠♦ ❛❝✐♠❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ T(z) = y✳ ❉❛í q✉❡ ✱ ℓ′ ⊂ T(l)✳

P♦rt❛♥t♦ T(ℓ) é ✉♠❛ r❡t❛ q✉❡ ♣❛ss❛ ♣♦r T(P ) ❝♦♠ ❞✐r❡çã♦ A(~c)✳

✭✐✐✮ ❙✉♣♦♥❤❛♠♦s q✉❡ ℓ = P + [~v] ❡ m = Q + [~u]✳ ❆s r❡t❛s ℓ ❡ m sã♦ ♣❛r❛❧❡❧❛s
s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ~v ❡ ~u sã♦ ♣❛r❛❧❡❧♦s✱ ♦✉ s❡❥❛✱ ❡①✐st❡ λ ∈ R t❛❧ q✉❡ ~v =
λ~u✳ ▼❛s ♣❡❧♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ T(ℓ) ❡ T(m) t❡♠ ❛s ❞✐r❡çõ❡s A(~v) ❡ A(~u)
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦ ~v = λ~u✱ ❡♥tã♦

A(~v) = A(λ~u) = λA(~u) ⇐⇒ A(~v) � A(~u) ⇐⇒ T(ℓ) � T(m).

✭✐✐✐✮ ❱❡r✐✜❝❛✲s❡ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✳

✭✐✈✮ ❙❡❥❛♠ P,Q ♣♦♥t♦s ❞✐st✐♥t♦s ❡ T : R2 −→ R
2

X 7−→ T(X)
✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠✳

❉❛❞♦ M =
P +Q

2
♣♦♥t♦ ♠é❞✐♦ ❞♦ s❡❣♠❡♥t♦ PQ✱ t❡♠♦s✿

T(M) = A(M) +~b

= A
(

P +Q

2

)

+~b

=
A(P )

2
+

A(Q)

2
+

~b

2
+

~b

2

=
T(P )

2
+

T(Q)

2
.

▲♦❣♦ T(M) é ♣♦♥t♦ ♠é❞✐♦ ❞♦ s❡❣♠❡♥t♦ T(P )T(Q)✳

❈♦♠♦ T(M) =
T(P ) +T(Q)

2
✱ t❡♠♦s✿

T(M) =
A(P ) +~b+A(Q) +~b

2

=
A(P +Q) + 2~b

2

= A
(

P +Q

2

)

+~b.

P♦rt❛♥t♦✱ M =
P +Q

2
é ♣♦♥t♦ ♠é❞✐♦ ❞♦ s❡❣♠❡♥t♦ PQ✳

�

❆ ♣r✐♥❝✐♣❛❧ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❣❡♦♠❡tr✐❛ ❛✜♠ ♣❧❛♥❛ é q✉❡ ❡❧❛ ❞❡♣❡♥❞❡ ❛♣❡✲
♥❛s ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ✐♥❝✐❞ê♥❝✐❛ ❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ ♣❡r♣❡♥❞✐❝✉❧❛r✐s♠♦ ♥❡♠ ❞❡
❞✐stâ♥❝✐❛s✳

❖ t❡♦r❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❢♦r♥❡❝❡ ✉♠ ❝r✐tér✐♦ s✐♠♣❧❡s ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐✲
❞❛❞❡ ❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠✳
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❚❡♦r❡♠❛ ✶✳✹✵ ✭❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞❛ ●❡♦♠❡tr✐❛ ❆✜♠✮✳ ❉❛❞♦s {P,Q,R}
❡ {P ′, Q′, R′} t❡r♥❛s ❞❡ ♣♦♥t♦s ♥ã♦ ❝♦❧✐♥❡❛r❡s ❡①✐st❡ ✉♠❛ ú♥✐❝❛ tr❛♥s❢♦r♠❛çã♦
❛✜♠ T : R2 → R

2 t❛❧ q✉❡

T(P) = P′, T(Q) = Q′, ❡ T(R) = R′.

❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ t❡♦r❡♠❛ ♥ã♦ s❡rá ❢❡✐t❛✱ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✷✽❪✳

❆s ✐s♦♠❡tr✐❛s ♣❧❛♥❛s✱ q✉❡ sã♦ r❡✢❡①õ❡s✱ tr❛♥s❧❛çõ❡s✱ r♦t❛çõ❡s ❡ r❡✢❡①õ❡s ❝♦♠
❞❡s❧✐③❛♠❡♥t♦s✱ ❢♦r♠❛ ✉♠ ❣r✉♣♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❣❡♦♠étr✐❝❛s q✉❡ ❞ã♦ ❛♦ ♣❧❛♥♦
❛ ❡str✉t✉r❛ ❞❡ ❣❡♦♠❡tr✐❛ ❡✉❝❧✐❞✐❛♥❛✱ ♣♦✐s ♣r❡s❡r✈❛♠ ❞✐stâ♥❝✐❛s ❡♥tr❡ ❞♦✐s ♣♦♥t♦s✳

❉❡♥tr❡ ❛s tr❛♥s❢♦r♠❛çõ❡s ❛✜♥s q✉❡ ♥ã♦ sã♦ ✐s♦♠❡tr✐❛s ❤á ❛s r❡✢❡①õ❡s ❛✜♥s✱
♦s ❝✐s❛❧❤❛♠❡♥t♦s✱ ❛s ❞✐❧❛t❛çõ❡s ❡ ❛s s✐♠✐❧❛r✐❞❛❞❡s✱ ❡st❛s tr❛♥s❢♦r♠❛çõ❡s sã♦ ❡st✉✲
❞❛❞❛s ❞❡t❛❧❤❛❞❛♠❡♥t❡ ❡♠ ❬✷✽❪✳

✶✳✷✳✷ ●r✉♣♦ ❞❡ ❚r❛♥s❢♦r♠❛çõ❡s ❆✜♥s

❱✐♠♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ✶✳✸✼ q✉❡ s❡ T é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠✱
❡♥tã♦ T−1 t❛♠❜é♠ ♦ é✳

➱ ❝❧❛r♦ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ Id : R
2 −→ R

2

X 7−→ Id(X) = X
é ✉♠❛ tr❛♥s❢♦r♠❛✲

çã♦ ❛✜♠✳

❆❧é♠ ❞✐ss♦✱ s❡ T ❡ T̃ sã♦ tr❛♥s❢♦r♠❛çõ❡s ❛✜♥s✱ ❡♥tã♦ T ◦ T̃ t❛♠❜é♠ ♦ sã♦✳

❉❡ ❢❛t♦✿ ❙✉♣♦♥❤❛♠♦s q✉❡ T(X) = A(X) +~b ❡ T̃(X) = Ã(X) +~b1✱ ❝♦♠ A ❡
Ã ❡♠ GL2(R)✱ ~b ❡ ~b1 ✈❡t♦r❡s ❡♠ R

2✱ ❡♥tã♦

T ◦ T̃(X) = T
(

Ã(X) +~b1

)

= A
(

Ã(X) +~b1

)

+~b

= A
(

Ã(X)
)

+A(~b1) +~b

= A ◦ Ã(X) +A(~b1) +~b.

❈♦♠♦ A◦Ã ∈ GL2(R) ❡ A(~b1)+~b é ✈❡t♦r ❞❡ R2✱ ❡♥tã♦ T◦T̃ é ✉♠❛ tr❛♥s❢♦r♠❛çã♦
❛✜♠✳

❆ss✐♠✱ ❞❡♥♦t❛♥❞♦ ♣♦r ❆❋✭✷✮ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s tr❛♥s❢♦r♠❛çõ❡s ❛✜♥s ❞♦
♣❧❛♥♦ ♥♦ ♣❧❛♥♦ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✶✳✹✶✳ ✭❆❋✭✷✮✱ ◦ ✮ é ✉♠ ❣r✉♣♦✱ ❝❤❛♠❛❞♦ ❣r✉♣♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s
❛✜♥s ❞♦ ♣❧❛♥♦ ♥♦ ♣❧❛♥♦✳

❈❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ ❆❋✭✷✮ ♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ✉♠❛ ♠❛tr✐③ ❞❡ GL3(R)✱
❞❡ ❢❛t♦✿
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❉❛❞♦ T ∈ ❆❋✭✷✮✱ ❡♥tã♦ T ❡stá t♦t❛❧♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r A ∈ GL2(R) ❡
~b ✈❡t♦r ❞❡ R

2✱ t♦♠❛♥❞♦

Ã =

[

A2×2 b2×1

01×2 1

]

,

t❡♠♦s det Ã = detA 6= 0✱ ♣♦rt❛♥t♦ Ã ∈ GL3(R)✳ ▲♦❣♦✱

❆❋✭✷✮ =
{[

A2×2 b2×1

01×2 1

]

, A ∈ GL2(R)

}

.

❆ss✐♠✱ ❞❛❞❛ T tr❛♥s❢♦r♠❛çã♦ ❛✜♠ ♣♦❞❡♠♦s ❡s❝r❡✈❡r T = (A, b)✳

Pr♦♣♦s✐çã♦ ✶✳✹✷✳ AF(2) é ✉♠ s✉❜❣r✉♣♦ ❞❡ GL3(R)✳

❉❡♠♦♥str❛çã♦✳

❙❡❣✉❡ ❞♦ ❢❛t♦ q✉❡ AF(2) é ✉♠ ❣r✉♣♦ ❡ ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦ ❛❝✐♠❛✳ �

◆❡st❡ tr❛❜❛❧❤♦ ✈❛♠♦s ✉t✐❧✐③❛r ✉♠ s✉❜❣r✉♣♦ ❡s♣❡❝✐❛❧ ❞❡ AF(2)✱ ♣r✐♠❡✐r♦ ❝♦♥✲
s✐❞❡r❡♠♦s✿

SL2(R) = {A ∈ GL2(R) ; detA = 1}
♦ ❣r✉♣♦ ❧✐♥❡❛r ❡s♣❡❝✐❛❧ ❞❡ ♦r❞❡♠ ✷✳

❖ ❣r✉♣♦ ❧✐♥❡❛r ❛✜♠ ❡s♣❡❝✐❛❧ ❞❡ ♦r❞❡♠ ✷✱ ❞❡♥♦t❛❞♦ ♣♦r ASL2(R)✱ é ♦
s❡❣✉✐♥t❡ s✉❜❣r✉♣♦ ❞❡ AF(2)✿

ASL2(R) =

{(

A b
0 1

)

;A ∈ SL2(R)

}

=

{(

A2×2 b2×1

01×2 1

)

; detA = 1

}

.

❉❡✜♥✐çã♦ ✶✳✹✸✳ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠ T = (A, b) : R2 → R
2 é ❝❤❛♠❛❞❛

tr❛♥s❢♦r♠❛çã♦ ❡q✉✐✲❛✜♠ ♦✉ ✉♥✐♠♦❞✉❧❛r s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Ã ∈ ASL2(R)✳

❱❛♠♦s ❡♥t❡♥❞❡r ♦ ♣♦rq✉❡ ❞❛ ❞❡♥♦♠✐♥❛çã♦ ❞❛❞❛ ♥❛ ❞❡✜♥✐çã♦ ✶✳✹✸✳

◆♦ q✉❡ s❡❣✉❡✱ ❞❛❞♦s ✈❡t♦r❡s ~u = (u1, u2) ❡ ~v = (v1, v2)✱ ✈❛♠♦s ❞❡♥♦t❛r ♣♦r

[ ~u,~v] ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ♠❛tr✐③

(

u1 u2

v1 v2

)

.

❙❡ ~u ❡ ~v ♥ã♦ sã♦ ♣❛r❛❧❡❧♦s✱ ❡♥tã♦ ❛ ár❡❛ ❞♦ ♣❛r❛❧❡❧♦❣r❛♠♦ P ❞❡t❡r♠✐♥❛❞♦ ♣♦r
❡st❡s ✈❡t♦r❡s é ❞❛❞❛ ♣♦r✿

ár❡❛P = ‖~u‖ · h = ‖~u‖‖~v − ~v′‖, ✭✶✳✻✮

❝♦♠ ~v′ ❛ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ❞❡ ~v ♥❛ ❞✐r❡çã♦ ❞❡ ~u✳

❉♦ t❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s t❡♠♦s✿

‖~v − ~v′‖2 = ‖~v‖2 − ‖~v′‖2.
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❋✐❣✉r❛ ✶✳✻✿ P❛r❛❧❡❧♦❣r❛♠♦ ❣❡r❛❞♦ ♣❡❧♦s ✈❡t♦r❡s ~u ❡ ~v

▲♦❣♦✱

(ár❡❛P)
2 = ‖~u‖2 · ‖~v − ~v′‖2

= ‖~u‖2 · ‖~v‖2 − ‖~u‖2 · ‖~v′‖2

= ‖~u‖2 · ‖~v‖2 − ‖~u‖2 · (~u · ~v)2
‖~u‖4 ‖~u‖2

= ‖~u‖2 · ‖~v‖2 − (~u · ~v)2

= (u2
1 + u2

2)(v
2
1 + v22)− (u2

1v
2
1 + 2u1u2v1v2 + u2

2v
2
2)

= u2
1v

2
2 − 2u1u2v1v2 + u2

2v
2
1 = [~u,~v]2.

❆ss✐♠✱ s❡ T é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❡q✉✐✲❛✜♠✱ ❡♥tã♦✿

[T(X),T(Y )] = [A(X),A(Y )]

= detA[X, Y ] = [X, Y ].

P♦rt❛♥t♦✱ ❛s tr❛♥s❢♦r♠❛çõ❡s ❡q✉✐✲❛✜♥s sã♦ ✐♥✈❛r✐❛♥t❡s ♣♦r ár❡❛✳

✶✳✸ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧ ❆✜♠ ❞❡ ❈✉r✈❛s ♣❧❛♥❛s

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❛ ❣❡♦♠❡tr✐❛ ❞✐❢❡r❡♥❝✐❛❧ ❛✜♠
❞❡ ❝✉r✈❛s ♣❧❛♥❛s✱ q✉❡ sã♦ ❛♥á❧♦❣❛s ❛♦s ❡st❛❜❡❧❡❝✐❞♦s ♥❛ s❡çã♦ ✶✳✶✳

❆s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❡st❡ ❡st✉❞♦ sã♦✿❬✶✷❪✱ ❬✷✹❪ ❡ ❬✷✺❪✳

✶✳✸✳✶ ❈♦♠♣r✐♠❡♥t♦ ❞❡ ❆r❝♦ ❆✜♠

❆ ✐❞❡✐❛ ❜ás✐❝❛ ❛q✉✐ é ❛♦ ❝♦♥s✐❞❡r❛r♠♦s γ : I −→ R
2

t 7−→ γ(t)
✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧

❡♥❝♦♥tr❛r ✉♠❛ ♥♦✈❛ r❡♣❛r❛♠❡tr✐③❛çã♦✱ ♣♦r ✉♠❛ ♣❛râ♠❡tr♦ s✱ q✉❡ s❡❥❛ ✐♥✈❛r✐❛♥t❡
❛✜♠✳
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❱✐♠♦s ♥❛ s✉❜s❡çã♦ ✶✳✷✳✷ q✉❡ ❛ ár❡❛ ❞♦ ♣❛r❛❧❡❧♦❣r❛♠♦ ❞❡t❡r♠✐♥❛❞♦ ♣♦r ~u ❡
~v✱ ✈❡t♦r❡s ❞♦ ♣❧❛♥♦✱ é ❞❛❞❛✱ ❛ ♠❡♥♦s ❞❡ s✐♥❛❧✱ ♣♦r [ ~u,~v] ❡ q✉❡ ❛s tr❛♥s❢♦r♠❛çõ❡s
❡q✉✐✲❛✜♥s ♣r❡s❡r✈❛♠ ❡st❛ ár❡❛✳ ❉❛✐ t❡♠♦s ❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s✿

❉❡✜♥✐çã♦ ✶✳✹✹✳ ❯♠❛ ❝✉r✈❛ γ : I −→ R
2

s 7−→ γ(s)
❡stá ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐✲

♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠ ✭♣✳♣✳❝✳❛✳❛✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

[γ′(s), γ′′(s)] = 1, ♣❛r❛ t♦❞♦ s ∈ I.

◆❡st❡ ❝❛s♦✱ ♦ ✈❡t♦r γ′(s) é ❝❤❛♠❛❞♦ ✈❡t♦r t❛♥❣❡♥t❡ ❛✜♠ ❛ γ ❡♠ s ❡ ♦ ✈❡t♦r
γ′′(s) é ❝❤❛♠❛❞♦ ✈❡t♦r ♥♦r♠❛❧ ❛✜♠ ❛ γ ❡♠ s✳

❖❜s❡✈❛çã♦ ✶✳✹✺✳

✶✮ ❘❡s❡r✈❛r❡♠♦s ♦ ♣❛râ♠❡tr♦ s ♣❛r❛ ♦ ♣❛râ♠❡tr♦ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦
❛✜♠✳

✷✮ ■♥❞✐❝❛r❡♠♦s ❛s ❞❡r✐✈❛❞❛s ❞❡ γ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦
❛✜♠ ♣♦r γ′, γ′′, γ′′′✱ ❡t❝✳ ❊♥q✉❛♥t♦ q✉❡ ❛s ❞❡r✐✈❛❞❛s ❞❡ γ ♣♦r ✉♠ ♣❛râ♠❡tr♦
❛r❜✐trár✐♦ ✐♥❞✐❝❛r❡♠♦s ♣♦r✿ γ̇, γ̈,

✳✳✳
γ ✱ ❡t❝✳

✸✮ ❆ ❞❡✜♥✐çã♦ ✶✳✹✹ só ❢❛③ s❡♥t✐❞♦ s❡ γ′(s) ❡ γ′′(s) sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥✲
❞❡♥t❡s✳

❉❡✜♥✐çã♦ ✶✳✹✻✳ ❙❡❥❛ γ : I −→ R
2

t 7−→ γ(t)
✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❞✐③❡♠♦s q✉❡ γ t❡♠

✉♠❛ ✐♥✢❡①ã♦ ❡♠ t0 ♦✉ q✉❡ γ(t0) é ✉♠ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦ s❡✱ ❡ s♦♠❡♥t❡ s❡

[γ̇(t0), γ̈(t0)] = 0

❖❜s❡✈❛çã♦ ✶✳✹✼✳ ❆ ❞❡✜♥✐çã♦ ❞❡ ✐♥✢❡①ã♦ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ♣❛r❛♠❡tr✐③❛çã♦✳

❉❡ ❢❛t♦✱ s❡ t : J −→ I
ξ 7−→ t(ξ)

é ✉♠❛ ❢✉♥çã♦ ♠✉❞❛♥ç❛ ❞❡ ♣❛râ♠❡tr♦ ♣❛r❛ γ✱ ♦✉ s❡❥❛

γ : J −→ R
2

ξ 7−→ γ(ξ) = γ(t(ξ))

é ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦✱ ❡♥tã♦✿

γ̇(ξ) = γ̇(t(ξ))
dt

dξ
❡ γ̈(ξ) = γ̈(t(ξ))

(

dt

dξ

)2

+ γ̇(t(ξ))
d2t

dξ2
.

▲♦❣♦✱

[γ̇(ξ), γ̈(ξ)] =

(

dt

dξ

)3

[γ̇(t(ξ)), γ̈(t(ξ))],

=

(

dt

dξ

)3

[γ̇(t), γ̈(t)].

❈♦♠♦ t é ❢✉♥çã♦ ♠✉❞❛♥ç❛ ❞❡ ♣❛râ♠❡tr♦✱ ❡♥tã♦
dt

dξ
♥ã♦ s❡ ❛♥✉❧❛✱ ♣♦rt❛♥t♦

[γ̇(ξ), γ̈(ξ)] = 0 ⇐⇒ [γ̇(t), γ̈(t)] = 0
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❆ss✐♠✱ ❝♦♠♦ t♦❞❛ ❝✉r✈❛ ♣❧❛♥❛ ❛❞♠✐t❡ ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦
❞❡ ❛r❝♦ ✭♣r♦♣♦s✐çã♦ ✶✳✼✮ t❛♠❜é♠ ❛❞♠✐t❡ ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦
❞❡ ❛r❝♦ ❛✜♠✳

❆ ❞❡✜♥✐çã♦ ❞❡ ❢✉♥çã♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠ é ❢❡✐t❛ ❞❡ ♠❛♥❡✐r❛ q✉❡ s✉❛
✐♥✈❡rs❛ s❡❥❛ ❛ ♠✉❞❛♥ç❛ ❞❡ ♣❛râ♠❡tr♦ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✳

❉❡✜♥✐çã♦ ✶✳✹✽✳ ❙❡❥❛ γ : I −→ R
2

t 7−→ γ(t)
❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s

❞❡ ✐♥✢❡①ã♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛✱ ❛ ❢✉♥çã♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠ ❞❡ γ ❛ ♣❛rt✐r
❞❡ t0✱ ❞❡♥♦t❛❞❛ ♣♦r ℓt0(t) é ❞❛❞❛ ♣♦r

ℓt0 : I −→ R

t 7−→ ℓt0(t) =

∫ t

t0

[γ̇(u), γ̈(u)]
1

3 du.

❖❜s❡✈❛çã♦ ✶✳✹✾✳

❙❡ γ : I −→ R
2

t 7−→ γ(t)
❡stá ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✱ ❡♥tã♦ ❛

♠❡♥♦s ❞❡ ✉♠❛ ❝♦♥st❛♥t❡ ❡ ❞❡ s✐♥❛❧ ♦ ♣❛râ♠❡tr♦ s ♠❡❞❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦
❛✜♠✳

Pr♦♣♦s✐çã♦ ✶✳✺✵✳ ❚♦❞❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ s❡♠ ♣♦♥t♦s ❞❡ ✐♥✢❡①ã♦ ❛❞♠✐t❡ ✉♠❛
r❡♣❛r❛♠❡tr✐③❛çã♦ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✳

❉❡♠♦♥str❛çã♦✳

❙❡❥❛ γ : I −→ R
2

t 7−→ γ(t)
❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ s❡♠ ♣♦♥t♦s ❞❡ ✐♥✢❡①ã♦ ♣♦r ✉♠ ♣❛râ♠❡✲

tr♦ q✉❛❧q✉❡r✳

❉❛❞♦ t0 ∈ I ❝♦♥s✐❞❡r❡♠♦s

s : I −→ R

t 7−→ st0(t) =

∫ t

t0

[γ̇(u), γ̈(u)]
1

3 du.

❢✉♥çã♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠ ❛ ♣❛rt✐r ❞❡ t0✱ ❡♥tã♦
ds

dt
= [γ̇(t), γ̈(t)]

1

3 ♥ã♦ s❡

❛♥✉❧❛✱ ♣♦✐s γ ♥ã♦ t❡♠ ✐♥✢❡①õ❡s✳

▲♦❣♦ s é ✐♥❥❡t✐✈❛ ❡ s : I −→ J = s(I)
t 7−→ s(t)

é ✉♠❛ ❜✐❥❡çã♦✳

❙❡❥❛ t : J −→ I
s 7−→ t(s)

❛ ✐♥✈❡rs❛ ❞❡ s✳

❆✜r♠❛çã♦ ✶✳

❆ ❝✉r✈❛ β : J −→ R
2

s 7−→ β(s) = γ(t(s))
é r❡♣❛r❛♠❡tr✐③❛çã♦ ❞❡ γ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦

❞❡ ❛r❝♦ ❛✜♠✳
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❉❡ ❢❛t♦✿

❈♦♠♦ β′(s) =
dγ

dt

dt

ds
❡ β′′(s) =

d2γ

dt2

(

dt

ds

)2

+
dγ

dt

d2t

ds2
✱ ❡♥tã♦✿

[β′(s), β′′(s)] =

[

dγ

dt

dt

ds
,
d2γ

dt2

(

dt

ds

)2

+
dγ

dt

d2t

ds2

]

=

(

dt

ds

)3 [
dγ

dt
,
d2γ

dt2

]

=
1

(

ds

dt

)3 [γ̇(t), γ̈(t)] =
1

(

[γ̇(t), γ̈(t)]
1

3

)3 [γ̇(t), γ̈(t)] = 1

P♦rt❛♥t♦✱ β é r❡♣❛r❛♠❡tr✐③❛çã♦ ❞❡ γ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✳

�

❊①❡♠♣❧♦ ✶✳✺✶✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❝✉r✈❛ γ(t) = (a cos t, b sin t)✱ ♦♥❞❡ t ∈ R ❡
a2 + b2 6= 0✱ ❝✉❥♦ tr❛ç♦ é ❛ ❡❧✐♣s❡ ❝❡♥tr❛❞❛ ♥❛ ♦r✐❣❡♠✱ ❡♥tã♦✿

γ̇(t) = (−a sin t, b cos t) ❡ γ̈(t) = (−a cos t,−b sin t) ,

❡ ♣♦rt❛♥t♦ [γ̇(t), γ̈(s)] = ab✳ ▲♦❣♦ ❛ ❢✉♥çã♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠ ❛ ♣❛rt✐r ❞❡
t0 = 0 é ❞❛❞❛ ♣♦r✿

ℓ(t) =

∫ t

0

3
√
ab dξ =

3
√
abt.

❆ss✐♠✱ ℓ(R) = R ❡ h = ℓ−1 : R −→ R

s 7−→ h(s) =
s

3
√
ab

P♦rt❛♥❞♦✱ γ(s) = γ(h(s)) : R → R✱

γ(s) =

(

a cos
s

3
√
ab

, b sin
s

3
√
ab

)

,

é ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ γ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✳

❖❜s❡✈❛çã♦ ✶✳✺✷✳ ❆ ❝✉r✈❛t✉r❛ ❡✉❝❧✐❞✐❛♥❛ ❞❡ ✉♠❛ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦
❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠ é s❡♠♣r❡ ♣♦s✐t✐✈❛✳ ❇❛st❛ ♥♦t❛r q✉❡✱ ❛ ❝✉r✈❛t✉r❛ ❡✉❝❧✐✲
❞✐❛♥❛ ❞❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ é✿

κ(s) =
[γ′(s), γ′′(s)]

||γ′(s)||3

❈♦♠♦ [γ′(s), γ′′(s)] = 1 ♣❛r❛ t♦❞♦ s✱ ❡♥tã♦

κ(s) = ||γ′(s)||−3 > 0, ∀ s.
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✶✳✸✳✷ ❚❛♥❣❡♥t❡ ❆✜♠ ❡ ◆♦r♠❛❧ ❆✜♠

❉❡✜♥✐çã♦ ✶✳✺✸✳ ❙❡❥❛ γ : I → R
2 ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧ s❡♠ ♣♦♥t♦s ❞❡

✐♥✢❡①ã♦ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✳ ❖ ✈❡t♦r γ′(s0) é ❝❤❛♠❛❞♦
✈❡t♦r t❛♥❣❡♥t❡ ❛✜♠ ❛ γ ❡♠ γ(s0)✳ ❖ ✈❡t♦r γ′′(s0) é ❝❤❛♠❛❞♦ ❞❡ ✈❡t♦r ♥♦r♠❛❧
❛✜♠ ❛ γ ❡♠ γ(s0)✳

➱ ✐♥t❡r❡ss❛♥t❡ t❡r♠♦s ❛ ❡①♣r❡ssã♦ ❞♦s ✈❡t♦r❡s t❛♥❣❡♥t❡ ❡ ♥♦r♠❛❧ ❛✜♠ q✉❛♥❞♦
❛ ❝✉r✈❛ ❡stá ♣❛r❛♠❡tr✐③❛❞❛ ♣♦r ✉♠ ♣❛râ♠❡tr♦ ❛r❜✐trár✐♦✳

Pr♦♣♦s✐çã♦ ✶✳✺✹✳ ❬✶✷❪ ❙❡❥❛ γ : I → R
2 ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧ s❡♠ ♣♦♥t♦s

❞❡ ✐♥✢❡①ã♦ ♣❛r❛♠❡tr✐③❛❞❛ ♣♦r ♣❛râ♠❡tr♦ ❛r❜✐trár✐♦✳ ❊♥tã♦ ♦ ✈❡t♦r t❛♥❣❡♥t❡ ❛✜♠
❡ ♦ ✈❡t♦r ♥♦r♠❛❧ ❛✜♠ sã♦ ❞❛❞♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✿

γ′ = ν− 1

3 γ̇ ❡ γ′′ = ν− 2

3 γ̈ − 1

3
ν(t)−

5

3 ν̇γ̇, ✭✶✳✼✮

♦♥❞❡ ν ≡ [γ̇, γ̈] ❡ ν̇ ≡ [γ̇,
✳✳✳
γ ]

❖❜s❡✈❛çã♦ ✶✳✺✺✳ ❙❡ ❛ ❝✉r✈❛ γ ❡st✐✈❡r ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦
✭❊✉❝❧✐❞✐❛♥♦✮✱ ♦s ✈❡t♦r❡s t❛♥❣❡♥t❡ ❛✜♠ ❡ ♥♦r♠❛❧ ❛✜♠✱ sã♦ ❞❛❞♦s ♣♦r✿

γ′ = κ− 1

3~t ❡ γ′′ = κ
1

3~n− 1

3
κ− 5

3 κ̇~t,

♦♥❞❡ κ é ❝✉r✈❛t✉r❛ ❡✉❝❧✐❞✐❛♥❛✳

❉❡✜♥✐çã♦ ✶✳✺✻✳ ❙❡❥❛ γ : I → R
2 ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ s❡♠ ♣♦♥t♦s ❞❡ ✐♥✢❡①ã♦ ♣❛r❛✲

♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✳

✭✐✮ ❆ r❡t❛ t❛♥❣❡♥t❡ ❛✜♠ ❛ γ ❡♠ γ(t0) é ❛ r❡t❛ ♣❛r❛❧❡❧❛ ❛♦ ✈❡t♦r γ′(s(t0)) q✉❡
♣❛ss❛ ♣♦r γ(t0)✳ ■st♦ é✿

{

x ∈ R
2 : [x− γ(t0), γ̇(t0)] = 0

}

.

✭✐✐✮ ❆ r❡t❛ ♥♦r♠❛❧ ❛✜♠ ❛ γ ❡♠ γ(t0) é ❛ r❡t❛ ♣❛r❛❧❡❧❛ ❛♦ ✈❡t♦r γ′′(s(t0)) q✉❡
♣❛ss❛ ♣♦r γ(t0)✱♦♥❞❡ t0 = ξ(s0)✳ ■st♦ é✿

{

x ∈ R
2 : [x− γ(t0), γ̈(t0)] = 0

}

. ✭✶✳✽✮

Pr♦♣♦s✐çã♦ ✶✳✺✼✳ ❉❛❞❛ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ γ = (X, Y ) ♣❛r❛♠❡tr✐③❛❞❛ ♣♦r ✉♠
♣❛râ♠❡tr♦ ❛r❜✐trár✐♦ t✳ ❆ ❡q✉❛çã♦ ❞❛ r❡t❛ ♥♦r♠❛❧ ❛✜♠ ❞❡ γ é ❞❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡
❡q✉❛çã♦✿

(y − Y )
(

k̇Ẋ − 3kẌ
)

+ (x−X)
(

3kŸ − k̇Ẏ
)

= 0.

❉❡♠♦♥str❛çã♦✳

❖ ✈❡t♦r ♥♦r♠❛❧ ❛ γ = (X, Y ) é ❞❛❞♦ ♣♦r✿

γ′′(s) = κ− 2

3

(

Ẍ, Ÿ
)

− 1

3
κ− 5

3 κ̇
(

Ẋ, Ẏ
)

=
1

3
κ− 5

3

(

3κẌ − κ̇Ẋ, 3κŸ − κ̇Ẏ
)

.
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P❡❧❛ ❡q✉❛çã♦ ✭✶✳✽✮ ❞❛ r❡t❛ ♥♦r♠❛❧✱ t❡♠♦s✿

0 = [(x, y)− (X, Y ) , γ′′(s)]

=

∣

∣

∣

∣

3κẌ − κ̇Ẋ 3κŸ − κ̇Ẏ
x−X y − Y

∣

∣

∣

∣

,

♦ q✉❡ ❞❡♠♦♥str❛ ♦ r❡s✉❧t❛❞♦✳ �

✶✳✸✳✸ ❈✉r✈❛t✉r❛ ❆✜♠

❙❡❥❛ γ : I → R
2 ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐✲

♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✱ ♦✉ s❡❥❛✱ [γ′(s), γ′′(s)] = 1✳ ❉❡r✐✈❛♥❞♦ ❡st❛ ❡q✉❛çã♦ ❡♠ t❡r♠♦s
❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✱ ♦❜t❡♠♦s✿

✘✘✘✘✘✘✘✘✿0
[γ′′(s), γ′′(s)] + [γ′(s), γ′′′(s)] = 0.

❆ss✐♠✱ ♦s ✈❡t♦r❡s γ′(s) ❡ γ′′′(s) sã♦ ♣❛r❛❧❡❧♦s✱ ✐st♦ é✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ µ : I → R

t❛❧ q✉❡✿
γ′′′(s) + µ(s)γ′(s) = 0, ∀ s ∈ I. ✭✶✳✾✮

❚❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✶✳✺✽✳ ❆ ❝✉r✈❛t✉r❛ ❛✜♠ ❞❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ γ s❡♠ ♣♦♥t♦s ❞❡ ✐♥✲
✢❡①ã♦ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠ é ❛ ❢✉♥çã♦ r❡❛❧ µ : I −→ R

❞❡✜♥✐❞❛ ♣♦r
µ(s) = [γ′′(s), γ′′′(s)].

➱ ✐♥t❡r❡ss❛♥t❡ ♦❜t❡r ❛ ❝✉r✈❛t✉r❛ ❛✜♠ ❞❡ ❝✉r✈❛s ♣❧❛♥❛s q✉❡ ♥ã♦ ❡st❡❥❛♠ ♣❛r❛✲
♠❡tr✐③❛❞❛s ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✳ ❈♦♠♦ s❡❣✉❡✿

Pr♦♣♦s✐çã♦ ✶✳✺✾✳ ❬✶✷❪ ❙❡❥❛ γ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧ s❡♠ ♣♦♥t♦s ❞❡ ✐♥✲
✢❡①ã♦ ♣❛r❛♠❡tr✐③❛❞❛ ♣♦r ✉♠ ♣❛râ♠❡tr♦ ❛r❜✐trár✐♦ t✳ ❊♥tã♦ ❛ ❝✉r✈❛t✉r❛ ❛✜♠ é
❞❛❞❛ ♣♦r✿

µ =
1

9
(3νν̈ − 5ν̇2 + 9ν[γ̈,

✳✳✳
γ ])ν− 8

3 ,

❝♦♠ ν ≡ [γ̇, γ̈]✳

❈♦r♦❧ár✐♦ ✶✳✻✵✳ ❬✶✷❪ ❆ ❝✉r✈❛t✉r❛ ❛✜♠ ❞❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❡♠ t❡r♠♦s ❞❛ ❝✉r✲
✈❛t✉r❛ ❊✉❝❧✐❞✐❛♥❛ é✿

µ =
1

9
(3κκ̈− 5κ̇2 + 9κ4)κ− 8

3 .

❊①❡♠♣❧♦ ✶✳✻✶✳ ❈♦♥s✐❞❡r❡ ❛ ❡❧✐♣s❡ ❞❛❞❛ ♣❡❧♦ ❊①❡♠♣❧♦ ✶✳✺✶✳

γ(s) =

(

a cos

(

s
3
√
ab

)

, b sin

(

s
3
√
ab

))

,
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❆ ❝✉r✈❛ γ ❡stá ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✱ ♣♦✐s✿

[γ′(s), γ′′(s)) =









− a
3
√
ab

sin

(

s
3
√
ab

)

− a
3

√

(ab)2
cos

(

s
3
√
ab

)

b
3
√
ab

cos

(

s
3
√
ab

)

− b
3

√

(ab)2
sin

(

s
3
√
ab

)









= sin2

(

s
3
√
ab

)

+ cos2
(

s
3
√
ab

)

= 1.

❊♥tã♦✱ ❛ ❝✉r✈❛t✉r❛ ❛✜♠ ❞❡ γ é✿

µ = [γ′′(s), γ′′′(s)]

=









− a
3

√

(ab)2
cos

(

s
3
√
ab

)

1

b
sin

(

s
3
√
ab

)

− b
3

√

(ab)2
sin

(

s
3
√
ab

)

−1

a
cos

(

s
3
√
ab

)









=
1

3

√

(ab)2
.

◆♦ ❡①❡♠♣❧♦ ❛❝✐♠❛✱ ✈✐♠♦s q✉❡ ❛ ❡❧✐♣s❡ ♣♦ss✉✐ ❝✉r✈❛t✉r❛ ❛✜♠ µ ❝♦♥st❛♥t❡
♣♦s✐t✐✈❛✳ ❖ t❡♦r❡♠❛ ❛❜❛✐①♦✱ ♠♦str❛ q✉❡ ❛s ❝ô♥✐❝❛s sã♦ ❛s ú♥✐❝❛s ❝✉r✈❛s q✉❡
♣♦ss✉❡♠ ❝✉r✈❛t✉r❛ ❛✜♠ ❝♦♥st❛♥t❡✳

❚❡♦r❡♠❛ ✶✳✻✷✳ ❙❡❥❛ γ : I → R
2 ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧ s❡♠ ♣♦♥t♦s ❞❡

✐♥✢❡①ã♦✳ ❆ ❝✉r✈❛t✉r❛ ❛✜♠ µ é ❝♦♥st❛♥t❡ s❡✱ ❡ s♦♠❡♥t❡ s❡ γ é ✉♠❛ ❝ô♥✐❝❛✳ ▼❛✐s
♣r❡❝✐s❛♠❡♥t❡✱ t❡♠♦s✿

µ > 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ γ é ✉♠❛ ❡❧✐♣s❡
µ = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ γ é ✉♠❛ ♣❛rá❜♦❧❛
µ < 0 s❡ ✱ ❡ s♦♠❡♥t❡ s❡✱ γ é ✉♠❛ ❤✐♣ér❜♦❧❡

❉❡♠♦♥str❛çã♦✳

❙✉♣♦♥❤❛ q✉❡ ❛ ❝✉r✈❛ γ ❡st❡❥❛ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠
❡ q✉❡ ❛ ❝✉r✈❛t✉r❛ µ s❡❥❛ ❝♦♥st❛♥t❡✳ ❙❛❜❡♠♦s ♣❡❧❛ ❡q✉❛çã♦ ✭✶✳✾✮ q✉❡

γ′′′(s) + µ(s)γ′(s) = 0, ∀ s ∈ I

❈♦♠♦ γ é ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❡♠ ❝♦♦r❞❡♥❛❞❛s (x(s), y(s))✱ ❡♥tã♦ ✈❛♠♦s r❡s♦❧✈❡r
♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✿

{

x′′′(s) + µ x′(s) = 0
y′′′(s) + µ y′(s) = 0.

✭✶✳✶✵✮
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❋❛③❡♥❞♦

X = x′, X ′ = x′′, X ′′ = x′′′, Y = y′, Y ′ = y′′, Y ′′ = y′′′,

tr❛♥s❢♦r♠❛♠♦s ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞❡ ✸❛♦r❞❡r♠ ✭✶✳✶✵✮ ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛✲
çõ❡s ❞❡ ✷❛♦r❞❡♠ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❝♦♥st❛♥t❡s✿

{

X ′′(s) + µ X ′(s) = 0
Y ′′(s) + µ Y ′(s) = 0.

✭✶✳✶✶✮

P❛r❛ ❡ss❡ s✐st❡♠❛✱ ❡①✐st❡♠ ✈❛❧♦r❡s ❝♦♥st❛♥t❡s ❞❡ r t❛✐s q✉❡ ers é ✉♠❛ s♦❧✉çã♦
❞❡ ❛♠❜❛s ❛s ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛✳ ❙✉❜st✐t✉✐♥❞♦

X(s) = ers = Y (s), X ′(s) = rers = Y ′(s), X ′′(s) = r2ers = Y ′′(s)

♥❛s ❡q✉❛çõ❡s ❝♦rr❡s♣♦♥❞❡♥t❡s✱ ♦❜t❡♠♦s ❛ ❡q✉❛çã♦ ❝❛r❛❝t❡ríst✐❝❛✱ ❞❛❞❛ ♣♦r r2 +
µ = 0✱ ❛ q✉❛❧ ♣♦ss✉✐ ❛s s❡❣✉✐♥t❡s s♦❧✉çõ❡s

r =
√−µ ❡ r = −√−µ. ✭✶✳✶✷✮

❆ss✐♠ X ❡ Y sã♦ s♦❧✉çõ❡s ❞♦ s✐st❡♠❛ ✭✶✳✶✶✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ r é s♦❧✉çã♦ ❞❛
❡q✉❛çã♦ r2 +µ = 0✱ ❡st❛s s♦❧✉çõ❡s ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s s❡❣✉✐♥t❡s
❝❛s♦s✿

✶♦❝❛s♦✿ ❈✉r✈❛t✉r❛ ❛✜♠ ♣♦s✐t✐✈❛

❆ ❡q✉❛çã♦ ❝❛r❛❝t❡ríst✐❝❛ ♣♦ss✉✐ ❞✉❛s r❛í③❡s ❝♦♠♣❧❡①❛s r = ı
√
µ ❡ r = −ı

√
µ✳

▲♦❣♦✱ ❛ s♦❧✉çã♦ ❣❡r❛❧ ❞❛s ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ✭✶✳✶✶✮✱ é

X(s) = a cos
√
µs+ b sin

√
µs

Y (s) = c cos
√
µs+ d sin

√
µs.

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❣❡r❛❧ ❞❛s ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ✭✶✳✶✵✮ ♣❛r❛ ✈❛❧♦r❡s ❛r❜✐trá✲
r✐♦s a, b, c, d, e, f ∈ R é ❞❛❞❛ ♣♦r

x(s) =
a√
µ
sin

√
µs− b√

µ
cos

√
µs+ e

y(s) =
c√
µ
sin

√
µs− d√

µ
cos

√
µs+ f

▲♦❣♦

γ(s) =

(

a√
µ
sin

√
µs− b√

µ
cos

√
µs+ e,

c√
µ
sin

√
µs− d√

µ
cos

√
µs+ f

)

,

é ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡ ✉♠❛ ❡❧✐♣s❡✳

✷♦❝❛s♦✿ ❈✉r✈❛t✉r❛ ❛✜♠ ♥✉❧❛

❖ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ✭✶✳✶✵✮ s❡ t♦r♥❛✿
{

x′′′(s) = 0
y′′′(s) = 0
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❆ss✐♠ γ′′′(s) = 0✱ ❛ ♣❛rt✐r ❞♦ q✉❛❧ ♦❜t❡♠♦s✿

γ(s) =
1

2
s2b+ sa+ c,

♦♥❞❡ a, b ❡ c sã♦ ✈❡t♦r❡s ❝♦♥st❛♥t❡s t❛✐s [a, b] = 1✳ ❚♦♠❛♥❞♦ ❝♦♠♦ ❝♦♦r❞❡✲
♥❛❞❛s (x, y) t❛✐s q✉❡ a = (a1, 0), b = (0, b1) ❡ c = (c1, c2) ✈❡♠♦s q✉❡ ❛ ❝✉r✈❛
❞❡s❝r❡✈❡ ✉♠❛ ♣❛rá❜♦❧❛

γ(s) =

(

a1s+ c1,
1

2
s2b1 + c2

)

.

✸♦❝❛s♦✿ ❈✉r✈❛t✉r❛ ❛✜♠ ♥❡❣❛t✐✈❛

❆ ❡q✉❛çã♦ ❝❛r❛❝t❡ríst✐❝❛ ♣♦ss✉✐ ❞✉❛s r❛í③❡s r❡❛✐s r =
√−µ ❡ r = −√−µ✳

▲♦❣♦✱ ❛ s♦❧✉çã♦ ❣❡r❛❧ ❞❛s ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ✭✶✳✶✶✮✱ é

X(s) = ae
√
−µs + be−

√
−µs

Y (s) = ce
√
−µs + de−

√
−µs.

