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■♥ t❤✐s ♣❛♣❡r ✇❡ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ ❛ ❞✐ss✐♣❛t✐✈❡ s②st❡♠ ✇✐t❤

❛♣♣❧✐❝❛t✐♦♥ t♦ ♠♦❞❡❧✐♥❣ ♦❢ ✈✐s❝♦✉s ♠❛t❡r✐❛❧s✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✇❡ st✉❞② t❤❡

❡①✐st❡♥❝❡✱ ✉♥✐q✉❡♥❡ss ❛♥❞ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ ❛ t②♣❡✲❚✐♠♦s❤❡♥❦♦ s②st❡♠

❞✐ss✐♣❛t✐♦♥ ❣✐✈❡♥ ❜② ❤✐st♦r②✳ ❲❡ ✉s❡ s❡♠✐❣r♦✉♣ ❛♥❞ r❡s♦❧✈❡♥t ♣r♦♣❡rt✐❡s ♦❢ ✐ts

✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r t♦ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥ t♦ t❤❡

s②st❡♠ ❛♥❞ t❤❡ s♦❧✉t✐♦♥ ❜❡❤❛✈✐♦r✳

✈✐✐✐



■♥tr♦❞✉çã♦

❖ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ tr❛❜❛❧❤♦ é ✐♥✈❡st✐❣❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦
❞❛s s♦❧✉çõ❡s ❞♦s s✐st❡♠❛s ❞❡ ✈✐❣❛s ❞❡ ❚✐♠♦s❤❡♥❦♦✳

❖ ❡st✉❞♦ ❞♦s ♠♦❞❡❧♦s ♣❛r❛ ✈✐❣❛s ❝♦♠ ❝❛r❣❛s ❛t✉❛♥t❡s ✐♥t❡r♥❛♠❡♥t❡
❡ ❡①t❡r♥❛♠❡♥t❡ é ❞❡ ❣r❛♥❞❡ ✐♠♣♦♥tâ♥❝✐❛ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ❛❧t❛
❡♥❣❡♥❤❛r✐❛✱ ❥á q✉❡ ❛ ✈✐❣❛ é ✉♠ ♠♦❞❡❧♦ ❡str✉t✉r❛❧ ✢❡①í✈❡❧✱ ❛♠♣❧❛♠❡♥t❡ ✉t✐❧✐③❛❞♦
❡♠ ♣r♦❥❡t♦s ❞❡ ❡str✉t✉r❛s ❡ ♠❡❝â♥✐❝♦s✱ t❛✐s ❝♦♠♦ ♣r♦❥❡t♦s ❞❡ ♣♦♥t❡s ❬✶❪✳

❋✐❣✉r❛ ✶✿ ❱✐❣❛s ❞❛ ❡str✉t✉r❛ ❞❡ ✉♠ ✈✐❛❞✉t♦ ❡♠ ❝♦♥str✉çã♦ ✭❢♦♥t❡✿
❤tt♣✿✴✴✇✇✇✳♠t♥❛❝♦♣❛✳❝♦♠✳❜r✴❞♦✇♥❧♦❛❞✳♣❤♣❄✐❞❂✷✷✷✵✵✾ ✮

❋✐❣✉r❛ ✷✿ ❱✐❣❛s ❞❛ ❡str✉t✉r❛ ❞❡ ✉♠ ❝❛♠✐♥❤ã♦ ✭❢♦♥t❡✿
❤tt♣✿✴✴❛♥❞r❡❝❡r❜❡r✉s✳❝♦♠✴✷✵✶✷✴✵✺✴ ✮

❖ ❡st✉❞♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡ s✐st❡♠❛s ❞✐ss✐♣❛t✐✈♦s é ✉♠ r❛♠♦
❢ért✐❧ ♣❛r❛ ❛ ♣❡sq✉✐s❛ ❡♠ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s P❛r❝✐❛✐s✳ P❛r❛ s❡ ♦❜t❡r ❡ss❡
❝♦♠♣♦rt❛♠❡♥t♦✱ ❞✐❢❡r❡♥t❡s ♠ét♦❞♦s ❛♥❛❧ít✐❝♦s tê♠ s✐❞♦ ✉t✐❧✐③❛❞♦s ♣♦r ✈ár✐♦s
❛✉t♦r❡s✱ s❡♠♣r❡ ❛❞❡q✉❛❞♦s ❛♦s ♣r♦❜❧❡♠❛s ❡♠ q✉❡stã♦✳ ❈✐t❛♠♦s✱ ❝♦♠♦ ❡①❡♠♣❧♦✱
♦ ♠ét♦❞♦ ❞❡ ❊♥❡r❣✐❛ ✭✈❡r ❬✼❪✮ ❡ ♦ q✉❡ ❡①♣❧♦r❛ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞✐ss✐♣❛t✐✈❛s ❞♦
s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ ✭✈❡r ❬✷✷❪✱ ❬✷✸❪✮ q✉❡ s❡rã♦ ✉s❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦✳

✶



✷

❉❡✜♥✐♠♦s ✉♠❛ ✈✐❣❛ ❝♦♠♦ ✉♠ ♠❡♠❜r♦ ❞❡ ❡str✉t✉r❛ ❞❡❧❣❛❞❛✱ ❝❛rr❡❣❛❞❛
tr❛♥s✈❡rs❛❧♠❡♥t❡ ❝✉❥♦ ❝♦♠♣r✐♠❡♥t♦ é ❣r❛♥❞❡ ❡♠ r❡❧❛çã♦ ❛ ❧❛r❣✉r❛ ❡ s❡çã♦
tr❛♥s✈❡rs❛❧ ♣❧❛♥❛✳ P❛r❛ ♦ s✐st❡♠❛ ❞❡ ✈✐❣❛s ❞❡ ❚✐♠♦s❤❡♥❦♦✱ ❝♦♥s✐❞❡r❛♠♦s ✉♠❛
✈✐❣❛ r❡t❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ L ❡♠ s✉❛ ♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦✱ ❝♦♥st✐t✉í❞❛ ❞❡ ♠❛t❡r✐❛❧
❧✐♥❡❛r✱ ✐s♦tró♣✐❝♦✱ ❧✐♥❡❛r♠❡♥t❡ ❡❧ást✐❝♦ ❡ ❝♦♥s✐❞❡r❛♠♦s✱ t❛♠❜é♠✱ q✉❡ ❛ ár❡❛ ❞❛
s❡çã♦ tr❛♥s✈❡rs❛❧ ❞❛ ✈✐❣❛ é s✐♠étr✐❝❛ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ❡✐①♦ z✳

❋✐❣✉r❛ ✸✿ ❱✐❣❛ ❡♠ ♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦

❖ ♠♦❞❡❧♦ ❞❡ ❚✐♠♦s❤❡♥❦♦ ♣❛r❛ ✉♠❛ ✈✐❣❛ ❞❡❧❣❛❞❛ é ❞❛❞♦ ♣❡❧♦ s❡❣✉✐♥t❡ s✐st❡♠❛
❞❡ ❡q✉❛çõ❡s ❤✐♣❡r❜ó❧✐❝❛s ❛❝♦♣❧❛❞❛s

ρ1ϕtt − k(ϕx + ψ)x = 0 ❡♠ (0, L)× (0,∞) ✭✶✮

ρ2ψtt − bψxx + k(ϕx + ψ) = 0 ❡♠ (0, L)× (0,∞), ✭✷✮

❡♠ q✉❡ t ❞❡♥♦t❛ ❛ ✈❛r✐á✈❡❧ t❡♠♣♦r❛❧ ❡ x é ♦ ❡s♣❛ç♦ ❛♦ ❧♦♥❣♦ ❞❛ ✈✐❣❛ ❞❡
❝♦♠♣r✐♠❡♥t♦ L✱ ❡♠ s✉❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ❡q✉✐❧í❜r✐♦✱ ϕ(x, t) é ♦ ❞❡s❧♦❝❛♠❡♥t♦
tr❛♥s✈❡rs❛❧ ❡ ψ(x, t) é ♦ â♥❣✉❧♦ ❞❡ r♦t❛çã♦ ❞❡ ✉♠ ✜❧❛♠❡♥t♦ ❞❛ ✈✐❣❛ ♥❛ ♣♦s✐çã♦ x
❡ ♥♦ t❡♠♣♦ t✳ ❖s ❝♦❡✜❝✐❡♥t❡s ρ1✱ ρ2✱ k ❡ b sã♦ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s q✉❡ ❞❡♣❡♥❞❡♠
❞❛ ♥❛t✉r❡③❛ ❞♦ ♠❛t❡r✐❛❧✳ ❯♠❛ ❞❡s❝r✐çã♦ ♠❛✐s ❞❡t❛❧❤❛❞❛ ❞❡st❡ ♠♦❞❡❧♦ ♣♦❞❡ s❡r
❡♥❝♦♥tr❛❞❛ ❡♠ ❬✷❪ ❡ ❬✸❪✳

❙❡ ❛♦ s✐st❡♠❛ ✭✶✮✲✭✷✮ ❛❝r❡s❝❡♥t❛r♠♦s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❤♦♠♦❣ê♥❡❛s✱
❞❡✜♥✐♠♦s ❛ ❡♥❡r❣✐❛ t♦t❛❧ ❞❡ss❡ ♠♦❞❡❧♦ ♣♦r

E(t) :=
1

2

∫ L

0

[
ρ1|ϕt|2 + ρ2|ψt|2 + b|ψx|2 + k|ϕx + ψ|2

]
dx ✭✸✮

♦♥❞❡ ❛s ❞✉❛s ♣r✐♠❡✐r❛s ♣❛r❝❡❧❛s é ❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ❡ ❛s ❞❡♠❛✐s é ❛
❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧✳ ❙❡ ♠✉❧t✐♣❧✐❝❛r♠♦s ❛s ❡q✉❛çõ❡s ✭✶✮ ❡ ✭✷✮ ♣♦r ϕt ❡ ψt✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✐♥t❡❣r❛r♠♦s ♣♦r ♣❛rt❡s ❡♠ (0, L) ❡ ❛❞✐❝✐♦♥❛r♠♦s ♦s r❡s✉❧t❛❞♦s
♦❜t✐❞♦s✱ ❡♥❝♦♥tr❛r❡♠♦s q✉❡

d

dt
E(t) = 0 ❡♠ (0,∞),

♦✉ s❡❥❛✱ ♦ s✐st❡♠❛ ✭✶✮✲✭✷✮ é ❝♦♥s❡r✈❛t✐✈♦✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ s✉❛ s♦❧✉çã♦ ♥ã♦
❞❡❝❛✐✳ ❈♦♥t✉❞♦✱ ✉♠❛ q✉❡stã♦ ✐♠♣♦rt❛♥t❡ ❞❡ ♣❡sq✉✐s❛ é ♦❧❤❛r ♣❛r❛ ✉♠❛ ❞✐ss✐♣❛çã♦
♠í♥✐♠❛ ♣❛r❛ q✉❡ ❛s s♦❧✉çõ❡s ❞♦ s✐st❡♠❛ ✭✶✮ t❡♥❤❛ ❞❡❝❛✐♠❡♥t♦ ✉♥✐❢♦r♠❡ ♣❛r❛



✸

♦ ❡st❛❞♦ ❡stá✈❡❧ q✉❛♥❞♦ ♦ t❡♠♣♦ ✈❛✐ ♣❛r❛ ♦ ✐♥✜♥✐t♦✳ ◆❡st❡ s❡♥t✐❞♦✱ ❢♦r❛♠
✐♥tr♦❞✉③✐❞♦s ✈ár✐♦s t✐♣♦s ❞❡ ♠❡❝❛♥✐s♠♦s ❞❡ ❞✐ss✐♣❛çã♦ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱
❞✐ss✐♣❛çã♦ ♣❡❧♦ ❛tr✐t♦✱ ✈✐s❝♦❡❧ást✐❝♦ ♦✉ ❞♦ t✐♣♦ ♠❡♠ór✐❛✳

❱ár✐♦s ❛✉t♦r❡s ❡st✉❞❛r❛♠ ♣r♦♣r✐❡❞❛❞❡s ❞✐ss✐♣❛t✐✈❛s ❛ss♦❝✐❛❞❛s ❛♦ s✐st❡♠❛ ✭✶✮
✲ ✭✷✮✳ ❊♠ ❬✹❪✱ ❙♦✉❢②❛♥❡ ❡st✉❞♦✉ ♦ s✐st❡♠❛ ❞❡ ✈✐❣❛s ❞❡ ❚✐♠♦s❤❡♥❦♦ ❝♦♠ ❛tr✐t♦
♣r❡s❡♥t❡ s♦♠❡♥t❡ ♥❛ ❡q✉❛çã♦ ❞❛ ❞❡❢♦r♠❛çã♦ ❛♥❣✉❧❛r

ρ1ϕtt − k(ϕx + ψ)x = 0 ❡♠ (0, L)× (0,∞)

ρ2ψtt − bψxx + k(ϕx + ψ) + dψt = 0 ❡♠ (0, L)× (0,∞),

❝♦♠ d = d(x) ♣♦s✐t✐✈❛✱ ❡ ♠♦str♦✉ q✉❡ ♦ s✐st❡♠❛ ♣♦ss✉✐ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧
s❡✱ ❡ s♦♠❡♥t❡ s❡✱

ρ1

k
=
ρ2

b
. ✭✹✮

◆♦ ❝❛s♦ ❡♠ q✉❡ ♥ã♦ ❤á ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡❝✐❛❧✱ ❘❛❝❦❡ ❡ ❘✐✈❡r❛ ❬✻❪ ♣r♦✈❛r❛♠ q✉❡
♦ s✐st❡♠❛ é ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❡stá✈❡❧✳

❘❛♣♦s♦ ❡t ❛❧✳ ❬✽❪ ✉t✐❧✐③❛r❛♠ ❛ ❞✐ss✐♣❛çã♦ ❞❛❞❛ ♣❡❧♦ ❛tr✐t♦ ❛❣✐♥❞♦ ❡♠ ❛♠❜❛s ❛s
❡q✉❛çõ❡s ❡ ❡st❛❜❡❧❡❝❡r❛♠ ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ♦ s✐st❡♠❛

{
ρutt − (k(ux + v))x + ut = 0 ❡♠ (0, L)× (0, +∞),
Iρvtt − EIvxx + k(ux + v) + vt = 0 ❡♠ (0, L)× (0, +∞)

❑✐♠ ❡ ❘❡♥❛r❞② ❬✽❪ ❝♦♥s✐❞❡r❛r❛♠ ✭✶✮✲✭✷✮ ❥✉♥t♦ ❝♦♠ ❞♦✐s ❝♦♥tr♦❧❡s ❞❡ ❢r♦♥t❡✐r❛ ❞❛
❢♦r♠❛ {

k v(L, t) − k ux(L, t) = α ut(L, t) ∀ t ≥ 0
EI vx(L, t) = −βvt(L, t) ∀ t ≥ 0

❡ ✉s❛r❛♠ ❛ té❝♥✐❝❛ ❞♦s ♠✉❧t✐♣❧✐❝❛❞♦r❡s ♣❛r❛ ❡st❛❜❡❧❡❝❡r ✉♠ r❡s✉❧t❛❞♦ ❞❡
❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ❛ ❡♥❡r❣✐❛ E(t)✳

❖ s✐st❡♠❛ ❝♦♠ ♠❡♠ór✐❛

ρ1ϕtt − k(ϕx + ψ)x = 0 ❡♠ (0, L)× (0,∞)

ρ2ψtt − bψxx + k(ϕx + ψ) +

∫ t

0

g(s).ψxx(·, t− s)ds = 0 ❡♠ (0, L)× (0,∞),

❢♦✐ ❡st✉❞❛❞♦ ♣♦r ❆♠♠❛r✲❑❤♦❞❥❛ ❆♠♠❛r✱ ❇❡♥❛❜❞❛❧❧❛❜✱ ❘✐✈❡r❛ ❡ ❘❛❝❦❡ ❬✺❪✳ ❊❧❡s
❝♦♥❝❧✉✐r❛♠ q✉❡ ♣❛r❛ ♠❡♠ór✐❛ ❝♦♠ ♥ú❝❧❡♦ ❞♦ t✐♣♦ ❡①♣♦♥❡♥❝✐❛❧✱ ♦ ♠♦❞❡❧♦ é
❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ❝♦♥❞✐çã♦ ✭✹✮ é s❛t✐s❢❡✐t❛✳ ❆❧é♠
❞✐ss♦✱ ♠♦str❛r❛♠ ❛ ❡st❛❜✐❧✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ ♠❡♠ór✐❛ ❝♦♠ ♥ú❝❧❡♦ ♣♦❧✐♥♦♠✐❛❧✳

❯♠ ♣r♦❜❧❡♠❛ ✐♥t❡r❡ss❛♥t❡ s✉r❣❡ q✉❛♥❞♦ ❛ ❞✐ss✐♣❛çã♦ ❛❣❡ ❞❡ ♠❛♥❡✐r❛s
❞✐❢❡r❡♥t❡s ♥♦ ❞♦♠í♥✐♦✳ ❯♠ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ❝♦♠ ❡st❛ s✐t✉❛çã♦ é ♦ ♣r♦❜❧❡♠❛
❞❡ tr❛♥s♠✐ssã♦✳ ❊♠ ❬✾❪✱ ❘❛♣♦s♦ ❡st✉❞♦✉ ❛ ❡st❛❜✐❧✐❞❛❞❡ ✉♥✐❢♦r♠❡ ♣❛r❛ ♦
❝♦rr❡s♣♦♥❞❡♥t❡ ♣r♦❜❧❡♠❛ ❞❡ tr❛♥s♠✐ssã♦ ❝♦♠ ♠❡♠ór✐❛ ❝♦♠ ❝♦♠♣♦♥❡♥t❡s ❡❧ást✐❝♦s
❡ ✈✐s❝♦❡❧ást✐❝❛s✳

❊♠ tr❛❜❛❧❤♦s ♠❛✐s r❡❝❡♥t❡s✱ ❙❛r❡ ❡ ❘✐✈❡r❛ ❬✼❪ ✐♥✈❡st✐❣❛r❛♠ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞♦
s✐st❡♠❛ ❞❡ ✈✐❣❛s ❞❡ ❚✐♠♦s❤❡♥❦♦✱ ❛❝r❡s❝❡♥t❛♥❞♦ ✉♠ t❡r♠♦ ❞❡ ❤✐stór✐❛



✹

∫ L

0

g(s)ψxx(·, t− s)ds ♥❛ ❡q✉❛çã♦ ✭✷✮✱ ♦✉ s❡❥❛✱ ❝♦♥s✐❞❡r❛r❛♠ ♦ s✐st❡♠❛

ρ1ϕtt − k(ϕx + ψ)x = 0 ❡♠ (0, L)× (0,∞)

ρ2ψtt − bψxx + k(ϕx + ψ) +

∫ ∞

0

g(s).ψxx(·, t− s)ds = 0 ❡♠ (0, L)× (0,∞),

❡ ❝♦♥❝❧✉ír❛♠ q✉❡ ❛ ❞✐ss✐♣❛çã♦ ❞❛❞❛ ♣❡❧❛ ❤✐stór✐❛ é s✉✜❝✐❡♥t❡♠❡♥t❡ ❢♦rt❡ ♣❛r❛
♣r♦❞✉③✐r ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛s ❡q✉❛çõ❡s tê♠ ❛ ♠❡s♠❛
✈❡❧♦❝✐❞❛❞❡ ❞❡ ♦♥❞❛✱ ♦✉ s❡❥❛✱ s❡✱ ❡ só s❡✱ ✭✹✮ s❡ ✈❡r✐✜❝❛✳ ▼♦str❛r❛♠ t❛♠❜é♠ ❛
❡st❛❜✐❧✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♥♦ ❝❛s♦ ❡♠ q✉❡ ✭✹✮ ♥ã♦ s❡ ✈❡r✐✜❝❛✳ ❖s ♠❡s♠♦s ❛✉t♦r❡s✱
❡♠ ❬✼❪✱ ❡st✉❞❛r❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡ s✐st❡♠❛s ❞❡ ❚✐♠♦s❤❡♥❦♦
❝♦♠ ♠❡♠ór✐❛ ❞❡ ♥ú❝❧❡♦ ♥ã♦ ❞✐ss✐♣❛t✐✈♦✱ ❛t✉❛♥❞♦ ❛♣❡♥❛s ♥❛ ❡q✉❛çã♦ ✭✷✮✱ ♦♥❞❡
♥♦✈❛♠❡♥t❡ ✭✹✮ ❛♣❛r❡❝❡ ❝♦♠♦ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ❞❡ ❡st❛❜✐❧✐❞❛❞❡
❡①♣♦♥❡♥❝✐❛❧✳

❖ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ tr❛❜❛❧❤♦ é ❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦
❞❡ ✉♠ s✐st❡♠❛ ❞❡ ✈✐❣❛s ❞❡ ❚✐♠♦s❤❡♥❦♦ ❝♦♠ ❛ ❞✐ss✐♣❛çã♦ ❞❛❞❛ ♣❡❧❛ ❤✐stór✐❛✱ ❞❡
❛❝♦r❞♦ ❝♦♠ ♦ tr❛❜❛❧❤♦ ❞❡ ❙❛r❡ ❡ ❘✐✈❡r❛ ❬✼❪✳

❆ ♦r❣❛♥✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦ é ❛ s❡❣✉✐♥t❡✳ ◆♦ ❈❛♣ít✉❧♦ ✶✱ ❛♣r❡s❡♥t❛♠♦s ♦s
♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ ✉s❛❞♦s ♥♦s ❝❛♣ít✉❧♦s ♣♦st❡r✐♦r❡s✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ s✐st❡♠❛ ❞❡
✈✐❣❛s ❞❡ ❚✐♠♦s❤❡♥❦♦ ❝♦♠ ❤✐stór✐❛✱ ✉s❛♥❞♦ ❝♦♠♦ ❢❡rr❛♠❡♥t❛ ❛ t❡♦r✐❛ ❞❡ s❡♠✐❣r✉♣♦
❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❧✐♠✐t❛❞♦s ❞❡ ❝❧❛ss❡ C0✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ s♦❜ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ❛ ✐❣✉❛❧❞❛❞❡ ✭✹✮ s❡❥❛ ✈á❧✐❞❛✱ ❡st✉❞❛♠♦s
♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛ ❡st❡ s✐st❡♠❛✳ ❆
❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ s❡rá ♠♦str❛❞❛ ♥❛ ❙❡çã♦ 3.1✱ ❡ ♥❛ ❙❡çã♦ 3.2 ♠♦str❛r❡♠♦s
❛ ♥ã♦ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ❞♦ s❡♠✐❣r✉♣♦✳

❋✐♥❛❧♠❡♥t❡✱ ♥♦ ❈❛♣ít✉❧♦ ✹✱ ♠♦str❛♠♦s q✉❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ ♥ã♦ ❤á ❞❡❝❛✐♠❡♥t♦
❡①♣♦♥❡♥❝✐❛❧ ♦ s✐st❡♠❛ é ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❡stá✈❡❧✳



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s r❡✈❡r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦
❡st✉❞♦ ❞♦s ❝❛♣ít✉❧♦s s❡❣✉✐♥t❡s✳

✶✳✶ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧

◆❡st❛ s❡çã♦ ✈❛♠♦s ❞❡✜♥✐r ❡ ❛♣r❡s❡♥t❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✳
P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s✱ ❝♦♥s✉❧t❛r ❈❛✈❛❧❝❛♥t✐ ❬✷✵❪✱ ❇r❡③✐s ❬✶✷❪ ❡ ❖❧✐✈❡✐r❛ ❬✶✸❪✳

❉❡✜♥✐çã♦ ✶✳✶ ✭❋♦r♠❛ ❙❡sq✉✐❧✐♥❡❛r✮✳ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦✳ ❯♠❛
❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r ❞❡ V ✱ é ✉♠❛ ❛♣❧✐❝❛çã♦ a : V × V → C✱ (u, v) → a(u, v)✱
q✉❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭✐✮ a(u+ v, w) = a(u, w) + a(v, w) ♣❛r❛ t♦❞♦ u✱ v✱ w ∈ V ✳

✭✐✐✮ a(λu, w) = λa(u, w) ♣❛r❛ t♦❞♦ u✱ v ∈ V ❡ λ ∈ C✳

✭✐✐✐✮ a(u, v + w) = a(u, v) + a(u, w) ♣❛r❛ t♦❞♦ u✱ v ❡ w ∈ V ✳

✭✐✈✮ a(u, λw) = λa(u, w) ♣❛r❛ t♦❞♦ u✱ w ∈ V ❡ λ ∈ C✳

❉❡✜♥✐çã♦ ✶✳✷✳ ❯♠❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r s♦❜r❡ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ N ✱ a(·, ·)✱ é
❞❡♥♦♠✐♥❞❛ ❧✐♠✐t❛❞❛ ♦✉ ❝♦♥tí♥✉❛ s❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

|a(u, v)| ≤ C‖u‖N‖v‖N , ♣❛r❛ t♦❞♦ u, v ∈ N .

❉❡✜♥✐çã♦ ✶✳✸✳ ❯♠❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r s♦❜r❡ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ N ✱ a(·, ·)✱ é
❞✐t❛ ❝♦❡r❝✐✈❛ s❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ β > 0 t❛❧ q✉❡

|a(v, v)| ≥ β‖v‖2N , ♣❛r❛ t♦❞♦ v ∈ N .

❉❡✜♥✐çã♦ ✶✳✹✳ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦✳ ❯♠ ❢✉♥❝✐♦♥❛❧ T : V → C

é ❞✐t♦ ❧✐♥❡❛r s❡

✭✐✮ T (u+ v) = T (u) + T (v) ♣❛r❛ t♦❞♦ u ❡ v ∈ V ✳

✺



✻ ✶✳✶✳ ❆◆➪▲■❙❊ ❋❯◆❈■❖◆❆▲

✭✐✐✮ T (λu) = λT (u) ♣❛r❛ t♦❞♦ u ∈ V ❡ λ ∈ C✳

❡ é ❞✐t♦ ❛♥t✐❧✐♥❡❛r s❡

✭✐✮ T (u+ v) = T (u) + T (v) ♣❛r❛ t♦❞♦ u ❡ v ∈ V ✳

✭✐✐✮ T (λu) = λT (u) ♣❛r❛ t♦❞♦ u ∈ V ❡ λ ∈ C✳

❉❡✜♥✐çã♦ ✶✳✺✳ ❯♠ ❢✉♥❝✐♦♥❛❧ T : N → C✱ s♦❜r❡ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ N ✱ é ❞✐t♦
❧✐♠✐t❛❞♦ s❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

|T (u)| ≤ C‖u‖N , ♣❛r❛ t♦❞♦ u ∈ N .

❚❡♦r❡♠❛ ✶✳✻✳ ❙❡ N é ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❡ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ ❡♥tã♦
L(N , X) = {f : N → X; ❢ é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦} é ✉♠ ❡s♣❛ç♦ ❞❡
❇❛♥❛❝❤✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❖❧✐✈❡✐r❛ ❬✶✸❪✱ ♣✳ ✷✼✳

❉❡✜♥✐çã♦ ✶✳✼✳ ❙❡ N é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥♦r♠❛❞♦✱ ❡♥tã♦ ♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤
L(N ,C) s❡rá ❞❡♥♦t❛❞♦ ♣♦r N ′ ❡ ❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ N ✳

❚❡♦r❡♠❛ ✶✳✽ ✭❍❛❤♥✲❇❛♥❛❝❤✮✳ ❙❡❥❛♠ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦ ❡ ✉♠❛
❛♣❧✐❝❛çã♦ p : V → [0,∞) s❛t✐s❢❛③❡♥❞♦

p(u+ v) ≤ p(u) + p(v), ∀ u, v ∈ V,

p(αu) = |α|p(u), ∀ u ∈ V, α ∈ C.

❙❡ f : Z → C é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❞❡✜♥✐❞♦ ♥♦ s✉❜❡s♣❛ç♦ Z ⊂ V ❝♦♠
|f(w)| ≤ |p(w)|✱ ❡♥tã♦ f ♣♦ss✉✐ ✉♠❛ ❡①t❡♥sã♦ ❧✐♥❡❛r F : V → C ❞♦♠✐♥❛❞❛
♣♦r p✱ ♦✉ s❡❥❛✱

|F (u)| ≤ p(u), ∀ u ∈ V.

F é ❝❤❛♠❛❞❛ ❞❡ ❡①t❡♥sã♦ ❞❡ ❍❛❤♥✲❇❛♥❛❝❤ ❞❡ f ✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❇♦t❡❧❤♦ ❡t ❛❧✳ ❬✷✶❪✱ ♣✳ ✺✽✳

❚❡♦r❡♠❛ ✶✳✾ ✭▲❛①✲▼✐❧❣r❛♥✮✳ ❙❡❥❛♠ H é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ a : H×H → C

✉♠❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r✱ ❧✐♠✐t❛❞❛ ❡ ❝♦❡r❝✐✈❛✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ ❢✉♥❝✐♦♥❛❧ T : H →
C ❧✐♥❡❛r ❧✐♠✐t❛❞♦✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ u ∈ H t❛❧q✉❡

a(u, v) = T (v) ♣❛r❛ t♦❞♦ v ∈ H.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❈❛✈❛❧❝❛♥t✐✱ ▼✳ ▼❀ ❈❛✈❛❧❝❛♥t✐✱ ❱✳ ◆✳ ❉✳✱ ❬✷✵❪✱ ♣✳ ✶✻✼✳

❖❜s❡r✈❛çã♦ ✶✳✶✵✳ ❖ ❚❡♦r❡♠❛ ❞❡ ▲❛①✲▼✐❧❣r❛♥ ♣♦❞❡ s❡r ✉s❛❞♦ ❡♠ T : H → C

❛♥t✐❧✐♥❡❛r ❧✐♠✐t❛❞♦✳ ❇❛st❛ ❛♣❧✐❝á✲❧♦ ♣❛r❛ T : H → C, q✉❡ ❝❧❛r❛♠❡♥t❡ é ❧✐♥❡❛r✱ ❡
a : H ×H → C ❝♦♥tí♥✉❛ s❡♥❞♦ ✉♠❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r✱ ❧✐♠✐t❛❞❛ ❡ ❝♦❡r❝✐✈❛✳
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Pr♦♣♦s✐çã♦ ✶✳✶✶✳ ❙❡❥❛♠ ♥ú♠❡r♦s r❡❛✐s a, b ≥ 0 ❡ p ≥ 1✳ ❊♥tã♦

(a+ b)p ≤ 2p(ap + bp).

❉❡♠♦♥str❛çã♦✳ ❯s❛♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ♠á①✐♠♦ ♦❜t❡♠♦s

(a+ b)p ≤ (2max{a, b})p
= 2p max{ap, bp}
≤ 2p(ap + bp).

Pr♦♣♦s✐çã♦ ✶✳✶✷ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✮✳ ❙❡ a, b ≥ 0 ❡ p, q > 1 sã♦ t❛✐s q✉❡
1

p
+

1

q
= 1 ❡♥tã♦

ab ≤ ap

p
+
bq

q
.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❘✳●✳ ❇❛rt❧❡ ❬✶✻❪✱ ♣✳ ✺✻✳

❯♠❛ ✈❛r✐❛çã♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ q✉❡ s❡rá ♠✉✐t♦ ✉t✐❧✐③❛❞♦ ♥❡st❡
tr❛❜❛❧❤♦ é ❞❛❞❛ ♣❡❧♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦✳

❈♦r♦❧ár✐♦ ✶✳✶✸✳ ❙❡❥❛♠ a, b ≥ 0 ❡ p, q > 1 t❛✐s q✉❡
1

p
+

1

q
= 1✳ P❛r❛ t♦❞♦ ε > 0

t❡♠✲s❡
ab ≤ c(ε)ap + εbq.

❉❡♠♦♥str❛çã♦✳ ❚❡♠♦s

ab = (qε)
1

q
1

(qε)
1

q

ab

=

(
a

(qε)
1

q

)(
(qε)

1

q b
)
.

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ s❡❣✉❡

ab ≤ 1

p

(
a

(qε)
1

q

)p

+
1

q

(
(qε)

1

q b
)q

=
1

p(qε)
p

q

ap + εbq ∀ ε > 0.

❚♦♠❛♥❞♦ c(ε) =
1

p(qε)
p

q

t❡♠♦s✱

ab ≤ c(ε)ap + εbq ∀ ε > 0.
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❚❡♦r❡♠❛ ✶✳✶✹ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✮✳ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧
❝♦♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ 〈·, ·〉V ✳ ❊♥tã♦ ♣❛r❛ t♦❞♦s u✱ v ∈ V t❡♠♦s

|〈u, v〉V | ≤ ‖u‖V ‖v‖V ;

❛ ✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ {u, v} é ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❖❧✐✈❡✐r❛ ❬✶✸❪✱ ♣✳ ✶✷✶✳

❚❡♦r❡♠❛ ✶✳✶✺✳ ❙❡ M é ✉♠ s✉❜❡s♣❛ç♦ ❢❡❝❤❛❞♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H✱ ❡♥tã♦
H =M ⊕M⊥✱ ✐st♦ é✱ ❝❛❞❛ u ∈ H ❛❞♠✐t❡ ✉♠❛ ú♥✐❝❛ r❡♣r❡s❡♥t❛çã♦ ♥❛ ❢♦r♠❛

u = p+ q ❝♦♠ p ∈M ❡ q ∈M⊥,

♦♥❞❡ M⊥ = {q ∈ H : 〈p, q〉H = 0 ♣❛r❛ t♦❞♦ p ∈M }✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❇♦t❡❧❤♦ ❡t ❛❧✳ ❬✷✶❪✱ ♣✳ ✶✶✶✳

❉❡✜♥✐çã♦ ✶✳✶✻ ✭❘❡s♦❧✈❡♥t❡✮✳ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ A : D(A) ⊂
X → X✳ ❉✐③❡♠♦s q✉❡ λ ∈ C ❡stá ♥♦ ❝♦♥❥✉♥t♦ r❡s♦❧✈❡♥t❡ ❞❡ A✱ ♦ q✉❛❧ s❡rá
❞❡♥♦t❛❞♦ ♣♦r ̺(A)✱ s❡ ♦ ♦♣❡r❛❞♦r

R(λ,A) = (λI −A)−1

❡①✐st❡✱ ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡♠ X ❡ é ❧✐♠✐t❛❞♦✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✿

̺(A) = {λ ∈ C; (λI −A)−1❡①✐st❡, D
(
(λI −A)−1

)
é ❞❡♥s♦ ❡♠ ❳ ❡

(λI −A)−1é ❧✐♠✐t❛❞♦}.

◆❡st❡ ❝❛s♦ R(λ,A) ❞❡♥♦♠✐♥❛✲s❡ ♦ ♦♣❡r❛❞♦r r❡s♦❧✈❡♥t❡ ❞❡ A✳

❉❡✜♥✐çã♦ ✶✳✶✼ ✭❊s♣❡❝tr♦✮✳ ❖ ❡s♣❡❝tr♦ ❞❡ A é ♦ ❝♦♥❥✉♥t♦

σ(A) = C\̺(A)

❢♦r♠❛❞♦ ♣♦r três s✉❜❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s✿

✭✐✮ ❖ ❡s♣❡❝tr♦ ♣♦♥t✉❛❧ ❞❡ A é ♦ ❝♦♥❥✉♥t♦ ❞❡ s❡✉s ❛✉t♦✈❛❧♦r❡s✱ ❞❡♥♦t❛❞♦ ♣♦r
σp(A)❀

✭✐✐✮ ❖ ❡s♣❡❝tr♦ ❝♦♥tí♥✉♦ ❞❡ A✱ ❞❡♥♦t❛❞♦ ♣♦r σc(A)✱ é ♦ ❝♦♥❥✉♥t♦ ❞♦s λ ∈ C

t❛✐s q✉❡ λI − A é ✉♠ ♦♣❡r❛❞♦r ✐♥❥❡t✐✈♦✱ t❡♠ ✐♠❛❣❡♠ ❞❡♥s❛ ❡♠ X✱ ♠❛s
(λI −A)−1 : R(λI −A) → X é ♥ã♦ ❧✐♠✐t❛❞♦❀

✭✐✐✐✮ ❖ ❡s♣❡❝tr♦ r❡s✐❞✉❛❧ ❞❡ A✱ ❞❡♥♦t❛❞♦ ♣♦r σr(A)✱ é ♦ ❝♦♥❥✉♥t♦ ❞♦s λ ∈ C

t❛✐s q✉❡ λI − A é ✉♠ ♦♣❡r❛❞♦r ✐♥❥❡t✐✈♦ ♠❛s s✉❛ ✐♠❛❣❡♠ ♥ã♦ é ❞❡♥s❛ ❡♠
X✳

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❯♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r T : D(T ) ⊂ N1 → N2 é ❢❡❝❤❛❞♦ s❡ ♣❛r❛
t♦❞❛ s❡q✉ê♥❝✐❛ (vn) ⊂ D(T ) ❝♦♥✈❡r❣❡♥t❡✱ vn → v ∈ N1✱ ❝♦♠ (Tvn) ⊂ N2 ❡♥tã♦
Tvn ❝♦♥✈❡r❣❡✱ Tvn → w✱ t❡♥❤❛✲s❡ v ∈ D(T ) ❡ Tv = w✳
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▲❡♠❛ ✶✳✶✾✳ ❙❡❥❛♠ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ S : X → X ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r
❝♦♥tí♥✉♦ ❝♦♠ ✐♥✈❡rs♦ ❝♦♥tí♥✉♦✳ ❙❡ B ∈ L(X) s❛t✐s❢❛③

‖B‖L(X) <
1

‖S−1‖L(X)

,

❡♥tã♦ S +B é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ✐♥✈❡rsí✈❡❧✱ ❝♦♠ ✐♥✈❡rs❛ ❝♦♥tí♥✉❛✳

❉❡♠♦♥str❛çã♦✳ ❚❡♠♦s q✉❡ S + B é ❜✐❥❡t✐✈♦✳ ❉❡ ❢❛t♦✱ s❡❥❛ w ∈ X ❡ ❞❡♥♦t❡♠♦s
♣♦r P ♦ ♦♣❡r❛❞♦r

P (x) = S−1(w)− S−1B(x).

◆♦t❡ q✉❡ P é ✉♠❛ ❝♦♥tr❛çã♦✱ ♣♦✐s

‖P (x)− P (y)‖X = ‖ − S−1B(x) + S−1B(y)‖X
≤ ‖S−1‖L(X)‖B‖L(X)‖x− y‖X
≤ ‖x− y‖X .

P❡❧♦ ❚❡♦r❡♠❛ ❞♦ P♦♥t♦ ❋✐①♦ ❞❡ ❇❛♥❛❝❤✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ z ∈ X t❛❧
q✉❡ P (z) = z✱ ♦✉ s❡❥❛✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ z ∈ X ❞❡ ♠♦❞♦ q✉❡

z = S−1(w)− S−1B(z) ⇔ (S +B) (z) = w.

▲♦❣♦✱ t❡♠♦s q✉❡ S +B é ✉♠ ♦♣❡r❛❞♦r ❜✐❥❡t✐✈♦ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✐♥✈❡rsí✈❡❧✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ S +B é ✉♠ ♦♣❡r❛❞♦r ❝♦♥tí♥✉♦✱ s❡❣✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦
●rá✜❝♦ ❋❡❝❤❛❞♦✱ q✉❡ (S +B)−1 t❛♠❜é♠ é ✉♠ ♦♣❡r❛❞♦r ❝♦♥tí♥✉♦✳

Pr♦♣♦s✐çã♦ ✶✳✷✵✳ ❙❡❥❛ A ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❢❡❝❤❛❞♦ ♥✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H
❞❡ ♠♦❞♦ q✉❡ 0 ∈ ̺(A)✳ ❙❡ iR 6⊂ ̺(A) ❡♥tã♦ ❡①✐st❡ ω ∈ R ❝♦♠ ‖A−1‖−1

L(H) ≤ |ω| <
∞ t❛❧ q✉❡ {iβ; |β| < |ω|} ⊂ ̺(A)✿

sup
{
‖(iβI −A)−1‖L(H); |β| < |ω|

}
= ∞.

❙❡ ω0 ∈ R✱ |ω0| < |ω| ❡♥tã♦

sup
{
‖(iβI −A)−1‖L(H); |β| < |ω0|

}
<∞.

