
❏❯▲■❆◆❆ P❆❚❘❮❈■❖ ❉❊ ❙❖❯❩❆

❖ ●❘❯P❖ ❋❯❈❍❙■❆◆❖ Γ8g−4

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ à ❯♥✐✈❡rs✐❞❛❞❡
❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❝♦♠♦ ♣❛rt❡ ❞❛s ❡①✐✲
❣ê♥❝✐❛s ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦
❡♠ ▼❛t❡♠át✐❝❛✱ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦
❞❡ ▼❛❣✐st❡r ❙❝✐❡♥t✐❛❡✳

❱■➬❖❙❆
▼■◆❆❙ ●❊❘❆■❙ ✲ ❇❘❆❙■▲

✷✵✶✻
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T
 Souza, Juliana Patrício de, 1990-
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2016

        O grupo Fuchsiano Gamma_{8g-4} / Juliana Patrício de
Souza. – Viçosa, MG, 2016.

         vii, 45f. : il. (algumas color.) ; 29 cm.
  
         Orientador: Mercio Botelho Faria.
         Dissertação (mestrado) - Universidade Federal de Viçosa.
         Referências bibliográficas: f.44-45.
  
         1. Geometria. 2. Geometria hiperbólica. 3. Curvas

algébricas. 4. Teoria dos números. 5. Álgebra abstrata.
I. Universidade Federal de Viçosa. Departamento de
Matemática. Programa de Pós-graduação em Matemática.
II. Título.
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✷✳✷ ❚❡ss❡❧❛çã♦ ❡♠ R2 ♣♦r q✉❛❞r❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
✷✳✸ ❚❡ss❡❧❛çã♦ ❡♠ R2 ♣♦r ❤❡①á❣♦♥♦s r❡❣✉❧❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✷✳✹ ❚❡ss❡❧❛çã♦ ❡♠ R2 ♣♦r tr✐â♥❣✉❧♦s ❡q✉✐❧át❡r♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✷✳✺ ❚❡ss❡❧❛çã♦ ❍✐♣❡r❜ó❧✐❝❛ ④✽✱✽⑥ ♥♦ ❉✐s❝♦ ❞❡ P♦✐♥❝❛ré D2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
✷✳✻ ❚❡ss❡❧❛çã♦ ❍✐♣❡r❜ó❧✐❝❛ ④✶✵✱✺⑥ ♥♦ ❉✐s❝♦ ❞❡ P♦✐♥❝❛ré D2 ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
✷✳✼ ❚❡ss❡❧❛çã♦ ❞❡ ❋❛r❡② ♥♦ ✐♥t❡r✈❛❧♦ ❬✵✱✶❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵
✷✳✽ ❚❡ss❡❧❛çã♦ ❞❡ ❋❛r❡② ♥♦ ♠♦❞❡❧♦ ❞♦ ❉✐s❝♦ ❞❡ P♦✐♥❝❛ré D2 ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✹✳✶ P♦❧í❣♦♥♦ P12 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹
✹✳✷ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ❞❛ ❚❡ss❡❧❛çã♦ {8g − 4, 4} ♣❛r❛ g = 2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹
✹✳✸ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ❞❛ ❚❡ss❡❧❛çã♦ {8g − 4, 4} ♣❛r❛ g = 3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✈



❘❡s✉♠♦

❙❖❯❩❆✱ ❏✉❧✐❛♥❛ P❛trí❝✐♦ ❞❡✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❋❡✈❡r❡✐r♦ ❞❡
✷✵✶✻✳ ❖ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ8g−4✳ ❖r✐❡♥t❛❞♦r✿ ▼❡r❝✐♦ ❇♦t❡❧❤♦ ❋❛r✐❛✳

◆❡st❡ tr❛❜❛❧❤♦✱ ❡st✉❞❛♠♦s ♦ ●r✉♣♦ ❋✉❝❤s✐❛♥♦ Γ8g−4 r❡❧❛❝✐♦♥❛❞♦ à ❢❛♠í❧✐❛ ❞❡ t❡s✲

s❡❧❛çõ❡s ❤✐♣❡r❜ó❧✐❝❛s {8g−4, 4}✱ q✉❡ é ✉♠ s✉❜❣r✉♣♦ ❞✐s❝r❡t♦ ❞❡ PSL(2,R)✱ ♦♥❞❡

g > 2 r❡♣r❡s❡♥t❛ ♦ ❣ê♥❡r♦✳ ❊st❛ t❡ss❡❧❛çã♦ ❛♣r❡s❡♥t❛ ♣r♦♣r✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s