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❣❡r❛❧ ❞❛s ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ✭✶✳✶✵✮ ♣❛r❛ ✈❛❧♦r❡s ❛r❜✐trá✲
r✐♦s a, b, c, d, e, f ∈ R é ❞❛❞❛ ♣♦r

x(s) =
a√−µ

e
√
−µs − a√−µ

e−
√
−µs + e

y(s) =
c√−µ

e
√
−µs − d√−µ

e−
√
−µs + f.

❯t✐❧✐③❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s✿

e
√
−µs = cosh

√−µs+ sinh
√−µs

e−
√
−µs = cosh

√−µs− sinh
√−µs,

♦❜t❡♠♦s ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❛ ❤✐♣ér❜♦❧❡ ❞❛❞❛ ♣♦r

γ(s) =
(

p1 cosh
√−µs+ p2 sinh

√−µs+ e, q1 cosh
√−µs+ q2 sinh

√−µs+ f
)

,

♦♥❞❡ p1 =
a+ b√−µ

, p2 =
a− b√−µ

, q1 =
c+ d√−µ

, q2 =
c− d√−µ

.

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛♠♦s q✉❡ γ é ✉♠❛ ❝ô♥✐❝❛ ♥ã♦ ❞❡❣❡♥❡r❛❞❛✱ ❡♥tã♦ t❡✲
♠♦s ♦s s❡❣✉✐♥t❡s ❝❛s♦s✿

✶♦❝❛s♦✿ γ é ✉♠❛ ❡❧✐♣s❡

❆ ❡q✉❛çã♦ ❞❛ ❡❧✐♣s❡ é ❞❛ ❢♦r♠❛✿
(x− c1)

2

a2
+

(y − c2)
2

b2
= 1✱ ❛ q✉❛❧ ♣♦❞❡ s❡r

r❡♣❛r❛♠❡tr✐③❛r ♣♦r✿

γ : [0, 2π] −→ R
2

t 7−→ γ(t) = (a cos t+ c1, b sin t+ c2)
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❊st❛ ♥ã♦ é ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✱ ♣♦✐s [γ̇(t), γ̈(t)] 6=
1✳ P❡❧♦ ❡①❡♠♣❧♦ ✭✶✳✺✶✮✱ t❡♠♦s ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡
❛r❝♦ ❛✜♠✱ ❞❛❞❛ ♣♦r✿

γ(s) =

(

a cos

(

s
3
√
ab

)

+ c1, b sin

(

s
3
√
ab

)

+ c2

)

.

▲♦❣♦✱ ❛ ❝✉r✈❛t✉r❛ ❛✜♠ ❞❛ ❡❧✐♣s❡ é µ =
1

3

√

(ab)2
❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳

✷♦❝❛s♦✿ γ é ✉♠❛ ❤✐♣ér❜♦❧❡

❆ ❡q✉❛çã♦ ❞❛ ❤✐♣ér❜♦❧❡ é ❞❛ ❢♦r♠❛✿
(x− c1)

2

a2
− (y − c2)

2

b2
= 1✱ ❛ q✉❛❧ ♣♦❞❡

s❡r r❡♣❛r❛♠❡tr✐③❛❞❛ ♣♦r✿

γ : R −→ R
2

t 7−→ γ(t) = (a cosh t+ c1, b sinh t+ c2)

❊♥tã♦✿

γ̇(t) = (a sinh t, b sinh t)

γ̈(t) = (a cosh t, b cosh t) .

❚❡♠♦s q✉❡✿ [γ̇(t), γ̈(s)] = −ab✳ ▲♦❣♦ ❛ ❢✉♥çã♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠ ❛
♣❛rt✐r ❞❡ t0 = 0 é ❞❛❞❛ ♣♦r✿

s(t) =

∫ t

0

3
√
−ab dξ = − 3

√
abt.

▲♦❣♦✱ ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠ ❞❛ ❤✐♣ér❜♦❧❡ é

γ(s) =

(

a cosh

(

s
3
√
ab

)

,−b sinh

(

s
3
√
ab

))

.

P♦rt❛♥t♦ ❛ ❝✉r✈❛t✉r❛ ❛✜♠ é

µ = [γ′(s), γ′′(s))

=











a
3

√

(ab)2
cosh

(

s
3
√
ab

)

− 1
3
√
b
sinh

(

s
3
√
ab

)

− b
3

√

(ab)2
sinh

(

s
3

√

(ab)2

)

− 1
3
√
a
cosh

(

s
3
√
ab

)











= − 1
3

√

(ab)2
cosh2

(

s
3
√
ab

)

+
1

3

√

(ab)2
sinh2

(

s
3
√
ab

)

= − 1
3

√

(ab)2
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✸♦❝❛s♦✿ γ é ✉♠❛ ♣❛rá❜♦❧❛

❆ ❡q✉❛çã♦ ❝❛rt❡s✐❛♥❛ ❞❛ ♣❛rá❜♦❧❛ é (x − a)2 = c(y − b)✱ ❛ q✉❛❧ ♣♦❞❡ s❡r
r❡♣❛r❛♠❡tr✐③❛❞❛ ♣♦r✿

γ : R −→ R
2

t 7−→ γ(t) =

(

t+ a,
1

c
t2 + b

)

❊♥tã♦✿

γ̇(t) =

(

1,
2

c
t

)

❡ γ̈(t) =

(

0,
2

c

)

❚❡♠♦s q✉❡✿ [γ̇(t), γ̈(s)] = 2/c✳ ❆ss✐♠ ❛ ❢✉♥çã♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠ ❛
♣❛rt✐r ❞❡ t0 = 0 é ❞❛❞❛ ♣♦r✿

s(t) =

∫ t

0

3

√

2

c
dξ =

3
√
2c−1t

P♦rt❛♥t♦✱ ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠ ❞❛ ♣❛rá❜♦❧❛
♣♦❞❡ s❡r ❞❛❞❛ ♣♦r✿

γ(s) =

(

3

√

c

2
s+ a,

1

c
3

√

( c

2

)2

s2 + b

)

.

▲♦❣♦ ❛ ❝✉r✈❛t✉r❛ ❛✜♠ é ✿

µ = [γ′(s), γ′′(s)]

=

[

0 0

1
c

3

√

(

c
2

)2
0

]

= 0

�

❉❡✜♥✐çã♦ ✶✳✻✸✳ ❙❡❥❛ γ : I → R
2 ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦

❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✳ ❆ ❝✉r✈❛ γ ♣♦ss✉✐

✭✐✮ ✐♥✢❡①ã♦ ❛✜♠ ♦✉ ♣♦♥t♦ ♣❛r❛❜ó❧✐❝♦ ❡♠ γ(t0) s❡ µ(s0) = 0✳ ❆ ✐♥✢❡①ã♦ ♦✉
♣♦♥t♦ ♣❛r❛❜ó❧✐❝♦ é ❝❤❛♠❛❞❛ ❞❡ ♦r❞✐♥ár✐❛ s❡ µ′(s0) 6= 0✱ ❡ ❞❡ ❞❡❣❡♥❡r❛❞❛
s❡ µ′(s0) = 0✳

✭✐✐✮ ✈ért✐❝❡ ❛✜♠ ♦✉ ♣♦♥t♦ s❡①tát✐❝♦ ❡♠ γ(s0) s❡ µ(s0) 6= 0 ❡ µ′(s0) = 0✳ ❖
✈ért✐❝❡ ♦✉ ♦ ♣♦♥t♦ s❡①tát✐❝♦ é ❝❤❛♠❛❞♦ ❞❡ ♦r❞✐♥ár✐♦ s❡ µ′′(s0) 6= 0 ❡ ❞❡
❞❡❣❡♥❡r❛❞♦ s❡ µ′′(s0) = 0✳
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✶✳✸✳✹ ❊✈♦❧✉t❛ ❆✜♠

P♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ❝✉r✈❛ q✉❡ ♣♦ss✉✐ ❛s ♠❡s♠❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❛ ❡✈♦❧✉t❛
✭❡✉❝❧✐❞✐❛♥❛✮✱ ♠❛s ❛♦ ✐♥✈és ❞❡ ✉s❛r♠♦s ❛ ❝✉r✈❛t✉r❛ ❡ ♦ ✈❡t♦r ♥♦r♠❛❧ ✐r❡♠♦s ✉s❛r
❛ ❝✉r✈❛t✉r❛ ❛✜♠ ❡ ♦ ♥♦r♠❛❧ ❛✜♠✳

❉❡✜♥✐çã♦ ✶✳✻✹✳ ❙❡❥❛ γ ✉♠❛ ❝✉r✈❛ r❡❣✉❧❛r ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡
❛r❝♦ ❛✜♠ t❛❧ q✉❡ µ(s0) 6= 0, s0 ∈ I✱ ♦ ♥ú♠❡r♦

ρ =
1

|µ(s0)|
é ❝❤❛♠❞❛❞♦ ♦ r❛✐♦ ❞❡ ❝✉r✈❛t✉r❛ ❛✜♠ de γ em s0,

❡ ♦ ♣♦♥t♦ C(s0) = γ(s0) +
1

µ(s0)
γ′′(s0) é ❝❤❛♠❛❞♦ ♦ ❝❡♥tr♦ ❞❡ ❝✉r✈❛t✉r❛ ❛✜♠

❞❡ γ ❡♠ s0✳ ❆ ❝ô♥✐❝❛ ♦s❝✉❧❛tr✐③ ❞❡ γ ❡♠ s0 é ❛ ❝ô♥✐❝❛ ❝♦♠ ❝❡♥tr♦ ❞❡ ❝✉r✈❛t✉r❛
❛✜♠ C(s0) ❡ r❛✐♦ ρ(s0)✳

❖❜s❡✈❛çã♦ ✶✳✻✺✳ ❆ ❝ô♥✐❝❛ ♦s❝✉❧❛tr✐③ ❡♠ ✉♠ ♣♦♥t♦ ❞❛ ❝✉r✈❛ é ✉♠❛ ❤✐♣ér❜♦❧❡ s❡
µ < 0 ♦✉ ✉♠❛ ❡❧✐♣s❡ s❡ µ > 0✳

❉❡✜♥✐çã♦ ✶✳✻✻✳ ❙❡❥❛ γ : I → R
2 ✉♠❛ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡

❛r❝♦ ❛✜♠ t❛❧ q✉❡ µ(s) 6= 0 ♣❛r❛ t♦❞♦ s ∈ I✳ ❆ ♠❡❞✐❞❛ q✉❡ ✈❛r✐❛ ♦ ♣❛râ♠❡tr♦ s✱ ♦
❝❡♥tr♦ ❞❡ ❝✉r✈❛t✉r❛ ❛✜♠ ❞❛ ❝✉r✈❛ γ ❞❡s❝r❡✈❡ ✉♠❛ ❝✉r✈❛ E : I → R

2✱ ❝❤❛♠❛❞❛ ❛
❡✈♦❧✉t❛ ❛✜♠ ❞❡ γ✱ ❞❛❞❛ ♣♦r

E(s) = γ(s) +
1

µ(s)
γ′′(s).

✶✳✸✳✺ ❋✉♥çã♦ ❉✐stâ♥❝✐❛ ❆✜♠

◆❡st❛ s✉❜s❡çã♦ ✐r❡♠♦s ❞❡✜♥✐r ❡ ❡st✉❞❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡
❢✉♥çõ❡s s♦❜r❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛✳ ❊st❛ ❢✉♥çã♦ s❡rá ❞❡ s✉♠❛ ✐♠♣♦rtâ♥❝✐❛ ❡♠ ♥♦ss♦
tr❛❜❛❧❤♦✳

❱❛♠♦s ✉s❛r ❛ ♥♦t❛çã♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡ Ak ❞❛❞❛ ♣♦r ❆r♥♦❧❞ ✭✈❡❥❛ ❬✽❪✮✱ ♣❛r❛
❡①♣r❡ss❛r ♦ t✐♣♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❢✉♥çã♦✳

❉❡✜♥✐çã♦ ✶✳✻✼✳ ❙❡❥❛ f : R2 × I −→ R

(x, t) 7−→ f(x, t)
✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❉✐③❡♠♦s

q✉❡ ❛ ❢✉♥çã♦ f t❡♠ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ t✐♣♦ A≥k ❡♠ t0 q✉❛♥❞♦ k ♣r✐♠❡✐r❛s
❞❡r✐✈❛❞❛s ❞❡ f ❡♠ r❡❧❛çã♦ ❛ t sã♦ ♥✉❧❛s ❡ k + 1 ❞❡r✐✈❛❞❛s ❞❛ ❢✉♥çã♦ f é
❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✱ ✐st♦ é f (s)(x, t0) = 0 ♣❛r❛ 1 ≤ s ≤ k✳

◆♦t❛çõ❡s ✶✳✷✳ ◆♦ ♥♦ss♦ ❝♦♥t❡①t♦✱ ✐r❡♠♦s ✉t✐❧✐③❛r ❛ ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ ❛❝✐♠❛
❝♦♠♦✿

f (1)(x, t) := ft(x, t)

f (2)(x, t) := ftt(x, t)
✳✳✳

✳✳✳
✳✳✳

f (k)(x, t) := ftk(x, t)
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❉❡✜♥✐çã♦ ✶✳✻✽✳ ❙❡❥❛ γ : I → R
2 ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛♠❡tr✐③❛❞❛

♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✳ ❆ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s

d : R
2 × I −→ R

(X, s) 7−→ d (X, s) = [X− γ(s), γ′(s)]

é ❝❤❛♠❛❞❛ ❞❡ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s ❞✐stâ♥❝✐❛ ❛✜♠ ❞❛ ❝✉r✈❛ γ✳

❖❜s❡✈❛çã♦ ✶✳✻✾✳ ❆ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s ❞❛ ❞✐stâ♥❝✐❛ ❛✜♠ é ❝❧❛r❛♠❡♥t❡ ✐♥✈❛✲
r✐❛♥t❡ s♦❜r❡ tr❛♥s❢♦r♠❛çõ❡s ❛✜♥s✱ ✉♠❛ ✈❡③ q✉❡ ❛ ❢✉♥çã♦ é ❞❛❞❛ ❝♦♠♦ ✉♠
❞❡t❡r♠✐♥❛♥t❡✳

Pr♦♣♦s✐çã♦ ✶✳✼✵✳ ❙❡❥❛ γ : I → R
2 ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛ ♣♦r ✉♠ ♣❛râ♠❡tr♦ ❛r❜✐✲

trár✐♦ t✳ ❊♥tã♦ ❛ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s ❞✐stâ♥❝✐❛ ❛✜♠ é ❞❛❞❛ ♣♦r

d : R
2 × I −→ R

(X, t) 7−→ d (X, t) = [X− γ, γ̇][γ̇, γ̈]−
1

3

❉❡♠♦♥str❛çã♦✳

❈♦♠♦ ❛ ❝✉r✈❛ γ ❡stá ♣❛r❛♠❡tr✐③❛❞❛ ♣♦r ✉♠ ♣❛râ♠❡tr♦ ❛r❜✐trár✐♦✱ ❡♥tã♦ ♦
✈❡t♦r γ′(t) = κ− 1

3 γ̇✳ ❙❡❣✉❡ q✉❡ ❛ ❛ ❢❛♠í❧✐❛ ❞❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❛✜♠ é ❞❛❞❛ ♣♦r✿

d (X, t) = [X− γ(t), γ′(t)]

=
[

X− γ(t), κ− 1

3 γ̇
]

= [X− γ, γ̇]κ− 1

3 ,

❝♦♠ κ = [γ̇, γ̈]✳ �

❉❡✜♥✐çã♦ ✶✳✼✶✳ ❙❡❥❛♠ γ : I → R
2 ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐✲

♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠ ❡ d : R× I → R ❛ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s ❞✐stâ♥❝✐❛ ❛✜♠✳

✭✐✮ ❙❡ ❡①✐st✐r s1 ∈ I t❛❧ q✉❡

ds (X, s1) = dss (X, s1) = 0,

❡♥tã♦ ❛ ❢✉♥çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ d (X, s) t❡♠ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡❣❡♥❡r❛❞❛
❡♠ s1✳

✭✐✐✮ ❖ ❝♦♥❥✉♥t♦
Bd = {X ∈ R

2; ds (X, s1) = dss (X, s1) = 0}
é ❝❤❛♠❛❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❜✐❢✉r❝❛çã♦ ❞❛ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s ❞✐stâ♥❝✐❛s ❛✜♠✳

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ♠♦str❛ ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❛✜♠ ❡ q✉❡
s❡rã♦ út❡✐s ❛♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦✳

Pr♦♣♦s✐çã♦ ✶✳✼✷✳ ❙❡❥❛ γ : I → R
2 ❝✉r✈❛ s❡♠ ♣♦♥t♦s ❞❡ ✐♥✢❡①ã♦ ♣❛r❛♠❡tr✐③❛❞❛

♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✳ ❆ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❛✜♠ d ❞❛ ❝✉r✈❛ γ s❛t✐s❢❛③ ❛s
s❡❣✉✐♥t❡s s✐♥❣✉❧❛r✐❞❛❞❡s✿❞
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✭✐✮ A≥1 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ X− γ(s) é ♣❛r❛❧❡❧♦ ❛♦ ✈❡t♦r ♥♦r♠❛❧ ❛✜♠ γ′′(s)✱ ❡ X

♣❡rt❡♥❝❡ ❛ r❡t❛ ♥♦r♠❛❧ ❛✜♠ ❛ γ ❡♠ γ(s)✳

✭✐✐✮ A≥2 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ µ 6= 0 ❡ X = γ(s) + (1/µ(s)) γ′′(s)✱ ❡ X é ❡♥tã♦ ♦
❝❡♥tr♦ ❞❡ ❝✉r✈❛t✉r❛ ❛✜♠ ❞❡ γ ❡♠ γ(s)✱ ✐st♦ é✱ ♣❡rt❡♥❝❡ ❛ ❡✈♦❧✉t❛ ❛✜♠ ❞❡ γ✳

✭✐✐✐✮ A≥3 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ µ(s) 6= 0, X = γ(s) + (1/µ(s)) γ′′(s) ❡ µ′(s) = 0✿ X

é ♦ ✈ért✐❝❡ ❛✜♠ ❞❛ ❡✈♦❧✉t❛ ❛✜♠ ❞❡ γ✳

✭✐✈✮ γ é ✉♠❛ ❝ô♥✐❝❛ ❡ X é ♦ ❝❡♥tr♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ d (X, s) é ❝♦♥st❛♥t❡✳

✭✈✮ X− γ(s) = αγ′(s)− d (X, s) γ′′(s)✱ ♣❛r❛ ❛❧❣✉♠ ♥ú♠❡r♦ r❡❛❧ α✳

❉❡♠♦♥str❛çã♦✳

✭✐✮ P❛r❛ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ t✐♣♦ A≥1✱ t❡♠♦s q✉❡✿

ds (X, s) = 0 ⇔
✘✘✘✘✘✘✘✘✿

0
[−γ′(s), γ′(s)] + [X− γ(s), γ′′(s)] = 0.

▲♦❣♦ ♦ ✈❡t♦r X − γ(s) é ♣❛r❛❧❡❧♦ ❛♦ ✈❡t♦r γ′′(s)✱ ✐st♦ é✱ ❡①✐st❡ ✉♠ λ(s) t❛❧
q✉❡

X = γ(s) + λ(s)γ′′(s)

✭✐✐✮ P❛r❛ A≥2✱ t❡♠♦s✿
{

ds (X, s) = 0

dss (X, s) = 0
⇐⇒

{

[X− γ(s), γ′′(s)] = 0

[X− γ(s), γ′′′(s)] = 1.

❙✉❜st✐t✉✐♥❞♦ X− γ(s) = λ(s)γ′′(s) ♥❛ s❡❣✉♥❞❛ ❡q✉❛çã♦✱ ♦❜t❡♠♦s✿

1 = [λ(s)γ′′(s), γ′′′(s)] ⇒ 1

µ(s)
= λ(s), µ(s) 6= 0

▲♦❣♦✱ ♦ ♣♦♥t♦ X = γ(s) +
1

µ(s)
γ′′(s) ♣❡rt❡♥❝❡ ❛ ❡✈♦❧✉t❛✳

✭✐✐✐✮ ❆ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ t✐♣♦ A≥3✱ ✈❡♠♦s q✉❡










ds (X, s) = 0

dss (X, s) = 0

dsss (X, s) = 0

⇐⇒











[X− γ(s), γ′′(s)] = 0

[X− γ(s), γ′′′(s)] = 1
[

X− γ(s), γ(4)(s)
]

= 0.

❉❛ ❞✉❛s ♣r✐♠❡✐r❛ ❡q✉❛çõ❡s✱ ♦❜t❡♠♦s X − γ(s) = (1/µ(s)) γ′′(s)✳ ❙✉❜st✐✲
t✉✐♥❞♦ ❡st❡ ✈❛❧♦r ♥❛ t❡r❝❡✐r❛ ❡q✉❛çã♦✱ ✈❡♠♦s q✉❡✿

[

γ′′(s), γ(4)(s)
]

⇒ µ′(s) = 0.

P♦rt❛♥t♦❀

X = γ(s) +
1

µ(s)
γ′′(s), µ 6= 0 ❡ µ′(s) = 0. ✭✶✳✶✸✮
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✭✐✈✮ ❙✉♣♦♥❤❛ q✉❡ ❛ ❝ô♥✐❝❛ s❡❥❛ ✉♠❛ ❡❧✐♣s❡ ❞❛ ❢♦r♠❛ γ(t) = (a cos t, b sin t) ❝❡♥✲
tr❛❞❛ ♥❛ ♦r✐❣❡♠✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✼✵✱✈❡♠♦s q✉❡✿

d (0, t) = [0− γ(t), γ̇(t)] [γ̇(t), γ̈(t)]−
1

3

=

[

−a cos t −a sin t
−b sin t b cos t

] [

−a sin t −a cos t
b cos t −b sin t

]− 1

3

= −(ab)
2

3 é ❝♦♥st❛♥t❡.

❙✉♣♦♥❞♦ d (X, s) ≡ c✱ t❡♠♦s ds (X, s) = [X− γ(s), γ′′(s)] = 0✱ ♦✉ s❡❥❛

X = γ(s) + λγ′′(s)

❝♦rr❡s♣♦♥❞❡ ❛♦ ❝❡♥tr♦ ❞❡ ✉♠❛ ❝ô♥✐❝❛ γ✳

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛ ❝ô♥✐❝❛ s❡♥❞♦ ✉♠❛ ❤✐♣ér❜♦❧❡ ❞❛ ❢♦r♠❛ γ(t) = (a cosh t, b sinh t)
❝❡♥tr❛❞❛ ♥❛ ♦r✐❣❡♠✳ ❯t✐❧✐③❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ♣r♦♣♦s✐çã♦ ✶✳✼✵✱ ✈❡♠♦s q✉❡

d (0, t) = [0− γ(t), γ̇(t)] [γ̇(t), γ̈(t)]−
1

3

=

[

−a cosh t a sinh t
−b sinh t b cosh t

] [

a sinh t a cosh t
b cosh t b sinh t

]− 1

3

= (ab)
2

3

(

sinh2 t− cosh2 t
)

2

3

= −(ab)
2

3 é ❝♦♥st❛♥t❡.

❆ r❡❝í♣r♦❝❛ é ❛♥á❧♦❣❛ ❛♦ ❞❛ ❡❧✐♣s❡✳

✭✈✮ ❈♦♠♦ γ é ✉♠❛ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✱ ❡♥✲
tã♦ [γ′(s), γ′′(s)] = 1 ♣❛r❛ t♦❞♦ s ∈ I✳ ▲♦❣♦ ♦s ✈❡t♦r❡s γ′(s), γ′′(s) sã♦
❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❡ ❛ss✐♠ ❡①✐st❡♠ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s α, β :
R

2 × I → R t❛❧ q✉❡✿

X− γ(s) = αγ′(s) + βγ′′(s).

❙✉❜st✐t✉✐♥❞♦ ❡st❛ ❡q✉❛çã♦ ♥❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❛✜♠ d (X, s) ❞❛ ❝✉r✈❛ γ✱
♦❜t❡♠♦s d (X, s) = [αγ′(s) + βγ′′(s)] = −β✳ P♦rt❛♥t♦

X− γ(s) = αγ′(s)− d (X, s) γ′′(s).

�

❖❜s❡✈❛çã♦ ✶✳✼✸✳ P❡❧♦ ✐t❡♠ ✭✐✐✮ ❞❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❜✐❢✉r❝❛çã♦
❞❛ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s ❞✐stâ♥❝✐❛ ❛✜♠ Bd é ♣r❡❝✐s❛♠❡♥t❡ ❛ ❡✈♦❧✉t❛ ❛✜♠ ❞❛ ❝✉r✈❛
γ✳
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❈❊◆❚❘❆▲✲CSS

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦ ❈♦♥❥✉♥t♦ ❞❡ ❙✐♠❡tr✐❛ ❈❡♥tr❛❧✲CSS ❞❡ ❝✉r✈❛s
♣❧❛♥❛s✱ ♦ q✉❛❧ ♠❡❞❡ ❛ ❡①t❡♥sã♦ ❡♠ q✉❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ é ❝❡♥tr❛❧♠❡♥t❡ s✐♠étr✐❝❛✳

❱❛♠♦s ❡st✉❞❛r ❛ ❡str✉t✉r❛ ❧♦❝❛❧ ❞♦ CSS ♣❛r❛ ❝✉r✈❛s ♣❧❛♥❛s ❣❡♥ér✐❝❛s✱ ✐st♦ é✱
❝✉r✈❛s q✉❡ ❛♣r❡s❡♥t❛♠ ✐♥✢❡①õ❡s ❛♦ ❧♦♥❣♦ ❞❡ s❡❣♠❡♥t♦s ❞❡ ❝✉r✈❛s✳

❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❡st❡ ❝❛♣ít✉❧♦ sã♦✿ ❬✶✹❪ ❡ ❬✷✶❪✳

❆s ✜❣✉r❛s ❞❡st❡ ❝❛♣ít✉❧♦ ❢♦r❛♠ ♣r♦❞✉③✐❞❛s ❝♦♠ ♦ ❛♣❧✐❝❛t✐✈♦ ▲❛t❡①❉r❛✇✱ ❡①❝❡t♦
❛ ✜❣✉r❛ ✷✳✺ q✉❡ ❢♦✐ r❡t✐r❛❞❛ ❞❡ ❬✷✶❪✳

✷✳✶ ❈♦♥str✉çã♦ ❞♦ CSS

❉❡✜♥✐çã♦ ✷✳✶✳ ❙❡❥❛ γ : I −→ R
2 ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❢❡❝❤❛❞❛✳ ❆

❝✉r✈❛ ♣❧❛♥❛ γ ♣♦ss✉✐ ✉♠ ❝❡♥tr♦ ❞❡ s✐♠❡tr✐❛ C✱ s❡ ♣❛r❛ t♦❞♦ ♣♦♥t♦ P ❡♠ γ✱ ♦
♣♦♥t♦ 2❈✲P é t❛♠❜é♠ ♣♦♥t♦ ❞❡ γ✳

❆ ♥♦çã♦ ❞❡ ❝❡♥tr♦ ❞❡ s✐♠❡tr✐❛ ♣❛r❛ ❡st❛s ❝✉r✈❛s é ♠✉✐t♦ r❡str✐t✐✈❛✱ ♣♦✐s ❡①✐st❡♠
❝✉r✈❛s ♣❧❛♥❛s ❢❡❝❤❛❞❛s q✉❡ ♥ã♦ ♣♦ss✉❡♠ ✉♠ ❝❡♥tr♦ ❞❡ s✐♠❡tr✐❛✱ ✉♠❛ ✐❞❡✐❛ ❞❡
❣❡♥❡r❛❧✐③❛çã♦ ❞❡ss❡ ❝♦♥❝❡✐t♦ ❝❧áss✐❝♦ ❞❡ s✐♠❡tr✐❛ ♣❧❛♥❛ ❝♦♠❡ç♦✉ ❝♦♠ ♦ ❡st✉❞♦ ❞♦
❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛✱ ♦❜s❡r✈❛♥❞♦ q✉❡✿

❉❛❞❛ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ γ ❝❡♥tr❛❧♠❡♥t❡ s✐♠étr✐❝❛ s♦❜r❡ C✱ ❛s t❛♥❣❡♥t❡s ❡♠ ❝❛❞❛
♣♦♥t♦ P ❡ 2C − P sã♦ ♣❛r❛❧❡❧❛s✳ ❙❡ ❢♦ss❡♠♦s ❝♦♥str✉✐r ❛ ❝♦r❞❛ q✉❡ ✉♥❡♠ ❝❛❞❛
✉♠ ❞♦s ♣❛r❡s ❞❛s t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s✱ ♥♦t❛♠♦s q✉❡ ❛ ❡♥✈♦❧✈❡♥t❡ ❞❡st❛s ❝♦r❞❛s
❝♦rr❡s♣♦♥❞❡ ❛♦ ❝❡♥tr♦ ❈✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✿

✸✽
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b

b

2C-P

P

b C

❋✐❣✉r❛ ✷✳✶✿ ❈✉r✈❛ ❝❡♥tr❛❧♠❡♥t❡ s✐♠étr✐❝❛

❉❡✜♥✐çã♦ ✷✳✷✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❝❡♥tr❛❧ ❞❡♥♦t❛❞♦ ♣♦r CSS✱ ❞♦ ✐♥❣❧ês
❈❡♥tr❡ ❙②♠♠❡tr② ❙❡t✱ ❞❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛ é ❛ ❡♥✈♦❧✈❡♥t❡
❞❡ s❡❣♠❡♥t♦s q✉❡ ✉♥❡♠ ♦s ♣♦♥t♦s ❞❡ ❝♦♥t❛t♦s ❞♦s ♣❛r❡s ❞❛s t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s✳

P♦❞❡♠♦s ❢❛③❡r ✉♠❛ ❝♦♥str✉çã♦ s✐♠♣❧❡s ❞♦ CSS ♣❛r❛ ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ❡s✲
tr✐t❛♠❡♥t❡ ❝♦♥✈❡①❛✱ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

✶♦ ♣❛ss♦✿ ❊♥❝♦♥tr❛♠♦s ♦s ♣❛r❡s ❞❡ t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s ❛s q✉❛✐s sã♦ t❛♥❣❡♥t❡s ❛
❝✉r✈❛ ❝♦♥s✐❞❡r❛❞❛❀

✷♦ ♣❛ss♦✿ ❯♥✐♠♦s ♦s ♣♦♥t♦s ❞❡ ❝♦♥t❛t♦s ❞❛s t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s ❞❛ ❝✉r✈❛ ❝♦♥s✐✲
❞❡r❛❞❛❀

✸♦ ♣❛ss♦✿ ❊♥❝♦♥tr❛♠♦s ❛ ❡♥✈♦❧✈❡♥t❡ ❞❡st❡s s❡❣♠❡♥t♦s✳

❊♠ ✈❡③ ❞❡ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ❝♦♠♦ s❡♥❞♦ ♦ ❝❡♥tr♦ ❞❛ ❝✉r✈❛ ♣❧❛♥❛✱ t❡r❡♠♦s ✉♠
❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s✱ ♦ q✉❡ ♥♦s ❧❡✈❛ ❛ ❉❡✜♥✐çã♦ ✷✳✷ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❝❡♥tr❛❧✳
❆❜❛✐①♦✱ ❛ ✜❣✉r❛ ♠♦str❛ ♦ CSS ❞❡ ✉♠❛ ♦✈❛❧✳

❋✐❣✉r❛ ✷✳✷✿ ❈♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❝❡♥tr❛❧ ❞❡ ✉♠❛ ❝✉r✈❛ ♦✈❛❧

❖❜s❡✈❛çã♦ ✷✳✸✳ ❆ ❞❡✜♥✐çã♦ ❞♦ CSS✱ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ ❝♦♥❝❡✐t♦s q✉❡ sã♦ ✐♥✲
✈❛r✐❛♥t❡s ♣♦r tr❛♥s❢♦r♠❛çõ❡s ❛✜♠✱ ❡ ❛ss✐♠ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ♦ CSS é ✉♠ ✐♥✈❛✲
r✐❛♥t❡ ❛✜♠✳

❆ ♣r✐♠❡✐r❛ t❡♥t❛t✐✈❛ ❞❡ ❝r✐❛r ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❡ s✐♠❡tr✐❛ ❝❡♥tr❛❧ ❢♦✐ ❞❛❞❛
♣♦r ❙✳ ❏❛♥❡❝③❦♦ ❬✷✸❪ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❝❡♥tr❛❧ ❞❡ ✉♠❛ ♦✈❛❧ é ❞❡✜♥✐❞♦ ❝♦♥❥✉♥t♦
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❞❡ ❜✐❢✉r❝❛çã♦ ❞❛ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s r❛③ã♦✲❞❛✲❞✐stâ♥❝✐❛s ♥❛ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛
♣♦r ♣♦♥t♦s ♥♦ ♣❧❛♥♦✳

◆❡st❡ tr❛❜❛❧❤♦ ✈❛♠♦s ✉s❛r ❛ ❞❡✜♥✐çã♦ ❞❡ ❡♥✈♦❧✈❡♥t❡ ❞❡ r❡t❛s ♣❛r❛ ❡st✉❞❛r ❛
❡str✉t✉r❛ ❞♦ CSS✳

✷✳✶✳✶ ❊✈♦❧✉t❛ ❞❡ ➪r❡❛✲AE

◆❛ s❡çã♦ ❛♥t❡r✐♦r✱ ✈✐♠♦s q✉❡ ♦ CSS ❞❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❝♦♥✈❡①❛ é ❛ ❡♥✈♦❧✈❡♥t❡
❞♦s s❡❣♠❡♥t♦s q✉❡ ✉♥❡♠ ♦s ♣♦♥t♦s ❞❡ ❝♦♥t❛t♦s ❞❛s t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s✳ ❱❛♠♦s
❞❡✜♥✐r ✉♠ ♦✉tr♦ ❝♦♥❥✉♥t♦ ❛tr❛✈és ❞♦s ♣♦♥t♦s ♠é❞✐♦s ❞❡st❡s s❡❣♠❡♥t♦s✳

❖ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ❡♠ ❡✈♦❧✉t❛ ❞❡ ár❡❛ ♣♦❞❡ ❡♥❝♦♥tr❛r ♠❛✐s ❞❡t❛❧❤❡s ❡♠✿ ❬✶✵❪

❈♦♥s✐❞❡r❡ ❛ ✜❣✉r❛ ✷✳✸✱ ❝♦♠ γ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♥✈❡①❛ ❡ ♣❛r❛✲
♠❡tr✐③❛❞❛ ♣♦r ✉♠❛ ♣❛râ♠❡tr♦ t ∈ [0, 2π]✱ ℓ(t) ❛ r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s γ(t)

❡ γ(t+π) ❡ ❛ r❡t❛ r(t) q✉❡ ♣❛ss❛ ♣❡❧♦ ♣♦♥t♦
1

2
(γ(t) + γ(t+ π)) ❝♦♠ ✈❡t♦r ❞✐r❡t♦r

γ′(t)✳

❋✐❣✉r❛ ✷✳✸✿ ❆ r❡t❛ ℓ(t) ❡♠ ✈❡r♠❡❧❤♦ ❡ r❡t❛ r(t) ❡♠ ❛③✉❧

❉❡✜♥✐çã♦ ✷✳✹✳ ❆ ❊✈♦❧✉t❛ ❞❡ ➪r❡❛✲AE é ❛ ❡♥✈♦❧✈❡♥t❡ ❞❛ r❡t❛ ♣❛r❛❧❡❧❛ ❛♦ ✈❡t♦r
γ′(t) q✉❡ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s ♠é❞✐♦s ❞♦s s❡❣♠❡♥t♦s q✉❡ ✉♥❡♠ ♦s ♣♦♥t♦s ❞❡ ❝♦♥t❛t♦s
❞❛s t❛♥❣❡♥t❡ ♣❛r❛❧❡❧❛s✳

❉❡✜♥✐çã♦ ✷✳✺✳ ❙❡❥❛♠ γ : I → R
2✱ β : I :→ R

2 ❝✉r✈❛s ♣❧❛♥❛s ❞✐❢❡r❡♥❝✐á✈❡✐s ❝♦♥✲
✈❡①❛s✳ ❆ ❝✉r✈❛ β é ❡q✉✐❞✐st❛♥t❡ ❛ γ q✉❛♥❞♦ ❛ r❡t❛ ℓ(t) ❡ ❛ r❡t❛ r(t) ❝♦✐♥❝✐❞❡♠✳

❖❜s❡✈❛çã♦ ✷✳✻✳ ❆ ♣ró♣r✐❛ ❡✈♦❧✉t❛ ❞❡ ár❡❛ é ❡q✉✐❞✐st❛♥t❡ à ❝✉r✈❛ γ✳
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✷✳✷ CSS ❝♦♠♦ ❊♥✈♦❧✈❡♥t❡ ❞❡ ❘❡t❛s

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❡♥❝♦♥tr❛r ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❛ ❢❛♠í❧✐❛ ❞❡ r❡t❛s q✉❡ ✉♥❡♠
♦s ♣❛r❡s ❞❡ ♣♦♥t♦s ❞❡ ❝♦♥t❛t♦s ❞❛s t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s✳

❈♦♥s✐❞❡r❡♠♦s ♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✷✳✹✱ ❝♦♠
❛s s❡❣✉✐♥t❡s ♣❛r❛♠❡tr✐③❛çõ❡s ❞♦s s❡❣♠❡♥t♦s ❞❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧
❢❡❝❤❛❞❛ ❡ ❝♦♥✈❡①❛

γ1 : I −→ R
2

t 7−→ γ1(t) = (t, f(t))
❡

γ2 : J −→ R
2

u 7−→ γ2(u) = (c− u, d+ g(u)),

s❡♥❞♦ f ❡ g ❢✉♥çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s t❛✐s q✉❡✿

f(0) = f ′(0) = 0 = g′(0) = g(0) ❡ (c, d) 6= (0, 0)

❋✐❣✉r❛ ✷✳✹✿ ❈♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s

❆tr❛✈és ❞❛ ❝♦♥str✉çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❝❡♥tr❛❧✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡
✉♠❛ ❝♦♥❞✐çã♦ ♣❛r❛ q✉❡ ♦s ♣❛r❡s ❞❡ ❝♦♥t❛t♦s ❞❡ t❛♥❣❡♥t❡s s❡❥❛♠ ♣❛r❛❧❡❧❛s é q✉❡✿

f ′(t) = −g′(u), ✭✷✳✶✮

s❡♥❞♦ ✬ ❛ ❞❡r✐✈❛❞❛ ❝♦♠ r❡s♣❡✐t♦ ❛♦s ♣❛râ♠❡tr♦s ❝♦rr❡s♣♦♥❞❡♥t❡s✳ ❆ss✉♠✐♠♦s q✉❡
♥ã♦ t❡♠♦s ✐♥✢❡①õ❡s ♥♦s s❡❣♠❡♥t♦s ❞❛ ❝✉r✈❛✳ ❊ ✈❛♠♦s r❡s♦❧✈❡r ❛ ❝♦♥❞✐çã♦ ❞❛s
t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s ♣❛r❛ u = U(t)✳

❖❜s❡r✈❡♠♦s q✉❡ ❛ r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧♦s s❡❣♠❡♥t♦s γ1 ❡ γ2✱ é ♣❛r❛❧❡❧❛ ❛♦ ✈❡t♦r

#     »γ1γ2 = (t− c+ U(t), f(t)− d− g(U(t))),

❡ ♦rt♦❣♦♥❛❧ ❛
N = (d+ g(U(t))− f(t), t− c+ U(t)).

▲♦❣♦✱ ✉♠ ♣♦♥t♦ p = (x, y) ❞♦ ♣❧❛♥♦ ♣❡rt❡♥❝❡ ❛ r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s γ1(t)
❡ γ2(U(t)) s❡✱ ❡ s♦♠❡♥t❡ s❡✱

((x, y)− γ1(t)) ·N(t) = 0

=⇒ (x− t)(d+ g(U(t))− f(t))− (y − f(t))(c− U(t)− t) = 0.
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❆ss✐♠✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ✉♠❛ ❢❛♠í❧✐❛ ❞❡ r❡t❛s

F : R
3 −→ R

(x, y, t) 7−→ F (x, y, t),

❞❡✜♥✐❞❛ ♣♦r✿

F(t, x, y) = (x− t)(d+ g(U(t))− f(t))− (y − f(t))(c− U(t)− t) ✭✷✳✷✮

P❛r❛ ❡♥❝♦♥tr❛r♠♦s ♦ CSS✱ ❞❡✈❡♠♦s ❡♥❝♦♥tr❛r ❛ ❡♥✈♦❧✈❡♥t❡ ❞❛ ❢❛♠í❧✐❛ ❞❡ r❡t❛s
❛❝✐♠❛✳ ❙❡❣✉❡ ♣❡❧♦ ✭✶✳✷✾✮ q✉❡✿ ❛ ❡♥✈♦❧✈❡♥t❡ ❞❡st❛ ❢❛♠í❧✐❛ ❞❡ r❡t❛s s❛t✐s❢❛③ ❛s
❡q✉❛çõ❡s✿

{ F(x, y, t) = 0
∂F
∂t

(x, y, t) = 0,
✭✷✳✸✮

s❡♥❞♦

∂F
∂t

(x, y, t) = − (d+ g(U(t)− f(t)) + (x− t) (g′ (U(t))U ′(t)− f ′(t)) +

+f ′(t) (c− U(t)− t) + (y − f(t)) (U ′(t) + 1)

P❛r❛ ❡♥❝♦♥tr❛r♠♦s ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛✱ ✉t✐❧✐③❛♠♦s ♦ ❛♣❧✐❝❛t✐✈♦ ❝♦♠♣✉t❛✲
❝✐♦♥❛❧ ▼❛♣❧❡✱ ❞❡✈✐❞♦ ❤á ❡①♣r❡ssõ❡s ❣r❛♥❞❡s ❡♥✈♦❧✈✐❞❛s✳ ❆ss✐♠✱ ❡♥❝♦♥tr❛♠♦s ❛
♣❛r❛♠❡tr✐③❛çã♦ ❞❛ ❡♥✈♦❧✈❡♥t❡ ❞❛ ❢❛♠í❧✐❛ ❞❡ r❡t❛s F ✱ ❞❛❞❛ ♣♦r

(x(t), y(t)) =

(

A(t)

B(t)
,
C(t)

D(t)

)

, ✭✷✳✹✮

s❡♥❞♦✿

A(t) = cf − fU + f ′c2 + f ′U2 − g(U) (U) c+ g(U) (U)U − dc+ dU−
−2f ′cU − cf ′t+ f ′Ut+ fU ′t+ t2g′(U) (U)U ′ − tU ′g(U) (U)
−U ′td− tg′(U) (U)U ′c+ tg′(U) (U)U ′U.

B(t) = −g′ (U)U ′c+ g′ (U)U ′U + tg′ (U)U ′ + f ′c− f ′U − f ′t−
= −U ′d− U ′g (U) + fU ′ − d− g (U) + f.

C(t) = cfg′ (U)U ′ − cg (U) f ′ − cdf ′ − ftg′ (U)U ′ − f 2U ′ + g (U) f ′t−
= fUg′ (U)U ′ + d2 + df ′t+ 2dg (U) + (g (U))2 − g (U) f + g (U) f ′U+
= fU ′d− df + df ′U + fU ′g (U) .

D(t) = −g′ (U)U ′c+ g′ (U)U ′U + tg′ (U)U ′ + f ′c− f ′U − f ′t− U ′d−
= U ′g (U) + fU ′ − d− g (U) + f.