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ {iβ; |β| < |ω|} ⊂ ̺(A)✱ s❡

sup
{∥∥(iβI −A)−1

∥∥
L(H)

; |β| < |ω|
}
=M <∞,

❡♥tã♦✱ r❡s✉❧t❛ q✉❡ ♦ ♦♣❡r❛❞♦r

(iβI −A) = (iβ0I −A)[I + i(β − β0)(iβ0I −A)−1],
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❝♦♠ |β0| < |ω|✱ é ✐♥✈❡rsí✈❡❧ ♣❛r❛ |β − β0| < M−1✱ ♣♦✐s

‖i(β − β0)(iβ0I −A)−1‖L(H) ≤ |β − β0| · ‖(iβ0I −A)−1‖L(H)

< M−1‖(iβ0I −A)−1‖L(H)

< M−1M = 1.

❱❡r✐✜❝❛✲s❡ q✉❡ ❡s❝♦❧❤❡♥❞♦ β0 ❛❞❡q✉❛❞♦✱ ❝♦♠ |β0| tã♦ ♣ró①✐♠♦ ❞❡ |ω| q✉❛♥t♦
♣♦ssí✈❡❧✱ ❝♦♥❝❧✉✐♠♦s q✉❡

{
iβ; |β| < |ω|+M−1

}
⊂ ̺(A).

❡ ❝♦♠♦ ❛ ❢✉♥çã♦

R(·,A) : ̺(A) → L(H)

λ 7→ R(λ,A) = (λI −A)−1 ✭✶✳✶✮

é ❝♦♥tí♥✉❛✱ s❡❣✉❡ q✉❡ s❡ |ω| ≤ |ω0| < |ω|+M−1✱ ❡♥tã♦ {iβ; |β| < |ω0|} ⊂ ̺(A) ❡

sup
{∥∥(iβI −A)−1

∥∥
L(H)

; |β| < |ω0|
}
≤ max

{∥∥(iβI −A)−1
∥∥
L(H)

; |β| ≤ |ω0|
}
<∞.

❙❛❜❡♠♦s q✉❡ 0 ∈ ̺(A)✳ ❚❡♠♦s ❛✐♥❞❛

(iβI −A) = A(iβA−1 − I), ✭✶✳✷✮

♣❛r❛ q✉❛❧q✉❡r ♥ú♠❡r♦ r❡❛❧ β s❛t✐s❢❛③❡♥❞♦

‖iβA−1‖L(H) < 1 ⇒ |β| < 1

‖A−1‖L(H)

.

❉❡ ✭✶✳✷✮ ❝♦♥❝❧✉í♠♦s q✉❡ iβI − A é ✐♥✈❡rsí✈❡❧ s❡ |β| < ‖A−1‖−1
L(H)✳ P♦rt❛♥t♦✱ s❡

|ω0| < ‖A−1‖−1
L(H) ❡♥tã♦ {iβ; |β| < |ω0|} ⊂ ̺(A) ❡

sup
{∥∥(iβI −A)−1

∥∥
L(H)

; |β| < |ω0|
}
≤ max

{∥∥(iβI −A)−1
∥∥
L(H)

; |β| ≤ |ω0|
}
<∞.

❈♦♠♦ ♣♦r ❤✐♣ót❡s❡ iR 6⊂ ̺(A)✳ ❙❡❣✉❡ ♣❡❧♦ ❛r❣✉♠❡♥t♦ ❛❝✐♠❛ q✉❡ ❡①✐st❡ ω ∈ R

❝♦♠ ‖A−1‖−1
L(H) ≤ |ω| <∞ t❛❧q✉❡ {iβ; |β| < |ω|} ⊂ ̺(A)✿

sup
{
‖(iβI −A)−1‖L(H); |β| < |ω|

}
= ∞.

❙❡ ω0 ∈ R✱ |ω0| < |ω| ❡♥tã♦

sup
{
‖(iβI −A)−1‖L(H); |β| < |ω0|

}
<∞.

❈♦♠♦ q✉❡r✐❛♠♦s ♠♦str❛r✳

❈♦r♦❧ár✐♦ ✶✳✷✶✳ ❈♦♠ ❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✵✱ t❡♠♦s q✉❡ ❡①✐st❡♠
(λk)k∈N✱ (Uk)k∈N ❡ (Fk)k∈N s❡q✉ê♥❝✐❛s ❞❡ R✱ D(A) ❡ H✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❛✐s
q✉❡

λk → ω; ‖Uk‖H = 1 ❡ Fk → 0,
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s❡♥❞♦

(iλkI −A)Uk = Fk, ∀k ∈ N.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ω ∈ R ❞❛❞♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✵✳ ❉❛❞♦ n ∈ N✱ ❝♦♠

|ω|− 1

n
> 0 s❡❣✉❡ q✉❡

[
−
(
|ω| − 1

n

)
,

(
|ω| − 1

n

)]
é ❝♦♠♣❛❝t♦✳ P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡

❞❛ ❢✉♥çã♦ λ 7→ R(λ,A)✱ λ ∈ ̺(A)✱ t❡♠♦s q✉❡

sup

{
‖(iβI −A)−1‖L(H); |β| ≤ |ω| − 1

n

}
= Sn <∞.

❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✵ q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (βn)n∈N′⊂N
❝♦♠ |ω| − 1

n
<

|βn| < |ω| ❡
∥∥(iβnI −A)−1

∥∥
L(H)

≥ Sn + n. ✭✶✳✸✮

▲♦❣♦ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (βn)n∈N′⊂N
q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛ ω ♦✉ −ω✳ ❙❡♠

♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ s✉♣♦♥❤❛♠♦s q✉❡ ❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡ ♣❛r❛ ω✱ ❡ ❢❛③❡♥❞♦
❛❜✉s♦ ❞❡ ♥♦t❛çã♦ ❡s❝r❡✈❡♠♦s ❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♠♦ (βn)n∈N′⊂N

✳

❉♦ ❡①♣♦st♦ ❛té ❛❣♦r❛ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s
(βn)n∈N′N✱ ❝♦♠ βn → ω ❡ |βn| < |ω| t❛❧q✉❡ lim

n→∞
‖(iβnI −A)−1‖L(H) = ∞✳

❆ss✐♠✱ ❞❛❞♦ k ∈ N ❡①✐st❡ n0 ∈ N t❛❧q✉❡

‖(iβnI −A)−1‖L(H) > k, n ≥ n0.

❉❛í ❡①✐st❡ (λk)k∈N✱ s✉❜s❡q✉ê♥❝✐❛ ❞❡ (βn)n∈N✱ t❛❧q✉❡

‖(iλkI −A)−1‖L(H) > k.

P❛r❛ ❝❛❞❛ k ∈ N ❡①✐st❡ Gk ∈ H✱ Gk 6= 0✱ t❛❧ q✉❡

‖(iλkI −A)−1Gk‖H
‖Gk‖H

> k,

♦✉ s❡❥❛✱

‖Gk‖H <
1

k
‖(iλkI −A)−1Gk‖H . ✭✶✳✹✮

❚♦♠❛♥❞♦

✭✐✮ Uk =
(iλkI −A)−1Gk

‖(iλkI −A)−1Gk‖H
✱ ∀k ∈ N✱

✭✐✐✮ Fk =
Gk

‖(iλkI −A)−1Gk‖H
✱ ∀k ∈ N✱
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❞❡ ✭✶✳✹✮ s❡❣✉❡ q✉❡

‖Fk‖H <
1

k
∀k ∈ N.

▼❡❞✐❛♥t❡ ❛ ❝♦♥str✉çã♦ ❢❡✐t❛✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡♠ (λk)k∈N✱ (Uk)k∈N ❡ (Fk)k∈N
s❡q✉ê♥❝✐❛s ❞❡ R✱ D(A) ❡ H r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❛✐s q✉❡

λk → ω; ‖Uk‖H = 1 ❡ Fk → 0

s❡♥❞♦

(iλkI −A)Uk = Fk, ∀k ∈ N.

✶✳✷ ❊s♣❛ç♦s ❋✉♥❝✐♦♥❛✐s ❡ ❊s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈

◆❡st❛ s❡çã♦ ✈❛♠♦s ❞❡s❝r❡✈❡r ❛s ♥♦t❛çõ❡s ❡ ❞❡✜♥✐çõ❡s ❞❡ ❡s♣❛ç♦s ❢✉♥❝✐♦♥❛✐s
q✉❡ s❡rã♦ ✉s❛❞♦s ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❝♦♥s✉❧t❛r ❇ré③✐s
❬✶✷❪✳

❉❡✜♥✐r❡♠♦s ❛ s❡❣✉✐r ♦s ❡s♣❛ç♦s ❢✉♥❝✐♦♥❛✐s ♥❡❝❡ssár✐♦s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦
❞❡st❡ tr❛❜❛❧❤♦✳ ◆❡st❛s ❞❡✜♥✐çõ❡s✱ Ω ⊂ R

n é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✳

❉❡✜♥✐çã♦ ✶✳✷✷✳ ❙❡❥❛ u : Ω → R ❝♦♥tí♥✉❛✳ ❖ s✉♣♦rt❡ ❞❡ u✱ q✉❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r
supp(u)✱ é ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ ❢❡❝❤♦ ❡♠ Ω ❞♦ ❝♦♥❥✉♥t♦ {x ∈ Ω; u(x) 6= 0}. ❙❡ supp(u)
❢♦r ✉♠ ❝♦♠♣❛❝t♦ ❞♦ Ω ❡♥tã♦ ❞✐③❡♠♦s q✉❡ u ♣♦ss✉✐ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✳ ❉❡♥♦t❛♠♦s
♣♦r C0(Ω) ❛♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡♠ Ω ❝♦♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✳

❉❡✜♥✐çã♦ ✶✳✷✸✳ Cm(Ω) é ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♠ t♦❞❛s ❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s
❞❡ ♦r❞❡♠ ≤ m ❝♦♥tí♥✉❛s ❡♠ Ω ✭m ✐♥t❡✐r♦ ♥ã♦✲♥❡❣❛t✐✈♦ ♦✉ m = ∞✮✳
❉❡♥♦t❛r❡♠♦s ♣♦r C0(Ω) = C(Ω).

❉❡✜♥✐çã♦ ✶✳✷✹✳ ❖ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ϕ : Ω → R q✉❡ ♣♦ss✉❡♠ t♦❞❛s ❛s
❞❡r✐✈❛❞❛s ❛té ❛ ♦r❞❡♠ m ❝♦♥tí♥✉❛s ❡♠ Ω ❡ q✉❡ tê♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✱ s❡♥❞♦ q✉❡
❡ss❡ s✉♣♦rt❡ ❞❡♣❡♥❞❡ ❞❡ ϕ✱ é ❞❡♥♦t❛❞♦ ♣♦r Cm

0 (Ω) ✭♦✉ C∞
0 s❡ m = ∞✮✳

❉❡✜♥✐çã♦ ✶✳✷✺✳ ❯♠❛ s✉❝❡ssã♦ (ϕν)ν∈N ❞❡ ❢✉♥çõ❡s ❞❡ C∞
0 (Ω) ❝♦♥✈❡r❣❡ ♣❛r❛ ③❡r♦

q✉❛♥❞♦ ❡①✐st❡ K ⊂ Ω ❝♦♠♣❛❝t♦ t❛❧ q✉❡✿

∗ suppϕν ⊂ K, ∀ ν ∈ N;

∗ P❛r❛ ❝❛❞❛ α ∈ N
n

Dαϕν → 0 ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ K,

♦♥❞❡ Dα ❞❡♥♦t❛ ♦ ♦♣❡r❛❞♦r ❞❡r✐✈❛çã♦ ❞❡ ♦r❞❡♠ α ❞❡✜♥✐❞♦ ♣♦r

∂|α|

∂xα1

1 ∂x
α2

2 ...∂x
αn
n

,
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❝♦♠ α = (α1, α2, ..., αn) ∈ N
n ❡ |α| = α1 + α2 + ...+ αn✳

❉❡✜♥✐çã♦ ✶✳✷✻✳ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ C∞
0 (Ω) ❝♦♠ ❛ ♥♦çã♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡✜♥✐❞❛

❛❝✐♠❛ é r❡♣r❡s❡♥t❛❞♦ ♣♦r D(Ω) ❡ ❞❡♥♦♠✐♥❛❞♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s t❡st❡s ❡♠ Ω.

❉❡✜♥✐çã♦ ✶✳✷✼✳ ❙❡❥❛ 1 ≤ p ≤ +∞. ❉❡♥♦t❛♠♦s ♣♦r Lp(Ω) ♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤
❞❛s ✭❝❧❛ss❡s ❞❡✮ ❢✉♥çõ❡s ❞❡✜♥✐❞❛s ❡♠ Ω ❝♦♠ ✈❛❧♦r❡s ❡♠ R, t❛✐s q✉❡ |u|p é
✐♥t❡❣rá✈❡❧ ♥♦ s❡♥t✐❞♦ ❞❡ ▲❡❜❡s❣✉❡ ❡♠ Ω, ❝♦♠ ♥♦r♠❛

||u||Lp =

(∫

Ω

|u(x)|pdx
) 1

p

♣❛r❛ 1 ≤ p < +∞

❡✱ ♣❛r❛ p = ∞✱ ❞❡♥♦t❛♠♦s L∞(Ω) ♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❞❛s ✭❝❧❛ss❡s ❞❡✮ ❢✉♥çõ❡s
♠❡♥s✉rá✈❡s ❞❡ u ❞❡✜♥✐❞❛s s♦❜r❡ Ω✱ q✉❡ sã♦ ❡ss❡❝✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛s✱ ❝♦♠ ❛ ♥♦r♠❛
❞❛❞❛ ♣♦r

||u||L∞ = sup ess
x∈Ω

|u(x)| = inf {C ∈ R; |u(x)| ≤ C q✳t✳♣✳ ❡♠ Ω} .

❉❡✜♥✐çã♦ ✶✳✷✽✳ ❙❡❥❛♠ 1 ≤ p < ∞✳ ❉✐r❡♠♦s q✉❡r f : Ω → R é ❧♦❝❛❧♠❡♥t❡
✐♥t❡❣rá✈❡❧ ❡♠ Lp(Ω)✱ ❡ ❞❡♥♦t❛r❡♠♦s ♣♦r f ∈ L

p
loc(Ω)✱ s❡ f ❢♦r ✉♠❛ ❢✉♥çã♦

♠❡♥s✉rá✈❡❧ ❡ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ K ⊂ Ω t✐✈❡r♠♦s
∫

K

|f1(x)|p dx <∞.

❚❡♦r❡♠❛ ✶✳✷✾ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✮✳ ❙❡❥❛♠ f1 ∈ Lp1(Ω), f2 ∈
Lp2(Ω), ..., fn ∈ Lpn(Ω), n ∈ N, com p1, ..., pn > 1 ❡

1

p1
+ ... +

1

pn
= 1✳ ❊♥tã♦

f1 · ... · fn ∈ L1(Ω) ❡
∫

Ω

|f1 · ... · fn| dx ≤ ||f1||Lp1 · ... · ||fn||Lpn .

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇ré③✐s ❬✶✷❪✱ ♣✳ ✾✷✳

❚❡♦r❡♠❛ ✶✳✸✵✳ ❙❡❥❛♠ I = (a, b)✱ −∞ ≤ a < b ≤ ∞ ❡ s❡❥❛ u ∈ L1
loc(I) t❛❧ q✉❡

∫

I

uϕx dx = 0 ∀ϕ ∈ C1
0(I).

❊♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡ u = C ❡♠ q✉❛s❡ t♦❞♦ ♣♦♥t♦ ❞❡ I✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✶✷❪✱ ♣✳ ✷✵✺✳

❉❡✜♥✐çã♦ ✶✳✸✶✳ ❙❡❥❛♠ I = (a, b)✱ −∞ ≤ a < b ≤ ∞✱ ❡ p ∈ R ❝♦♠ 1 ≤ p ≤ ∞✳
❖ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ W 1,p(I) é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

W 1,p(I) =

{
u ∈ Lp(I); ∃ux ∈ Lp(I) t❛❧ q✉❡

∫ b

a

uϕx dx = −
∫ b

a

uxϕ dx ∀ϕ ∈ C1
0(I)

}

❖ ❡s♣❛ç♦ W 1,p(I) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛ ♥♦r♠❛

‖u‖W 1,p = (‖u‖pLp + ‖ux‖pLp)
1

p .
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◗✉❛♥❞♦ p = 2✱ ❞❡♥♦t❛♠♦s H1(I) = W 1,2(I)✳ ❖ ❡s♣❛ç♦ H1(I) é ✉♠ ❡s♣❛ç♦ ❞❡
❍✐❧❜❡rt ❡q✉✐♣❛❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈u, v〉H1 = 〈u, v〉L2 + 〈ux, vx〉L2 =

∫ b

a

(uv + uxvx) dx.

Pr♦♣♦s✐çã♦ ✶✳✸✷✳ ❖ ❡s♣❛ç♦ W 1,p(I) é r❡✢❡①✐✈♦ ♣❛r❛ 1 < p <∞ ❡ s❡♣❛rá✈❡❧ ♣❛r❛
1 ≤ p <∞✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✶✷❪✱ ♣✳ ✷✵✸✳

❉❡✜♥✐çã♦ ✶✳✸✸✳ ❉❛❞♦ ✉♠ ✐♥t❡✐r♦ m ≥ 2 ❡ ✉♠ ♥ú♠❡r♦ r❡❛❧ 1 ≤ p ≤ ∞ ❞❡✜♥✐♠♦s✱
♣♦r ✐♥❞✉çã♦✱ ♦ ❡s♣❛ç♦

Wm,p(I) =
{
u ∈ Wm−1,p(I);D1u ∈ Wm−1,p(I)

}
,

❝♦♠ ❛ ♥♦t❛çã♦ D1u = ux✱ ❡q✉✐♣❛❞♦ ❝♦♠ ❛ ♥♦r♠❛

‖u‖Wm,p = ‖u‖Lp +
m∑

i=1

‖Diu‖Lp .

❊ t❛♠❜é♠ ❞❡✜♥✐♠♦s

Hm(I) = Wm,2(I),

❡q✉✐♣❛❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r

〈u, v〉H2 = 〈u, v〉L2 +
m∑

i=1

〈Diu,Div〉L2 =

∫ b

a

uv dx+
m∑

i=1

∫ b

a

DiuDiv dx.

❚❡♦r❡♠❛ ✶✳✸✹✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C ✭q✉❡ ❞❡♣❡♥❞❡ s♦♠❡♥t❡ ❞❡
|I| ≤ ∞✮ t❛❧ q✉❡

‖u‖L∞ ≤ C‖u‖W 1,p , ∀u ∈ W 1,p(I), ∀1 ≤ p ≤ ∞.

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ W 1,p(I) →֒ L∞(I) ❝♦♠ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ ♣❛r❛ t♦❞♦
1 ≤ p ≤ ∞✳

❆❧é♠ ❞✐ss♦✱ ❙❡ I é ✉♠ ✐♥t❡r✈❛❧♦ ❧✐♠✐t❛❞♦ ❡♥tã♦

❆ ✐♠❡rsã♦ W 1,p(I) →֒ C(I) é ❝♦♠♣❛❝t❛ ♣❛r❛ t♦❞♦ 1 < p ≤ ∞✳

❆ ✐♠❡rsã♦ W 1,1(I) →֒ Lq(I) é ❝♦♠♣❛❝t❛ ♣❛r❛ t♦❞♦ 1 ≤ q <∞✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✶✷❪✱ ♣✳ ✷✶✷✳

❈♦r♦❧ár✐♦ ✶✳✸✺✳ ❙✉♣♦♥❤❛ q✉❡ I s❡❥❛ ✉♠ ✐♥t❡r✈❛❧♦ ✐❧✐♠✐t❛❞♦ ❡ u ∈ W 1,p(I)✱ ❝♦♠
1 ≤ p <∞✳ ❊♥tã♦

lim
x ∈ I
|x|7→∞

u(x) = 0.
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❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✶✷❪✱ ♣✳ ✷✶✹✳

❈♦r♦❧ár✐♦ ✶✳✸✻✳ ❙❡❥❛♠ u✱ v ∈ W 1,p(I) ❝♦♠ 1 ≤ p ≤ ∞✳ ❊♥tã♦

uv ∈ W 1,p(I)

❡

(uv)x = ux v + u vx.

❆❞❡♠❛✐s✱ ✈❛❧❡ ❛ ❢♦r♠✉❧❛ ❞❡ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s
∫ z

y

uxv dx = u(z)v(z)− u(y)v(y)−
∫ z

y

uvx dx, ∀x, y ∈ I.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✶✷❪✱ ♣✳ ✷✶✺✳

❈♦r♦❧ár✐♦ ✶✳✸✼✳ ❙❡❥❛ G ∈ C1(R) t❛❧ q✉❡ G(0) = 0✱ ❡ s❡❥❛ u ∈ W 1,p(I) ❝♦♠
1 ≤ p ≤ ∞✳ ❊♥tã♦

G ◦ u ∈ W 1,p(I) ❡ (G ◦ u)x = (Gx ◦ u)ux.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✶✷❪✱ ♣✳ ✷✶✺✳

❉❡✜♥✐çã♦ ✶✳✸✽✳ ❉❛❞♦ 1 ≤ p <∞✱ ❞❡♥♦t❛♠♦s ♣♦r W 1,p
0 (I) ♦ ❢❡❝❤♦ ❞❡ C1

0(I) ❡♠
W 1,p(I)✱ ❡q✉✐♣❛❞♦ ❝♦♠ ❛ ♥♦r♠❛ ❞❡ W 1,p(I)✳

❖ ❡s♣❛ç♦ H1
0 (I) = W

1,2
0 (I) é ❡q✉✐♣❛❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❞❡ H1(I)✳

❚❡♦r❡♠❛ ✶✳✸✾✳ ❙❡❥❛ u ∈ W 1,p(I)✳ ❊♥tã♦ u ∈ W
1,p
0 (I) s❡✱ s♦♠❡♥t❡ s❡✱ u = 0 ❡♠

∂I✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✶✷❪✱ ♣✳ ✷✶✼✳

❚❡♦r❡♠❛ ✶✳✹✵ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✮✳ ❙✉♣♦♥❤❛♠♦s I ✉♠ ✐♥t❡r✈❛❧♦
❧✐♠✐t❛❞♦✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Cp ≥ 0✱ q✉❡ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞♦
❝♦♠♣r✐♠❡♥t♦ ❞♦ ✐♥t❡r✈❛❧♦ I✱ t❛❧ q✉❡

‖u‖W 1,p ≤ Cp‖ux‖Lp ∀u ∈ W
1,p
0 (I).

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❡♠ W
1,p
0 (I)✱ ‖ux‖Lp é ✉♠❛ ♥♦r♠❛ ❡q✉✐✈❛❧❡♥t❡ à ♥♦r♠❛ ❞❡

W
1,p
0 (I)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✶✷❪✱ ♣✳ ✷✶✽✳

✶✳✸ ❙❡♠✐❣r✉♣♦s ❞❡ ❈❧❛ss❡ C0

◆❡st❛ s❡çã♦ ✈❛♠♦s ❞❡s❝r❡✈❡r ❛s ♥♦t❛çõ❡s✱ ❞❡✜♥✐çõ❡s ❡ ❛❧❣✉♥s t❡♦r❡♠❛s s♦❜r❡
s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 q✉❡ s❡rã♦ ✉s❛❞♦s ❛♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s
❝♦♥s✉❧t❛r ●♦♠❡s ❬✶✾❪ ♦✉ P❛③② ❬✶✵❪✳
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❉❡✜♥✐çã♦ ✶✳✹✶ ✭❙❡♠✐❣r✉♣♦✮✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ L(X) ❛ á❧❣❡❜r❛ ❞♦s
♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❧✐♠✐t❛❞♦s ❞❡ X✳ ❉✐③✲s❡ q✉❡ ✉♠❛ ❛♣❧✐❝❛çã♦ S : R+ → L(X) é
✉♠ s❡♠✐❣r✉♣♦ ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❧✐♠✐t❛❞♦s ❞❡ X s❡✿

■✮ S(0) = I✱ ♦♥❞❡ I é ♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ ❞❡ L(X)✱

■■✮ S(t+ s) = S(t)S(s)✱ ∀ t✱ s ∈ R
+✳

❉✐③✲s❡ q✉❡ ♦ s❡♠✐❣r✉♣♦ S é ❞❡ ❝❧❛ss❡ C0 s❡

■■■✮ lim
t→0+

‖ (S(t)− I) x‖X = 0✱ ∀ x ∈ X✳

❉❡✜♥✐çã♦ ✶✳✹✷ ✭●❡r❛❞♦r ■♥✜♥✐t❡s✐♠❛❧✮✳ ❈♦♥s✐❞❡r❡

D(A) = {x ∈ X ; lim
h→0

S(h)− I

h
x ❡①✐st❡}.

❖ ♦♣❡r❛❞♦r A ❞❡✜♥✐❞♦ ♣♦r

Ax = lim
h→0

S(h)− I

h
x, ∀x ∈ D(A)

é ❞✐t♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ s❡♠✐❣r✉♣♦ S✳

Pr♦♣♦s✐çã♦ ✶✳✹✸✳ ❙❡❥❛ {S(t)}t≥0 ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ❝♦♠ ❣❡r❛❞♦r
✐♥✜♥✐t❡s✐♠❛❧ A✳

✐✮ ❙❡ x ∈ D(A)✱ ❡♥tã♦ S(t)x ∈ D(A) ∀t ≥ 0 ❡

d

dt
S(t)x = AS(t)x = S(t)Ax;

✐✐✮ ❙❡ x ∈ D(A)✱ ❡♥tã♦

S(t)x− S(s)x =

∫ t

s

AS(τ)x dτ =

∫ t

s

S(τ)Ax dτ ;

✐✐✐✮ ❙❡ x ∈ D(A)✱ ❡♥tã♦
∫ t

0

S(τ)x dτ ∈ D(A) ❡

S(t)x− x = A
∫ t

s

S(τ)x dτ.

❉❡♠♦♥str❛çã♦✳ ❱❡r ●♦♠❡s ❆✳ ▼✱ ❬✶✾❪✱ ♣✳ ✶✸✳

Pr♦♣♦s✐çã♦ ✶✳✹✹✳ ✭✐✮ ❖ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 é
✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❢❡❝❤❛❞♦ ❡ s❡✉ ❞♦♠í♥✐♦ é ❞❡♥s♦ ❡♠ X✳

✭✐✐✮ ❯♠ ♦♣❡r❛❞♦r ❧✐♥❡r A✱ ❢❡❝❤❛❞♦ ❡ ❝♦♠ ❞♦♠í♥✐♦ ❞❡♥s♦ ❡♠ X✱ é ♦ ❣❡r❛❞♦r
✐♥✜♥✐t❡s✐♠❛❧ ❞❡✱ ♥♦ ♠á①✐♠♦✱ ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0✳
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❉❡♠♦♥str❛çã♦✳ ❱❡r ●♦♠❡s ❆✳ ▼✱ ❬✶✾❪✱ ♣✳ ✶✺✳

❉❡✜♥✐çã♦ ✶✳✹✺✳ ❙❡❥❛ {S(t)}t≥0 ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ❡ A s❡✉ ❣❡r❛❞♦r
✐♥✜♥✐t❡s✐♠❛❧✳ P♦♥❤❛♠♦s A0 = I✱ A1 = A ❡✱ s✉♣♦♥❤❛♠♦s q✉❡ An−1 ❡st❡❥❛
❞❡✜♥✐❞♦✱ ❝♦♥s✐❞❡r❡♠♦s

D(An) = {x ; x ∈ D(A) ❡ An−1x ∈ D(A)}.

❱❛♠♦s ❞❡✜♥✐r An ❝♦♠♦✿

Anx = A(An−1x), ∀x ∈ D(An).

Pr♦♣♦s✐çã♦ ✶✳✹✻✳ ❙❡❥❛ {S(t)}t≥0 ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ❡ A s❡✉ ❣❡r❛❞♦r
✐♥✜♥✐t❡s✐♠❛❧✳ ❚❡♠♦s✿

✐✮ D(An) é ✉♠ s✉❜❡s♣❛ç♦ ❞❡ X ❡ An é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❞❡ X❀

✐✐✮ ❙❡ x ∈ D(An)✱ ❡♥tã♦ S(t)x ∈ D(An)✱ ∀t ≥ 0 ❡

dn

dtn
S(t)x = AnS(t)x = S(t)Anx, ∀n ∈ N;

✐✐✐✮ ➱ ✈❛❧✐❞❛ ❛ ❢ór♠✉❧❛ ❞❡ ❚❛②❧♦r✿ s❡ x ∈ D(An)✱ ❡♥tã♦

S(t)x =
n−1∑

k=0

(t− a)k

k!
AkS(a)x+

1

(n− 1)!

∫ t

a

(t− τ)n−1AnS(τ)x dτ ;

✐✈✮ (S(t)− I)nx =

∫ t

0

· · ·
∫ t

0

S(τ1 · · · τn)Anx dτ1 · · · dτn ∀x ∈ D(An)❀

✈✮
⋂

n

D(An) é ❞❡♥s♦ ❡♠ ❳✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ●♦♠❡s ❆✳ ▼✱ ❬✶✾❪✱ ♣✳ ✷✵✳

Pr♦♣♦s✐çã♦ ✶✳✹✼✳ ❙❡❥❛ A ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❢❡❝❤❛❞♦ ❞❡ X✳ P♦♥❞♦✱ ♣❛r❛ ❝❛❞❛
x ∈ D(Ak)✱

‖x‖D(A) =
k∑

j=0

‖Ajx‖X , ✭✶✳✺✮

♦ ❢✉♥❝✐♦♥❛❧ ‖·‖D(A) é ✉♠❛ ♥♦r♠❛ ❡♠ D(Ak)✱ ♠✉♥✐❞♦ ❞❛ q✉❛❧ D(Ak) é ✉♠ ❡s♣❛ç♦
❞❡ ❇❛♥❛❝❤✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ●♦♠❡s ❆✳ ▼✱ ❬✶✾❪✱ ♣✳ ✷✷✳

❉❡✜♥✐çã♦ ✶✳✹✽✳ ❆ ♥♦r♠❛ ✭✶✳✺✮ é ❞✐t❛ ♥♦r♠❛ ❞♦ ❣rá✜❝♦✳ ❖ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤
q✉❡ s❡ ♦❜té♠ ♠✉♥✐❞♦ D(Ak) ❞❛ ♥♦r♠❛ ✭✶✳✺✮ s❡rá r❡♣r❡s❡♥t❛❞♦ ♣♦r [D(Ak)]✳
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Pr♦♣♦s✐çã♦ ✶✳✹✾✳ ❙❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦✱ {S(t)}t≥0✱ ❞❡
❝❧❛ss❡ C0✱ ❡♥tã♦✱ ∀x ∈ D(An)✱ S(t)x ∈ Cn−k

(
[0,∞) ; [D(Ak)]

)
✱ k = 0, 1, 2, ..., n.

❉❡♠♦♥str❛çã♦✳ ❱❡r ●♦♠❡s ❆✳ ▼✱ ❬✶✾❪✱ ♣✳ ✷✸✳

❚❡♦r❡♠❛ ✶✳✺✵✳ ❙❡❥❛ {S(t)}t≥0 ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ❝♦♠ ❣❡r❛❞♦r
✐♥✜♥✐t❡s✐♠❛❧ A✳ ❙❡ Re λ > ω0✱ ♦♥❞❡

ω0 = lim
t→∞

log ‖S(t)‖L(X)

t
,

❡♥tã♦ λ ∈ ρ(A)✱ ❡①✐st❡ ❛ ✐♥t❡❣r❛❧
∫ ∞

0

e−λtS(t)x dt ∀x ∈ X,

❡

R(λ,A)x =

∫ ∞

0

e−λtS(t)x dt ∀x ∈ X.

❉❡♠♦♥str❛çã♦✳ ❱❡r ●♦♠❡s ❆✳ ▼✱ ❬✶✾❪✱ ♣✳ ✸✵✳

❚❡♦r❡♠❛ ✶✳✺✶ ✭❍✐❧❧❡✲❨♦s✐❞❛✮✳ P❛r❛ q✉❡ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r A✱ ❞❡✜♥✐❞♦ ❡♠
D(A) ⊂ X ❡ ❝♦♠ ✈❛❧♦r❡s ❡♠ X✱ s❡❥❛ ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦
{S(t)}t≥0 ❞❡ ❝❧❛ss❡s C0 t❛❧ q✉❡ ‖S(t)‖L(X) ≤ eωt✱ t > 0✱ é ♥❡❝❡ssár✐♦ ❡ s✉✜❝✐❡♥t❡
q✉❡✿

✐✮ A s❡❥❛ ❢❡❝❤❛❞♦ ❡ s❡✉ ❞♦♠í♥✐♦ s❡❥❛ ❞❡♥s♦ ❡♠ X✳

✐✐✮ ❊①✐st❛ ω t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ r❡❛❧ λ > ω s❡ t❡♥❤❛ λ ∈ ρ(A) ❡

‖R(λ,A)‖L(X) ≤
1

λ− ω
.

❉❡♠♦♥str❛çã♦✳ ❱❡r ●♦♠❡s ❆✳ ▼✱ ❬✶✾❪✱✹✳✹ ❚❡♦r❡♠❛ ✭❍✐❧❧❡✲❨♦s✐❞❛✮ ♣✳ ✸✷ ❡ ✹✳✺
❈♦r♦❧ár✐♦ ♣✳ ✸✻✳

❉❡✜♥✐çã♦ ✶✳✺✷✳ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ X ′ ♦ ❞✉❛❧ ❞❡ X ❡ 〈·, ·〉 ❛
❞✉❛❧✐❞❛❞❡ ❡♥tr❡ X ❡ X ′✳ P♦♥❤❛♠♦s✱ ♣❛r❛ ❝❛❞❛ x ∈ X✱

J(x) = {x∗ ; 〈x, x∗〉 = ‖x‖2X = ‖x∗‖2X′}.

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❍❛❤♥✲❇❛♥❛❝❤✱ J(x) 6= ∅✱ ♣❛r❛ t♦❞♦ x ∈ X✳ ❯♠❛ ❛♣❧✐❝❛çã♦
❞✉❛❧✐❞❛❞❡ é ✉♠❛ ❛♣❧✐❝❛çã♦ j : X → X ′ t❛❧ q✉❡ j(x) ∈ J(x)✱ ♣❛r❛ t♦❞♦ x ∈ X✳

❉❡✜♥✐çã♦ ✶✳✺✸✳ ❉✐③ ✲ s❡ q✉❡ ♦ ♦♣❡r❛❞♦r A : D(A) ⊂ X → X é ❞✐ss✐♣❛t✐✈♦ s❡✱
♣❛r❛ ❛❧❣✉♠❛ ❛♣❧✐❝❛çã♦ ❞✉❛❧✐❞❛❞❡✱ j✱

Re〈Ax, j(x)〉 ≤ 0, ∀x ∈ D(A).

Pr♦♣♦s✐çã♦ ✶✳✺✹✳ ❙❡❥❛ A : D(A) → X✱ s❡ A é ❞✐ss✐♣❛t✐✈♦ ❡ λ0I−A é s♦❜r❡❥❡t♦r
♣❛r❛ ❛❧❣✉♠ λ0 > 0✱ ❡♥tã♦✿
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✭✐✮ λ0 ∈ ρ(A) ❡ A é ❢❡❝❤❛❞♦❀

✭✐✐✮ (0,∞) ⊂ ̺(A)❀

✭✐✐✐✮ λI −A é s♦❜r❡❥❡t♦r✱ ♣❛r❛ t♦❞♦ λ > 0✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ●♦♠❡s ❆✳ ▼✱ ❬✶✾❪✱ ♣✳ ✸✽✳

❚❡♦r❡♠❛ ✶✳✺✺ ✭▲✉♠♠❡r✲P❤✐❧❧✐♣s✮✳ ❯♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r A é ♦ ❣❡r❛❞♦r
✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦ {S(t)}t≥0 ❞❡ ❝❧❛ss❡ C0 ❝♦♠ ‖S(t)‖L(X) ≤ 1 s❡
❡ s♦♠❡♥t❡ s❡✿

✭✐✮ ❖ ♦♣❡r❛❞♦r A é ❞✐ss✐♣❛t✐✈♦❀

✭✐✐✮ ❖ ♦♣❡r❛❞♦r λ0I −A é ✉♠ ♦♣❡r❛❞♦r s♦❜r❡❥❡t♦r✱ ♣❛r❛ ❛❧❣✉♠ λ0 > 0;

✭✐✐✐✮ ❖ ♦♣❡r❛❞♦r A é ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r A s❡❥❛ ❣❡r❛❞♦r ❞❡
✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ❝♦♠ ‖S(t)‖L(X) ≤ 1✳ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✹ q✉❡
♦ ♦♣❡r❛❞♦r A é ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦ ❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✺✵ q✉❡ ♦ ♦♣❡r❛❞♦r λ0I −A
é ✉♠ ♦♣❡r❛❞♦r s♦❜r❡❥❡t♦r ♣❛r❛ t♦❞♦ λ0 > 0✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ❝❛❞❛ ❛♣❧✐❝❛çã♦
❞✉❛❧✐❞❛❞❡✱ j✱ t❡♠✲s❡

Re 〈S(t)x, j(x)〉 ≤ |〈S(t)x, j(x)〉| ≤ ‖S(t)x‖X‖j(x)‖X′ ≤ ‖x‖2X

✈✐st♦ q✉❡✱ ♣♦r ❤✐♣ót❡s❡✱ ‖S(t)x‖X ≤ ‖x‖X ✱ ♣❛r❛ t♦❞♦ x ∈ X✳ P♦rt❛♥t♦✱

Re 〈S(t)x− x, j(x)〉 = Re 〈S(t)x, j(x)〉 − ‖x‖2X ≤ 0;

❡ ❞✐✈✐❞✐♥❞♦ ♣♦r t ❡ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❝♦♠ t → 0+✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛
❞✉❛❧✐❞❛❞❡✱ t❡♠♦s q✉❡

Re 〈Ax, j(x)〉 ≤ 0 ∀x ∈ D(A)

❡✱ ❛ss✐♠✱ A é ❞✐ss✐♣❛t✐✈♦✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛♠♦s ✈á❧✐❞♦ (i)− (iii)✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✺✹ q✉❡
A é ❢❡❝❤❛❞♦ ❡ (0,∞) ⊂ ̺(A)✱ s❡❣✉❡ ❞❛ ❤✐♣ót❡s❡ (iii) q✉❡ A é ❢❡❝❤❛❞♦ ❡ s❡✉
❞♦♠í♥✐♦ é ❞❡♥s♦ ❡♠ X✳

❉❛❞♦s x ∈ D(A) ❡ λ > 0✱ ❝♦♠♦ A é ❞✐ss✐♣❛t✐✈♦✱ ❡♥tã♦ ❞❡

〈(λI −A) x, j(x)〉 = λ‖x‖2X − 〈Ax, j(x)〉

✈❡♠

λ‖x‖2X ≤ Re〈(λI −A)x, j(x)〉 ≤ |〈(λI −A)x, j(x)〉| ≤ ‖(λI −A)x‖X‖x‖X ,

❞♦♥❞❡

‖x‖X = ‖(λI −A)(λI −A)−1x‖X ≥ λ‖(λI −A)−1x‖X , ∀x ∈ X ❡ ∀λ > 0,



✷✵ ✶✳✹✳ ❊❙P❆➬❖❙ LP (0, T ;X)

♦✉ s❡❥❛✱

‖(λI −A)−1x‖X
‖x‖X

≤ 1

λ
, ∀λ > 0.