✐♥t❡r❡ss❛♥t❡s✱ ❡ ♦s r❡s✉❧t❛❞♦s ❧✐❣❛❞♦s à ❡ss❛ t❡♦r✐❛ tê♠ ❛♣❧✐❝❛çõ❡s ♥❛ t❡♦r✐❛ ❞❡

❝ó❞✐❣♦s✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ é ❡♥❝♦♥tr❛r ♦s ❣❡r❛❞♦r❡s ❞♦ ❣r✉♣♦ Γ8g−4 ♣❛r❛ ♦ ❝❛s♦ ❡♠

q✉❡ g = 2✳ ❚❛♠❜é♠ ✐❞❡♥t✐✜❝❛♠♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ Γ12 ❝♦♠ ♦s ❡❧❡♠❡♥t♦s ❞❛ ♦r❞❡♠

O ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s A✳

✈✐



❆❜str❛❝t

❙❖❯❩❆✱ ❏✉❧✐❛♥❛ P❛trí❝✐♦ ❞❡✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❋❡❜r✉❛r②✱
✷✵✶✻✳ ❚❤❡ ❢✉❝❤s✐❛♥ ❣r♦✉♣ Γ8g−4✳ ❆❞✈✐s♦r✿ ▼❡r❝✐♦ ❇♦t❡❧❤♦ ❋❛r✐❛✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ st✉❞② t❤❡ ❋✉❝❤s✐❛♥ ●r♦✉♣ Γ8g−4 r❡❧❛t❡❞ t♦ t❤❡ ❢❛♠✐❧② ♦❢ ❤②♣❡r❜♦✲

❧✐❝ t❡ss❡❧❧❛t✐♦♥s {8g−4, 4} ✇❤✐❝❤ ✐s ❛ ❞✐s❝r❡t❡ s✉❜❣r♦✉♣ ♦❢ PSL(2,R)✱ ✇❤❡r❡ g > 2

r❡♣r❡s❡♥ts t❤❡ ❣❡♥✉s✳ ❚❤✐s t❡ss❡❧❧❛t✐♦♥ ♣r❡s❡♥ts ✐♥t❡r❡st✐♥❣ ❣❡♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s✱

❛♥❞ t❤❡ r❡s✉❧ts ❧✐♥❦❡❞ t♦ t❤✐s t❤❡♦r② ♣r♦❞✉❝❡ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❝♦❞✐♥❣ t❤❡♦r②✳ ❖✉r

✐♥t❡♥t✐♦♥ ✐s t♦ ✜♥❞ t❤❡ ❣❡♥❡r❛t♦rs ♦❢ t❤❡ ❣r♦✉♣ Γ8g−4 ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ g = 2✳ ❲❡

❛❧s♦ ❛✐♠ t♦ ✐❞❡♥t✐❢② t❤❡ ❡❧❡♠❡♥ts ♦❢ Γ12 ✇✐t❤ t❤❡ ❡❧❡♠❡♥ts ♦❢ ♦r❞❡r O ❛ss♦❝✐❛t❡❞

✇✐t❤ ❛♥ q✉❛t❡r♥✐♦♥ ❛❧❣❡❜r❛ ♦❢ A✳

✈✐✐



■♥tr♦❞✉çã♦

❚❡ss❡❧❛çõ❡s ❍✐♣❡r❜ó❧✐❝❛s tê♠ s✐❞♦ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ❞❡ ♠✉✐t♦s ♣❡sq✉✐s❛❞♦r❡s ♥♦s
ú❧t✐♠♦s ❛♥♦s ❞❡✈✐❞♦ à ✈❛r✐❡❞❛❞❡ ❞❡ ❛♣❧✐❝❛çõ❡s✳ ❖s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❡stã♦
r❡❧❛❝✐♦♥❛❞♦s à ❝♦♠✉♥✐❝❛çã♦ ❞✐❣✐t❛❧ ❡ t❛♠❜é♠ à t❡♦r✐❛ ❞❡ ❝ó❞✐❣♦s✳ ◆♦ tr❛❜❛❧❤♦
♣✐♦♥❡✐r♦ ❞❡ ❇r❛♥❞❛♥✐ ❬✺❪ ♥❛ ár❡❛ ❞❡ ❝♦♥st❡❧❛çõ❡s ❞❡ s✐♥❛✐s ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ✉♥✐✲
❢♦r♠❡s ♣r♦✈❡♥✐❡♥t❡s ❞❡ t❡ss❡❧❛çõ❡s ❤✐♣❡r❜ó❧✐❝❛s r❡❣✉❧❛r❡s {p, q}✱ ♦ ❛✉t♦r ❝♦♥s✐❞❡r❛
t❡ss❡❧❛çõ❡s ❛✉t♦✲❞✉❛✐s {p, p}✳