❈❛❧❝✉❧❛♥❞♦ ❡♠ t = U(0) = 0 ❡♠ ✭✷✳✸✮✱ ♦❜t❡♠♦s ♦ s✐st❡♠❛✿
{

xd− yc = 0
−d+ y(U ′(0) + 1) = 0

✭✷✳✺✮
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❙✉❜st✐t✉✐♥❞♦ u = U(t) ♥❛ ❡q✉❛çã♦ ✭✷✳✶✮✱ ❡ ❝❛❧❝✉❧❛♥❞♦ ❛ ❞❡r✐✈❛❞❛✱ ♦❜t❡♠♦s

f ′′(t) = −g′′(U(t))U ′(t)
t=U(0)=0
=⇒ f ′′(0) = −g′′(0)U ′(0).

❈❛❧❝✉❧❛♥❞♦ ♦s ✈❡t♦r❡s t❛♥❣❡♥t❡s ❡ ♥♦r♠❛✐s ❞❡ ❛♠❜♦s ♦s s❡❣♠❡♥t♦s ❡♠ t = u = 0
♦❜t❡♠♦s

~t1(0) = γ′
1(0), ~n1(0) = (−f(0), 1) ❡ ~t2(0) = γ′

2(0), ~n2(0) = (−g′(0),−1).

❙❡❣✉❡ q✉❡ ❛s ❝✉r✈❛t✉r❛s ❞❡ γ1 ❡♠ γ(0) ❡ γ2 ❡♠ γ(0) sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡

κ1(0) = f ′′(0) ❡ κ2(0) = −g′′(0)

❆ss✐♠✱ f ′′(0) = −g′′(0)U ′(0) é

U ′(0) =
κ1(0)

κ2(0)

P♦rt❛♥t♦✱ r❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛ ✭✷✳✺✮✱ ❡♥❝♦♥tr❛♠♦s ✉♠ ♣♦♥t♦ ❞♦ CSS ❛♦ ❧♦♥❣♦
❞❛ r❡t❛ F q✉❡ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s (0, 0), (c, d) ❞❛❞♦ ♣♦r✿

(x, y) =

(

cκ2(0)

κ1(0) + κ2(0)
,

dκ2(0)

κ1(0) + κ2(0)

)

, ✭✷✳✻✮

❝♦♠ ♦ ♣r❡ss✉♣♦st♦ ❞❡ q✉❡ κ1(0) + κ2(0) 6= 0

❖❜s❡✈❛çã♦ ✷✳✼✳ ❙❡ d = 0✱ ❡♥tã♦ t♦❞♦ ♦ eixo x é s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✷✳✺✮✱
❛ss✐♠ ♥♦ ❝❛s♦ ❞❡ ✉♠❛ t❛♥❣❡♥t❡ ❞✉♣❧❛✱ ❛ ♣ró♣r✐❛ t❛♥❣❡♥t❡ é ♣❛rt❡ ❞♦ CSS✳ ❈❛s♦
κ1(0) + κ2(0) −→ 0 ✱ ❡♥tã♦ ♦ ♣♦♥t♦ CSS ❡stá ♥♦ ✐♥✜♥✐t♦✳

❯♠❛ s♦❧✉çã♦ ❞❛s ❡q✉❛çõ❡s ✭✷✳✸✮ ♣❛r❛ ♣♦♥t♦s (x1, y1) ∈ γ1 ❡ (x2, y2) ∈ γ2
q✉❛✐sq✉❡r✱ é ❞❛❞♦ ♣♦r r❡s♦❧✈❡r ♦ s✐st❡♠❛

{

(x− x1)(y2 − y1)− (y − y1)(x2 − x1) = 0
−(y2 − y1) + (y − y1)(U

′(0) + 1) = 0
,

♦✉ s❡❥❛✱ ♦ ♣♦♥t♦ ❞♦ CSS ❞❛❞♦ ♣♦r✿

(x, y) =

(

x1κ1(0) + x2κ2(0)

κ1(0) + κ2(0)
,
y1κ1(0) + y2κ2(0)

κ1(0) + κ2(0)

)

❖❜s❡✈❛çã♦ ✷✳✽✳ ❙❡ ❛s ♦r✐❡♥t❛çõ❡s ❞♦s s❡❣♠❡♥t♦s ❞❡ ❝✉r✈❛ sã♦ ♦s ♠❡s♠♦s✱ ♦
s✐♥❛❧ ❞❛ ❝✉r✈❛t✉r❛ κi é ✐♥✈❡rt✐❞♦✳

❊①❡♠♣❧♦ ✷✳✾✳ ❈♦♥s✐❞❡r❡ ❛ ❝✉r✈❛ γ(t) = (x(t), y(t))✱ ♦♥❞❡✿

x(t) =
(a

2
cos(5t) +

a

2
+ b
)

cos(t) +
5a

2
sin(5t) sin(t)

y(t) =
(a

2
cos(5t) +

a

2
+ b
)

sin(t)− 5a

2
sin(5t) cos(t)

❆ ♣❛r❛♠❡tr✐③❛çã♦ ❞♦ CSS é

X(t) =
5

2
sin(5t) sin(t) +

25

2
cos(5t) cos(t),

Y (t) = −5

2
sin(5t) cos(t) +

25

2
cos(5t) sin(t)

❆ ✜❣✉r❛ ✷✳✺ r❡♣r❡s❡♥t❛ ♦ CSS ❞❛ ❝✉r✈❛ ♦✈❛❧✳
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❋✐❣✉r❛ ✷✳✺✿ ❖ CSS ❞❛ ♦✈❛❧

❚❡♦r❡♠❛ ✷✳✶✵✳ ❖ ♣♦♥t♦ (x, y) ❞♦ CSS✱ ❞✐✈✐❞❡ ♦ s❡❣♠❡♥t♦ q✉❡ ✉♥❡ ♦s ♣♦♥t♦s ❞❡
❝♦♥t❛t♦s ❞♦s ♣❛r❡s ❞❛ t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s ♥❛ r❛③ã♦

v1
v2

=
κ2

κ1

,

♦♥❞❡ vi é ❛ ❞✐stâ♥❝✐❛ ❛ ♣❛rt✐r ❞♦ ♣♦♥t♦ ❞❡ ♦r✐❡♥t❛çã♦ ❞❛ ❡♥✈♦❧✈❡♥t❡ ♣❛r❛ ♦ s❡❣✲
♠❡♥t♦ ❞❡ ❝✉r✈❛✳

❉❡♠♦♥str❛çã♦✳

❙❡❥❛ r = v1 : v2 ❛ r❛③ã♦✱ ❝♦♠♦ ♦s três ♣♦♥t♦s sã♦ ❝♦♥❤❡❝✐❞♦s✱ ❡♥tã♦ ❛ r❛③ã♦
❞♦s três ♣♦♥t♦s é✿

P❡❧❛s ♣r♦❥❡çõ❡s ♥♦ eixo x✿

r =

cκ2

κ1 + κ2

− 0

c− cκ2

κ1 + κ2

=
cκ2

cκ1

=
κ2

κ1

.

P❡❧❛s ♣r♦❥❡çõ❡s ♥♦ ❡✐①♦ y

r =

dκ2

κ1 + κ2

− 0

d− dκ2

κ1 + κ2

=
dκ2

dκ1

=
κ2

κ1

.

P♦rt❛♥t♦✱ ♦ ♣♦♥t♦ (x, y) ❞✐✈✐❞❡ ♦ s❡❣♠❡♥t♦ ♥❛ r❛③ã♦ κ2 : κ1✳ �

❖❜s❡✈❛çã♦ ✷✳✶✶✳ ❆ ❞❡✜♥✐çã♦ ❞♦ CSS ♣♦r ♠❡✐♦ ❞❛ ❡♥✈♦❧✈❡♥t❡ ❞❡ r❡t❛s ❡ ♣♦r
♠❡✐♦ ❞❛ r❛③ã♦✲❞❡✲❞✐stâ♥❝✐❛s sã♦ ✐❞ê♥t✐❝❛s ♥♦ ❝❛s♦ ❞❡ ❝✉r✈❛s ♣❧❛♥❛s ❡str✐t❛♠❡♥t❡
❝♦♥✈❡①❛s✳ ✭✈❡r ❬✷✸❪✮✳

❈♦r♦❧ár✐♦ ✷✳✶✷✳ ❙❡❥❛♠ l1 ✉♠❛ r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s ✭✵✱✵✮ ✱✭❝✱❞✮ ❡ l2 ✉♠❛
r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧♦s ❝❡♥tr♦s ❞❡ ❝✉r✈❛t✉r❛s e1 ❡ e2✳ ❆ ✐♥t❡rs❡çã♦ ❞❛s r❡t❛s l1 ❡ l2✱
é ♦ ♣♦♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡ P = (x, y) ❞♦ CSS✳
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❋✐❣✉r❛ ✷✳✻✿ P♦♥t♦ (x, y) ❞♦ CSS

❖ ❡①❡♠♣❧♦ ❛❜❛✐①♦✱ ♠♦str❛ q✉❡ ♦ CSS ❞❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ γ ❞✐❢❡r❡♥❝✐á✈❡❧
❢❡❝❤❛❞❛ ❝♦♠ ❧❛r❣✉r❛ ❝♦♥st❛♥t❡ é ❛ ❡✈♦❧✉t❛ ❞❛ ❝✉r✈❛ γ✳

❊①❡♠♣❧♦ ✷✳✶✸✳ ❙❡❥❛ γ : I −→ R
2 ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❢❡❝❤❛❞❛ ❝♦♠

❧❛r❣✉r❛ ❝♦♥st❛♥t❡✳

❙✉♣♦♥❤❛♠♦s q✉❡ ❛ ❝✉r✈❛ γ ❡stá ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✱ ❝♦♠
♣❛râ♠❡tr♦ t✳ ❆ r❡t❛ ♥♦r♠❛❧ ❛ γ ❡♠ t0 é ❞❛❞❛ ♣♦r F−1(0)✱ ♦♥❞❡ F : R2 −→ R✱
❞❡✜♥✐❞❛ ♣♦r✿

F(x, y) = ((x, y)− γ(s0)) ·~t(t0)

❱❛r✐❛♥❞♦ ♦ ♣❛râ♠❡tr♦ t ♥♦ ✐♥t❡r✈❛❧♦✱ ♦❜t❡♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ r❡t❛s ♥♦r♠❛✐s ❛
γ✱ ❞❛❞❛ ♣♦r F−1(0)✱ ♦♥❞❡

F : R
2 × I −→ R

(x, y, t) 7−→ F(x, y, t) = ((x, y)− γ(t)) ·~t(t).

❙❡❥❛ β(t) = (x(t), y(t)) ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠✲
♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✾✱ β é ❛ ❡♥✈♦❧✈❡♥t❡ ❞❛ ❢❛♠í❧✐❛ ❞❡ r❡t❛s ♥♦r✲
♠❛✐s ❛ γ s❡✱ ❡ s♦♠❡♥t❡ s❡ β(t) s❛t✐s❢❛③ ❛ ❡q✉❛çõ❡s✿

F(β(t), t) =
∂F
∂t

(β(t), t) = 0,

♦✉ s❡❥❛

(β(t)− γ(t)) ·~t(t) = (β′(t)− γ′(t)) ·~t(t) + (β(t)− γ(t)) ·~t′(t) = 0

❖ ♣r✐♠❡✐r♦ t❡r♠♦ ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ β(t)−γ(t) é ♣❛r❛❧❡❧♦ ~t(t)✳ ❆ss✐♠✱ ❡①✐st❡
λ : I → R t❛❧ q✉❡

β(t)− γ(t) = λ(t)~n(t).
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❙✉❜st✐t✉✐♥❞♦ ♦ ✈❡t♦r β(t)− γ(t) ♥♦ s❡❣✉♥❞♦ t❡r♠♦s ♦❜t❡♠♦s

0 = (β′(t)− γ′(t)) ·~t(t) + λ(t)~n(t) ·~t′(t)
= β′(t)~t(t)− 1 + λ(t)κγ(t),

❈♦♠♦ ❛ ❝✉r✈❛ β é ❛ ❡♥✈♦❧✈❡♥t❡✱ ♦✉ s❡❥❛✱ β é t❛♥❣❡♥t❡ ❛ ❡ss❛ ❢❛♠í❧✐❛ ❞❡ r❡t❛s
♥♦r♠❛✐s✱ ❡♥tã♦ ♦ ✈❡t♦r β′(t) é ♣❛r❛❧❡❧♦ ❛♦ ✈❡t♦r ♥♦r♠❛❧ ❛ ❝✉r✈❛ γ✳ ❆ss✐♠✱ ♦❜t❡♠♦s
q✉❡

λ(t) =
1

κ(t)
.

▲♦❣♦✱ ❛ ❡✈♦❧✉t❛

β(t) = γ(t) +
1

κ(t)
~n(t)

é ❛ ❡♥✈♦❧✈❡♥t❡ ❞❛s r❡t❛s ♥♦r♠❛✐s ❛ γ✳

P♦rt❛♥t♦✱ ♦ CSS é ❛ ❡✈♦❧✉t❛ ❞❛ ❝✉r✈❛ ♣❧❛♥❛ γ✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❛ ❡✈♦❧✉t❛
é ✉♠❛ ❝♦❜❡rt✉r❛ ❞✉♣❧❛ ❞♦ CSS✳
❖❜s❡✈❛çã♦ ✷✳✶✹✳ ❱✐♠♦s ♥❛ s❡çã♦ ✷✳✶✱ q✉❡ ❛ ❞❡✜♥✐çã♦ ❞♦ CSS ♣❛r❛ ✉♠ ❝✉r✈❛
♣❧❛♥❛ ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛ é ❛ ❡♥✈♦❧✈❡♥t❡ ❞♦s s❡❣♠❡♥t♦s q✉❡ ✉♥❡♠ ♦s ♣♦♥t♦s ❞❡
❝♦♥t❛t♦s ❞❛s t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s✳

◗✉❛❧ ❛ ❞❡✜♥✐çã♦ ❞♦ CSS ♣❛r❛ ✉♠❛ ❝✉r✈❛ ❣❡♥ér✐❝❛❄ ❆ ❞❡✜♥✐çã♦ é ❡①❛t❛♠❡♥t❡
❛ ♠❡s♠❛✿ ❡♥✈♦❧✈❡♥t❡ ❞♦s s❡❣♠❡♥t♦s q✉❡ ✉♥❡♠ ♦s ♣♦♥t♦s ❞❡ ❝♦♥t❛t♦s ❞❛s t❛♥❣❡♥t❡s
♣❛r❛❧❡❧❛s✳

❆ ❢♦r♠❛ ♠❛✐s ❣❡r❛❧ ❞❡ ♣❡♥s❛r ♥✐ss♦ é ❝♦♠♦ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❞♦✐s ♣❛râ♠❡tr♦s ❞❡
r❡t❛s q✉❡ ✉♥❡♠ ♦s ♣♦♥t♦s γ1(t) ❡ γ2(u) ❞❡ ✉♠❛ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛ γ✳ ❉✐③❡♠♦s
q✉❡ F(t, u, x, y) = 0 é ✉♠❛ ❡q✉❛çã♦ ❣❡r❛❧ ❞❡st❛ ❢❛♠í❧✐❛✳ ❆ss✐♠✱ ♣❛r❛ ♦ CSS
✐♠♣♦♠♦s ❞✉❛s ❝♦♥❞✐çõ❡s✿

• G(u, t) = 0 é ❛ ❝♦♥❞✐çã♦ ❞❛ t❛♥❣❡♥t❡ ♣❛r❛❧❡❧❛✱

• ∂F
∂u

∂G
∂t

=
∂F
∂t

∂G
∂u

é ❛ ❝♦♥❞✐çã♦ ❞❛ ❡♥✈♦❧✈❡♥t❡✳

◗✉❛♥❞♦ G(u, t) = 0 ♣♦❞❡ s❡r r❡s♦❧✈✐❞♦ ♣♦r t ❝♦♠♦ ❢✉♥çã♦ ❞❡ u ✭♥♦ ❝❛s♦ ❝♦♥✲
✈❡①♦✱ ❡①❝❧✉í♠♦s ❛ s♦❧✉çã♦ tr✐✈✐❛❧ u = s✮✱ ❡♥tã♦ ❡st❡ s❡ r❡❞✉③ ❛ ❢❛♠í❧✐❛ ❛ ✶✲
♣❛râ♠❡tr♦ ❡ ❛ ❝♦♥❞✐çã♦ ❞❛ ❡♥✈♦❧✈❡♥t❡✳

◆❛ ✈❡r❞❛❞❡ ❧♦❝❛❧♠❡♥t❡ s❡♠♣r❡ ♣♦❞❡♠♦s ❢❛③❡r ✐ss♦✿ ♦✉ u é ✉♠❛ ❢✉♥çã♦ ❞✐❢❡✲
r❡♥❝✐á✈❡❧ ❞❡ t ♦✉ t é ✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ u✱ ♣ró①✐♠♦ ❞❡ (u0, t0)✱ ❡①❝❡t♦
q✉❛♥❞♦ ❛ ❝✉r✈❛ t❡♠ ✐♥✢❡①õ❡s ❡♠ ❛♠❜❛s u0 ❡ t0✳ ▼❡s♠♦✱ s❡ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛
❞❡ ✉♠ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦ ♦♥❞❡ u0 = t0 ❡ u0 é ✉♠❛ ✐♥✢❡①ã♦✱ ❡①❝❧✉✐♥❞♦ ❛ s♦❧✉çã♦
u = t ♣♦❞❡♠♦s r❡s♦❧✈❡r ❧♦❝❛❧♠❡♥t❡ t ❡♠ ❢✉♥çã♦ ❞❡ u✳

❊♥tã♦✱ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ q✉❛❧q✉❡r ♣❛r ❞❡ t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s ❞❡ ✉♠❛
❝✉r✈❛ ♣❧❛♥❛ ❣❡♥ér✐❝❛✱ ♣♦❞❡♠♦s ✉s❛r ❛ ❞❡✜♥✐çã♦ ❧♦❝❛❧ ❞❛ ❡♥✈♦❧✈❡♥t❡✱ ♦♥❞❡ t❡♠♦s
✉♠❛ ❢❛♠í❧✐❛ ❛ ✶ ♣❛râ♠❡tr♦ ❞❡ r❡t❛s F(u, x, y) = 0 ❡ ❛ ❡♥✈♦❧✈❡♥t❡ é ❞❛q✉❡❧❡s x, y
♣❛r❛ ♦ q✉❛❧ F = Fu = 0✳
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✷✳✸ ❙✐♥❣✉❧❛r✐❞❛❞❡s ❞♦ CSS

◆❡st❛ s❡çã♦✱ ✐r❡♠♦s ❡st✉❞❛r ❡str✉t✉r❛ ❧♦❝❛❧ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❝❡♥tr❛❧
❞❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❣❡♥ér✐❝❛✱ ♥ã♦ ❛ss✉♠✐r❡♠♦s q✉❡ ❛ ❝✉r✈❛ s❡❥❛ ❝♦♥✈❡①❛✱ ♣♦✐s
❡st❛♠♦s ♣r❡♦❝✉♣❛❞♦s ❝♦♠ ♣r♦♣r✐❡❞❛❞❡s ❧♦❝❛✐s ❞♦ ❝♦♥❥✉♥t♦✳

❱❛♠♦s ♣❡♥s❛r ♥❛ ❡q✉❛çã♦ F ❝♦♠♦ ❢✉♥çã♦ ❞❡ t ❡♠ ♣❛râ♠❡tr♦s x ❡ y✱ ❡ ♥❡st❡
❝♦♥t❡①t♦ ♦ CSS é ♦ ❞✐❛❣r❛♠❛ ❞❡ ❜✐❢✉r❝❛çã♦ ❞♦s ③❡r♦s ❞❛ ❡q✉❛çã♦ F ✱ ♦✉ s❡❥❛✱
♣♦♥t♦s (x, y) ♣❛r❛ ♦s q✉❛✐s✿

F(x, y, t) =
∂F
∂t

(x, y, t) = 0,

♣❛r❛ ❛❧❣✉♠ t✳

❱❛♠♦s ❡♥❝♦♥tr❛r ❝♦♥❞✐çõ❡s s♦❜ q✉❛✐s F t❡♠ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ t✐♣♦ A≥k ❝♦♠
k ≥ 2✱ ♦✉ s❡❥❛✿ A≥2 ❡♠ t = U(0) = 0✱ ♦❜t❡♠♦s✿

F(x, y, 0) =
∂F
∂t

(x, y, 0) =
∂2F
∂t

(x, y, 0) = 0

♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡✿






xd− yc = 0
−d+ y(U ′(0) + 1) = 0

x (g′′(0)U ′(0)2 − f ′′(0)) + cf ′′(0) + y.U ′′(0) = 0
✭✷✳✼✮

❆s ❞✉❛s ♣r✐♠❡✐r❛s ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ❛❝✐♠❛✱ ♥♦s ❢♦r♥❡❝❡ ♦ ♣♦♥t♦ (x, y) ❞♦
CSS✱ ❝♦♠♦ ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✻✮✳ ❙✉❜st✐t✉✐♥❞♦ ❡st❡ ♣♦♥t♦ ♥❛ t❡r❝❡✐r❛ ❡q✉❛çã♦✱ ❡
❧❡♠❜r❛♥❞♦ q✉❡ f ′′(0) = κ1(0), g′′(0) = −κ2(0) ✱ t❡♠♦s

0 =
cκ2

κ1 + κ2

[

−κ2

(

κ1

κ2

)2

− κ1

]

+ cκ1 +
dκ2

κ1 + κ2

U ′′(0)

=
✘✘✘✘✘✘✘✘✘✘✘✿0−cκ2

1 − cκ2κ1

κ1 + κ2

+ cκ1 +
dκ2

κ1 + κ2

U ′′(0)

=
dκ2

κ1 + κ2

U ′′(0) ⇒ dκ2U
′′(0) = 0

❆ss✉♠✐♥❞♦ q✉❡ ♦ s❡❣♠❡♥t♦ s✉♣❡r✐♦r γ2 ♥ã♦ ♣♦ss✉❛ ✐♥✢❡①ã♦✱ ♦❜t❡♠♦s q✉❡✿ d = 0
♦✉ U ′′(0) = 0✳ ❈♦♠♦

f ′′′(t) = −g′′′(U(t))U ′(t)2 − g′′(U(t))U ′′(t).

❡♥tã♦✱ ❡♠ t = U(0) = 0 ♦ ✈❛❧♦r ❞❡ U ′′(0) é

U ′′(0) =
κ′
1(0)κ

2
2(0)− κ′

2(0)κ
2
1(0)

κ3
2(0)

. ✭✷✳✽✮

❆ss✐♠✱ t❡♠♦s ♦ t❡♦r❡♠❛✿
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❚❡♦r❡♠❛ ✷✳✶✺✳ ❖ CSS é s✐♥❣✉❧❛r s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ r❡t❛ t❛♥❣❡♥t❡ é ❛ ♠❡s♠❛
❡♠ ❛♠❜♦s ♦s ♣♦♥t♦s ✭❞❂✵✮✱ ♦✉

κ′
1κ

2
2 − κ2

1κ
′
2 = 0 ✭✷✳✾✮

❖❜s❡✈❛çã♦ ✷✳✶✻✳ P♦❞❡♠♦s t❛♠❜é♠ ✈❡r✐✜❝❛r s❡ ♦ CSS é s✐♥❣✉❧❛r ❞❛ s❡❣✉✐♥t❡
♠❛♥❡✐r❛✿ ❉❡r✐✈❛♥❞♦ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ✭✷✳✹✮ ❞♦ CSS ❝❛❧❝✉❧❛❞♦s ❡♠ t = U(0) = 0
✭✉s❛♥❞♦ ♦ ▼❛P❧❡✮✱ t❡♠♦s

(x′(0), y′(0)) = 0 ⇐⇒
{

d
(

− g′′U ′2c− U ′′d− f ′′U ′c
)

= 0
d2 [−cU ′f ′′ − g′′U ′2 − U ′′d] = 0

❆ss✐♠✱ ❛s ❡q✉❛çõ❡s ❛❝✐♠❛ sã♦ ♥✉❧❛s s❡✱ ❡ s♦♠❡♥t❡ s❡

d = 0 ♦✉ −g′′U ′2c− U ′′d− f ′′U ′c = 0

❙✉♣♦♥❞♦ d 6= 0 ❡ s✉❜st✐t✉✐♥❞♦ U ′ =
κ1

κ2

, f ′′ = κ1 ❡ g′′ = −κ2 ❡ ✉s❛♥❞♦ ♦ ✈❛❧♦r

❞❡ U ′′ ♦❜t❡♠♦s

−g′′U ′2c− U ′′d− f ′′U ′c = κ2

(

κ1

κ2

)2

c− U ′′d− κ2
1

κ2

c = 0 ⇔ κ′
1κ

2
2 − κ′

2κ
2
1 = 0.

P♦rt❛♥t♦ ♦ CSS é s✐♥❣✉❧❛r s❡✱ ❡ s♦♠❡♥t❡ s❡ d = 0 ♦✉ κ′
1κ

2
2 − κ′

2κ
2
1 = 0✳

✷✳✸✳✶ ❈♦♥❞✐çã♦ ❞❛ ❈ús♣✐❞❡ ❞♦ CSS

❈♦♥❝❡♥tr❛r❡♠♦s ♥❛ s❡❣✉♥❞❛ ❝♦♥❞✐çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✺✱ ♦✉ s❡❥❛✱ κ′
1κ

2
2−κ2

1κ
′
2 =

0✱ q✉❡ ✈❡r❡♠♦s tr❛t❛r ❞❛ ❝♦♥❞✐çã♦ ❞❡ ❝ús♣✐❞❡ ❡ ♣♦st❡r✐♦r♠❡♥t❡ ✈❛♠♦s ❝♦♥s✐❞❡r❛r
✐♥✢❡①õ❡s ❡ t❛♥❣❡♥t❡s ❞✉♣❧❛s ✭d = 0✮✳

❈♦♥s✐❞❡r❡ ρi = 1/κi ♦ r❛✐♦ ❞❡ ❝✉r✈❛t✉r❛ ❞♦ s❡❣♠❡♥t♦ ❞❛ ❝✉r✈❛ γi✭i = 1, 2✮✱ ❛
❝♦♥❞✐çã♦ ✭✷✳✾✮ ♣❛r❛ q✉❡ ♦ CSS s❡❥❛ ♥ã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ✭❧♦♥❣❡ ❞❡ d = 0✮ ♣♦❞❡ s❡r
❡s❝r✐t❛ ❝♦♠♦

ρ′1 = ρ′2.

❖❜s❡r✈❡♠♦s q✉❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ κ1 ❝♦♠ ♣❛râ♠❡tr♦ t ❡ κ2 ❝♦♠ ♣❛râ♠❡tr♦
u✱ ♣❛r❛♠❡tr✐③❛♥❞♦ u = U(t) ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ dU/dt = κ1/κ2✱ ♦❜t❡♠♦s

d

dt

(

κ2

κ1

)

=
κ′
2

κ2
1

κ2

− κ2κ
′
1

κ2
1

=
κ′
2κ

2
1 − κ2

2κ
′
1

κ2κ2
1

= 0 ⇐⇒ κ′
1κ

2
2 − κ2

1κ
′
2 = 0

P❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✵✱ ♦ ♣♦♥t♦ ♣♦♥t♦ (x, y) ❞❛ ❡♥✈♦❧✈❡♥t❡✱ ❞✐✈✐❞❡ ❛ r❡t❛ q✉❡ ✉♥❡
♦s ♣♦♥t♦s ❞❡ ❝♦♥t❛t♦s ❞♦s ♣❛r❡s ❞❛s t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s ♥❛ ♣r♦♣♦rçã♦

v1
v2

=
κ2

κ1

.
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❆ss✐♠ ❛ ❝ús♣✐❞❡ ❛♣❛r❡❝❡ ♥♦ CSS✱ s❡ ❛ ❢✉♥çã♦ r❛③ã♦ ❞❡ ❞✐stâ♥❝✐❛ v1/v2 t❡♠ ✉♠
♣♦♥t♦ ❝rít✐❝♦✳ ■ss♦ ♥♦s ❧❡✈❛ ❞❡ ✈♦❧t❛ ♠❛✐s ✉♠❛ ✈❡③ ❛ ❞❡✜♥✐çã♦ ♦r✐❣✐♥❛❧ ❞♦ CSS✱
❝♦♠♦ ❝♦♥❥✉♥t♦ ❞❡ ❜✐❢✉r❝❛çã♦ ❞❛ ❢❛♠í❧✐❛ ❞❛ ❢✉♥çã♦ r❛③ã♦ ❞❡ ❞✐stâ♥❝✐❛ ✭✈❡r ❬✷✸❪✮✱
❡ ✈❡r✐✜❝❛✲s❡ q✉❡ ❡st❛s ❞✉❛s ❞❡✜♥✐çõ❡s sã♦ ✐❞ê♥t✐❝❛s ♣❛r❛ ❝✉r✈❛s ❡str✐t❛♠❡♥t❡ ❝♦♥✲
✈❡①❛s✳

❖❜s❡✈❛çã♦ ✷✳✶✼✳ P♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ❝♦♥❞✐çã♦ κ′
1κ

2
2 − κ2

1κ
′
2 = 0 ❞❡ ✉♠❛ ❢♦r♠❛

✐♥✈❛r✐❛♥t❡ ❛✜♠✳

❱❛♠♦s ✉t✐❧✐③❛r ❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦ ✭✶✳✺✹✮✱ ❞❡♥♦t❛♥❞♦ ♣♦r ′ ❝♦♠♦
s❡♥❞♦ ❛ ❞❡r✐✈❛❞❛ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ♣❛râ♠❡tr♦ ❛r❜✐trár✐♦ ✱ ❡ · ❝♦♠♦ s❡♥❞♦ ❛ ❞❡r✐✈❛❞❛
❛♦ ♣❛râ♠❡tr♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✳

❙✉♣♦♥❞♦ q✉❡ ♦ ♣❛râ♠❡tr♦ t s❡❥❛ ♦ ♣❛râ♠❡tr♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✱ ♦ ✈❡t♦r
♥♦r♠❛❧ ♣♦❞❡ s❡r ❡①♣r❡ss♦ ♣♦r

γ̈ = κ− 2

3γ′′ − 1

3
κ′κ(t)−

5

3γ′,

♦♥❞❡ κ = [γ′, γ′′] = ν ✱ κ′ = [γ′, γ′′′] = ν ′✳ ❙❡❣✉❡ q✉❡ ✈❡t♦r ♥♦r♠❛❧ ❛✜♠ ❞❡ γ1 ❡ γ2
❝❛❧❝✉❧❛❞♦s ❡♠ t = u = 0✱ sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡✿

γ̈1(0) = f ′′(0)−
2

3 (0, f ′′(0)))− 1

3
f ′′′(0)f ′′(0)−

5

3 (1, 0)

=
1

3
f ′′(0)−

5

3

(

−f ′′′(0), 3f ′′(0)2
)

γ̈2(0) = g′′(0)−
2

3 (0, g′′(0)) +
1

3
g′′′(0)− g′′(0)−

5

3 (−1, 0)

=
1

3
g′′(0)−

5

3

(

g′′′(0), 3g′′(0)2
)

❖ q✉❡ ♠♦str❛ q✉❡ ♥♦r♠❛❧ ❛✜♠ ❛♦ s❡❣♠❡♥t♦ γ1 t❡♠ ❞✐r❡çã♦ (−f ′′′(0), 3(f ′′(0))2)
❡ ♦ ♥♦r♠❛❧ ❛✜♠ ❛♦ s❡❣♠❡♥t♦ γ2 t❡♠ ❞✐r❡çã♦ (g′′′(0), 3(g′′(0))2)✳ ▲♦❣♦ ♣❡❧❛ ❝♦♥❞✐çã♦
❞❛ ❝ús♣✐❞❡✱ ✈❡♠♦s q✉❡✿

0 = κ′
1κ

2
2 − κ2

1κ
′
2

= −g′′′(0)f ′′(0)2 − g′′(0)2f ′′′(0) ⇐⇒ f ′′′(0)

f ′′(0)2
= − g′′′(0)

g′′(0)2
.

■ss♦ ♠♦str❛ q✉❡ ♦s ♥♦r♠❛✐s ❛✜♠ ❡♠ (0, 0) ❡ (c, d) sã♦ ♣❛r❛❧❡❧♦s✳

❈♦♠♣❛r❛♥❞♦ ❛ r❛③ã♦ ❞♦✐s ♥♦r♠❛✐s ❛✜♠✱ ✈❡♠♦s q✉❡ ❛ ❝♦♥❞✐çã♦ ❛✜♠ ♥❡❝❡ssár✐❛
❡ s✉✜❝✐❡♥t❡ ♣❛r❛ CSS ❛♣r❡s❡♥t❛r ✉♠❛ ❝ús♣✐❞❡ é q✉❡✿

γ̈1(0) +

(

κ1

κ2

) 1

3

γ̈2(0) = 0.
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✷✳✸✳✷ ■♥✢❡①õ❡s ❡ ❚❛♥❣❡♥t❡s ❉✉♣❧❛s

■♥✢❡①õ❡s ❡♠ ✉♠ s❡❣♠❡♥t♦ ❞❡ ❝✉r✈❛

❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠❛ ✐♥✢❡①ã♦ ♥♦ s❡❣✉✐♠❡♥t♦ γ1 ❞❛ ✜❣✉r❛ ✭✷✳✹✮✱ ♦✉ s❡❥❛
κ1(0) = 0✱ ❡ q✉❡ ♥ã♦ t❡♥❤❛♠♦s t❛♥❣❡♥t❡ ❞✉♣❧❛ ✭d 6= 0✮✳ P❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✵✱ ♦
♣♦♥t♦ (x, y) ❞♦ CSS ✐♥t❡rs❡❝t❛ ♦ s❡❣♠❡♥t♦ ❞❛ ❝✉r✈❛ γ2 ♥♦ ♣♦♥t♦ ❡♠ q✉❡ t❡♠♦s
❛ t❛♥❣❡♥t❡ ♣❛r❛❧❡❧❛ ❡ ❛ t❛♥❣❡♥t❡ ✐♥✢❡①✐♦♥❛❧ ❞♦ s❡❣♠❡♥t♦ γ1✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦
♣♦♥t♦

(x, y) =

(

cκ2(0)

κ2(0)
,
dκ2(0)

κ2(0)

)

= (c, d).

❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✺✱ ♦ CSS é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ (c, d) s❡✱ s♦♠❡♥t❡
s❡✱

κ′
1(0)κ2(0)

2 6= 0,

♦✉ s❡❥❛✿ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ s❡❣♠❡♥t♦ ✐♥❢❡r✐♦r γ1 t❡♠ ✉♠❛ ✐♥✢❡①ã♦ ♦r❞✐♥ár✐❛ ❡ ♦
s❡❣♠❡♥t♦ γ2 s✉♣❡r✐♦r ♥ã♦ ♣♦ss✉✐ ✐♥✢❡①ã♦✳ ■ss♦ ♥♦s ❞á ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✷✳✶✽✳ ❙❡❥❛♠ γ1 ❡ γ2 s❡❣♠❡♥t♦s ❞❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧ γ ❡
γ1(t), γ2(U(t)) ♣♦♥t♦s s♦❜r❡ ♦s s❡❣♠❡♥t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s✳ ❙✉♣♦♥❤❛♠♦s q✉❡

✭✐✮ ❡①✐st❡ ✉♠❛ ✐♥✢❡①ã♦ ♦r❞✐♥ár✐❛ ❡♠ ✉♠ ♣♦♥t♦ γ1(t)✱

✭✐✐✮ ♥ã♦ ❡①✐st❡ ✐♥✢❡①ã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ♣♦♥t♦ γ2(U(t)) ♣❛r❛ q✉❛❧ ❡①✐st❡ ✉♠❛
t❛♥❣❡♥t ♣❛r❛❧❡❧❛✱

✭✐✐✐✮ γ2(U(t)) ♥ã♦ s❡ ❡♥❝♦♥tr❛ ♥❛ t❛♥❣❡♥t❡ ✐♥✢❡①✐♦♥❛❧ ❡♠ γ1(t✮ ✭✐st♦ é d 6= 0✮✳

❊♥tã♦ ♦ CSS é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ♣❛ss❛ ♣♦r γ2(U(t))✳

P♦❞❡♠♦s ♣❡r❝❡❜❡r q✉❡ ♣ró①✐♠♦ ❞❡ γ2(U(t))✱ ♦ CSS ❡♥❝♦♥tr❛✲s❡ ✐♥t❡✐r❛♠❡♥t❡
❡♠ ✉♠ ❞♦s s❡♠✐ ♣❧❛♥♦s ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ r❡t❛ q✉❡ ✉♥❡ γ1(t) ❛ γ2(U(t))✱ ✉♠❛ ✈❡③
q✉❡✿ ♦ CSS é ❛ ❡♥✈♦❧✈❡♥t❡ ❞❛ ❢❛♠í❧✐❛ ❞❡ r❡t❛s F ✱ ♦✉ s❡❥❛ ♦ CSS t❛♥❣❡♥❝✐❛ ❛
❢❛♠í❧✐❛ ❞❡ r❡t❛s✳

❱❛♠♦s ❞❡t❡r♠✐♥❛r ❡♠ q✉❛❧ ♦ s❡♠✐✲♣❧❛♥♦ ♦ CSS s❡ ❡♥❝♦♥tr❛✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐✲
❞❡r❡ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛ ❞❛ ✜❣✉r❛ ✭✷✳✹✮✱ ♠❛s ❝♦♠ ♦ s❡❣♠❡♥t♦ γ1 ♣♦ss✉✐ ✐♥✢❡①ã♦
❡♠ t = 0✱ ❡ ♦ s❡❣♠❡♥t♦ γ2 s❡♠ ✐♥✢❡①ã♦ ❡♠ u = 0✳

❯t✐❧✐③❛♥❞♦ ❛ ❡①♣❛♥sã♦ ❞❡ f(t) ❡ g(u) ❡♠ sér✐❡s ❞❡ ❚❛②❧♦r✱ ❡♠ t♦r♥♦ ❞❡ t0 = 0
❡ u0 = 0 r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡♠♦s✿

f(t) = f(0) + f ′(0)(t) +
t2

2
f ′′(0) +

t3

3!
f ′′′(0) +

t4

4!
f (4)(0) + · · ·

= a3t
3 + a4t

4 + · · · , ❝♦♠ a3 6= 0

g(u) = g(0) + g′(0)(u) +
u2

2
g′′(0) +

u3

3!
g′′′(0) + · · ·

= b2u
2 + b3u

3 + · · · , ❝♦♠ b2 6= 0
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❈♦♥s✐❞❡r❡ ❛ ❝✉r✈❛ α(s) = (x(s), y(s)) ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞♦ CSS✱ q✉❡ s✉✲
♣♦♥❤❛♠♦s ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✳ ❆ ❡q✉❛çã♦ ❞❛ r❡t❛ q✉❡
t❛♥❣❡♥❝✐❛ ♦ CSS ♥♦ ♣♦♥t♦ (c, d) é ♦ s✉❜❝♦♥❥✉♥t♦

{

X ∈ R
2 : 〈X − α(0), Nα(0)〉 = 0

}

,

❝♦♠Nα(0) = (d,−c) é ♦ ✈❡t♦r ♦rt♦❣♦♥❛❧ ❛ r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s (0, 0), (c, d)✳
❊st❛ r❡t❛ ❞✐✈✐❞❡ ♦ ❡s♣❛ç♦ R

2 ❡♠ ❞♦✐s s❡♠✐✲♣❧❛♥♦s ❛❜❡rt♦s✿
{

X ∈ R
2 : (X − α(0)) ·Nα(0) > 0

}

❡
{

X ∈ R
2 : (X − α(0)) ·Nα(0) < 0

}

❯s❛♥❞♦ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❚❛②❧♦r ❧♦❝❛❧♠❡♥t❡ ❡♠ s0 ♥❛ ❝✉r✈❛ α t❡♠♦s✿

α(s) = α(s0) + α′(s0)(s− s0) + α′′(s0)
(s− s0)

2

2
+R(s),

♦♥❞❡ lim
s−→s0

R(s)/(s− s0)
2 = 0✳ P♦rt❛♥t♦ ❧♦❝❛❧♠❡♥t❡ ❡♠ s0✱ t❡♠♦s

(α(s)− α(s0)) ·Nα(s0) =

[

α′(s0)(s− s0) + α′′(s0)
(s− s0)

2

2

]

Nα(s0)

= α′′(s0)Nα(s0)
(s− s0)

2

2
= κα(s0)

(s− s0)
2

2
.

❯t✐❧✐③❛♥❞♦ ❛s ❝♦♦r❞❡♥❛❞❛s ❞❛ ❡♥✈♦❧✈❡♥t❡ ✭✷✳✹✮ ❡ ❝❛❧❝✉❧❛♥❞♦ ❛ ❝✉r✈❛t✉r❛ ❞♦ CSS✱
❡♥❝♦♥tr❛♠♦s q✉❡ κα = 2a3/b2✳ P♦rt❛♥t♦✱ ♦ CSS s❡ ❡♥❝♦♥tr❛ ♥♦ s❡♠✐✲♣❧❛♥♦ ♣♦✲
s✐t✐✈♦ s❡ a3/b2 > 0 ❡ ♥♦ s❡♠✐✲♣❧❛♥♦ ♥❡❣❛t✐✈♦ s❡ a3/b2 < 0✳ ❆ ✜❣✉r❛ ✷✳✼ ❞á ✉♠❛
✐❧✉str❛çã♦ ❡sq✉❡♠át✐❝❛ ❞♦s r❡s✉❧t❛❞♦s✱ ♦ q✉❛❧ ♦ CSS é ❛ ❧✐♥❤❛ ♣♦♥t✐❧❤❛❞❛✳

❚❛♥❣❡♥t❡s ❉✉♣❧❛s

❆❣♦r❛ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ t❛♥❣❡♥t❡ ❞✉♣❧❛ ♥❛ ❝✉r✈❛ ♣❧❛♥❛
γ✱ ❝♦♠♦ ♠♦str❛ ❛ ✜❣✉r❛ ✷✳✽✳ ❈♦♥s✐❞❡r❡ ♦s s❡❣✉✐♠❡♥t♦s ❞❡ ❝✉r✈❛s ❞❛❞♦s ♣♦r

γ1(t) = (−c+ t, a2t
2 + a3t

3 + · · · )
γ2(u) = (c+ u, b2u

2 + b3u
3 + · · · ).