❚♦♠❛♥❞♦ ω = 0 ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ t❡♠♦s

‖R(λ,A)‖L(X) ≤
1

λ
, ∀λ ≥ 0;

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❍✐❧❧❡✲❨♦s✐❞❛✱ ❚❡♦r❡♠❛ ✶✳✺✶✱ t❡♠♦s q✉❡ A é ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧
❞❡ ✉♠ s❡♠✐❣r✉♣♦ {S(t)}t≥0 ❞❡ ❝❧❛ss❡ C0 ❝♦♠ ‖S(t)‖L(X) ≤ 1✳

❈♦r♦❧ár✐♦ ✶✳✺✻✳ ❙❡❥❛ A ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❞✐ss✐♣❛t✐✈♦ ❝♦♠ ❞♦♠í♥✐♦ D(A) ❞❡♥s♦
♥♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H✱ t❛❧ q✉❡ 0 ∈ ̺(A)✳ ❊♥tã♦✱ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡
✉♠ s❡♠✐❣r✉♣♦ S ❞❡ ❝❧❛ss❡ C0✱ ❝♦♠ ‖S(t)‖L(H) ≤ 1✳

❉❡♠♦♥str❛çã♦✳ P♦r ❤✐♣ót❡s❡ 0 ∈ ̺(A)✱ ♣♦rt❛♥t♦ ❡①✐st❡ ❡ é ❧✐♠✐t❛❞♦ ♦ ♦♣❡r❛❞♦r
A−1✳ ❘❡❝♦rr❡♥❞♦ ❛♦ ❚❡♦r❡♠❛ ✶✳✶✾✱ t❡♠♦s q✉❡ λI − A é ✐♥✈❡rtí✈❡❧ s❡♠♣r❡ q✉❡
0 < λ < ‖A−1‖−1

L(H)✳ ❆ss✐♠✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ▲✉♠♠❡r✲P❤✐❧❧✐♣s✱ ❚❡♦r❡♠❛
✶✳✺✺✱ q✉❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦ {S(t)}t≥0 s♦❜r❡ H✱ ❞❡
♠♦❞♦ q✉❡ ‖S(t)‖L(H) ≤ 1✳

❚❡♦r❡♠❛ ✶✳✺✼✳ ❙❡ A : D(A) → X ✱ ♦♣❡r❛❞♦r ❧✐♥❡❛r✱ é ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡
✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ❡♥tã♦✱ ♣❛r❛ ❝❛❞❛ x ∈ D(A) ♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②
❆❜str❛t♦✱ 




du

dt
= Au(t) t > 0

u(0) = x.

t❡♠ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦

u ∈ C ([0,∞); [D(A)]) ∩ C1 ([0,∞);X)

❉❡♠♦♥str❛çã♦✳ ❱❡r ●♦♠❡s ❆✳ ▼✱ ❬✶✾❪✱ ♣✳ ✶✵✹✳

✶✳✹ ❊s♣❛ç♦s Lp(0, T ;X)

❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ s❡♣❛rá✈❡❧✳ ❯♠❛ ❢✉♥çã♦ u ❞❡✜♥✐❞❛ ❡♠ (0, T ) ❝♦♠
✈❛❧♦r❡s ❡♠ X é ♠❡♥s✉rá✈❡❧ q✉❛♥❞♦ ♣❛r❛ t♦❞❛ f ∈ X ′ ✭❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ X✮ ❛
❢✉♥çã♦ ♥✉♠ér✐❝❛ t 7→ 〈f, u(t)〉X′×X ❢♦r ♠❡♥s✉rá✈❡❧ ❛ ▲❡❜❡s❣✉❡ ❡♠ (0, T )✳

❆ ❢✉♥çã♦ u : (0, T ) → X é ✐♥t❡❣rá✈❡❧ ♥♦ s❡♥t✐❞♦ ❞❡ ❇♦❝❤♥❡r ❡♠ ✭✵✱❚✮✱ s❡
u ❢♦r ♠❡♥s✉rá✈❡❧ ❡ ❛ ❢✉♥çã♦ t 7→ ‖u(t)‖X ❢♦r ✐♥t❡❣rá✈❡❧ à ▲❡❜❡s❣✉❡ ❡♠ (0, T )✳

◆❡st❡ ❝❛s♦✱ ❛ ✐♥t❡❣r❛❧ ❞❡ ❇♦❝❤♥❡r ❞❡ u é ♦ ✈❡t♦r ❞❡ X ❞❡♥♦t❛❞♦ ♣♦r
∫ T

0

u(t) dt ❡

❝❛r❛❝t❡r✐③❛❞♦ ♣♦r

〈
f,

∫ T

0

u(t) dt

〉

X′×X

=

∫ T

0

〈f, u(t)〉X′×X dt, ∀f ∈ X ′.
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❙❡❥❛♠ 1 ≤ p < ∞ ❡ T > 0 ♥ú♠❡r♦s r❡❛✐s✳ ❉❡♥♦t❛♠♦s ♣♦r Lp(0, T ;X) ♦ ❡s♣❛ç♦
✈❡t♦r✐❛❧ ❞❛s ✭ ❝❧❛ss❡s ✮ ❢✉♥çõ❡s u : (0, T ) 7→ X ♠❡♥s✉rá✈❡✐s ❡ t❛✐s q✉❡ ❛ ❛♣❧✐❝❛çã♦
t 7→ ‖u(t)‖pX é ❛ ✐♥t❡❣r❛❧ ❞❡ ▲❡❜❡s❣✉❡ ❡♠ (0, T )✳ ❊♠ Lp(0, T ;X) ❞❡✜♥✐✲s❡ ❛
♥♦r♠❛✿

‖u‖Lp(0,T ;X) =

[∫ T

0

‖u(t)‖pX dt

] 1

p

,

❡♠ r❡❧❛çã♦ ❛ q✉❛❧ Lp(0, T ;X) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❖❜s❡r✈❛çã♦ ✶✳✺✽✳ ❙❡ p = 2 ❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ❡♥tã♦ L2(0, T ;X) é
✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈u, v〉L2(0,T ;X) =

∫ T

0

〈u(t), v(t)〉X dt, ∀u, v ∈ L2(0, T ;X).

P♦r L∞(0, T ;X) ❡st❛r❡♠♦s ❞❡♥♦t❛♥❞♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛s ✭❝❧❛ss❡s✮ ❢✉♥çõ❡s
♠❡♥s✉rá✈❡✐s u : (0, t) 7→ X t❛✐s q✉❡

sup ess
t∈(0,T )

‖u(t)‖X ≤ ∞.

◆❡st❡ ❡s♣❛ç♦ ❞❡✜♥✐♠♦s ❛ ♥♦r♠❛✿

‖u‖L∞(0,T ;X) = sup ess
t∈(0,T )

‖u(t)‖X .

❡♠ r❡❧❛çã♦ ❛ q✉❛❧ L∞(0, T ;X) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❙❡ 1 ≤ p < ∞✱ ♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ Lp(0, T ;X) s❡ ✐❞❡♥t✐✜❝❛ ❝♦♠ ♦ ❡s♣❛ç♦

Lp′(0, T ;X ′)✱ ♦♥❞❡
1

p
+

1

p′
= 1 ❡X ′ r❡♣r❡s❡♥t❛ ♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡X✳ ❉❡♠♦♥str❛✲

s❡ t❛♠❜é♠ q✉❡ s❡ X ❢♦r r❡✢❡①✐✈♦ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ s❡♣❛rá✈❡❧✮ ❡ 1 < p < ∞
✭r❡s♣❡❝t✐✈❛♠❡♥t❡ 1 ≤ p < ∞ ✮ ❡♥tã♦ Lp(0, T ;X) é r❡✢❡①✐✈♦ ❡ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡
s❡♣❛rá✈❡❧✮✳ ❈♦♠ ❡st❛ ✐❞❡♥t✐✜❝❛çã♦ t❡♠♦s

〈f, u〉Lp′ (0,T ;X′)×Lp(0,T ;X) =

∫ T

0

〈f(t), u(t)〉X′×X dt,

♣❛r❛ t♦❞♦ f ∈ Lp′(0, T ;X ′) ❡ ♣❛r❛ t♦❞♦ u ∈ Lp(0, T ;X)✳

❚❡♠♦s t❛♠❜é♠ q✉❡ ♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ L1(0, T ;X) s❡ ✐❞❡♥t✐✜❝❛ ❝♦♠ ♦ ❡s♣❛ç♦
L∞(0, T ;X)✳

✶✳✺ ❉✐str✐❜✉✐çõ❡s ❱❡t♦r✐❛✐s

◆♦ q✉❡ s❡❣✉❡✱ ✐r❡♠♦s s✉♣♦r q✉❡ ♦s ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ X sã♦ s❡♠♣r❡ r❡❛✐s✱
s❡♣ár❛✈❡✐s ❡ r❡✢❡①✐✈♦s✳ ❊♠ ♠✉✐t❛s s✐t✉❛çõ❡s X s❡rá ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳
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❙✉♣♦♥❤❛♠♦s u ∈ Lp(0, T ;X) ❡ ♣❛r❛ ϕ ∈ D(0, T ) ❝♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦
ũ : D(0, t) → X ❞❡✜♥✐❞❛ ♣♦r

〈ũ, ϕ〉 =
∫ T

0

u(s)ϕ(s) ds ∈ X ✭✶✳✻✮

♦♥❞❡ ❛ ✐♥t❡❣r❛❧ é ❡♥t❡♥❞✐❞❛ ❝♦♠♦ ❛ ✐♥t❡❣r❛❧ ❞❡ ❇♦❝❤♥❡r ❡♠ X✳ ❆ ❡q✉❛çã♦ ✭✶✳✻✮
❞❡✜♥❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛ ❞❡ D(0, T ) ❡♠ X✳ P♦rt❛♥t♦✱ ũ ♣❡rt❡♥❝❡
❛♦ ❡s♣❛ç♦ ❞❛s ❞✐str✐❜✉✐çõ❡s ✈❡t♦r✐❛✐s ❞❡✜♥✐❞❛s ❡♠ D(0, T ) ❝♦♠ ✈❛❧♦r❡s ❡♠ X✱ ♦
q✉❛❧ r❡♣r❡s❡♥t❛✲s❡ ♣♦r D′(0, T ;X)✳ ❆❧é♠ ❞✐ss♦✱ ❞❡♠♦♥str❛✲s❡ ✭✈❡r ♣♦r ❡①❡♠♣❧♦✱
❘✳ ❚❡♠❛♠ ❬✷✺❪✮ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ũ é ✉♥✐✈♦❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r u✱ ❞❡ ♠♦❞♦
q✉❡ ♣♦❞❡ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r u ❝♦♠ ũ✳ ◆❡st❡ s❡♥t✐❞♦✱ ✐❞❡♥t✐✜❝❛✲s❡ Lp(0, T ;X)
❝♦♠ ❛ ♣❛rt❡ ❞❡ D′(0, T ;X)✱ ✐st♦ é✱ Lp(0, T ;X) ⊂ D′(0, T ;X)✳ ❉❡st❛ ❢♦r♠❛✱ s❡♥❞♦
t♦❞♦ ❡❧❡♠❡♥t♦ u ❞❡ Lp(0, T ;X) ✉♠❛ ❞✐str✐❜✉✐çã♦✱ u ♣♦ss✉✐ ❞❡r✐✈❛❞❛ ♥♦ s❡♥t✐❞♦
❞❛s ❞✐str✐❜✉✐çõ❡s✱ ✐st♦ é✱ u′ ∈ D′(0, T ;X) ❛ q✉❛❧ é ❞❡✜♥✐❞♦ ♣♦r✿

〈u′, ϕ〉 = −〈u, ϕ′〉 = −
∫ T

0

u(s)ϕ′(s) ds.

❉✐③✲s❡ q✉❡ ✉♠❛ s✉❝❡ssã♦ (un)n∈N ❞❡ ✈❡t♦r❡s ❞❡ D′(0, T ;X) ❝♦♥✈❡r❣❡ ♣❛r❛ ❛
❞✐str✐❜✉✐çã♦ u ❡♠ D′(0, T ;X)✱ s❡ 〈un, ϕ〉 → 〈u, ϕ〉 ♣❛r❛ t♦❞❛ ϕ ∈ D(0, T )✳

❙❡❥❛♠ V ❡ H ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt r❡❛✐s✳ ❙✉♣♦♥❤❛♠♦s q✉❡ V é ❞❡♥s♦ ❡♠ H ❡
q✉❡ ❛ ✐♥❥❡çã♦ V ❡♠ H é ❝♦♥tí♥✉❛✳ ❊s❝r❡✈❡♠♦s V →֒ H ♣❛r❛ ✐♥❞✐❝❛r t❛❧ s✐t✉❛çã♦✳
■❞❡♥t✐✜❝❛♥❞♦✲s❡ H ❝♦♠ s❡✉ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ H ′ s❡❣✉❡ q✉❡

V →֒ H ≡ H ′ →֒ V ′,

♦♥❞❡ V ′ é ♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ V ✳

❆ s❡❣✉✐r ❡♥✉♥❝✐❛r❡♠♦s r❡s✉❧t❛❞♦s ❝✉❥❛s ❞❡♠♦♥str❛çõ❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s
❡♠ ❬✷✺❪✳

Pr♦♣♦s✐çã♦ ✶✳✺✾✳ ❙❡ u ❡ v ∈ L2(0, T ;V ) ❡ u′✱ v′ ∈ L2(0, T ;V ) ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦
t 7→ (u(t), v(t))H é ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛ ❡♠ [0, T ] ❡ ✈❛❧❡ ❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡

d

dt
(u(t), v(t))H = 〈u′(t), v(t)〉V ′×V + 〈u(t), v′(t)〉V ′×V ,

♦♥❞❡ ❛ ❞❡r✐✈❛❞❛ ♥♦ ♣r✐♠❡✐r♦ ♠❡♠❜r♦ ❞❛ ✐❣✉❛❧❞❛❞❡ é ❛ ❞❡r✐✈❛❞❛ ♥♦ s❡♥t✐❞♦ ❞❛s
❞✐str✐❜✉✐çõ❡s s♦❜r❡ (0, T ) ❞❛s ❢✉♥çõ❡s (u(t), v(t))H ✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❚❡♠❛♥✱ ❬✷✺❪✱ ♣✳ ✷✻✶✳

❈♦r♦❧ár✐♦ ✶✳✻✵✳ ❙❡ v ∈ L2(0, T ;V )✱ u✱ v′ ∈ L2(0, T,H) ❡ u′ ∈ L2(0, T, V ′)✱
❡♥tã♦

d

dt
(u(t), v(t))H = 〈u′(t), v(t)〉V ′×V + 〈u(t), v′(t)〉H .

❉❡♠♦♥str❛çã♦✳ ❱❡r ❚❡♠❛♥✱ ❬✷✺❪✱ ♣✳ ✷✻✶✳
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❈♦r♦❧ár✐♦ ✶✳✻✶✳ ❙❡ u ∈ L2(0, T ;V ) ❡ u′ ∈ L2(0, T ;V ′)✱ ❡♥tã♦ u é✱ ❛♣ós ✉♠❛
♠♦❞✐✜❝❛çã♦ ❡✈❡♥t✉❛❧ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛✱ ❝♦♥tí♥✉❛ ❞❡ [0, T ] ❡♠ H✱
✐st♦ é✱ u ∈ C([0, T ], H)✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡ ♥♦ s❡♥t✐❞♦ ❞❛s
❞✐str✐❜✉✐çõ❡s ❡s❝❛❧❛r❡s s♦❜r❡ (0, T )

d

dt
‖u(t)‖2H = 2〈u′(t), u(t)〉V ′×V .

❉❡♠♦♥str❛çã♦✳ ❱❡r ❚❡♠❛♥✱ ❬✷✺❪✱ ♣✳ ✷✻✶✳

✶✳✻ ❊st❛❜✐❧✐❞❛❞❡

❉❡✜♥✐çã♦ ✶✳✻✷✳ ❯♠ s❡♠✐❣r✉♣♦ {S(t)}t≥0 é ❞✐t♦ s❡r ❡①♣♦♥❡♥❝✐❛❧♠❡t♥❡ ❡stá✈❡❧

s❡ ❡①✐st✐r❡♠ ❝♦♥st❛♥t❡s α > 0 ❡ M ≥ 1 t❛✐s q✉❡

‖S(t)‖L(X) ≤Me−αt, ∀t ≥ 0.

❖ ♣ró①✐♠♦ t❡♦r❡♠❛✱ ❞❡✈✐❞♦ ❛ Prüss✱ ❝❛r❛❝t❡r✐③❛ ❛ ❡st❛❜✐❧❞✐❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ❞❡
✉♠ s❡♠✐❣r✉♣♦ {S(t)}t≥0✱ t❛❧ q✉❡ ‖S(t)‖L(X) ≤ 1✳

❚❡♦r❡♠❛ ✶✳✻✸✳ ❙❡❥❛ {S(t)}t≥0 ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ♥✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt
H✱ ❞❡ ♠♦❞♦ q✉❡ ‖S(t)‖L(H) ≤ 1 ❡ A ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ S✳ ❊♥tã♦ S(t) é
❡①♣♦♥❡❝✐❛❧♠❡♥t❡ ❡stá✈❡❧ s❡✱ s♦♠❡♥t❡ s❡✱

iR = {iβ ; β ∈ R} ⊂ ̺(A)

❡

lim
|β|→∞

‖(iβI − A)−1‖L(H) <∞.

❉❡♠♦♥str❛çã♦✳ ❱❡r Prüss ❬✷✷❪✳

❉❡✜♥✐çã♦ ✶✳✻✹✳ ❯♠ s❡♠✐❣r✉♣♦ {S(t)}t≥0 s♦❜r❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H é ❞✐t♦
♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❡stá✈❡❧ s❡ ❡①✐st✐r❡♠ ❝♦♥st❛♥t❡s C > 0 ❡ γ > 0 t❛✐s q✉❡

‖S(t)u‖H ≤ C

tγ
‖u‖D(A), ∀ u ∈ D(A).

❖ ♣ró①✐♠♦ t❡♦r❡♠❛✱ ❞❡ ❆✳ ❇♦r✐❝❤❡✈ ❡ ❨✳ ❚♦♠✐❧♦✈✱ ❝❛r❛❝t❡r✐③❛ ❛ ❡st❛❜✐❧✐❞❛❞❡
♣♦❧✐♥♦♠✐❛❧ ❞❡ s❡♠✐❣r✉♣♦s C0 ❧✐♠✐t❛❞♦s s♦❜r❡ ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt✳

❚❡♦r❡♠❛ ✶✳✻✺✳ ❙❡❥❛ {S(t)}t≥0 ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0✱ ❝♦♠ ❣❡r❛❞♦r
✐♥✜♥✐t❡s✐♠❛❧ A✱ ❧✐♠✐t❛❞♦ s♦❜r❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H t❛❧ q✉❡ iR ⊂ ̺(A)✳ ❊♥tã♦
♣❛r❛ α > 0 ✜①❛❞♦✱ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✭■✮ ‖(iλ−A)−1‖L(H) = O (|λ|α) , λ→ ∞✳
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✭■■✮ ‖S(t)A‖L(H) = O
(
t−

1

α

)
, λ→ ∞✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❇♦r✐❝❤❡✈✱ ❆✳✱ ❚♦♠✐❧♦✈✱ ❨✳ ❬✷✹❪✳



❈❛♣ít✉❧♦ ✷

❙✐st❡♠❛s ❞❡ ❚✐♠♦s❤❡♥❦♦ ❝♦♠

❍✐stór✐❛

✷✳✶ ■♥tr♦❞✉çã♦

❈♦♥s✐❞❡r❛♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ❚✐♠♦s❤❡♥❦♦ ❝♦♠ ❍✐stór✐❛

ρ1ϕtt − k(ϕx + ψ)x = 0, ✭✷✳✶✮

ρ2ψtt − bψxx +

∫ ∞

0

g(s)ψxx(x, t− s) ds+ k(ϕx + ψ) = 0, ✭✷✳✷✮

♣❛r❛ x ∈ (0, L) ❡ t ∈ (0,∞)✳ ❆s ❢✉♥çõ❡s ϕ ❡ ψ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦
❞❡s❧♦❝❛♠❡♥t♦ tr❛♥s✈❡rs❛❧ ❞❡ ✉♠❛ ✈✐❣❛ ❡ ♦ â♥❣✉❧♦ ❞❡ r♦t❛çã♦✳ ❆s ❝♦♥st❛♥t❡s
ρ1, ρ2, k, b sã♦ ♥ú♠❡r♦s r❡❛✐s ♣♦s✐t✐✈♦s✳ ❖ s✐st❡♠❛ ❡stá s✉❥❡✐t♦ às ❝♦♥❞✐çõ❡s ❞❡
❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t

ϕ(0, ·) = ϕ(L, ·) = 0, ψ(0, ·) = ψ(L, ·) = 0 ❡♠ (0,∞), ✭✷✳✸✮

às ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s

ϕ(·, 0) = ϕ0, ϕt(·, 0) = ϕ1, ψ(·, 0) = ψ0, ψt(·, 0) = ψ1 ❡♠ (0, L) ✭✷✳✹✮

❡ ❛ ❝♦♥❞✐çã♦

ψ(·,−s) = η0(·, s), s > 0 ❡♠ (0, L).

◆♦ss♦ ✐♥t❡r❡ss❡ ♣r✐♥❝✐♣❛❧ ❛q✉✐ é ❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛s s♦❧✉çõ❡s
❞❡st❡ s✐st❡♠❛✳ ❆s ♣r✐♥❝✐♣❛✐s ❢❡rr❛♠❡♥t❛s ✉s❛❞❛s sã♦ ♦s r❡s✉❧t❛❞♦s ❞❡ Prüss ❬✷✷❪
❡ ❬✷✸❪✳ ❈♦♠ ❡st❡ ♦❜❥❡t✐✈♦ é ♥❡❝❡ssár✐♦ ❢❛③❡r ❛❧❣✉♠❛s ♠♦❞✐✜❝❛çõ❡s ♥♦ s✐st❡♠❛
✭✷✳✶✮✲✭✷✳✹✮✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ s❡❥❛ ♣♦ssí✈❡❧ ✉s❛r ❛ t❡♦r✐❛ ❞❡ s❡♠✐❣r✉♣♦s✳ P❛r❛ ✐st♦✱
✐♥tr♦❞✉③✐♠♦s ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦

ηt(x, s) = ψ(x, t)− ψ(x, t− s). ✭✷✳✺✮

✷✺
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❉❡r✐✈❛♥❞♦ ✭✷✳✺✮ ❞✉❛s ✈❡③❡s ❡♠ r❡❧❛çã♦ ❛ x ♦❜t❡♠♦s

ηtxx(x, s) = ψxx(x, t)− ψxx(x, t− s).

❙✉❜st✐t✉✐♥❞♦ ψxx(x, t−s) ❡♠ ✭✷✳✷✮ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ♦ s✐st❡♠❛ ✭✷✳✶✮✲✭✷✳✺✮ ❝♦♠♦

ρ1ϕtt − k(ϕx + ψ)x = 0 ✭✷✳✻✮

ρ2ψtt −
(
b−

∫ ∞

0

g(s)ds

)
ψxx −

∫ ∞

0

g(s)ηtxx(x, s) ds+ k(ϕx + ψ) = 0 ✭✷✳✼✮

ηt + ηs − ψt = 0, ✭✷✳✽✮

♦♥❞❡ ❛ t❡r❝❡✐r❛ ❡q✉❛çã♦ é ♦❜t✐❞❛ ♣❡❧❛ s♦♠❛ ❞❛s ❞❡r✐✈❛❞❛s ❞❡ ✭✷✳✺✮ ❡♠ r❡❧❛çã♦ ❛ t
❡ ❛ s✳ ❆s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❝♦♥s✐❞❡r❛❞❛s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✻✮✲✭✷✳✽✮ sã♦

ϕ(0, ·) = ϕ(L, ·) = 0, ψ(0, ·) = ψ(L, ·) = 0, ηt(0, ·) = ηt(L, ·) = 0 ✭✷✳✾✮

❡ ❛s ❝♦♥❞✐çõ❡s ✐♥❝✐❛✐s sã♦ ❞❛❞❛s ♣♦r

ϕ(·, 0) = ϕ0, ϕt(·, 0) = ϕ1, ψ(·, 0) = ψ0, ψt(·, 0) = ψ1 ❡♠ (0, L),

η0(·, s) = ψ0(·)− η0(·, s) ❡♠ (0, L)× (0,∞), ✭✷✳✶✵✮

♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ❛ ❤✐stór✐❛ é ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ ✉♠ ❞❛❞♦ ✐♥✐❝✐❛❧✳

❊♠ r❡❧❛çã♦ à ❢✉♥çã♦ g : [0,∞) → R✱ ❞❡♥♦♠✐♥❛❞❛ ♥ú❝❧❡♦ ❞❡ ❞❡❢r❛çã♦✱
❝♦♥s✐❞❡r❛♠♦s ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s

g(t) > 0, ∃ k0, k1 > 0 :

−k0g(t) ≤ g′(t) ≤ −k1g(t), ∀t ≥ 0 ✭✷✳✶✶✮

b0 =

∫ ∞

0

g(s) ds, b̃ := b− b0 > 0. ✭✷✳✶✷✮

❖❜s❡r✈❡ q✉❡ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ g′(t) ≤ −k1g(t)✱ ∀t ≥ 0, ♣♦r ek1t,
♦❜t❡♠♦s

g′(t)ek1t + k1e
k1tg(t) ≤ 0, ∀t ≥ 0,

♦✉ s❡❥❛✱

d

dt

{
ek1tg(t)

}
≤ 0, ∀t ≥ 0.

■♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ t ♦❜t❡♠♦s

ek1tg(t)− g(0) ≤ 0, ∀t ≥ 0

g(t) ≤ g(0)e−k1t, ∀t ≥ 0. ✭✷✳✶✸✮

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ❛♦ ♠✉❧t✐♣❧✐❝❛r −k0g(t) ≤ g′(t)✱ ∀t ≥ 0, ♣♦r ek0t ❡ ✐♥t❡❣r❛r ❞❡ 0
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❛ t ❛ ❞❡s✐❣✉❛❧❞❛❞❡ r❡s✉❧t❛♥t❡✱ ♦❜t❡♠♦s✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ✭✷✳✶✸✮✱

g(0)e−k0t ≤ g(t) ≤ g(0)e−k1t, ∀t ≥ 0.

◗✉❡ ✐♠♣❧✐❝❛
∫ ∞

0

g(s)ds ❝♦♥✈❡r❣❡.

❖ ♦❜❥❡t✐✈♦ ❞♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s s❡rá ♠♦str❛r q✉❡ ♦ s✐st❡♠❛ é
❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛s ♦♥❞❛s ❞❛s ❡q✉❛çõ❡s
✭✷✳✶✮✱✭✷✳✷✮ sã♦ ✐❣✉❛✐s✱ ✐st♦ é

ρ1

k
=
ρ2

b
. ✭✷✳✶✹✮

◗✉❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ ✭✷✳✶✹✮ ♥ã♦ s❡ ✈❡r✐✜❝❛✱ ♦ q✉❡ é ♠❛✐s ✐♥t❡r❡ss❛♥t❡ ❞♦
♣♦♥t♦ ❞❡ ✈✐st❛ ❢ís✐❝♦✱ ♠♦str❛♠♦s q✉❡ ❛ ❡♥❡r❣✐❛ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞❡❝❛✐ ❞❡ ❢♦r♠❛
♣♦❧✐♥♦♠✐❛❧ ❝♦♠ t❛①❛s q✉❡ ❞❡♣❡♥❞❡♠ ❞❛ r❡❣✉❧❛r✐❞❛❞❡ ❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s✳

✷✳✷ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡

P❡❧❛ ❤✐♣ót❡s❡ ✭✷✳✶✶✮ s♦❜r❡ ♦ ♥ú❝❧❡♦ g✱ é ♣♦ssí✈❡❧ ❞❡✜♥✐r L2
g(R

+
∗ , H

1
0 (0, L)) ❝♦♠♦

♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❞❛s ❢✉♥çõ❡s ❞❡ q✉❛❞r❛❞♦ ✐♥t❡❣rá✈❡❧ ❝♦♠ ✈❛❧♦r❡s ❡♠ H1
0 (0, L)

❞❡✜♥✐❞❛s ♥♦ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ (R+
∗ , H

1
0 (0, L), |g|ds)♠✉♥✐❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈ξ1, ξ2〉L2
g
=

∫ L

0

∫ ∞

0

g(s)ξ1x(s)ξ
2
x(s) ds dx

❡ ❛ ♥♦r♠❛

‖ξ‖L2
g
=

(∫ L

0

∫ ∞

0

g(s)|ξx(s)|2 ds dx
)1/2

.

❉❡♥♦t❡♠♦s ♣♦r H ♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt

H = H1
0 (0, L)× L2(0, L)×H1

0 (0, L)× L2(0, L)× L2
g(R

+
∗ , H

1
0 (0, L)),

❝♦♠ ❛ ♥♦r♠❛

‖U‖2H = ‖(u1, u2, u3, u4, η)‖2H ✭✷✳✶✺✮

= ρ1‖u2‖2L2 + ρ2‖u4‖2L2 + b̃‖u3x‖2L2 + k‖u1x + u3‖2L2 + ‖η‖2L2
g
.

❖❜s❡r✈❛çã♦ ✷✳✶✳ ❆ ♥♦r♠❛ ‖ · ‖H é ❡q✉✐✈❛❧❡♥t❡ à ♥♦r♠❛ ❞❛ s♦♠❛

‖U‖S = ‖u1‖H1
0
+ ‖u2‖L2 + ‖u3‖H1

0
+ ‖u4‖L2 + ‖η‖L2

g
.
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❉❡ ❢❛t♦✱ s❡❣✉❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✶✶ q✉❡

‖u1x + u3‖2L2 ≤ (‖u1x‖L2 + ‖u3‖L2)2 ≤ 4(‖u1x‖2L2 + ‖u3‖2L2).

▲♦❣♦✱

‖U‖2H ≤ ρ1‖u2‖2L2 + ρ2‖u4‖2L2 + b̃‖u3x‖2L2 + 4k(‖u1x‖2L2 + ‖u3‖2L2) + ‖η‖2L2
g

≤ 4k‖u1x‖2L2 + ρ1‖u2‖2L2 +max{4k, b̃}(‖u3‖2L2 + ‖u3x‖2L2) + ρ2‖u4‖2L2

+ ‖η‖2L2
g

≤ 4k‖u1‖2H1
0

+ ρ1‖u2‖2L2 +max{4k, b̃}‖u3‖2H1
0

+ ρ2‖u4‖2L2 + ‖η‖2L2
g

≤ C1
2

5

(
‖u1‖2H1

0

+ ‖u2‖2L2 + ‖u3‖2H1
0

+ ‖u4‖2L2 + ‖η‖L2
g

)

≤ C1
2

5

(
‖U‖2S + ‖U‖2S + ‖U‖2S + ‖U‖2S + ‖U‖2S

)

≤ C1
2‖U‖2S,

❝♦♠
C1

2

5
= max{ρ1, ρ2, 1, 4k, b̃}✳ ❉❛í

‖U‖H ≤ C1‖U‖S.

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✱ ❚❡♦r❡♠❛ ✶✳✹✵✱ ❡ ❛
❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ♦❜t❡♠♦s ❛ ❝♦♥st❛♥t❡ ❞❡ P♦✐♥❝❛ré Cp✱ ❞❡ ♠♦❞♦ q✉❡

‖u3‖H1
0
≤ Cp‖u3x‖L2 ❡ ‖u1‖H1

0
≤ Cp‖u1x‖L2 ≤ Cp‖u1x + u3‖L2 + Cp‖u3‖L2 .

▲♦❣♦✱

‖U‖S ≤ ‖u1‖H1
0
+ ‖u2‖L2 + ‖u3‖H1

0
+ ‖u4‖L2 + ‖η‖L2

g

≤ Cp‖u1x + u3‖L2 + Cp‖u3‖L2 + ‖u2‖L2 + ‖u3‖H1
0
+ ‖u4‖L2 + ‖η‖L2

g

≤ Cp‖u1x + u3‖L2 + ‖u2‖L2 + (Cp + 1)‖u3‖H1
0
+ ‖u4‖L2 + ‖η‖L2

g

≤ Cp‖u1x + u3‖L2 + ‖u2‖L2 + (Cp + 1)Cp‖u3x‖L2 + ‖u4‖L2 + ‖η‖L2
g

≤ Cp

k
‖U‖H +

1

ρ1
‖U‖H +

(Cp + 1)Cp

b̃
‖U‖H +

1

ρ2
‖U‖H + ‖U‖H

≤ C ′
2‖U‖H

❝♦♠ C ′
2 = max

{
Cp

k
,
1

ρ1
,
(Cp + 1)Cp

b̃
,
1

ρ2
, 1

}
✳

P♦rt❛♥t♦✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C1 ❡ C2 t❛✐s q✉❡

‖U‖H ≤ C1‖U‖S ≤ C2‖U‖H.

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❛s ♥♦r♠❛s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

▼♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ✭✷✳✻✮✲✭✷✳✽✮ ✉s❛♥❞♦ ♦
❚❡♦r❡♠❛ ❞❡ ▲✉♠♠❡r✲P❤✐❧❧✐♣s ✶✳✺✺✳ ❈♦♠ ❡st❡ ✜♠✱ r❡❡s❝r❡✈❡♠♦s ❡ss❡ ♣r♦❜❧❡♠❛
❝♦♠♦ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②✳
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❈♦♥s✐❞❡r❡♠♦s U = (ϕ, ϕt, ψ, ψt, η)
t✳ ◆ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡ ♦ s✐st❡♠❛ ✭✷✳✻✮✲

✭✷✳✽✮ é ❡q✉✐✈❛❧❡♥t❡ ❛
Ut = AU, U(0) = U0 ✭✷✳✶✻✮

♦♥❞❡ U0 = (ϕ0, ϕ1, ψ0, ψ1, η0)
t ❡ ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r A : D(A) → H é ❞❛❞♦ ♣♦r

A =




0 I(·) 0 0 0

k
ρ1
∂2x(·) 0 k

ρ1
∂x(·) 0 0

0 0 0 I(·) 0

− k
ρ2
∂x(·) 0

(
b̃
ρ2
∂2x(·)− k

ρ2
I
)
(·) 0 1

ρ2

∫∞

0
g(s)∂2x(·, s)ds

0 0 0 I(·) −∂s(·)




✭✷✳✶✼✮

❖ ♦♣❡r❛❞♦r A ♣♦ss✉✐ ♦ s❡❣✉✐♥t❡ ❞♦♠í♥✐♦

D(A) =
{
U =

(
u1, u2, u3, u4, η

)
∈ H : u1 ∈ H2(0, L); u2, u4 ∈ H1

0 (0, L); η(0) = 0;

ηs ∈ L2
g(R

+
∗ , H

1
0 );

(
b̃u3 +

∫ ∞

0

g(s)ηt(s) ds

)

xx

ds ∈ L2(0, L)

}
.

▲❡♠❛ ✷✳✷✳ ❙✉♣♦♥❤❛ q✉❡ g s❛t✐s❢❛③ ✭✷✳✶✶✮✲✭✷✳✶✷✮✳ ❊♥tã♦✱ ♣❛r❛ t♦❞❛ w ∈
L2
g ((R

+
∗ ; H1

0 (0, L)) ❝♦♠ ws ∈ L2
g (R

+
∗ ; H1

0 (0, L))✱ w(0) = 0✱ t❡♠♦s✿

lim
s→∞

g(s)‖wx(s)‖2L2 = 0.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛

f(s) = g(s)‖wx(s)‖2L2 .

P♦r ❤✐♣ót❡s❡✱ f ∈ L1(0,∞)✳ P❡❧♦ ▲❡♠❛ ✶✳✺✾ t❡♠♦s✿

f ′(s) = g′(s)‖wx(s)‖2L2 + 2g(s)〈wx , wxs〉L2 .

P❡❧❛s ❤✐♣ót❡s❡s s♦❜r❡ ❛ ❢✉♥çã♦ g✱ r❡s✉❧t❛ q✉❡

f ′ ∈ L1(0,∞).

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ f ∈ W 1,1(0,∞) ❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✸✺ ❝♦♥❝❧✉í♠♦s q✉❡
lim
s→∞

f(s) = 0✱ ♦✉ s❡❥❛✱

lim
s→∞

g(s)‖wx(s)‖2L2 = 0.
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❖ s❡❣✉✐♥t❡ ❧❡♠❛ ❝♦♥té♠ ❞❡s✐❣✉❛❧❞❛❞❡s ✉s❛❞❛s r❡❝♦rr❡♥t❡♠❡♥t❡ ♥♦s ♣ró①✐♠♦s
❝❛♣ít✉❧♦s✳

▲❡♠❛ ✷✳✸✳ ❙✉♣♦♥❤❛♠♦s ω ∈ L2
g(R

+
∗ , H

1
0 (0, L))✱ ❝♦♠ ωs ∈ L2

g(R
+
∗ , H

1
0 (0, L)) ❡

ω(0) = 0✱ ❡ s❡❥❛ v ∈ L2(0, L)✱ ❡♥tã♦ ❛s s❡❣✉✐♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s sã♦ ✈á❧✐❞❛s

✭✐✮
∫ L

0

∣∣∣∣
∫ ∞

0

g(s)ω ds

∣∣∣∣
2

dx ≤ b0

∫ L

0

∫ ∞

0

g(s)|ω|2 ds dx,

✭✐✐✮
∫ ∞

0

g(s)

∫ L

0

d

ds
ωu dx ds = −

∫ ∞

0

g′(s)

∫ L

0

ωu dx ds.

❆❧é♠ ❞✐ss♦✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C t❛❧ q✉❡

✭✐✐✐✮ ❘❡

{∫ L

0

∫ ∞

0

g(s)ωxv ds dx

}
≤ C‖v‖L2‖ω‖L2

g
,

✭✐✈✮ ❘❡

{∫ L

0

∫ ∞

0

g(s)ωv ds dx

}
≤ C‖v‖L2‖ω‖L2

g
,

❡✱ ♣❛r❛ ❝❛❞❛ ǫ > 0✱ ❡①✐st❡ ✉♠ Cǫ := C(ǫ) > 0 ❞❡ ♠♦❞♦ q✉❡✱

✭✈✮ ❘❡

{∫ L

0

∫ ∞

0

g(s)ωxv ds dx

}
≤ ǫ

∫ L

0

|v|2dx+ Cǫ

∫ L

0

∫ ∞

0

g(s)|ωx|2 ds dx,

✭✈✐✮ ❘❡

{∫ L

0

∫ ∞

0

g(s)ωv ds dx

}
≤ ǫ

∫ L

0

|v|2dx+ Cǫ

∫ L

0

∫ ∞

0

g(s)|ωx|2 ds dx.

❉❡♠♦♥str❛çã♦✳ (i) ❉❡❝♦rr❡ ❞❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ✐♥t❡❣r❛❧ ❞❡ ❇♦❝❤♥❡r✱ ❥✉♥t❛♠❡♥t❡
❝♦♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ ❡ ♦ ❢❛t♦ ❞❡ g(s) > 0 ♣❛r❛ q✉❛❧q✉❡r
s ♥ã♦ ♥❡❣❛t✐✈♦✱ q✉❡

∫ L

0

∣∣∣∣
∫ ∞

0

g(s)ω ds

∣∣∣∣
2

dx =

∥∥∥∥
∫ ∞

0

g(s)ω ds

∥∥∥∥
2

L2

≤
[∫ ∞

0

‖g(s)ω‖L2 ds

]2

=

[∫ ∞

0

(
g

1

2 (s)
)(

g
1

2 (s) ‖ω‖L2 ds
)]2

≤
[(∫ ∞

0

g(s) ds

) 1

2
(∫ ∞

0

g(s) ‖ω‖2L2 ds

) 1

2

]2

≤
∫ ∞

0

g(s)ds

∫ L

0

∫ ∞

0

g(s)|ω|2 ds dx.
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(ii) ❈♦♠♦

∫ ∞

0

g(s)

∫ L

0

d

ds
ωv dx ds =

∫ L

0

v

∫ ∞

0

g(s)
d

ds
ω ds dx

=

∫ L

0

v lim
A→∞

(∫ A

0

g(s)
d

ds
ω ds

)
dx

=

∫ L

0

v lim
A→∞

(
g(s)ω|A0 −

∫ A

0

g′(s)ω ds

)
dx

=

∫ L

0

v lim
A→∞

(g(A)ω(A)− g(0)ω(0) ds) dx

−
∫ L

0

v

∫ ∞

0

g′(s)ω ds dx.