❊♠ ❬✶✻❪✱ ▲❛③❛r✐ ♣r♦♣õ❡ ❛ ❝♦♥str✉çã♦ ❞❡ ❝♦♥st❡❧❛çõ❡s ❞❡ s✐♥❛✐s ❣❡♦♠❡tr✐❝❛♠❡♥t❡
✉♥✐❢♦r♠❡s ♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ ✉t✐❧✐③❛♥❞♦ ♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♥str✉çã♦ ❞❡ ❝❛❞❡✐❛s ❞❡
♣❛rt✐çõ❡s ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ✉♥✐❢♦r♠❡s ❛ ♣❛rt✐r ❞♦ ❣r✉♣♦ ❞❡ ✐s♦♠❡tr✐❛s ❞♦ ♦❝tó❣♦♥♦✱
r❡❣✐ã♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ t❡ss❡❧❛çã♦ ④✽✱✽⑥✱ ❡ ❞♦ ❣r✉♣♦ ❞❡ ✐s♦♠❡tr✐❛s ❞♦ p✲á❣♦♥♦ ❞❛
t❡ss❡❧❛çã♦ {p, 3}✳ ❊♠ ❬✷❪✱ ❆❣✉st✐♥✐ ❝♦♥stró✐ ❢❛♠í❧✐❛s ❞❡ ❝♦♥st❡❧❛çõ❡s ❞❡ s✐♥❛✐s ❛
♣❛rt✐r ❞❡ q✉♦❝✐❡♥t❡s ❞❡ ❡s♣❛ç♦s ❤✐♣❡r❜ó❧✐❝♦s ♣♦r ❣r✉♣♦s ❞✐s❝r❡t♦s ❞❡ ✐s♦♠❡tr✐❛s✳

◆♦ tr❛❜❛❧❤♦ ❞❡ ❱✐❡✐r❛✱ ❬✷✵❪✱ ❡❧❡ ❝♦♥s✐❞❡r❛ ❛ t❡ss❡❧❛çã♦ ❛✉t♦✲❞✉❛❧ {4g, 4g} ❝♦♠
g = 2n, 3 · 2n e 5 · 2n✳ ❖s ❣r✉♣♦s ❢✉❝❤s✐❛♥♦s ❛r✐t♠ét✐❝♦s ♣r♦✈❡♥✐❡♥t❡s ❞❡ss❛s t❡ss❡✲
❧❛çõ❡s sã♦ ✐❞❡♥t✐✜❝❛❞♦s ❝♦♠ ♦r❞❡♥s ❞♦s q✉❛tér♥✐♦s✱ ❡ ♦ r♦t✉❧❛♠❡♥t♦ ❞❡ ❛❧❣✉♠❛s
❝♦♥st❡❧❛çõ❡s ❞❡ s✐♥❛✐s ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ✉♥✐❢♦r♠❡s ❢♦✐ ♦❜t✐❞♦✱ q✉❛♥❞♦ g = 2, 3 e 4✳
◆♦ ❡♥t❛♥t♦✱ ❡st❛s ✐❞❡♥t✐✜❝❛çõ❡s ♥ã♦ sã♦ ✉♠❛ t❛r❡❢❛ ❢á❝✐❧ ❞❡ s❡ ❝♦♥s❡❣✉✐r✳ P♦r
❡①❡♠♣❧♦✱ ♣❛r❛ ❛ t❡ss❡❧❛çã♦ {12g − 6, 3} só ❤á ✉♠ ❝❛s♦ ❞❡ ✐❞❡♥t✐✜❝❛çã♦✱ q✉❛♥❞♦
g = 3✱ ❬✷✵❪✳

❯♠ ●r✉♣♦ ❋✉❝❤s✐❛♥♦ Γp é ✉♠ ❣r✉♣♦ ❞✐s❝r❡t♦ ❞❡ ✐s♦♠❡tr✐❛s ♥♦ ♣❧❛♥♦ ❤✐♣❡r✲
❜ó❧✐❝♦✱ ❡ ❡stá r❡❧❛❝✐♦♥❛❞♦ à t❡ss❡❧❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ {p, q}✳ P❛r❛ ❝♦♥s❡❣✉✐r ❛ ✐❞❡♥✲
t✐✜❝❛çã♦ ❝✐t❛❞❛✱ tr❛❜❛❧❤❛♠♦s ❝♦♠ ♦s ❣❡r❛❞♦r❡s ❞♦ ❣r✉♣♦ Γ8g−4✱ ♣r♦✈❡♥✐❡♥t❡ ❞❛
t❡ss❡❧❛çã♦ {8g − 4, 4}✱ q✉❡ s❡ ❡♥❝♦♥tr❛♠ ❡♠ ❬✼❪✳ P❛r❛ ✐st♦✱ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞♦
❣ê♥❡r♦ g✱ ♦❜t❡♠♦s ✉♠ ✧❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s✧❞♦ ●r✉♣♦ ❋✉❝❤s✐❛♥♦ r❡❧❛❝✐♦♥❛❞♦
❡ ❡♥tã♦ ❛♥❛❧✐s❛♠♦s ❝❛❞❛ ✉♠ ❞❡❧❡s✳ ❆ ♣❛rt✐r ❞✐ss♦ ❡st✉❞❛♠♦s s❡ é ♣♦ssí✈❡❧ ♦✉ ♥ã♦
❡st❛❜❡❧❡❝❡r ❛ ✐❞❡♥t✐✜❝❛çã♦ ❡♠ ♦r❞❡♥s ❞♦s q✉❛tér♥✐♦s✳ ❆ t❡ss❡❧❛çã♦ q✉❡ tr❛t❛ ❡st❡
tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛ ♣r♦♣r✐❡❞❛❞❡s ✐♥t❡r❡ss❛♥t❡s ❡ ❛té ♦♥❞❡ s❛❜❡♠♦s ❡❧❛ ❢♦✐ ♣♦✉❝♦
❡st✉❞❛❞❛✳