❆ss✉♠✐♠♦s q✉❡ ♣❡❧♦ ♠❡♥♦s ✉♠ a2, b2 6= 0 ❡ q✉❡ c 6= 0✳

P❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✺✱ s❛❜❡♠♦s q✉❡ ♦ CSS é ♥ã♦ r❡❣✉❧❛r ❡♠ ✉♠❛ t❛♥❣❡♥t❡ ❞✉♣❧❛✱
❡ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ♦ CSS s❡♠♣r❡ ✐♥✢❡①✐♦♥❛ ♥❛ t❛♥❣❡♥t❡ ❞✉♣❧❛✱ ✉♠❛ ✈❡③ q✉❡
❛ ❝✉r✈❛t✉r❛ ❞♦ CSS é ③❡r♦ q✉❛♥❞♦ t = 0 ❝♦♠♦ é ♠♦str❛❞♦ ❛❜❛✐①♦✳

❈♦♠♦ CSS é ❛ ❡♥✈♦❧✈❡♥t❡ ❞❛ ❢❛♠í❧✐❛ ❞❡ r❡t❛s F ✱ ♦ ✈❡t♦r t❛♥❣❡♥t❡ ❛♦ CSS
é ♣❛r❛❧❡❧♦ ❛♦ ✈❡t♦r

#                    »

γ1(0)γ2(0)✱ ❡ ♦ ✈❡t♦r ♦rt♦❣♦♥❛❧ ❛ r❡t❛ F é ♣❛r❛❧❡❧♦ ❛♦ ✈❡t♦r
♥♦r♠❛❧ ❛ CSS ❡♠ t = 0✱ ✐st♦ é

TCSS(0) = H(0)
#                    »

γ1(0)γ2(0) = H(0)(−2c, 0)

NCSS(0) = J(0)Nγ1γ2 = J(0)(0,−2c)

T ′
CSS(0) = H ′(0)(−2c, 0) +H(0)(1− U ′(0), 0),
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❋✐❣✉r❛ ✷✳✼✿ P♦s✐çã♦ ❞♦ CSS

❋✐❣✉r❛ ✷✳✽✿ ❚❛♥❣❡♥t❡ ❞✉♣❧❛

❝♦♠ TCSS , NCSS ✱ ♦ ✈❡t♦r t❛♥❣❡♥t❡ ❡ ♦ ✈❡t♦r ♥♦r♠❛❧ ❞♦ CSS✳ ▲♦❣♦✱ ❛ ❝✉r✈❛t✉r❛
❞♦ CSS ❡♠ t = 0 é

κCSS(0) = T ′
CSS(0) ·Nγ1γ2(0)

= H(0)J(0) (1− U ′(0), 0) · (0,−2c)

= 0

P♦❞❡♠♦s ❞❡t❡r♠✐♥❛r ❛ ♣♦s✐çã♦ ❡♠ q✉❡ ❝♦rr❡♠ ❛s ✐♥✢❡①õ❡s ❛♦ ❧♦♥❣♦ ❞❛ t❛♥❣❡♥t❡
❞✉♣❧❛✱ ✉t✐❧✐③❛♥❞♦ ♦ ❝♦r♦❧ár✐♦ ✭✷✳✶✷✮✳ ❆ ❡q✉❛çã♦ ❞❛ r❡t❛ l1 q✉❡ ♣❛ss❛ ♣❡❧♦s ♣♦♥t♦s
(−c, 0), (c, 0)✱ é ❞❛❞❛ ♣♦r✿

y = 0.
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❖ ❝❡♥tr♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ❛♠❜♦s ♦s s❡❣♠❡♥t♦s sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡✿

e1(0) = γ1(0) +
1

κ1(0)
N1(0) =

(

−c,
1

κ1(0)

)

,

e2(0) = γ2(0) +
1

κ2(0)
N2(0) =

(

c,
1

κ2(0)

)

.

❆ss✐♠✱ ❛ ❡q✉❛çã♦ ❞❛ r❡t❛ l2 ❡ ❞❛❞❛ ♣♦r✿

(x+ c)

(

1

κ1(0)
− 1

κ2(0)

)

+ 2cy = 0

❋❛③❡♥❞♦ ❛ ✐♥t❡rs❡çã♦ ❞❛s r❡t❛s l1 ❡ l2✱ ♦❜t❡♠♦s✿

x = c
κ1(0) + κ2(0)

κ2(0)− κ1(0))
✭✷✳✶✵✮

P♦rt❛♥t♦✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✶✵✮✱ s❡

✭✐✮ κ1(0) = −κ2(0)✱ ❡♥tã♦ ♦ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦ ❞♦ CSS ❡stá ♥❛ ♦r✐❣❡♠✳

✭✐✐✮ κ1(0)κ2(0) > 0✱ t❡♠♦s ❞✉❛s s✐t✉❛çõ❡s✿

• 0 < κ1(0) < κ2(0) ♦✉ κ1(0) < κ2(0) < 0✱ ♦ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦ ❞♦ CSS
s❡ ❡♥❝♦♥tr❛ ♥❛ t❛♥❣❡♥t❡ ❞✉♣❧❛ ❡♠ x > c✳

• 0 < κ2(0) < κ1(0) ♦✉ κ1(0) < κ2(0) < 0✱ ♦ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦ ❞♦ CSS
s❡ ❡♥❝♦♥tr❛ ♥❛ t❛♥❣❡♥t❡ ❞✉♣❧❛ ❡♠ x < −c✳

✭✐✐✐✮ κ1(0)κ2(0) < 0

• κ1(0) < 0 < κ2(0) ♦✉ κ2(0) < 0 < κ1(0)✱ ❝♦♠ |κ1(0)| < |κ2(0)|✱ ♦ ♣♦♥t♦
❞❡ ✐♥✢❡①ã♦ ❞♦ CSS s❡ ❡♥❝♦♥tr❛ ❡♠ 0 < x < c✳ ▼❛s s❡ |κ2(0)| < |κ1(0)|
♦ ♣♦♥t♦ ❞♦ ❝♦♥❥✉♥t♦ ✐♥✢❡①✐♦♥❛ ❡♠ −c < x < 0✳

❆ ✜❣✉r❛ ✷✳✾✱ ✐❧✉str❛ ♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛✱ s❡♥❞♦ q✉❡ κi ❞❡♥♦t❛ ❛ ❝✉r✈❛t✉r❛ ❝♦r✲
r❡s♣♦♥❞❡♥t❡ ❛♦ s❡❣♠❡♥t♦ ❞❡ ❝✉r✈❛γi ❝❛❧❝✉❧❛❞♦s ❡♠ t = u = 0✳

❖❜s❡✈❛çã♦ ✷✳✶✾✳ ❙❡ κ1 = κ2 ♦ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦ ❞♦ CSS ❡stá ♥♦ ✐♥✜♥✐t♦ ❛♦
❧♦♥❣♦ ❞❛ t❛♥❣❡♥t❡ ❞✉♣❧❛✳

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ❛✜r♠❛ ✉♠ r❡s✉❧t❛❞♦ ❣❧♦❜❛❧ r❡❧❛t✐✈♦ s♦❜r❡ ❛ ❡str✉t✉r❛ ❞♦
❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❝❡♥tr❛❧ ♣❛r❛ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛✳ ❊❧❡ ♥♦s ❞✐③ q✉❡ ♦ ♥ú♠❡r♦ ❞❡
✐♥✢❡①ã♦ ♥♦ CSS ❞❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ γ é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ t❛♥❣❡♥t❡s ❞✉♣❧❛s ❞❡
❝✉r✈❛ γ✳

❚❡♦r❡♠❛ ✷✳✷✵✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❝❡♥tr❛❧ t❡♠ ❛♣❡♥❛s ✉♠❛ ✐♥✢❡①ã♦ ❡♠ ✉♠❛
t❛♥❣❡♥t❡ ❞✉♣❧❛ ❞❛ ❝✉r✈❛✳
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❋✐❣✉r❛ ✷✳✾✿ P♦s✐çã♦ ❞♦ CSS ❛♦ ❧♦♥❣♦ ❞❛ t❛♥❣❡♥t❡ ❞✉♣❧❛✳

❉❡♠♦♥str❛çã♦✳

❈♦♥s✐❞❡r❡ ♦ ❞✉❛❧ ❞♦ CSS s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❛s t❛♥❣❡♥t❡s ❛♦ CSS q✉❡ é ❞❡✜♥✐❞♦
❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ♦r✐❣✐♥❛❧ ❞❛s ❝♦r❞❛s q✉❡ ✉♥❡♠ ♦s ♣♦♥t♦s ❞❡ ❝♦♥t❛t♦s ❞❛s t❛♥❣❡♥t❡s
♣❛r❛❧❡❧❛s✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ❝❛❞❛ ❝♦r❞❛ ❝♦♠♦ ✉♠ ♣♦♥t♦ ♥♦ ♣❧❛♥♦ ❞✉❛❧✱ ❡ ♦ ❧✉❣❛r
❣❡♦♠étr✐❝♦ ❞❡ss❡s ♣♦♥t♦s é ❡♥tã♦ ♦ ❞✉❛❧✲CSS✳

❆❣♦r❛ s❛❜❡♠♦s q✉❡ ❛s ✐♥✢❡①õ❡s ♥♦ CSS ❝♦rr❡s♣♦♥❞❡♠ ❛s ❝ús♣✐❞❡s ♥♦ ❞✉❛❧✲
CSS✱ ❡ ♣♦rt❛♥t♦ ♣♦❞❡♠♦s ✉s❛r ♦ ❞✉❛❧ ♣❛r❛ ❡♥❝♦♥tr❛r ✐♥✢❡①õ❡s ♥♦ CSS ❡♥❝♦♥✲
tr❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s s♦❜ ❛s q✉❛✐s ♦ ❞✉❛❧ t❡♠ ✉♠❛ ❝ús♣✐❞❡✳

❖ ❞✉❛❧✲CSS é ♥ã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ s❡✱ ❡ s♦♠❡♥t❡✱ s❡ d = 0✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ♥♦
❝❛s♦ ❞❛ r❡t❛ ❜✐t❛♥❣❡♥t❡✳ ❆ss✐♠ ❛s ✐♥✢❡①õ❡s ♦❝♦rr❡♠ ♥♦ CSS ❛♣❡♥❛s ♥❛ t❛♥❣❡♥t❡
❞✉♣❧❛✱ ❝❛s♦ ❡♠ q✉❡ s❛❜❡♠♦s q✉❡ ❤á s❡♠♣r❡ ✉♠❛ ❡ s♦♠❡♥t❡ ✉♠❛ ✐♥✢❡①ã♦✳ �

■♥✢❡①ã♦ ♥❛ ❝✉r✈❛ ♣❧❛♥❛

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛✱ ❛ ❡str✉t✉r❛ ❧♦❝❛❧ ❞♦ CSS ❡♠ ✉♠❛ ♦✉tr❛ s✐t✉❛çã♦ q✉❡ ♣♦✲
❞❡♠♦s ❡♥❝♦♥tr❛r ♥✉♠❛ ❝✉r✈❛ ♣❧❛♥❛✱ ♦✉ s❡ ✉♠ ✐♥✢❡①ã♦ ♥❛ ❝✉r✈❛ ❝♦♠♦ é ♠♦str❛❞♦
♥❛ ✜❣✉r❛ ✷✳✶✵✱ ♦♥❞❡ t❡♠♦s ✉♠❛ ✐♥✢❡①ã♦ ♦r❞✐♥ár✐❛ ♥❛ ♦r✐❣❡♠ ❡ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r
❛ s❡❣✉✐♥t❡ ♣❛r❛♠❡tr✐③❛çã♦ ❞❛ ❝✉r✈❛ ♣♦r

y = f(x) = a3x
3 + a4x

4 + · · · , a3 6= 0

❖s ♣❛r❡s ❞❡ ♣♦♥t♦s ❞❡ ❝♦♥t❛t♦s ❞❛ t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s✱ ❡stã♦ ❡♠ ❧❛❞♦s ♦♣♦st♦s
❞♦ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦✱ ❡ ♣♦r ❝♦♥s❡❣✉✐♥t❡ ❝♦♥tr✐❜✉✐ ♣❛r❛ ❛ ✐♥✢❡①ã♦ ❞♦ CSS✳

❖ ♣♦♥t♦ ❧✐♠✐t❛♥t❡ ❞♦ CSS ❝♦♠♦ ♦s ♣❛r❡s ❞❡ ♣♦♥t♦s ❞❛s t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s
q✉❡ ❛♣r♦①✐♠❛♠ ❞❛ ✐♥✢❡①ã♦ é ❞❛❞♦ ♣❡❧♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✷✳✷✶✳ ✭❬✶✹❪✮ ❊♠ ✉♠ s❡❣♠❡♥t♦ ❞❡ ❝✉r✈❛ t❡♥❞♦ ✐♥✢❡①ã♦ ♦r❞✐♥ár✐❛ ♦
♣♦♥t♦ ❧✐♠✐t❡ ❞♦ CSS ❡stá ♥❛ ✐♥✢❡①ã♦✱ ❡ ♦ CSS é t❛♥❣❡♥t❡ ❛ ❝✉r✈❛✳
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❋✐❣✉r❛ ✷✳✶✵✿ ■♥✢❡①ã♦ ❡♠ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛

❆ ✜❣✉r❛ ✷✳✶✶ ✐❧✉str❛ ❛ ❞✐r❡çã♦ ❡♠ q✉❡ ♦ CSS ❛♣r♦①✐♠❛ ❞❛ ✐♥✢❡①ã♦✳

❋✐❣✉r❛ ✷✳✶✶✿ ■♥✢❡①ã♦ ❞❛ ❝✉r✈❛ ♣❧❛♥❛

❖❜s❡✈❛çã♦ ✷✳✷✷✳ ❊①✐st❡ ✉♠❛ ❜✐❢✉r❝❛çã♦ ❞♦ CSS q✉❛♥❞♦ a4 = 0 ✭♠❡s♠♦ q✉❛♥❞♦
t❡♠♦s a3 6= ✵✮ ✿♥❡st❡ ❝❛s♦ ♦ CSS é ❛✐♥❞❛ ✉♠❛ ♣❛rá❜♦❧❛ s❡♠✐✲❝ú❜✐❝❛✱ ❝♦♠ ♣♦♥t♦ ❞❛
❡①tr❡♠✐❞❛❞❡ ♥❛ ✐♥✢❡①ã♦ ❡ t❛♥❣❡♥t❡ à ❝✉r✈❛✳ P♦ré♠ ❛ ❞✐r❡çã♦ ❞♦ CSS ❛ ♠❡❞✐❞❛
q✉❡ s❡ ❛♣r♦①✐♠❛ ❞❛ ✐♥✢❡①ã♦ ❞❡♣❡♥❞❡ ❛❣♦r❛ ❞♦s s✐♥❛✐s ❞❡ a3 ❡ a6✳ ❖s ❞✐❛❣r❛♠❛s
❧♦❝❛✐s sã♦ ♦s ♠❡s♠♦s ❛♣r❡s❡♥t❛❞♦s ♥❛ ✜❣✉r❛ ✭✷✳✶✶✮✱ s✉❜st✐t✉✐♥❞♦ a4 ♣♦r a6✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ é ♦✉tr♦ ❡①❡♠♣❧♦ ❞❛ ✉t✐❧✐③❛çã♦ ❞❛ ❞❡✜♥✐çã♦ ❞❛ ❡♥✈♦❧✈❡♥t❡
♣❛r❛ ❞❡❞✉③✐r ♦ r❡s✉❧t❛❞♦ ❣❧♦❜❛❧ ❛ r❡s♣❡✐t♦ ❞❛ ❡str✉t✉r❛ ❞♦ CSS ❞❡ ✉♠❛ ♦✈❛❧✿

❚❡♦r❡♠❛ ✷✳✷✸✳ ❖ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s ❞♦ CSS ❞❡ ✉♠❛ ❝✉r✈❛ ♦✈❛❧ é í♠♣❛r ❡ ≥ 3

❉❡♠♦♥str❛çã♦✳

❙❡❥❛ Γ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ♦✈❛❧✳ ❈♦♠♦ ❛ ♦✈❛❧ ♥ã♦ ♣♦ss✉✐ t❛♥❣❡♥t❡s ❞✉♣❧❛s✱ ♦
CSS ❞❡ Γ é ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ❝♦♥tí♥✉❛✳ ❆ss✐♠✱ ♣❡❧♦ t❡♦r❡♠❛ ✭✷✳✷✵✮✱ ♦ CSS ❞❡
Γ ♥ã♦ ♣♦ss✉✐ ✐♥✢❡①õ❡s✳

❈♦♥s✐❞❡r❡♠♦s ❛s ❝♦r❞❛s q✉❡ ✉♥❡♠ ♦s ♣❛r❡s ❞❡ ♣♦♥t♦s ❞❡ Γ q✉❡ t❡♠ t❛♥❣❡♥t❡s
♣❛r❛❧❡❧❛s✱ q✉❡ ♣♦r ❞❡✜♥✐çã♦✱ ❡st❛s ❝♦r❞❛s sã♦ t❛♥❣❡♥t❡s ❛♦ CSS✳
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❖ CSS ❞❡ ✉♠❛ ♦✈❛❧ t❡♠ s❡♠♣r❡ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ 1/2✿ ❛ss✐♠ ❤á ✉♠ ♥ú♠❡r♦
í♠♣❛r ❞❡ ❝ús♣✐❞❡s ♥♦ CSS ❞❡ ✉♠❛ ♦✈❛❧✳ ❈♦♠♦ ♥ã♦ ❡①✐st❡ ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ❝♦♥✲
tí♥✉❛ ❞❡ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ 1/2 ❝♦♥t❡♥❞♦ ❛♣❡♥❛s ✉♠❛ ú♥✐❝❛ ❝ús♣✐❞❡ ❡ ♥❡♥❤✉♠❛
✐♥✢❡①ã♦✱ ❡♥tã♦ ♦ ♥ú♠❡r♦ í♠♣❛r ❞❡ ❝ús♣✐❞❡s ♥♦ CSS ❞❡ ✉♠❛ ♦✈❛❧ ❞❡✈❡ s❡r ♣❡❧♦
♠❡♥♦s ✸✳ �

❆ ✜❣✉r❛ ✭✷✳✶✷✮ ♠♦str❛ ✉♠ ❡①❡♠♣❧♦ q✉❡ r❡s✉♠❡ t♦❞♦s ♦s ❢❡♥ô♠❡♥♦s q✉❡ ♦❝♦r✲
r❡♠ ♥♦ CSS ❛té ♦ ♠♦♠❡♥t♦✳

■♥✐❝✐❡♠♦s ❝♦♠ ♦ ❝ír❝✉❧♦✱ ❝♦♠ ❝❡♥tr♦ c❀ ❡♠ s❡❣✉✐❞❛ ❞❡❢♦r♠❛♠♦s ❡st❡ ❝ír❝✉❧♦
♥✉♠❛ ❝✉r✈❛ ♥ã♦ ❝❡♥tr❛❧♠❡♥t❡ s✐♠étr✐❝❛ ❝♦♠ ❝✉r✈❛t✉r❛ ♥ã♦ ♥✉❧❛✱ ❡ ♦✈❛❧❀ ❞❡❢♦r♠❛✲
♠♦s ♠❛✐s ❛té q✉❡ ❡st❛ ❝✉r✈❛ ❛♣r❡s❡♥t❡ ❝✉r✈❛t✉r❛ ③❡r♦✱ ❡ q✉❡ ♦ CSS t♦❝❛ ❛ ❝✉r✈❛
♥♦ ♣♦♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ t❛♥❣❡♥t❡ ♣❛r❛❧❡❧❛❀ ♣r♦❝❡❞❡♥❞♦ ❝♦♠ ♠❛✐s ❞❡❢♦r♠❛çõ❡s
❝❤❡❣❛♠♦s ❛♦ r❡s✉❧t❛❞♦ ❞❛ ❝✉r✈❛ ✜♥❛❧✱ t❡♥❞♦ ❞✉❛s ✐♥✢❡①õ❡s ❡ ✉♠❛ t❛♥❣❡♥t❡ ❞✉♣❧❛✿
♥♦t❡ q✉❡ ♦ CSS ✢❡①✐♦♥❛ ❛ t❛♥❣❡♥t❡ ❞✉♣❧❛✱ ❝♦♠ ♣♦♥t♦s ✜♥❛✐s ♥❛ ✐♥✢❡①ã♦ ❞❛ ❝✉r✈❛✱
❡ t❡♥❞❡ ♣❛r❛ ♦ ✐♥✜♥t♦ ❛♦ ❧♦♥❞♦ ❞❛ ❛ss✐♥tót✐❝❛ ✭♠♦str❛❞♦ ♣♦♥t✐❧❤❛❞♦✮✳

❋✐❣✉r❛ ✷✳✶✷✿ ❉❡❢♦r♠❛çõ❡s ❞❛ ❝✉r✈❛
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✷✳✹ ❚r❛♥s✐çõ❡s ♥♦ CSS

❱❛♠♦s ❛♥❛❧✐s❛r ❛s ♣♦ssí✈❡✐s tr❛♥s✐çõ❡s q✉❡ ♣♦❞❡♠ ♦❝♦rr❡r ♥♦ CSS ❞❡ ❝✉r✈❛s
♣❧❛♥❛s✱ ❡♠ q✉❡ é ❞❡❢♦r♠❛❞♦ ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❛ ✶✲♣❛râ♠❡tr♦✳

❯t✐❧✐③❛♥❞♦ ♦ ♠❡s♠♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✷✳✹✱ ❡ ❝♦♠
r❡❢❡rê♥❝✐❛ ❛ ❙❡çã♦ ✷✳✸✱ ❡st❛♠♦s ♣r♦❝✉r❛♥❞♦ ❝♦♥❞✐çõ❡s ♣❛r❛ F ✭✈❡r ✭✷✳✷✮✮ t❡r s✐♥✲
❣✉❧❛r✐❞❛❞❡ A≥3 ♥♦ s❡✉ ♥í✈❡❧ ♥✉❧♦✳ ❆ss✐♠ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✷✳✷✹✳ ❙❡❥❛

F : R
3 −→ R

(x, y, t) 7−→ F (x, y, t),

❞❡✜♥✐❞❛ ♣♦r✿

F(t, x, y) = (x− t)(d+ g(U(t))− f(t))− (y − f(t))(c− U(t)− t),

❝♦♠ f, g ❢✉♥çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✱ t❛✐s q✉❡✿ f(0) = f ′(0) = 0 ❡ g(0) = g′(0) = 0✳ ❆
❛♣❧✐❝❛çã♦ F ♣♦ss✉✐ ✉♠ ♣♦♥t♦A≥3 ♥♦ s❡✉ ♥í✈❡❧ ③❡r♦ ♥❛s s❡❣✉✐♥t❡s s✐t✉❛çõ❡s✿

✭✐✮ • ✭❝✱❞✮❂✭✵✱✵✮✿ ❛♠❜♦s ♦s s❡❣♠❡♥t♦s ❞❡ ❝✉r✈❛s ♣❛ss❛♠ ♣❡❧❛ ♦r✐❣❡♠ ❡ sã♦
t❛♥❣❡♥t❡s ♥❡st❡ ♣♦♥t♦✳

• κ′
1κ

2
2 − κ2

1κ
′
2 = d = 0✿ ❛ ❝♦♥❞✐çã♦ ❞❛ ❝ús♣✐❞❡ é s❛t✐s❢❡✐t❛ ❛♦ ❧♦♥❣♦ ❞❛

t❛♥❣❡♥t❡ ❞✉♣❧❛✳

• κ1 = d = 0✿ t❡♠♦s ✉♠❛ t❛♥❣❡♥t❡ ❞✉♣❧❛ ♦♥❞❡ ❡①✐st❡ ✉♠❛ ✐♥✢❡①ã♦ s♦❜r❡
✉♠ ❞♦s s❡❣♠❡♥t♦s ❞❡ ❝✉r✈❛✳

✭✐✐✮ d 6= 0 ❡ ❛♠❜♦s

• κ′
1κ

2
2 = κ2

1κ
′
2

• κ′′
1κ

3
2 = κ3

1κ
′′
2

♦❝♦rr❡♠ s✐♠✉❧t❛♥❡❛♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✳

❉❛s ❝♦♥❞✐çõ❡s A≥3✱ t❡♠♦s✿

F(x, y, 0) =
∂F
∂t

(x, y, 0) =
∂2F
∂t2

(x, y, 0) =
∂3F
∂t3

(x, y, 0) = 0, ✭✷✳✶✶✮

q✉❡ é ❡q✉✐✈❛❧❡♥t❡ à

xd− yc = 0

−d+ y(U ′ + 1) = 0

x
(

g′′(U ′)2 − f ′′)+ f ′′c+ yU ′′ = 0

x
(

g′′′(U ′)3 + 3g′′U ′U ′′ − f ′′′)− y.U ′′′ + f ′′′c− 3U ′ (g′′.U ′ + f ′′) = 0
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✭✐✮ ❆❣♦r❛ s✉♣♦♥❤❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ t❛♥❣❡♥t❡ ❞✉♣❧❛✱ ♦✉ s❡❥❛ d = 0✳ ❆ss✐♠✱
y = 0 ❡ ❛s ❡q✉❛çõ❡s ✭✷✳✶✶✮ s❡ t♦r♥❛♠

0 = 0

0 = 0

x
(

g′′(U ′)2 − f ′′)+ f ′′c = 0

x
(

g′′′(U ′)3 + 3g′′U ′U ′′ − f ′′′)−+f ′′′c− 3U ′ (g′′.U ′ + f ′′) = 0

❙✉❜st✐t✉✐♥❞♦ ♦s ✈❛❧♦r❡s ❞❡ x ❡ ❛s ❞❡r✐✈❛s ❞❛s ❢✉♥çõ❡s f ❡ g✱ ♦❜t❡♠♦s✿

0 = − κ′
2κ

3
1

(κ1 + κ2)κ2
2

− 3c
κ2κ1U

′′

κ1 + κ2

− c
κ2κ

′
1

κ1 + κ2

+ cκ′
1

= cκ1

(

−κ′
2κ

2
1 + κ2

2κ
′
1 − 3(κ′

1κ
2
2 − κ′

2κ
2
1)
)

= cκ1

(

κ2
1κ

′
1 − κ′

2κ
2
1

)

.

P♦rt❛♥t♦✿
c = 0 ♦✉ κ1 = 0 ♦✉ κ2

2κ
′
1 − κ′

2κ
2
1 = 0

✭✐✐✮ Pr✐♠❡✐r♦ s✉♣♦♥❤❛♠♦s q✉❡ ♥ã♦ t❡♠♦s t❛♥❣❡♥t❡ ❞✉♣❧❛✱ ♦✉ s❡❥❛ d 6= 0✳ P❡❧❛s
três ♣r✐♠❡✐r❛s ❡q✉❛çõ❡s ✭✷✳✶✶✮✱ ❡♥❝♦♥tr❛♠♦s

U ′′(0) =
κ′
1(0)κ

2
2(0)− κ′

2(0)κ
2
1(0)

κ3
2(0)

= 0.

❆ss✐♠ ❛ q✉❛rt❛ ❡q✉❛çã♦ s❡ t♦r♥❛✿

x
(

g′′′(U ′)3 − f ′′′)− yU ′′′ + f ′′′c− 3U ′ (g′′U ′ + f ′′) = 0. ✭✷✳✶✷✮

❙✉❜st✐t✉✐♥❞♦

x = c
κ2(0)

κ1(0) + κ2(0)
, U ′(0) =

κ1(0)

κ2(0)
, g′′(0) = −κ2(0)

f ′′(0) = κ1(0), g′′′(0) = −κ′
2(0) ❡ f ′′′(0) = κ1(0),

♥❛ ❡q✉❛çã♦ ✭✷✳✶✷✮✱ ♦❜t❡♠♦s

cκ1
κ2
2κ

′
1 − κ′

2κ
2
1

κ1κ2
2 + κ3

2

− yU ′′′(0) = 0

P❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✺✱ κ2
2κ

′
1 − κ′

2κ
2
1 = 0✱ ❡ ♣♦rt❛♥t♦✿

yU ′′′(0) = 0.

❈♦♠♦ y 6= 0✱ t❡♠♦s U ′′′ = 0✳ ❆ss✐♠

0 = U ′′′(0) =
κ′′
1κ

3
2 − κ′′

2κ
3
1

κ4
2

=⇒ κ′′
1κ

3
2 − κ′′

2κ
3
1 = 0

P♦rt❛♥t♦✿

d 6= 0 ❡ κ′
1κ

2
2 = κ′

2κ
2
1, κ′′

1κ
3
2 = κ′′

2κ
3
1

♦❝♦rr❡♠ s✐♠✉❧t❛♥❡❛♠❡♥t❡✳
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�

❖s três ♣r✐♠❡✐r♦s ❝❛s♦s sã♦ s✐t✉❛çõ❡s s✐♠♣❧❡s ❡♠ q✉❡ ♥ós ❡♥❝♦♥tr❛♠♦s ❛❧❣✉♠
❣r❛✉ ♠❛✐♦r ❞❡ ❞❡❣❡♥❡r❛çã♦ ❞❡ F ✳ ❆ ú❧t✐♠❛ s✐t✉❛çã♦ é ♦ q✉❡ ♥♦s ✐♥t❡r❡ss❛ ♠❛✐s✿
❡st❛ é ❛ ❝♦♥❞✐çã♦ ♣❛r❛ ♦ ♣♦♥t♦ ❞❛ r❛❜♦ ❞❡ ❛♥❞♦r✐♥❤❛ ❛♣❛r❡❝❡r ♥♦ ♥♦ss♦ ❝♦♥❥✉♥t♦
❞❡ s✐♠❡tr✐❛✳ ❊s♣❡r❛♠♦s ♦❜s❡r✈❛r ❛ r❛❜♦ ❞❛ ❛♥❞♦r✐♥❤❛ ♥❛ tr❛♥s✐çã♦ ♥❛ ❢❛♠í❧✐❛ ❛
✶✲♣❛râ♠❡tr♦ ❞♦ CSS✳

❖❜s❡✈❛çã♦ ✷✳✷✺✳ P♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛ ❝♦♥❞✐çã♦ ❞♦ r❛❜♦ ❞❛ ❛♥❞♦r✐♥❤❛ ❡♠ t❡r✲
♠♦s ❞♦ r❛✐♦ ❞❡ ❝✉r✈❛t✉r❛ ❞♦s s❡❣♠❡♥t♦s ❞❛ ❝✉r✈❛✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

ρ′1 = ρ′2 ρ1ρ
′′
1 = ρ2ρ

′′
2,

♦♥❞❡ ρi = 1/κié ♦ r❛✐♦ ❞❡ ❝✉r✈❛t✉r❛ ❞♦ s❡❣♠❡♥t♦s ❞❡ ❝✉r✈❛γi✳

P❛r❛♠❡tr✐③❛♥❞♦ ❛♠❜❛s ❛s ❝✉r✈❛s ♣❡❧♦ ♠❡s♠♦ ♣❛râ♠❡tr♦ t✱ ♦❜t❡♠♦s

ρ′1 = ρ′2 ⇒ κ′
1κ

2
2 − κ2

1κ
′
2 = 0 ⇔ d

dt

(

κ2

κ1

)

= 0

ρ1ρ
′′
1 = ρ2ρ

′′
2 ⇒ κ′′

1κ
3
2 − κ3

1κ
′′
2 = 0 ⇔ d2

dt2

(

κ2

κ1

)

= 0.

▲♦❣♦ ✉♠ ♣♦♥t♦ ❞♦ r❛❜♦ ❞❡ ❛♥❞♦r✐♥❤❛ ♥♦ CSS q✉❛♥❞♦ s❡ t❡♠ ✉♠ ♣♦♥t♦ ❝rít✐❝♦
❞❡❣❡♥❡r❛❞♦ ❞❛ ❢✉♥çã♦ r❛✐♦ ❞❡ ❝✉r✈❛t✉r❛ κ2/κ1✳

❆ ✜❣✉r❛ ✷✳✶✸✱ ❛♣r❡s❡♥t❛ ❛s tr❛♥s✐çõ❡s ❞♦ r❛❜♦ ❞❡ ❛♥❞♦r✐♥❤❛ q✉❡ ♦❝♦rr❡♠ ♥♦
CSS✳
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❋✐❣✉r❛ ✷✳✶✸✿ ❘❡♣r❡s❡♥t❛çã♦ ❡sq✉❡♠át✐❝❛ ❞❛ tr❛♥s✐çã♦ ❞♦ r❛❜♦ ❞❡ ❛♥❞♦r✐♥❤❛



❈❆P❮❚❯▲❖ ✸

❈❖◆❏❯◆❚❖❙ ❉❊ ❙■▼❊❚❘■❆ ❉❆
❉■❙❚➶◆❈■❆ ❆❋■▼✲ADSS

◆❡st❡ ❝❛♣ít✉❧♦ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ✐♥✈❛r✐❛♥t❡ ❛✜♠
❝❤❛♠❛❞♦ ❞❡ ❈♦♥❥✉♥t♦ ❞❡ ❙✐♠❡tr✐❛ ❞❛ ❉✐stâ♥❝✐❛ ❆✜♠✲ADSS ♣❛r❛ ❝✉r✈❛s ♣❧❛✲
♥❛s ❢❡❝❤❛❞❛s ❝♦♥✈❡①❛s s♦❜r❡ ❞✉❛s ❛❜♦r❞❛❣❡♥s ❞✐❢❡r❡♥t❡s✱ ❛ ♣r✐♠❡✐r❛ ❜❛s❡✐❛✲s❡ ❡♠
❞✐stâ♥❝✐❛s ✐♥✈❛r✐❛♥t❡s ❛✜♠ ❡ ❛ s❡❣✉♥❞❛ ❡♠ ❝ô♥✐❝❛s ❜✐t❛♥❣❡♥t❡s ❛✜♠✳ ❱❡r❡♠♦s
t❛♠❜é♠ q✉❡ s❡ ♦ ADSS é ✉♠❛ r❡t❛✱ ♥ã♦ ✐♠♣❧✐❝❛rá ❞✐r❡t❛♠❡♥t❡ q✉❡ ❛ ❝✉r✈❛ q✉❡
❣❡r❛ ♦ ADSS s❡❥❛ s✐♠étr✐❝❛ ❛✜♠✳

❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ♣❛r❛ ❡st❡ ❝❛♣ít✉❧♦ sã♦ ❬✶✸❪ ❡ ❬✶✻❪✳

❆s ✜❣✉r❛s ❞❡st❡ ❝❛♣ít✉❧♦ ❢♦r❛♠ ❣❡♥t✐❧♠❡♥t❡ ❝❡❞✐❞❛s ♣♦r P❡t❡r ●✐❜❧✐♥✳

✸✳✶ ❈♦♥❥✉♥t♦ ❞❡ ❙✐♠❡tr✐❛ ❞❛ ❉✐stâ♥❝✐❛ ❆✜♠

P❛r❛ ♦❜t❡r♠♦s ✉♠❛ ❞❡✜♥✐çã♦ ❛♥á❧♦❣❛ ❛♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❡✉❝❧✐❞✐❛♥♦✱ ✐r❡✲
♠♦s ❝♦♥s✐❞❡r❛r ❛ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s ❞✐stâ♥❝✐❛ ❛✜♠ ✭q✉❡ ❢♦✐ ❞❡✜♥✐❞❛ ❡♠ ✶✳✸✳✺ ✮✳
❊st❛ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s ♥♦s ♣❡r♠✐t✐rá ♦❜t❡r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ q✉❡ s❡❥❛ ✉♠
✐♥✈❛r✐❛♥t❡ ❛✜♠✳

❉❡✜♥✐çã♦ ✸✳✶✳ ❙❡❥❛ γ : I −→ R
2 ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❝♦♥✈❡①❛✱ ♦ ❝♦♥❥✉♥t♦ ❞❡

s✐♠❡tr✐❛ ❞❛ ❞✐stâ♥❝✐❛ ❛✜♠ ✐♥❞✐❝❛❞♦ ♣♦r ADSS✱ ❞♦ ✐♥❣❧ês ❛✣♥❡ ❞✐st❛♥❝❡
s②♠♠❡tr② s❡t✱ ❞❡ γ(s) é ♦ ❢❡❝❤♦ ❞♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ❞❡ R

2 q✉❡ ❡stã♦ ❡♠
♣❡❧♦ ♠❡♥♦s ❞♦✐s ♥♦r♠❛✐s ❛✜♥s ❡ ❡q✉✐❞✐st❛♥t❡s ❛✜♠ ❞♦s ♣♦♥t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❞❛
❝✉r✈❛✳

❆ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ ❞✐③ q✉❡✿ X ♣❡rt❡♥❝❡ ❛♦ ADSS s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡♠
❞♦✐s ♣♦♥t♦s ❞✐❢❡r❡♥t❡s s1, s2 t❛✐s q✉❡

d(X, s1) = d(X, s2) ❡ ds(X, s1) = ds(X, s2) = 0, ✭✸✳✶✮

✻✶
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♦✉ X ∈ R
2 é ✉♠ ❧✐♠✐t❡ ❞❡ t❛✐s ♣♦♥t♦s✳

❖❜s❡✈❛çã♦ ✸✳✷✳

❆ ❡q✉❛çã♦ ✭✸✳✶✮✱ ♥♦s ❞✐③ q✉❡ ❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❛✜♠✱ t❡♠ ❡①tr❡♠♦s ❧♦❝❛✐s
❡♠ ❞♦✐s ♣♦♥t♦s ❞❡ γ✳

❆ ❞❡✜♥✐çã♦ ✸✳✶ é ❛♥á❧♦❣❛ ❛♦ ❝❛s♦ ❡✉❝❧✐❞✐❛♥♦✱ ❡♠ q✉❡ ❢✉♥çã♦ ❞✐stâ♥❝✐❛✲❛♦✲
q✉❛❞r❛❞♦ ❞❡✈❡ t❡r ❡①tr❡♠♦s ❧♦❝❛✐s ❡♠ ❞♦✐s ♣♦♥t♦s ❞❡ γ✱ ♦✉ s❡❥❛ X ❡♥❝♦♥tr❛✲s❡ ❡♠
❞♦✐s ♥♦r♠❛✐s ❡✉❝❧✐❞✐❛♥♦s✱ ❡ q✉❡ ❛s ❞✐stâ♥❝✐❛s ❡✉❝❧✐❞✐❛♥❛s ❞❡ X ❞❡st❡s ❞♦✐s
♣♦♥t♦s ❞❛ ❝✉r✈❛ sã♦ ✐❣✉❛✐s✳ ■st♦ s✐❣♥✐✜❝❛✱ q✉❡ ❡①✐st❡ ✉♠ ❝ír❝✉❧♦ t❛♥❣❡♥t❡ ❛
γ ♥♦s ❞♦✐s ♣♦♥t♦s✳

✸✳✶✳✶ Pr♦♣r✐❡❞❛❞❡s ❞♦ ADSS

Pr♦♣♦s✐çã♦ ✸✳✸✳ ❙❡❥❛ X(v) : R −→ R
2 ✉♠ s❡❣♠❡♥t♦ ❞♦ ADSS ❡ s1(v), s2(v)

♣♦♥t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❡♠ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ γ ❞✐❢❡r❡♥❝✐á✈❡❧✱ s❡♥❞♦ s ♦ ♣❛râ♠❡tr♦
❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠ ❡♠ γ✳ ❚❡♠♦s

✭✶✮ ❖ t❛♥❣❡♥t❡ ❛♦ s❡❣♠❡♥t♦ X(v) é ♣❛r❛❧❡❧♦ ❛ γ′(s1(v))− γ′(s2(v))✳

✭✷✮ ❖ ADSS t❡♠ ✉♠ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦ s❡

(1− [γ2(s2), γ
′′(s1)])

2(1− µ1d(X)) = (1− [γ2(s1), γ
′′(s2)])

2(1− µ2d(X)),

♦♥❞❡ d(X) é ❛ ❞✐stâ♥❝✐❛ ❛✜♠ ❡ µ1, µ2 sã♦ ❝✉r✈❛t✉r❛s ❛✜♠✳

✭✸✮ ❖ t❛♥❣❡♥t❡ ❛♦ ADSS ❡ ❞♦✐s t❛♥❣❡♥t❡s ❛ γ ❡♠ ♣♦♥t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s s1 ❡
s2✱ ✐♥t❡rs❡❝t❛♠ ❡♠ ✉♠ ♣♦♥t♦✳

❉❡♠♦♥str❛çã♦✳

✭✶ ✮ ❙❡❥❛♠ s1 ❡ s2 ♣♦♥t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❡♠ γ ♣❛r❛ X(v) ∈ ADSS✱ ❡ v ♦
❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❡✉❝❧✐❞✐❛♥♦✳ P♦r ❞❡✜♥✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛✱
t❡♠♦s

[X(v)− γ(s1), γ
′(s1)] = [X(v)− γ(s2), γ

′(s2)] ❡ ✭✸✳✷✮

[X(v)− γ(s1), γ
′′(s1)] = [X(v)− γ(s1), γ

′′(s1)] = 0 ✭✸✳✸✮

❉❡✜♥✐♥❞♦ h(s) := ds/dv ❡ ❞❡r✐✈❛♥❞♦ ❛ ✭✸✳✷✮ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ♣❛râ♠❡tr♦ v✱
♦❜t❡♠♦s✿

[Xv(v)− h(s1)γ
′(s1), γ

′(s1)] + [X(v)− γ(s1), h(s1)γ
′′(s1)] =

[Xv(v)− h(s2)γ
′(s2), γ

′(s2)] + [X(v)− γ(s2), h(s2)γ
′′(s1)]

P❡❧❛ ❡q✉❛çã♦ ✭✸✳✸✮✱ ❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ s❡ t♦r♥❛✿

[Xv(v), γ
′(s1)] = [Xv(v), γ

′(s2)] ⇒ [Xv(v), γ
′(s1)− γ′(s2)] = 0

P♦rt❛♥t♦✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ r❡❛❧ f(v) : R → R
2 t❛❧ q✉❡✿

Xv(v) = f(v) (γ′(s1)− γ′(s2)) .
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✭✷ ✮ ❯♠❛ ❝♦♥❞✐çã♦ ♣❛r❛ ✉♠ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦ ♥♦ ADSS é q✉❡ ❛ ❝✉r✈❛t✉r❛
❡✉❝❧✐❞✐❛♥❛ κX(v) = [Xv(v),Xvv(v)] = 0✳

❉❡r✐✈❛♥❞♦ ♦ ✈❡t♦r Xv(v)✱ ♦❜t❡♠♦s✿

Xvv(v) = fv(v) (γ
′(s1)− γ′(s2)) + f(v) (h(s1)γ

′′(s1)− h(s2)γ
′′(s2)) .

❙❡❣✉❡ q✉❡✿

0 = [Xv(v),Xvv(v)] ✭✸✳✹✮

= h(s1)− h(s2) [γ
′(s1), γ

′′(s2)]− h(s1) [γ
′(s2), γ

′′(s1)] + h(s2) ✭✸✳✺✮

❱❛♠♦s ❝❛❧❝✉❧❛r ❛ ❢✉♥çã♦ ❞❡ h✱ ❝♦♠♦ X(v) ∈ ADSS✱ ❡♥tã♦ ds (X, s1) =
ds (X, s2) = 0✱ ♦✉ s❡❥❛

[X(v)− γ(s1(v)), γ
′′(s1)] = 0

[X(v)− γ(s1(v)), γ
′′(s1)] = 0

❉❡r✐✈❛♥❞♦ ❛♠❜❛s ❛s ❡q✉❛çõ❡s ❛❝✐♠❛✱ ♦❜t❡♠♦s✿

h(s1)− [Xv(v), γ
′′(s1)] + h(s1) [γ(s1)−X(v), γ′′′(s1)] = 0

h(s2)− [Xv(v), γ
′′(s2)] + h(s2) [γ(s2)−X(v), γ′′′(s2)] = 0.

❈♦♠♦ γ(si)−X(v) � γ′′(si)✱ ♣❛r❛ i = 1, 2✱ t❡♠♦s✿

ds1
dv

(1− dµ1) = [Xv(v), γ
′′(s1)]

ds2
dv

(1− dµ2) = [Xv(v), γ
′′(s2)] ,

✭✸✳✻✮

♦♥❞❡ d = [γ(si)−X, γ′(s−)] é ❛ ❞✐stâ♥❝✐❛ ❛✜♠ ❡ µi ❝✉r✈❛t✉r❛ ❛✜♠ ❞❡ γ(si)✱
♣❛r❛ i = 1, 2✳ ❙✉❜st✐t✉✐♥❞♦ ❛♠❜❛s ❡q✉❛çõ❡s ✭✸✳✻✮ ♥❛ ❡q✉❛çã♦ ✭✸✳✹✮✱ ♦❜t❡♠♦s✿

(1− [γ2(s2), γ
′′(s1)])

2(1− µ1d(X)) = (1− [γ2(s1), γ
′′(s2)])

2(1− µ2d(X)),

✭✸ ✮ ❱❛♠♦s✱ ♠♦str❛r q✉❡ ♦ ✈❡t♦r Xv(v) ❡ ❞♦✐s ✈❡t♦r❡s t❛♥❣❡♥t❡s ❛ ❝✉r✈❛ γ ❡♠
♣♦♥t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s s❡ ✐♥t❡rs❡❝t❛♠ ❡♠ ✉♠ ♣♦♥t♦✳ P❛r❛ ✐ss♦✱ ❛ss✉♠✐♠♦s
q✉❡ Xv(v) s❡❥❛ ♦ eixo x✳ ❱❛♠♦s ❞❡♥♦t❛r ♦ ✈❡t♦r Xv(v) ♣❡❧♦ ♣❛r

(γ(s1), γ(s2)) ∈ γ(s).