❉♦ ❢❛t♦ q✉❡ ω(0) = 0 ❡ ♣❡❧♦ ▲❡♠❛ ✷✳✷✱ t❡♠♦s

∫ L

0

v lim
A→∞

(g(A)ω(A)− g(0)ω(0) ds) dx,

♣♦✐s✱ ❝♦♠♦ lim
A→∞

g(A)‖wx(A)‖2L2 ✱ r❡s✉❧t❛ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱

❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝ré✱ ❚❡♦r❡♠❛ ✶✳✹✵✱ q✉❡
∣∣∣∣
∫ L

0

vg(A)w(A) dx

∣∣∣∣ = g(A)

∣∣∣∣
∫ L

0

vw(A) dx

∣∣∣∣
≤ g(A)‖v‖L2‖w(A)‖L2

≤ Cpg(A)‖v‖L2‖w(A)‖L2 ,

♦♥❞❡ Cp é ❛ ❝♦♥st❛♥t❡ ❞❡ P♦✐♥❝❛ré✳ P♦rt❛♥t♦✱

∫ ∞

0

g(s)

∫ L

0

d

ds
ωv dx ds = −

∫ L

0

∫ ∞

0

g′(s)ωv ds dx.

(iii) P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ ❡♠ L2(0, L) ❡ ❞❡♣♦✐s ❡♠
L2(0,∞) t❡♠♦s q✉❡

❘❡

{∫ L

0

∫ ∞

0

g(s)ωxv ds dx

}
≤

∫ ∞

0

g(s)

∫ L

0

|ωxv| dx ds

≤
∫ ∞

0

g(s)‖ωx‖L2‖v‖L2 ds

=

∫ ∞

0

[
(g(s))

1

2 ‖ωx‖L2

] [
(g(s))

1

2‖v‖L2

]
ds

≤
(∫ ∞

0

g(s)‖ωx‖2L2 ds

) 1

2

·
(∫ ∞

0

g(s)‖v‖2L2 ds

) 1

2

=
√
b0‖v‖L2 ·

(∫ L

0

∫ ∞

0

g(s)|ωx|2 ds dx
) 1

2

=
√
b0‖v‖L2‖ω‖L2

g
.
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(iv) ❉❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ ❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝ár❡✱
❚❡♦r❡♠❛ ✶✳✹✵✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Cp > 0 t❛❧ q✉❡

❘❡

{∫ L

0

∫ ∞

0

g(s)ωv ds dx

}
≤

∫ ∞

0

g(s)

∫ L

0

|ωv| dx ds

≤
∫ ∞

0

g(s)‖ω‖L2‖v‖L2 ds

≤
∫ ∞

0

g(s)Cp‖ωx‖L2‖v‖L2 ds

= Cp

∫ ∞

0

[
(g(s))

1

2 ‖ωx‖L2

] [
(g(s))

1

2‖v‖L2

]
ds

≤ Cp

(∫ L

0

∫ ∞

0

g(s)|ωx|2 ds dx
) 1

2

·
√
b0‖v‖L2

= Cp

√
b0 ‖v‖L2 ‖ω‖L2

g
.

(v) P❡❧♦ ✐t❡♠ (iii) ❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✱ ❞❛❞♦ ǫ > 0
❡①✐st❡♠ ❝♦♥st❛♥t❡s C > 0 ❡ Cǫ > 0 t❛✐s q✉❡

❘❡

{∫ L

0

∫ ∞

0

g(s)ωxv ds dx

}
≤ C‖v‖L2‖ω‖L2

g

≤ ǫ‖v‖2L2 + Cǫ‖ω‖2L2
g
,

❝♦♠♦ q✉❡rí❛♠♦s ♠♦str❛r✳

(vi) ❆ ❞❡♠♦♥str❛çã♦ ❞❡ (vi) é ❛♥á❧♦❣❛ à ❞♦ ✐t❡♠ (v)✱ ✉s❛♥❞♦ ♦ ✐t❡♠ (iv) ❡ ❛
❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✳

Pr♦♣♦s✐çã♦ ✷✳✹✳ ❙❡ U ∈ D(A) ❡♥tã♦

Re 〈AU,U〉H =
1

2

∫ ∞

0

g′(s)‖ηx‖2L2 ds.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ U = (u1, u2, u3, u4, η) ∈ D(A)✳ ❚❡♠♦s

〈AU,U〉H = k

∫ L

0

(u1xx + u3x)u
2 dx+

∫ L

0

(
b̃u3 +

∫ ∞

0

g(s)ηds

)

xx

u4dx

− k

∫ L

0

(u1x + u3)u4 dx+ b̃

∫ L

0

u4xu
3
x dx+ k

∫ L

0

(u2x + u4)(u1x + u3) dx

+

∫ L

0

∫ ∞

0

g(s)(u4x − ηsx)ηx ds dx.

❈♦♠♦ U ∈ D(A) s❡❣✉❡ q✉❡ u2 ❡ u4 ∈ H1
0 (0, L)✳ ■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❡ ✉s❛♥❞♦
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❛ Pr♦♣♦s✐çã♦ ✶✳✸✾✱ ♦❜t❡♠♦s

〈AU,U〉H = (u1x + u3)u2
∣∣∣
x=L

x=0
− k

∫ L

0

(u1x + u3)u2x dx

+

(
b̃u3 +

∫ ∞

0

g(s)η ds

)

x

u4
∣∣∣∣
x=L

x=0

− b̃

∫ L

0

u3xu
4
x dx

−
∫ L

0

∫ ∞

0

g(s)ηxu4x ds dx− k

∫ L

0

(u1x + u3)u4 dx+ b̃

∫ L

0

u4xu
3
x dx

+ k

∫ L

0

(u2x + u4)(u1x + u3) dx+

∫ L

0

∫ ∞

0

g(s)(u4x − ηsx)ηx ds dx

= −k
∫ L

0

(u1x + u3)(u2x + u4) dx− b̃

∫ L

0

u3xu
4
x dx

−
∫ L

0

∫ ∞

0

g(s)ηxu4x ds dx+ b̃

∫ L

0

u4xu
3
x dx

+ k

∫ L

0

(u2x + u4)(u1x + u3) dx+

∫ L

0

∫ ∞

0

g(s)u4xηx ds dx

−
∫ L

0

∫ ∞

0

g(s)ηsxηx ds dx

= k

∫ L

0

[
(u2x + u4)(u1x + u3)− (u2x + u4)(u1x + u3)

]
dx

+ b̃

∫ L

0

(
u4xu

3
x − u4xu

3
x

)
dx+

∫ L

0

∫ ∞

0

g(s)(u4xηx − u4xηx) ds dx

−
∫ L

0

∫ ∞

0

g(s)ηsxηx ds dx.

❚♦♠❛♥❞♦ ❛ ♣❛rt❡ r❡❛❧ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ r❡s✉❧t❛ q✉❡

Re 〈AU,U〉H = −Re

∫ L

0

∫ ∞

0

g(s)ηsxηx ds dx

= −Re

∫ ∞

0

g(s)

∫ L

0

ηsxηx dx ds

= −Re

∫ ∞

0

g(s)〈ηsx, ηx〉L2 ds.

❉♦ ❢❛t♦ q✉❡
d

ds
〈ηx, ηx〉L2 = 2 Re 〈ηxs, ηx〉L2 ✱ ηx(0) = 0✱ ❡ ❞♦ ▲❡♠❛ ✷✳✸✱ s❡❣✉❡ q✉❡

Re 〈AU,U〉H = −1

2

∫ ∞

0

g(s)
d

ds
‖ηx‖2L2 ds =

1

2

∫ ∞

0

g′(s)‖ηx‖2L2ds.

P♦rt❛♥t♦✱

Re 〈AU,U〉H =
1

2

∫ ∞

0

g′(s)‖ηx‖2L2 ds.
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▲❡♠❛ ✷✳✺✳ ❙❡ U ∈ D(A) ❡♥tã♦ A é ❞✐ss✐♣❛t✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ U ∈ D(A)✳ ❙❡❣✉❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✹ ❡ ♣❡❧❛s ❤✐♣ót❡s❡s
s♦❜r❡ ♦ ♥ú❝❧❡♦ ❣✱ ❞❛❞❛s ❡♠ ✭✷✳✶✶✮✱ q✉❡

Re 〈AU,U〉H =
1

2

∫ ∞

0

g′(s)‖ηx‖2L2 ds

≤ −k1
2

∫ ∞

0

g(s)‖ηx‖2L2 ds

≤ 0.

P♦rt❛♥t♦ A é ❞✐ss✐♣❛t✐✈♦✳

▲❡♠❛ ✷✳✻✳ ❖ ♦♣❡r❛❞♦r A é ❜✐❥❡t✐✈♦ ❡ 0 ∈ ̺(A)✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ F = (f 1, f 2, f 3, f 4, ω) ∈ H✳ ❱❛♠♦s ♠♦str❛r q✉❡ ❡①✐st❡
✉♠ ú♥✐❝♦ U = (u1, u2, u3, u4, η) ∈ D(A) t❛❧ q✉❡ AU = F ✱ ♦✉ s❡❥❛✱

u2 = f 1 ❡♠ H1
0 (0, L) ✭✷✳✶✽✮

k(u1x + u3)x = ρ1f
2 ❡♠ L2(0, L) ✭✷✳✶✾✮

u4 = f 3 ❡♠ H1
0 (0, L) ✭✷✳✷✵✮(

b̃u3 +

∫ ∞

0

g(s)η ds

)

xx

− k(u1x + u3) = ρ2f
4 ❡♠ L2(0, L) ✭✷✳✷✶✮

u4 − ηs = ω ❡♠ L2
g(R

+
∗ ;H

1
0 (0, L))✭✷✳✷✷✮

P♦r ✭✷✳✶✽✮ ❡ ✭✷✳✷✵✮ ❞❡✈❡♠♦s t♦♠❛r u2 = f 1 ❡ u4 = f 3✳ ❙✉❜st✐t✉✐♥❞♦ u4 ❡♠ ✭✷✳✷✷✮
♦❜t❡♠♦s q✉❡

ηs = f 3 − ω

❡ ❡♥❝♦♥tr❛♠♦s

η(s) = −
∫ s

0

w(r)dr + sf 3 ❡♠ H1
0 (0, L).

◆♦t❡ q✉❡ η(0) = 0 ❡ ηs ∈ L2
g(R

+
∗ ;H

1
0 (0, L)) ♣♦✐s✱ ❞❡❝♦rr❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡
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tr✐â♥❣✉❧❛r ❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✹✱ q✉❡
∫ ∞

0

g(s)‖ηxs(s)‖2L2 ds ≤
∫ ∞

0

g(s)‖f 3
x − ωx‖2L2 ds

≤
∫ ∞

0

g(s)
(
‖f 3

x‖L2 + ‖ωx‖L2

)2
ds

≤
∫ ∞

0

g(s)
(
4‖f 3

x‖2L2 + 4‖ωx‖2L2

)
ds

≤ 4

∫ ∞

0

g(s)‖f 3
x‖2L2 ds+ 4

∫ ∞

0

g(s)‖ωx‖2L2 ds

≤ 4 b0 ‖f 3
x‖2L2 + 4

∫ ∞

0

g(s)‖ωx‖2L2 ds.

❈♦♠♦ f 3 ∈ H1
0 (0, L) ❡ ω ∈ L2

g(R
+
∗ , H

1
0 (0, L))✱ t❡♠♦s q✉❡

∫ ∞

0

g(s)‖ηxs(s)‖2L2 ds é

❝♦♥✈❡r❣❡♥t❡ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ηs ∈ L2
g(R

+
∗ ;H

1
0 (0, L))✳

❆❣♦r❛✱ ✈❛♠♦s ♠♦str❛r q✉❡ η ∈ L2
g(R

+
∗ ;H

1
0 (0, L))✳ ❙❡ A > 0✱ ♣♦r ✭✷✳✶✶✮✱ t❡♠♦s

q✉❡

∫ A

0

g(s)‖ηx‖2L2 ds ≤ − 1

k1

∫ A

0

g′(s)‖ηx‖2L2 ds

= − 1

k1


g(A)‖ηx(A)‖2L2︸ ︷︷ ︸

≥0

− g(0)‖ηx(0)‖2L2︸ ︷︷ ︸
=0

−
∫ A

0

g(s)
d

ds
‖ηx‖2L2 ds




≤ 1

k1

∫ A

0

g(s)
d

ds
‖ηx‖2L2 ds.

❯s❛♥❞♦ q✉❡
d

ds
‖ηx‖2L2 = 2 Re 〈ηxs, ηx〉L2 ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✱

❚❡♦r❡♠❛ ✶✳✶✹✱ ♦❜t❡♠♦s

∫ A

0

g(s)‖ηx‖2L2 ds ≤ 2

k1

∫ A

0

g(s) Re〈ηxs, ηx〉L2 ds

≤ 2

k1

∫ A

0

g(s)‖ηxs‖L2‖ηx‖L2 ds,

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✱ ❡①✐st❡ C > 0✱ ❞❡ ♠♦❞♦ q✉❡

∫ A

0

g(s)‖ηx‖2L2 ds ≤ 1

2

∫ A

0

g(s)‖ηx‖2L2 ds+ C

∫ A

0

g(s)‖ηxs‖2L2 ds.

❆ss✐♠✱ ♦❜t❡♠♦s

∫ A

0

g(s)‖ηx‖2L2 ds ≤ 2C

∫ A

0

g(s)‖ηxs‖2L2 ds.
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P❛ss❛♥❞♦ ♦ ❧✐♠✐t❡✱ ❢❛③❡♥❞♦ A→ ∞✱ t❡♠♦s
∫ ∞

0

g(s)‖ηx‖2L2 ds ≤ 2C

∫ ∞

0

g(s)‖ηxs‖2L2 ds.

❈♦♠♦ ηs ∈ L2
g(R

+
∗ , H

1
0 (0, L))✱ ❝♦♥❝❧✉í♠♦s ♣❡❧♦ t❡st❡ ❞❡ ❝♦♠♣❛r❛çã♦ ❞❡ ✐♥t❡❣r❛✐s

q✉❡ η ∈ L2
g(R

+
∗ , H

1
0 (0, L))✳

P♦rt❛♥t♦✱ t❡♠♦s η ❡ ηs ∈ L2
g(R

+
∗ ;H

1
0 (0, L))✳

❈♦♥s✐❞❡r❡ ❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r B : [H1
0 (0, L)×H1

0 (0, L)]
2 → C ❞❛❞❛ ♣♦r

B((v1, v2), (φ1, φ2)) = b̃

∫ L

0

v2x φ
2
x dx+ k

∫ L

0

(v1x + v2)(φ1
x + φ2) dx

❡ ♦ ❢✉♥❝✐♦♥❛❧ ❛♥t✐❧✐♥❡❛r F : H1
0 (0, L)×H1

0 (0, L) → C ❞❛❞♦ ♣♦r

F(φ1, φ2) = −ρ1
∫ L

0

f 2 φ1 dx− ρ2

∫ L

0

f 4 φ2 dx−
∫ ∞

0

g(s)

∫ L

0

ηxφ2
xdxds.

◆ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡ B é ❝♦♥tí♥✉❛ ❡ ❝♦❡r❝✐✈❛ ❡ q✉❡ F é ❝♦♥tí♥✉♦✳

❙❡❣✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▲❛①✲▼✐❧❣r❛♥✱ ❚❡♦r❡♠❛ ✶✳✾✱ q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♣❛r
(u1, u3) ♣❡rt❡♥❝❡♥t❡ ❛ H1

0 (0, L)×H1
0 (0, L) t❛❧ q✉❡ B((u1, u3), (φ1, φ2)) = F(φ1, φ2)

♣❛r❛ t♦❞♦ (φ1, φ2) ∈ H1
0 (0, L)×H1

0 (0, L)✳ ❉❡

B((u1, u3), (φ1, 0)) = F(φ1, 0), ∀ φ1 ∈ H1
0 (0, L)

❡
B((u1, u3), (0, φ2)) = F(0, φ2), ∀ φ2 ∈ H1

0 (0, L)

r❡s✉❧t❛ q✉❡

k

∫ L

0

(u1x + u3)φ1
x dx = −ρ1

∫ L

0

f 2 φ1 dx, ∀ φ1 ∈ H1
0 (0, L) ✭✷✳✷✸✮

❡

b̃

∫ L

0

u3x φ
2
x dx+ k

∫ L

0

(u1x + u3)φ2 dx = −ρ2
∫ L

0

f 4 φ2 dx ✭✷✳✷✹✮

−
∫ ∞

0

g(s)

∫ L

0

ηxφ2
xdxds,

∀ φ2 ∈ H1
0 (0, L). ❚♦♠❛♥❞♦ φ1 ∈ C∞

0 ((0, L) : R) ❡♠ ✭✷✳✷✸✮ ♦❜t❡♠♦s q✉❡

k(u1x + u3)x = ρ1f
2 ❡♠ L2(0, L).

❈♦♠♦ u3x ∈ L2(0, L) r❡s✉❧t❛ q✉❡ u1xx ∈ L2(0, L)✱ ♦✉ s❡❥❛✱ u1 ∈ H2(0, L)✳

P♦r ♦✉tr♦ ❧❛❞♦✱ t♦♠❛♥❞♦ φ2 ∈ C∞
0 ((0, L) : R) ❡♠ ✭✷✳✷✹✮ s❡❣✉❡ q✉❡

∫ L

0

(
b̃u3x +

∫ ∞

0

g(s)ηxds

)
φ2
xdx = −

∫ L

0

(
k(u1x + u3) + ρ2f

4
)
φ2dx,
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♦✉ s❡❥❛✱ (
b̃u3 +

∫ ∞

0

g(s)ηds

)

xx

∈ L2(0, L)

❡ (
b̃u3 +

∫ ∞

0

g(s)ηds

)

xx

= k(u1x + u3) + ρ2f
4 ❡♠ L2(0, L).

❘❡s✉❧t❛ ❞♦s ❝♦♠❡♥tár✐♦s ❛♥t❡r✐♦r❡s q✉❡ A é ❜✐❥❡t✐✈♦✳

P❛r❛ ♠♦str❛r q✉❡ 0 ∈ ρ(A) r❡st❛ ♠♦str❛r q✉❡ A−1 é ❧✐♠✐t❛❞♦✳

▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✷✳✶✾✮ ♣♦r u1✱ ✭✷✳✷✶✮ ♣♦r u3✱ ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ L✱ ✉s❛♥❞♦ ✐♥t❡❣r❛çã♦
♣♦r ♣❛rt❡s ❡ s♦♠❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✱ ❡♥❝♦♥tr❛♠♦s

b̃‖u3x‖2L2 + k‖u1x + u3‖2L2 = −ρ1
∫ L

0

f 1u1 dx− ρ2

∫ L

0

f 2u3 dx

−
∫ ∞

0

g(s)

∫ L

0

ηx(s)u3x dx ds.

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ ❡ ❛s ❡q✉✐✈❛❧ê♥❝✐❛s ❞❛s ♥♦r♠❛s
❡♠ H✱ ♦❜s❡r✈❛çã♦ ✷✳✶✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C1✱ t❛❧ q✉❡

b̃‖u3x‖2L2 + k‖u1x + u3‖2L2 ≤ C1‖U‖H‖F‖H +

∣∣∣∣
∫ ∞

0

g(s)

∫ L

0

ηxu3x dx ds

∣∣∣∣ . ✭✷✳✷✺✮

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ ❡ ❛ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✱
♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C2✱ ❞❡ ♠♦❞♦ q✉❡

∣∣∣∣
∫ ∞

0

g(s)

∫ L

0

ηxu3x dx ds

∣∣∣∣ ≤
∫ ∞

0

g(s)‖ηx‖L2‖u3x‖L2 ds

=

∫ ∞

0

g(s)‖u3x‖L2‖ηx‖L2 ds

≤
∫ ∞

0

g(s)

(
b̃

2b0
‖u3x‖2L2 + C2‖ηx‖2L2

)
ds

=
b̃

2
‖u3x‖2L2 + C2‖η‖2L2

g
.

❙✉❜st✐t✉✐♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡♠ ✭✷✳✷✺✮ ♦❜t❡♠♦s

b̃

2
‖u3x‖2L2 + k‖u1x + u3‖2L2 ≤ C1‖U‖H‖F‖H + C2‖η‖L2

g
.

❘❡s✉❧t❛ ❞❡ ✭✷✳✶✶✮ ❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✹ q✉❡

−1

2

∫ ∞

0

g′(s)‖ηx‖2L2 ds = |Re〈AU,U〉H| = |Re〈F, U〉H| ≤ ‖F‖H‖U‖H,
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♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

b̃

2
‖u3x‖2L2 + k‖u1x + u3‖2L2 + ‖η‖L2

g
≤ C3‖U‖H‖F‖H, ✭✷✳✷✻✮

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C3 > 0✳
P♦r ♦✉tr♦ ❧❛❞♦✱ u2 = f 1 ❡ u4 = f 3✱ ❧♦❣♦

ρ1‖u2‖2L2 + ρ2‖u4‖2L2 = ρ1‖f 1‖2L2 + ρ2‖f 3‖2L2 ≤ (ρ1 + ρ2)‖F‖2H. ✭✷✳✷✼✮

❙♦♠❛♥❞♦ ✭✷✳✷✻✮ ❡ ✭✷✳✷✼✮ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡

1

2
‖U‖2H ≤ ρ1‖u2‖2L2 + ρ2‖u4‖2L2 +

b̃

2
‖u3x‖2L2 + k‖u1x + u3‖2L2 + ‖η‖L2

g

≤ C3‖U‖H‖F‖H + (ρ1 + ρ2)‖F‖2H.

◆♦✈❛♠❡♥t❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛
❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C > 0 t❛❧ q✉❡

1

2
‖U‖2H ≤ 1

4
‖U‖2H + C‖F‖2H.

❈♦♠♦ AU = F ✱ t❡♠♦s q✉❡ U = A−1F ✱ ❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❝♦♥❝❧✉í♠♦s q✉❡

‖A−1F‖H ≤ 2
√
C‖F‖H, ♣❛r❛ t♦❞♦ F ∈ H,

✐st♦ é✱ A−1 : H → H é ✉♠ ♦♣❡r❛❞♦r ❧✐♠✐t❛❞♦✳ P♦rt❛♥t♦ 0 ∈ ̺(A)✳

▲❡♠❛ ✷✳✼✳ ❖ ❞♦♠í♥✐♦ ❞♦ ♦♣❡r❛❞♦r A✱ D(A)✱ é ❞❡♥s♦ ❡♠ H✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ 0 ∈ ̺(A) ❡ (βA−1 − I)−1 ∈ L(H) s❡ |β| < 1

‖A−1‖ ✱
▲❡♠❛ ✶✳✶✾✱ s❡❣✉❡✱ ❞❛ ✐❣✉❛❧❞❛❞❡

(βI −A) = (βA−1 − I)A

q✉❡✱ ]−‖A−1‖−1, ‖A−1‖−1[ ⊂ ̺(A)✳ P♦rt❛♥t♦✱ ❡①✐st❡ 0 < β0 ∈ ̺(A)✳

❙❡❥❛ F ∈ D(A)
⊥
✱ ✐st♦ é✱ F ∈ H ❡

〈F,G〉H = 0, ∀ G ∈ D(A). ✭✷✳✷✽✮

❊♥tã♦✱ ❡①✐st❡ V ∈ D(A) t❛❧ q✉❡ (β0I−A)V = F ✳ P♦rt❛♥t♦✱ ❞❡ ✭✷✳✷✽✮ r❡s✉❧t❛ q✉❡

〈β0V −AV,G〉H = 0, ∀ G ∈ D(A). ✭✷✳✷✾✮

❚♦♠❛♥❞♦ G = V ❡♠ ✭✷✳✷✾✮✱ ♦❜t❡♠♦s

β0〈V, V 〉H − 〈AV, V 〉H = 0.
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❙❡❣✉❡ ❞♦ ▲❡♠❛ ✷✳✺ q✉❡

0 ≤ β0‖V ‖2H = Re 〈AV, V 〉H ≤ 0,

♦✉ s❡❥❛✱ V = 0 ❡✱ ♣♦rt❛♥t♦✱ F = 0✳

❈♦♠♦ D(A)
⊥
= {0}✱ s❡❣✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✺ q✉❡ D(A) = H✳

❘❡s✉❧t❛ ♣❡❧♦s ❧❡♠❛s ❛♥t❡r✐♦r❡s ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▲✉♠❡r✲P❤✐❧❧✐♣s✱ ❚❡♦r❡♠❛
✶✳✺✺✱ ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

Pr♦♣♦s✐çã♦ ✷✳✽✳ ❖ ♦♣❡r❛❞♦r A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦
{SA(t)}t≥0 ❞❡ ❝❧❛ss❡ C0 ❝♦♠ ‖S(t)‖L(X) ≤ 1✳

❚❡♦r❡♠❛ ✷✳✾✳ ❙❡❥❛ U0 = (ϕ0, ϕ1, ψ0, ψ1, η0) ∈ D(A)✳ ❊♥tã♦ ❡①✐st❡
✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② ✭✷✳✶✻✮✱ U(t) = SA(t)U0 =
(ϕ(t), ϕt(t), ψ(t), ψt(t), η

t) s❛t✐s❢❛③❡♥❞♦

U ∈ C ([0,∞);D(A)) ∩ C1 ([0,∞);H) ,

❆❧é♠ ❞✐ss♦✱ s❡ U0 ∈ D(An)✱ n ∈ N✱ n ≥ 2 t❡♠♦s

U ∈ Cn−k
(
[0,∞);D(Ak)

)
∩ Cn ([0,∞);H) , k = 0, 1, · · · , n.



❈❛♣ít✉❧♦ ✸

❊st❛❜✐❧✐❞❛❞❡ ❊①♣♦♥❡♥❝✐❛❧ ❞♦

❙✐st❡♠❛ ❞❡ ❚✐♠♦s❤❡♥❦♦ ❝♦♠

❍✐stór✐❛

✸✳✶ ❊st❛❜✐❧✐❞❛❞❡ ❊①♣♦♥❡♥❝✐❛❧

❊st❡ ❝❛♣ít✉❧♦ tr❛t❛ ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ❞♦ s✐st❡♠❛

ρ1ϕtt − k(ϕx + ψ)x = 0 ✭✸✳✶✮

ρ2ψtt −
(
b−

∫ ∞

0

g(s)ds

)
ψxx −

∫ ∞

0

g(s)ηtxx(x, s) ds+ k(ϕx + ψ) = 0 ✭✸✳✷✮

ηt + ηs − ψt = 0, ✭✸✳✸✮

s✉❥❡✐t♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛

ϕ(0, ·) = ϕ(L, ·) = 0, ψ(0, ·) = ψ(L, ·) = 0, ηt(0, ·) = ηt(L, ·) = 0, ✭✸✳✹✮

❛s ❝♦♥❞✐çõ❡s ✐♥❝✐❛✐s

ϕ(·, 0) = ϕ0, ϕt(·, 0) = ϕ1, ψ(·, 0) = ψ0, ψt(·, 0) = ψ1 ❡♠ (0, L),

η0(·, s) = ψ0(·)− η0(·, s) ❡♠ (0, L)× (0,∞). ✭✸✳✺✮

❡ às ❤✐♣ót❡s❡s

g(t) > 0, ∃ k0, k1 > 0 :

−k0g(t) ≤ g′(t) ≤ −k1g(t), ∀t ≥ 0 ✭✸✳✻✮

b0 =

∫ ∞

0

g(s) ds, b̃ := b− b0 > 0. ✭✸✳✼✮

✹✵
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❆♥❛❧✐s❛♥❞♦ ♦ s✐st❡♠❛ ✭✸✳✶✮ ✲ ✭✸✳✸✮✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ✭✸✳✶✮ ❡ ✭✸✳✷✮ ♣♦r ϕt ❡ ψt

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ L t❡♠♦s

ρ1

∫ L

0

ϕttϕt dx− k

∫ L

0

(ϕx + ψ)xϕt dx = 0

ρ2

∫ L

0

ψttψt dx−
∫ L

0

(
b̃ψ +

∫ ∞

0

g(s)η ds

)

xx

ψt dx+ k

∫ L

0

(ϕx + ψ)ψt dx = 0,

✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✱ ❡ ✉s❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞❛❞❛ ❡♠ ✭✸✳✹✮✱ ♦❜t❡♠♦s

ρ1

∫ L

0

ϕttϕt dx+ k

∫ L

0

(ϕx + ψ)ϕxt dx = 0

ρ2

∫ L

0

ψttψt dx+

∫ L

0

(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)
ψxt dx+ k

∫ L

0

(ϕx + ψ)ψt dx = 0.

❙♦♠❛♥❞♦ ❛s ❡q✉❛çõ❡s ❛❝✐♠❛ ❡ ✉s❛♥❞♦ q✉❡ ψxt = ηxt + ηxs✱ ♦❜t✐❞❛ ♣❡❧❛ ❡q✉❛çã♦
✸✳✸✱ ♦❜t❡♠♦s

ρ1

∫ L

0

ϕttϕt dx+ ρ2

∫ L

0

ψttψt dx+ k

∫ L

0

(ϕx + ψ)(ϕx + ψ)t dx

+b̃

∫ L

0

ψxψxt dx+

∫ L

0

∫ ∞

0

g(s)ηxηxt ds dx = −
∫ L

0

∫ ∞

0

g(s)ηxηxs ds dx.

❙❡❣✉❡✱ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✺✾✱ q✉❡

1

2

(
ρ1

d

dt

∫ L

0

|ϕt|2 dx+ ρ2
d

dt

∫ L

0

|ψt|2 dx+ k
d

dt

∫ L

0

|ϕx + ψ|2 dx+ b̃
d

dt

∫ L

0

|ψx|2 dx

+
d

dt

∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx
)

= −1

2

∫ L

0

∫ ∞

0

g(s)
d

ds
|ηx|2 ds dx,

❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✸✱ t❡♠♦s

d

dt

{
1

2

(
ρ1

∫ L

0

|ϕt|2 dx+ ρ2

∫ L

0

|ψt|2 dx+ k

∫ L

0

|ϕx + ψ|2 dx+ b̃

∫ L

0

|ψx|2 dx

+

∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx
)}

=
1

2

∫ L

0

∫ ∞

0

g′(s)|ηx|2 ds dx. ✭✸✳✽✮

❉❡✜♥❛ ❛ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞❛ ❛♦ s✐st❡♠❛ ❝♦♠♦

E(t) =
1

2

∫ L

0

[
ρ1ϕ

2
t + ρ2ψ

2
t + b̃ψ2

x + k|ϕx + ψ|2 +
∫ ∞

0

g(s)|ηtx|2 ds
]
dx. ✭✸✳✾✮
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❙❡❣✉❡ ❞❡ ✭✸✳✽✮ ❡ ❞❛s ❤✐♣ót❡s❡s s♦❜r❡ ♦ ♥ú❝❧❡♦ ❣✱ ✭✹✳✻✮✱ q✉❡

d

dt
E(t) ≤ −k1

2

∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx, ✭✸✳✶✵✮

♦✉ s❡❥❛✱ ❛ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛ é ❞❡❝r❡s❝❡♥t❡✳

▼♦str❛r❡♠♦s ♥❡st❡ ❝❛♣ít✉❧♦ q✉❡ ❛ ❝♦♥❞✐çã♦

ρ1

k
=
ρ2

b
✭✸✳✶✶✮

é ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ❛ ❡♥❡r❣✐❛ E(t) ❞❡❝❛✐❛ ♣❛r❛ ③❡r♦
❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ q✉❛♥❞♦ ♦ t❡♠♣♦ ✈❛✐ ♣❛r❛ ♦ ✐♥✜♥✐t♦✳ P❛r❛ ♠♦str❛r
✐st♦✱ ✉s❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ✶✳✻✸ q✉❡ ❛✜r♠❛ q✉❡ ♦ s❡♠✐❣r✉♣♦ {S(t)}t≥0 é
❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s s❡ ✈❡r✐✜❝❛♠✳

iR ⊂ ̺(A) ✭❝♦♥❥✉♥t♦ r❡s♦❧✈❡♥t❡✮ ✭✸✳✶✷✮

❡

∃ C > 0 , ∀λ ∈ R : ‖(iλI −A)−1‖L(H) ≤ C. ✭✸✳✶✸✮

❚❡♦r❡♠❛ ✸✳✶✳ ❖ ❡✐①♦ ✐♠❛❣✐♥ár✐♦ ❡stá ❝♦♥t✐❞♦ ♥♦ r❡s♦❧✈❡♥t❡ ❞❡ A✱ ✐st♦ é✱
iR ⊂ ̺(A)✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ ♦ ❡✐①♦ ✐♠❛❣✐♥ár✐♦ ♥ã♦ ❡st❡❥❛ ❝♦♥t✐❞♦
♥♦ r❡s♦❧✈❡♥t❡✳ ❙❡❣✉❡ ❞♦ ❈♦r♦❧ár✐♦ ✶✳✷✶ q✉❡ ❡①✐st❡♠ (λn)n∈N✱ (Un)n∈N ❡ (Fn)n∈N
s❡q✉ê♥❝✐❛s ❞❡ R✱ D(A) ❡ H✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❛✐s q✉❡

λn → ω; ‖Un‖H = 1 ❡ Fn → 0,

s❡♥❞♦

(iλnI −A)Un = Fn, ∀n ∈ N. ✭✸✳✶✹✮

❉❡ ✭✸✳✶✹✮ s❡❣✉❡ q✉❡

〈(iλnI −A)Un, Un〉H = 〈Fn, Un〉H, ∀n ∈ N,

iλn‖Un‖2H − 〈AUn, Un〉H = 〈Fn, Un〉H, ∀n ∈ N.

❚♦♠❛♥❞♦ ❛ ♣❛rt❡ r❡❛❧ ♥❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡ ❧❡♠❜r❛♥❞♦ ❛ ❤✐♣ót❡s❡ ✭✹✳✻✮ s♦❜r❡ ♦
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♥ú❝❧❡♦ g✱ t❡♠♦s

− Re〈AUn, Un〉H = Re〈Fn, Un〉H, ∀n ∈ N,

−1

2

∫ L

0

∫ ∞

0

g′(s)|ηnx|2 ds dx = Re〈Fn, Un〉H, ∀n ∈ N,

k1

2

∫ L

0

∫ ∞

0

g(s)|ηnx|2 ds dx ≤ |Re〈Fn, Un〉H| , ∀n ∈ N.

❈♦♠♦ Fn → 0 ❡♠ H ❡ (Un)n∈N é ❧✐♠✐t❛❞❛✱ r❡s✉❧t❛ q✉❡ 〈Fn, Un〉H → 0 q✉❛♥❞♦
n→ ∞✳ ❆ss✐♠

lim
n→∞

∫ L

0

∫ ∞

0

g(s)|ηnx|2 ds dx = 0.

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱

ηn → 0 ❡♠ L2
g(R

+
∗ ;H

1
0 (0, L)). ✭✸✳✶✺✮

❉❡ ✭✸✳✶✹✮ r❡s✉❧t❛ q✉❡✿

iλnu
1
n − u2n = f 1

n ✭✸✳✶✻✮

iλnρ1u
1
n − k(u1nx + u3n)x = ρ1f

2
n ✭✸✳✶✼✮

iλnu
3
n − u4n = f 3

n ✭✸✳✶✽✮

iλnρ2u
4
n −

(
b̃u3n +

∫ ∞

0

g(s)ηn ds

)

xx

+ k(u1nx + u3n) = ρ2f
4
n ✭✸✳✶✾✮

❝♦♠ ❛s ✐❣✉❛❧❞❛❞❡s ✭✸✳✶✻✮ ❡ ✭✸✳✶✽✮ ❡♠ H1
0 (0, L) ❡ ✭✸✳✶✼✮ ❡ ✭✸✳✶✾✮ ❡♠ L2(0, L)✳

❆❧é♠ ❞✐ss♦✱

iλnηn + ηns − u4n = f 5
n ❡♠ L2

g(R
+
∗ ;H

1
0 (0, L)) →֒ L2

g(R
+
∗ ;L

2(0, L)). ✭✸✳✷✵✮

❈♦♠♦ ‖Un‖H = 1✱ ♣❛r❛ t♦❞♦ n ∈ N✱ s❡❣✉❡ q✉❡ (u1n)n∈N ❡ (u3n)n∈N sã♦ s❡q✉ê♥❝✐❛s
❧✐♠✐t❛❞❛s ❡♠ H1

0 (0, L)✳ ❉❡s❞❡ q✉❡ H1
0 (0, L) →֒ L2(0, L) ❝♦♠ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛✱

❡①✐st❡♠ s✉❜s❡q✉ê♥❝✐❛s (u1n)n∈N ❡ (u3n)n∈N ❝♦♥✈❡r❣❡♥t❡s✱ ❞❡♥♦t❛❞❛s ❞❛ ♠❡s♠❛
♠❛♥❡✐r❛ ♣❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ t❛✐s q✉❡

u1n → u1 ❡ u3n → u3 ❡♠ L2(0, L). ✭✸✳✷✶✮

❉❡ ✭✸✳✶✻✮ ❡ ✭✸✳✶✽✮ r❡s✉❧t❛ q✉❡

u2n → u2 ❡ u4n → u4 ❡♠ L2(0, L). ✭✸✳✷✷✮
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❉❡ ✭✸✳✷✵✮

iλn

∫ L

0

∫ ∞

0

g(s)ηnxu
4
nx ds dx+

∫ L

0

∫ ∞

0

g(s)ηnsxu
4
nx ds dx

−b0‖u4nx‖2L2 =

∫ L

0

∫ ∞

0

g(s)f 5
nxu

4
nx ds dx ✭✸✳✷✸✮

❡✱ ♣♦rt❛♥t♦✱

b0‖u4nx‖2L2 =

∣∣∣∣iλn
∫ L

0

∫ ∞

0

g(s)ηnxu
4
nx ds dx+

∫ L

0

∫ ∞

0

g(s)ηnsxu
4
nx ds dx

−
∫ L

0

∫ ∞

0

g(s)f 5
nxu

4
nx ds dx

∣∣∣∣

≤ |λn|
∫ ∞

0

g(s)

(∫ L

0

|ηnxu4nx| dx
)

ds+

∣∣∣∣
∫ ∞

0

g(s)

∫ L

0

ηnsxu
4
nx dx ds

∣∣∣∣

+

∫ ∞

0

g(s)

(∫ L

0

|f 5
nxu

4
nx| dx

)
ds.

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ ❡♠ L2(0, L)✱ ♦❜t❡♠♦s

b0‖u4nx‖2L2 ≤ |λn|
∫ ∞

0

g(s)
(
‖ηnx‖L2‖u4nx‖L2

)
ds ✭✸✳✷✹✮

+

∣∣∣∣
∫ ∞

0

g(s)

∫ L

0

ηnsxu
4
nx dx ds

∣∣∣∣+
∫ ∞

0

g(s)
(
‖f 5

nx‖L2‖u4nx‖L2

)
ds.

P❛r❛ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ t❡♠♦s ❡♠ L2(0,∞)✱

|λn|
∫ ∞

0

g(s)
(
‖ηnx‖L2‖u4nx‖L2

)
ds = |λn|

(
‖u4nx‖L2

∫ ∞

0

g(s)‖ηnx‖L2 ds

)

≤ |λn|‖u4nx‖L2 (b0)
1

2

(∫ ∞

0

g(s)‖ηnx‖2L2 ds

) 1

2

.

P❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✶✸ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❡s❝♦❧❤❡♥❞♦ ǫ =
b0

6
✱ ❡①✐st❡ ✉♠❛

❝♦♥st❛♥t❡ C1 > 0✱ t❛❧ q✉❡

|λn|
∫ ∞

0

g(s)
(
‖ηnx‖L2‖u4nx‖L2

)
ds ≤ b0

6
‖u4nx‖2L2 + C1 ‖ηnx‖2L2

g
|λn|2. ✭✸✳✷✺✮

❆♥❛❧♦❣❛♠❡♥t❡✱ ♦❜t❡♠♦s ♣❛r❛ ♦ t❡r❝❡✐r♦ t❡r♠♦ ❛♣ós ♦ s✐♥❛❧ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡♠
✭✸✳✷✹✮✱

∫ ∞

0

g(s)
(
‖f 5

nx‖L2‖u4nx‖L2

)
ds ≤ b0

6
‖u4nx‖2L2 + C2 ‖f 5

nx‖2L2
g
, ✭✸✳✷✻✮

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C2✳ ❚❛♠❜é♠✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✸ t❡♠♦s

∫ ∞

0

g(s)

∫ L

0

d

ds
ηnxu

4
nx dx ds = −

∫ ∞

0

g′(s)

∫ L

0

ηnxu
4
nx dx ds.
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❆♣❧✐❝❛♥❞♦ ♠ó❞✉❧♦ ❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ ❛s ❤✐♣ót❡s❡s
s♦❜r❡ ♦ ♥ú❝❧❡♦ ❣ ✭✹✳✻✮ ❡ ✉s❛♥❞♦ ❛ ♣r♦♣♦s✐çã♦ ✷✳✸ t❡♠♦s

∣∣∣∣
∫ ∞

0

g(s)

∫ L

0

d

ds
ηnxu

4
nx dx ds

∣∣∣∣ =

∣∣∣∣
∫ ∞

0

g′(s)

∫ L

0

ηnxu
4
nx dx ds

∣∣∣∣

≤
∫ ∞

0

|g′(s)|
∫ L

0

|ηnx||u4nx| dx ds

≤
∫ ∞

0

|g′(s)|‖ηnx‖L2‖u4nx‖L2 ds

≤ ‖u4nx‖L2

∫ ∞

0

|g′(s)|‖ηnx‖L2 ds

≤ ‖u4nx‖L2 k0

∫ ∞

0

g(s)‖ηnx‖L2 ds

≤ k0 ‖u4nx‖L2

(∫ ∞

0

g(s) ds

) 1

2

‖ηn‖L2
g
.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✱ ❡s❝♦❧❤❡♥❞♦ ǫ =
b0

6
❡①✐st❡ ✉♠❛

❝♦♥st❛♥t❡ C3 > 0 t❛❧ q✉❡
∣∣∣∣
∫ ∞

0

g(s)

∫ L

0

d

ds
ηkxu

4
kx dx ds

∣∣∣∣ ≤
b0

6
‖u4kx‖2L2 + C3 ‖ηk‖2L2

g
✭✸✳✷✼✮

❆ss✐♠✱ ❞❡ ✭✸✳✷✹✮ ✲ ✭✸✳✷✼✮✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖u4nx‖2L2 ≤ C‖ηn‖2L2
g
, ∀k ∈ N. ✭✸✳✷✽✮

P♦r ✭✸✳✶✺✮ ♦❜t❡♠♦s

u4n → 0 ❡♠ H1
0 (0, L). ✭✸✳✷✾✮

❋❛③❡♥❞♦ n→ ∞ ❡♠ ✭✸✳✶✽✮ ♦❜t❡♠♦s

u3n → 0 ❡♠ H1
0 (0, L). ✭✸✳✸✵✮

❉❡ ✭✸✳✷✾✮ ❡ ✭✸✳✸✵✮ t❡♠♦s q✉❡ u4 = u3 = 0 ❡♠ H1
0 (0, L)✳

▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✸✳✶✾✮ ♣♦r ϕ ∈ H1
0 (0, L) ❡ ✐♥t❡❣r❛♥❞♦ ❡♠ (0, L)✱ ♦❜t❡♠♦s

iλnρ2

∫ L

0

u4nϕ dx−
∫ L

0

(
b̃u3n +

∫ ∞

0

g(s)ηn ds

)

xx

ϕ dx

+k

∫ L

0

u1nxϕ dx+ k

∫ L

0

u3nϕ dx = ρ2

∫ L

0

f 4
nϕ dx
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❡ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✱ s❡❣✉❡ q✉❡

iλnρ2

∫ L

0

u4nϕ dx+ b̃

∫ L

0

u3nxϕx dx+

∫ ∞

0

g(s)

∫ L

0

ηnxϕx dx ds

+k

∫ L

0

u1nxϕ dx+ k

∫ L

0

u3nϕ dx = ρ2

∫ L

0

f 4
nϕ dx.

▲❡♠❜r❛♥❞♦ q✉❡ λn → ω✱ t♦♠❛♥❞♦ ❧✐♠✐t❡ ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ ϕ ∈ H1
0 (0, L)✱ ♦❜t❡♠♦s

lim
n→∞

〈u1n, ϕx〉L2 = 0, ∀ϕ ∈ H1
0 (0, L).

❙❡❣✉❡ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ q✉❡

〈u1, ϕx〉L2 = 0, ∀ϕ ∈ C1
0(0, L).

P❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✵ s❡❣✉❡ q✉❡ u1 é ❝♦♥t❛♥t❡ q✉❛s❡ s❡♠♣r❡ ❡♠ (0, L)✳
❈♦♠♦ u1 ∈ H1

0 (0, L) s❡❣✉❡ q✉❡ u1(0) = u1(L) = 0✱ ❧♦❣♦ u1 = 0✳

❉❡ ✭✸✳✶✻✮ s❡❣✉❡ q✉❡

u2n → 0 ❡♠ H1
0 (0, L) ✭✸✳✸✶✮

▲♦❣♦✱ u2 = 0✳

❈♦♥❝❧✉í♠♦s q✉❡

Un =
(
u1n, u

2
n, u

3
n, u

4
n, ηn

)
→ (0, 0, 0, 0, 0) ❡♠ H; ✭✸✳✸✷✮

▼❛s ‖Un‖H = 1✱ ∀n ∈ N✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳

P♦rt❛♥t♦✱ iR ⊂ ̺(A).

P❛r❛ ♠♦str❛r ❛ ❝♦♥❞✐çã♦ ✭✸✳✶✸✮ ♦❜s❡r✈❡ ❛s s❡❣✉✐♥t❡s ❡q✉✐✈❛❧ê♥❝✐❛s

‖(iλI −A)−1‖L(H) ≤ C ⇔ ‖(iλI −A)−1F‖H ≤ C‖F‖H, ∀F ∈ H
⇔ ‖U‖H ≤ C‖F‖H, ∀F ∈ H

❝♦♠ U = (iλI −A)−1F ✳

P♦rt❛♥t♦✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ s❡rá ♠♦str❛r q✉❡

‖U‖H ≤ C‖F‖H, ∀ F ∈ H, ✭✸✳✸✸✮

♦♥❞❡ (iλI −A)U = F ✱ ♣❛r❛ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C✳
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❖❜s❡r✈❡ q✉❡ ❛ ❡q✉❛çã♦ r❡s♦❧✈❡♥t❡ (iλ−A)U = F é ❡q✉✐✈❛❧❡♥t❡ à

iλu1 − u2 = f 1 ✭✸✳✸✹✮

iλρ1u
2 − k(u1x + u3)x = ρ1f

2 ✭✸✳✸✺✮

iλu3 − u4 = f 3 ✭✸✳✸✻✮

iλρ2u
4 − b̃u3xx −

∫ ∞

0

g(s)ηtxx(x, s) ds+ k(u1x + u3) = ρ2f
4 ✭✸✳✸✼✮

iλη + ηs − u4 = f 5 ✭✸✳✸✽✮

P❛r❛ ♠♦str❛r ✭✸✳✸✸✮ ✉s❛r❡♠♦s ♦s s❡❣✉✐♥t❡s ❧❡♠❛s✿

▲❡♠❛ ✸✳✷✳ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s ✭✹✳✻✮ ❡ ✭✹✳✼✮ s♦❜r❡ ♦ ♥ú❝❧❡♦ g s❡ ✈❡r✐✜❝❛♠✳
❊♥tã♦ ♣❛r❛ ❝❛❞❛ F ∈ H✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C > 0 t❛❧ q✉❡

∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx ≤ C‖U‖H‖F‖H.

❉❡♠♦♥str❛çã♦✳ ❙❡ U ∈ D(A) é t❛❧ q✉❡ (iλI −A)U = F ✱ ❡♥tã♦

〈(iλI −A)U,U〉H = 〈F, U〉H
iλ‖U‖2H − 〈AU,U〉H = 〈F, U〉H.

❚♦♠❛♥❞♦ ❛ ♣❛rt❡ r❡❛❧ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡ ✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✷✳✹✱ ❡♥❝♦♥tr❛♠♦s
q✉❡

−1

2

∫ ∞

0

g′(s)‖ηx‖2L2 ds = ❘❡〈F, U〉H.

❯s❛♥❞♦ ❛s ❤✐♣ót❡s❡s s♦❜r❡ ♦ ♥ú❝❧❡♦ ❣✱ ✭✹✳✻✮✱ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛rt③✱
❚❡♦r❡♠❛ ✶✳✶✹✱ ♦❜t❡♠♦s

k1

2

∫ ∞

0

g(s)‖ηx‖2L2 ds ≤ ‖F‖H‖U‖H,

❝♦♥❝❧✉✐♥❞♦ ❛ss✐♠ ❛ ❞❡♠♦♥str❛çã♦✳

▲❡♠❛ ✸✳✸✳ ❈♦♠ ❛s ♠❡s♠❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✸✳✷✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0
t❛❧ q✉❡

ρ2

∫ L

0

|u4|2 dx ≤ C‖U‖H‖F‖H + C‖U‖
1

2

H‖F‖
1

2

H

(
‖u3x‖L2 + ‖u1x + u3‖L2

)
.
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❉❡♠♦♥str❛çã♦✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✸✳✸✼✮ ♣♦r
∫ ∞

0

g(s)η ds ∈ H1
0 (0, L) ♦❜t❡♠♦s

iλρ2

∫ L

0

∫ ∞

0

g(s)ηu4 ds dx−
∫ L

0

(
b̃u3 +

∫ ∞

0

g(s)η ds

)

xx

(∫ ∞

0

g(s)η ds

)
dx

+ k

∫ L

0

∫ ∞

0

g(s)η(u1x + u3) ds dx = ρ2

∫ L

0

∫ ∞

0

g(s)ηf 4 ds dx.

■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❡♠ (0, L) ❡ ❧❡♠❜r❛♥❞♦ q✉❡ η(0, s) = η(L, s) = 0✱ ♦❜t❡♠♦s

ρ2

∫ L

0

∫ ∞

0

g(s)(iλη)u4 ds dx

︸ ︷︷ ︸
I1

+ b̃

∫ L

0

∫ ∞

0

g(s)ηxu
3
x ds dx

+

∫ L

0

∣∣∣∣
∫ ∞

0

g(s)ηx ds

∣∣∣∣
2

dx+ k

∫ L

0

∫ ∞

0

g(s)η(u1x + u3) ds dx

= ρ2

∫ L

0

∫ ∞

0

g(s)ηf 4 ds dx.

❙✉❜st✐t✉✐♥❞♦ η✱ ❞❛❞♦ ♣♦r ✭✸✳✸✽✮✱ ❡♠ I1 ❡♥❝♦♥tr❛♠♦s

ρ2

∫ L

0

∫ ∞

0

g(s)(−u4 + ηs − f 5)u4 ds dx+ b̃

∫ L

0

∫ ∞

0

g(s)ηxu
3
x ds dx

+

∫ L

0

∣∣∣∣
∫ ∞

0

g(s)ηx ds

∣∣∣∣
2

dx+ k

∫ L

0

∫ ∞

0

g(s)η(u1x + u3) ds dx

= ρ2

∫ L

0

∫ ∞

0

g(s)ηf 4 ds dx.

❯s❛♥❞♦ ❛ ♣r♦♣♦s✐çã♦ ✷✳✸ ❡ r❡♦r❣❛♥✐③❛♥❞♦ ♦s t❡r♠♦s

ρ2b0

∫ L

0

|u4|2 dx = −ρ2
∫ L

0

∫ ∞

0

g′(s)ηu4 ds dx+ b̃

∫ L

0

∫ ∞

0

g(s)ηxu
3
x ds dx

+

∫ L

0

∣∣∣∣
∫ ∞

0

g(s)ηx ds

∣∣∣∣
2

dx+ k

∫ L

0

∫ ∞

0

g(s)η(u1x + u3) ds dx

−ρ2
∫ L

0

∫ ∞

0

g(s)ηf 4 ds dx− ρ2

∫ L

0

∫ ∞

0

g(s)f5u
4 ds dx.

❯s❛♥❞♦ ✭✷✳✶✶✮ ❡ ❛ Pr♦♣♦s✐çã♦ ✷✳✸ ♦❜t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C1 > 0 t❛❧
q✉❡

ρ2b0

∫ L

0

|u4|2 dx

≤ k0 ρ2

∫ L

0

∫ ∞

0

g(s)|η||u4| ds dx+ b̃ C1‖u3x‖L2

(∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx
) 1

2

+ C1‖u1x + u3‖L2

(∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx
) 1

2

+

∫ L

0

∣∣∣∣
∫ ∞

0

g(s)ηx ds

∣∣∣∣
2

dx

+ ρ2 C1‖f 4‖L2‖η‖L2
g
+ ρ2‖u4‖L2‖f 5‖L2

g
.
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❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✸ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C2 > 0 t❛❧ q✉❡

ρ2b0

∫ L

0

|u4|2 dx ≤ ρ2b0

2

∫ L

0

|u4|2 dx+ C2

∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx

+ b̃ C1‖u3x‖L2

(∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx
) 1

2

+C1 ‖u1x + u3‖L2

(∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx
) 1

2

+ b0

∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx

+ ρ2C1 ‖f 4‖L2 ‖η‖L2
g
+ ρ2 ‖u4‖L2 ‖f 5‖L2

g
.

❘❡s✉❧t❛ ♣❡❧♦ ❧❡♠❛ ✸✳✷✱ ♣r♦♣♦s✐çã♦ ✷✳✸ ❡ ♣❡❧❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s ♥♦r♠❛s✱ ❞❛❞❛ ♥❛
♦❜s❡r✈❛çã♦ ✷✳✶✱ q✉❡

ρ2b0

∫ L

0

|u4|2 dx ≤ C‖U‖H‖F‖H + C‖U‖
1

2

H‖F‖
1

2

H

(
‖u3x‖L2 + ‖u1x + u3‖L2

)
,

♣❛r❛ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C✳

❖❜s❡r✈❛çã♦ ✸✳✹✳ P❛r❛ ❡st✐♠❛r u3 ✐♥tr♦❞✉③✐♠♦s ♦ s❡❣✉✐♥t❡ ♠✉❧t✐♣❧✐❝❛❞♦r

− wxx = u3x, w(0) = w(L) = 0. ✭✸✳✸✾✮

◆♦t❡ q✉❡ w ♣♦❞❡ s❡r ❡①♣r❡ss♦ ❝♦♠♦

w(x) = −
∫ x

0

u3(y) dy +
x

L

∫ L

0

u3(y)dy ≡ G(u3)(x).

➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ G : L2(0, L) → H1
0 (0, L) ∩H2(0, L) é ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r✳

◆♦t❡ t❛♠❜é♠✱ q✉❡ ♣❛r❛ q✉❛✐sq✉❡r u✱ v ∈ L2(0, L) t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡

Re

{∫ L

0

u G(v) dx

}
≤ 2L ‖u‖L2 ‖v‖L2 .

❉❡ ❢❛t♦✱ ❞❛❞♦s u, v ∈ L2(0, L)✱ 0 ≤ x ≤ L✱ t❡♠♦s

|G(v)(x)| =

∣∣∣∣−
∫ x

0

v(y) dy +
x

L

∫ L

0

v(y) dy

∣∣∣∣

≤
∫ x

0

|v(y)| dy +
∣∣∣
x

L

∣∣∣
∫ L

0

|v(y)| dy

≤ 2

∫ L

0

|v(y)| dy.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ ♦❜t❡♠♦s

|G(v)(x)| ≤ 2
√
L‖v‖L2 , x ∈ (0, L) q.t.p,
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❡ s❡❣✉❡ ❞❛ ❞❡s✐❣✉❛❞❛❞❡ ❛❝✐♠❛ ❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ q✉❡

Re

{∫ L

0

u G(v) dx

}
≤
∫ L

0

|u| |G(v)| dx ≤ 2
√
L‖v‖L2

∫ L

0

|u| dx ≤ 2L‖u‖L2‖v‖L2 .

❉❛ ♦❜s❡r✈❛çã♦ ❛❝✐♠❛✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ ❧❡♠❛✳

▲❡♠❛ ✸✳✺✳ ❈♦♠ ❛s ♠❡s♠❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✸✳✷✱ ♣❛r❛ ❝❛❞❛ ǫ1 > 0 ❡①✐st❡
Cǫ1 > 0 t❛❧ q✉❡

b̃

∫ L

0

|u3x|2 dx ≤ Cǫ1‖U‖H‖F‖H + Cǫ1‖U‖
1

2

H‖F‖
1

2

H‖u1x + u3‖L2 + ǫ1ρ1‖u2‖2L2 .

❉❡♠♦♥str❛çã♦✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✸✳✸✼✮ ♣♦r u3 r❡s✉❧t❛ q✉❡

iλρ2

∫ L

0

u4u3 dx−
∫ L

0

(
b̃u3 +

∫ ∞

0

g(s)η ds

)

xx

u3 dx

+k

∫ L

0

(u1x + u3)u3 dx = ρ2

∫ L

0

f 4u3dx,

❡ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✱ ❧❡♠❜r❛♥❞♦ q✉❡ u3 ∈ H1
0 (0, L)✱ t❡♠♦s

∫ L

0

u4(iλρ2u3) dx

︸ ︷︷ ︸
I2

+ b̃

∫ L

0

|u3x|2 dx+
∫ L

0

∫ ∞

0

g(s)ηxu3x ds dx

+k

∫ L

0

(u1x + u3)u3 dx = ρ2

∫ L

0

f 4u3dx.

❙✉❜st✐t✉✐♥❞♦ u3✱ ❞❛❞♦ ♣♦r ✭✸✳✸✻✮✱ ❡♠ I2 t❡♠♦s q✉❡

ρ2

∫ L

0

u4(−u4 − f 3) dx + b̃

∫ L

0

|u3x|2 dx+
∫ L

0

∫ ∞

0

g(s)ηxu3x ds dx

+k

∫ L

0

(u1x + u3)u3 dx = ρ2

∫ L

0

f 4u3dx.

❘❡♦r❣❛♥✐③❛♥❞♦ ♦s t❡r♠♦s t❡♠♦s

b̃

∫ L

0

|u3x|2 dx+ k

∫ L

0

u1xu
3 dx+ k

∫ L

0

|u3|2 dx = ρ2

∫ L

0

|u4|2dx

−
∫ L

0

∫ ∞

0

g(s)ηxu3x ds dx+ ρ2

∫ L

0

f 4u3dx+ ρ2

∫ L

0

u4f 3 dx. ✭✸✳✹✵✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ✭✸✳✸✺✮ ♣♦r w✱ ❞❛❞♦ ❡♠ ✭✸✳✸✾✮ ✱♦❜t❡♠♦s

iλρ1

∫ L

0

u2w dx− k

∫ L

0

(u1x + u3)xw dx = ρ1

∫ L

0

f 2w dx
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❡ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✱ ❝♦♠♦ w(L) = w(0) = 0✱ r❡s✉❧t❛ q✉❡

iλρ1

∫ L

0

u2w dx+ k

∫ L

0

(u1x + u3)wx dx = ρ1

∫ L

0

f 2w dx. ✭✸✳✹✶✮

◆♦t❡ q✉❡✿

(i) ❞❡ ✭✸✳✸✾✮ t❡♠♦s q✉❡ u3 = −wx+wx(0)✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r kwx ❡ ✐♥t❡❣r❛♥❞♦
❡♠ (0, L)✱ ❝♦♠♦ w(L) = w(0) = 0✱ t❡♠♦s✱

k

∫ L

0

u3wx dx = −k
∫ L

0

wxwx dx+ kwx(0)

∫ L

0

wx dx

= −k
∫ L

0

|wx|2 dx.

(ii) ❛♣❧✐❝❛♥❞♦ ● ❡♠ ✭✸✳✸✻✮ t❡♠♦s✱

iλw = iλG(u3) = −G(u4)−G(f 3).

(iii) ❈♦♠♦ u1 ∈ H1
0 (0, L)

k

∫ L

0

u1xwx dx = −k
∫ L

0

u1wxx dx = k

∫ L

0

u1u3x dx = −k
∫ L

0

u1xu
3 dx.

❯s❛♥❞♦ (i)✱ (ii) ❡ (iii) ❡♠ ✭✸✳✹✶✮ ♦❜t❡♠♦s

− k

∫ L

0

u1xu
3 dx− k

∫ L

0

|wx|2 dx = ρ1

∫ L

0

u2
[
G(u4) +G(f 3)

]
dx

+ ρ1

∫ L

0

f 2w dx. ✭✸✳✹✷✮

❙♦♠❛♥❞♦ ✭✸✳✹✵✮ ❡ ✭✸✳✹✷✮✱ t❡♠♦s

b̃

∫ L

0

|u3x|2 dx− k

(∫ L

0

|wx|2 dx−
∫ L

0

|u3|2 dx
)

= ρ2

∫ L

0

f 4u3dx

+ ρ2

∫ L

0

u4f 3 dx+ ρ1

∫ L

0

u2G(f 3) dx+ ρ1

∫ L

0

f 2w dx

+ ρ2

∫ L

0

|u4|2dx−
∫ L

0

∫ ∞

0

g(s)ηxu3x ds dx+ ρ1

∫ L

0

u2G(u4) dx. ✭✸✳✹✸✮

◆♦t❡ q✉❡✱ ❝♦♠♦ −wxx = u3x✱ ❡♥tã♦

−
∫ L

0

wxxw dx =

∫ L

0

u3xw dx;

P♦r ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ ❝♦♠♦
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w(L) = w(0) = 0✱ r❡s✉❧t❛ q✉❡

‖wx‖2L2 =

∫ L

0

|wx|2 dx =

∫ L

0

u3wx dx ≤ ‖u3‖L2‖wx‖L2 .

❉❛í
∫ L

0

|wx|2 dx ≤
∫ L

0

|u3|2 dx. ✭✸✳✹✹✮

❙❡❣✉❡✱ ❞❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡ ❞❛ ♣❛rt❡ r❡❛❧ ❞❡ ✭✸✳✹✸✮✱ q✉❡

b̃

∫ L

0

|u3x|2 dx ≤ ρ2 Re

{∫ L

0

f 4u3dx

}
+ ρ2 Re

{∫ L

0

u4f 3 dx

}

+ ρ1 Re

{∫ L

0

u2G(f 3) dx

}
+ ρ1 Re

{∫ L

0

f 2w dx

}

+ ρ2

∫ L

0

|u4|2dx− Re

{∫ L

0

∫ ∞

0

g(s)ηxu3x ds dx

}

+ ρ1 Re

{∫ L

0

u2G(u4) dx

}
.

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♦❜s❡r✈❛çã♦ ✸✳✹ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ t❡♠♦s

b̃

∫ L

0

|u3x|2 dx ≤ ρ2‖f 4‖L2‖u3‖L2 + ρ2‖u4‖L2‖f 3‖L2 + 2ρ1L‖u2‖L2‖f 3‖L2

+ ρ1‖f 2‖L2‖w‖L2 + ρ2

∫ L

0

|u4|2dx

− Re

{∫ L

0

∫ ∞

0

g(s)ηxu3x ds dx

}
+ ρ1 Re

{∫ L

0

u2G(u4) dx

}
.

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✱ ❚❡♦r❡♠❛ ✶✳✹✵✱ ✉s❛♥❞♦ ✭✸✳✹✹✮ ❡♠ w✱ ❡
✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✷✳✸✱ t❡♠♦s

b̃

∫ L

0

|u3x|2 dx ≤ ρ2‖f 4‖L2‖u3‖L2 + ρ2‖u4‖L2‖f 3‖L2 + 2ρ1L‖u2‖L2‖f 3‖L2

+ ρ1C1‖f 2‖L2‖u3‖L2 + ρ2

∫ L

0

|u4|2dx

+ C1‖u3x‖L2‖ηx‖L2
g
+ ρ1 Re

{∫ L

0

u2G(u4) dx

}
,

♣❛r❛ ✉♠❛ ❝♦♥t❛♥t❡ ♣♦s✐t✐✈❛ C1✳

P❡❧❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s ♥♦r♠❛s✱ ❢♦r♥❡❝✐❞❛ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✷✳✶✱ t❡♠♦s q✉❡ ❡①✐st❡
✉♠ C2 > 0 t❛❧ q✉❡✿

b̃

∫ L

0

|u3x|2dx ≤ C2‖U‖H‖F‖H + ρ2

∫ L

0

|u4|2dx+ ρ1 Re

{∫ L

0

u2G(u4)dx

}
.✭✸✳✹✺✮
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P❡❧❛ ❖❜s❡r✈❛çã♦ ✸✳✹ t❡♠♦s

ρ1 Re

{∫ L

0

u2G(u4) dx

}
≤ ρ1

∫ L

0

|u2||G(u4)| dx ≤ 2ρ1
√
L‖u4‖L2

∫ L

0

|u2| dx,

❡✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ✱❚❡♦r❡♠❛ ✶✳✷✾✱ ✐♠♣❧✐❝❛ q✉❡

ρ1 Re

{∫ L

0

u2G(u4) dx

}
≤ 2ρ1L‖u4‖L2‖u2‖L2 .

❉❛❞♦ ǫ1 > 0✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡
C ′

ǫ1 > 0 t❛❧ q✉❡

ρ1 Re

{∫ L

0

u2G(u4) dx

}
≤ ρ1ǫ1

2

∫ L

0

|u2|2 dx+ C ′
ǫ1

∫ L

0

|u4|2 dx

❉❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡ ❞❡ ✭✸✳✹✺✮✱ ♦❜t❡♠♦s

b̃

∫ L

0

|u3x|2 dx ≤ C2‖U‖H‖F‖H + (ρ2 + C ′
ǫ1)

∫ L

0

|u4|2dx+ ρ1ǫ1

2

∫ L

0

|u2|2 dx.

P❡❧♦ ▲❡♠❛ ✸✳✸✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C ′′
ǫ1 ✱ t❛❧ q✉❡

b̃

∫ L

0

|u3x|2 dx ≤ C ′′
ǫ1‖U‖H‖F‖H + C ′′

ǫ1‖U‖
1

2

H‖F‖
1

2

H‖u1x + u3‖L2

+C ′′
ǫ1‖U‖

1

2

H‖F‖
1

2

H‖u3x‖L2 +
ρ1ǫ1

2

∫ L

0

|u2|2 dx.

❙❡❣✉❡ ♥♦✈❛♠❡♥t❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✱ q✉❡

b̃

∫ L

0

|u3x|2 dx ≤ Cǫ1‖U‖H‖F‖H + Cǫ1‖U‖
1

2

H‖F‖
1

2

H‖u1x + u3‖L2

+
b̃

2

∫ L

0

|u3x|2 dx+
ρ1ǫ1

2

∫ L

0

|u2|2 dx,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ Cǫ1 ✳

◆♦ss♦ s❡❣✉✐♥t❡ ♣❛ss♦ é ❡st✐♠❛r ♦ t❡r♠♦ ‖u1x+u3‖2L2 ✳ ❆q✉✐ ✉s❛r❡♠♦s ❛ ❝♦♥❞✐çã♦
✭✷✳✶✹✮✳

▲❡♠❛ ✸✳✻✳ ❈♦♠ ❛s ♠❡s♠❛s ❤✐♣ót❡s❡s ❞♦ ▲❡♠❛ ✸✳✷ ❡ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ✭✷✳✶✹✮✱ ♣❛r❛
❝❛❞❛ ǫ2 > 0 ❡①✐st❡ Cǫ1,ǫ2 > 0 ❞❡ ♠♦❞♦ q✉❡

k

∫ L

0

|u1x + u3|2 dx ≤ Cǫ1,ǫ2‖U‖H‖F‖H + (ǫ1 + ǫ2)‖u2‖L2

+ 2Re

([
b̃u3x +

∫ ∞

0

g(s)ηx ds

]
u1x

)x=L

x=0

,
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♦♥❞❡ ǫ1 é ❞❛❞♦ ♣❡❧♦ ▲❡♠❛ ✸✳✺✳

❉❡♠♦♥str❛çã♦✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✸✳✸✼✮ ♣♦r u1x + u3 t❡♠♦s

iλρ2

∫ L

0

u4(u1x + u3) dx−
(∫ L

0

b̃u3 +

∫ ∞

0

g(s)η ds

)

xx

(u1x + u3) dx

k

∫ L

0

|u1x + u3|2 dx = ρ2

∫ L

0

f 4(u1x + u3) dx.

■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❡ ♦❜s❡r✈❛♥❞♦ q✉❡ u3 ∈ HL
0 (0, L)✱ ♦❜t❡♠♦s

iλρ2

∫ L

0

u4(u1x + u3) dx−
([
b̃u3x +

∫ ∞

0

g(s)ηx ds

]
u1x

)x=L

x=0

+ k

∫ L

0

|u1x + u3|2 dx

+

∫ L

0

[
b̃u3x +

∫ ∞

0

g(s)ηxu
1
x ds

]
(u1x + u3)x dx

︸ ︷︷ ︸
I3

= ρ2

∫ L

0

f 4(u1x + u3) dx.

❙✉❜st✐t✉✐♥❞♦ (u1x+u
3)x ❞❛❞♦ ♣♦r ✭✸✳✸✺✮ ❡♠ I3✱ ❡ ❧❡♠❜r❛♥❞♦ q✉❡ b̃ = b−b0✱ r❡s✉❧t❛

ρ2

∫ L

0

u4(iλu1x) dx

︸ ︷︷ ︸
I4

+ ρ2

∫ L

0

u4(iλu3) dx

︸ ︷︷ ︸
I5

−
([
b̃u3x +

∫ ∞

0

g(s)ηx ds

]
u1x

)x=L

x=0

−iλ(b− b0)ρ1
k

∫ L

0

u3xu
2 dx+

ρ1

k

∫ L

0

∫ ∞

0

g(s)(−iληx)u2 ds dx
︸ ︷︷ ︸

I6

−ρ1
k

∫ L

0

∫ ∞

0

g(s)ηxf 2 ds dx− b̃ρ1

k

∫ L

0

u3xf
2 dx

+k

∫ L

0

|u1x + u3|2 dx = ρ2

∫ L

0

f 4(u1x + u3) dx. ✭✸✳✹✻✮

❙✉❜st✐t✉✐♥❞♦ u1✱ ❞❛❞♦ ♣♦r ✭✸✳✸✹✮✱ ❡♠ I4 r❡s✉❧t❛

I4 = ρ2

∫ L

0

u4(−u2x − f 1
x) dx = −ρ2

∫ L

0

u4u2x dx− ρ2

∫ L

0

u4f 1
x dx;

s✉❜st✐t✉✐♥❞♦ t❛♠❜é♠ u4✱ ❞❛❞♦ ♣♦r ✭✸✳✸✻✮✱ t❡♠♦s

I4 = −ρ2
∫ L

0

(iλu3 − f 3)u2x dx− ρ2

∫ L

0

u4f 1
x dx

= −iλρ2
∫ L

0

u3u2x dx− ρ2

∫ L

0

u4f 1
x dx+ ρ2

∫ L

0

f 3u2x dx.

■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ u2 ∈ H1
0 (0, L)✱ ♦❜t❡♠♦s

I4 = iλρ2

∫ L

0

u3xu
2 dx− ρ2

∫ L

0

u4f 1
x dx− ρ2

∫ L

0

f 3
xu

2 dx. ✭✸✳✹✼✮
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❯s❛♥❞♦ u3✱ ❞❛❞♦ ♣♦r ✭✸✳✸✻✮✱ ❡♠ I5 ♦❜t❡♠♦s

I5 = ρ2

∫ L

0

u4(−u4 − f 3) dx = −ρ2
∫ L

0

|u4|2 dx− ρ2

∫ L

0

u4f 3 dx. ✭✸✳✹✽✮

❋✐♥❛❧♠❡♥t❡✱ s✉❜st✐t✉✐♥❞♦ η✱ ❞❛❞♦ ♣♦r ✭✸✳✸✽✮✱ ❡♠ I6 ♦❜t❡♠♦s

I6 =
ρ1

k

∫ L

0

∫ ∞

0

g(s)(−u4x + ηxs − f 5
x)u

2 ds dx

=
ρ1

k

∫ L

0

∫ ∞

0

g(s)ηxsu2 ds dx−
ρ1b0

k

∫ L

0

u4xu
2 dx− ρ1

k

∫ L

0

∫ ∞

0

g(s)f 5
xu

2 ds dx,

❡ s✉❜st✐t✉✐♥❞♦ u4✱ ❞❛❞♦ ♣♦r ✭✸✳✸✻✮✱ ❡ ✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✷✳✸ t❡♠♦s✿

I6 = − ρ1

k

∫ L

0

∫ ∞

0

g′(s)ηxu2 ds dx− iλ
ρ1b0

k

∫ L

0

u3xu
2 dx

− ρ1b0

k

∫ L

0

f 3
xu

2 dx− ρ1

k

∫ L

0

∫ ∞

0

g(s)f 5
xu

2 ds dx. ✭✸✳✹✾✮

❘❡t♦r♥❛♥❞♦ à ❡q✉❛çã♦ ✭✸✳✹✻✮ ✱ s❡❣✉❡ ❞❡ ✭✸✳✹✼✮✱ ✭✸✳✹✽✮ ❡ ❞❡ ✭✸✳✹✾✮ q✉❡

k

∫ L

0

|u1x + u3|2 dx = iλb
(ρ1
k

− ρ2

b

)

︸ ︷︷ ︸
=0

∫ L

0

u3xu
2 dx

+ Re

([
b̃u3x +

∫ ∞

0

g(s)ηx ds

]
u1x

)x=L

x=0

+ ρ2

∫ L

0

|u4|2 dx+ ρ1

k

∫ L

0

∫ ∞

0

g′(s)ηxu2 ds dx

+
ρ1b̃

k

∫ L

0

u3xf
2 dx+

ρ1

k

∫ L

0

∫ ∞

0

g(s)ηxf 2 ds dx

+ ρ2

∫ L

0

f 4(u1x + u3) dx+ ρ2

∫ L

0

u4f 3 dx

+ ρ2

∫ L

0

u4f 1
x dx+

(
ρ2 −

ρ1b0

k

)∫ L

0

f 3
xu

2 dx

+
ρ1

k

∫ L

0

∫ ∞

0

g(s)f 5
xu

2 ds dx.
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❈♦♥s✐❞❡r❡ ❛ ♣❛rt❡ r❡❛❧ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡♥❝♦♥tr❛♠♦s✳ ❚❡♠♦s

k

∫ L

0

|u1x + u3|2 dx = Re

([
b̃u3x +

∫ ∞

0

g(s)ηx ds

]
u1x

)x=L

x=0

+ ρ2

∫ L

0

|u4|2 dx+ ρ1

k
Re

{∫ L

0

∫ ∞

0

g′(s)ηxu2 ds dx

}

+
ρ1b̃

k
Re

{∫ L

0

u3xf
2 dx

}
+
ρ1

k
Re

{∫ L

0

∫ ∞

0

g(s)ηxf 2 ds dx

}

+ ρ2 Re

{∫ L

0

f 4(u1x + u3) dx

}
+ ρ2 Re

{∫ L

0

u4f 3 dx

}

+ ρ2 Re

{∫ L

0

u4f 1
x dx

}
+

(
ρ2 −

ρ1b0

k

)
Re

{∫ L

0

f 3
xu

2 dx

}

+
ρ1

k
Re

{∫ L

0

∫ ∞

0

g(s)f 5
xu

2 ds dx

}
.

❖ ❚❡♦r❡♠❛ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✷✳✸ ❡ ❛
❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s ♥♦r♠❛s✱ ❖❜s❡r✈❛çã♦ ✷✳✶✱ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❝♦♥st❛♥t❡
C1 > 0 ❞❡ ♠♦❞♦ q✉❡

k

∫ L

0

|u1x + u3|2 dx ≤ Re

([
b̃u3x +

∫ ∞

0

g(s)ηx ds

]
u1x

)x=L

x=0

+Re

{
ρ1

k

∫ L

0

∫ ∞

0

g′(s)ηxu2 ds dx

}

+ρ2

∫ L

0

|u4|2 dx+ C1‖U‖H‖F‖H. ✭✸✳✺✵✮

❱❛♠♦s✱ ❛❣♦r❛✱ ♠❛❥♦r❛r ♦ t❡r♠♦ ρ2‖u4‖2L2 ✳

P❡❧♦ ❧❡♠❛ ✸✳✸✱ t❡♠♦s✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❝♦♥st❛♥t❡ C2 > 0 t❛❧ q✉❡

ρ2

∫ L

0

|u4|2 dx ≤ C2‖U‖H‖f‖H + C2‖U‖
1

2

H‖f‖
1

2

H‖u3x‖L2 + C2‖U‖
1

2

H‖f‖
1

2

H‖u1x + u3‖L2 .

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✱ ❡①✐st❡ ✉♠❛ ❝♦♥t❛♥t❡ C3 > 0 ❞❡ ♠♦❞♦
q✉❡

ρ2

∫ L

0

|u4|2 dx ≤ C3‖U‖H‖f‖H + b̃‖u3x‖2L2 +
k

4
‖u1x + u3‖2L2 .

P❡❧♦ ❧❡♠❛ ✸✳✺✱ ❞❛❞♦
ǫ1

2ρ1
✱ ❡①✐t❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C ′

ǫ1 ❞❡ ♠❛♥❡✐r❛ q✉❡

ρ2

∫ L

0

|u4|2 dx ≤ C ′
ǫ1‖U‖H‖f‖H +

k

4
‖u1x + u3‖2L2

+C ′
ǫ1‖U‖

1

2

H‖f‖
1

2

H‖u1x + u3‖L2 +

(
ǫ1

2ρ1

)
ρ1‖u2‖2L2 .
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❙❡❣✉❡✱ ♥♦✈❛♠❡♥t❡ ❞❛ ❉❡s✐❛❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✱ q✉❡

ρ2

∫ L

0

|u4|2 dx ≤ C ′′
ǫ1‖U‖H‖f‖H +

k

4
‖u1x + u3‖2L2

+
k

4
‖u1x + u3‖2L2 +

ǫ1

2
‖u2‖2L2 , ✭✸✳✺✶✮

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥t❛♥t❡ ♣♦s✐t✐✈❛ C ′′
ǫ1 ✳

❖❜s❡r✈❡✱ t❛♠❜é♠✱ q✉❡ ✉s❛♥❞♦ ❛ ❤✐♣ót❡s❡ s♦❜r❡ ♦ ♥ú❝❧❡♦✱ ✭✹✳✻✮✱ ❡ ❛ Pr♦♣♦s✐çã♦

✷✳✸✱ ❞❛❞♦
ǫ2

2
> 0 ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C ′

ǫ2 > 0 t❛❧ q✉❡

Re

{
ρ1

k

∫ L

0

∫ ∞

0

g′(s)ηxu2 ds dx

}
≤ ǫ2

2
‖u2‖2L2 + C ′

ǫ2

∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx.

❖ ▲❡♠❛ ✸✳✷ ♥♦s ❣❛r❛♥t❡ q✉❡ ❡①✐st❡ C ′′
ǫ2 > 0 t❛❧ q✉❡

Re

{
ρ1

k

∫ L

0

∫ ∞

0

g′(s)ηxu2 ds dx

}
≤ ǫ2

2
‖u2‖2L2 + C ′′

ǫ2‖U‖H‖F‖H. ✭✸✳✺✷✮

❆s ❡st✐♠❛t✐✈❛s ✭✸✳✺✶✮ ❡ ✭✸✳✺✷✮ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ✭✸✳✺✵✮ ✐♠♣❧✐❝❛♠

k

∫ L

0

|u1x + u3|2 dx ≤ Re

([
b̃u3x +

∫ ∞

0

g(s)ηx ds

]
u1x

)x=L

x=0

+
k

2
‖u1x + u3‖2L2

+
(ǫ1
2
+
ǫ2

2

)
‖u2‖2L2 + (C1 + C ′′

ǫ1 + C ′′
ǫ2)‖U‖H‖F‖H,

❝♦♥❝❧✉✐♥❞♦ ❛ss✐♠ ❛ ❞❡♠♦♥str❛çã♦✳

▲❡♠❛ ✸✳✼✳ ❈♦♥s✐❞❡r❡ ❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s ❞♦ ▲❡♠❛ ✸✳✻ ❡ s❡❥❛ q ∈ C1([0, L]) t❛❧
q✉❡ q(0) = −q(L) = 1✳ ❊♥tã♦ ❡①✐st❡♠ Cq,ǫ1✱ Cq > 0 t❛✐s q✉❡

✭✐✮ −
(
q(x)

2

∣∣∣∣̃bu
3
x +

∫ ∞

0

g(s)ηx ds

∣∣∣∣
2
)x=L

x=0

≤ Cq,ǫ1‖U‖H‖F‖H

+Cq,ǫ1‖U‖
1

2

H‖F‖
1

2

H‖u1x + u3‖L2 + ǫ1Cqρ1‖u2‖2L2 + Cq‖u3x‖L2‖u1x + u3‖L2

❡

✭✐✐✮ −
(
q(x)

2
|u1x|2

)x=L

x=0

≤ Cq‖U‖H‖F‖H + Cq

(
‖u1x + u3‖2L2 + ρ1‖u2‖2L2

)
.