❊st❛ ❞✐ss❡rt❛çã♦ ❡stá ❞✐✈✐❞✐❞❛ ❡♠ q✉❛tr♦ ❝❛♣ít✉❧♦s✳ ◆♦ ❈❛♣ít✉❧♦ ✶ ❡st✉❞❛♠♦s
❛ t❡♦r✐❛ ❞❡ ●❡♦♠❡tr✐❛ ❍✐♣❡r❜ó❧✐❝❛ P❧❛♥❛ ❡ ●r✉♣♦s ❋✉❝❤s✐❛♥♦s ✉t✐❧✐③❛❞♦s ♥♦ tr❛✲
❜❛❧❤♦✳ ❆♣r❡s❡♥t❛♠♦s ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❡♥✈♦❧✈✐❞♦s ❛❞♦t❛♥❞♦ ♦ ♠♦❞❡❧♦ ❞♦
❙❡♠✐♣❧❛♥♦ ❙✉♣❡r✐♦r H2 ❡ ❞♦ ❉✐s❝♦ ❞❡ P♦✐♥❝❛ré D2✱ q✉❡ sã♦ ♦s ♠❛✐s ✉s❛❞♦s ❡♠
●❡♦♠❡tr✐❛ ❍✐♣❡r❜ó❧✐❝❛✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ❛♣r❡s❡♥t❛♠♦s ❛s ❚❡ss❡❧❛çõ❡s ❘❡❣✉❧❛r❡s✱ ❝♦♠ ❞❡st❛q✉❡ ♣❛r❛ ❛s
❚❡ss❡❧❛çõ❡s ❍✐♣❡r❜ó❧✐❝❛s✳ ◆❡❧❡ tr❛③❡♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ t❡ss❡❧❛çõ❡s r❡♣r❡s❡♥✲
t❛❞❛s ♥♦s ♠♦❞❡❧♦s H2 ❡ D2✱ ❡ t❛♠❜é♠ ♣♦❞❡♠♦s ❡♥t❡♥❞❡r ♣♦rq✉❡ é ♠❛✐s ✈❛♥t❛❥♦s♦
tr❛❜❛❧❤❛r ❝♦♠ t❡ss❡❧❛çõ❡s ❤✐♣❡r❜ó❧✐❝❛s ❡♠ ✈❡③ ❞❡ t❡ss❡❧❛çõ❡s ❡✉❝❧✐❞✐❛♥❛s✳

❖ ❈❛♣ít✉❧♦ ✸ tr❛t❛ ❞❛ ♣❛rt❡ ❞❡ ➪❧❣❡❜r❛ ❞♦s ◗✉❛tér♥✐♦s✱ t♦♠❛♥❞♦ ❝♦♠♦ ♣♦♥t♦

✶



❞❡ ♣❛rt✐❞❛ ❛ t❡♦r✐❛ ❞❡ ❛♥é✐s ❡ ❝♦r♣♦s✳ ➱ ♥❡ss❛ ♣❛rt❡ ❞♦ t❡①t♦ q✉❡ ❢❛③❡♠♦s ✉♠❛
❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❞♦s ❡❧❡♠❡♥t♦s ❞♦ ●r✉♣♦ ❋✉❝❤s✐❛♥♦ ❝♦♠ ♦s ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛
♦r❞❡♠ ❞♦s q✉❛tér♥✐♦s O✳