P❡❧♦ ✐t❡♠ ✭✷ ✮✱ Xv(v) é ♣❛r❛❧❡❧♦ ❛♦ ✈❡t♦r γ′(s1)− γ′(s2)✱ ❛ss✐♠✿

(γ(s1), γ(s2)) = (1, 0)T = f(v) (γ′(s1)− γ′(s2)) .

▲♦❣♦❀

γ′(s2) = γ′(s1)−
(

1

f(v)
, 0

)

T

. ✭✸✳✼✮

❊s❝r❡✈❡♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ❡♠ ❝♦♦r❞❡♥❛❞❛s ❡①♣❧í❝✐t❛s ❞♦ ♣♦♥t♦ ❡♠
γ(s) = (X(s), Y (s))✱ ♦✉ s❡❥❛

(X ′(s2), Y
′(s2)) = (X ′(s1), Y

′(s1))−
(

1

f(v)
, 0

)

T

,
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♦❜t❡♠♦s✿

⇒







X ′(s2) = X ′(s1)−
1

f(v)
Y ′(s2) = Y ′(s1)

❆s ✐♥t❡rs❡çõ❡s ❞♦ eixo x ❝♦♠ γ′(s1) ❡ γ′(s2) sã♦ ❞❛❞♦s ♣♦r✿

X(s1)Y
′(s1)− Y (s1)X

′(s1)

Y ′(s1)
=

[γ(s1), γ
′(s1)]

Y ′(s1)
,

X(s2)Y
′(s2)− Y (s2)X

′(s2)

Y ′(s2)
=

[γ(s2), γ
′(s2)]

Y ′(s2)
.

❱❛♠♦s ♣r♦✈❛r q✉❡ ❛♠❜❛s ❛s ✐♥t❡rs❡çõ❡s ❛❝✐♠❛ sã♦ ❛s ♠❡s♠❛s✿

[γ(s1), γ
′(s1)]

Y ′(s1)
=

[γ(s2), γ
′(s2)]

Y ′(s2)
.

❈♦♠♦ γ′(s2) = γ′(s1)− (1/f(v), 0)T ❡ Y ′(s2) = Y ′(s1)✱ t❡♠♦s✿

[γ(s1), γ
′(s1)]

Y ′(s1)
=

[

γ(s2), γ
′(s1)− (1/f(v), 0)T

]

Y ′(s1)
,

q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ ♣r♦✈❛r♠♦s q✉❡✿

[γ(s1), γ
′(s1)] = [γ(s2), γ

′(s1)]−
[

γ(s2), (1/f(v), 0)
T
]

.

❚❡♠♦s q✉❡ γ(s1) ❡stá ❡♠ ❢✉♥çã♦ ❞❡ γ(s2)✳ ❈♦♠ ✐ss♦✱ ✉s❛♠♦s ♦ ❢❛t♦ q✉❡ ❡st❡s
♣♦♥t♦s ❞❡✜♥❡♠ ❝❡rt❛♠❡♥t❡ ✉♠ ♣♦♥t♦ ♥♦ ADSS✳ ❖❜s❡r✈❡ q✉❡✱ ♦ ♣♦♥t♦ ♥♦
❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛✱ t❡♠ ❝♦♦r❞❡♥❛❞❛s X = (p, 0)T ✳ ❆ss✐♠✱ ❛ ❝♦♥❞✐çã♦ ♥❛
❞❡✜♥✐çã♦ ❞♦ ADSS✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ❞✐stâ♥❝✐❛ ❛✜♠ ✐❣✉❛✐s✱ ❡ ✉s❛♥❞♦ ❛
❡q✉❛çã♦ ✭✸✳✼✮✱ ♦❜t❡♠♦s✿

[X− γ(s1), γ
′(s1)] =

[

X− γ(s2), γ
′(s1)− (1/f(v), 0)T

]

.

❙✐♠♣❧✐✜❝❛♥❞♦ ❡st❛ ✐❣✉❛❧❞❛❞❡✱ s❛❜❡♥❞♦ q✉❡

X = (p, 0)T ❡

[

(p, 0)T,

(

1

f(v)
, 0

)]

= 0 ✭✸✳✽✮

♦❜t❡♠♦s✿

[γ(s1), γ
′(s1)] = [γ(s2), γ

′(s1)]−
[

γ(s2), (1/f(v), 0)
T
]

P♦rt❛♥t♦✱ ♦ t❛♥❣❡♥t❡ ❛♦ ADSS ❡ ♦s ❞♦✐s t❛♥❣❡♥t❡s ❛ ❝✉r✈❛ ♦✈❛❧ s❡ ✐♥t❡rs❡❝✲
t❛♠ ❡♠ ✉♠ ♣♦♥t♦✳

�

Pr♦♣♦s✐çã♦ ✸✳✹✳ ❙❡❥❛ γ : I → R
2 ✉♠❛ ❝✉r✈❛ ♦✈❛❧ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠✲

♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✳ ❯♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ✈❛❧♦r❡s ❞❡
♣❛râ♠❡tr♦s s1, s2 ❞✐st✐♥t♦s ❞❛ ✉♠ ♣♦♥t♦ ♥♦ ADSS é

[γ(s1)− γ(s2), γ
′′(s1)− γ′′(s2)] = 0. ✭✸✳✾✮



✻✺ ✸✳✶✳ ❈❖◆❏❯◆❚❖ ❉❊ ❙■▼❊❚❘■❆ ❉❆ ❉■❙❚➶◆❈■❆ ❆❋■▼

❉❡♠♦♥str❛çã♦✳

❙❡ ♦s ♣❛râ♠❡tr♦s s1 ❡ s2 ❝♦♥tr✐❜✉❡♠ ♣❛r❛ ✉♠ ♣♦♥t♦ X ∈ ADSS✱ ❡♥tã♦

d (X, s1) = d (X, s2) ❡ ds (X, s1) = ds (X, s2) = 0.

❉❛ s❡❣✉♥❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ♦❜t❡♠♦s✿

X − γ(s1) = λ1γ
′′(s1) ❡ X − γ(s2) = λ2γ

′′(s2), ✭✸✳✶✵✮

♣❛r❛ ♥ú♠❡r♦s r❡❛✐s λ1 ❡ λ2✳ ❉❛s ❞✐stâ♥❝✐❛s ✐❣✉❛✐s✱ t❡♠♦s

[X − γ(s1), γ
′(s1)] = [X − γ(s2), γ

′(s2)] .

❙✉❜st✐t✉✐♥❞♦ ❛♠❜❛s ❛s ❡q✉❛çõ❡s ✭✸✳✶✵✮✱ ✈❡♠♦s

[λ1γ
′′(s1), γ

′(s1)] = [λ2γ
′′(s2), γ

′(s2)] =⇒ λ1 = λ2.

P♦rt❛♥t♦✱ ❛ ♣❛rt✐r ❞❛s ❡q✉❛çõ❡s ✭✸✳✶✵✮✱ ✈❡♠♦s q✉❡✿

X − γ(s1) + λ1γ
′′(s1) = X − γ(s2) + λ1γ

′′(s2)

=⇒ γ(s1)− γ(s2) = λ (γ′′(γ′′(s1)− γ′′(s1))

=⇒ [γ(s1)− γ(s2), γ
′′(s1)− γ′′(s2)] = 0.

�

❆ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛✱ ♥♦s ♣r♦♣♦r❝✐♦♥❛ ❞❡s❡♥❤❛r ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞♦ ADSS✱
❝❤❛♠❛❞♦ ❞❡ pre − ADSS✱ q✉❡ é ♦ ❝♦♥❥✉♥t♦s ❞❡ ♣♦♥t♦s ♥♦ ♣❛râ♠❡tr♦ (s1, s2)✲
❡s♣❛ç♦✳ ❖ r❡s✉❧t❛❞♦ ❞❛ ♣r♦♣♦s✐çã♦ t❛♠❜é♠ ♥♦s ♣r♦♣♦r❝✐♦♥❛ ❡①tr❛✐r ✉♠ ✐♥✈❛r✐❛♥t❡
❛✜♠ ❡q✉✐✈❛❧❡♥t❡ ❞♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞♦s ♣♦♥t♦s ♠é❞✐♦s✱ ♦ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ♣♦❞❡
❡♥❝♦♥tr❛r ♠❛✐s ❞❡t❛❧❤❡s ❡♠ ❬✶✾❪✱ ♦♥❞❡ ♦ ♣♦♥t♦ ♠é❞✐♦ ❞❛ ❝♦r❞❛ ✉♥✐♥❞♦ γ(s1) ❛ γ(s2)
é t♦♠❛❞♦ ♣r❡❢❡r❡♥❝✐❛❧♠❡♥t❡ ♥♦ ♣♦♥t♦ X✳

❖❜s❡✈❛çã♦ ✸✳✺✳ P♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ✭✸✳✾✮ ❡♠ t❡r♠♦s ❞❛ ♣❛r❛♠❡tr✐✲
③❛çã♦ ❞❛ ❝✉r✈❛ γ✱ ❝♦♠♦ s❡❣✉❡✳

❙❡❥❛ γ(t) = (X(t), Y (t)) ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❛r❜✐trár✐❛ ❞❡ γ✳ P❡❧❛ s❡❣✉♥❞❛
❡q✉❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✺✹✱ t❡♠♦s

γ′′ = ν− 2

3 γ̈ − 1

3
ν̇ν− 5

3 γ̇, ν(t) = Ẋ(t)Ÿ (t)− Ẍ(t)Ẏ (t).

❆ ❝♦♥❞✐çã♦ ❞♦ AESS s❡ t♦r♥❛✿
[

γ1 − γ2, ν
− 2

3

1 γ̈1 −
1

3
ν̇1ν

− 5

3

1 γ̇1 − ν
− 2

3

2 γ̈2 +
1

3
ν̇2ν

− 5

3

2 γ̇2

]

= 0,

♦♥❞❡ ♦s í♥❞✐❝❡ ❞❡♥♦t❛♠ ♦s ♣❛râ♠❡tr♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ s1 ❡ ❛ s2✳

❆s ❋✐❣✉r❛s ✸✳✶ ❡ ✸✳✷ ♠♦str❛♠ ❡①❡♠♣❧♦s ❞♦ ADSS ❡ ♦✉tr❛s ❝❛r❛❝t❡ríst✐❝❛s
✐♥✈❛r✐❛♥t❡s ❛✜♠ ❞❛ ❝✉r✈❛✳
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❋✐❣✉r❛ ✸✳✶✿ ❆ ♣r✐♠❡✐r❛ ❧✐♥❤❛ ❛ ❡sq✉❡r❞❛ ♠♦str❛ ♦ ♣r❡✲ADSS ❡ ❛ ❞✐r❡✐t❛ ♠♦str❛ ❛
♦✈❛❧ ❥✉♥t❛♠❡♥t❡♦ ❝♦♠ ♦ ADSS✳ ❆ s❡❣✉♥❞❛ ❧✐♥❤❛ ♠♦str❛ ❛ ❝✉r✈❛t✉r❛ ❡✉❝❧✐❞✐❛♥❛
✭❡sq✉❡r❞❛✮ ❡ ❛ ❝✉r✈❛t✉r❛ ❛✜♠ ✭❞✐r❡✐t❛✮

❋✐❣✉r❛ ✸✳✷✿ ❆ ❡✈♦❧✉t❛ ❛✜♠ ✭❝✐♥③❛✮ ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❞❛ ❞✐stâ♥❝✐❛ ❛✜♠✳

❚❡♦r❡♠❛ ✸✳✻✳ ❙❡❥❛ γ(s) ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❢❡❝❤❛❞❛ ❡str✐t❛♠❡♥t❡ ❝♦♥✈❡①❛✳ P❛r❛
❝❛❞❛ ♣♦♥t♦ ♥ã♦✲s❡①tát✐❝♦ γ(s0✮✱ ❡①✐st❡ ✉♠ ♣♦♥t♦ X ∈ R

2 ❡ ♣❡❧♦ ♠❡♥♦s ✉♠ s❡❣✉♥❞♦
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♣♦♥t♦ γ(s1) t❛❧ q✉❡ X ♣❡rt❡♥❝❡ ❛♦ ADSS✳ ❊①❝❡♣❝✐♦♥❛❧♠❡♥t❡ ♦ ♣♦♥t♦ X ❡stá ♥♦
✐♥✜♥✐t♦✱ q✉❛♥❞♦ ♦s ♥♦r♠❛✐s ❛✜♠ q✉❡ ♣❛ss❛♠ ♣♦r γ(s0) ❡ γ(s1) sã♦ ♣❛r❛❧❡❧♦s✳

❉❡♠♦♥str❛çã♦✳

❉❛❞♦ ♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s (x, y)✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡

γ(s0) = (0, 0), γ′(s0) = (α, 0) ❡ γ′′(s0) = (0, β),

s❡♥❞♦ α ❡ β ♥ú♠❡r♦s r❡❛✐s✳ ❆ ♦r✐❡♥t❛çã♦ ❞♦s ✈❡t♦r❡s t❛♥❣❡♥t❡ ❛✜♠ ❡ ♥♦r♠❛❧
❛✜♠ ❡♠ s0 ♣♦❞❡ s❡r ❡s❝♦❧❤✐❞❛✱ ✉♠❛ ✈❡③ q✉❡ é s❡♠♣r❡ ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠❛
tr❛♥s❢♦r♠❛çã♦ ❛✜♠ q✉❡ tr❛♥s❢♦r♠❛ ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❡♠ ✈❡t♦✲
r❡s ♦rt♦❣♦♥❛✐s ❡ ✉♠❛ ✐s♦♠❡tr✐❛ q✉❡ ❧❡✈❡ ♦ ♣♦♥t♦ ❞❛ ♦r✐❣❡♠ ❝♦♠ ✈❡t♦r t❛♥❣❡♥t❡
♣❛r❛❧❡❧♦ ❛♦ ❡✐①♦ ①✳

P❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✺✺✱ ✈❡♠♦s q✉❡

γ′(s0) = (α, 0) = (κ− 1

3 , 0),

s❡♥❞♦ κ é ❛ ❝✉r✈❛t✉r❛ ❡✉❝❧✐❞✐❛♥❛ ❡♠ γ(s0)✳

❉❡s❞❡ q✉❡ ❛ ❞✐stâ♥❝✐❛ ❛✜♠ d (X, s0) é ♠í♥✐♠❛ ❡ ♦ ♣♦♥t♦ X ❡stá ♥♦ ✈❡t♦r
♥♦r♠❛❧ ❛✜♠ γ′′(s0)✱ ❡♥tã♦

X = (0, λ), λ ∈ R. ✭✸✳✶✶✮

P❛r❛ ❡♥❝♦♥tr❛r♠♦s ✉♠ s❡❣✉♥❞♦ ♣♦♥t♦ γ(s1)✱ q✉❡ t❡♥❤❛ ❛ ♠❡s♠❛ ❞✐stâ♥❝✐❛ ❛✜♠
❞❡ X ♣❛r❛ γ(s0)✱ t❡♠♦s q✉❡ ♠♦str❛r q✉❡ ❡①✐st❡ ✉♠ s1 t❛❧ q✉❡

{

d (X, s0) = d (X, s1)
ds (X, s0) = ds (X, s1) = 0.

✭✸✳✶✷✮

❆ ♣r✐♠❡✐r❛ ❝♦♥❞✐çã♦ é ♣r♦✈❡♥✐❡♥t❡ ❞❛ ❞✐stâ♥❝✐❛ ❛✜♠ s❡r ✐❣✉❛❧ ❡♥q✉❛♥t♦ ♦ s❡❣✉♥❞♦
✈❡♠ ❞♦ ❢❛❝t♦ q✉❡ X ♣❡rt❡♥❝❡ ❛♦s ✈❡t♦r❡s ♥♦r♠❛✐s ❛✜♠ ❝♦rr❡s♣♦♥❞❡♥t❡s ❡♠ s0 ❡
s1✳

❙✉❜st✐t✉✐♥❞♦ ♦s ✈❛❧♦r❡s ❞❡ X, γ(s0), γ(s1), γ′(s0), γ′′(s0), γ(s1), γ′(s1) ❡
γ′′(s1) ♥❛s ❡q✉❛çõ❡s ✸✳✶✷✱ t❡♠♦s
{
[

(0, λ),
(

κ− 1

3 , 0
)]

= [(0, λ)− (x(s1), y(s1)), (x
′(s1), y

′(s1))] ,

[(0, λ), (x′′(s0), y
′′(s0))] = [(0, λ)− (x(s1), y(s1)), (x

′′(s1), y
′′(s1))] .

❈❛❧❝✉❧❛♥❞♦ ♦ ❞❡t❡r♠✐♥❛♥t❡ ❛❝✐♠❛✱ ♦❜t❡♠♦s✿
{

λ
(

−κ(s0)
− 1

3 + x′(s1)
)

= −x(s1)y
′(s1) + x′(s1)y(s1)

x(s1)y
′′(s1) + x′′(s1)y(s1) = x′′(s1)λ

❘❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛✱

0 = x(s1)y
′′(s1)− x′′(s1)y(s1)− x(s)κ(s0)

1

3

✘✘✘✘✘✘✘✘✿1
[γ′(s1), γ

′′(s1)]

= x(s1)y
′′(s1)− x′′(s1)y(s1)− x(s1)κ(s0)

1

3 .



✻✽ ✸✳✶✳ ❈❖◆❏❯◆❚❖ ❉❊ ❙■▼❊❚❘■❆ ❉❆ ❉■❙❚➶◆❈■❆ ❆❋■▼

P♦rt❛♥t♦✱ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞♦ s❡❣✉♥❞♦ ♣♦♥t♦
s1 é

h(s) = x(s)y′′(s)− x′′(s)y(s)− x(s)κ
1

3 ,

t❡♥❞♦ ✉♠ ③❡r♦ q✉❛♥❞♦ s1 6= s0✳ ■st♦ ♥♦s ❞á ✉♠ ♣♦♥t♦ ✜♥✐t♦ ♣❛r❛ X✱ ❞❡s❞❡
q✉❡ ♦s ♥♦r♠❛✐s ❛✜♠ ❡♠ γ(s0) ❡ γ(s1) ♥ã♦ s❡❥❛♠ ♣❛r❛❧❡❧♦s✱ ♦✉ s❡❥❛ ❞❡✈❡♠♦s t❡r
x′′(s1) 6= 0✳ ❈❛s♦ ♦s ✈❡t♦r❡s ♥♦r♠❛✐s ❛✜♠ s❡❥❛♠ ♣❛r❛❧❡❧♦s✱ ♦ ♥♦ss♦ ❝♦♥❥✉♥t♦ ❞❡
s✐♠❡tr✐❛ ❞❛ ❞✐stâ♥❝✐❛ ❛✜♠ ✧✈❛✐ ♣❛r❛ ♦ ✐♥✜♥✐t♦✧✳

❊s❝r❡✈❡♥❞♦ h✱ ❝♦♠♦

h(s) = [g(s), γ′′(s)]− [γ(s), ~v] ,

♦♥❞❡ ~v = (0, κ2(s0))✱ ✈❡♠♦s q✉❡ s❡ γ(s0) ♥ã♦ é ✉♠ ♣♦♥t♦ s❡①tát✐❝♦✱ ❡♥tã♦ ❛ ❢✉♥çã♦
h t❡♠ ✉♠ ✵ ❞❡ ♦r❞❡♠ ✷ ❡♠ (0, 0)✱ ♣♦✐s

h′(s0) = [γ′(s0), γ
′′(s0)] + [γ(s0), γ

′′′(s0)]− [γ′(s0), ~v] = 0

h′′(s0) = 2 [γ′(s0), γ
′′′(s0)] +

[

γ(s0), γ
(4)
]

− [γ′′(s0), ~v] = 0,

❡ ❞❡s❞❡ q✉❡ h é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡ ♣❡r✐ó❞✐❝❛✱ ❡❧❛ ❞❡✈❡ t❡r ♦✉tr♦ ③❡r♦✳ �

❖ r❡s✉❧t❛❞♦ ❛❝✐♠❛ s✐❣♥✐✜❝❛ q✉❡ ✭♣r❛t✐❝❛♠❡♥t❡✮ t♦❞♦s ♦s ♣♦♥t♦s ❞❛ ❝✉r✈❛ γ
♣♦ss✉❡♠ ✉♠ s❡❣✉♥❞♦ ♣♦♥t♦ ❛ss♦❝✐❛❞♦✱ ❞❡ t❛❧ ♠❛♥❡✐r❛ q✉❡ ♦ ♣❛r ❞❡✜♥❡ ✉♠ ♣♦♥t♦
♥♦ ADSS✳ ❖s ♣♦♥t♦s s❡①tát✐❝♦s✱ ✈ã♦ ❞❡✜♥✐r ❛s ❡①tr❡♠✐❞❛❞❡s ❞♦ ADSS✱ q✉❡
❝♦♥s❡q✉❡♥t❡♠❡♥t❡ s❡ t♦r♥❛ ✐❣✉❛❧ ❛ s1✱ ♥♦ ❧✐♠✐t❡ ❝♦♠♦ ✈❡r❡♠♦s ♥❛ s❡çã♦ s❡❣✉✐♥t❡✳

❖❜s❡✈❛çã♦ ✸✳✼✳ P♦❞❡ s❡ r❡❢♦rç❛r ♦ r❡s✉❧t❛❞♦ ❞♦ t❡♦r❡♠❛ ✭✸✳✻✮ ♣❛r❛ ♠♦str❛r q✉❡✿
s❡ ♦ ♣♦♥t♦ γ(s0) ♥ã♦ é s❡①tát✐❝♦✱ ❡♥tã♦ ❡①✐st❡♠ ♣❡❧♦ ♠❡♥♦s ❞♦✐s ♦✉tr♦s ♣♦♥t♦s
γ(s1), γ(s2) q✉❡ ❣❡r❛♠ ♣♦♥t♦s ♥♦ ADSS✳ ❊ss❡ ❛ss✉♥t♦ ♥ã♦ s❡rá ❛❜♦r❞❛❞♦ ♥❡st❡
tr❛❜❛❧❤♦✱ ♦ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ♣♦❞❡ ❡♥❝♦♥tr❛r ✉♠❛ ❛❜♦r❞❛❣❡♠ ❞❡t❛❧❤❛❞❛ ❡♠ ❬✷✾❪✳

✸✳✶✳✷ ADSS ❝♦♥t❡♥❞♦ ✉♠❛ r❡t❛

❉❡✜♥✐çã♦ ✸✳✽✳

✭✐✮ ❯♠❛ r❡✢❡①ã♦ ❛✜♠ ❝♦♠ eixo z é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠ ❞❡ ♦r❞❡♠ ✷✱ q✉❡
❞❡✐①❛ ♦ eixo z ✜①♦✳

✭✐✐✮ ❯♠❛ ❢♦r♠❛ ♣❧❛♥❛r é s✐♠étr✐❝❛ ❛✜♠ s♦❜r❡ ♦ eixo z✱ s❡ ❡①✐st❡ ✉♠❛ r❡✢❡①ã♦
❛✜♠ ❝♦♠ eixo z q✉❡ ❛♣❧✐❝❛ ❛ ❢♦r♠❛ ♣❧❛♥❛r ❡♠ s✐ ♠❡s♠❛✳

❖❜s❡✈❛çã♦ ✸✳✾✳ ❯♠❛ ❝✉r✈❛ γ s✐♠étr✐❝❛ ❛✜♠✱ é ❝♦♠♣♦st❛ ♣♦r ❞♦✐s ❛r❝♦s
❧✐❣❛❞♦s ♣♦r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠✱ t❛❧ q✉❡

|µ1| = |µ2|,

❝♦♠ µi é ❝✉r✈❛t✉r❛ ❛✜♠ ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s ❛r❝♦s γi✱ ♣❛r❛ i = 1, 2✳
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◆♦ ❝❛s♦ ❡✉❝❧✐❞✐❛♥♦✱ t❡♠♦s✿

❙❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❝♦♥té♠ ✉♠❛ r❡t❛✱ ❡♥tã♦ ❛ ❝✉r✈❛ γ ❝♦♥s✐st❡ ❡♠ ❞♦✐s
s❡❣♠❡♥t♦s q✉❡ sã♦ s✐♠étr✐❝♦s ♣♦r ✉♠❛ r❡✢❡①ã♦ ♣♦r ✉♠❛ r❡t❛✳

❙❡ ♦ ADSS ❝♦♥té♠ ✉♠❛ r❡t❛✱ ❡♥tã♦ ❛ ❝✉r✈❛ é s✐♠étr✐❝❛ ❛✜♠❄✳ ❱❡r❡♠♦s
q✉❡ ADSS ♥ã♦ ♣♦ss✉✐ ❡st❛ ❝❛r❛❝t❡ríst✐❝❛ ❡q✉✐✈❛❧❡♥t❡ ❛♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛
✭❡✉❝❧✐❞✐❛♥♦✮✳ ❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ❝♦♥str✉çã♦✿

❙❡❥❛♠ γ : I → R
2 ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧ s❡♠ ♣♦♥t♦s ❞❡ ✐♥✢❡①ã♦ ❡

γ1(s) = (X(s), Y (s)) ❡ γ2(s) = (U(s), V (s))

♣❛r❛♠❡tr✐③❛çõ❡s ❞♦s s❡❣♠❡♥t♦s ❞❛ ❝✉r✈❛ γ q✉❡ ❞❡✜♥❡♠ ♦ ADSS ❝♦♠♦ ✉♠❛ ❧✐♥❤❛
r❡t❛✱ q✉❡ ✐r❡♠♦s ❝♦♥s✐❞❡r❛r s❡r ♦ eixo x✳

❙❡❥❛ ❛ r❡t❛ ♥♦r♠❛❧ ❞❡ γ1 ✐♥t❡rs❡❝t❛r ♦ eixo x ❡♠ (a(s), 0) ❡ ❛ r❡t❛ t❛♥❣❡♥t❡
✐♥t❡rs❡❝t❛r ♦ eixo x ❡♠ (b(s), 0)✳ ❱❛♠♦s ❛ss✉♠✐r q✉❡ ♦ s❡❣♠❡♥t♦ γ1 ❡stá ♣❛✲
r❛♠❡tr✐③❛❞♦ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✱ ♠❛s ♥ã♦ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ γ2
t❛♠❜é♠ ❡st❡❥❛ ♣❛r❛♠❡tr✐③❛❞♦ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✱ ♣♦✐s ♥ã♦ ♣♦❞❡♠♦s
❣❛r❛♥t✐r q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠ é tr❛♥s❢❡r✐❞♦ ❞❡ ✉♠❛ s❡❣♠❡♥t♦ ♣❛r❛
♦✉tr♦✳ ❚❡♠♦s ♦ s❡❣✉✐♥t❡✿

✭✐✮ ❖s t❛♥❣❡♥t❡s ❞♦s s❡❣♠❡♥t♦s γ1(s) ❡ γ2(s) s❡ ❡♥❝♦♥tr❛♠ ♥♦ eixo x ✱ ✉♠❛ ✈❡③
q✉❡ ❡st❡ é t❛♥❣❡♥t❡ ❛♦ ADSS ❡♠ ❝❛❞❛ ♣♦♥t♦✳ ❙❡❥❛ ♦ ♣♦♥t♦ ❞♦ ① ✲❡✐①♦✱ ♦♥❞❡
❡❧❡s s❡ ❡♥❝♦♥tr❛♠ ❡♠ (b(s), 0)✱ t❛❧ q✉❡

b(s) =
X(s)Y ′(s)−X ′(s)Y (s)

Y ′(s)
=

U(s)V ′(s)− U ′(s)V (s)

V ′(s)
✭✸✳✶✸✮

✭✐✐✮ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✸✱ ✈❡♠♦s q✉❡

Xv = f(v)
(

(X ′(s), Y ′(s))− κ
1

3 (U ′(s), V ′(s))
)

,

♦♥❞❡ κ(s) = U ′(s)V ′′(s) − U ′′(s)V ′(s)✱ ❧❡♠❜r❛♥❞♦ q✉❡ s é ♦ ❝♦♠♣r✐♠❡♥t♦
❞❡ ❛r❝♦ ❛✜♠ ❡♠ γ1 ♠❛s ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❡♠ γ2✳

❊s♣❡r❛♠♦s q✉❡✱ ❛♦ ✈❛r✐❛r♠♦s ♦ ♣❛râ♠❡tr♦ s✱ ✐♥❞✉③✐♥❞♦ ✉♠❛ ♦r✐❡♥t❛çã♦
♥♦ s❡♥t✐❞♦ ❛♥t✐✲❤♦rár✐♦ ❞❡ γ1✱ ❡♥tã♦ ❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠ ✐rá ✐♥❞✉③✐r ❛
♦r✐❡♥t❛çã♦ ♥♦ s❡♥t✐❞♦ ❤♦rár✐♦ ❡♠ γ2✱ ✐st♦ é✱ q✉❡ κ ✈❛✐ s❡r ♥❡❣❛t✐✈❛✮✳

✭✐✐✐✮ ❖s ♥♦r♠❛✐s ❛✜♠ ❞♦s s❡❣♠❡♥t♦s γ1 ❡ γ2 s❡ ❡♥❝♦♥tr❛♠ ♥♦ eixo x ❡♠ ❞✐❣❛♠♦s
(a(s), 0)❀

✭✐✈✮ ❆ ❞✐stâ♥❝✐❛ ❛✜♠ ❞❡ (a(s), 0) ❛♦s ❞♦✐s s❡❣♠❡♥t♦s γ1 ❡ γ2 sã♦ ✐❣✉❛✐s✳

❱❛♠♦s ✉t✐❧✐③❛r ♦s ❞♦✐s ♣r✐♠❡✐r♦s ✐t❡♥s ♣❛r❛ ❞❡❞✉③✐r ❛s r❡❧❛çõ❡s ❡♥tr❡ ♦s s❡❣✲
♠❡♥t♦s γ1(s) ❡ γ2(s)✳ ❉❡s❞❡ q✉❡ γ1 ❡stá ♣❛r❛♠❡tr✐③❛❞♦ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦
❛✜♠✱ t❡♠♦s

X ′(s)Y ′′(s)−X ′′(s)Y ′(s) = 1 ∀s.
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❖s ít❡♥s ❛❝✐♠❛ ♠❡♥❝✐♦♥❛❞♦s ♣♦❞❡♠ s❡r r❡❡s❝r✐t♦s ♥❛ ❢♦r♠❛
{

V ′(s)3 = (U ′(s)V ′′(s)− V ′(s)U ′′(s)) f(s)
V ′(s)g(s) = U(s)V ′(s)− U ′(s)V (s),

✭✸✳✶✹✮

s❡♥❞♦

f(s) = Y ′(s)3 ❡ g(s) =
X(s)Y ′(s)−X ′(s)Y (s)

Y ′(s)
. ✭✸✳✶✺✮

P❡❧❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞❡ ✭✸✳✶✹✮ ♦❜t❡♠♦s

d

ds

(

U ′(s)

V ′(s)

)

= −V ′(s)

f(s)

⇒ U ′(s) = −V ′(s)

∫

V ′(s)

f(s)
ds+ c1V

′(s),

❝♦♠ c1❂❝♦♥st❛♥t❡✳ P♦r ♦✉tr♦ ❧❛❞♦ ❛ ♣❛rt✐r ❞❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞❡ ✭✸✳✶✹✮✱ ❞❡❞✉✲
③✐♠♦s✿

d

ds

(

U(s)

V (s)

)

= −V ′(s)g(s)

V (s)2

⇒ U(s) = −V (s)

∫

V ′(s)g(s)

V (s)2
ds+ c2V (s),

♣❛r❛ ✉♠❛ ❝♦♥st❛♥t❡ c2✳

❉✐❢❡r❡♥❝✐❛♥❞♦ ❛ ú❧t✐♠❛ ❡q✉❛çã♦ ❛❝✐♠❛ ❡ ✐❣✉❛❧❛♥❞♦ ❝♦♠ ❛ ❡①♣r❡ssã♦ U ′(s)✱
♦❜t❡♠♦s

−
∫

V ′(s)

f
ds+ (c1 − c2) = −

∫

V ′(s)g(s)

V 2(s)
ds− g(s)

V (s)

⇒ V (s)V ′(s) = f(s)g′(s).

❉❡ ✭✸✳✶✺✮✱ ✈❡♠♦s q✉❡ V (s)V ′(s) = f(s)g′(s) = Y (s)Y ′(s)✱ ❡ ♣♦rt❛♥t♦ ♣♦❞❡♠♦s
❞❡❞✉③✐r q✉❡

Y (s)2 = V (s)2 + c, c = ❝♦♥st❛♥t❡ ✭✸✳✶✻✮

Pr✐♠❡✐r♦✱ ✈❛♠♦s s✉♣♦r q✉❡ ❛ ❝♦♥st❛♥t❡ c s❡❥❛ ♥✉❧❛✱ s✉❜st✐t✉✐♥❞♦ Y (s)2 = V (s)2

❡ V ′(s) = Y ′(s)Y (s)/V (s) ♥❛ ❡q✉❛çã♦ ✭✸✳✶✸✮✱ ♦❜t❡♠♦s✿

X(s)Y ′(s)−X ′(s)Y (s)

Y ′(s)
=

U(s)Y ′(s)Y (s)− U ′(s)V (s)2

Y ′(s)Y (s)

⇒ (X(s)− U(s))Y ′(s) = (X ′(s)− U ′(s))Y (s)

⇒ d

ds

(

X(s)− U(s)

Y (s)

)

= 0.

❙❡❣✉❡ ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ ❡ ❞❡ Y (s)2 = V (s)2 q✉❡✿
{

U(s) = X(s) + pY (s), ❝♦♠ ♣ ❝♦♥st❛♥t❡
V (s) = ±Y (s)
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❆ss✐♠✱ ♦s ❞♦✐s s❡❣♠❡♥t♦s ❞❛ ❝✉r✈❛ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ♣♦r ✉♠❛ tr❛♥s❢♦r♠❛çã♦
❛✜♠✳ ❚❡♠♦s t❛♠❜é♠ q✉❡ κ = ±1✱ ♦✉ s❡❥❛✱ ♦ ♣❛râ♠❡tr♦ s é ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡
❛r❝♦ ❛✜♠ ❡♠ γ2✳ ◗✉❛♥❞♦ κ < 0 ♦s ❞♦✐s s❡❣♠❡♥t♦s ❡stã♦ ❡♠ ❧❛❞♦s ♦♣♦st♦ ❞♦ eixo
x ✳

❖ ❡①❡♠♣❧♦ ❛❜❛✐①♦ ♠♦str❛ ❞♦✐s s❡❣♠❡♥t♦s q✉❡ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ♣♦r ✉♠❛
tr❛♥s❢♦r♠❛çã♦ ❛✜♠✳

❋✐❣✉r❛ ✸✳✸✿ ❖s s❡❣♠❡♥t♦s γ1(s) = (−s

2
, 1 − s2) ✭❛③✉❧ ✮ ❡ γ2 = (−s

2
+ 2(1 −

s2),−1 + s2) ✭✈❡r♠❡❧❤♦✮ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ♣♦r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠ ❡ ❥✉♥t♦
❞❡✜♥❡♠ ♦ ADSS s❡♥❞♦ ♦ eixo x

✳

P♦❞❡♠♦s ❝♦♥str✉✐r ❡①❡♠♣❧♦s ❡♠ q✉❡ ♦s ❞♦✐s s❡❣♠❡♥t♦s ❞❛ ❝✉r✈❛ ♥ã♦ ❡stã♦
r❡❧❛❝✐♦♥❛❞♦s ♣♦r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡ c 6= 0 ♥❛ ❡q✉❛çã♦
✭✸✳✶✻✮✱ ♦❜té♠✲s❡✿

(X − U)Y ′Y = Y 2 (X ′ − U ′) + U ′c.

P❛r❛ ✉♠ ❡①❡♠♣❧♦ ✐❧✉str❛t✐✈♦✱ ❝♦♥s✐❞❡r❡♠♦s ❛ ❝♦♥st❛♥t❡ c = 1 ❡ ♦ s❡❣♠❡♥t♦

γ2(s) =
(

−s

2
, 1− s2

)

✱ ♦✉ s❡❥❛

U ′(s) + U(s)

(

s2

c− (1− s2)2

)

= s2 − 5
2
s4 + 2s6 − 1

2
s8 − s5 + 1

2
s7

V (s) = ±
√

(1− s2)− c

❘❡s♦❧✈❡♥❞♦ ❛ ❊❉❖✱ ♦❜t❡♠♦s

U(s) =



















∫



















−1

2
e

√
2 arctan

(

s
√
2

2

)

2 s2(−2 + s2)(1− 2s2 + s4 − s3)



















ds



















e
−

√
2 arctan

(

s
√
2

2

)

2

V (s) = ±
√

(1− s2)− 1
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❊①❡♠♣❧♦ ✸✳✶✵✳ ❖s s❡❣♠❡♥t♦s

γ1(s) = (−s/2, 1− s2) ❡ γ2(s) = (U(s), V (s))

❞❡✜♥❡♠ ♦ ADSS ❝♦♠♦ s❡♥❞♦ ♦ eixo x✱ ♠❛s γ1 ❡ γ2 ♥ã♦ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ♣♦r
✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠✳

❋✐❣✉r❛ ✸✳✹✿ ADSS ❣❡r❛❞♦ ♣♦r ❞♦✐s s❡❣♠❡♥t♦s q✉❡ ♥ã♦ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ♣♦r
✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠

❖❜s❡✈❛çã♦ ✸✳✶✶✳

P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✸✱ s❡ ❛ ❝✉r✈❛ γ é s✐♠étr✐❝❛ ❛✜♠ (µ1 = µ2)✱ ✈❡♠♦s q✉❡ ❛
❝♦♥❞✐çã♦ ❞❡ ✐♥✢❡①ã♦ ❞♦ ADSS s❡ t♦r♥❛✿

[γ′(s2), γ
′′(s1)]) = [γ′(s1), γ

′′(s2)].

❡ ♣♦rt❛♥t♦ ❛✐♥❞❛ s❡ ♠❛♥té♠✳ ❊st❛ s❡❣✉♥❞❛ ❝♦♥❞✐çã♦ é ♦ ♠❡s♠♦ q✉❡ r❡q✉❡r❡r
q✉❡ ♦ t❛♥❣❡♥t❡ ❛♦ ADSS ♣❛ss❡ ❛tr❛✈és ❞♦ ♣♦♥t♦ ♠é❞✐♦ ❞❛ ❝♦r❞❛ q✉❡ ✉♥❡ γ(s1) ❛
γ(s2)✳

❙❡ ❝♦♥s✐❞❡r❛r♠♦s ❛ ❝♦♥st❛♥t❡ c 6= 0✱ ❡♥tã♦ ♦ t❛♥❣❡♥t❡ ❛♦ ADSS ✭eixo x✮ ♥ã♦
♣❛ss❛ ❛tr❛✈és ❞♦ ♣♦♥t♦ ♠é❞✐♦ ❞❛ ❝♦r❞❛ q✉❡ ✉♥❡ γ(s1) ❛ γ(s2)✳ ❊♥tã♦

(1− [γs(s2), γss(s1)])
2 6= (1− [γs(s1), γss(s2)])

2,

❡ ❞❡s❞❡ q✉❡ ❛ ✐❣✉❛❧❞❛❞❡ é ✈❛❧✐❞❛ ✭♦ ADSS é ✉♠❛ r❡t❛✮✱ µ1 6= µ2 ❡ ❛ ❢♦r♠❛ ♥ã♦
é s✐♠étr✐❝❛ ❛✜♠✳

❆ss✐♠✱ ♣❛r❛ q✉❡ ❛ ❢♦r♠❛ s❡❥❛ s✐♠étr✐❝❛ ❛✜♠✱ s✉♣♦♥❞♦ q✉❡ ADSS ❝♦♥té♠ ✉♠❛
r❡t❛✱ ♦ ♣♦♥t♦ ♠é❞✐♦ ❞❛ ❝♦r❞❛ q✉❡ ✉♥❡ ♦s ❞♦✐s ♣♦♥t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❞❛ ❝✉r✈❛ γ
t❡♠ q✉❡ ❡st❛r s♦❜r❡ ♦ ADSS✳

✸✳✷ ❚❡♦r✐❛ ❞❡ ❙✐♥❣✉❧❛r✐❞❛❞❡ ❡ ADSS

❆♣r❡s❡♥t❛♠♦s ❛q✉✐ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❛ ❡str✉t✉r❛ ❧♦❝❛❧ ❞♦ ADSS ♣❛r❛ ❝✉r✈❛s
♣❧❛♥❛s ❝♦♥✈❡①❛s ❡ ✉♠❛ ❞❡✜♥✐çã♦ ❡q✉✐✈❛❧❡♥t❡ ❛ ❉❡✜♥✐çã♦ ✸✳✶✱ q✉❡ s❡ ❜❛s❡✐❛ ❡♠
❝ô♥✐❝❛s ❜✐t❛♥❣❡♥t❡s✳
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❯s❛r❡♠♦s ❛ ❉❡✜♥✐çã♦ ✶✳✻✼ ❞❡s❝r✐t❛ ♥♦ ❝❛♣ít✉❧♦ ✶✱ ♣❛r❛ ❡①♣r❡ss❛r ♦s t✐♣♦s ❞❡
s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ❝❛❞❛ ❡str✉t✉r❛ ❧♦❝❛❧ ❞♦ ADSS✱ ❞❡♥♦t❛♥❞♦ ♦ t✐♣♦ ❞❡ s✐♥❣✉❧❛r✐✲
❞❛❞❡ q✉❡ é ❛♣r❡s❡♥t❛❞♦ ♥❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❛✜♠ d : R2 × I −→ R

(X, s) 7−→ d (X, s)
✳

P♦r ❡①❡♠♣❧♦✱ ❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❛✜♠ t❡♠ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ t✐♣♦✿

✐✮ A2
1✱ q✉❛♥❞♦ ❡①✐st❡♠ ❞♦✐s t✐♣♦s ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ t✐♣♦ A1 ❡♠ s1 ❡ s2✱ ✐st♦

é

ds (X, s1) = 0

ds (X, s2) = 0.