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♠♦❜t❡r (i)✱ ♠✉❧t✐♣❧✐q✉❡ ✭✸✳✸✼✮ ♣♦r

q(x)

(
b̃u3x +

∫ ∞

0

g(s)ηx ds

)
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❡ ✐♥t❡❣r❡ s♦❜r❡ [0, L]✱

ρ2

∫ L

0

u4q(x)

(
b̃(iλu3x) +

∫ ∞

0

g(s)(iληx) ds

)
dx

︸ ︷︷ ︸
I7

−
∫ L

0

(
b̃u3 +

∫ ∞

0

g(s)η ds

)

xx

q(x)

(
b̃u3 +

∫ ∞

0

g(s)η ds

)

x

dx

︸ ︷︷ ︸
I8

+k

∫ L

0

q(x)(u1x + u3)

(
b̃u3x +

∫ ∞

0

g(s)ηx ds

)
dx

= ρ2

∫ L

0

f 4q(x)

(
b̃u3x +

∫ ∞

0

g(s)ηx ds

)
dx. ✭✸✳✺✸✮

❯s❛♥❞♦ u3 ❡ η ❞❛❞♦s ♣♦r ✭✸✳✸✻✮ ❡ ✭✸✳✸✽✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥❛ ♣❛rt❡ r❡❛❧ ❞❡ I7
♦❜t❡♠♦s

Re I7 = ρ2b̃Re

{∫ L

0

u4q(x)iλu3x dx

}
+ ρ2 Re

{∫ L

0

u4q(x)

∫ ∞

0

g(s)(iληx) ds dx

}

= ρ2b̃Re

{∫ L

0

u4q(x)(−u4x − f 3
x) dx

}

+ρ2 Re

{∫ L

0

u4q(x)

∫ ∞

0

g(s)(ηxs − u4x − f 5
x) ds dx

}

= −ρ2b̃
∫ L

0

q(x)

2

d

dx

(
|u4|2

)
dx− ρ2b̃Re

{∫ L

0

q(x)u4f 3
x dx

}

+ρ2 Re

{∫ L

0

u4q(x)

∫ ∞

0

g(s)ηxs ds dx

}

−ρ2b0
∫ L

0

q(x)

2

d

dx

(
|u4|2

)
dx− ρ2 Re

{∫ L

0

u4q(x)

∫ ∞

0

g(s)f 5
x ds dx

}
.

■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✱ ❧❡♠❜r❛♥❞♦ q✉❡ u4 ∈ H1
0 (0, L)✱ b̃ = b − b0 ❡ ✉s❛♥❞♦ ❛

Pr♦♣♦s✐çã♦ ✷✳✸ t❡♠♦s ♦ s❡❣✉✐♥t❡

Re I7 =
ρ2b

2

∫ L

0

q′(x)|u4|2 dx− ρ2b̃Re

{∫ L

0

q(x)u4f 3
x dx

}

−ρ2 Re
{∫ L

0

u4q(x)

∫ ∞

0

g′(s)ηx ds dx

}

−ρ2 Re
{∫ L

0

∫ ∞

0

g(s)q(x)u4f 5
x ds dx

}
. ✭✸✳✺✹✮
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■♥t❡❣r❛♥❞♦ Re I8 ♣♦r ♣❛rt❡s t❡♠♦s

Re I8 = −
∫ L

0

q(x)

2

d

dx

(∣∣∣∣̃bu
3
x +

∫ ∞

0

g(s)ηx ds

∣∣∣∣
2
)

x

dx

= −
(
q(x)

2

∣∣∣∣̃bu
3
x +

∫ ∞

0

g(s)ηx ds

∣∣∣∣
2
)x=L

x=0

+
1

2

∫ L

0

q′(x)

∣∣∣∣̃bu
3
x +

∫ ∞

0

g(s)ηx ds

∣∣∣∣
2

dx. ✭✸✳✺✺✮

❙✉❜st✐t✉✐♥❞♦ ✭✸✳✺✹✮ ❡ ✭✸✳✺✺✮ ♥❛ ♣❛rt❡ r❡❛❧ ❞❡ ✭✸✳✺✸✮ t❡♠♦s

ρ2b

2

∫ L

0

q′(x)|u4|2 dx− ρ2b̃Re

{∫ L

0

q(x)u4f 3
x dx

}

−ρ2 Re
{∫ L

0

u4q(x)

∫ ∞

0

g′(s)ηx ds dx

}
− ρ2 Re

{∫ L

0

∫ ∞

0

g(s)q(x)u4f 5
x ds dx

}

−
(
q(x)

2

∣∣∣∣̃bu
3
x +

∫ ∞

0

g(s)ηx ds

∣∣∣∣
2
)x=L

x=0

+
1

2

∫ L

0

q′(x)

∣∣∣∣̃bu
3
x +

∫ ∞

0

g(s)ηx ds

∣∣∣∣
2

dx

+kRe

{∫ L

0

q(x)(u1x + u3)

(
b̃u3x +

∫ ∞

0

g(s)ηx ds

)
dx

}

= ρ2 Re

{∫ L

0

f 4q(x)

(
b̃u3x +

∫ ∞

0

g(s)ηx ds

)
dx

}
.

❈♦♠♦ q ∈ C1([0, L]) ❡ [0, L] é ✉♠ ✐♥t❡r✈❛❧♦ ❝♦♠♣❛❝t♦✱ ❡①✐st❡ ❛ ❝♦♥st❛♥t❡
C1 := C1(q) = max

x∈[0,L]
{|q(x)|, |q′(x)|, |k1q(x)|} > 0✳ P♦r ✭✹✳✻✮ ♦❜t❡♠♦s ♥❛ ✐❣✉❛❧❞❛❞❡

❛♥t❡r✐♦r✱ q✉❡

−
(
q(x)

2

∣∣∣∣̃bu
3
x +

∫ ∞

0

g(s)ηx ds

∣∣∣∣
2
)x=L

x=0

≤ ρ2b

2
C1

∫ L

0

|u4|2 dx+ ρ2b̃C1

∫ L

0

|u4f 3
x | dx

+ ρ2C1

∫ L

0

∫ ∞

0

g(s)|u4ηx| ds dx
︸ ︷︷ ︸

I9

+ρ2C1

∫ L

0

∫ ∞

0

g(s)|u4f 5
x | ds dx+

C1

2

∫ L

0

∣∣∣∣̃bu
3
x +

∫ ∞

0

g(s)ηx ds

∣∣∣∣
2

dx

+ kC1

∫ L

0

∣∣u1x + u3
∣∣
∣∣∣̃bu3x

∣∣∣ dx
︸ ︷︷ ︸

I10

+ kC1b̃

∫ L

0

∫ ∞

0

g(s)
∣∣u1x + u3

∣∣ |ηx| ds dx
︸ ︷︷ ︸

I11

+ρ2C1b̃

∫ L

0

|f 4u3x| dx+ ρ2C1

∫ L

0

∫ ∞

0

g(s)|f 4ηx| ds dx.
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❙❡❣✉❡✱ ❞♦ ▲❡♠❛ ✷✳✸✱ q✉❡✿

I9 ≤
∫ L

0

|u4|2 dx+ C2

∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx ✭✸✳✺✻✮

I10 ≤ C2

(
|u1x + u3|2

) 1

2
(
|u3x|2

) 1

2 ✭✸✳✺✼✮

I11 ≤ C2

(
|u1x + u3|2

) 1

2

(∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx
) 1

2

, ✭✸✳✺✽✮

♣❛r❛ ❛❧❣✉♠❛ C2 := C2(q) > 0✳
❙✉❜st✐t✉✐♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✸✳✺✻✮✲✭✸✳✺✽✮ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✺✻✮✱ ♣❡❧♦s ▲❡♠❛
✸✳✷ ❡ ▲❡♠❛ ✷✳✸✱ s❡❣✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C3 := C3(q) > 0 ❞❡ ♠♦❞♦ q✉❡

−
(
q(x)

2

∣∣∣∣̃bu
3
x +

∫ ∞

0

g(s)ηx ds

∣∣∣∣
2
)x=L

x=0

≤ C3‖U‖H‖F‖H + C3

∫ L

0

|u4|2 dx
︸ ︷︷ ︸

I12

+C3

∫ L

0

∣∣∣∣̃b u
3
x +

∫ ∞

0

g(s)ηx ds

∣∣∣∣ dx
︸ ︷︷ ︸

I13

+C3‖U‖
1

2

H‖F‖
1

2

H‖u1x + u3‖L2

+C3‖u3x‖L2‖u1x + u3‖L2 ✭✸✳✺✾✮

P❡❧♦ ▲❡♠❛ ✸✳✸ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C4 := C4(q) > 0✱ t❛❧ q✉❡

I12 ≤ C4‖U‖H‖F‖H + C4‖U‖
1

2

H‖F‖
1

2

H‖u3x‖L2 + C4‖U‖
1

2

H‖F‖
1

2

H‖u1x + u3‖L2 ,

✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C5 :=
C5(q) > 0 ❞❡ ♠♦❞♦ q✉❡

I12 ≤ C5‖U‖H‖F‖H + b̃‖u3x‖2L2 + C5‖U‖
1

2

H‖F‖
1

2

H‖u1x + u3‖L2

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ Pr♦♣♦s✐çã♦ ✶✳✶✶✱ ♦ ▲❡♠❛ ✷✳✸ ❡ ♦ ▲❡♠❛ ✸✳✷✱ ❝♦♥s❡❣✉✐♠♦s

I13 ≤ 4C3b̃
2

∫ L

0

∣∣u3x
∣∣2 dx+ 4C3

∫ L

0

∣∣∣∣
∫ ∞

0

g(s)ηx ds

∣∣∣∣ dx

≤ 4C3b̃
2

∫ L

0

∣∣u3x
∣∣2 dx+ C5‖U‖H‖F‖H.

❙❡❣✉❡ ❞❡ I12 ❡ I13 q✉❡ ✭✸✳✺✾✮ ♣♦❞❡ s❡r ❡①♣r❡ss❛ ❝♦♠♦

−
(
q(x)

2

∣∣∣∣̃bu
3
x +

∫ ∞

0

g(s)ηx ds

∣∣∣∣
2
)x=L

x=0

≤ (C3 + 2C5)‖U‖H‖F‖H +
(
4C3b̃+ 1

)
b̃‖u3x‖2L2

+(C3 + C5)‖U‖
1

2

H‖F‖
1

2

H‖u1x + u3‖L2 + C3‖u3x‖L2‖u1x + u3‖L2 .
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P❡❧♦ ▲❡♠❛ ✸✳✺✱ ❞❛❞♦ ǫ1 ❡①✐st❡ Cq,ǫ1 t❛❧ q✉❡

−
(
q(x)

2

∣∣∣∣̃bu
3
x +

∫ ∞

0

g(s)ηx ds

∣∣∣∣
2
)x=L

x=0

≤ Cq,ǫ1‖U‖H‖F‖H

+Cq,ǫ1‖U‖
1

2

H‖F‖
1

2

H‖u1x + u3‖L2 + ǫ1

(
4C3b̃+ 1

)
ρ1‖u2‖2L2 + C3‖u1x + u3‖L2‖u3x‖L2 ,

❡s❝r❡✈❡♥❞♦ Cq = 4C3b̃+ 1 + C3✱ ❝♦♥❝❧✉✐♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞❡st❡ ✐t❡♠✳

P❛r❛ ♠♦str❛r (ii) ♠✉❧t✐♣❧✐❝❛♠♦s ✭✸✳✸✺✮ ♣♦r q(x)u1x

ρ1

∫ L

0

q(x)u2(iλu1x) dx

︸ ︷︷ ︸
I14

−k
∫ L

0

q(x)u1xxu
1
x dx

︸ ︷︷ ︸
I15

−k
∫ L

0

q(x)u3xu
1
x dx = ρ1

∫ L

0

q(x)f 2u1x dx. ✭✸✳✻✵✮

❙✉❜st✐t✉✐♥❞♦ u1✱ ❞❛❞♦ ♣♦r ✭✸✳✸✹✮✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r I14 ❝♦♠♦

I14 = ρ1

∫ L

0

q(x)u2(−u2x − f 1
x) dx

= −ρ1
∫ L

0

q(x)

2

d

dx
|u2|2 dx− ρ1

∫ L

0

q(x)u2f 1
x dx,

✭✸✳✻✶✮

✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❡ ♦❜s❡r✈❛♥❞♦ q✉❡ u2 ∈ H1
0 (0, L) t❡♠♦s

I14 = ρ1

∫ L

0

q′(x)

2
|u2|2 dx− ρ1

∫ L

0

q(x)u2f 1
x dx.

■♥t❡❣r❛♥❞♦ I15 ♣♦r ♣❛rt❡s✱ ❡♥❝♦♥tr❛♠♦s

I15 = −k
∫ L

0

q(x)

2

d

dx
|u1x|2 dx

= −k
(
q(x)

2
|u1x|2

)x=L

x=0

+ k

∫ L

0

q(x)

2
|u1x|2 dx,

❡ s✉❜st✐t✉✐♥❞♦ I14 ❡ I15 ❡♠ ✭✸✳✻✵✮

−k
(
q(x)

2
|u1x|2

)x=L

x=0

= − k

∫ L

0

q(x)

2
|u1x|2 dx− ρ1

∫ L

0

q′(x)|u2|2 dx

+ ρ1

∫ L

0

q(x)u2f 1
x dx+ k

∫ L

0

q(x)u3xu
1
x dx

+ ρ1

∫ L

0

q(x)f 2u1x dx.

❚♦♠❛♥❞♦ ❛ ♣❛rt❡ r❡❛❧ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ❝♦♠♦ q ∈ C1([0, L]) ❡①✐st❡ ✉♠❛
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❝♦♥st❛♥t❡ C6 := C6(q) > 0 t❛❧ q✉❡

− k

(
q(x)

2
|u1x|2

)x=L

x=0

≤ C6

∫ L

0

|u1x|2 dx+ C6

∫ L

0

∣∣∣u3xu1x
∣∣∣ dx

︸ ︷︷ ︸
I16

+C6ρ1

∫ L

0

|u2|2 dx

+C6

∫ L

0

∣∣∣u2f 1
x

∣∣∣ dx+ C6

∫ L

0

∣∣∣f 2u1x

∣∣∣ dx. ✭✸✳✻✷✮

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ ❛♣❧✐❝❛❞❛ ❡♠ I16 ✐♠♣❧✐❝❛

I16 ≤ C6

(
‖u1x‖2L2 + ‖u3x‖L2‖u1x‖L2

)
,

❉♦ ❢❛t♦ ❞❡ 2ab ≤ a2 + b2✱ ∀a, b ∈ R ❡ ❛ Pr♦♣♦s✐çã♦ ✶✳✶✶✱ r❡s✉❧t❛ q✉❡

I16 ≤ C6

2

(
3‖u1x‖2L2 + ‖u3x‖2L2

)

≤ C6

2

[
3
(
‖u1x + u3‖L2 + ‖u3‖L2

)2
+ ‖u3x‖2L2

]

≤ C6

2

(
12‖u1x + u3‖2L2 + 12‖u3‖2L2 + ‖u3x‖2L2

)
.

P❡❧❛ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐❝❛ré✱ ❚❡♦r❡♠❛ ✶✳✹✵✱ ♦❜t❡♠♦s

I16 ≤
C6

2

[
12‖u1x + u3‖2L2 + (12CP + 1) ‖u3x‖2L2

]
,

♦♥❞❡ Cp é ❛ ❝♦♥st❛♥t❡ ❞❡ P♦✐♥❝❛ré✳ P♦r ✜♠✱ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♠❛❥♦r❛♠♦s ‖u3x‖2L2 ✱
t♦♠❛♥❞♦ ǫ1 ❛❞q✉❛❞♦ ❡ ✜①♦✱ s❡❣✉❡ ❞♦ ❧❡♠❛ ✸✳✺ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C7 t❛❧
q✉❡

I16 ≤ 6C6‖u1x + u3‖2L2 + C7‖U‖H‖F‖H
+C7‖U‖

1

2

H‖F‖
1

2

H‖u1x + u3‖L2 + C6ρ1‖u2‖2L2 .

◆♦✈❛♠❡♥t❡ ✉s❛♥❞♦ q✉❡ 2ab ≤ a2 + b2✱ ∀a, b ∈ R✱ t❡♠♦s

I16 ≤
(
6C6 +

C7

2

)
‖u1x + u3‖2L2 +

3

2
C7‖U‖H‖F‖H + C6ρ1‖u2‖2L2 .

❙✉❜st✐t✉✐♥❞♦ I16 ❡♠ ✭✸✳✻✷✮ t❡♠♦s

−k
(
q(x)

2
|u1x|2

)x=L

x=0

≤
(
6C6 +

C7

2

)
‖u1x + u3‖2L2 +

3

2
C7‖U‖H‖F‖H

+2 C6
q ρ1‖u2‖2L2 + C6

∫ L

0

∣∣∣u2f 1
x

∣∣∣ dx+ C6

∫ L

0

∣∣∣f 2u1x

∣∣∣ dx.

❙❡❣✉❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ q✉❡

−k
(
q(x)

2
|u1x|2

)x=L

x=0

≤ Cq‖U‖H‖F‖H + Cq

(
‖u1x + u3‖2L2 + ρ1‖u2‖2L2

)
,
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♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ Cq✳

▲❡♠❛ ✸✳✽✳ ❈♦♠ ❛s ♥♦t❛çõ❡s ❛♥t❡r✐♦r❡s ❡①✐st❡ C > 0 t❛❧ q✉❡

ρ1

∫ L

0

|u2|2 dx ≤ C‖U‖H‖F‖H + 4k‖u1x + u3‖2L2 . ✭✸✳✻✸✮

❉❡♠♦♥str❛çã♦✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✸✺✮ ♣♦r u1 ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡ (0, L)
t❡♠♦s

iλρ1

∫ L

0

u2u1 dx− k

∫ L

0

(u1x + u3)xu1 dx = ρ1

∫ L

0

f 2u1 dx

❡ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s✱ ❝♦♠♦ u1 ∈ H1
0 (0, L)✱ s❡❣✉❡ q✉❡

ρ1

∫ L

0

u2(iλu1) dx

︸ ︷︷ ︸
I17

+k

∫ L

0

(u1x + u3)u1x dx = ρ1

∫ L

0

f 2u1 dx. ✭✸✳✻✹✮

❙✉❜st✐t✉✐♥❞♦ u1✱ ❞❛❞♦ ♣♦r ✭✸✳✸✹✮✱ ❡♠ I17✱ ✈❡♠ q✉❡

I17 = ρ1

∫ L

0

u2(iλu1) dx

= ρ1

∫ L

0

u2(−u2 − f 2) dx

= −ρ1
∫ L

0

|u2|2 dx− ρ1

∫ L

0

u2f 2 dx.

❙✉❜st✐t✉✐♥❞♦ I17 ❡♠ ✭✸✳✻✹✮ ❡♥❝♦♥tr❛♠♦s

ρ1

∫ L

0

|u2|2 dx = −ρ1
∫ L

0

u2f 2 dx+ k

∫ L

0

(u1x + u3)u1x dx− ρ1

∫ L

0

f 2u1 dx

= −ρ1
∫ L

0

u2f 2 dx+ k

∫ L

0

(u1x + u3)(u1x + u3 − u3) dx

−ρ1
∫ L

0

f 2u1 dx

= −ρ1
∫ L

0

u2f 2 dx+ k

∫ L

0

|u1x + u3|2 dx

−k
∫ L

0

(u1x + u3)u3 dx− ρ1

∫ L

0

f 2u1 dx.

❚♦♠❛♥❞♦ ❛ ♣❛rt❡ r❡❛❧ ♥❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱
❚❡♦r❡♠❛ ✶✳✷✾✱ ❡ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s ♥♦r♠❛s✱ ♦❜t❡♠♦s ✉♠❛ ❝♦♥st❛♥t❡ C1 > 0 t❛❧
q✉❡

ρ1

∫ L

0

|u2|2 dx ≤ C1‖U‖H‖F‖H + k‖u1x + u3‖2L2 + k‖u1x + u3‖L2‖u3‖L2 .
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P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✱ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✱
❚❡♦r❡♠❛ ✶✳✹✵✱ q✉❡

ρ1

∫ L

0

|u2|2 dx ≤ C1‖U‖H‖F‖H + k‖u1x + u3‖2L2

+
k

2
‖u1x + u3‖2L2 + C2‖u3x‖L2 . ✭✸✳✻✺✮

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C2 > 0✳ ❆❣♦r❛✱ ♣❡❧♦ ▲❡♠❛ ✸✳✺✱ ♣❛r❛ ǫ1 =
b̃

2C2
❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C3 t❛❧ q✉❡

C2‖u3‖L2 ≤ C3‖U‖H‖F‖H + C3‖U‖
1

2

H‖F‖
1

2

H‖u1x + u3‖L2 +
ρ1

2
‖u2‖2L2 .

❙❡❣✉❡ ♥♦✈❛♠❡♥t❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✱ q✉❡

C2‖u3‖L2 ≤ C4‖U‖H‖F‖H +
k

2
‖u1x + u3‖2L2 +

ρ1

2
‖u2‖L2 ,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C4✳ P♦r ✜♠✱ s✉❜st✐t✉✐♥❞♦ ❛ ú❧t✐♠❛ ❡st✐♠❛t✐✈❛ ❡♠
✭✸✳✻✺✮ ♦❜t❡♠♦s

ρ1

2

∫ L

0

|u2|2 dx ≤ (C1 + C4) ‖U‖H‖F‖H + 2k‖u1x + u3‖L2 .

❉❡ ♣♦ss❡ ❞♦s ▲❡♠❛s ✸✳✷✱ ✸✳✸ ❡ ✸✳✺ ✲ ✸✳✽ ♣r♦✈❛r❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✸✳✾✳ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s ✭✹✳✻✮ ❡ ✭✹✳✼✮✱ s♦❜r❡ ♦ ♥ú❝❧❡♦ ❣✱ s❡❥❛♠
✈á❧✐❞❛s✱ q✉❡ ♦s ❞❛❞♦s ✐♥✐❝✐❛✐s s❛t✐s❢❛③❡♠

ϕ0, ψ0 ∈ H1
0 (0, L), η0 ∈ L2

g(R
+, H1

0 (0, L) ❡ ϕ1, ψ1 ∈ L2(0, L).

❙✉♣♦♥❤❛ ❛✐♥❞❛ q✉❡ ❛ ❝♦♥❞✐çã♦ ✭✸✳✶✶✮ s❡ ✈❡r✐✜❝❛✳ ❊♥tã♦ ❛ ❡♥❡r❣✐❛ E(t)
❞❡❝❛✐ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ♣❛r❛ ③❡r♦✱ ✐st♦ é✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C ❡ α✱
✐♥❞❡♣❡♥❞❡♥t❡s ❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s✱ t❛✐s q✉❡

E(t) ≤ CE(0)e−αt; ∀t ≥ 0.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ U = (u1, u2, u3, u4, η)t ❡ F = (f 1, f 2, f 3, f 4, f 5)t

s❛t✐s❢❛③❡♥❞♦ ✭✸✳✸✹✮ ✲ ✭✸✳✸✽✮ ❡ b̃ := b − b0✳ ❉♦ ▲❡♠❛ ✸✳✷ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡
C1 > 0 t❛❧ q✉❡

‖η‖2L2
g
≤ C1‖F‖H‖U‖H. ✭✸✳✻✻✮

❙❡❣✉❡ ❞♦ ▲❡♠❛ ✸✳✸✱ ❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❞❛❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✸✱ q✉❡
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♣❛r❛ ❝❛❞❛ ǫ2 > 0✱ ❡①✐st❡ C2 := C2(ǫ2) > 0 t❛❧ q✉❡

ρ2‖u4‖2L2 ≤ C2‖F‖H‖U‖H +
b̃

2
‖u3x‖2L2 +

ǫ2

2
k‖u1x + u3‖2L2 . ✭✸✳✻✼✮

❉♦ ▲❡♠❛ ✸✳✺✱ ❡ ❞❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❚❡♦r❡♠❛ ✶✳✶✸✱ s❡❣✉❡ q✉❡ ♣❛r❛ ❝❛❞❛
ǫ2 > 0✱ ❡①✐st❡ C3 := C3(ǫ1, ǫ2) > 0 t❛❧ q✉❡

b̃‖u3x‖2L2 ≤ C3‖F‖H‖U‖H + ǫ1ρ1‖u2‖2L2 +
ǫ2

2
k‖u1x + u3‖2L2 . ✭✸✳✻✽✮

❙♦♠❛♥❞♦ ✭✸✳✻✼✮ ❡ ✭✸✳✻✽✮ ♦❜t❡♠♦s

ρ2‖u4‖2L2 +
b̃

2
‖u3x‖2L2 ≤ (C2 + C3) ‖F‖H‖U‖H

+ǫ1ρ1‖u2‖2L2 + ǫ2k‖u1x + u3‖2L2 . ✭✸✳✻✾✮

❉❛❞♦ Ñ > 0✱ ❛♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❚❡♦r❡♠❛ ✶✳✶✸✱ ♥♦ ▲❡♠❛ ✸✳✼ (i)

t❡♠♦s q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s C4 := C4(q, Ñ) ❡ C5 := C5(Ñ , q, ǫ1) ❞❡ t❛❧ ♠♦❞♦
q✉❡

−Ñ
(
q(x)

2

∣∣∣∣̃bu
3
x +

∫ ∞

0

g(s)ηx ds

∣∣∣∣
2
)x=L

x=0

≤ C5‖U‖H‖F‖H +
k

8
‖u1x + u3‖L2

+ǫ1C4ρ1‖u2‖2L2 + C4‖u3x‖2L2 .

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❚❡♦r❡♠❛ ✶✳✶✸✱ ♥♦ ▲❡♠❛ ✸✳✺ ❛✜♠ ❞❡ ♠❛❥♦r❛r
‖u3x‖2L2 t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C6 := C6(ǫ1) t❛❧ q✉❡

C4‖u3x‖2L2 ≤ C6‖U‖H‖F‖H +
k

8
‖u1x + u3‖L2 + ǫ1C4ρ1‖u2‖2L2 .

❙✉❜st✐t✉✐♥❞♦ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ t❡♠♦s

− Ñ

(
q(x)

2

∣∣∣∣̃bu
3
x +

∫ ∞

0

g(s)ηx ds

∣∣∣∣
2
)x=L

x=0

≤ (C5 + C6) ‖U‖H‖F‖H +
k

4
‖u1x + u3‖2L2

+2 ǫ1 C4ρ1‖u2‖2L2 . ✭✸✳✼✵✮

❆❣♦r❛✱ ♠✉❧t✐♣❧✐q✉❡ ♦ ✐t❡♠ (ii) ❞♦ ▲❡♠❛ ✸✳✼ ♣♦r δ✱ ❝♦♠ 0 < δC4 <
k

4
✱

− δ

(
q(x)

2
|u1x|2

)x=L

x=0

≤ δC4‖U‖H‖F‖H +
k

4
‖u1x + u3‖2L2 + δC4ρ1‖u2‖2L2 . ✭✸✳✼✶✮
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❙♦♠❛♥❞♦ ✭✸✳✼✵✮ ❡ ✭✸✳✼✶✮ ❡ ♦❜s❡r✈❛♥❞♦ q✉❡ q(0) = −q(L) = 1✱ t❡♠♦s

δ

2
|u1x(L)|2 +

Ñ

2

∣∣∣∣̃bu
3
x(L) +

∫ ∞

0

g(s)ηx(L) ds

∣∣∣∣
2

+
δ

2
|u1x(0)|2 +

Ñ

2

∣∣∣∣̃bu
3
x(0) +

∫ ∞

0

g(s)ηx(0) ds

∣∣∣∣
2

≤ (C5 + C6 + δC4) ‖U‖H‖F‖H +
k

2
‖u1x + u3‖2L2

+(2ǫ1 + δ)C4ρ1‖u2‖2L2 . ✭✸✳✼✷✮

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❚❡♦r❡♠❛ ✶✳✶✸✱ t❡♠♦s q✉❡ ❞❛❞♦ δ > 0 ❡①✐st❡ ✉♠
C7 := C7(δ) > 0 t❛❧ q✉❡

∣∣∣∣̃bu
3
x(L) +

∫ ∞

0

g(s)ηx(L) ds

∣∣∣∣ |u1x(L)| ≤
1

2

(
δ

2
|u1x(L)|2

+C7

∣∣∣∣̃bu
3
x(L) +

∫ ∞

0

g(s)ηx(L) ds

∣∣∣∣
2
)
.

❆ ♠❡s♠❛ ❡st✐♠❛t✐✈❛ é ✈á❧✐❞❛ ❡♠ 0✳ ❚♦♠❛♥❞♦ Ñ = 2C7 ❞❡ ✭✸✳✼✷✮ t❡♠♦s

2Re

([
b̃u3x +

∫ ∞

0

g(s)ηx ds

]
u1x

)x=L

x=0

≤ 2

∣∣∣∣̃bu
3
x(L) +

∫ ∞

0

g(s)ηx(L) ds

∣∣∣∣ |u1x(L)|

+2

∣∣∣∣̃bu
3
x(0) +

∫ ∞

0

g(s)ηx(0) ds

∣∣∣∣ |u1x(0)|

≤ (C5 + C6 + δC4) ‖U‖H‖F‖H
+
k

2
‖u1x + u3‖2L2 + (2ǫ1 + δ)C4ρ1‖u2‖2L2 .

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡ ♣❡❧♦ ▲❡♠❛ ✸✳✻✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C8 := C8(ǫ1, ǫ2)
❞❛❞❛ ♣❡❧♦ ❧❡♠❛✱ t❛❧ q✉❡

k

2
‖u1x + u3‖2L2 ≤ (C5 + C6 + δC4 + C8) ‖U‖H‖F‖H

+

[
(2ǫ1 + δ)C4 +

ǫ1 + ǫ2

ρ1

]
ρ1‖u2‖2L2 .

❊s❝r❡✈❡♥❞♦

τ =

(
(2ǫ1 + δ)C4 +

ǫ1 + ǫ2

ρ1

)
,

♦❜t❡♠♦s ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ✉♠❛ ❝♦♥st❛♥t❡ C9 = C9(ǫ1, ǫ2, q, δ) t❛❧ q✉❡

k

2
‖u1x + u3‖2L2 ≤ C9‖U‖H‖F‖H + τρ1‖u2‖2L2 . ✭✸✳✼✸✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✸✳✻✸✮ ♣♦r 2τ ❡♥❝♦♥tr❛♠♦s

2τρ1‖u2‖L2 ≤ 2τC10‖U‖H‖F‖H + 8τk‖u1x + u3‖2L2 , ✭✸✳✼✹✮
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♦♥❞❡ C10 é ❞❛❞❛ ♣❡❧♦ ▲❡♠❛ ✸✳✽✳
❆❣♦r❛✱ s♦♠❛♥❞♦ ✭✸✳✼✸✮ ❡ ✭✸✳✼✹✮ ♦❜t❡♠♦s

(
1

2
− 8τ

)
k‖u1x + u3‖2L2 + τρ1‖u2‖2L2 ≤ (2τC10 + C9) ‖U‖H‖F‖H, ✭✸✳✼✺✮

s♦♠❛♥❞♦ ✭✸✳✻✻✮✱ ✭✸✳✻✾✮ ❡ ✭✸✳✼✺✮ ❡♥❝♦♥tr❛♠♦s

(τ − ǫ1) ρ1‖u2‖L2 + ρ2‖u4‖2L2 +
b̃

2
‖u3x‖2L2 +

(
1

2
− 8τ − ǫ2

)
k‖u1x + u3‖2L2

+‖η‖2L2
g
≤ (C1 + C2 + C3 + 2τC10 + C9) ‖U‖H‖F‖H.

❚♦♠❛♠♦s ♦s ♥ú♠❡r♦s r❡❛✐s ♣♦s✐t✐✈♦s ǫ1✱ ǫ2 ❡ δ✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦s✱ ❞❡ ♠♦❞♦
q✉❡ t❡♥❤❛♠♦s

1

2
− 8τ − ǫ2 > 0

❡
τ − ǫ1 > 0,

❝♦♥❝❧✉✐♠♦s✱ ♣♦rt❛♥t♦✱ q✉❡

‖U‖2H ≤ C‖U‖H‖F‖H ∀ U ∈ D(A),

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C✱ ♦ q✉❡ ❞❡♠♦♥str❛ ♦ t❡♦r❡♠❛✳

✸✳✷ ❆ ❋❛❧t❛ ❞❡ ❊st❛❜✐❧✐❞❛❞❡ ❊①♣♦♥❡♥❝✐❛❧

◆❡st❛ s❡çã♦ ✈❛♠♦s ♠♦str❛r ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❛ ❝♦♥❞✐çã♦

ρ1

k
=
ρ2

b
,

❞❛❞❛ ❡♠ ✭✸✳✶✶✮✱ ♣❛r❛ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ❞♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛♦
s✐st❡♠❛

ρ1ϕtt − k(ϕx + ψ)x = 0, ✭✸✳✼✻✮

ρ2ψtt − b̃

(
ψ −

∫ ∞

0

g(s)ηt(x, s) ds

)

xx

+ k(ϕx + ψ) = 0, ✭✸✳✼✼✮

ηt + ηs − ψt = 0, ✭✸✳✼✽✮

❡♠ q✉❡ (x, t) ∈ (0, L)× (0,∞) , s > 0✱ ❝♦♠ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s

ϕ(·, 0) = ϕ0, ϕt(·, 0) = ϕ1, ψ(·, 0) = ψ0, ❡♠ (0, L),

ψt(·, 0) = ψ1, η0(·,−s) = ψ0(·)− η0(·, s), s > 0 ❡♠ (0, L), ✭✸✳✼✾✮

♥♦ ❝❛s♦ ❡♠ q✉❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ sã♦ ❞♦ t✐♣♦ ♠✐st♦✱ ✐st♦ é✱ sã♦ ❞❛❞❛s ♣♦r

ϕx(0, t) = ϕx(L, t) = ψ(0, t) = ψ(L, t) = ηt(0, s) = ηt(L, s) = 0, s, t > 0. ✭✸✳✽✵✮
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❖ ♠❡s♠♦ r❡s✉❧t❛❞♦ ♣❛r❛ ❝♦♥❞✐çõ❡s ❞❡ ❉✐r✐❝❤❧❡t ❝♦♥st✐t✉✐ ✉♠ ♣r♦❜❧❡♠❛ ❡♠ ❛❜❡rt♦✳

❈♦♠ ❡st❛ ✜♥❛❧✐❞❛❞❡ ✐♥tr♦❞✉③✐♠♦s ♦s s❡❣✉✐♥t❡s ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt

L2
∗(0, L) =

{
u ∈ L2(0, L);

∫ L

0

u(x)dx = 0

}

H1
∗ (0, L) = H1(0, L) ∩ L2

∗(0, L),

♠✉♥✐❞♦s ❝♦♠ ❛s ♥♦r♠❛s

‖u‖L2
∗(0,L)

= ‖u‖L2(0,L) =

{ ∫ L

0

|u(x)|2dx
}1/2

,

‖u‖H1
∗(0,L)

=

{ ∫ L

0

|ux(x)|2dx
}1/2

.

◆❡st❡ ❝❛s♦✱ ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ H é ♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❞❛❞♦ ♣♦r

H = H1
∗ (0, L)× L2

∗(0, L)×H1
0 (0, L)× L2(0, L)× L2

g(R
+
∗ ;H

1
0 (0, L)),

❡q✉✐♣❛❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈
(u1, u2, u3, u4, η), (v1, v2, v3, v4, ξ)

〉
= ρ1

∫ L

0

u2v2dx + ρ2

∫ L

0

u4v4dx

+ b̃

∫ L

0

u3v3dx + k

∫ L

0

(u1x + u3)(v1x + v3)dx +

∫ L

0

∫ ∞

0

ηξ ds dx.

❖ s✐st❡♠❛ ✭✸✳✼✻✮✲✭✸✳✽✵✮ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②




dU

dt
= AU t > 0

U(0) = U0,

❡♠ q✉❡ ♦ ♦♣❡r❛❞♦r é ❞❛❞♦ ♣♦r ✭✷✳✶✼✮ ❝♦♠ ❞♦♠í♥✐♦

D(A) =
{
(u1, u2, u3, u4, η) ∈ H : u1 ∈ H2(0, L); u2 ∈ H1

∗ (0, L), u
4 ∈ H1

0 (0, L);

ηs ∈ L2
g(R

∗
+;H

1
0 ); η(0) = 0;

(
b̃u3 +

∫ ∞

0

g(s)ηt(s) ds

)

xx

ds ∈ L2(0, L)

}
.

Pr♦❝❡❞❡♥❞♦ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♣♦❞❡♠♦s
♠♦str❛r q✉❡ A é ✉♠ ♦♣❡r❛❞♦r ❞✐ss✐♣❛t✐✈♦✱ ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦ ❡ q✉❡ 0 ∈ ρ(A)✳
❯t✐❧✐③❛♥❞♦✱ ♥♦✈❛♠❡♥t❡✱ ❛ t❡♦r✐❛ ❞❡ s❡♠✐❣r✉♣♦s ❧✐♥❡❛r❡s ❞❡ ❝❧❛ss❡ C0 ❝♦♥❝❧✉í♠♦s
q✉❡ A é ♦ ❣❡r❛❞♦r ❞❡ ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝♦♥tr❛çõ❡s {SA(t)}t≥0✳ ❘❡s✉❧t❛✱ ♣♦rt❛♥t♦✱
q✉❡ q✉❛♥❞♦ ♦s ✐♥✐❝✐❛✐s ♣❡rt❡♥❝❡♠ ❛♦ ❞♦♠í♥✐♦ ❞♦ ♦♣❡r❛❞♦r A ♦ s✐st❡♠❛ ✭✸✳✼✻✮✲
✭✸✳✽✵✮ t❡♠ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ (ϕ, ϕt, ψ, ψt, η) s❛t✐s❢❛③❡♥❞♦

ϕ ∈ C([0,∞);H1
∗ (0, L) ∩H2(0, L)), ϕt ∈ C([0,∞);H1

∗ (0, L)),

ψ ∈ C([0,∞);H1
0 (0, L)), ψt ∈ C([0,∞);H1

0 (0, L)),
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η ∈ C([0,∞);L2
g(R

+
∗ ;H

1
0 (0, L)), ηt ∈ C((0,∞);L2

g(R
+
∗ ;H

1
0 (0, L)),

ϕ+

∫ ∞

0

η(s)ds ∈ C([0,∞);H1
0 (0, L) ∩H2(0, L)).

Pr♦❝❡❞❡♥❞♦ ❝♦♠♦ ♥♦ ❈❛♣ít✉❧♦ ✷ ♣♦❞❡♠♦s ❞❡♠♦♥st❛r q✉❡

Pr♦♣♦s✐çã♦ ✸✳✶✵✳ ❙✉♣♦♥❤❛ q✉❡ ❛s ❤✐♣ót❡s❡s ✭✹✳✻✮✱ ✭✹✳✼✮ ❡ ✭✸✳✶✶✮ s❡❥❛♠
✈❡r✐✜❝❛❞❛s✳ ❊♥tã♦ ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s C ❡ ζ t❛✐s q✉❡

‖SA(t)‖L(H) ≤ Ceζt.