❖ ❈❛♣ít✉❧♦ ✹ ♠♦str❛ ♦s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛❞♦s ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ tr❛❜❛✲
❧❤♦✳ ◆❡❧❡ ❛♣r❡s❡♥t❛♠♦s ♦s ❣❡r❛❞♦r❡s ❞♦ ❣r✉♣♦ Γ8g−4 ❡ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ g = 2✱
❡①✐❜✐♠♦s ❛s ♠❛tr✐③❡s ❣❡r❛❞♦r❛s ❡♠ D2 ❡ t❛♠❜é♠ ❡♠ H2✳ P♦r ✜♠✱ ❡st❛❜❡❧❡❝❡♠♦s
❛ ✐❞❡♥t✐✜❝❛çã♦ ❡♠ ♦r❞❡♥s ❞♦s q✉❛tér♥✐♦s✳

✷



❈❛♣ít✉❧♦ ✶

●❡♦♠❡tr✐❛ ❍✐♣❡r❜ó❧✐❝❛ ❡ ●r✉♣♦s
❋✉❝❤s✐❛♥♦s

❊st❡ ❝❛♣ít✉❧♦ tr❛t❛ ❞♦s r❡s✉❧t❛❞♦s ❞❛ t❡♦r✐❛ ❞❛ ❣❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ q✉❡ s❡rã♦
✉t✐❧✐③❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦✱ ❝♦♠ ❞❡st❛q✉❡ ♣❛r❛ ♦s ❣r✉♣♦s ❢✉❝❤s✐❛♥♦s ❡ ♦✉tr♦s ❝♦♥✲
❝❡✐t♦s ❧✐❣❛❞♦s ❛ ❡st❡✳ ❖s ♣r✐♥❝✐♣❛✐s ♠♦❞❡❧♦s ✉t✐❧✐③❛❞♦s ❡♠ ❣❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛
t❛♠❜é♠ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s✱ ♠❛s ✉♠ ❡st✉❞♦ ♠❛✐s ❞❡t❛❧❤❛❞♦ s♦❜r❡ ♦ ❛ss✉♥t♦ ♣♦❞❡
s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✾❪✱ ❬✶✸❪✱ ❬✶✹❪ ❡ ❬✶✺❪ ✳

✶✳✶ ■s♦♠❡tr✐❛

❙❡❥❛ E ✉♠ ❝♦♥❥✉♥t♦ ♥ã♦✲✈❛③✐♦✳ ❯♠❛ ♠étr✐❝❛ ❡♠ E é ✉♠❛ ❢✉♥çã♦ d : E×E → R✱
s❛t✐s❢❛③❡♥❞♦✱ ♣❛r❛ q✉❛✐sq✉❡r x, y, z ∈ E✱ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✶✳ d(x, y) ≥ 0✱ ✈❛❧❡♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x = y✱

✷✳ d(x, y) = d(y, x)✱

✸✳ d(x, y) ≤ d(x, z) + d(y, z)✳

◆❡ss❛s ❝♦♥❞✐çõ❡s✱ d(x, y) é ❞✐t❛ ❞✐stâ♥❝✐❛ ❞❡ x ❛ y✱ ❡ ♦ ❝♦♥❥✉♥t♦ E ♠✉♥✐❞♦ ❞❡
✉♠❛ ♠étr✐❝❛ d é ❝❤❛♠❛❞♦ ❡s♣❛ç♦ ♠étr✐❝♦✱ ✐♥❞✐❝❛❞♦ ♣♦r (E, d)✳

❊①❡♠♣❧♦ ✶✳✶✳✶✳ (R, d1) ❡ (Rn, d2) sã♦ ❡①❡♠♣❧♦s ❞❡ ❡s♣❛ç♦s ♠étr✐❝♦s✱ ❝♦♠ d1(x, y) =
|x− y| ❡ d2(①✱②) = ||①✲②||✱ s❡♥❞♦ ||①|| ❛ ♥♦r♠❛ ❞♦ ✈❡t♦r ①✳

❉❛❞♦ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ (E, d)✱ ✉♠❛ ❛♣❧✐❝❛çã♦ T : E → E é ❞✐t❛ ✉♠❛ ✐s♦♠❡✲
tr✐❛ ❞❡ E s❡ T ♣r❡s❡r✈❛ ❛ ❞✐stâ♥❝✐❛ d✱ ♦✉ s❡❥❛✱

d(x, y) = d(T (x), T (y)), ∀x, y ∈ E.