✐✐✮ A1A2✱ q✉❛♥❞♦ d ♣♦ss✉✐ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ t✐♣♦ A1 ❡♠ ✉♠ ♣♦♥t♦ ❡ ♦✉tr❛
❞♦ t✐♣♦ A2 ❡♠ ♦✉tr♦ ♣♦♥t♦✱ ✐st♦ é

ds (X, s1) = 0

ds (X, s2) = 0

dss (X, s2) = 0

❆ ✜❣✉r❛ ❛❜❛✐①♦ ✐❧✉str❛ ♦s t✐♣♦s ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ An
k ✳

❋✐❣✉r❛ ✸✳✺✿ ■❧✉str❛çã♦ ❞❛s s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ t✐♣♦ An
k

P❡❧❛ ♣r♦♣♦s✐çã♦ ✶✳✼✷ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❜✐❢✉r❝❛çã♦ ❞❛ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s ❞✐stâ♥✲
❝✐❛ ❛✜♠ é ♣r❡❝✐s❛♠❡♥t❡ ❛ ❡✈♦❧✉t❛ ❛✜♠✳ ■st♦ ❢❛③ ❝♦♠ q✉❡ ❛ ❢✉♥çã♦ d s❡❥❛ ❝♦♠✲
♣❧❡t❛♠❡♥t❡ ❛♥á❧♦❣❛ ❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛✲q✉❛❞r❛❞♦ ❞❛ ❣❡♦♠❡tr✐❛ ❞✐❢❡r❡♥❝✐❛❧✱ ❝✉❥♦
❝♦♥❥✉♥t♦ ❞❡ ❜✐❢✉r❝❛çã♦ é ❛ ❡✈♦❧✉t❛ ❞❡ γ✳

❱❛♠♦s ✐♥❝❧✉✐r ♦ ADSS ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ❜✐❢✉r❝❛çã♦ ❞❛ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s ❞✐s✲
tâ♥❝✐❛ ❛✜♠✱ ♣❛r❛ ♦❜t❡r♠♦s ♦ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ❜✐❢✉r❝❛çã♦ ♦✉ ❝♦♥❥✉♥t♦ ❞❡
❜✐❢✉r❝❛çã♦ ❞❡ ♥í✈❡✐s q✉❡ ✐♥❝❧✉✐ t♦❞❛s ❛s ❢✉♥çõ❡s q✉❡ t❡♠ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡❣❡♥❡✲
r❛❞❛ ♦✉ t❡♠ ❞✉❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❡♠ q✉❡ ❛ ❢✉♥çã♦ t❡♠ ♦ ♠❡s♠♦ ✈❛❧♦r✳

P❡❧❛ ❉❡✜♥✐çã♦ ✸✳✶✱ t❡♠♦s q✉❡ ✉♠ ♣♦♥t♦ X ♣❡rt❡♥❝❡ ❛♦ ADSS s❡✱ ❡ s♦♠❡♥t❡
s❡✱ ❡①✐st✐r❡♠ ♣❛râ♠❡tr♦s s1, s2 t❛✐s q✉❡

d(X, s1) = d(X, s2) ❡ ds(X, s1) = ds(X, s2) = 0.

❆ ú❧t✐♠❛ ✐❣✉❛❧❞❛❞❡✱ ♥♦s ❞✐③ q✉❡ ❡①✐st❡♠ ❞✉❛s ❝ô♥✐❝❛s ❝❡♥tr❛❞❛s ❡♠X ❝♦♠ ❝♦♥t❛t♦
❞❡ ♦r❞❡♠ ✹ ❝♦♠ ❛ ❝✉r✈❛ γ ❡♠ γ(s1) ❡ γ(s2)✳ ❊♠ ❝♦♥tr❛st❡ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❡
s✐♠❡tr✐❛ q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❝ír❝✉❧♦ t❡♥❞♦ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✹ ❝♦♠ ❛ ❝✉r✈❛✳
❆ss✐♠✱ ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❛ ❉❡✜♥✐çã♦ ✸✳✶ ❞♦ ADSS é ❡q✉✐✈❛❧❡♥t❡ ❛✿
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❉❡✜♥✐çã♦ ✸✳✶✷✳ ❙❡❥❛ γ : I → R
2 ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❝♦♥✈❡①❛✱ ♦ ADSS é ♦ ❧✉❣❛r

❣❡♦♠étr✐❝♦ ❞♦s ❝❡♥tr♦s ❞❡ ❝ô♥✐❝❛s t❡♥❞♦ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✹ ❝♦♠ ❞♦✐s ♦✉ ♠❛✐s
♣♦♥t♦s ❞✐st✐♥t♦s ♥❛ ❝✉r✈❛✳

❆ ❞❡✜♥✐çã♦ ❛❝✐♠❛ é ❡q✉✐✈❛❧❡♥t❡ ❞✐③❡r q✉❡ à ❝ô♥✐❝❛ ❡ ❛ ❝✉r✈❛✱ ♣♦ss✉❡♠ ♥♦s
♣♦♥t♦s ❞❡ ❝♦♥t❛t♦✱ ♦ ♠❡s♠♦ t❛♥❣❡♥t❡ ❛✜♠ ♦✉ ♦ ♠❡s♠♦ t❛♥❣❡♥t❡ ❡✉❝❧✐❞✐❛♥♦ ❡ ❛
❝✉r✈❛t✉r❛✳

❖❜s❡r✈❡♠♦s q✉❡ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ♦ ❝ír❝✉❧♦ ❜✐t❛♥❣❡♥t❡ ♣♦❞❡ s❡r ♦❜r✐✲
❣❛❞♦ ❛ s❡r t♦t❛❧♠❡♥t❡ ❞❡♥tr♦ ❞❡ ✉♠❛ ❝✉r✈❛✱ ❡♥q✉❛♥t♦ q✉❡ ♥♦ ADSS ✉♠❛ ❝ô♥✐❝❛
q✉❡ t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✹ ❡♠ γ(s1) ❡ γ(s2)✱ ♥ã♦ ❤á✱ ♥❡♥❤✉♠ ❝♦♥❝❡✐t♦ ❞❡ s❡r
❝ô♥✐❝❛ ❞❡♥tr♦ ♦✉ ❢♦r❛ ❞❛ ❝✉r✈❛✳

❊♠ t❡r♠♦s ❞❛ ❉❡✜♥✐çã♦ ✸✳✶✷✱ ❡ ✉s❛♥❞♦ ❛ ❡str✉t✉r❛ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❜✐❢✉r❝❛çã♦
❝♦♠♦ ❡♠ ❬✼❪✱ ❡♥❝♦♥tr❛♠♦s ❛ ❡str✉t✉r❛ ❧♦❝❛❧ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❞❛ ❞✐stâ♥❝✐❛
❛✜♠✳

❚❡♦r❡♠❛ ✸✳✶✸✳ ❙❡❥❛ γ : I → R
2 ✉♠❛ ❝✉r✈❛ ♦✈❛❧✱ ❧♦❝❛❧♠❡♥t❡✱ ♦ ❝♦♥❥✉♥t♦ ❞❡

s✐♠❡tr✐❛ ❞❛ ❞✐stâ♥❝✐❛ ❛✜♠ é

✐✮ ❞✐❢❡r❡♥❝✐á✈❡❧ q✉❛♥❞♦ ❛♠❜❛s ❛s ❝ô♥✐❝❛s t❡♠ ❡①❛t❛♠❡♥t❡ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✹
❝♦♠ γ✳ ✭A2

1✮

✐✐✮ ✉♠❛ ❝ús♣✐❞❡ ♦r❞✐♥ár✐❛ q✉❛♥❞♦ ✉♠❛ ❝ô♥✐❝❛ t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✺ ❝♦♠ γ✱
✐st♦ é X ❡stá ❡♠ ✉♠ ♣♦♥t♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❛ ❡✈♦❧✉t❛ ❛✜♠✳ ✭A1A2✮

✐✐✐✮ ✉♠ ♣♦♥t♦ ✜♥❛❧ q✉❛♥❞♦ X é ♦ ❝❡♥tr♦ ❞❛ ❝ô♥✐❝❛ ❝♦♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✻ ❝♦♠
❛ ❝✉r✈❛ γ✱ ✐st♦ é ❛ ❝ô♥✐❝❛ t❛♥❣❡♥❝✐❛ ❛ ❝✉r✈❛ γ ❡♠ ✉♠ ♣♦♥t♦ s❡①tát✐❝♦✿ ♦
♣♦♥t♦ X ❡stá ♥❛ ❝ús♣✐❞❡ ❞❛ ❡✈♦❧✉t❛ ❛✜♠✳ ✭A3✮

✐✈✮ ✉♠ ❝r✉③❛♠❡♥t♦ tr✐♣❧♦ q✉❛♥❞♦ ❤á três ❝ô♥✐❝❛s ❝❡♥tr❛❞❛s ❡♠ X ❝♦♠ ❞✐stâ♥❝✐❛
❛✜♠ ✐❣✉❛❧ ❡ ❝♦♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✹ ❝♦♠ γ✳ ✭A3

1✮

❊s❜♦ç♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ✸✳✶✸

❆ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ t✐♣♦ A2
1 ❞❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❛✜♠ t❡♠♦s q✉❡ ♦ ♣♦♥t♦ X é

♦ ❝❡♥tr♦ ❞❡ ❞✉❛s ❝ô♥✐❝❛s t❡♥❞♦ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✹ ❝♦♠ ❛ ❝✉r✈❛✱ ♣♦✐s

ds (X, s1) = 0, ds (X, s2) = 0 ❡ d (X, s1) = d (X, s2) ,

é ❡q✉✐✈❛❧❡♥t❡

X = γ(s1) + λ1γ
′′(s1) X = γ(s2) + λ2γ

′′(s2) ❡ d (X, s1) = d (X, s2)

❖ s❡❣✉♥❞♦ t✐♣♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡ A1A2 ❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❛✜♠✱ ✈❡♠♦s q✉❡ ♦
♣♦♥t♦ X ♣❡rt❡♥❝❡ ❛ ❡✈♦❧✉t❛ ❛✜♠ ❡ é ♦ ❝❡♥tr♦ ❞❡ ✉♠ ❝ô♥✐❝❛ ❝♦♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠
✺ ❝♦♠ ❛ ❝✉r✈❛ γ✱ ♣♦✐s

ds (X, s1) = 0, ds (X, s2) = dss (X, s2) = 0 ❡ d (X, s1) = d (X, s2) ,
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é ❡q✉✐✈❛❧❡♥t❡

X = γ(s1) + λ1γ
′′(s1) ❡ X = γ(s2) +

1

µ(s1)
γ′′(s2), µ(s1) 6= 0.

❆ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ t✐♣♦ A3 ❞❛ ❢✉♥çã♦ ❞✐stâ♥❝✐❛ ❛✜♠ ♦❜t❡♠♦s q✉❡ ♦ ♣♦♥t♦ X

♣❡rt❡♥❝❡ ❛ ❡✈♦❧✉t❛ ❛✜♠✱ ♠❛s X ❡stá ♥❛ ❝ús♣✐❞❡ ❞❛ ❡✈♦❧✉t❛ ❛✜♠ ❡ é ♦ ❝❡♥tr♦ ❞❡
✉♠ ❝ô♥✐❝❛ ❝♦♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✻ ❝♦♠ ❛ ❝✉r✈❛ γ✱ ♣♦✐s

ds (X, s2) = dss (X, s2) = dsss (X, s2) = 0

♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ X = γ(s2) +
1

µ(s1)
γ′′(s2) µ′(s2) = 0✱

❊ ♣♦r ú❧t✐♠♦ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ t✐♣♦ A3
1✱ ♦ ♣♦♥t♦ X ❝♦rr❡s♣♦♥❞❡ ❛♦ ❝❡♥tr♦ ❞❡

três ❝ô♥✐❝❛s t❡♥❞♦ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✹ ❝♦♠ ❛ ❝✉r✈❛ γ✱ ♣♦✐s

ds (X, s1) = ds (X, s2) = ds (X, s3) = 0 ❡ d (X, s1) = d (X, s2) = d (X, s3)

♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛

X = γ(s1) +
1

µ(s1)
γ′′(s1), µ(s1) 6= 0

X = γ(s2) +
1

µ(s2)
γ′′(s2), µ(s1) 6= 0

X = γ(s3) +
1

µ(s3)
γ′′(s3), µ(s1) 6= 0.
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❈❖◆❏❯◆❚❖ ❉❊ ❙■▼❊❚❘■❆ ❉❆
❊◆❱❖▲❱❊◆❚❊ ❆❋■▼✲AESS

◆❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞❛r❡♠♦s ♦ ❈♦♥❥✉♥t♦ ❞❡ ❙✐♠❡tr✐❛ ❞❛ ❊♥✈♦❧✈❡♥t❡ ❆✜♠
✐♥❞✐❝❛❞♦ ♣♦r AESS✱ ❞♦ ✐♥❣❧ês ❛✣♥❡ ❡♥✈❡❧♦♣❡ s✉♠♠❡tr② s❡t✱ ♣❛r❛ ❝✉r✈❛s ♣❧❛♥❛s
♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❞❡✜♥✐çã♦ q✉❡ s❡ ❜❛s❡✐❛ ❡♠ ❝ô♥✐❝❛s t❡♥❞♦ ❝♦♥t❛❞♦ ❞❡ ♦r❞❡♠ ✸
❝♦♠ ❛ ❝✉r✈❛ ❡♠ ♣❡❧♦ ♠❡♥♦s ❞♦✐s ♣♦♥t♦s ❡ ♦✉tr❛ q✉❡ s❡ ❜❛s❡✐❛ ❡♠ ❡♥✈♦❧✈❡♥t❡ r❡t❛s✳
❊st❛s ❞❡✜♥✐çõ❡s ♥♦ ❝♦♥t❡①t♦ ❛✜♠ ♥ã♦ ♣❛r❡❝❡♠ s❡r ❞✉❛s ❝♦♥str✉çõ❡s ❛❧t❡r♥❛t✐✈❛s✱
❝♦♠♦ ♦❝♦rr❡ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ q✉❡ ❛♠❜❛s ❛s ❞❡✜♥✐çõ❡s ❜❛s❡❛❞❛s ❡♠ ❞✐s✲
tâ♥❝✐❛s ❡ ❡♥✈♦❧✈❡♥t❡ ❞❡ r❡t❛s s❡ r❡❞✉③❡♠ ❛ ♠❡s♠❛ ❞❡✜♥✐çã♦✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ só
❡①✐st❡ ✉♠❛ ❞❡✜♥✐çã♦ r❛③♦á✈❡❧ ❝♦♠ ❜❛s❡ ❡♠ ❝ír❝✉❧♦s ❜✐t❛♥❣❡♥t❡s✳

❆❜♦r❞❛r❡♠♦s ✉♠ ♦✉tr♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ✐♥✈❛r✐❛♥t❡ ❛✜♠✱ ♦ ▲✉❣❛r ●❡✲
♦♠étr✐❝♦ ❞❛s ❚❛♥❣❡♥t❡s P❛r❛❧❡❧❛s ▼é❞✐❛s ✐♥❞✐❝❛❞♦ ♣♦r MPT L✱ ❞♦ ✐♥❣❧ês
▼✐❞✲P❛r❛❧❧❡❧ ❚❛♥❣❡♥ts ▲♦❝✉s✱ ❛ ✜♠ ❞❡ ❝♦♠♣r❡❡♥❞❡r ❛ ❡str✉t✉r❛ ❞♦ AESS✳

❆s ❝✉r✈❛s ❛q✉✐ ❝♦♥s✐❞❡r❛❞❛s s❡rã♦ ❝✉r✈❛s ❢❡❝❤❛❞❛s ❝♦♥✈❡①❛s✳

❱❡r❡♠♦s q✉❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ AESS ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❝♦♥s✐❞❡r❛♥❞♦ ❛♠✲
❜❛s ❛s ❞❡✜♥✐çõ❡s✱ ❡ ❛♠❜❛s ♥♦s ❞❛rã♦ ❞✐❢❡r❡♥t❡s ♣❡r❝❡♣çõ❡s s♦❜r❡ ♦ AESS✳ ❆
❛❜♦r❞❛❣❡♠ ♣♦r ♠❡✐♦ ❞❛ ❡♥✈♦❧✈❡♥t❡ ❞❡ r❡t❛s s❡rá ❛❞♦t❛❞♦ ❝♦♠♦ ❡♠ ❬✶✾❪ ♣❛r❛ ♦
❝❛s♦ ❡✉❝❧✐❞✐❛♥♦✳

■r❡♠♦s ♠♦str❛r q✉❡ s❡ ♦ AESS é ✉♠❛ r❡t❛✱ ❡♥tã♦ ✉♠ ❛r❝♦ ❞❛ ❝✉r✈❛ ♣♦❞❡ s❡r
♦❜t✐❞♦ ❛tr❛✈és ❞♦ ♦✉tr♦ ♣♦r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠ ❞❡ ❞❡t❡r♠✐♥❛♥t❡ ✐❣✉❛❧ ❛ ✲✶✱
❡♠ ❝♦♥tr❛st❡ ❝♦♠ ♦ ADSS q✉❡ ♥ã♦ ♣♦❞❡♠♦s ❣❛r❛♥t✐r q✉❡ ✉♠ ❛r❝♦ é ❧❡✈❛❞♦ ❛♦
♦✉tr♦ ♣♦r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠✳

❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s sã♦✿ ❬✶✸❪ ❡ ❬✶✻❪✳

❆s ✜❣✉r❛s ❞❡st❡ ❝❛♣✐t✉❧♦ ❢♦r❛♠ r❡t✐r❛❞❛s ❞❡ ❬✶✻❪✱ ❡①❝❡t♦ ❛ ✜❣✉r❛ ✹✳✸ q✉❡ ❢♦✐
♣r♦❞✉③✐❞❛ ♥♦ ▲❛t❡①❉r❛✇✳

✼✻



✼✼ ✹✳✶✳ AESS P❖❘ ❈❊◆❚❘❖❙ ❉❊ ❈Ô◆■❈❆❙

✹✳✶ AESS ♣♦r ❈❡♥tr♦s ❞❡ ❈ô♥✐❝❛s

❉❡✜♥✐çã♦ ✹✳✶✳ ❉❛❞❛ γ : I → R
2 ✉♠❛ ❝✉r✈❛ s✐♠♣❧❡s ❢❡❝❤❛❞❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ♦

❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❞❛ ❡♥✈♦❧✈❡♥t❡ ❛✜♠✲AESS é ♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞♦s
❝❡♥tr♦s ❞❛s ❝ô♥✐❝❛s ❝♦♠ ♣❡❧♦ ♠❡♥♦s ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ ❛ ❝✉r✈❛ ❡♠ ❞♦✐s ♦✉
♠❛✐s ♣♦♥t♦s ❞✐❢❡r❡♥t❡s✳

❆ ❞❡✜♥✐çã♦ ❛❝✐♠❛✱ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐③❡r q✉❡ ❛ ❝✉r✈❛ ❡ ❛ ❝ô♥✐❝❛ t❡♠ ♦ ♠❡s♠♦
t❛♥❣❡♥t❡ ❛✜♠ ❡♠ ♣❡❧♦ ♠❡♥♦s ❞♦✐s ♣♦♥t♦s✳

P❡❧♦ ❈❛♣ít✉❧♦ ✸✱ ✈✐♠♦s q✉❡ ♥❛ ❞❡✜♥✐çã♦ ❞♦ ADSS ❞✉❛s ❞✐st✐♥t❛s ❝ô♥✐❝❛s
t❡♥❞♦ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✹ sã♦ ❡♥✈♦❧✈✐❞❛s ♥❛ ❝♦♥str✉çã♦✱ ❡♥q✉❛♥t♦ q✉❡ ♥♦ AESS
✈❡r❡♠♦s q✉❡ ❛♣❡♥❛s ✉♠❛ ❝ô♥✐❝❛ ❝♦♠ ♣❡❧♦ ♠❡♥♦s ❝♦♥t❛t♦ ❞✉♣❧♦ ❞❡ ♦r❞❡♠ ✸ é
♥❡❝❡ssár✐❛✳ ❖ ❝❡♥tr♦ ❞❛ ❝ô♥✐❝❛ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✶✳✼✷ s❡rá ✐❣✉❛❧ ♣❛r❛ ❛♠❜♦s ♦s
♣♦♥t♦s ❞❛ ❝✉r✈❛ ❡♥✈♦❧✈✐❞♦s ♥♦ AESS✳

❖❜s❡✈❛çã♦ ✹✳✷✳ ❊♠ ❝♦♥tr❛st❡ ❝♦♠ ♦ ADSS✱ ❛ ❞✐stâ♥❝✐❛ ❛✜♠ ♥ã♦ ♣r❡❝✐s❛ s❡r ✉♠
❡①tr❡♠♦ ❧♦❝❛❧✱ ❡ ♦ ❝❡♥tr♦ X ❞❛ ❝ô♥✐❝❛ ♥ã♦ t❡♠ q✉❡ ❝♦rr❡s♣♦♥❞❡r ❛♦s ♥♦r♠❛✐s
❛✜♠✳ ▼❛✐s ❛❞✐❛♥t❡✱ ♠♦str❛r❡♠♦s ♦ q✉❡ ❛❝♦♥t❡❝❡ ❝♦♠ ♦ AESS✱ q✉❛♥❞♦ ♦ ❝❡♥tr♦
❡stá ❡♠ ♣❡❧♦s ♠❡♥♦s ✉♠ ❞♦s ♥♦r♠❛✐s ❛✜♠✳

❱❛♠♦s ♠♦str❛r q✉❡ ♦ AESS ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❞❡
r❡❣r❡ssã♦ s♦❜r❡ ❡♥✈♦❧✈❡♥t❡ ❞❡ ❝ô♥✐❝❛s✳ ❙❡❥❛ γ : [a, b] −→ R

2

t 7−→ γ(t)
✉♠❛ ❝✉r✈❛ ♣❛r❛♠❡✲

tr✐③❛❞❛ ♣❡❧♦ ♣❛râ♠❡tr♦ t✱ ❡ s✉♣♦♥❤❛♠♦s q✉❡ γ s❡❥❛ t❛♥❣❡♥t❡ ❛♦ eixo x ♥❛ ♦r✐❣❡♠✳
◗✉❡r❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ❝ô♥✐❝❛ t❡♥❞♦ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ γ ♥❛ ♦r✐❣❡♠ ❡
q✉❡ ♣❛ss❡ ♣♦r ✉♠ s❡❣✉♥❞♦ ♣♦♥t♦✳

■♥✐❝✐❛❧♠❡♥t❡✱ ❝♦♥s✐❞❡r❡♠♦s ❝ô♥✐❝❛s t❡♥❞♦ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ γ ♥❛ ♦r✐❣❡♠
❡ q✉❡ ♣❛ss❛ ❛tr❛✈és ❞❡ ✉♠ s❡❣✉♥❞♦ ♣♦♥t♦✱ ❞✐❣❛♠♦s (X(t), Y (t)) 6= (0, 0)✳ P❡❧❛
❞❡✜♥✐çã♦ ✭✶✳✶✽✮ ❛ ❡q✉❛çã♦ ❞❡ ✉♠❛ ❝ô♥✐❝❛ C é

ax2 + by2 + 2hxy + 2gx+ 2fy + c = 0. ✭✹✳✶✮

❙✉❜st✐t✉✐♥❞♦ x = X + p ❡ y = Y + q ♥❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ ✈❡♠♦s

0 = a(X + p)2 + b(Y + q)2 + 2h(X + p)(Y + q) + 2g(X + p) + 2f(Y + q) + c

= aX2 + bY 22hXY + 2(ap+ hq + g)X + 2(hp+ bq + f)Y + 2hpq + 2gq +

+p2 + q2.

P❛r❛ ❛♥✉❧❛r ♦s ❝♦❡✜❝✐❡♥t❡s ❞♦s t❡r♠♦s ❧✐♥❡❛r❡s✱ ❛s ❝♦♦r❞❡♥❛❞❛s (p, q) ❞♦ ❝❡♥tr♦
s❛t✐s❢❛③❡♠

{

ap+ hq + g = 0
hp+ bq + f = 0.

✭✹✳✷✮

❙❡ g = f = 0✱ s✐❣♥✐✜❝❛ q✉❡ ❛ ♦r✐❣❡♠ é ♦ ❝❡♥tr♦ ❞❛ ❝ô♥✐❝❛ C✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❛
❝✉r✈❛ γ ♣♦ss✉✐ ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❧♦❝❛❧ ♥❛ ❢♦r♠❛

γ(t) = (t, αt2 + βt3 + · · · )
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♣ró①✐♠❛ ❞❛ ♦r✐❣❡♠✱ ❡ ♣♦❞❡♠♦s s✉♣♦r q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ α é ♣♦s✐t✐✈♦✳ ❈♦♠♦

γ′(t) = (1, 2αt+ 3βt2 + · · · ) ❡ γ′′(t) = (0, 2α + 6βt+ · · · ),

❡♥tã♦ ❛ ❝✉r✈❛t✉r❛ ❡✉❝❧✐❞✐❛♥❛ ❝❛❧❝✉❧❛❞❛ ♥❛ ♦r✐❣❡♠ é

κ(0) = −x′′(0)y′(0) + x′(0)y′′(0)

= 2α.

❱❛♠♦s ✉t✐❧✐③❛r ❛ ❉❡✜♥✐çã♦ ✶✳✶✻✱ ♣❛r❛ ❡♥❝♦♥tr❛r ❛ ❝ô♥✐❝❛ q✉❡ t❡♠ ❝♦♥t❛t♦ ❞❡
♦r❞❡♠ ✸ ❝♦♠ ❛ ❝✉r✈❛ γ ♥♦ ♣♦♥t♦ (0, 0) ❡ (X(t), Y (t))✳ ❈♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ ❞❡
❝♦♥t❛t♦

ϕ : I −→ R

t 7−→ ϕ(t) = C ◦ γ(t),
❞❛❞❛ ♣♦r

ϕ(t) = ϕ ◦ γ(t) = ax(t)2 + by(t)2 + 2hx(t)y(t) + 2gx(t) + 2fy(t) + c.

❆ss✐♠✱ C ❡ γ t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ♥❛ ♦r✐❣❡♠ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

ϕ(t0) = ϕ′(t0) = ϕ′′(t0) = 0 ❡ ϕ′′′(t0) 6= 0,

é ❡q✉✐✈❛❧❡♥t❡ ❛

c = 0

g = 0

a+ 2fα = 0.

❙❡ a = 0✱ ❡♥tã♦ ♣❡❧❛ ❡q✉❛çã♦ ❛❝✐♠❛ f = 0✱ ❡ ♣♦rt❛♥t♦ C é ✉♠❛ ❝ô♥✐❝❛ ❞❡❣❡♥❡r❛❞❛
❝♦♥s✐st✐♥❞♦ ❞♦ t❛♥❣❡♥t❡ ❡♠ γ ♥❛ ♦r✐❣❡♠ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❝♦r❞❛ q✉❡ ✉♥❡ ❛ ♦r✐❣❡♠
❛♦ ♣♦♥t♦ γ(t)✳ ❙❡ a 6= 0✱ ❡♥tã♦ ♣♦❞❡♠♦s t♦♠❛r a = 1✱ ❡ ❛ss✐♠ f é ❞❡t❡r♠✐♥❛❞❛
♣❡❧❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸✿

f = − 1

2α
= − 1

κ(0)
.

◆♦t❡ q✉❡ f < 0✱ q✉❛♥❞♦ ❛ss✉♠✐♠♦s ♦ α > 0✳

❊st❛♠♦s ✐♥t❡r❡ss❛❞♦ ♥♦ ♣r♦❝❡ss♦ ✐♥✈❡rs♦✱ ♦✉ s❡❥❛✱ ♥❛ ♦❜t❡♥çã♦ ❞♦s ❝♦❡✜❝✐❡♥t❡s
❞❡ C ❡♠ t❡r♠♦s ❞❡ p, q✱ ♣❛r❛ ❡♥❝♦♥tr❛r ❛ ❝ô♥✐❝❛ q✉❡ t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠
γ✳ ❘❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ✭✹✳✷✮✱ ♦❜t❡♠♦s

p = − fh

h2 − ab
, q =

af

h2 − ab
.

❙✉♣♦♥❞♦ a = 1✱ ❡♥tã♦

h = −p

q
, b =

qh2 − f

q
=

p2 − fq

q2
.
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▲♦❣♦ ❛ ❝ô♥✐❝❛ q✉❡ t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ ❛ ❝✉r✈❛ γ ♥❛ ♦r✐❣❡♠ t❡♠ ❛ s❡❣✉✐♥t❡
❢♦r♠❛✿

0 = x2 +

(

p2 − fq

q2

)

y2 − p

q
xy + 2fy

= q2x2 + (p2 − fq)y2 − 2pqxy + 2yfq2.

❙✉❜st✐t✉✐♥❞♦ x, y ♣❡❧❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ s❡❣✉♥❞♦ ♣♦♥t♦✱ ♦❜t❡♠♦s✿

q2X(t)2 + (p2 − fq)Y (t)2 − 2pqX(t)Y (t) + 2Y (t)fq2 = 0, ✭✹✳✸✮

❝♦rr❡s♣♦♥❞❡ ❛ ❝ô♥✐❝❛ C q✉❡ ♣❛ss❛ ❛tr❛✈és ❞♦ ♣♦♥t♦ (X(t), Y (t))✳ ❆ss✐♠✱ ♦❜t❡♠♦s
❛❧❣✉♠❛s ✐♥❢♦r♠❛çõ❡s ✐♠♣♦rt❛♥t❡s✿

❖❜s❡✈❛çã♦ ✹✳✸✳

✐✮ ❋✐①❛♥❞♦ ♦ ♣❛râ♠❡tr♦ t ♥❛ ❡q✉❛çã♦ ✹✳✸✱ ♦❜t❡♠♦s ✉♠❛ ❡q✉❛çã♦ ❞❡ ❣r❛✉ ✷
♥❛s ✈❛r✐á✈❡✐s p, q✱ ❡ ♣♦rt❛♥t♦ ♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞♦s ❝❡♥tr♦s (p, q) ❞❛s
❝ô♥✐❝❛s C t❡♥❞♦ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ ❛ ❝✉r✈❛ γ ❡♠ (0, 0) ❡ (X(t), Y (t))
é ❡①❛t❛♠❡♥t❡ ✉♠❛ ❝ô♥✐❝❛✳ ❱❛♠♦s ❞❡♥♦t❛r ❛ ❝ô♥✐❝❛ ✹✳✸ ♣❛r❛ ✉♠ t ✜①♦ ♣♦r
D(t)✱ ❡ ♦ ✈❛❧♦r ❞❡ ♣❛râ♠❡tr♦ t0 q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ♦r✐❣❡♠ ❡♠ γ✳

❆ ❝ô♥✐❝❛ ✹✳✸ ❝♦rr❡s♣♦♥❞❡ ❛ ❝ô♥✐❝❛ ❞❡❣❡♥❡r❛❞❛ C ❝♦♥s✐st✐♥❞♦ ♣❡❧❛ t❛♥❣❡♥t❡
❡♠ γ ♥❛ ♦r✐❣❡♠✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❝♦r❞❛ q✉❡ ✉♥❡ ❛ ♦r✐❣❡♠ ❛♦ ♣♦♥t♦ γ(t)✿
♦ ✧❝❡♥tr♦✧❞❡st❛ ❝ô♥✐❝❛ ❡stá ♥❛ ♦r✐❣❡♠ p = q = 0 ✭♣❛r❛ a = 0✱ t❡♠♦s f = 0✮✳

✐✐✮ ❈❛❧❝✉❧❛♥❞♦ ♦ ❞✐s❝r✐♠✐♥❛♥t❡ ❞❛ ❝ô♥✐❝❛✱ ♦❜t❡♠♦s

∆ = Y 2
(

X2 + 2Y f
)

− (−XY )2 = 2fY 3.

❈♦♠ f < 0 ❡ ❛ ❝✉r✈❛ γ ❡stá ❝♦♥t✐❞❛ ♥❛ r❡❣✐ã♦ y ≥ 0✱ t❡♠♦s q✉❡ ❛ ❝ô♥✐❝❛
D(t) é ✉♠❛ ❤✐♣ér❜♦❧❡✳

✐✐✐✮ P♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ✭✹✳✸✮ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

(pY − qX)2 = fqY (Y − 2q) .

❊♠ ❝♦♦r❞❡♥❛❞❛s p, q✱ t❡♠♦s✿

• pY − qX = 0 é ❛ ❡q✉❛çã♦ ❞❛ r❡t❛ L q✉❡ ✉♥❡ ❛ ♦r✐❣❡♠ ❛♦ ♣♦♥t♦
(X(t), Y (t))❀

• q = 0 é ❛ ❡q✉❛çã♦ ❞❛ t❛♥❣❡♥t❡ T ♥❛ ♦r✐❣❡♠❀

• 2q = Y (t) é ❡q✉❛çã♦ ❞❛ r❡t❛ M ♣❛r❛❧❡❧❛ ❛ T ♣❛ss❛♥❞♦ ❛tr❛✈és ❞♦ ♣♦♥t♦
♠é❞✐♦ ❞♦ s❡❣♠❡♥t♦ q✉❡ ✉♥❡ ❛ ♦r✐❣❡♠ ❛♦ ♣♦♥t♦ (X(t), Y (t))✳

❆ss✐♠✱ ❝♦♠ ✉♠❛ ❡s❝♦❧❤❛ ❞❛s ❡q✉❛çõ❡s ♣❛r❛ ❡st❛s r❡t❛s ✭♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r
❝♦♥st❛♥t❡s✮✱ ❛ ❝ô♥✐❝❛ D(t) ♣♦❞❡ s❡r ❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

(pY − qX)2 = fqY (Y − 2q) ,

q✉❡ ✈❛♠♦s ✐♥❞✐❝❛r ♣♦r✿ L2 = MT ✳
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✐✈✮ ❙✉❜st✐t✉✐♥❞♦ p = X/2 ❡ q = Y/2 ♥❛ ❡q✉❛çã♦ ✭✹✳✸✮✱ ♦❜t❡♠♦s

✘✘✘✘✘✘✘✘✘✿0
X2Y 2

2
− X2Y 2

2
+

✟
✟
✟
✟
✟
✟
✟✯
0

fY 3

2
− fY 3

2
= 0,

♦✉ s❡❥❛✱ ❛ ❝ô♥✐❝❛ D(t) ♣❛ss❛ ❛tr❛✈és ❞♦ ♣♦♥t♦ ♠é❞✐♦ ❞♦ s❡❣♠❡♥t♦ q✉❡ ✉♥❡ ❛
♦r✐❣❡♠ ❛♦ ♣♦♥t♦ (X(t), Y (t))✳ ❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ❞❛ r❡t❛ M ❡♠ ✭✹✳✸✮✱
✈❡♠♦s q✉❡ ❛ ❝ô♥✐❝❛ D(t) é t❛♥❣❡♥t❡ ❛ r❡t❛ M ♥❡st❡ ♣♦♥t♦✳ ▲♦❣♦ ✉♠ r❛♠♦
❞❛ ❤✐♣ér❜♦❧❡ t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ ❛ ❝✉r✈❛ γ ♥❛ ♦r✐❣❡♠✱ ❡ ♦ ♦✉tr♦
r❛♠♦ é t❛♥❣❡♥t❡ ❛ r❡t❛ M ♥♦ ♣♦♥t♦ L ∩M✳

❆ ❡q✉❛çã♦ ✭✹✳✸✮ é ✉♠❛ ❢❛♠í❧✐❛ ❛ ✶✲♣❛râ♠❡tr♦ ❞❡ ❝ô♥✐❝❛s✱ ❡♠ ❝♦♦r❞❡♥❛❞❛s
(p, q)✱ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ♣❛râ♠❡tr♦ t✱ ❛ss✐♠ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ❛ ❡♥✈♦❧✈❡♥t❡
❞❡st❛ ❢❛♠í❧✐❛ ❞❡ ❝ô♥✐❝❛s✱ ✉t✐❧✐③❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✷✾✱ q✉❡ ♥♦s ❞✐③ q✉❡ ❛ ❡♥✈♦❧✈❡♥t❡
❞❡st❛ ❢❛♠í❧✐❛ ❞❡ ❝ô♥✐❝❛s é ♦❜t✐❞❛ ♣♦r r❡s♦❧✈❡r ♦ s✐st❡♠❛

{

q2X2 + (p2 − fq)Y 2 − 2pqXY + 2Y fq2 = 0

q2XX ′ + (p2 − fq)Y Y ′ − pq (XY ′ +X ′Y ) + fq2Y ′ = 0.
✭✹✳✹✮

▼✉❧t✐♣❧✐❝❛♥❞♦ Y ′ ♣❡❧❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞♦ s✐st❡♠❛ ✭✹✳✹✮ ❡ s✉❜tr❛✐♥❞♦ ♣♦r Y
✈❡③❡s ❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞♦ s✐st❡♠❛ ✭✹✳✹✮✱ ♦❜té♠✲s❡

−pY (XY ′ −X ′Y ) + q (fY Y ′ +X (XY ′ −X ′Y )) = 0. ✭✹✳✺✮

◗✉❛♥❞♦ ❛ss✉♠✐♠♦s t 6= t0✱ ❞❡ ♠♦❞♦ q✉❡ Y 6= 0✱ ♣♦❞❡♠♦s r❡❝✉♣❡r❛r ❛ s❡❣✉♥❞❛
❡q✉❛çã♦ ❞♦ s✐st❡♠❛ ✭✹✳✹✮ ❛ ♣❛rt✐r ❞❛s ❡q✉❛çõ❡s ✭✹✳✻✮ ❡ ✭✹✳✺✮✳ ❙❡❣✉❡✲s❡ q✉❡ ♦ ♣♦♥t♦
❞❛ ❡♥✈♦❧✈❡♥t❡ ❞❛ ❢❛♠í❧✐❛ ❞❛s ❝ô♥✐❝❛s ✭✹✳✸✮✮ é ❛ ✐♥t❡rs❡❝çã♦ ú♥✐❝❛ ❞❡ ✭✹✳✸✮ ♣❛r❛ ✉♠
t ♣❛rt✐❝✉❧❛r ❝♦♠ ❛ ❡q✉❛çã♦ ❞❛ r❡t❛ ✭✹✳✺✮✱ ❞❡s❝♦♥s✐❞❡r❛♥❞♦ ❛ ✐♥t❡rs❡çã♦ ♥❛ ♦r✐❣❡♠
γ(t0)✳

❖❜s❡✈❛çã♦ ✹✳✹✳ ❆ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞♦ s✐st❡♠❛ ✭✹✳✹✮✱ é ❛ ♠❡s♠♦ q✉❡ ❛ ❝♦♥❞✐çã♦
❛❞✐❝✐♦♥❛❧ ♥❡❝❡ssár✐❛ ♣❛r❛ q✉❡ ❛ ❝ô♥✐❝❛ C s❡❥❛ t❛♥❣❡♥t❡ ❡♠ γ ♥♦ ♣♦♥t♦ (X, Y )✳
❆ss✐♠✱ ❛ ❡♥✈♦❧✈❡♥t❡ ❞❛ ❢❛♠í❧✐❛ ❞❡ ❝ô♥✐❝❛s ✭✹✳✸✮ é ♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞♦s ❝❡♥tr♦s
❞❛s ❝ô♥✐❝❛s C ❝♦♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ γ ♥❛ ♦r✐❣❡♠ ❡ t❛♥❣❡♥t❡ ❛ ❝✉r✈❛ γ ❡♠
♦✉tr♦ ♣♦♥t♦✳

✹✳✶✳✶ ❈♦♥t❛t♦ ❞✉♣❧♦ ❞❡ ♦r❞❡♠ ✸

❱❛♠♦s ❞❡r✐✈❛r ❛ ❝♦♥❞✐çã♦ ♣❛r❛ ❛ ❝ô♥✐❝❛ C t❡r ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ γ ❡♠
γ(t) ❡ ❡♠ γ(t0)✳ ■st♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐❢❡r❡♥❝✐❛r♠♦s ❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞♦ s✐st❡♠❛
✭✹✳✹✮ ♥♦✈❛♠❡♥t❡✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ♣♦♥t♦s ❞❡ r❡❣r❡ssã♦ s♦❜r❡ ❛ ❡♥✈♦❧✈❡♥t❡s ❞❛
❢❛♠í❧✐❛ ❞❡ ❝ô♥✐❝❛s ✭✹✳✸✮✱ t❡♠♦s✿























q2X2 + (p2 − fq)Y 2 − 2pqXY + 2Y fq2 = 0

q2XX ′ + (p2 − fq)Y Y ′ − pq (XY ′ +X ′Y ) + fq2Y ′ = 0.

q2 (X ′2 +XX ′′) + (p2 − fq) (Y ′2 + Y Y ′′) + fq2Y ′′−
−pq (2X ′Y ′ +X ′′Y +XY ′′) = 0
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❊①✐st❡♠ ♦✉tr❛s ❢♦r♠❛s ❞❡ ❝❛❧❝✉❧❛r ❛ ❝♦♥❞✐çã♦ ❡♠ t ✭❡ t0✮✳ ❯♠❛ ♠❛♥❡✐r❛ é
❞✐❢❡r❡♥❝✐❛r♠♦s ❛ ❡q✉❛çã♦ ✭✹✳✸✮ ♥♦✈❛♠❡♥t❡✱ ❡ ♣❛r❛ ♦❜t❡r ✉♠❛ s❡❣✉♥❞❛ r❡t❛ q✉❡
♣❛ss❛ ❛tr❛✈és ❞❛ ♦r✐❣❡♠ ❡ q✉❡ s❛t✐s❢❛③D(t) ♥❛ ✐♥t❡rs❡çã♦ ❞❡D(t) ❝♦♠ ❡st❛ s❡❣✉♥❞❛
❞❡r✐✈❛❞❛✳ ❙❡❣✉❡ q✉❡✿

p (−2XY Y ′2 −XY 2Y ′′ + 2X ′Y 2Y ′ +X ′′Y 3)
+ q (X2Y ′2 +X2Y Y ′′ + 2fY Y ′2 + fY 2Y ′′ −XX ′′Y 2 −X ′2Y 2) = 0.

❱❛♠♦s ❝❛❧❝✉❧❛r ❛ ❝♦♥❞✐çã♦ ♣❛r❛ q✉❡ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ❝♦✐♥❝✐❞❛ ❝♦♠ ❛ ❡q✉❛çã♦
✭✹✳✺✮✳ P❡❧❛ ❡q✉❛çã♦ ✭✹✳✺✮✱ t❡♠♦s✿

p =
q (fY Y ′ +X (XY ′ −X ′Y ))

Y (XY ′ −X ′Y )
.

❙✉❜st✐t✉✐♥❞♦ ❡st❡ ✈❛❧♦r ♥❛ ❡①♣r❡ssã♦ ❛❝✐♠❛✱ ♦❜t❡♠♦s

0 = q (fY Y ′ +X (XY ′ −X ′Y ))
(

−2XY Y ′2 −XY 2Y ′′ + 2X ′Y 2Y ′ +X ′′Y 3
)

+

+qY (XY ′ −X ′Y )
(

X2Y ′2 +X2Y Y ′′ + 2fY Y ′2 + fY 2Y ′′ −XX ′′Y 2
)

+

+qY (XY ′ −X ′Y )
(

−X ′2Y 2
)

.