Pr♦✈❛r❡♠♦s ♦ s❡❣✉✐♥t❡ ▲❡♠❛ ❛♥t❡s ❞❡ ❛❞❡♥tr❛r♠♦s ♥♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡ss❛
s❡çã♦✳

▲❡♠❛ ✸✳✶✶✳ ❙✉♣♦♥❤❛ q✉❡ g s❛t✐s❢❛ç❛ ❛ ❝♦♥❞✐çã♦ ✭✹✳✻✮ ❡ s✉♣♦♥❤❛ q✉❡

lim
s→0

√
sg(s) = 0.

❊♥tã♦ ❡①✐st❡ C > 0 t❛❧ q✉❡
∣∣∣∣λ
∫ ∞

0

g(s)eiλs ds

∣∣∣∣ ≤ C,

♣❛r❛ t♦❞♦ λ ∈ R✳

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡

∫ ∞

0

g(s)e−iλs ds =

∫ π
λ

0

g(s)e−iλs ds+

∫ ∞

π
λ

g(s)e−iλs ds ✭✸✳✽✶✮

=

∫ π
λ

0

g(s)e−iλs ds+
1

2

∫ ∞

π
λ

g(s)e−iλs ds+
1

2

∫ ∞

π
λ

g(s)e−iλs ds.

❋❛③❡♥❞♦ ❛ s❡❣✉✐♥t❡ ♠✉❞❛ç❛ ❞❡ ✈❛r✐á✈❡❧ r = s+ π
λ
t❡♠♦s

1

2

∫ ∞

π
λ

g(r)e−iλr dr =
1

2

∫ ∞

0

g
(
s+

π

λ

)
e−iλse−iπ ds

= −1

2

∫ π
λ

0

g
(
s+

π

λ

)
e−iλs ds− 1

2

∫ ∞

π
λ

g
(
s+

π

λ

)
e−iλs ds,

♣♦✐s e−iπ = −1✳ P❡❧♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦ ❈á❧❝✉❧♦ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛
❡q✉❛çã♦ ✭✸✳✽✶✮ ❝♦♠♦

∫ ∞

0

g(s)e−iλs ds =

∫ π
λ

0

g(s)e−iλs ds− 1

2

∫ π
λ

0

g
(
s+

π

λ

)
e−iλs ds

−1

2

∫ ∞

π
λ

g
(
s+

π

λ

)
e−iλs ds+

1

2

∫ ∞

π
λ

g(s)e−iλs ds
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=

∫ π
λ

0

g(s)e−iλs ds− 1

2

∫ π
λ

0

g
(
s+

π

λ

)
e−iλs ds

−1

2

∫ ∞

π
λ

e−iλs
[
g
(
s+

π

λ

)
− g(s)

]
ds

=

∫ π
λ

0

g(s)e−iλs ds− 1

2

∫ π
λ

0

g
(
s+

π

λ

)
e−iλs ds

−1

2

∫ ∞

π
λ

e−iλs

[∫ s+π
λ

s

g′(y) dy

]
ds. ✭✸✳✽✷✮

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♠❛❥♦r❛r ❝❛❞❛ ♣❛r❝❡❧❛ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱
♦❜s❡r✈❡ q✉❡

∣∣∣∣∣

∫ π
λ

0

g(s)e−iλs ds

∣∣∣∣∣ ≤
∫ π

λ

0

g(s)
∣∣e−iλs

∣∣
︸ ︷︷ ︸

=1

ds =

∫ π
λ

0

√
sg(s)√
s

ds.

❊s❝r❡✈❡♥❞♦

ν(λ) = sup
s∈(0,πλ)

√
sg(s) ❡♥tã♦ lim

λ→∞
ν(λ) = 0.

❉❡ ❢❛t♦✱ ❞❛❞♦ ǫ > 0 t♦♠❡ M =
4g2(0)π

ǫ2
✳ ❙❡ λ > M ♣❡❧❛s ❤✐♣ót❡s❡s s♦❜r❡ ♦

♥ú❝❧❡♦ ❞❛ g✱ ✭✷✳✶✶✮✱ t❡♠♦s q✉❡ g(0) ≥ g(s)✱ ∀s ∈
(
0, π

λ

)
✳ ▲♦❣♦ s❡ 0 < s < π

λ
t❡♠♦s

0 <
√
sg(s) ≤ √

sg(0) ≤
(

ǫ

2g(0)

)
· g(0) = ǫ

2
.

P♦rt❛♥t♦ ν(λ) < ǫ✱ ❡♠ ♦✉tr❛s ♣❛❧❛✈r❛s

lim
λ→∞

ν(λ) = 0.

❉❛í
∣∣∣∣∣λ
∫ π

λ

0

g(s)e−iλs ds

∣∣∣∣∣ =

∣∣∣∣∣

∫ π
λ

0

g(s)e−iλs(−iλ) ds
∣∣∣∣∣

≤
∣∣∣−g

(π
λ

)
− g(0)

∣∣∣+
∣∣∣∣∣

∫ π
λ

0

g′(s)e−iλs ds

∣∣∣∣∣

≤
(
g
(π
λ

)
+ g(0)

)
+

∫ π
λ

0

|g′(s)| ds

≤
(
g
(π
λ

)
+ g(0)

)
+ k0

∫ π
λ

0

g(s) ds

≤
(
g
(π
λ

)
+ g(0)

)
+ k0

∫ π
λ

0

√
sg(s)√
s

ds

≤
(
g
(π
λ

)
+ g(0)

)
+

2k0
√
πν(λ)√
λ
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♣❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ♦❜t❡♠♦s

(i)

∣∣∣∣∣λ
∫ π

λ

0

g(s)e−iλs ds

∣∣∣∣∣ ≤ 2g(0).

❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱ ❢❛③❡♥❞♦ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧✱ ♦❜t❡♠♦s
∣∣∣∣∣λ
∫ π

λ

0

g
(
s+

π

λ

)
e−iλs ds

∣∣∣∣∣ =

∣∣∣∣∣

∫ π
λ

0

g
(
s+

π

λ

)
e−iλs(−iλ) ds

∣∣∣∣∣

≤
∣∣∣∣−g

(
2π

λ

)
− g

(π
λ

)∣∣∣∣+
∣∣∣∣∣

∫ π
λ

0

g′
(
s+

π

λ

)
e−iλs ds

∣∣∣∣∣

≤
(
g

(
2π

λ

)
+ g

(π
λ

))
+

∫ π
λ

0

|g′
(
s+

π

λ

)
| ds

≤
(
g

(
2π

λ

)
+ g

(π
λ

))
+ k0

∫ π
λ

0

g
(
s+

π

λ

)
ds

≤
(
g

(
2π

λ

)
+ g

(π
λ

))
+ k0

∫ 2π
λ

π
λ

g (s) ds

≤
(
g

(
2π

λ

)
+ g

(π
λ

))
+ k0

∫ 2π
λ

π
λ

ν(λ)√
s

ds

≤
(
g

(
2π

λ

)
+ g

(π
λ

))
+

2(
√
2− 1)k0

√
πν(λ)√

λ
.

❈❤❡❣❛♠♦s à ❝♦♥❝❧✉sã♦ q✉❡

(ii)

∣∣∣∣∣λ
∫ π

λ

0

g
(
s+

π

λ

)
e−iλs ds

∣∣∣∣∣ ≤ 2g(0),

♣❛r❛ ✈❛❧♦r❡s ❞❡ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s✳

P♦r ✜♠✱ ❛ ❤✐♣ót❡s❡ ✭✹✳✻✮ ❡ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s ✐♠♣❧✐❝❛♠ q✉❡
∣∣∣∣∣

∫ ∞

π
λ

e−iλs

[∫ s+π
λ

s

g′(y) dy

]
ds

∣∣∣∣∣ ≤
∫ ∞

π
λ

∫ s+π
λ

s

|g′(y)| ds dy

=

∫ ∞

π
λ

[
−
∫ s+π

λ

s

g′(y) ds

]
dy

=

∫ ∞

π
λ

∫ s

s+π
λ

g′(y) ds dy

=

∫ ∞

π
λ

g(s) ds−
∫ ∞

π
λ

g
(
s+

π

λ

)
ds

=

∫ ∞

π
λ

g(s) ds−
∫ ∞

2π
λ

g (s) ds,
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❧♦❣♦
∣∣∣∣∣

∫ ∞

π
λ

e−iλs

[∫ s+π
λ

s

g′(y) dy

]
ds

∣∣∣∣∣ ≤
∫ 2π

λ

π
λ

g(s) ds.

P❡❧❛ ❤✐♣ót❡s❡ ✭✹✳✻✮✱ g é ❞❡❝r❡s❝❡♥t❡✱ ♦✉ s❡❥❛✱

g(s) ≤ g
(π
λ

)
∀s ∈

(
π

λ
,
2π

λ

)
.

❆ss✐♠ ✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ✜❝❛
∣∣∣∣∣λ
∫ ∞

π
λ

e−iλs

[∫ s+π
λ

s

g′(y) dy

]
ds

∣∣∣∣∣ ≤ λ

∫ 2π
λ

π
λ

g
(π
λ

)
ds = πg

(π
λ

)
.

P❛r❛ λ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❡♠♦s

✭✐✐✐✮

∣∣∣∣∣λ
∫ ∞

π
λ

e−iλs

[∫ s+π
λ

s

g′(y) dy

]
ds

∣∣∣∣∣ ≤ πg(0).

❉❡ (i)− (iii) ❡ ❞❡ ✭✸✳✽✷✮✱ ♥♦ss❛ ❝♦♥❝❧✉sã♦ s❡❣✉❡✳

❚❡♦r❡♠❛ ✸✳✶✷✳ ❙✉♣♦♥❤❛ q✉❡ ✭✸✳✶✶✮ ♥ã♦ s❡ ✈❡r✐✜❝❛✳ ❊♥tã♦ ♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦
❛♦ s✐st❡♠❛ ✭✸✳✼✻✮ ✲ ✭✸✳✽✵✮ ♥ã♦ é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♠♦str❛r q✉❡ ♦ s✐st❡♠❛ ♥ã♦ é ❡①♣♦♥❡❝✐❛❧♠❡♥t❡ ❡stá✈❡❧✱
❞❡✈❡♠♦s ♠♦str❛r q✉❡ ❛ ❡st✐♠❛t✐✈❛ (3.4) ♥ã♦ é ✈á❧✐❞❛✱ ♦✉ s❡❥❛✱ q✉❡ ♣❛r❛ t♦❞❛
❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ c > 0✱ ❡①✐st❡ λc ∈ R t❛❧ q✉❡ ‖(iλcI − A)‖L(H) > c✳ ❆ss✐♠✱
❜❛st❛ ♠♦str❛r♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s❡q✉ê♥❝✐❛s (λn)n∈N ❡♠ R✱ (Un)n∈N ❡♠ D(A) ❡
(Fn)n∈N ❡♠ H t❛✐s q✉❡

lim
n→∞

λn = ∞, (Fn)n∈N s❡❥❛ ❧✐♠✐t❛❞❛ ❡♠ H,
(iλnI −A)Un = Fn ❝♦♠ lim

n→∞
‖Un‖H = ∞.

P❛r❛ t❛♥t♦✱ t♦♠❡♠♦s

λ ≡ λn :=
nπ

δL
(n ∈ N), δ :=

√
ρ1

k
, ✭✸✳✽✸✮

F ≡ Fn := (0, f 2, 0, f 4, 0)t,

f 2(x) := cos(δλx), f 4(x) := sen(δλx).
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❙❡❥❛ U = (v1, v2, v3, v4, η)t ❛ s♦❧✉çã♦ ❞❡ (iλI −A)U = F ✱ ❡♠ ♦✉tr❛s ♣❛❧❛✈r❛s

iλv1 − v2 = 0, ✭✸✳✽✹✮

iλv2 − k

ρ1
v1xx −

k

ρ1
v3x = f 2, ✭✸✳✽✺✮

iλv3 − v4 = 0, ✭✸✳✽✻✮

iλv4 − b

ρ2
v3xx +

b0

ρ2
v3xx −

1

ρ2

∫ ∞

0

g(s)ηtxx ds+
k

ρ2
v1x +

k

ρ2
v3 = f 4, ✭✸✳✽✼✮

iλη + ηs − v4 = 0, ✭✸✳✽✽✮

♦♥❞❡ b0 =
∫ ∞

0

g(s) ds✳ ❙✉❜st✐t✉✐♥❞♦ v2 ❡ v4 ❞❛❞♦s ♣♦r ✭✸✳✽✺✮ ❡ ✭✸✳✽✻✮ ♥❛s ❞❡♠❛✐s

❡q✉❛çõ❡s ❝♦♥s❡❣✉✐♠♦s s✐♠♣❧✐✜❝❛r ♦ s✐st❡♠❛ ♣❛r❛

− λ2v1 − k

ρ1
v1xx −

k

ρ1
v3x = f 2, ✭✸✳✽✾✮

−λ2v3 − b

ρ2
v3xx +

b0

ρ2
v3xx −

1

ρ2

∫ ∞

0

g(s)ηtxx ds+
k

ρ2
v1x +

k

ρ2
v3 = f 4, ✭✸✳✾✵✮

iλη + ηs − iλv3 = 0. ✭✸✳✾✶✮

❉❡✈✐❞♦ às ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛✱ ♣r♦❝✉r❛♠♦s s♦❧✉çõ❡s ❞♦ t✐♣♦✱

v1(x) = A cos(δλx) v3(x) = B sen(δλx), η(x, s) = ϕ(s) sen(δλx),

♦♥❞❡ A✱ B ❡ ϕ(s) ❞❡♣❡♥❞❡♠ ❞❡ λ ❡ s❡rã♦ ❞❡t❡r♠✐♥❛❞❛ ❛ s❡❣✉✐r ✭r❡s♣❡✐t❛♥❞♦ ❛s
❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛✮✳

❙✉❜st✐t✉✐♥❞♦ v1✱ v2 ❡ η ❡♠ ✭✸✳✽✾✮✲✭✸✳✾✶✮✱ ❡ss❡ s✐st❡♠❛ ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ❝♦♠♦
(
−λ2 + k

ρ1
δ2λ2

)
A− k

ρ1
δλB = 1, ✭✸✳✾✷✮

(
−λ2 + b̃

ρ2
δ2λ2

)
B + δ2λ2

1

ρ2

∫ ∞

0

g(s)ϕ(s) ds− k

ρ2
δλA+

k

ρ2
B = 1, ✭✸✳✾✸✮

iλϕ(s) + ϕ′(s)− iλB = 0. ✭✸✳✾✹✮

❙✉❜st✐t✉✐♥❞♦
k

ρ1
δ2 = 1✱ ❞❛❞♦ ♣♦r ✭✸✳✽✸✮✱ ♥❛ ❡q✉❛çã♦ ✭✸✳✾✷✮✱ ♦❜t❡♠♦s

B = − ρ1

kδ

1

λ
= −

√
ρ1

k

1

λ
.

❘❡s♦❧✈❡♥❞♦ ❛ ❊❉❖ ❞❛❞❛ ♣♦r ✭✸✳✾✹✮✱ ♣♦r ❢❛t♦r ✐♥t❡❣r❛♥t❡✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡
s♦❧✉çã♦

ϕ(s) = Ce−iλs +B.

❆ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞❡ η(0) = 0 ✐♠♣❧✐❝❛ q✉❡ ϕ(0) = 0✱ ❡ ❞❛í ♣♦❞❡♠♦s r❡s❝r❡✈❡r ϕ
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❝♦♠♦

ϕ(s) = B − Be−iλs.

❘❡st❛ ❞❡t❡r♠✐♥❛r ♦ ✈❛❧♦r ❞❡ A✳ ❉♦ ❡①♣♦st♦ ❛❝✐♠❛ ♣♦❞❡♠♦s r❡s♦❧✈❡r ❛ ✐♥t❡❣r❛❧
∫ ∞

0

g(s)ϕ(s) ds =

∫ ∞

0

g(s)
(
B − Be−iλs

)
ds

=

∫ ∞

0

g(s)B ds−
∫ ∞

0

g(s)Be−iλs ds

= Bb0 −
∫ ∞

0

g(s)Be−iλs ds. ✭✸✳✾✺✮

❙✉❜st✐t✉✐♥❞♦ ✭✸✳✾✺✮ ♥❛ ❡q✉❛çã♦ ✭✸✳✾✸✮✱ ♦❜t❡♠♦s

− k

ρ2
δλA+

[(
b

ρ2
δ2 − 1

)
λ2 +

k

ρ2
− δ2λ2

ρ2

∫ ∞

0

g(s)e−iλs ds

]
B = 1.

❈♦♠♦
k

ρ1
δ2 = 1✱ ✭ ✈❡❥❛ ✭✸✳✽✸✮✮✱ ❡ B = − ρ1

kδλ
✱ ✭✈❡❥❛ ✭✸✳✾✺✮✮✱ ♦❜t❡♠♦s✿

A = − 1

λ2
− ρ2√

ρ1k

1

λ
+
ρ1

k2

∫ ∞

0

g(s)e−iλs ds+
b

k

(ρ2
b
− ρ1

k

)
.

❖❜s❡r✈❡ q✉❡ v2 = iλv1 = iλA cos(δλx)✱ ❛ss✐♠

v2(x) =

(
− i

λ
− iρ2√

ρ1k
+
iρ1

k2
λ

∫ ∞

0

g(s)e−iλs ds+
ib

k

(ρ2
b
− ρ1

k

)
λ

)
cos(δλx).

P♦r ✭✸✳✽✸✮✱ δλL = nπ✱ ❧♦❣♦✱

‖v2‖2L2
∗

=

∫ L

0

|v2|2 dx

=

∫ L

0

∣∣∣∣−
i

λ
− iρ2√

ρ1k
+
iρ1

k2
λ

∫ ∞

0

g(s)e−iλs ds+
ib

k

(ρ2
b
− ρ1

k

)
λ

∣∣∣∣
2

cos2(δλx) dx

=

∣∣∣∣−
1

λ
− ρ2√

ρ1k
+
ρ1

k2
λ

∫ ∞

0

g(s)e−iλs ds+
b

k

(ρ2
b
− ρ1

k

)
λ

∣∣∣∣
2 ∫ L

0

cos2(δλx) dx

=
L

2

∣∣∣∣−
1

λ
− ρ2√

ρ1k
+
ρ1

k2
λ

∫ ∞

0

g(s)e−iλs ds+
b

k

(ρ2
b
− ρ1

k

)
λ

∣∣∣∣
2

.

P❡❧❛ s❡❣✉♥❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r s❛❜❡♠♦s q✉❡ |a + b|2 ≥ (|a| − |b|)2✱ ∀a✱
b ∈ C❀ ❧♦❣♦

‖v2‖2L2
∗
=
L

2

∣∣∣∣−
1

λ
− ρ2√

ρ1k
+
ρ1

k2
λ

∫ ∞

0

g(s)e−iλs ds+
b

k

(ρ2
b
− ρ1

k

)
λ

∣∣∣∣
2
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❡✱ ♣♦rt❛♥t♦

‖v2‖2L2
∗
≥ L

2


−

∣∣∣∣−
1

λ
− ρ2√

ρ1k
+
ρ1

k2
λ

∫ ∞

0

g(s)e−iλs ds

∣∣∣∣
︸ ︷︷ ︸

I18

+

∣∣∣∣
b

k

(ρ2
b
− ρ1

k

)
λ

∣∣∣∣




2

P❡❧♦ ▲❡♠❛ ✸✳✶✶ t❡♠♦s q✉❡ I18 é ❧✐♠✐t❛❞♦✳ ▲♦❣♦

lim
λ→∞

‖Un‖2H ≥ lim
λ→∞

‖v‖2L2
∗
= ∞,

❝♦♠♦ q✉❡r✐❛♠♦s ♠♦str❛r✳

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✲



❈❛♣ít✉❧♦ ✹

❊st❛❜✐❧✐❞❛❞❡ P♦❧✐♥ô♠✐❛❧ ❞♦ ❙✐st❡♠❛

❞❡ ❚✐♠♦s❤❡♥❦♦ ❝♦♠ ❍✐stór✐❛

◆❡st❡ ❝❛♣ít✉❧♦ ❡st❛❜❡❧❡❝❡♠♦s ❛ ❡st❛❜✐❧✐❞❛❞❡ ♣♦❧✐♥✐♠✐❛❧ ❞♦ s✐st❡♠❛

ρ1ϕtt − k(ϕx + ψ)x = 0 ✭✹✳✶✮

ρ2ψtt −
(
b−

∫ ∞

0

g(s)ds

)
ψxx −

∫ ∞

0

g(s)ηtxx(x, s) ds+ k(ϕx + ψ) = 0 ✭✹✳✷✮

ηt + ηs − ψt = 0, ✭✹✳✸✮

s✉❥❡✐t♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛

ϕ(0, ·) = ϕ(L, ·) = 0, ψ(0, ·) = ψ(L, ·) = 0, ηt(0, ·) = ηt(L, ·) = 0, ✭✹✳✹✮

❛s ❝♦♥❞✐çõ❡s ✐♥❝✐❛✐s

ϕ(·, 0) = ϕ0, ϕt(·, 0) = ϕ1, ψ(·, 0) = ψ0, ψt(·, 0) = ψ1 ❡♠ (0, L),

η0(·, s) = ψ0(·)− η0(·, s) ❡♠ (0, L)× (0,∞). ✭✹✳✺✮

❡ às ❤✐♣ót❡s❡s

g(t) > 0, ∃ k0, k1 > 0 :

−k0g(t) ≤ g′(t) ≤ −k1g(t), ∀t ≥ 0 ✭✹✳✻✮

b0 =

∫ ∞

0

g(s) ds, b̃ := b− b0 > 0. ✭✹✳✼✮

s❡♠ ❛ ❤✐♣ót❡s❡

ρ1

k
=
ρ2

b
. ✭✹✳✽✮

❊①✐st❡♠ ❞✐❢❡r❡♥t❡s ♠ét♦❞♦s ♣❛r❛ s❡ ♦❜t❡r ♦ ❞❡❝❛✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ✉♠
s✐st❡♠❛ ❞✐ss✐♣❛t✐✈♦ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s✳ ❘❡❝❡♥t❡♠❡♥t❡✱ ✈ár✐♦s

✼✻



✼✼

❛✉t♦r❡s tê♠ ♦❜t✐❞♦ ❡ss❡ r❡s✉❧t❛❞♦ ♣❛r❛ s✐st❡♠❛s ❧✐♥❡❛r❡s ✉t✐❧✐③❛♥❞♦ ♣r♦♣r✐❡❞❛❞❡s
❞♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ❛ss♦❝✐❛❞♦✱ ♦✉ s❡❥❛✱ ❡❧❡s ✉s❛♠
❝♦♠♦ ❢❡rr❛♠❡♥t❛ ♦ ❚❡♦r❡♠❛ ✶✳✻✺ ❞❡ ❆✳ ❇♦r✐❝❤❡✈ ❡ ❨✳ ❚♦♠✐❧♦✈✱ ✈❡r ❬✷✹❪✳ ◆❡st❡
tr❛❜❛❧❤♦✱ ✉s❛r❡♠♦s ♦ ♠ét♦❞♦ ❞♦s ♠✉❧t✐♣❧✐❝❛❞♦r❡s✱ q✉❡ ♣❛r❛ ♦❜t❡r ❛ ❡st✐♠❛t✐✈❛
❞❡s❡❥❛❞❛ ♣❛r❛ ❛ ❡♥❡r❣✐❛ E(t)✱ ❝♦♥s✐st❡ ❡♠ ♦❜t❡r ❡st✐♠❛t✐✈❛s ♣❛r❛ ❞✐❢❡r❡♥t❡s
❢✉♥❝✐♦♥❛✐s✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ✭✹✳✶✮✲✭✹✳✸✮ ♣♦r ❢✉♥çõ❡s ❛♣r♦♣r✐❛❞❛s ❡ ✐♥t❡❣r❛♥❞♦ s♦❜r❡
(0, L)✳

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥♦ ❈❛♣ít✉❧♦ ✸✱ ✐♥tr♦❞✉③✐♠♦s ❛ ❡♥❡r❣✐❛ ❞❡
s❡❣✉♥❞❛ ♦r❞❡♠ ❞♦ s✐st❡♠❛ ✭✹✳✶✮✲✭✹✳✺✮ ❞❛❞❛ ♣♦r

E2(t) = E(ϕt, ψt, ηt), ✭✹✳✾✮

❡ ♦❜t❡♠♦s q✉❡

d

dt
E2(t) ≤ −k1

2

∫ L

0

∫ ∞

0

g(s)|ηxt|2 ds dx. ✭✹✳✶✵✮

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞♦ ❝❛♣ít✉❧♦ é ❞❛❞♦ ♣❡❧♦ t❡♦r❡♠❛ ❛❜❛✐①♦✳

❚❡♦r❡♠❛ ✹✳✶✳ ❙✉♣♦♥❤❛ q✉❡ ✭❄❄✮ s❡ ✈❡r✐✜❝❛ ❡ s✉♣♦♥❤❛ q✉❡ ♦s ❞❛❞♦s ✐♥✐❝✐❛✐s
s❛t✐s❢❛③❡♠

ϕ0 ∈ H2(0, L) ∩H1
0 (0, L) , ψ0, ϕ1, ψ ∈ H1

0 (0, L),

η0, Dsη0 ∈ L2
g

(
0,∞;H1

0 (0, L)
)
, η(0) = 0,

b̃ψ0 +

∫ ∞

0

g(s)η0ds ∈ H2(0, L),

♦✉ s❡❥❛✱ (ϕ0, ϕ1, ψ0, ψ1, η)
t ∈ D(A)✳ ❊♥tã♦ ❛ ❡♥❡r❣✐❛ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ E(t)

❛ss♦❝✐❛❞❛ ❛♦ s✐st❡♠❛ ✭✹✳✶✮✲✭✹✳✺✮ ❞❡❝❛✐ ❞❡ ❢♦r♠❛ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ ③❡r♦✱ ✐st♦ é✱ ❡①✐st❡
✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s✱ t❛❧ q✉❡

E(t) ≤ C

t
(E(0) + E2(0)) , t > 0.

❆❧é♠ ❞✐ss♦✱ s❡ U0 := (ϕ0, ϕ1, ψ0, ψ1, η)
t ∈ D(Ak)✱ ❡♥tã♦

‖S(t)U0‖H ≤ Ck

tk
‖AkU0‖H.

P❛r❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❛♥t❡r✐♦r s❡rã♦ ♦❜t✐❞❛s
❞✐✈❡rs❛s ❡st✐♠❛t✐✈❛s✱ ❛♣r❡s❡♥t❛❞❛s ♥♦s ▲❡♠❛s ❡ Pr♦♣♦s✐çõ❡s s❡❣✉✐♥t❡s✳

❉❡✜♥❛♠♦s ❛ ❢✉♥çã♦ ❛✉①✐❧✐❛r w✱ ❞❡ ♠♦❞♦ q✉❡ w s❛t✐s❢❛ç❛

−wxx = ψx, w(0) = w(L) = 0,



✼✽

❡ s❡❥❛

F1(t) :=

∫ L

0

[ρ2ψtψ + ρ1ϕtw] dx. ✭✹✳✶✶✮

❈♦♠ ✐ss♦✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ ▲❡♠❛✳

▲❡♠❛ ✹✳✷✳ P❛r❛ ❝❛❞❛ ǫ1 > 0 ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ Cǫ1 > 0 t❛❧q✉❡

d

dt
F1(t) ≤ − b̃

2

∫ L

0

ψ2
x dx+ ǫ1

∫ L

0

ϕ2
t dx+ Cǫ1

∫ L

0

ψ2
t dx

+C1

∫ L

0

(∫ ∞

0

g(s)|ηx|2 ds
)

dx.

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡

d

dt

∫ L

0

ρ2ψtψ dx =

∫ L

0

ρ2ψttψ dx+

∫ L

0

ρ2|ψt|2 dx. ✭✹✳✶✷✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ✭✹✳✷✮ ♣♦r ψ ❡ ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ L✱ ♦❜t❡♠♦s

∫ L

0

ρ2ψttψ dx =

∫ L

0

(
b̃ψ +

∫ ∞

0

g(s)η ds

)

xx

ψ dx− k

∫ L

0

(ϕx + ψ)ψ dx.

❙✉❜st✐t✉✐♥❞♦
∫ L

0

ρ2ψttψ dx✱ ❡♥❝♦♥tr❛❞♦ ❛❝✐♠❛✱ ❡♠ ✭✹✳✶✷✮✱ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s

❡ ❧❡♠❜r❛♥❞♦ ❞❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ✭✹✳✹✮✱ t❡♠♦s

d

dt

∫ L

0

ρ2ψtψ dx = −b̃
∫ L

0

|ψx|2 dx−
∫ L

0

(∫ ∞

0

g(s)ηx ds

)
ψx dx

−k
∫ L

0

ϕxψ dx− k

∫ L

0

|ψ|2 dx+
∫ L

0

ρ2|ψt|2 dx. ✭✹✳✶✸✮

◆♦t❡ t❛♠❜é♠ q✉❡

d

dt

∫ L

0

ρ1ϕtw dx =

∫ L

0

ρ1ϕttw dx+

∫ L

0

ρ1ϕtwt dx, ✭✹✳✶✹✮

♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✶✮ ♣♦r w t❡♠♦s

∫ L

0

ρ1ϕttw dx = k

∫ L

0

(ϕx + ψ)xw dx.

❙✉❜st✐t✉✐♥❞♦
∫ L

0

ρ1ϕttw dx ❡♥❝♦♥tr❛❞♦ ❛❝✐♠❛ ❡♠ ✭✹✳✶✹✮✱ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❡



✼✾

❧❡♠❜r❛♥❞♦ ❞❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ✭✹✳✹✮✱ t❡♠♦s

d

dt

∫ L

0

ρ1ϕtw dx = −k
∫ L

0

(ϕx + ψ)wx dx+ ρ1

∫ L

0

ϕtwt dx

= −k
∫ L

0

ϕxwx dx− k

∫ L

0

ψwx dx+ ρ1

∫ L

0

ϕtwt dx

= k

∫ L

0

ϕwxx dx+ k

∫ L

0

ψxw dx+ ρ1

∫ L

0

ϕtwt dx

= −k
∫ L

0

ϕψx dx− k

∫ L

0

wxxw dx+ ρ1

∫ L

0

ϕtwt dx

= k

∫ L

0

ϕxψ dx+ k

∫ L

0

|wx|2 dx+ ρ1

∫ L

0

ϕtwt dx. ✭✹✳✶✺✮

❙♦♠❛♥❞♦ ✭✹✳✶✸✮ ❡ ✭✹✳✶✺✮ ♦❜t❡♠♦s

d

dt
F1(t) = ρ2

∫ L

0

|ψt|2 dx− b̃

∫ L

0

|ψx|2 dx− k

(∫ L

0

|ψ|2 dx−
∫ L

0

|wx|2 dx
)

+ρ1

∫ L

0

ϕtwt dx−
∫ L

0

(∫ ∞

0

g(s)ηx ds

)
ψx dx. ✭✹✳✶✻✮

❖❜s❡r✈❡ q✉❡ s❡ −wxx = ψx ❡♥tã♦ ✈❛❧❡♠ ❛s s❡❣✉✐♥t❡s ❞❡s✐❣✉❛❧❞❛❞❡s✿

(i)

∫ L

0

|wx|2 dx ≤
∫ L

0

|ψ|2 dx,

(ii)

∫ L

0

|wt|2 dx ≤ Cp

∫ L

0

|ψt|2 dx,

♦♥❞❡ Cp é ❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ❞❡ P♦✐♥❝❛ré✳

❉❡ ❢❛t♦✱ ❝♦♠♦

∫ L

0

|wx|2 dx = −
∫ L

0

wxxw dx =

∫ L

0

ψxw dx = −
∫ L

0

ψwx dx,

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ t❡♠♦s q✉❡

∫ L

0

|wx|2 dx ≤ ‖ψ‖L2‖wx‖L2 ,

❞❡ ♦♥❞❡ s❡❣✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ (i)✳

❉❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✱ ❚❡♦r❡♠❛ ✶✳✹✵✱ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ (i) ♦❜t❡♠♦s

∫ L

0

|wt|2 dx ≤ Cp

∫ L

0

|wtx|2 dx ≤ Cp

∫ L

0

|ψt|2 dx.



✽✵

❯s❛♥❞♦ (i) ❡♠ ✭✹✳✶✻✮ t❡♠♦s

d

dt
F1(t) ≤ ρ2

∫ L

0

|ψt|2 dx− b̃

∫ L

0

|ψx|2 dx+ ρ1

∫ L

0

ϕtwt dx

−
∫ L

0

(∫ ∞

0

g(s)ηx ds

)
ψx dx.

❙❡❣✉❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ ❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✸ q✉❡

d

dt
F1(t) ≤ ρ2

∫ L

0

|ψt|2 dx− b̃

∫ L

0

|ψx|2 dx+ ρ1

(∫ L

0

|ϕt|2 dx
) 1

2
(∫ L

0

|wt|2 dx
) 1

2

+

(
b0

∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx
) 1

2
(∫ L

0

|ψx|2 dx
) 1

2

.

❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✱ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ (ii) ♦ r❡s✉❧t❛❞♦
s❡❣✉❡✳

❉❡✜♥❛♠♦s ♦ s❡❣✉✐♥t❡ ❢✉♥❝✐♦♥❛❧

K(t) := −
∫ L

0

ρ2ψt

(∫ ∞

0

g(s)η ds

)
dx. ✭✹✳✶✼✮

▲❡♠❛ ✹✳✸✳ P❛r❛ ❝❛❞❛ ǫ2 > 0 ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ Cǫ2 ❞❡ ♠♦❞♦ q✉❡

d

dt
K(t) ≤ −ρ2b0

2

∫ L

0

ψ2
t dx+ ǫ2

∫ L

0

ψ2
x dx+ ǫ2

∫ L

0

ϕ2
x dx

+Cǫ2

∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx.

❉❡♠♦♥str❛çã♦✳ ❉❡r✐✈❛♥❞♦ K(t) ❡♠ r❡❧❛çã♦ ❛ t✱ ♦❜t❡♠♦s

d

dt
K(t) = −

∫ L

0

ρ2ψtt

(∫ ∞

0

g(s)η ds

)
dx−

∫ L

0

ρ2ψt

(∫ ∞

0

g(s)ηt ds

)
dx.

❯s❛♥❞♦ ρ2ψtt ❡ ηt ❞❛❞♦s ♣♦r ✭✹✳✷✮ ❡ ✭✹✳✸✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ❛
✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❝♦♠♦

d

dt
K(t) = −

∫ L

0

(
b̃ψ +

∫ ∞

0

g(s)η ds

)

xx

(∫ ∞

0

g(s)η ds

)
dx

+k

∫ L

0

(ϕx + ψ)

(∫ ∞

0

g(s)η ds

)
dx+

∫ L

0

ρ2ψt

(∫ ∞

0

g(s)ηs ds

)
dx

−
∫ L

0

ρ2ψt

(∫ ∞

0

g(s)ψt ds

)
dx.



✽✶

■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❧❡♠❜r❛♥❞♦ ❞❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛✱ ✭✹✳✹✮✱ ❡ ✉s❛♥❞♦ ❛
Pr♦♣♦s✐çã♦ ✷✳✸✱ t❡♠♦s

d

dt
K(t) = b̃

∫ L

0

ψx

(∫ ∞

0

g(s)ηx ds

)
dx+

∫ L

0

(∫ ∞

0

g(s)ηx ds

)2

dx

+k

∫ L

0

ϕx

(∫ ∞

0

g(s)η ds

)
dx+ k

∫ L

0

ψ

(∫ ∞

0

g(s)η ds

)
dx

−ρ2
∫ L

0

ψt

(∫ ∞

0

g′(s)η ds

)
dx− ρ2b0

∫ L

0

(ψt)
2 dx.

❙❡❣✉❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ q✉❡

d

dt
K(t) ≤ b̃

(∫ L

0

ψ2
x dx

) 1

2

[∫ L

0

(∫ ∞

0

g(s)ηx ds

)2

dx

] 1

2

+

∫ L

0

(∫ ∞

0

g(s)ηx ds

)2

dx

+k

(∫ L

0

ϕ2
x dx

) 1

2

[∫ L

0

(∫ ∞

0

g(s)η ds

)2

dx

] 1

2

+k

(∫ L

0

ψ2 dx

) 1

2

[∫ L

0

(∫ ∞

0

g(s)η ds

)2

dx

] 1

2

−ρ2
(∫ L

0

ψ2
t dx

) 1

2

[∫ L

0

(∫ ∞

0

g′(s)η ds

)2

dx

] 1

2

− ρ2b0

∫ L

0

ψ2
t dx.

P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✸ ❡ ❛s ❤✐♣ót❡s❡s ✭❄❄✮✱ s♦❜r❡ ♦ ♥ú❝❧❡♦ ❣✱ ♦❜t❡♠♦s

d

dt
K(t) ≤ b̃

(∫ L

0

ψ2
x dx

) 1

2
[
b0

∫ ∞

0

g(s)‖ηx‖2L2 ds

] 1

2

+ b0

∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx

+k

(∫ L

0

ϕ2
x dx

) 1

2
[
b0

∫ ∞

0

g(s)‖η‖2L2 ds

] 1

2

+k

(∫ L

0

ψ2 dx

) 1

2
[
b0

∫ ∞

0

g(s)‖η‖2L2
ds

] 1

2

−ρ2
(∫ L

0

ψ2
t dx

) 1

2
[
k0b0

∫ ∞

0

g(s)‖η‖2L2 ds

] 1

2

− ρ2b0

∫ L

0

ψ2
t dx.