❚♦❞❛ ✐s♦♠❡tr✐❛ T é ✉♠❛ ❛♣❧✐❝❛çã♦ ✐♥❥❡t♦r❛✳ ❆❧é♠ ❞✐ss♦✱ s❡ T é s♦❜r❡❥❡t♦r❛✱
❡♥tã♦ T−1 t❛♠❜é♠ é ✉♠❛ ✐s♦♠❡tr✐❛✱ ❡ ♣❛r❛ q✉❛✐sq✉❡r ❞✉❛s ✐s♦♠❡tr✐❛s T ❡ S ❞❡
E✱ ❛ ❝♦♠♣♦st❛ T ◦ S é ❛✐♥❞❛ ✉♠❛ ✐s♦♠❡tr✐❛✳

✸



✶✳✷ ▼♦❞❡❧♦s ❍✐♣❡r❜ó❧✐❝♦s ✹

✶✳✷ ▼♦❞❡❧♦s ❍✐♣❡r❜ó❧✐❝♦s

❈♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦

Hn+1 = {(x1, . . . , xn+1) ∈ Rn+1|xn+1 > 0)}

♠✉♥✐❞♦ ❞❛ ❡str✉t✉r❛ ❘✐❡♠❛♥♥✐❛♥❛

ds2 =
dx2

1 + · · ·+ dx2
n+1

x2
n+1

.

❈♦♠ ❡ss❛ ❡str✉t✉r❛✱ ♦ s❡♠✐✲❡s♣❛ç♦ Hn+1 é ❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦
(n + 1)✲❞✐♠❡♥s✐♦♥❛❧✱ ❡ ❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡✜♥✐❞❛ é ❝❤❛♠❛❞❛ ❞❡ ♠étr✐❝❛
❤✐♣❡r❜ó❧✐❝❛✳ ❆ ♣❛rt✐r ❞❡ss❛ ♠étr✐❝❛ ✈❛♠♦s ❞❡✜♥✐r ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝✉r✈❛s✱ ❣❡♦❞é✲
s✐❝❛s ❡ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♣♦♥t♦s✳

❙❡❥❛ γ : [a, b] → Hn+1 ✉♠❛ ❝✉r✈❛ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣♦r ♣❛rt❡s✱ ❝♦♠

γ(t) = (x1(t), . . . , xn+1(t)).

❖ ❝♦♠♣r✐♠❡♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❛ ❝✉r✈❛ γ✱ ❞❡♥♦t❛❞♦ ♣♦r ||γ||✱ é ❞❡✜♥✐❞♦ ❝♦♠♦

||γ|| =
∫ b

a

√
(dx1

dt
)2 + · · ·+ (dxn+1

dt
)2

xn+1

dt.

❊①❡♠♣❧♦ ✶✳✷✳✶✳ ❙❡❥❛ γ ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣♦r ♣❛rt❡s ♣❛r❛♠❡tr✐③❛❞❛ ❞❛
s❡❣✉✐♥t❡ ❢♦r♠❛✿

γ(t) =

{
(2t− 2) + i(1 + t), se 0 ≤ t ≤ 1,
(2t− 2) + i(3− t), se 1 ≤ t ≤ 2.

❊♥tã♦✱ s❡✉ ❝♦♠♣r✐♠❡♥t♦ ❤✐♣❡r❜ó❧✐❝♦ é ||γ|| ≃ 3, 1.

P♦❞❡♠♦s ❛ss✉♠✐r q✉❡ γ ❡st❡❥❛ ❞❡✜♥✐❞❛ ♥♦ ✐♥t❡r✈❛❧♦ ❬✵✱✶❪✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡✲
r❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ φ : [0, 1] → [a, b] ❞❡✜♥✐❞❛ ♣♦r φ(t) = a+ bt ❡ γ̃(t) = (γ ◦φ)(t) =
γ(a+ bt)✱ ♦❜t❡♠♦s ♣❡❧❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ q✉❡

||γ|| =
∫ b

a

√
(dx1

dφ
)2 + · · ·+ (dxn+1

dφ
)2

xn+1

dφ =

∫ 1

0

√
(dx1

dt
)2 + · · ·+ (dxn+1

dt
)2

xn+1

dt = ||γ̃||.

❈♦♠ ✐ss♦✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✶✳✷✳✶✳ ❉❛❞♦s ❞♦✐s ♣♦♥t♦s ♣✱q ∈ Hn+1✱ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♣ ❡ q é ❞❡✜♥✐❞❛
♣♦r

d(p, q) = inf ||γ||,
♦♥❞❡ ♦ í♥✜♠♦ é ❝♦♥s✐❞❡r❛❞♦ s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝✉r✈❛s ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥✲
❝✐á✈❡✐s ♣♦r ♣❛rt❡s γ : [0, 1] → Hn+1✱ ❝♦♠ γ(0) = p ❡ γ(1) = q✳

❊♠ ❬✾❪ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ✉♠❛ ♣r♦✈❛ ❞❡ q✉❡ ❛ ❞✐stâ♥❝✐❛ ❞❡✜♥✐❞❛ ❛❝✐♠❛ é ❞❡
❢❛t♦ ✉♠❛ ♠étr✐❝❛✳ P♦❞❡♠♦s ❛❣♦r❛ ❞❡✜♥✐r ❛s ❣❡♦❞és✐❝❛s ❡♠ Hn+1✳