❊❢❡t✉❛♥❞♦ ❛s ♠✉❧t✐♣❧✐❝❛çõ❡s ❛❝✐♠❛✱ t❡♠♦s

fY 3 (X ′′Y ′ −X ′Y ′′) = (XY ′ −X ′Y )
3
. ✭✹✳✻✮

❖❜s❡✈❛çã♦ ✹✳✺✳ ❖ ❝♦❡✜❝✐❡♥t❡ f ♥ã♦ ✐rá s❡r ✐❣✉❛❧ ❛ ③❡r♦✱ ❞❡s❞❡ q✉❡ t 6= t0✱
t❡♠♦s q✉❡ Y 6= 0 ❛ ❝✉r✈❛ ❡stá ❡♠ ✉♠ ❞♦s s❡♠✐✲♣❧❛♥♦ ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ r❡t❛ q✉❡ é
t❛♥❣❡♥t❡ ♥❛ ♦r✐❣❡♠✳ ❆ ❡①♣r❡ssã♦ X ′′Y ′−X ′Y ′′ 6= 0 é ❛ ❝✉r✈❛t✉r❛ q✉❡ é ❞✐❢❡r❡♥t❡
❞❡ ③❡r♦✳

✹✳✶✳✷ ❈♦♥s❡q✉ê♥❝✐❛s ❞❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t❛t♦ ❞✉♣❧♦ ❞❡ ♦r✲
❞❡♠ ✸

❱❛♠♦s ❛♣r❡s❡♥t❛r ❛❧❣✉♠❛s ❝♦♥s❡q✉ê♥❝✐❛s ✐♥t❡r❡ss❛♥t❡s ❞❛ ❝♦♥❞✐çã♦ ✭✹✳✻✮✱ q✉❡
❝♦rr❡s♣♦♥❞❡ ❛ ❝ô♥✐❝❛ C t❡r ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ γ(t0) ❡ γ(t)✳

❚❡♦r❡♠❛ ✹✳✻✳ ❆ ❝♦♥❞✐çã♦ ✭❡✉❝❧✐❞✐❛♥❛✮ ♣❛r❛ ❛ ❝ô♥✐❝❛ t❡r ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠
❛ ❝✉r✈❛ γ ❡♠ ❛♠❜♦s ♦s ♣♦♥t♦s γ(t0) ❡ γ(t) é

(

κ(t)

κ(t0)

) 1

3

=
❞✐stâ♥❝✐❛ ❞❡ γ(t0) ❛♦ t❛♥❣❡♥t❡ ❡♠ γ(t)

❞✐stâ♥❝✐❛ ❞❡ γ(t) ❛♦ t❛♥❣❡♥t❡ ❡♠ γ(t0)

❉❡♠♦♥str❛çã♦✳

❙✉♣♦♥❤❛ q✉❡ ♦ ♣❛râ♠❡tr♦ t ❞❛ ❝✉r✈❛ γ s❡❥❛ ♦ ♣❛râ♠❡tr♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✳
❆ ❞✐stâ♥❝✐❛ ♣❡r♣❡♥❞✐❝✉❧❛r ❞♦ ♣♦♥t♦ γ(t) ❛♦ t❛♥❣❡♥t❡ ❛ γ(t0) q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦
eixo x é Y ✱ ❡ ❛ ❞✐stâ♥❝✐❛ ♣❡r♣❡♥❞✐❝✉❧❛r ❞♦ ♣♦♥t♦ γ(t0) ♣❛r❛ ♦ t❛♥❣❡♥t❡ ❛ γ ❡♠
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γ(t) é XY ′ −X ′Y ✳ ▲♦❣♦✱ s✉❜st✐t✉✐♥❞♦ ❡ss❡s ✈❛❧♦r❡s ♥❛ ❡q✉❛çã♦ ✭✹✳✻✮ ❡ s❛❜❡♥❞♦
q✉❡ κ(t) = X”Y ′ −X ′Y ”✱ ✈❡♠♦s q✉❡✿

fY 3 (X ′′Y ′ −X ′Y ′′) = (XY ′ −X ′Y )3 .

⇒
(

1

κ(t0)

)1/3

κ(t)1/3 =
❞✐stâ♥❝✐❛ ❞❡ γ(t0) ❛♦ t❛♥❣❡♥t❡ ❡♠ γ(t)

❞✐stâ♥❝✐❛ ❞❡ γ(t) ❛♦ t❛♥❣❡♥t❡ ❡♠ γ(t0)

⇒
(

κ(t)

κ(t0)

) 1

3

=
❞✐stâ♥❝✐❛ ❞❡ γ(t0) ❛♦ t❛♥❣❡♥t❡ ❡♠ γ(t)

❞✐stâ♥❝✐❛ ❞❡ γ(t) ❛♦ t❛♥❣❡♥t❡ ❡♠ γ(t0)
.

�

❚❡♦r❡♠❛ ✹✳✼✳ ❙❡ é γ ✉♠❛ ❝ô♥✐❝❛✱ ❡♥tã♦ [γ(s)− γ(s0), γ
′(s) + γ′(s0)] = 0 é s❛✲

t✐s❢❡✐t❛ ♣❛r❛ ❞♦✐s ♣♦♥t♦s ♥❛ ❝✉r✈❛ γ✳

❉❡♠♦♥str❛çã♦✳

❱❛♠♦s ❛ss✉♠✐r q✉❡ ❛ ❝✉r✈❛ γ ❡st❡❥❛ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦
❛✜♠ s✳ ❙❡❥❛ γ(s0) ❡ γ(s1) ♣♦♥t♦s s♦❜r❡ ❛ ❝✉r✈❛ ❝♦♥s✐❞❡r❛❞❛✳ ◗✉❛♥❞♦

✶♦❝❛s♦✿ γ é ✉♠❛ ❡❧✐♣s❡

❉❡s❞❡ q✉❡ ❛s tr❛♥s❢♦r♠❛çõ❡s ❛✜♠ ♣r❡s❡r✈❛♠ ♣❛r❛❧❡❧✐s♠♦✱ s❡rá s✉✜❝✐❡♥t❡s
♠♦str❛r♠♦s ❛ ♣r♦✈❛ ♣❛r❛ ✉♠ ❝ír❝✉❧♦✳ ❉❡✈❡♠♦s ♣r♦✈❛r q✉❡ ❛ ❡q✉❛çã♦ ✭✹✳✼✮
é ✈❛❧✐❞❛ ♣❛r❛ q✉❛✐sq✉❡r ❞♦✐s ♣♦♥t♦s ❡♠ ✉♠ ❝ír❝✉❧♦✳

P♦❞❡♠♦s s❡❣✉✐r ❞✉❛s ❛❜♦r❞❛❣❡♥s ❞✐❢❡r❡♥t❡s ♣❛r❛ ❛ ♣r♦✈❛✱ ❝♦♠♦ s❡❣✉❡✿ ❆
♣r✐♠❡✐r❛ é ♠❛✐s ❣❡♦♠étr✐❝❛✿ ❉❡s❡♥❤❡ ❞♦✐s ✈❡t♦r❡s t❛♥❣❡♥t❡s ❡♠ ❞♦✐s ♣♦♥t♦s
❛r❜✐trár✐♦s ❞♦ ❝ír❝✉❧♦✳ ❖❜s❡r✈❡ q✉❡ ♦ s❡❣♠❡♥t♦ γ(s0) − γ(s1) é ♣❛r❛❧❡❧♦
γ′(s0) + γ′(s1)✳

❆ s❡❣✉♥❞❛ ❛❧t❡r♥❛t✐✈❛ é ❝♦♥s✐❞❡r❛r ❛ ♣❛r❛♠❡tr✐③❛çã♦ γ(s) = (cos s, sin s)
❝♦♠ ♦ ♣❛râ♠❡tr♦ s ∈ [0, 2π]✳ ❚❡♠♦s

[γ(s1)− γ(s0), γ
′(s1) + γ′(s0)] =

[

cos s0 − cos s1 −(sin s1 + sin s0)
sin s0 − sin s1 cos s1 + cos s0

]

= cos2 s0 − cos2 s1 + sin2 s0 − sin2 s1 = 0.

P♦rt❛♥t♦ ❛ ❡q✉❛çã♦ ✭✹✳✼✮ é s❛t✐s❢❡✐t❛ ♣❛r❛ ❞♦✐s ♣♦♥t♦s q✉❛✐sq✉❡r ♥♦ ❝ír❝✉❧♦
❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♣❛r❛ ❛ ❡❧✐♣s❡✳

✷♦❝❛s♦✿ γ é ✉♠❛ ♣❛rá❜♦❧❛

P❡❧♦ ❚❡♦r❡♠❛ ✶✳✻✷✱ t❡♠♦s q✉❡ ❛ ❝✉r✈❛t✉r❛ ❛✜♠ ❞❛ ♣❛rá❜♦❧❛ é ❝♦♥st❛♥t❡
✐❣✉❛❧ ❛ ③❡r♦✳ ❆ss✐♠✱ ❝♦♥s✐❞❡r❡♠♦s ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❛ ♣❛rá❜♦❧❛ ❞❛ s❡❣✉✐♥t❡
❢♦r♠❛

γ(s) =

(

a1s+ c1,
1

2
s2b1 + c2

)

.

▲♦❣♦✿

[γ(s1)− γ(s0), γ
′(s1) + γ′(s0)] =

[

a1(s0 − s1) 2a1
b1
2
(s20 − s21) b1(s1 + s0)

]

= 0.

P♦rt❛♥t♦✱ ❛ ❡q✉❛çã♦ ✭✹✳✼✮ é s❛t✐s❢❡✐t❛ ♣❛r❛ ❞♦✐s ♣♦♥t♦s q✉❛✐sq✉❡r ♥❛ ♣❛rá✲
❜♦❧❛✳
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✸♦❝❛s♦✿ γ é ✉♠❛ ❤✐♣ér❜♦❧❡

❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ♣❛r❛♠❡tr✐③❛çã♦ ❞❛ ❤✐♣ér❜♦❧❡

γ(s) =

(

a cosh

(

s
3
√
ab

)

,−b sinh

(

s
3
√
ab

))

,

❈❛❧❝✉❧❛♥❞♦ ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❛ ❡q✉❛çã♦ ✭✹✳✼✮✱ ✈❡♠♦s q✉❡✿











a

(

cosh
s0
3
√
ab

− cosh
s1
3
√
ab

)

a
3
√
ab

(

sinh
s0
3
√
ab

+ sinh
s1
3
√
ab

)

−b

(

sinh
s0
3
√
ab

− sinh
s1
3
√
ab

)

− b
3
√
ab

(

cosh
s0
3
√
ab

+ cosh
s1
3
√
ab

)











= 0.

P♦rt❛♥t♦✱ ❛ ❡q✉❛çã♦ ✭✹✳✼✮ é s❛t✐s❢❡✐t❛ ♣❛r❛ ❞♦✐s ♣♦♥t♦s q✉❛✐sq✉❡r ♥❛ ❤✐♣ér✲
❜♦❧❡✳

�

❚❡♦r❡♠❛ ✹✳✽ ✭❈♦♥❞✐çã♦ ❞♦ AESS✮✳ ❙❡❥❛ γ ✉♠❛ ❝✉r✈❛ ♦✈❛❧ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦
❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✳ ❆ ❝♦♥❞✐çã♦ ❛✜♠ ♣❛r❛ ❛ ❝ô♥✐❝❛ t❡r ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠
✸ ❝♦♠ γ ❡♠ ♣♦♥t♦s ❞✐st✐♥t♦s γ(s0) ❡ γ(s) é

[γ(s)− γ(s0), γ
′(s) + γ′(s0)] = 0 ✭✹✳✼✮

❉❡♠♦♥str❛çã♦✳

❱❛♠♦s ♠♦str❛r ❛ ❝♦♥❞✐çã♦ ❛✜♠ ♣❛r❛ ❛ ❝ô♥✐❝❛ t❡r ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠
γ ❡♠ γ(s) ❡ γ(s0) = (0, 0)✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ❝✉r✈❛ γ ❡st❡❥❛ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦
❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✳ ❯s❛r❡♠♦s ♦ ♣❛râ♠❡tr♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠ ds
❡♠ ✈❡③ ❞❡ ✉♠ ♣❛râ♠❡tr♦ t ❛r❜✐trár✐♦✳

❙❛❜❡♠♦s q✉❡ ❛ ❝♦♥❞✐çã♦ ♣❛r❛ ✉♠❛ ❝ô♥✐❝❛ t❡r ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ γ ❡♠
γ(s0) ❡ γ(s) é ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✹✳✻✮✳ ❚❡♠♦s t❛♠❜é♠ q✉❡ ❛ ❝♦♥❞✐çã♦ ♣❛r❛
❛ ❝ô♥✐❝❛ t❡r ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ γ(s0) é f = −1/κ(s0)✳ ▲♦❣♦ ✱ ✉s❛♥❞♦ ❛
❖❜s❡r✈❛çã♦ ✶✳✺✷✱ ✈❡♠♦s q✉❡

f = − 1

κ(s0)
= − 1

1

‖γ′(s0)‖3
= −‖γ′(s0)‖3 = −X ′(s0)

3.

❙✉❜st✐t✉✐♥❞♦ ♦ ✈❛❧♦r ❞❡ f ♥❛ ❡q✉❛çã♦ ✭✹✳✻✮✱ ✈❡♠♦s q✉❡✿

−X ′(s)Y (s) = X(s)Y ′(s)−X ′(s0)Y (s)

⇒ X ′(s0)Y (s) = X(s)Y ′(s)−X ′(s)Y (s),

⇒
∣

∣

∣

∣

X(s) X ′(s) +X ′(s0)
Y (s) Y ′(s) + Y ′(s0)

∣

∣

∣

∣

= 0,

❞❡s❞❡ q✉❡ Y ′(s0) = 0✱ ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦✳ �
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❆♦ s❡ ❛♥❛❧✐s❛r ❛ ❡str✉t✉r❛ ❧♦❝❛❧ ❞♦ AESS✱ ❝♦♠❡ç❛♠♦s ♣♦r ❛♥❛❧✐s❛r ♣❛r❡s ❞❡
♣♦♥t♦s ❞❡ ✉♠❛ ❞❛❞❛ ❝✉r✈❛ γ q✉❡ ❝♦♥tr✐❜✉❡♠ ♣❛r❛ AESS✱ ♦s ♣❛r❡s ❞❡ ✈❛❧♦r❡s ❞❡
♣❛râ♠❡tr♦s ♣❛r❛ ❡st❡s ♣♦♥t♦s é ❝❤❛♠❛❞♦ ❞❡ pre✲AESS✳ ❆ r❡❧❛çã♦ ✭✹✳✼✮ ❞❡✜♥❡
♦ pre✲AESS✱ ♦✉ s❡❥❛✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥♦ ❡s♣❛ç♦ ❞❡ ♣❛r❡s ❞❡ ♣❛râ♠❡tr♦s
(s0, s) ♣❛r❛ ♦s q✉❛✐s ❡①✐st❡ ✉♠❛ ❝ô♥✐❝❛ t❡♥❞♦ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ γ ❡♠ γ(s0)
❡ γ(s)✳

❆s ✜❣✉r❛s ❛❜❛✐①♦✱ ✐❧✉str❛♠ ❡①❡♠♣❧♦s ❞♦ AESS ♣❛r❛ ✉♠❛ ❝✉r✈❛ ♦✈❛❧✳

❋✐❣✉r❛ ✹✳✶✿ ❙✉♣❡r✐♦r pre✲AESS✳ ■♥❢❡r✐♦r✿ AESS

❋✐❣✉r❛ ✹✳✷✿ AESS ❥✉♥t♦ ❝♦♠ ❛ ❡✈♦❧✉t❛ ❛✜♠✱ q✉❡ é ♠♦str❛❞❛ ❡♠ ❝✐♥③❛✳ ❖s três
r❛♠♦s q✉❛s❡ r❡t❛ ❞♦ AESS ✐♥❞✐❝❛♠ três ❡✐①♦s ❞❡ s✐♠❡tr✐❛ ❛✜♠✳

❖❜s❡✈❛çã♦ ✹✳✾✳ ❆ ❝♦♥❞✐çã♦ ❞♦ AESS é ❡①❛t❛♠❡♥t❡ ❛♥á❧♦❣❛ ❛♦ ❝❛s♦ ❡✉❝❧✐❞✐❛♥♦✱
♦♥❞❡ ❛ ❝♦♥❞✐çã♦ ♣❛r❛ ✉♠ ❝ír❝✉❧♦ ❜✐t❛♥❣❡♥t❡ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ❛ ❡q✉❛çã♦ ✭✹✳✼✮
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✉s❛♥❞♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✱ t❛❧ q✉❡ γ′(s) + γ′(s0) é ❛♦ ❧♦♥❣♦ ❞❛ ❜✐ss❡tr✐③ ❞♦
â♥❣✉❧♦ ❢♦r♠❛❞♦ ♣❡❧❛s ❞✉❛s t❛♥❣❡♥t❡s ♦r✐❡♥t❛❞❛s ❞❛ ❝✉r✈❛ γ ❡♠ γ(s) ❡ γ(s0)✳

❯♠❛ ✐♠♣♦rt❛♥t❡ ❝♦♥s❡q✉ê♥❝✐❛ ❞❛ ❡q✉❛çã♦ ✭✹✳✻✮ é q✉❡ s❡♠♣r❡ ✐r❡♠♦s ❡♥❝♦♥tr❛r
✉♠❛ ❝ô♥✐❝❛ t❡♥❞♦ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ γ ❡♠ γ(t0) ❡ ❡♠ ♦✉tr♦ ♣♦♥t♦✳ ❉❡ ❢❛t♦✿
❡s❝r❡✈❡♥❞♦ ❛ ❝✉r✈❛ γ ❧♦❝❛❧♠❡♥t❡ ❝♦♠

γ(t) = (t, αt2 + βt3 + · · · )

❡ s✉❜st✐t✉✐♥❞♦ ♥❛ ❡q✉❛çã♦ ✭✹✳✻✮✱ ♦❜t❡♠♦s✿

−f(αt2 + βt3 + · · · )(2α + 6βt+ · · · ) = (αt2 + 2βt3 + · · · )3
⇒ f(α + βt+ · · · )3(2α + 2βt+ · · · ) = (α + 2βt+ · · · )3

❈❛❧❝✉❧❛♥❞♦ ♦ ❧✐♠✐t❡ ♣❛r❛ t 7−→ t0✱ ❡♥❝♦♥tr❛♠♦s

f = − 1

2α

❖❜s❡r✈❡ q✉❡ t❡♠♦s r❡❛❧♠❡♥t❡ ❡s❝♦❧❤✐❞♦ ♦ ❝♦❡✜❝✐❡♥t❡ f ❞❡ t❛❧ ♠♦❞♦ q✉❡ ❡st❡
♠❛♥té♠✱ ❛ ✜♠ ❞❡ ❢❛③❡r ❝♦♠ q✉❡ ❛ ❝ô♥✐❝❛ C t❡♥❤❛ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ γ ♥❛
♦r✐❣❡♠✳ ❆ss✐♠ ❛ ❡q✉❛çã♦ ✭✹✳✻✮ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ ✉♠❛ ❡q✉❛çã♦ ❞❡ t✱
t❡♥❞♦ ✉♠❛ s♦❧✉çã♦ ❡♠ t = t0✳ ◆❛ ✈❡r❞❛❞❡✱ ❤á ♣❡❧♦ ♠❡♥♦s✱ ✉♠❛ tr✐♣❧❛ ♥✉❧❛ ❡♠ t0✳
P❛r❛ ✈❡r♠♦s ✐ss♦✱ t♦♠❡♠♦s t0 = 0 ❡ ✉s❛♠♦s

X = t, Y = αt2 + βt3 + δt4 + . . . ,

♥❛ ❡q✉❛çã♦ ✭✹✳✻✮✱ ♦✉ s❡❥❛

−f(αt2 + βt3 + δt4 + · · · )(2α + 6βt+ 12δt2 + · · · ) = (αt2 + 2βt3 + 3δt4 + · · · )3
⇒ f(α + t(β + cδt+ · · · ))3(2α + t(6β + 12δt · · · ) = (α + t(2β + 3δt+ · · · )3

❊①♣❛♥❞✐♥❞♦ ❛s ♣♦tê♥❝✐❛s✱ ♦❜t❡♠♦s q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ t ❡♠ ❛♠❜♦s ♦s ❧❛❞♦s sã♦
6α2β✱ ❞❡ t2 sã♦ 12αβ2 + 9α2β✱ ♠❛s q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ t3 s❡❥❛♠ ♦s ♠❡s♠♦ ❡♠
❛♠❜♦s ❧❛❞♦s✱ ❞❡✈❡♠♦s t❡r α2δ − 3αβ deg+2β3 = 0 = 0

❙❡ ♣❛rt✐r♠♦s ❞♦ ♣r✐♥❝í♣✐♦ ❞❡ q✉❡ γ ♥ã♦ t❡♠ ✉♠ ♣♦♥t♦ s❡①tát✐❝♦ ❡♠ γ(t0)✱
❡♥tã♦ ✭✹✳✻✮ ♥♦s ❢♦r♥❡❝❡ ✉♠❛ ❢✉♥çã♦ ❞❡ t ♥✉♠❛ ♦✈❛❧ q✉❡ t❡♠ ❡①❛t❛♠❡♥t❡ ✉♠ ✵ ❞❡
♦r❞❡♠ ✸ ❡♠ t = t0✳ P♦r ❝♦♥s❡❣✉✐♥t❡✱ ❞❡✈❡ t❡r ♦✉tr♦ ③❡r♦ ❡♠ ♦✉tr♦ ❧✉❣❛r✳ ❆ss✐♠
t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✹✳✶✵✳ ❉❡s❞❡ q✉❡ ❛ ❝✉r✈❛ γ ♥ã♦ t❡♠ ✉♠ ♣♦♥t♦ s❡①tát✐❝♦ ❡♠ γ(t0)✱ ❤á
s❡♠♣r❡ ✉♠❛ ❝ô♥✐❝❛ ❝♦♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❡♠ γ(t0) ❡ ❡♠ ❛❧❣✉♠ ♦✉tr♦ ♣♦♥t♦
γ(t), t 6= t0✳ ❙❡ ❡①✐st❡ ✉♠ ♣♦♥t♦ s❡①tát✐❝♦ ❡♠ γ(t0)✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❝ô♥✐❝❛ ❝♦♠
❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✻ ❡♠ γ(t0)✱ ♦ q✉❛❧ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠ ❝❛s♦ ❧✐♠✐t❡
❞♦ ❝♦♥t❛t♦ ❞✉♣❧♦ ❞❡ ♦r❞❡♠ ✸✳

❉❡♠♦♥str❛çã♦✳
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❙✉♣♦♥❤❛♠♦s q✉❡ ❛ ❝✉r✈❛ γ ❡st❡❥❛ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦
❛✜♠✳ ❈♦♥s✐❞❡r❡♠♦s ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦

h : I −→ R

t 7−→ h(t) = [γ(t)− γ(t0), γ
′(s) + γ′(t0)] .

❱❛♠♦s ♠♦str❛r q✉❡ h ❛♣r❡s❡♥t❛ ✈❛❧♦r ✵ ❞❡ ♦r❞❡♠ ✹ ❡♠ t = t0✳ ❈♦♠ ❡❢❡✐t♦✱
❞❡r✐✈❛❞♦ h ❛té ❛ q✉❛rt❛ ♦r❞❡♠✱ ✈❡♠♦s q✉❡

h(t0) = [γ(t0)− γ(t0), γ
′(t) + γ′(t0)] = 0

h′(t0) = [γ′(t0), γ
′(t0)] + [γ(t0)− γ(t0), γ

′′(t0)] = 0

h′′(t0) = [γ′′(t0), γ
′(t0)] + [γ′(t0), γ

′′(t0)] + [γ(t0)− γ(t0), γ
′′′(t0)] = 0

h′′′(t0) = [γ′′′(t0), γ
′(t0)] + 2 [γ′(t0), γ

′′′(t0)] +
[

γ(t0)− γ(t0), γ
(4)(t0)

]

= 0

h(4)(t0) =
[

γ(4)(t0), γ
′(t0)

]

+ 2 [γ′′(t0), γ
′′′(t0)] + 3

[

γ′(t0), γ
(4)
]

+

+
[

γ(t0)− γ(t0), γ
5(t0)

]

= 0.

❖❜s❡r✈❡♠♦s q✉❡ ❛ ❞❡r✐✈❛❞❛ ❞❡ q✉✐♥t❛ ♦r❞❡♠ s❡rá ♥✉❧❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ µ′(t0) = 0
✭µ ❝✉r✈❛t✉r❛ ❛✜♠✮✳ ❉❡ ❢❛t♦✱ ❞❡r✐✈❛♥❞♦ h(4)✱ ❡ s✉❜st✐t✉✐♥❞♦

µ′(t) = [γ′′(t), γ′′′(t)] ❡
[

γ′(t), γ(5)(t)
]

= −2µ′(t) ✭✹✳✽✮

♥❛ ❞❡r✐✈❛❞❛✱ ♦❜t❡♠♦s

h(5)(t) =
[

γ(5)(t, γ′(t0))
]

− 3µ′(t) +
[

γ(s)− γ(t0)γ
(6)
]

▲♦❣♦✱

h(5)(t0) = 0 ⇐⇒ µ′(t0) = 0,

✐st♦ é s❡✱ ❡ s♦♠❡♥t❡ s❡✱ γ(t0) é ✉♠ ♣♦♥t♦ s❡①tát✐❝♦ ❞❛ ❝✉r✈❛ γ✳ ❉❡s❞❡ q✉❡ h é
♣❡r✐ó❞✐❝❛✱ ✐st♦ ♠♦str❛ q✉❡ ❤á ♣❡❧♦ ♠❡♥♦s ✉♠ ♦✉tr♦ ③❡r♦ q✉❛♥❞♦ µ′ 6= 0✳ �

❈❡♥tr♦ ❞❛ ❝ô♥✐❝❛ C ❞❡ ❝♦♥t❛t♦ ❞✉♣❧♦ ❞❡ ♦r❞❡♠ ✸

◗✉❡r❡♠♦s ❡♥❝♦♥tr❛r ♦ ❝❡♥tr♦ ❞❛ ❝ô♥✐❝❛ C q✉❡ t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠
❛ ❝✉r✈❛ γ ❡♠ γ(t0) ❡ γ(t)✳ P❛r❛ ✐ss♦✱ s✉♣♦♥❤❛♠♦s q✉❡ ❞♦✐s ♣♦♥t♦s ❞❛ ❝✉r✈❛ γ
s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ✭✹✳✼✮✳

P❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✹✱ ♦ ❝❡♥tr♦ ❞❛ ❝ô♥✐❝❛ s❡ ❡♥❝♦♥tr❛ ❛♦ ❧♦♥❣♦ ❞❛ r❡t❛✭✹✳✺✮ ❡
✈❡t♦r ❛♦ ❧♦♥❣♦ ❞❡st❛ r❡t❛ é

(fY Y ′ +X (X ′Y −XY ′) , Y (X ′Y −XY ′)) .

❱❛♠♦s ✉s❛r ❛q✉✐ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❛✜♠✳ P❡❧❛ ❡q✉❛çã♦ ✭✹✳✼✮✱ t❡♠♦s

f = −X ′(t0)
3 ❡ X ′(t0)Y (t) = X(t)Y ′(t)−X ′(t)Y (t),

❞❡ ♠♦❞♦ q✉❡ ♦ ✈❡t♦r ❛❝✐♠❛ é ♣❛r❛❧❡❧♦ ❛♦ ✈❡t♦r

(γ(t)− γ(t0))− [γ′(t0), γ
′(t)] γ′(t0),



✽✼ ✹✳✷✳ AESS ❈❖▼❖ ❊◆❱❖▲❱❊◆❚❊❙ ❉❊ ❘❊❚❆❙

♦♥❞❡ [γ′(t0), γ(t)] = X ′(t0)Y
′(t) ❞❡s❞❡ Y ′(t0) = 0✳ ❊st❡ ✈❡t♦r é ❛♦ ❧♦♥❣♦ ❞❛ r❡t❛

q✉❡ ✉♥❡ ♦ ♣♦♥t♦ γ(t0) ❛♦ ❝❡♥tr♦ ❞❛ ❝ô♥✐❝❛✱ ❡ ♦ ❝❡♥tr♦ ❞❛ ❝ô♥✐❝❛ ♣♦❞❡ s❡r ❡①♣r❡ss♦
♣♦r

{

c = γ(t0) + λ1 (γ(t)− γ(t0)− [γ′(t0), γ
′(t)] γ′(t0))

c = γ(t) + λ2 (γ(t0)− γ(t)− [γ′(t), γ′(t0)] γ
′(t))

✭✹✳✾✮

♣❛r❛ ♥ú♠❡r♦s r❡❛✐s λ1, λ2✳ ■❣✉❛❧❛♥❞♦ ❛s ❞✉❛s ❡①♣r❡ssõ❡s✱ t❡♠♦s

(λ1γ
′(t0) + λ2γ

′(t)) [γ′(t0, γ
′(t)] = (λ1 + λ2 − 1) (γ(t)− γ(t0)) . ✭✹✳✶✵✮

P❡❧❛ ❡q✉❛çã♦ ✭✹✳✼✮✱ ❡①✐st❡ ν t❛❧ q✉❡✿

γ(t)− γ(t0) = νγ′(t0) + γ′(t).

❈❛❧❝✉❧❛♥❞♦ ♦ ❞❡t❡r♠✐♥❛♥t❡ ♣♦r γ′(t0) + γ′(t) ❡♠ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❡q✉❛çã♦
✭✹✳✶✵✮✱ ♦❜t❡♠♦s✿

0 = [(λ1γ
′(t0) + λ2γ

′(t)) [γ′(t0, γ
′(t)] , γ′(t) + γ′(t0)]

= λ1 [γ
′(t0), γ

′(t)] + λ2 [γ
′(t), γ′(t0)]

= λ1 − λ2 ⇒ λ1 = λ2.

❆ss✐♠✱ ♣❡❧❛ ❡q✉❛çã♦ ❞♦ ❝❡♥tr♦ ✭✹✳✾✮ ♦ ✈❛❧♦r ❞❡ λ1 = λ2 é ❞❛❞♦ ♣♦r

(λ1γ
′(t0) + λ2γ

′(t)) [γ′(t0, γ
′(t)] = (λ1 + λ2 − 1) (γ(t)− γ(t0))

⇒ λ1(γ
′(t0) + γ′(t)) [γ′(t0), γ

′(t)] = (2λ1 − 1)(γ(t)− γ(t0))

⇒ λ1 =
γ(t)− γ(t0)

2(γ(t)− γ(t0))− (γ′(t0) + γ′(t)) [γ′(t0), γ′(t)]

⇒ λ1 =
1

2− ν [γ′(t0), γ′(t)]
.

P♦rt❛♥t♦✱ ♦ ❝❡♥tr♦ ❞❛ ❝ô♥✐❝❛ C ❝♦♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ γ ❡♠ γ(t0) ❡ γ(t)
é ❞❛❞♦ ♣♦r✿

γ(t0) +
(γ(t)− γ(t0)− [γ′(t0), γ

′(t)] γ′(t0))

2− ν [γ′(t0), γ′(t)]
.

❖❜s❡✈❛çã♦ ✹✳✶✶✳ ❙❡ ♦ ❞❡♥♦♠✐♥❛❞♦r ❞❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ é ♥✉❧♦✱ ❡♥tã♦ ❛ ❝ô♥✐❝❛
C é ✉♠❛ ♣❛rá❜♦❧❛✱ ❝♦♠ ❝❡♥tr♦ ♥♦ ✐♥✜♥✐t♦✳ ❆ ❞✉❛s r❡t❛s q✉❡ ♣❛ss❛♠ ❛tr❛✈és ❞❡
γ(t0) ❡ γ(t) ❞❡✈❡♠ t❛♠❜é♠ s❡r ♣❛r❛❧❡❧❛s✳

✹✳✷ AESS ❝♦♠♦ ❊♥✈♦❧✈❡♥t❡s ❞❡ ❘❡t❛s

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❞❡s❝r❡✈❡r ♦ AESS ❡♠ t❡r♠♦s ❞❡ ❡♥✈♦❧✈❡♥t❡s ❞❡ r❡t❛s
❡♠ ✈❡③ ❞❡ ❡♥✈♦❧✈❡♥t❡s ❞❡ ❝ô♥✐❝❛s ❝♦♠♦ ♠♦str❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✳ ❱❡r❡♠♦s q✉❡
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♦ AESS é ❛ ♣❛rt✐r ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❛ t❡♦r✐❛ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❞♦ ❞✉❛❧ ❞♦
❞✐s❝r✐♠✐♥❛♥t❡ ❛♦ ❝♦♥trár✐♦ ❞♦ ADSS q✉❡ é ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ❜✐❢✉r❝❛çã♦✳

❙❡❥❛♠ γ : [a, b] → R
2

t 7→ γ(t)
✉♠❛ ❝✉r✈❛ s✐♠♣❧❡s ❢❡❝❤❛❞❛ ❝♦♥✈❡①❛✱ ♣♦♥t♦s γ(t1), γ(t2)

❡ ❛ ❝ô♥✐❝❛ C ❞❛❞❛ ♣❡❧❛ ❉❡✜♥✐çã♦ ✶✳✶✽✳

❈♦♥s✐❞❡r❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡✱ ❝ô♥✐❝❛s C q✉❡ sã♦ t❛♥❣❡♥t❡s ❡♠ γ ♥❡st❡s ❞♦✐s ♣♦♥✲
t♦s✱ ❡st❛s ❢♦r♠❛♠ ✉♠ ❢❡✐①❡ ❞❡ ❝ô♥✐❝❛s✳ ❉❡ ❢❛t♦✱ s❡ T1 ❡ T2 sã♦ ❛s r❡t❛s t❛♥❣❡♥t❡s
❛ γ ❡♠ γ(t1) ❡ γ(t2) ❡ L é ❛ r❡t❛ q✉❡ ✉♥❡ ❡ss❡s ❞♦✐s ♣♦♥t♦s✱ ❡♥tã♦ ❝❛❞❛ ❝ô♥✐❝❛ ❞♦
❢❡✐①❡ é ❞❛❞❛ ♣♦r✿

T1T2 + λL2 = 0, λ ∈ R.

❖ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞♦s ❝❡♥tr♦s ❞❡st❛s ❝ô♥✐❝❛s é ❛ r❡t❛ M ♣❛ss❛♥❞♦ ❛tr❛✈és ❞❛
✐♥t❡rs❡çã♦ ❞❡ T1 ❡ T2 ❡ ❞♦ ♣♦♥t♦ ♠é❞✐♦ ❞❛ ❝♦r❞❛ q✉❡ ✉♥❡ γ(t1) ❛ γ(t2)✳ ❆ ✜❣✉r❛
✹✳✸ ❞á ✉♠❛ ✐❧✉str❛çã♦ ❞❡st❛s r❡t❛s✳

❖❜s❡✈❛çã♦ ✹✳✶✷✳ ❊①✐st❡ ✉♠❛ ♦✉tr♦ ❝♦♠♣♦♥❡♥t❡ ❞❡❣❡♥❡r❛❞♦ ❞♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦
❞♦s ❝❡♥tr♦s✱ ♦✉ s❡❥❛✱ ❛ r❡t❛ L✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ ♣❛r ❞❡ r❡t❛s L2 ❞♦ feixe✱ ❝✉❥♦
❝❡♥tr♦ é ✐♥❞❡t❡r♠✐♥❛❞♦ ❡♠ L✳

❋✐❣✉r❛ ✹✳✸✿ ❊①❡♠♣❧♦ ❞❛s r❡t❛s ✉s❛❞❛s ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞♦ AESS ❝♦♠♦ ❡♥✈♦❧✲
✈❡♥t❡ ❞❡ r❡t❛s

P❛r❛ ♠❡❞✐r♠♦s ♦ ❝♦♥t❛t♦ ❡♥tr❡ C ❡ γ ❡♠ γ(t1) = (X(t1), Y (t1)) ❡ γ(t2) =
(X(t2), Y (t2))✱ ✈❛♠♦s s✉❜st✐t✉✐r ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡st❡s ♣♦♥t♦s ♥❛ ❡q✉❛çã♦ ❞❛ ❝ô✲
♥✐❝❛✱ ♦✉ s❡❥❛

C(t1) := aX(t1)
2 + bY (t1)

2 + 2hX(t1)Y (t1) + 2gX(t1) + 2fY (t1) + c = 0

C(t2) := aX(t2)
2 + bY (t2)

2 + 2hX(t2)Y (t2) + 2gX(t2) + 2fY (t2) + c = 0

❆ ✜♠ ❞❡ ❞❡♥♦t❛r♠♦s ❛ ❝♦♥❞✐çã♦ ❞❡t❡r♠✐♥❛♥t❡ r❡s✉❧t❛♥t❡✱ ✐♥tr♦❞✉③✐♠♦s ❛❧❣✉✲
♠❛s ❛❜r❡✈✐❛çõ❡s✱ ♣❛r❛ ❡s❝r❡✈❡r ♦s r❡s✉❧t❛❞♦s ♠❛✐s t❛r❞❡ ❞❡ ❢♦r♠❛ s✉❝✐♥t❛✳ P♦r
C(t1) ❡s❝r❡✈❡♠♦s ♦ ✈❡t♦r

(

X2, Y 2, 2XY, 2X, 2Y, 1
)

,
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❛✈❛❧✐❛❞❛ ❡♠ t = t1✱ s❡♥❞♦ ✉♠ ✈❡t♦r ❡♠ R
6 t❛❧ q✉❡

C(t1) · (a, b, h, g, f, c)T = 0,

q✉❡ ♥♦s ❞á ❝♦♥❞✐çã♦ ♣❛r❛ q✉❡ ❛ ❝ô♥✐❝❛ C ♣❛ss❡ ❛tr❛✈és ❞♦ ♣♦♥t♦ (X(t1), Y (t1))✳
❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♦ ✈❡t♦r C(t2) é s✐♠✐❧❛r♠❡♥t❡ ❞❡✜♥✐❞♦✳ P♦r Ct(t) ❡s❝r❡✈❡♠♦s

(2XX ′, 2Y Y ′, 2 (X ′Y +XY ′) , 2X ′, 2Y ′, 0) ,

❛✈❛❧✐❛❞♦ ❡♠ t = t1✳ ❆ss✐♠

Ct(t1) · (a, b, h, g, f, c)T = 0

é ✉♠❛ ❝♦♥❞✐çã♦ ❛❞✐❝✐♦♥❛❧ ♣❛r❛ C s❡r t❛♥❣❡♥t❡ ❛ ❝✉r✈❛ γ ❡♠ (X(t1), Y (t1))✳ ❙✐♠✐✲
❧❛r♠❡♥t❡✱ ❛s ❡q✉❛çõ❡s

C(t2) · (a, b, h, g, f, c)T = 0

Ct(t2) · (a, b, h, g, f, c)T = 0

♥♦s ❞á ❛ ❝♦♥❞✐çã♦ ♣❛r❛ q✉❡ C s❡❥❛ t❛♥❣❡♥t❡ ❛ γ ❡♠ γ(t2)✳ ❚❛♠❜é♠ ✐♥tr♦❞✉③✐♠♦s
Cx(p, q) ❡ Cy(p, q) ♣❛r❛ ❞❡♥♦t❛r ♦s ✈❡t♦r❡s ♦❜t✐❞♦s ♣♦r ❞✐❢❡r❡♥❝✐❛r ❛ ❡q✉❛çã♦ ❞❛
❝ô♥✐❝❛ ❝♦♠ r❡s♣❡✐t♦ ❛ x ❡ y r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s✉❜st✐t✉✐♥❞♦ ♦s ✈❛❧♦r ❞❡ x, y ♣♦r
p, q✱ ♦✉ s❡❥❛✿

Cx(p, q) = (2p, 0, 2q, 2, 0, 0) ❡ Cy(p, q) = (0, 2q, 2p, 0, 2, 0, ).