❉❛❞♦s b0 ❡ ǫ2 > 0✱ s❡❣✉❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝ár❡✱ ❚❡♦r❡♠❛ ✶✳✹✵✱ ❡ ❞❛
❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✱ q✉❡

d

dt
K(t) ≤ −ρ2b0

2

∫ L

0

ψ2
t dx+ ǫ2

∫ L

0

ψ2
x dx+ ǫ2

∫ L

0

ϕ2
x dx

+Cǫ2

∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx, ✭✹✳✶✽✮



✽✷

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ Cǫ2 > 0✳

❙❡❥❛♠ N1 ❡ N2 ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ❛ s❡r❡♠ ❞❡✜♥✐❞❛s ♣♦st❡r✐♦r♠❡♥t❡✳
❉❡♥♦t❡♠♦s ♣♦r ε(t) ♦ ❢✉♥❝✐♦♥❛❧

ε(t) := N1 · [E(t) + E2(t)] + F1(t) +N2 ·K(t), ✭✹✳✶✾✮

♦♥❞❡ ♦s ❢✉♥❝✐♦♥❛✐s E(t)✱ E2(t)✱ F1(t) ❡K(t) sã♦ ❞❛❞♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦r ✭✸✳✾✮✱
✭✹✳✾✮✱ ✭✹✳✶✶✮ ❡ ✭✹✳✶✼✮✳

Pr♦♣♦s✐çã♦ ✹✳✹✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C > 0 ❞❡ ♠♦❞♦ q✉❡

d

dt
ε(t) ≤ −N1k1

2

∫ L

0

(∫ ∞

0

g(s)|ηxt|2 ds
)

dx

−
(
N1k1

2
− (C1 +N2Cǫ2)

)∫ L

0

(∫ ∞

0

g(s)|ηx|2 ds
)

dx

−
(
b̃

2
− C N2ǫ2

)∫ L

0

ψ2
x dx−

(
N2ρ2b0

2
− Cǫ1

)∫ L

0

ψ2
t dx

+ǫ1

∫ L

0

ϕ2
t dx+ 2N2ǫ2

∫ L

0

|ϕx + ψ|2 dx. ✭✹✳✷✵✮

♦♥❞❡ ǫ1 ❡ ǫ2 sã♦ ❞❛❞❛s ♣❡❧♦s ▲❡♠❛s ✹✳✷ ❡ ✹✳✸✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣❡❧♦s ▲❡♠❛s ✹✳✷ ❡ ✹✳✸✱ ♣❡❧❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✸✳✶✵✮✱ ✭✹✳✶✵✮
q✉❡

d

dt
ε(t) ≤ −N1k1

2

∫ L

0

(∫ ∞

0

g(s)|ηxt|2 ds
)

dx

−
(
N1k1

2
− (C1 +N2Cǫ2)

)∫ L

0

(∫ ∞

0

g(s)|ηx|2 ds
)

dx

−
(
b̃

2
−N2ǫ2

)∫ L

0

ψ2
x dx−

(
N2ρ2b0

2
− Cǫ1

)∫ L

0

ψ2
t dx

+ǫ1

∫ L

0

ϕ2
t dx+N2ǫ2

∫ L

0

ϕ2
x dx. ✭✹✳✷✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐â♥❣✉❧❛r✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱
❚❡♦r❡♠❛ ✶✳✷✾✱ ♦ ❢❛t♦ ❞❡ q✉❡ a2+b2 ≥ 2ab ♣❛r❛ q✉❛✐sq✉❡r a✱ b ∈ R ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡
❞❡ P♦✐♥❝ár❡✱ ❚❡♦r❡♠❛ ✶✳✹✵✱ ❞❡ ♠♦❞♦ q✉❡

∫ L

0

ϕ2
x dx ≤

∫ L

0

(|ϕx + ψ|+ |ψ|)2 dx

=

∫ L

0

|ϕx + ψ|2 dx+ 2

∫ L

0

|ϕx + ψ||ψ| dx+
∫ L

0

|ψ|2 dx



✽✸

≤
∫ L

0

|ϕx + ψ|2 dx+ 2

(∫ L

0

|ϕx + ψ|2 dx
) 1

2
(∫ L

0

|ψ|2 dx
) 1

2

+

∫ L

0

|ψ|2 dx

≤ 2

∫ L

0

|ϕx + ψ|2 dx+ 2

∫ L

0

|ψ|2 dx

≤ 2

∫ L

0

|ϕx + ψ|2 dx+ 2Cp

∫ L

0

ψ2
x dx, ✭✹✳✷✷✮

♦♥❞❡ Cp é ❛ ❝♦♥st❛♥t❡ ❞❡ P♦✐♥❝❛ré✳ ❯s❛♥❞♦ ❛❣♦r❛ ✭✹✳✷✽✮ ❡♠ ✭✹✳✷✶✮ ❝♦♥❝❧✉í♠♦s
q✉❡

d

dt
ε(t) ≤ −N1k1

2

∫ L

0

(∫ ∞

0

g(s)|ηxt|2 ds
)

dx

−
(
N1k1

2
− (C1 +N2Cǫ2)

)∫ L

0

(∫ ∞

0

g(s)|ηx|2 ds
)

dx

−
(
b̃

2
− (1 + 2Cp)N2ǫ2

)∫ L

0

ψ2
x dx−

(
N2ρ2b0

2
− Cǫ1

)∫ L

0

ψ2
t dx

+ǫ1

∫ L

0

ϕ2
t dx+ 2N2ǫ2

∫ L

0

|ϕx + ψ|2 dx.

❉❡✜♥❛♠♦s ♦ ❢✉♥❝✐♦♥❛❧ F2(t) ❝♦♠♦ s❡♥❞♦

F2(t) := ρ2

∫ L

0

ψt(ϕx + ψ) dx+
ρ1b̃

k

∫ L

0

ψxϕt dx ✭✹✳✷✸✮

+
ρ1

k

∫ L

0

(∫ ∞

0

g(s)ηx ds

)
ϕt dx.

❈♦♠ ❛s ♥♦t❛çõ❡s ❛♥t❡r✐♦r❡s t❡♠♦s ♦ s❡❣✉✐♥t❡ ▲❡♠❛✿

▲❡♠❛ ✹✳✺✳ P❛r❛ ❝❛❞❛ ǫ3 > 0✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Cǫ3 > 0 t❛❧ q✉❡

d

dt
F2(t) ≤

[(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)
ϕx

]x=L

x=0

− k

∫ L

0

|ϕx + ψ|2 dx

+ǫ3

∫ L

0

ϕ2
t dx+ ρ2

∫ L

0

ψ2
t dx+ Cǫ3

∫ L

0

(∫ ∞

0

g(s)|ηx|2 ds
)

dx

+Cǫ3

∫ L

0

(∫ ∞

0

g(s)|ηxt|2 ds
)

dx.



✽✹

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡

d

dt
F2(t) = ρ2

∫ L

0

ψtt(ϕx + ψ) dx+ ρ2

∫ L

0

ψt(ϕxt + ψt) dx

+
ρ1b̃

k

∫ L

0

ψxtϕt dx+
ρ1b̃

k

∫ L

0

ψxϕtt dx

+
ρ1

k

∫ L

0

(∫ ∞

0

g(s)ηxt ds

)
ϕt dx+

ρ1

k

∫ L

0

(∫ ∞

0

g(s)ηx ds

)
ϕtt dx.

❙✉❜st✐t✉✐♥❞♦ ρ1ϕtt ❡ ρ2ψtt ❞❛❞♦s ♣♦r ✭✹✳✶✮ ❡ ✭✹✳✷✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥❛ ✐❣✉❛❧❞❛❞❡
❛❝✐♠❛ ♦❜t❡♠♦s

d

dt
F2(t) =

∫ L

0

(
b̃ψ +

∫ ∞

0

g(s)η ds

)

xx

(ϕx + ψ) dx

︸ ︷︷ ︸
:=I

−k
∫ L

0

|ϕx + ψ|2 dx+ ρ2

∫ L

0

ψtϕxt dx+ ρ2

∫ L

0

ψ2
t dx

+
ρ1b̃

k

∫ L

0

ψxtϕt dx+ b̃

∫ L

0

ψx (ϕx + ψ)x dx

+
ρ1

k

∫ L

0

(∫ ∞

0

g(s)ηxt ds

)
ϕt dx

+

∫ L

0

(∫ ∞

0

g(s)ηx ds

)
(ϕx + ψ)x dx. ✭✹✳✷✹✮

■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s I✱ ❧❡♠❜r❛♥❞♦ ❛s ❤✐♣ót❡s❡s s♦❜r❡ ❛ ❢r♦♥t❡✐r❛✱ ✭✹✳✹✮✱ ♦❜t❡♠♦s

I =

[(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)
ϕx

]x=L

x=0

− b̃

∫ L

0

ψx(ϕx + ψ)x dx

−
∫ L

0

(∫ ∞

0

g(s)ηx ds

)
(ϕx + ψ)x dx. ✭✹✳✷✺✮

❈♦♠♦ ψxt = ηxt + ηxs✱ ❞❛❞♦ ♣♦r ✭✹✳✸✮✱ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✸✱ t❡♠♦s

b0

∫ L

0

ψxtϕt dx =

∫ ∞

0

g(s) ds

∫ L

0

ψxtϕt dx

=

∫ L

0

(∫ ∞

0

g(s)ψxt ds

)
ϕt dx

=

∫ L

0

(∫ ∞

0

g(s)(ηxt + ηxs) ds

)
ϕt dx

=

∫ L

0

(∫ ∞

0

g(s)ηxt ds

)
ϕt dx−

∫ L

0

(∫ ∞

0

g′(s)ηx ds

)
ϕt dx.

▲♦❣♦✱

ρ1b̃

k

∫ L

0

ψxtϕt dx+ ρ2

∫ L

0

ψtϕxt dx =

(
ρ1b̃

k
− ρ2

)∫ L

0

ψxtϕt dx ✭✹✳✷✻✮



✽✺

=
1

b0

(
ρ1b̃

k
− ρ2

)∫ L

0

(∫ ∞

0

g(s)ηxt ds

)
ϕt dx

− 1

b0

(
ρ1b̃

k
− ρ2

)∫ L

0

(∫ ∞

0

g′(s)ηx ds

)
ϕt dx.

❙✉❜st✐t✉✐♥❞♦ I✱ ❞❡t❡r♠✐♥❛❞♦ ♣♦r ✭✹✳✷✺✮✱ ❡ ❛ ✐❣✉❛❧❞❛❞❡ ✭✹✳✷✻✮ ❡♠ ✭✹✳✷✹✮✱
❝♦♥s❡❣✉✐♠♦s

d

dt
F2(t) =

[(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)
ϕx

]x=L

x=0

− k

∫ L

0

|ϕx + ψ|2 dx

+
1

b0

(
ρ1b̃

k
− ρ2

)∫ L

0

(∫ ∞

0

g(s)ηxt ds

)
ϕt dx

− 1

b0

(
ρ1b̃

k
− ρ2

)∫ L

0

(∫ ∞

0

g′(s)ηx ds

)
ϕt dx+ ρ2

∫ L

0

|ψt|2 dx

+
ρ1

k

∫ L

0

(∫ ∞

0

g(s)ηxt ds

)
ϕt dx.

❈♦♠♦ b̃ = b− b0✱ ✉s❛♥❞♦ ❛s ❤✐♣ót❡s❡s ✭❄❄✮✱ s♦❜r❡ ♦ ♥ú❝❧❡♦ ❞❛ ❣✱ ♦❜t❡♠♦s

d

dt
F2(t) ≤

[(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)
ϕx

]x=L

x=0

− k

∫ L

0

|ϕx + ψ|2 dx

+
1

b0

(
ρ1b

k
− ρ2

)∫ L

0

(∫ ∞

0

g(s)ηxt ds

)
ϕt dx

+
k1

b0

(
ρ1b̃

k
− ρ2

)∫ L

0

(∫ ∞

0

g(s)ηx ds

)
ϕt dx+ ρ2

∫ L

0

|ψt|2 dx.

❙❡❣✉❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ q✉❡

d

dt
F2(t) ≤

[(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)
ϕx

]x=L

x=0

− k

∫ L

0

|ϕx + ψ|2 dx

+
1

b0

∣∣∣∣
ρ1b

k
− ρ2

∣∣∣∣

[∫ L

0

(∫ ∞

0

g(s)ηxt ds

)2

dx

] 1

2 [∫ L

0

ϕ2
t dx

] 1

2

+
k1

b0

∣∣∣∣∣
ρ1b̃

k
− ρ2

∣∣∣∣∣

[∫ L

0

(∫ ∞

0

g(s)ηx ds

)2

dx

] 1

2 [∫ L

0

ϕ2
t dx

] 1

2

+ρ2

∫ L

0

|ψt|2 dx.

P♦r ✜♠✱ ✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✷✳✸ ❡ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✱
r❡s✉❧t❛ q✉❡ ♣❛r❛ ❝❛❞❛ ǫ3 > 0✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Cǫ3 > 0 t❛❧ q✉❡



✽✻

d

dt
F2(t) ≤

[(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)
ϕx

]x=L

x=0

− k

∫ L

0

|ϕx + ψ|2 dx

+ǫ3

∫ L

0

ϕ2
t dx+ ρ2

∫ L

0

ψ2
t dx+ Cǫ3

∫ L

0

(∫ ∞

0

g(s)|ηx|2 ds
)

dx

+Cǫ3

∫ L

0

(∫ ∞

0

g(s)|ηxt|2 ds
)

dx.

✳

▲❡♠❛ ✹✳✻✳ ❙❡❥❛ q ∈ C1([0, L]) s❛t✐s❢❛③❡♥❞♦ q(0) = −q(L) = 2✱ ❡ s❡❥❛♠ ♦s
❢✉♥❝✐♦♥❛✐s

J1(t) := ρ2

∫ L

0

ψtq(x)

(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)
dx,

J2(t) := ρ1

∫ L

0

ϕtq(x)ϕx dx.

❊♥tã♦ ❡①✐st❡ C2 > 0 ❡ ♣❛r❛ ❝❛❞❛ ǫ4 > 0 ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ Cǫ4 t❛❧ q✉❡

✭✐✮
d

dt
J1(t) ≤ −

(
b̃ψx(L, t) +

∫ ∞

0

g(s)ηx(L, s) ds

)2

−
(
b̃ψx(0, t) +

∫ ∞

0

g(s)ηx(0, s) ds

)2

+C2

∫ L

0

ψ2
t dx+ ǫ4

∫ L

0

ϕ2
x dx

+Cǫ4

∫ L

0

ψ2
x dx+ Cǫ4

∫ L

0

(∫ ∞

0

g(s)|ηx|2 ds
)

dx,

✭✐✐✮
d

dt
J1(t) ≤ −k

[
ϕ2
x(L, t) + ϕ2

x(0, t)
]
+ C2

∫ L

0

[
ϕ2
t + ϕ2

x + ψ2
x

]
dx.

❉❡♠♦♥str❛çã♦✳ ❉❡r✐✈❛♥❞♦ J1(t) ❡♠ r❡❧❛çã♦ ❛ t t❡♠♦s

d

dt
J1(t) =

∫ L

0

ρ2ψttq(x)

(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)
dx

+ρ2b̃

∫ L

0

q(x)ψtψxt dx+ ρ2

∫ L

0

ψtq(x)

(∫ ∞

0

g(s)ηxt ds

)
dx,

s✉❜st✐t✉✐♥❞♦ ρ2ψtt ❡ ηxt ❞❛❞♦s ♣♦r ✭✹✳✷✮ ❡ ✭✹✳✸✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥❛ ✐❣✉❛❧❞❛❞❡
❛❝✐♠❛ ♦❜t❡♠♦s

d

dt
J1(t) =

∫ L

0

q(x)

(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)

x

(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)
dx

−k
∫ L

0

(ϕx + ψ)q(x)

(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)
dx



✽✼

+ρ2b̃

∫ L

0

q(x)ψtψxt dx+ ρ2

∫ L

0

ψtq(x)

(∫ ∞

0

g(s) [ψxt − ηxs] ds

)
dx.

▲❡♠❜r❛♥❞♦ q✉❡
d

dx
ζ2 = 2ζxζ✱ ✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✷✳✸ ❡ ♦ ❢❛t♦ ❞❡ q✉❡ ψ(L) =

ψ(0) = ψt(L) = ψt(0) = 0 ♦❜t❡♠♦s

d

dt
J1(t) =

1

2

[
q(x)

(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)2
]x=L

x=0

−1

2

∫ L

0

q′(x)

(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)2

dx− kb̃

∫ L

0

q(x)ϕxψx dx

+
kb̃

2

∫ L

0

q′(x)ψ2 dx− k

∫ L

0

q(x)ϕx

(∫ ∞

0

g(s)ηx ds

)
dx

−k
∫ L

0

q(x)ψ

(∫ ∞

0

g(s)ηx ds

)
dx+

ρ2

2

(
b0 − b̃

)∫ L

0

q′(x)ψ2
t dx

+ρ2

∫ L

0

ψtq(x)

(∫ ∞

0

g′(s)ηx ds

)
dx.

❙❡❣✉❡ ❞♦ ❢❛t♦ ❞❡ q ∈ C1([0, L])✱ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✶ ❡ ❛ ❞❛s ❤✐♣ót❡s❡s ✭❄❄✮✱ s♦❜r❡
♦ ♥ú❝❧❡♦ ❣✱ q✉❡

d

dt
J1(t) ≤ 1

2

[
q(x)

(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)2
]x=L

x=0

+ Cq

∫ L

0

ψ2
x dx

+Cq

∫ L

0

(∫ ∞

0

g(s)ηx ds

)2

dx+ Cq

∫ L

0

|ϕxψx| dx+ Cq

∫ L

0

ψ2 dx

+Cq

∫ L

0

∣∣∣∣ϕx

(∫ ∞

0

g(s)ηx ds

)∣∣∣∣ dx+ Cq

∫ L

0

∣∣∣∣ψ
(∫ ∞

0

g(s)ηx ds

)∣∣∣∣ dx

+Cq

∫ L

0

ψ2
t dx+ Cq

∫ L

0

∣∣∣∣ψt

(∫ ∞

0

g(s)ηx ds

)∣∣∣∣ dx.

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ ❡ ❛ Pr♦♣♦s✐çã♦ ✷✳✸ t❡♠♦s

d

dt
J1(t) ≤ 1

2

[
q(x)

(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)2
]x=L

x=0

+Cq

∫ L

0

ψ2
x dx+ Cq

∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx

+Cq

[∫ L

0

ϕ2
x dx

] 1

2
[∫ L

0

ψ2
x dx

] 1

2

+ Cq

∫ L

0

ψ2 dx

+Cq

[∫ L

0

ϕ2
x dx

] 1

2
[∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx
] 1

2

+Cq

[∫ L

0

ψ2 dx

] 1

2
[∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx
] 1

2



✽✽

+Cq

∫ L

0

ψ2
t dx+ Cq

[∫ L

0

ψ2
t dx

] 1

2
[∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx
] 1

2

.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝ár❡✱ ❚❡♦r❡♠❛ ✶✳✹✵✱ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱
❈♦r♦❧ár✐♦ ✶✳✶✸✱ ♣❛r❛ ❝❛❞❛ ǫ4 ❡①✐st❡ Cǫ4 t❛❧ q✉❡

d

dt
J1(t) ≤ 1

2

[
q(x)

(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)2
]x=L

x=0

+ ǫ4

∫ L

0

ϕ2
x dx+ Cǫ4

∫ L

0

ψ2
x dx

+Cǫ4

∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx+ 2Cq

∫ L

0

ψ2
t dx,

♠♦str❛♥❞♦ ❛ss✐♠ ❛ ✈❡r❛❝✐❞❛❞❡ ❞❡ (i)✳

❉❡r✐✈❛♥❞♦ J2(t) ❡♠ r❡❧❛çã♦ ❛ t✱ ♦❜t❡♠♦s

d

dt
J2(t) = ρ1

∫ L

0

ϕttq(x)ϕx dx+ ρ1

∫ L

0

ϕtq(x)ϕtx dx

❡ ✉s❛♥❞♦ ✭✹✳✶✮✱ t❡♠♦s

d

dt
J2(t) = k

∫ L

0

q(x)ϕxxϕx dx+ k

∫ L

0

ψxq(x)ϕx dx+ ρ1

∫ L

0

ϕtq(x)ϕtx dx.

❈♦♠♦
d

dx
ζ2 = 2ζxζ ❡ ψt(L) = ψt(0) = 0✱ t❡♠♦s

d

dt
J2(t) =

[
k

2
q(x)ϕ2

x

]x=L

x=0

− k

2

∫ L

0

q′(x)ϕ2
x dx+ k

∫ L

0

ψxq(x)ϕx dx+
ρ1

2

∫ L

0

q′(x)ϕ2
t dx.

❈♦♠♦ q ∈ C1([0, L])✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C ′
q t❛❧ q✉❡

d

dt
J2(t) ≤

[
kq(x)ϕ2

x

]x=L

x=0
+ C ′

q

∫ L

0

ϕ2
x dx+ C ′

q

∫ L

0

|ψxϕx| dx+ C ′
q

∫ L

0

ϕ2
t dx.

P❡❧❛ ❞❡s✐❣✉❛❧❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦rár✐♦
✶✳✶✸ t❡♠♦s q✉❡ ❡①✐st❡ C2 t❛❧ q✉❡

d

dt
J2(t) ≤ −k

[
ϕ2
x(L, t) + ϕ2

x(0, t)
]
+ C2

[∫ L

0

ϕ2
t + ϕ2

x + ψ2
x

]
dx.

❈♦♥❝❧✉✐♠♦s ❛ss✐♠ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛✳

❙❡❥❛♠ δ > 0 ❡ N3 > 0 ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ❛ s❡r❡♠ ❞❡✜♥✐❞❛s ♣♦st❡r✐♦♠❡♥t❡✳
❉❡✜♥✐♠♦s

F3(t) := F2(t) +N3J1(t) + δJ2(t), ✭✹✳✷✼✮



✽✾

♦♥❞❡ ♦ ❢✉♥❝✐♦♥❛❧ F2(t) é ❞❛❞♦ ♣♦r ✭✹✳✷✸✮ ❡ ♦s ❢✉♥❝✐♦♥❛✐s J1(t) ❡ J2(t) sã♦ ❞❡✜♥✐❞♦s
♥♦ ▲❡♠❛ ✹✳✻✳

▲❡♠❛ ✹✳✼✳ ❆ss✐♠ ❝♦♠♦ ♥♦s ▲❡♠❛s ❛♥t❡r✐♦r❡s✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s τ ❡ Cτ > 0
t❛✐s q✉❡

d

dt
F3(t) ≤ −k

2

∫ L

0

|ϕx + ψ|2 dx+ τ

∫ L

0

ϕ2
t dx

+Cτ

∫ L

0

[
ψ2
x + ψ2

t +

∫ ∞

0

g(s)|ηx|2 ds+
∫ ∞

0

g(s)|ηxt|2 ds
]
dx.

❉❡♠♦♥str❛çã♦✳ ❉❡r✐✈❛♥❞♦ F3(t) ❉❡r✐✈❛♥❞♦ F3 ❡♠ r❡❧❛çã♦ ❛ t✱ ❡ ✉s❛♥❞♦ ♦s ▲❡♠❛s
✹✳✺ ❡ ✹✳✻✱ t❡♠♦s

d

dt
F3(t) =

d

dt
F2(t) +N3

d

dt
J1(t) + δ

d

dt
J2(t) ✭✹✳✷✽✮

≤
[(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)
ϕx

]x=L

x=0︸ ︷︷ ︸
II

−k
∫ L

0

|ϕx + ψ|2 dx

+ǫ3

∫ L

0

ϕ2
t dx+ ρ2

∫ L

0

ψ2
t dx+ Cǫ3

∫ L

0

(∫ ∞

0

g(s)|ηx|2 ds
)

dx

+Cǫ3

∫ L

0

(∫ ∞

0

g(s)|ηxt|2 ds
)

dx

−N3

(
b̃ψx(L, t) +

∫ ∞

0

g(s)ηx(L, s) ds

)2

−N3

(
b̃ψx(0, t) +

∫ ∞

0

g(s)ηx(0, s) ds

)2

+N3C2

∫ L

0

ψ2
t dx

+N3ǫ4

∫ L

0

ϕ2
x dx+N3Cǫ4

∫ L

0

ψ2
x dx+N3Cǫ4

∫ L

0

(∫ ∞

0

g(s)|ηx|2 ds
)

dx,

−δk
[
ϕ2
x(L, t) + ϕ2

x(0, t)
]
+ δC2

∫ L

0

[
ϕ2
t + ϕ2

x + ψ2
x

]
dx.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✱ ♥❛ ❡①♣r❡ssã♦ ✐♥❞✐❝❛❞❛ ♣♦r II✱ ❛❝✐♠❛✱
♣❛r❛ δk > 0 ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Cδ > 0 ❞❡ ♠♦❞♦ q✉❡

[(
b̃ψx +

∫ ∞

0

g(s)ηx ds

)
ϕx

]x=L

x=0

≤ δk
[
ϕ2
x(L, t) + ϕ2

x(0, t)
]

✭✹✳✷✾✮

+Cδ

∫ L

0

(∫ ∞

0

g(s)|ηx|2 ds
)

dx

+Cδ

∫ L

0

(∫ ∞

0

g(s)|ηxt|2 ds
)

dx.



✾✵

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦

−k
2

∫ L

0

|ϕx + ψ|2 dx = −k
2

∫ L

0

ϕ2
x dx− k

∫ L

0

ϕxψ dx− k

2

∫ L

0

ψ2
x dx,

❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✱ ♣❛r❛
k

4
✱ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝ár❡ ✱

❚❡♦r❡♠❛ ✶✳✹✵✱ ✐♠♣❧✐❝❛♠ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C0 > 0✱ t❛❧ q✉❡

− k

2

∫ L

0

|ϕx + ψ|2 dx = −k
4

∫ L

0

ϕ2
x dx+ C0

∫ L

0

ψ2
x dx. ✭✹✳✸✵✮

❙✉❜st✐t✉✐♥❞♦ ✭✹✳✷✾✮ ❡ ✭✹✳✸✵✮ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✹✳✷✽✮✱ ♦❜t❡♠♦s

d

dt
F3(t) ≤ −k

2

∫ L

0

|ϕx + ψ|2 dx−
(
k

4
−N3ǫ4 − δC2

)∫ L

0

ϕ2
x dx

+(C0 +N3Cǫ4 + δC2)

∫ L

0

ψ2
x dx+ (ǫ3 + δC2)

∫ L

0

ϕ2
t dx

+(ρ2 +N3C2)

∫ L

0

ψ2
t dx+ (Cǫ3 +N3Cǫ4)

∫ L

0

(∫ ∞

0

g(s)|ηx|2 ds
)

dx

+Cǫ3

∫ L

0

(∫ ∞

0

g(s)|ηxt|2 ds
)

dx

− (N3 − Cδ)

(
b̃ψx(L, t) +

∫ ∞

0

g(s)ηx(L, s) ds

)2

− (N3 − Cδ)

(
b̃ψx(0, t) +

∫ ∞

0

g(s)ηx(0, s) ds

)2

.

❊s❝♦❧❤❡♠♦s δ > 0 ❞❡ t❛❧ ❢♦r♠❛ q✉❡

δC2 < min

{
k

8
, ǫ3

}
,

❡ ❞❡♣♦✐s t♦♠❛♥❞♦ N3 > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❞❡ ♠♦❞♦ q✉❡

N3 > Cδ.

❉❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ t❡♠♦s

d

dt
F3(t) ≤ −k

2

∫ L

0

|ϕx + ψ|2 dx−
(
k

8
−N3ǫ4

)∫ L

0

ϕ2
x dx

+

(
C0 +N3Cǫ4 +

k

8

)∫ L

0

ψ2
x dx+ 2ǫ3

∫ L

0

ϕ2
t dx

+(ρ2 +N3C2)

∫ L

0

ψ2
t dx+ (Cǫ3 +N3Cǫ4)

∫ L

0

(∫ ∞

0

g(s)|ηx|2 ds
)

dx

+Cǫ3

∫ L

0

(∫ ∞

0

g(s)|ηxt|2 ds
)

dx.



✾✶

❆❣♦r❛✱ ✜①❛♥❞♦ ǫ4✱ ❞❛❞♦ ♥♦ ▲❡♠❛ ✹✳✻✱ ❞❡ ♠❛♥❡✐r❛ q✉❡

0 < ǫ4 <
k

8N3

.

❙❡❣✉❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ q✉❡

d

dt
F3(t) ≤ −k

2

∫ L

0

|ϕx + ψ|2 dx+ 2ǫ3

∫ L

0

ϕ2
t dx

+

(
C0 +N3Cǫ4 +

k

8

)∫ L

0

ψ2
x dx+ (ρ2 +N3C2)

∫ L

0

ψ2
t dx

+(Cǫ3 +N3Cǫ4)

∫ L

0

(∫ ∞

0

g(s)|ηx|2 ds
)

dx

+Cǫ3

∫ L

0

(∫ ∞

0

g(s)|ηxt|2 ds
)

dx,

♣♦r ✜♠ ❜❛st❛ t♦♠❛r
τ = 2ǫ3

❡ ❛ ❝♦♥st❛♥t❡

Cτ = C0 +N3Cǫ4 +
k

8
+ ρ2 +N3C2 + Cǫ3

♣❛r❛ ♦❜t❡r♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡s❡❥❛❞❛✳

❉❡✜♥❛♠♦s ♦ s❡❣✉✐♥t❡ ❢✉♥❝✐♦♥❛❧

F4(t) := −
∫ L

0

[ρ1ϕtϕ+ ρ2ψtψ] dx ✭✹✳✸✶✮

▲❡♠❛ ✹✳✽✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C3 > 0 ❞❡ ♠♦❞♦ q✉❡

d

dt
F4(t) ≤ −ρ1

∫ L

0

ϕ2
t dx− ρ2

∫ L

0

ψ2
t dx+ k

∫ L

0

|ϕx + ψ|2 dx

+C3

∫ L

0

[
ψ2
x +

∫ ∞

0

g(s)|ηx|2 ds
]
dx.

❉❡♠♦♥str❛çã♦✳ ❉❡r✐✈❛♥❞♦ F4(t) ❡♠ r❡❧❛çã♦ ❛ t ♦❜t❡♠♦s

d

dt
F4(t) = −

∫ L

0

ρ1ϕttϕdx− ρ1

∫ L

0

ϕ2
t dx−

∫ L

0

ρ2ψttψ dx− ρ2

∫ L

0

ψ2
t dx.

❙✉❜st✐t✉✐♥❞♦ ρ1ϕtt ❡ ρ2ψtt✱ ❞❛❞♦s ♣♦r ✭✹✳✶✮ ❡ ✭✹✳✷✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❡♠♦s

d

dt
F4(t) = −k

∫ L

0

(ϕx + ψ)xϕdx− ρ1

∫ L

0

ϕ2
t dx− b̃

∫ L

0

ψxxψ dx

−
∫ L

0

(∫ ∞

0

g(s)ηxx ds

)
ψ dx+ k

∫ L

0

(ϕx + ψ)ψ dx− ρ2

∫ L

0

ψ2
t dx.



✾✷

P♦r ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱ ❧❡♠❜r❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛s ❞❛❞❛s ♣♦r ✭✹✳✹✮✱
♦❜t❡♠♦s

d

dt
F4(t) = −ρ1

∫ L

0

ϕ2
t dx− ρ2

∫ L

0

ψ2
t dx+ k

∫ L

0

|ϕx + ψ|2 dx

+b̃

∫ L

0

ψ2
x dx+

∫ L

0

(∫ ∞

0

g(s)ηx ds

)
ψx dx.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ s❡❣✉❡ q✉❡

d

dt
F4(t) ≤ −ρ1

∫ L

0

ϕ2
t dx− ρ2

∫ L

0

ψ2
t dx+ k

∫ L

0

|ϕx + ψ|2 dx

+b̃

∫ L

0

ψ2
x dx+

[∫ L

0

(∫ ∞

0

g(s)ηx ds

)2

dx

] 1

2 [∫ L

0

ψ2
x dx

] 1

2

.

❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✸ ❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸✱ q✉❡

d

dt
F4(t) ≤ −ρ1

∫ L

0

ϕ2
t dx− ρ2

∫ L

0

ψ2
t dx+ k

∫ L

0

|ϕx + ψ|2 dx

+C3

∫ L

0

[
ψ2
x +

∫ ∞

0

g(s)|ηx|2 ds
]
dx.

♣❛r❛ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C3✳

Pr♦♣♦s✐çã♦ ✹✳✾✳ ❈♦♠♦ ♥♦s ❧❡♠❛s ❛♥t❡r✐♦r❡s✱ ❡①✐st❡ ✉♠❛ ❝♦♥t❛♥st❡ C ′
τ > 0 t❛❧

q✉❡

d

dt

{
F3(t) +

2τ

ρ1
F4(t)

}
≤ −k

4

∫ L

0

|ϕx + ψ|2 dx− τ

∫ L

0

ϕ2
t dx+ C ′

τ

∫ L

0

ψ2
x dx

+C ′
τ

∫ L

0

[
ψ2
t

∫ ∞

0

g(s)|ηx|2 ds+
∫ ∞

0

g(s)|ηxt|2 ds
]
dx.

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ❞♦s ▲❡♠❛s ✹✳✼ ❡ ✹✳✽ q✉❡

d

dt

{
F3(t) +

2τ

ρ1
F4(t)

}
≤ −k

4

∫ L

0

|ϕx + ψ|2 dx−
(
k

4
− 2τk

ρ1

)∫ L

0

|ϕx + ψ|2 dx

−τ
∫ L

0

ϕ2
t dx+

(
Cτ −

2τρ2
ρ1

)∫ L

0

ψ2
t dx

+

(
Cτ +

2C3 τ

ρ1

)∫ L

0

ψ2
x dx

+

(
Cτ +

2C3 τ

ρ1

)∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx

+Cτ

∫ L

0

∫ ∞

0

g(s)|ηxt|2 ds dx.

❚♦♠❛♠♦s ǫ3 ❞❛❞♦ ♥♦ ▲❡♠❛ ✹✳✺✱ s❛t✐s❢❛③❡♥❞♦

0 < 2ǫ3 < k1,



✾✸

❞❡ ♠♦❞♦ q✉❡ τ = 2ǫ3 ✈❡r✐✜❝❛
0 < τ <

ρ1

8
.

❉❡♥♦t❛♠♦s

C ′
τ = Cτ +

2C3 τ

ρ1
,

❡ ❞❛í

d

dt

{
F3(t) +

2τ

ρ1
F4(t)

}
≤ −k

4

∫ L

0

|ϕx + ψ|2 dx− τ

∫ L

0

ϕ2
t dx+ C ′

τ

∫ L

0

[
ψ2
x + ψ2

t

]
dx

+C ′
τ

∫ L

0

[∫ ∞

0

g(s)|ηx|2 ds+
∫ ∞

0

g(s)|ηxt|2 ds
]
dx.

❝♦♠♦ q✉❡rí❛♠♦s ♠♦str❛r✳

❉❡ ♣♦ss❡ ❞♦s ❧❡♠❛s ❡ ♣r♦♣♦s✐çõ❡s ❛♥t❡r✐♦r❡s✱ s❡r❡♠♦s ❝❛♣❛③❡s ❞❡ ♣r♦✈❛r ♦
r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✳

❉❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✹✳✶

❉❡♠♦♥str❛çã♦✳ ■♥tr♦❞✉③✐♠♦s ♦ ❢✉♥❝✐♦♥❛❧ L ❝♦♠♦ s❡♥❞♦

L(t) := ε(t) + µ

{
F3(t) +

2τ

ρ1
F4(t)

}
.

♣❛r❛ ❛❧❣✉♠ µ s❛t✐s❢❛③❡♥❞♦

0 < µ <
b̃

4C ′
τ

, ✭✹✳✸✷✮

♦♥❞❡ C ′
τ é ❞❛❞♦ ♥❛ Pr♦♣♦s✐çã♦ ✹✳✾ ✳

P❡❧❛s Pr♦♣♦s✐çõ❡s ✭✹✳✹✮ ❡ ✭✹✳✾✮✱ t❡♠♦s

d

dt
L(t) ≤ − (µτ − ǫ1)︸ ︷︷ ︸

α1

∫ L

0

ϕ2
t dx−

[
N2ρ2b0

2
− (Cǫ1 + µC ′′

τ )

]

︸ ︷︷ ︸
α2

∫ L

0

ψ2
t dx

−
(
b̃

2
− CN2ǫ2 − µC ′

τ

)

︸ ︷︷ ︸
α3

∫ L

0

ψ2
x dx

−
(
µ
k

4
− 2N2ǫ2

)

︸ ︷︷ ︸
α4

∫ L

0

|ϕx + ψ|2 dx



✾✹

−
[
N1k1

2
− (C1 +N2Cǫ2 + µC ′

τ )

]

︸ ︷︷ ︸
α5

∫ L

0

∫ ∞

0

g(s)|ηx|2 ds dx

−
(
N1k1

2
− µC ′

τ

)

︸ ︷︷ ︸
α6

∫ L

0

∫ ∞

0

g(s)|ηxt|2 ds dx.

❆✜♠ ❞❡ t❡r♠♦s α1 ♣♦s✐t✐✈♦✱ ✜①❛♠♦s ǫ1✱ ❞❛❞♦ ♥♦ ▲❡♠❛ ✭✹✳✷✮✱ ❞❡ ♠♦❞♦ q✉❡

0 < ǫ1 < µτ.

❊s❝♦❧❤❡♠♦s N2 > 0✱ ❞❛❞♦ ❡♠ ✭✹✳✶✾✮✱ s❛t✐s❢❛③❡♥❞♦

N2 >
2

ρ2b0
(Cǫ1 + µC ′

τ )

❞❡ ♠♦❞♦ q✉❡ α2 s❡❥❛ ♣♦s✐t✐✈♦✳ ❆❣♦r❛✱ ❞❡✈✐❞♦ ❛ ✭✹✳✸✷✮✱ s❡ ❡s❝♦❧❤❡r♠♦s ǫ2✱ ❞❛❞♦ ♥♦
▲❡♠❛ ✭✹✳✸✮✱ ❞❡ ♠♦❞♦ q✉❡

0 < ǫ2 < min

{
b̃

4C N2

,
µk

8N2

}
,

❝♦♥s❡❣✉✐♠♦s α3 > 0 ❡ α4 > 0✳ P♦r ✜♠ s❡ t♦♠❛r♠♦s N1✱ ❞❛❞♦ ❡♠ ✭✹✳✶✾✮✱ ❞❡
♠❛♥❡✐r❛ q✉❡

N1 >
2

k1
(C1 +N2Cǫ2 + µC ′

τ )

❝♦♥s❡❣✉✐♠♦s α5 > 0 ❡ α6 > 0✳

P♦rt❛♥t♦ ❡s❝r❡✈❡♥❞♦ α = min
1≤n≤5

{αn} ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡

d

dt
L(t) ≤ −αE(t) t > 0,

♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠

α

∫ t

0

E(s) ds ≤ L(0)− L(t), ∀t ≥ 0. ✭✹✳✸✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ❚❡♦r❡♠❛ ✶✳✷✾✱ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡
❨♦✉♥❣✱ ❈♦r♦❧ár✐♦ ✶✳✶✸ ❡ ♣❡❧❛s ❞❡✜♥✐çõ❡s ❞❛s ❡♥❡r❣✐❛s E(t) ❡ E2(t)✱ ❛♣❧✐❝❛❞♦s ❡♠
❝❛❞❛ ✉♠ ❞♦s ❢✉♥❝✐♦♥❛✐s ❞❡✜♥✐❞♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ♥ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r q✉❡ ❡①✐st❡
✉♠❛ ❝♦♥st❛♥t❡ β > 0 t❛❧ q✉❡

L(t) ≤ β (E(t) + E2(t)) , ∀t ∈ [0,∞).



✾✺

▲♦❣♦✱

L(0)− L(t) ≤ |L(0)|+ |L(t)|
≤ β [(E(0) + E2(0)) + (E(t) + E2(t))] .

❙❡❣✉❡ ❞♦ ❢❛t♦ q✉❡ ❛s ❡♥❡r❣✐❛s E(t) ❡ E2(t) sã♦ ❢✉♥❝✐♦♥❛✐s ❞❡❝r❡s❝❡♥t❡s q✉❡

L(0)− L(t) ≤ 2 β (E(0) + E2(0)) , ✭✹✳✸✹✮

♣❛r❛ t♦❞♦ t ♥ã♦ ♥❡❣❛t✐✈♦✳

❉❡ ✭✹✳✸✸✮ ❡ ✭✹✳✸✹✮ ♦❜t❡♠♦s

∫ t

0

E(s) ds ≤ 2β

α
(E(0) + E2(0)) . ✭✹✳✸✺✮

❈♦♠♦
d

dt
E(t) ≤ 0✱ ∀ t ≥ 0✱ t❡♠♦s

d

dt
{tE(t)} = E(t) + t

d

dt
E(t) ≤ E(t).

❉❡♥♦t❛♥❞♦ C4 =
2β

α
✱ ❞❡ ✭✹✳✸✺✮ ❝♦♥❝❧✉✐♠♦s q✉❡

E(t) ≤ C4

t
(E(0) + E2(0)) .



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

◆❡st❡ tr❛❜❛❧❤♦ ✉s❛♠♦s ❛ t❡♦r✐❛ ❞❡ s❡♠✐❣r✉♣♦ ♣❛r❛ ♣r♦✈❛r ❛
❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠ s✐st❡♠❛ ❞❡ ❚✐♠♦s❤❡♥❦♦
❝♦♠ ❍✐stór✐❛ ♦ q✉❛❧ r❡♣r❡s❡♥t❛ ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ✈✐❣❛s r❡t❛s ❞❡
❝♦♠♣r✐♠❡♥t♦ L✳ ❆❧é♠ ❞✐ss♦ ✉s❛♠♦s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❣❡r❛❞♦r
✐♥✜♥✐t❡s✐♠❛❧ ❞♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ ♣❛r❛ ♠♦str❛r q✉❡
❡❧❡ é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧ s❡✱ ❡ só s❡✱

ρ1

k
=

ρ2

b
✳ ◗✉❛♥❞♦ ♥ã♦

❤á ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ♠♦str❛♠♦s ❛ ❡st❛❜✐❧✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❡❧♦
♠ét♦❞♦ ❞❛ ❡♥❡r❣✐❛✳
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