✶✳✷ ▼♦❞❡❧♦s ❍✐♣❡r❜ó❧✐❝♦s ✺

❉❡✜♥✐çã♦ ✶✳✷✳✷✳ ❯♠❛ ❝✉r✈❛ γ : [a, b] → Hn+1 é ❞✐t❛ ❣❡♦❞és✐❝❛ s❡ ♣❛r❛ q✉❛✐sq✉❡r
s✱ t ∈ [a, b]✱ t✐✈❡r♠♦s

d(γ(s), γ(t)) = inf

∫ t

s

√
(dx1

du
)2 + · · ·+ (dxn+1

du
)2

xn+1

du,

♦✉ s❡❥❛✱ s❡ γ ♠✐♥✐♠✐③❛r ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ♣♦♥t♦s ❞❡ s❡✉ tr❛ç❛❞♦✳

P❛r❛ ❛ ❣❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ ♣❧❛♥❛✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❞♦✐s ♠♦❞❡❧♦s✿ ♦ ❙❡♠✐✲
♣❧❛♥♦ ❙✉♣❡r✐♦r H2 = {z ∈ C | Im(z) > 0}✱ ♠✉♥✐❞♦ ❞❛ ♠étr✐❝❛

ds2 =
dx2 + dy2

y2
,

❡ ❞♦ ❉✐s❝♦ ❞❡ P♦✐♥❝❛ré D2 = {z ∈ C | |z| < 1}✱ ♠✉♥✐❞♦ ❞❛ ♠étr✐❝❛

ds =
2|dz|

1− |z|2 .

❆s ❞❡✜♥✐çõ❡s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝✉r✈❛ ❡ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s ❡♠ D2

sã♦ ❛♥á❧♦❣❛s às ❞❡✜♥✐çõ❡s ❡♠ H2✳
❖s ❝♦♥❥✉♥t♦s ∂∞H2 = {z ∈ C | Im(z) = 0} ∪ {∞} ❡ ∂D2 = {z ∈ C | |z| = 1}

sã♦ ♦s ❜♦r❞♦s ❞❡ H2 ❡ D2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ ❝♦♥❥✉♥t♦ H
2
= H2∪∂∞H2 é ♦ ❢❡❝❤♦

❞❡ H2 ❡ ♦ ❝♦♥❥✉♥t♦ D
2
= D2 ∪ ∂D2 é ♦ ❢❡❝❤♦ ❞❡ D2✳

❚❡♦r❡♠❛ ✶✳✷✳✶✳ ❆s ❣❡♦❞és✐❝❛s ❞❡ H2 sã♦ ❛s s❡♠✐✲r❡t❛s ❡ s❡♠✐✲❝✐r❝✉♥❢❡rê♥❝✐❛s
♦rt♦❣♦♥❛✐s ❛ ∂∞H2✳ ❏á ❛s ❣❡♦❞és✐❝❛s ❞❡ D2 sã♦ s❡❣♠❡♥t♦s ❞❡ r❡t❛s ❡ ❞❡ ❝✐r❝✉♥❢❡✲
rê♥❝✐❛s ♦rt♦❣♦♥❛✐s ❛ ∂D2✳

❱❡❥❛♠♦s ❝♦♠♦ sã♦ ❛s ❣❡♦❞és✐❝❛s ♥♦ ❉✐s❝♦ ❞❡ P♦✐♥❝❛ré✶ ❡ ♥♦ ❙❡♠✐♣❧❛♥♦✷✳

❋✐❣✉r❛ ✶✳✶✿ ●❡♦❞és✐❝❛s ❡♠ D2 ❋✐❣✉r❛ ✶✳✷✿ ●❡♦❞és✐❝❛s ❡♠ H2

✶❋✐❣✉r❛ r❡t✐r❛❞❛ ❞❡ ❤tt♣s✿✴✴❡♥✳✇✐❦✐♣❡❞✐❛✳♦r❣✴✇✐❦✐✴❉✐❢❢❡r❡♥t✐❛❧❴❣❡♦♠❡tr②❴♦❢❴

s✉r❢❛❝❡s✳ ❆❝❡ss♦ ❡♠ ✷✻✴✵✶✴✷✵✶✻✳
✷❋✐❣✉r❛ r❡t✐r❛❞❛ ❞❛ r❡❢❡rê♥❝✐❛ ❬✾❪✳
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❉❛❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ A ⊂ H2✱ s✉❛ ár❡❛ µ(A) é ❞❡✜♥✐❞❛ ♣♦r

µ(A) =

∫

A

dxdy

y2
,

❞❡s❞❡ q✉❡ ❛ ✐♥t❡❣r❛❧ ❡①✐st❛ ❡ s❡❥❛ ✜♥✐t❛✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ A ⊂ D2✱ ❡♥tã♦

µ(A) =

∫

A

4dxdy

(1− (x2 + y2))2
.