❆s s❡✐s ❡q✉❛çõ❡s ❛❝✐♠❛ ♠❡♥❝✐♦♥❛s ♥♦s ❛ss❡❣✉r❛ q✉❡ ❛ ❝ô♥✐❝❛ C t❡rá ❝♦♥t❛t♦ ❞❡
♦r❞❡♠ ✷ ❝♦♠ γ ❡♠ γ(t1) ❡ γ(t2) ❡ ❛ ❝♦♥❞✐çã♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ q✉❡ ❞❡✈❡ ❡①✐st✐r ✉♠❛
❝ô♥✐❝❛ ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ✶✳✶✽ ✭❝♦❡✜❝✐❡♥t❡s ♥ã♦ t♦❞♦s ♥✉❧♦s✮ t❛♥❣❡♥t❡ ❛ ❝✉r✈❛ γ
❡♠ γ(t1) ❡ γ(t2) ❡ ❝♦♠ ♦ ❝❡♥tr♦ (p, q) é

G(t1t2, p, q) :=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

C(t1)
Ct(t1)
C(t2)
Ct(t2)
Cx(p, q)
Cy(pq)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= 0. ✭✹✳✶✶✮

❊st❛ ❡①♣r❡ssã♦ é ✉♠❛ ❡q✉❛çã♦ ❡♠ ❝♦♦r❞❡♥❛❞❛s (p, q)✱ ❞♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞♦s
❝❡♥tr♦s ❞❡ ❝ô♥✐❝❛s C✳ ❊s❝r❡✈❡♥❞♦

M(t1, t2, p, q) = 0 ❡ L, (t1, t2, p, q) = 0 ✭✹✳✶✷✮

s❡♥❞♦ ♣r✐♠❡✐r❛ ✉♠❛ ❡q✉❛çã♦ ❞❛ r❡t❛ M ✭✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ (p, q) ❝♦♠♦ ❝♦♦r❞❡✲
♥❛❞❛s ❛t✉❛✐s✮ ❡ L ❛ ❡q✉❛çã♦ ❞❛ ❝♦r❞❛ q✉❡ ✉♥❡♠ ♦s ♣♦♥t♦s γ(t1) ❡ γ(t2)✱ ❞❡✈❡♠♦s
t❡r q✉❡ ♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞♦s ❝❡♥tr♦s é

G = ML ✭✹✳✶✸✮

❙❡❥❛ G(t1, t2, p, q) = 0✱ t❛❧ q✉❡✱ (p, q) é ♦ ❝❡♥tr♦ ❞❛ ❝ô♥✐❝❛ t❛♥❣❡♥t❡ ❛ γ ❡♠
γ(t1) ❡ γ(t2)✳ ❈♦♥t❛♥t♦ q✉❡ (p, q) ♥ã♦ é ♦ ❝❡♥tr♦ ❞❛ ❝♦r❞❛✱ ♦♥❞❡ M s❛t✐s❢❛③ L✱
✐st♦ é✱ M∩L ✱ ♣♦❞❡♠♦s ❞❡❞✉③✐r q✉❡

L(t1, t2, p, q) 6= 0.
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❖❜s❡✈❛çã♦ ✹✳✶✸✳ ❖ ú♥✐❝♦ ❝❛s♦ q✉❡ ♥♦s ❞❛rá ✉♠ ♣r♦❜❧❡♠❛ é ♦ ❧✉❣❛r ♦♥❞❡ ❛s
t❛♥❣❡♥t❡s ❛ γ ❡♠ γ(t1) ❡ γ(t2) sã♦ ♣❛r❛❧❡❧❛s✱ ❞❡s❞❡ q✉❡ ♦s t❛♥❣❡♥t❡s ❛ ✉♠❛ ❝ô♥✐❝❛
❡♠ ❡①tr❡♠✐❞❛❞❡s ♦♣♦st❛s ❞♦ ❞✐â♠❡tr♦ sã♦ ♣❛r❛❧❡❧❛s

❚❡♠♦s t❛♠❜é♠ q✉❡ ♦s ③❡r♦s ❞❡ G ❝♦✐♥❝✐❞❡♠ ❝♦♠ ❛q✉❡❧❡s ❞❡ M ❡ ♦ ♠❡s♠♦
✈❛❧❡ ♣❛r❛ ❛s ❞❡r✐✈❛❞❛s✿ ♣♦r ❡①❡♠♣❧♦✱ ❝❛❧❝✉❧❛♥❞♦ ❛ ❞❡r✐✈❛❞❛ ❞❡ G ❡♠ ❢✉♥çã♦ ❞♦
♣❛râ♠❡tr♦ t✱ ✈❡♠♦s q✉❡

Gt = MtL+MLt,

t❛❧ q✉❡ G = Gt = 0 é ❡q✉✐✈❛❧❡♥t❡ ✭❧♦♥❣❡ ❞❡ L = 0✮ ❛ M = Mt = 0✳

❆ ❢✉♥çã♦ M ❞❡✜♥❡ ✉♠❛ ❢❛♠í❧✐❛ ❛ ✷✲♣❛râ♠❡tr♦ ❞❡ r❡t❛s ♥♦ ♣❧❛♥♦✱ ♣❛r❛♠❡✲
tr✐③❛❞❛ ♣♦r ♣❛r❡s ❞❡ ♣♦♥t♦s ❞✐st✐♥t♦s ❞❡ γ✳ P♦❞❡♠♦s ♣❡r❣✉♥t❛r s❡✿ M ♣♦❞❡ s❡r
❡st❡♥❞✐❞❛ ❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡ ♣❛r❛ t♦❞♦s ♦s ♣❛r❡s ❞❡ ♣♦♥t♦s ❞❡ γ ❄✳

❆ r❡s♣♦st❛ é s✐♠✱ ❞❡s❞❡ q✉❡ s❡ ❞❡✜♥❡ M(t, t, p, q) é ✉♠❛ ❡q✉❛çã♦ ❞♦ ♥♦r♠❛❧
❛✜♠ ❛ γ ❡♠ γ(t)✳ ❆ r❛③ã♦ ❣❡♦♠étr✐❝❛ ♣❛r❛ ✐ss♦ é ♦ s❡❣✉✐♥t❡✿

P❛r❛ t1, t2 ✜①♦✱ ❛ r❡t❛ M é ♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞❡ ❝❡♥tr♦s ❞❡ ❝ô♥✐❝❛s t❡♥❞♦
✭♣❡❧♦ ♠❡♥♦s✮ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✷ ❝♦♠ γ ❡♠ γ(t1) ❡ γ(t2)✳ ◗✉❛♥❞♦ t2 −→ t1
✐r❡♠♦s ♦❜t❡r ♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞❡ ❝❡♥tr♦s ❞❡ ❝ô♥✐❝❛s t❡♥❞♦ ♣❡❧♦ ♠❡♥♦s ❝♦♥t❛t♦
❞❡ ♦r❞❡♠ ✹ ❝♦♠ γ ❡♠ γ(t1)✱ q✉❡ é ♦ ♥♦r♠❛❧ ❛✜♠ ♥❡st❡ ♣♦♥t♦✳ ◆❛ ✈❡r❞❛❞❡ M ❞á
♦r✐❣❡♠ ❛ s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦

B : γ × γ −→ DL,

✱ ♦♥❞❡ B é ✉♠❛ r❡t❛ ❝✉❥❛ ❡q✉❛çã♦ ❡♠ ❝♦♦r❞❡♥❛❞❛s ❛t✉❛✐s (p, q) éM(t1, t2, p, q) = 0
❡ DL ♦ ♣❧❛♥♦ ❞✉❛❧ ♦✉ ♦ ❝♦♥❥✉♥t♦ ❞❡ r❡t❛s ♥♦ ♣❧❛♥♦ ♦r❞✐♥ár✐♦ R

2✳

❱❛♠♦s ❝♦♥s✐❞❡r❛r B ♦✉ M ❝♦♠♦ ❛ ❞❡✜♥✐çã♦ ❞❡ ❞✉❛s ❡♥✈♦❧✈❡♥t❡s ❞❡ r❡t❛s✱
✉♠ ♣♦r ✜①❛♥❞♦ t1 ❡ ❛ ♦✉tr❛ ♣♦r ✜①❛♥❞♦ t2✳ ❱❛♠♦s ✉s❛r ❛ ❢✉♥çã♦ G ♣❛r❛ ♠❡❞✐r
♦ ❝♦♥t❛t♦ ❡♥tr❡ ❛ ❝ô♥✐❝❛ C ❡ γ ❡ ✉s❛r ❛ r❡❧❛çã♦ G = ML, ♣❛r❛ ❝♦♠♣❛r❛r ❡st❡
❝♦♥t❛t♦ ❝♦♠ ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❞✉❛s ❡♥✈♦❧✈❡♥t❡s✳

❆♣r❡s❡♥t❛♠♦s ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❛❜❛✐①♦✱ ❡ ❧♦❣♦ ❛♣ós✱ ❡s❜♦ç❛♠♦s ♦ ♠é✲
t♦❞♦ ❞❛ ❞❡♠♦♥str❛çã♦✱ ♦ q✉❡ ❡q✉✐✈❛❧❡ ❛♣❡♥❛s ♣♦r ❞✐❢❡r❡♥❝✐❛r ❛s ❢✉♥çõ❡s G ❡ M
s✉❝❡ss✐✈❛♠❡♥t❡✳

❉❡✜♥✐♠♦s ♦ AESS ❞❛ ❝✉r✈❛ γ ❝♦♠♦ ♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞❡ ❝❡♥tr♦s ❞❡ ❝ô♥✐❝❛s
q✉❡ t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ γ ❡♠ ❞♦✐s ❞✐❢❡r❡♥t❡s ❧✉❣❛r❡s ✭♦✉ ♥♦ ❧✐♠✐t❡✱
♦s ❝❡♥tr♦s ❞❡ ❝ô♥✐❝❛s s❡①tát✐❝♦s✮✳ ❆ ❝ô♥✐❝❛ C ❝♦♥s✐❞❡r❛❞❛ ❛q✉✐ s❡rá ✉♠❛ ❝ô♥✐❝❛
t❛♥❣❡♥t❡ γ ❡♠ γ(t1) ❡ γ(t2)✱ ❡ ❝♦♠ ❝❡♥tr♦ (p, q)✳

❱❛♠♦s ❡♥❝♦♥tr❛r ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❞❛ ❡♥✈♦❧✈❡♥t❡ ❛✜♠ ♣♦r ♠❡✐♦
❞❡ ❡♥✈♦❧✈❡♥t❡ ❞❡ r❡t❛s✳

❚❡♦r❡♠❛ ✹✳✶✹✳ ❙❡❥❛♠ M,G ❡ B ❝♦♠♦ ❞❡✜♥✐❞♦s ❡♠ ♥❛ s❡çã♦ ✹✳✷✱ t❡♠♦s✿

✭✶✮ ❈♦♥s✐❞❡r❡ ❛ ❢❛♠í❧✐❛ ❛ ✶✲♣❛râ♠❡tr♦ ❞❡ r❡t❛s M(t1, t2, p, q) = 0 ♦♥❞❡ t2 é ✜①♦✳
❯♠ ♣♦♥t♦ (p, q) ♣❡rt❡♥❝❡ ❛ ❡♥✈♦❧✈❡♥t❡ ❞❡st❛ ❢❛♠í❧✐❛ ❞❡ r❡t❛s s❡✱ ❡ s♦♠❡♥t❡
s❡✱ ❛ ❝ô♥✐❝❛ C t❡♠ ✭♣❡❧♦ ♠❡♥♦s✮ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ ❛ ❝✉r✈❛ γ ❡♠
γ(t1)✳
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✭✷✮ ❋✐①❛♥❞♦ t2, p, q✱ ❛ ❢✉♥çã♦ G é ♥✉❧❛ ❡ t❡♠ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ t✐♣♦ Ak ❡♠ t1 s❡✱
❡ s♦♠❡♥t❡ s❡✱ ❛ ❝ô♥✐❝❛ C t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ k + 2 ❝♦♠ γ ❡♠ γ(t1)✳ ❖
r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r é ♦ ❝❛s♦ ❡♠ q✉❡ k = 1 ♥❡st❡✳ ❆s ❢✉♥çõ❡s G ❡ M ♣♦ss✉❡♠
♦ ♠❡s♠♦ t✐♣♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡s❞❡ q✉❡ (p, q) ♥ã♦ ❡stá ♥❛ r❡t❛ L✳

✭✸✮ ❖ ♣♦♥t♦ (t1, t2) é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ B s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❤♦✉✈❡r ✉♠❛ ❝ô♥✐❝❛
❝♦♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❡♠ ❛♠❜♦s γ(t1) ❡ γ(t2)✳

✭✹✮ ❊♠ ♣♦♥t♦s ♦♥❞❡ M =
∂M
∂t1

=
∂M
∂t2

= 0✱ t❡♠♦s
∂2M
∂t1∂t2

= 0✳ ✭◆ã♦ é ♦❜✈✐♦

♣❛r❛ ♥ós✱ ♦ q✉❡ ❡st❛ ❝♦♥❞✐çã♦ s✐❣♥✐✜❝❛ ❣❡♦♠❡tr✐❝❛♠❡♥t❡✮✳

✭✺✮ ❆ r❡t❛ M é t❛♥❣❡♥t❡ ❛♦ AESS✱ q✉❛♥❞♦ ❡①✐st❡ ✉♠❛ ❝ô♥✐❝❛ C t❡♥❞♦ ❝♦♥t❛t♦
❞❡ ♦r❞❡♠ ✸ ❝♦♠ γ ❡♠ γ(t1) ❡ γ(t2)✳ ■ss♦ ❞✐③ q✉❡ ♦ t❛♥❣❡♥t❡ ❛♦ AESS ♣❛ss❛
❛tr❛✈és ❞♦ ♣♦♥t♦ ♠é❞✐♦ ❞♦ s❡❣♠❡♥t♦ q✉❡ ✉♥❡ ❞♦✐s ♣♦♥t♦s ❞❡ γ ❡ ❛tr❛✈és ❞❛
✐♥t❡rs❡çã♦ ❞♦s t❛♥❣❡♥t❡s ❛ γ ♥❡st❡ ❞♦✐s ♣♦♥t♦s✳

❉❡ ✉♠❛ ♠❛♥❡✐r❛ ♠❛✐s ❢♦r♠❛❧✿ ❆ ✐♠❛❣❡♠ ❞♦ ❝♦♥❥✉♥t♦ ❝rít✐❝♦ ❞❡ B é ♦
❝♦♥❥✉♥t♦ ❞❛s r❡t❛s t❛♥❣❡♥t❡s ❛♦ AESS ❞❡ γ✱ q✉❡ é ♦ ❞✉❛❧ ❛♦ AESS ❞❡ γ✳
❊st❡ é ❝♦♠♣❧❡t❛♠❡♥t❡ ❛♥á❧♦❣♦ ❛ s✐t✉❛çã♦ ❡st✉❞❛❞❛ ❡♠ ❬✶✾❪✳

✭✻✮ ❙❡ ❛ ❝ô♥✐❝❛ C t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ k ✭k ≥ 4✮ ❝♦♠ γ ❡♠ γ(t1)✱ ❡♥tã♦ ♦ ❞✉❛❧
❞♦ AESS ❞❡ γ t❡♠ ✉♠❛ ✐♥✢❡①ã♦ ❞❡ ♦r❞❡♠ k− 3✳ ❯♠❛ ✐♥✢❡①ã♦ ❞❡ ♦r❞❡♠ ✶
é ✉♠❛ ✐♥✢❡①ã♦ ♦r❞✐♥ár✐❛✲❝♦rr❡s♣♦♥❞❡ ❛♦ ✉♠❛ ❝ús♣✐❞❡ ♦r❞✐♥ár✐❛ ♥♦ AESS✱
❡ s✉r❣❡ q✉❛♥❞♦ ❛ ❝ô♥✐❝❛ C t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✹✳

Pr❡❧✐♠✐♥❛r❡s à ❉❡♠♦♥str❛çã♦✿

❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ✜①❡♠♦s ♦ ♣♦♥t♦ γ(t2) ♥❛ ♦r✐❣❡♠ ❡ ❝♦♥s✐❞❡r❡♠♦s
♦ t❛♥❣❡♥t❡ s❡r ♦ eixo x✱ ❡ ♦ ♦✉tr♦ ♣♦♥t♦ γ(t1) s❡r ♦ ♣♦♥t♦ γ(t) ✭r❡♥♦♠❡❛♥❞♦ t1
♣♦r t✮✳ ❙❡❣✉❡ q✉❡ ❛ ❝ô♥✐❝❛ C t❡ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ax2 + by2 + 2hxy + 2fy = 0,

❝♦♠ q✉❛tr♦ ❝♦❡✜❝✐❡♥t❡s✭❤♦♠♦❣ê♥❡♦s✮✳

❙❛❜❡♠♦s q✉❡ ❛ r❡t❛ M ♣❛ss❛ ❛tr❛✈és ❞♦ ♣♦♥t♦ ♠é❞✐♦ ❞❛ ❝♦r❞❛ q✉❡ ✉♥❡ γ(t2)
❛ γ(t) ❡ ❞♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦ ❞♦ eixo x ❝♦♠ ❛ r❡t❛ t❛♥❣❡♥t❡ ♥♦ ♣♦♥t♦ γ(t) ❡
q✉❡ G s❡rá ❞❛❞❛ ❛❣♦r❛ ♣❡❧♦ ❞❡t❡r♠✐♥❛♥t❡ 4× 4

G(t, p, q) :=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

C(t)

Ct(t)

Cx(p, q)

Cy(p, q)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. ✭✹✳✶✹✮

t❛❧ q✉❡✱ ❡♠ ❝♦♦r❞❡♥❛❞❛s (p, q)✱ G = 0 é ❛ ❡q✉❛çã♦ ❞♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞❡ ❝❡♥tr♦s
❞❡ ❝ô♥✐❝❛s t❛♥❣❡♥t❡ ❛ γ ❡♠ γ(t) ❡ t❛♥❣❡♥t❡ ❛♦ eixo x ♥❛ ♦r✐❣❡♠✳ ❊s❝r❡✈❡♥❞♦
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γ(t) = (X(t), Y (t))✱ ❛ ❡q✉❛çã♦ ❞❛ r❡t❛ L é ❞❛❞❛ ♣♦r Xq−Y p ❡ ♣♦rt❛♥t♦ ❞❡✈❡♠♦s
t❡r q✉❡ ♦ ❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞♦s ❝❡♥tr♦ é

G = ML
= M (X(t)q − Y (t)p) ✭✹✳✶✺✮

♣❛r❛ ✉♠❛ ❡q✉❛çã♦ ❛❞❡q✉❛❞❛ M = 0 ❞❛ r❡t❛ M✳ ❈♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ✐r❡♠♦s
✉s❛r ❛s s❡❣✉✐♥t❡s ♥♦t❛çõ❡s✿

C(t) :=
(

X2, Y 2, 2XY, 2Y
)

Ct(t) := (2XX ′, 2Y Y ′, 2X ′Y + 2XY ′, 2Y ′)

Cx(p, q) := (2p, 0, 2q, 0)

Cy(p, q) := (0, 2q, 2p, 2)

❖❜s❡✈❛çã♦ ✹✳✶✺✳ ❱❛♠♦s ❛ss✉♠✐r q✉❡ ♦ s❡❣✉♥❞♦ ❢❛t♦r ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ é ♥ã♦
♥✉❧♦✱ ✐st♦ é q✉❡ ♦ ♣♦♥t♦ (p, q) ♥ã♦ é ♦ ♣♦♥t♦ ♠é❞✐♦ ❞♦ s❡❣♠❡♥t♦✱ ♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡
❛ ❞✐③❡r q✉❡ ♦ t❛♥❣❡♥t❡ ❛ γ ❡♠ γ(t) ♥ã♦ é ♣❛r❛❧❡❧♦ ❛♦ eixo x✳ ❊♥tã♦ G ❡ ❛ ♣r✐♠❡✐r❛
k ❞❡r✐✈❛❞❛s ❝♦♠ r❡s♣❡✐t♦ ❛♦ ♣❛râ♠❡tr♦ t s❡ ❛♥✉❧❛ ❡♠ (t, p, q) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦
♠❡s♠♦ s❡ ❛♣❧✐❝❛ ❛ M✱ ♦✉ s❡❥❛

G = 0 ⇔ M (Xq − Y p) = 0 ⇔ M = 0
Gt = 0 ⇔ Mt (Xq − Y p) +M (X ′q − Y ′p) = 0 ⇔ Mt = 0

❊sq✉❡♠❛ ❞❛ ❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✶✹

✭✶✮ P❡❧❛ ♦❜s❡r✈❛çã♦ ❛❝✐♠❛✱ ✈❛♠♦s ❝♦♥❡❝t❛r ♦ ♥ú♠❡r♦ ❞❡ ❞❡r✐✈❛❞❛s ❞❡ G q✉❡ s❡
❛♥✉❧❛♠ ❝♦♠ ❛ ♦r❞❡♠ ❞❡ ❝♦♥t❛t♦ ❞❛ ❝ô♥✐❝❛ C ❝♦♠ γ ❡♠ γ(t) ❡ ❛ss✐♠ ✱✐r❡♠♦s
❝♦♥❝❧✉✐r q✉❡ s❡ ❛♣❧✐❝❛ ❛ M
❆ ❡♥✈♦❧✈❡♥t❡ ❞❛ ❢❛♠í❧✐❛ ❞❡ r❡t❛s M(t1, t2, p, q) = 0 é ❞❛❞❛ ♣♦r r❡s♦❧✈❡r ♦
s✐st❡♠❛

{ M(t, t2, p, q) = 0
∂M
∂t

(t, t2, p, q) = 0
✭✹✳✶✻✮

❉❡r✐✈❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✶✹✮✱ ♦❜t❡♠♦s

∂G
∂t

(t, p, q) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

Ct(t)
Ct(t)

Cx(p, q)
Cy(p, q)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

C(t)
Ctt(t)
Cx(p, q)
Cy(p, q)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

C(t)
Ctt(t)
Cx(p, q)
Cy(p, q)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. ✭✹✳✶✼✮

❙✉♣♦♥❤❛♠♦s q✉❡ G(t, p, q) = ∂G
∂t

(t, p, q) = 0✱ ❡♥tã♦✿

• G = 0 → Ct(t) é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ✈❡t♦r❡s ❧✐♥❡❛r♠❡♥t❡
✐♥❞❡♣❡♥❞❡♥t❡s C(t), Cx(p, q) ❡ Cy(p, q) ✭❡q✉❛çã♦ ✭✹✳✶✹✮✮✳
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• Gt = 0 → Ctt é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ C(t), Cx(p, q) ❡ Cy(p, q)
✭❡q✉❛çã♦ ✭✹✳✶✼✮✮✳

❆ss✐♠ ❛ ❝♦♥❞✐çã♦ ♣❛r❛ C t❡r ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ γ ❡♠ γ(t) é q✉❡

C = Ct = Ctt = 0,

♦✉ s❡❥❛✱ ❛ ♠❛tr✐③












C(t)

Ct(t)

Ctt(t)

Cx(p, q)

Cy(p, q)













=













X2 Y 2 2XY 2Y

2XX′ 2Y Y ′ 2 (X′Y +XY ′) 2Y ′

2
(

X′2 + 2XX′′
)

2
(

Y ′2 + Y Y ′′
)

2 (X′′Y + 2X′Y ′ +XY ′′) 2Y ′′

p 0 q 0

0 q p 2













t❡♠ ♣♦st♦ < 4✳ ❖❜s❡r✈❡♠♦s q✉❡ ❛s três ❧✐♥❤❛s ❞❛ ♠❛tr✐③ ❛❝✐♠❛ sã♦ ❧✐♥❡❛r✲
♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❛ ♠❡♥♦s q✉❡ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s s✐t✉❛çõ❡s ♦❝♦rr❛♠✿

✐✮ p = q = 0✿ ♦ ❝❡♥tr♦ ❞❛ ❝ô♥✐❝❛ C ❡stá ❡♠ ✉♠ ♣♦♥t♦ ✜①♦ ❞❡ γ✳ ❊st❡ é
❡①❝❧✉í❞♦✱ ♣♦rq✉❡ ❛ss✉♠✐♠♦s q✉❡ ♦ ❝❡♥tr♦ ❡stá ❡♠ M✳

✐✐✮ Y = q = 0✿ ❡st❡ é ❝❡rt❛♠❡♥t❡ ❡①❝❧✉í❞♦ ♣♦r γ ♣♦r s❡r ✉♠❛ ♦✈❛❧✱ ✉♠❛
✈❡③ q✉❡ ♦ ú♥✐❝♦ ♣♦♥t♦ ❞❡ γ ♥♦ eixo x s❡rá ❛ ♦r✐❣❡♠✳

✐✐✐✮ X = Y = 0✿ ❡ss❡ ♣♦♥t♦ é ❡①❝❧✉í❞♦✱ ♣♦rq✉❡ γ(t) ♥ã♦ é ❛ ♦r✐❣❡♠✳

✐✈✮ (p, q) =

(

X

2
,
Y

2

)

✿ ♦ ❝❡♥tr♦ ❞❛ ❝ô♥✐❝❛ C ❡stá ♥♦ ♣♦♥t♦ ♠é❞✐♦ ❞♦ s❡❣✲

♠❡♥t♦✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ♦ t❛♥❣❡♥t❡ ❞❡ γ ❡♠ γ(t) é ♣❛r❛❧❡❧♦ ❛♦ t❛♥❣❡♥t❡
♥❛ ♦r✐❣❡♠✳ ❊①❝❧✉í♠♦s ❡st❡ ❝❛s♦ ❛❝✐♠❛✳

P♦rt❛♥t♦ ❛ ♠❛tr✐③ t❡♠ ♣♦st♦ ✸✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ❛ ❝ô♥✐❝❛ t❡♠ ❝♦♥t❛t♦ ❞❡
♦r❞❡♠ ✸ ❝♦♠ γ ❡♠ γ(t) q✉❛♥❞♦

G =
∂G
∂t

= 0.

♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ M(t, t2, p, q) =
∂M
∂t

(t, t2, p, q) = 0✱

✭✷✮ ❙❡❣✉❡ r❡♣❡t✐♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❞♦ ✐t❡♠ ✭✶✮ ❝♦♠ ♠❛✐s ❞❡r✐✈❛❞❛s ❞❡ G✳

✭✸✮ ❉✐③❡r q✉❡ (t1, t2) é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ B é ❡q✉✐✈❛❧❡♥t❡ ❞✐③❡r q✉❡ (p, q) é ✉♠
♣♦♥t♦ ❞❛ ❡♥✈♦❧✈❡♥t❡ ❞❡ ❛♠❜❛s ❛s ❢❛♠í❧✐❛s ❞❡ r❡t❛s ❞❛❞❛ ♣♦r M✱ ♠❛♥t❡♥❞♦
t1 ❝♦♥st❛♥t❡ ❛ss✐♠ ❝♦♠♦ t2✱ ♦✉ s❡❥❛

(t1, t2) t❛❧ q✉❡ M =
∂M
∂t1

=
∂M
∂t2

= 0 ♣❛r❛ ❛❧❣✉♠ p, q.

P♦rt❛♥t♦✱ ♣❡❧♦ ✐t❡♠ ✭✶✮ ❛ ❝ô♥✐❝❛ C t❡♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❝♦♠ γ ❡♠ γ(t1)
❡ t❛♠❜é♠ ❡♠ γ(t2)✳

✭✹✮ ❙❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ❞♦s ✐t❡♠ ✭✶✮✱✭✷✮✱✭✸✮✱ ♠❛s ✉t✐❧✐③❛♥❞♦ ❛ ❢♦r♠❛ ❣❡r❛❧
❞❡ G ❡♠ ✭✹✳✶✶✮✳
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✭✺✮ ❉❡❝♦rr❡ ❞♦ ❢❛t♦ ❞❡ q✉❡✱ ♦ ❝♦♥❥✉♥t♦ ❝rít✐❝♦ ❞❡ B é ♦ ❝♦♥❥✉♥t♦

(t1, t2) t❛❧ q✉❡ M =
∂M
∂t1

=
∂M
∂t2

= 0 ♣❛r❛ ❛❧❣✉♠ p, q.

❈♦♥s✐❞❡r❡ ♦ ❢❛t♦ ❞♦ ❝♦♥❥✉♥t♦ S ❝♦♥s✐st✐♥❞♦ ❞❡ ♣♦♥t♦s

(t1, t2, p, q) t❛❧ q✉❡ M =
∂M
∂t1

=
∂M
∂t2

= 0.

❖ AESS é ❛ ♣r♦❥❡çã♦ ❞❡ss❡ ❝♦♥❥✉♥t♦ ❛♦ (p, q)✲♣❧❛♥♦✳ ❆ r❡t❛ t❛♥❣❡♥t❡ ❛
S ♣r♦❥❡t❛ ❛ r❡t❛ M ♣❛r❛ s✐ ♠❡s♠❛✱ q✉❡ é ♣♦r ❝♦♥s❡❣✉✐♥t❡ t❛♥❣❡♥t❡ ❛♦
AESS✳ ✭■st♦ é ❛♥á❧♦❣♦✱ ❛♦ ❢❛t♦ ❞❡ q✉❡✱ ♦ t❛♥❣❡♥t❡ ❛♦ ❡♥✈♦❧✈❡♥t❡ ❞❛ ❢❛♠í❧✐❛
❛ ✶✲♣❛râ♠❡tr♦ ❞❡ r❡t❛s é s❡♠♣r❡ ❛ r❡t❛ ❛t✉❛❧ ❞❛ ❢❛♠í❧✐❛❀ ✈❡r ♣♦r ❡①❡♠♣❧♦
❬✽❪✮✳

✭✻✮ ❊st❡ r❡s✉❧t❛❞♦ é ♦❜t✐❞♦ ❞♦ ✐t❡♠ ✭✷✮✱ ✉s❛♥❞♦ ❛ ✐♥t❡r♣r❡t❛çã♦ ❞♦ ✐t❡♠ ✭✺✮✳

❖❜s❡✈❛çã♦ ✹✳✶✻✳ ◆♦ ❚❡♦r❡♠❛ ✹✳✶✹ ✭✹✮✱ ♣❛r❛ ♦ ❝❛s♦ ❡✉❝❧✐❞✐❛♥♦✱ M é s✉❜st✐t✉í❞♦

♣❡❧❛ ♠❡❞✐❛tr✐③ ❞♦ s❡❣♠❡♥t♦ q✉❡ ✉♥❡ ♦s ♣♦♥t♦s γ(t1) ❡ γ(t2)✱ ❛ ❢ór♠✉❧❛
∂2M
∂t1∂t2

= 0

♠❛♥té♠ ✐❞ê♥t✐❝❛✱ ✉♠❛ ✈❡③ q✉❡ M é ❛ s♦♠❛ ❞❛s ❢✉♥çõ❡s ❞❡ t1 ❡ t2✳ ▼❛s ♥♦ ♣r❡✲

s❡♥t❡ ❝❛s♦✱ ♥ã♦ é ❛ss✐♠✿ ♣r❡❝✐s❛♠♦s M =
∂M
∂t1

=
∂M
∂t2

= 0✳ ❖ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦

♣♦❞❡ ✈❡r ♠❛✐s ❞❡t❛❧❤❡s ❡♠ ❬✶✾❪✳

✹✳✷✳✶ ▲✉❣❛r ●❡♦♠étr✐❝♦ ❞❛s ❚❛♥❣❡♥t❡s P❛r❛❧❡❧❛s ▼é❞✐❛s✲
MPT L

❉❡✜♥✐çã♦ ✹✳✶✼✳ ❙❡❥❛ γ : I → R
2 ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♥✈❡①❛✳ ❖

❧✉❣❛r ❣❡♦♠étr✐❝♦ ❞❛s t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s ♠é❞✐❛s ❞❛ ❝✉r✈❛ γ é ♦ ❧✉❣❛r
❣❡♦♠étr✐❝♦ ❞♦s ♣♦♥t♦s ♠é❞✐♦s ❞❛s ❝♦r❞❛s q✉❡ ✉♥❡♠ ♦s ♣♦♥t♦s ❞❡ ❝♦♥t❛t♦s ❞❛s
t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s✳

❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦

S =

{

(t1, t2, p, q) t❛❧ q✉❡ M =
∂M
∂t1

=
∂M
∂t2

= 0

}

.

◆❛ ♣r♦❥❡çã♦ ❞♦ ❝♦♥❥✉♥t♦ S ❛♣❛r❡❝❡ ✉♠ ♦✉tr♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ✐♥✈❛r✐❛♥t❡
❛✜♠✱ ♦ MPT L✳ ■ss♦ ❞❡✈❡✲s❡ ❛♦ ❢❛t♦ ❞❡ q✉❡✱ ❡♠❜♦r❛ ❛s três ❝♦♥❞✐çõ❡s q✉❡
❞❡✜♥❡♠ ♦ ❝♦♥❥✉♥t♦ S sã♦ ❣❡r❛❧♠❡♥t❡ s✉✜❝✐❡♥t❡s ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ❤á ✉♠❛ ❝ô♥✐❝❛
t❡♥❞♦ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❡♠ ❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s γ(t1) ❡ γ(t2)✱ ❞❡s❝♦❜r✐♠♦s q✉❡
q✉❛♥❞♦ ❛s t❛♥❣❡♥t❡s sã♦ ♣❛r❛❧❡❧❛s✱ ❡♥tã♦ ❛s três ❝♦♥❞✐çõ❡s sã♦ ❛✉t♦♠❛t✐❝❛♠❡♥t❡
s❛t✐s❢❡✐t❛s ♣❡❧♦ ♣♦♥t♦ ♠é❞✐♦ ❞♦ s❡❣♠❡♥t♦ q✉❡ ✉♥❡♠ ♦s ♣♦♥t♦s ❞❡ ❝♦♥t❛t♦s ❞❛s
t❛♥❣❡♥t❡s ♣❛r❛❧❡❧❛s✳

❖❜s❡✈❛çã♦ ✹✳✶✽✳ P♦❞❡ ❡①✐st✐r ✉♠❛ ❝ô♥✐❝❛ t❡♥❞♦ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ✸ ❡♠ ♣♦♥t♦s
♦♥❞❡ ❛s t❛♥❣❡♥t❡s sã♦ ♣❛r❛❧❡❧❛s✱ ❡ ♥❡st❡ ❝❛s♦✱ ♦ ♣♦♥t♦ ♠é❞✐♦ ❞❛ ❝♦r❞❛ é ♦ ❝❡♥tr♦
❞❡ t❛❧ ❝ô♥✐❝❛✳
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❖ MPT L é ✉♠ ❝♦♥❥✉♥t♦ ✐♥t❡r❡ss❛♥t❡✱ ♦ s❡✉ ✈❡r❞❛❞❡✐r♦ ✈❛❧♦r ❛q✉✐ ❡stá ♥❛
r❡❧❛çã♦ ❝♦♠ AESS✱ ❛♦ ❡st✉❞❛r ♦ AESS ❡ ♦ MPT L✱ ♣♦❞❡ s❡ ❞❡❞✉③✐r ♦✉ ❡①♣❧✐❝❛r
❢❛t♦s s♦❜r❡ ♦ AESS ❝♦♠ r❡❢❡rê♥❝✐❛ ❛♦ MPT L✳

❆ ✜❣✉r❛ ✹✳✹ ✐❧✉str❛ ♦ AESS ❥✉♥t♦ ❝♦♠ ♦ MPT L ❞❡ ✉♠❛ ❝✉r✈❛ ♦✈❛❧✳

❋✐❣✉r❛ ✹✳✹✿ ❖ AESS r❡♣r❡s❡♥t❛❞♦ ♣♦r ✈❡r♠❡❧❤♦ ❡ ♦ MPT L ♣❡❧♦ ♣r❡t♦✳

✹✳✸ AESS ❝♦♥t❡♥❞♦ ✉♠❛ r❡t❛

❱✐♠♦s q✉❡✱ ♦ ADSS s❡♥❞♦ ✉♠❛ r❡t❛ ♥ã♦ s✐❣♥✐✜❝❛ ♥❡❝❡ss❛r✐❛♠❡♥t❡ q✉❡ ❛ ❝✉r✈❛
❞❛❞❛ é s✐♠étr✐❝❛ ❛✜♠✳ P❛r❛ ♦ AESS ❛ s✐t✉❛çã♦ é ❞✐❢❡r❡♥t❡ ❝♦♠♦ s❡❣✉❡✳

❚❡♦r❡♠❛ ✹✳✶✾✳ ❙❡❥❛ γ : I → R
2 ✉♠❛ ❝✉r✈❛ ♦✈❛❧✱ ❡ s✉♣♦♥❤❛♠♦s q✉❡ ♦ AESS

❣❡r❛❞♦ ♣♦r ❞♦✐s ❛r❝♦s ❞❡ γ s❡❥❛ ✉♠❛ r❡t❛✳ ❊♥tã♦✱ q✉❛❧q✉❡r ✉♠ ❞❡ss❡s ❛r❝♦s é
♦❜t✐❞♦ ❛ ♣❛rt✐r ❞♦ ♦✉tr♦ ♣♦r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠ ❞❡ ❞❡t❡r♠✐♥❛♥t❡ ✐❣✉❛❧ ❛ ✲✶✳

❉❡♠♦♥str❛çã♦✳ ❚♦♠❡♠♦s ♦ AESS ❝♦♠♦ s❡♥❞♦ ♦ eixo x✱ ❡ ❝♦♥s✐❞❡r❡ ♦s ❛r❝♦s
❞❛ ♦✈❛❧ γ✱ ❝♦♠ ❛s s❡❣✉✐♥t❡s ♣❛r❛♠❡tr✐③❛çõ❡s

γ1(t) = (X(t), Y (t)) ❡ γ2(t) = (U(t), V (t)) ,

❝♦♠ γ1 ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✳

P❡❧♦ ✐t❡♠ ✭✺✮ ❞♦ ❚❡♦r❡♠❛ ✹✳✶✹✱ ♦ t❛♥❣❡♥t❡ ❛♦ AESS ♥✉♠ ♣♦♥t♦ q✉❡ ❝♦rr❡s✲
♣♦♥❞❡ ❛ ❞♦✐s ✈❛❧♦r❡s ❞❡ ♣❛râ♠❡tr♦s (t1, t2)✱ s❡♠♣r❡ ♣❛ss❛ ♣♦r ❞♦✐s ♣♦♥t♦s✿

❛✮ ❞♦ ♣♦♥t♦ ♠é❞✐♦ ❞♦ s❡❣♠❡♥t♦ ❞❛ ✉♥✐ã♦ ❞❡ss❡s ❞♦✐s ♣♦♥t♦s ❞❛ ❝✉r✈❛❀

❜✮ ❞❛ ✐♥t❡rs❡çã♦ ❞❡ ❞♦✐s t❛♥❣❡♥t❡s ❞❡st❡s ❞♦✐s ♣♦♥t♦s ❞❛ ❝✉r✈❛✳
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❙❡❣✉❡✲s❡ ♣❛r❛ ❡st❡ ❝❛s♦✱ t♦❞♦s ❡st❡s ♣♦♥t♦s ♠é❞✐♦s ❡ t♦❞❛s ❛s ✐♥t❡rs❡çõ❡s ❞♦s
t❛♥❣❡♥t❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❡stã♦ s♦❜r❡ ♦ eixo x✳

❖ t❛♥❣❡♥t❡ ❛♦ ❛r❝♦ γ1 q✉❡ s❡ ❡♥❝♦♥tr❛ ♥♦ eixo x ♥♦ ♣♦♥t♦ ❝♦♠ ❝♦♦r❞❡♥❛❞❛ x
é

XY ′ −X ′Y

V ′ .

❖ ♦✉tr♦ t❛♥❣❡♥t à ❢♦r♠❛ ♦✈❛❧ ♣♦r ❡st❡ ♣♦♥t♦ ❡♥❝♦♥tr❛ ❛ ♦✈❛❧✱ ❡♠ ❞✐❣❛♠♦s γ2✱ ❡
♣♦rt❛♥t♦ t❡♠♦s

XY ′ −X ′Y

V ′ =
UV ′ − U ′V

Y ′ , ✭✹✳✶✽✮

♣❛r❛ t♦❞♦s ✈❛❧♦r❡s ❞❡ t✳

❖ ♣♦♥t♦ ♠é❞✐♦ ❞♦ s❡❣♠❡♥t♦ t❛♠❜é♠ r❡s✐❞❡ ♥♦ eixo x✱ ❞❡ ♠♦❞♦ q✉❡

Y + V = 0, ∀t =⇒ Y ′ + V ′ = 0, ∀t.

❙✉❜st✐t✉✐♥❞♦ ❛s ✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛ ♥❛ ❡q✉❛çã♦ ✭✹✳✶✽✮✱ ❡ ❛ss✉♠✐♥❞♦ q✉❡ Y ❡ Y ′ s❡❥❛
♥ã♦ ♥✉❧♦s✱ ♦❜t❡♠♦s

XY ′ −X ′Y = UY ′ − U ′Y =⇒ d

dt

(

X

Y

)

=
d

dt

(

U

Y

)

,

q✉❡ ❞á
X = U + λY, ♣❛r❛ ✉♠❛ ❝♦♥st❛♥t❡ λ.

✭❈♦♠ ♣r❡ss✉♣♦st♦ ❞❡ q✉❡ Y 6= 0 é ✐♥♦❢❡♥s✐✈♦✱ ✉♠❛ ✈❡③ q✉❡ ❛ ♦✈❛❧ só ✐rá ❡♥❝♦♥tr❛r
♦ eixo x ❡♠ ❞♦✐s ♣♦♥t♦s✱ ❡ ❛ ❝♦♥❞✐çã♦ Y ′ 6= 0 ❛♣❡♥❛s ❡✈✐t❛ q✉❡ t❛♥❣❡♥t❡s s❡❥❛♠
♣❛r❛❧❡❧❛s ❛♦ eixo x✳ ❈❧❛r❛♠❡♥t❡ ❡st❡s ♥ã♦ ♣r❡❥✉❞✐❝❛♠ ♦s r❡s✉❧t❛❞♦✮✳

❆ss✐♠ ♦ ❛r❝♦ γ2(t) = (U(t), V (t)) é ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞♦ ❛r❝♦ γ1(t) = (X(t), Y (t))
♣♦r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❛✜♠ ❝♦♠ ♠❛tr✐③

(

1 −λ
0 −1

)

❝♦♠ ❞❡t❡r♠✐♥❛♥t❡ ✐❣✉❛❧ ❛ ✲✶✳ �
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◆❡st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛♠♦s ❡ ❡st✉❞❛♠♦s ❞❡t❛❧❤❛❞❛♠❡♥t❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡✲
tr✐❛ ❝❡♥tr❛❧ ✭CSS✮✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛ ❞❛ ❞✐stâ♥❝✐❛ ❛✜♠ ✭ADSS✮ ❡ ♦ ❝♦♥❥✉♥t♦
❞❡ s✐♠❡tr✐❛ ❞❛ ❡♥✈♦❧✈❡♥t❡ ❛✜♠ ✭AESS✮ ❞❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❢❡❝❤❛❞❛
❡ ❝♦♥✈❡①❛✱ ❛ss✐♠ ❝♦♠♦ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳

◆♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡ ♥❛ ❝♦♥❞✉çã♦ ❞♦ tr❛❜❛❧❤♦ ❢♦r❛♠ ❛❜♦r❞❛❞♦s t❡♠❛s ❞❡
●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧✱ ●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧ ❆✜♠ ❡ ❚❡♦r✐❛ ❞❡ ❙✐♥❣✉❧❛r✐❞❛❞❡s
❡ ❡st✉❞❛❞♦s ✈ár✐♦s ❛rt✐❣♦s ❝✐❡♥tí✜❝♦s r❡❝❡♥t❡s s♦❜r❡ ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛ ❝♦♠♦
✐♥✈❛r✐❛♥t❡s ❛✜♥s✱ ❞♦s q✉❛✐s ❞❡st❛❝❛♠♦s ❬✶✹❪ ❡ ❬✶✻❪✳

❊st❛ ❞✐ss❡rt❛çã♦ ❢♦r♥❡❝❡ ✉♠ ♠❛t❡r✐❛❧ ♣❛r❛ q✉❡♠ ❞❡s❡❥❛ t❡r ✉♠ ♣r✐♠❡✐r♦ ❝♦♥✲
t❛t♦ ❝♦♠ ♦s ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛ ❞❡ ❝✉r✈❛s ♣❧❛♥❛s ✐♥✈❛r✐❛♥t❡s ♣♦r tr❛♥s❢♦r♠❛çõ❡s
❛✜♥s✳

❆❧é♠ ❞✐ss♦✱ ❛❜♦r❞❛ ✉♠ t❡♠❛ ❞❡ ✈❛♥❣✉❛r❞❛ ❞❛ ✐♥t❡r❢❛❝❡ ❞❛ ●❡♦♠❡tr✐❛ ❉✐❢❡✲
r❡♥❝✐❛❧ ❆✜♠ ❝♦♠ ❛ ❚❡♦r✐❛ ❞❡ ❙✐♥❣✉❧❛r✐❞❛❞❡s✳ ❉❡ ❢❛t♦✱ ♥♦ ú❧t✐♠♦s ✷✵ ❛♥♦s ✈ár✐♦s
❛rt✐❣♦s ❢♦r❛♠ ❡s❝r✐t♦s s♦❜r❡ ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛s ❛✜♥s✱ ❛❧❣✉♥s ♦r✐❣✐♥ár✐♦s ❞❡
t❡s❡s ❞❡s❡♥✈♦❧✈✐❞❛s ♥❡ss❛ ár❡❛✱ ❞❛s q✉❛✐s ❞❡st❛❝❛♠♦s✿

❛✮ P❛✉❧ ❆♥❞r❡✇ ❍♦❧t♦♠ ❛♣r❡s❡♥t❛ ❡♠ ❬✷✵❪ ♦ ❡st✉❞♦ ❞♦s ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛
✐♥✈❛r✐❛♥t❡ ❛✜♠✱ ♦♥❞❡ ✐♥tr♦❞✉③ ❛ ❡str✉t✉r❛ ❧♦❝❛❧ ❞♦s ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛
✐♥✈❛r✐❛♥t❡ ❛✜♠ ♣❛r❛ ❝✉r✈❛s ♥ã♦✲♦✈❛✐s ❡ ❝✉r✈❛s ♥ã♦ s✐♠♣❧❡s✱ ❡st✉❞❛♥❞♦ t❛♠✲
❜é♠ ❛s tr❛♥s✐çõ❡s ❞♦s ❝♦♥❥✉♥t♦s ♣♦r ✉♠❛ ❢❛♠í❧✐❛ ❛ ✶✲♣❛râ♠❡tr♦ ❞❡ ❝✉r✈❛s✳

❜✮ ❊♠ ❬✷✻❪✱ ❆♥t❤♦♥② ❏❛♠❡s P♦❧❧✐t ❛♣r❡s❡♥t❛ ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛ ✐♥✈❛r✐❛♥t❡
❛✜♠ ❡ ❊✐①♦ ♠❡❞✐❛❧✱ ♦♥❞❡ ❡st✉❞❛ ❞♦✐s t✐♣♦s ❞✐❢❡r❡♥t❡s ❞❡ ❝♦♥❥✉♥t♦ ❞❡ s✐♠❡tr✐❛
❡ ❡✐①♦ ♠❡❞✐❛❧✱ ♥♦ ♣❧❛♥♦ ❡ ♥♦ ❡s♣❛ç♦ tr✐❞✐♠❡♥s✐♦♥❛❧✳

❯♠❛ ♣❡rs♣❡❝t✐✈❛ ❢✉t✉r❛ ♥❡ss❛ ✈❡rt❡♥t❡ s❡r✐❛ ❡st✉❞❛r ❝♦♥❥✉♥t♦s ❞❡ s✐♠❡tr✐❛
❛✜♠ ❞❡ s✉♣❡r❢í❝✐❡s ♦✉ ✈❛r✐❡❞❛❞❡s✱ ♥❛ t❡s❡ ❬✷✻❪ sã♦ ❛♣r❡s❡♥t❛❞♦s ❛❧❣✉♥s ♣r♦❜❧❡♠❛s
❡♠ ❛❜❡rt♦ s♦❜r❡ ❡ss❛ t❡♠❛✳

✾✼
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❬✶❪ ❍✳❆❧❡♥❝❛r ❡❲✳❙❛♥t♦s✱●❡♦♠❡tr✐❛ ❉✐❢❡r❡♥❝✐❛❧ ❞❛s ❈✉r✈❛s P❧❛✲
♥❛s✱ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✱ ■▼P❆✱ ✷✵✵✸

❬✷❪ ❆✳ ❩✳ ❏✳ ❆❧❣❤❛♥❡♠✐✱ ●❡♦♠❡tr② ♦❢ ❙❦❡❧❡t❛❧ ❙tr✉❝t✉r❡s ❛♥❞ ❙②♠✲
♠❡tr② ❙❡ts✱ ❚❤❡s✐s ❯♥✐✈❡rs✐t② ♦❢ ▲✐✈❡r♣♦♦❧✱ ✷✵✶✷✳

❬✸❪ ❚✳ ❋✳ ❇❛♥❝❤♦❢❢ ❡ P✳ ❏✳ ●✐❜❧✐♥✱ ●❧♦❜❛❧ t❤❡♦r❡♠s ❢♦r s②♠♠❡tr②
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