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ é ✉♠❛ ✈❡rsã♦ s✐♠♣❧✐✜❝❛❞❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ●❛✉ss✲❇♦♥♥❡t✳

❚❡♦r❡♠❛ ✶✳✷✳✷✳ ❙❡❥❛ △ ✉♠ tr✐â♥❣✉❧♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠ â♥❣✉❧♦s α, β, γ✳ ❊♥tã♦

µ(△) = π − α− β − γ.

❆s ❞❡♠♦♥str❛çõ❡s ❞♦s ❚❡♦r❡♠❛s ✶✳✷✳✶ ❡ ✶✳✷✳✷ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✾❪✳

❋✐❣✉r❛ ✶✳✸✿ ❚r✐â♥❣✉❧♦ ❡♠ D2 ❋✐❣✉r❛ ✶✳✹✿ ❚r✐â♥❣✉❧♦s ❡♠ H2

❆♣r❡s❡♥t❛r❡♠♦s ❛❣♦r❛ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡♠♦s
♦s ❝♦♥❥✉♥t♦s PSL(2,R) ❡ SL(2,R) ❡ t❛♠❜é♠ ❛ ❞❡✜♥✐çã♦ ❞❡ ❣r✉♣♦✳

❉❡✜♥✐çã♦ ✶✳✷✳✸✳ ❙❡❥❛ ● ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠ ✉♠❛ ♦♣❡r❛çã♦ ❜✐♥ár✐❛ q✉❡ ❛tr✐❜✉✐ ❛
❝❛❞❛ ♣❛r ♦r❞❡♥❛❞♦ (a, b) ❞❡ ❡❧❡♠❡♥t♦s ❞❡ ● ✉♠ ❡❧❡♠❡♥t♦ ❞❡ ● ❞❡♥♦t❛❞♦ ♣♦r ❛❜✳
❉✐③❡♠♦s q✉❡ ● é ✉♠ ❣r✉♣♦ s♦❜ ❡st❛ ♦♣❡r❛çã♦ s❡ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s sã♦
s❛t✐s❢❡✐t❛s✿

✶✳ (❆ss♦❝✐❛t✐✈✐❞❛❞❡) ❆ ♦♣❡r❛çã♦ é ❛ss♦❝✐❛t✐✈❛✱ ✐st♦ é✱ (ab)c = a(bc)✱ ∀a, b, c ∈
G✳

✷✳ (❊❧❡♠❡♥t♦ ◆❡✉tr♦) ❊①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ e (❝❤❛♠❛❞♦ ❞❡ ❡❧❡♠❡♥t♦ ♥❡✉tr♦) ❡♠
● t❛❧ q✉❡ ae = ea = a✱ ∀a ∈ G✳

✸✳ (■♥✈❡rs♦s) P❛r❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ a ∈ G✱ ❡①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ b ∈ G (❝❤❛♠❛❞♦
❞❡ ✐♥✈❡rs♦ ❞❡ a) t❛❧ q✉❡ ab = ba = e✳
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❊①❡♠♣❧♦ ✶✳✷✳✷✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s 2× 2

SL(2,R) = {B ∈ M(2,R) | det(B) = 1}

é ✉♠ ❣r✉♣♦ ❝♦♠ ❛ ♦♣❡r❛çã♦ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ♠❛tr✐③❡s✳

❙❡❥❛ PSL(2,R) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s ❢r❛❝✐♦♥ár✐❛s
TA : C → C✱ ❞❡✜♥✐❞❛s ♣♦r

TA(z) =
az + b

cz + d
, ✭✶✳✶✮

♦♥❞❡ a, b, c, d ∈ R ❡ ad− bc = 1✳ ❊ss❛s tr❛♥s❢♦r♠❛çõ❡s t❛♠❜é♠ sã♦ ❝❤❛♠❛❞❛s ❞❡
tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s✳

❈❛❞❛ tr❛♥s❢♦r♠❛çã♦ TA ∈ PSL(2,R) ❞❡ss❡ t✐♣♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛ ♣❡❧❛s
♠❛tr✐③❡s

A = ±
(

a b
c d

)
, ✭✶✳✷✮

♦♥❞❡ A ∈ SL(2,R)✳ ❆ss✐♠✱

TA ∈ PSL(2,R) ⇔ A ∈ SL(2,R).

❖ ❝♦♥❥✉♥t♦ PSL(2,R) ❝♦♠ ❛ ♦♣❡r❛çã♦ ❞❡ ❝♦♠♣♦s✐çã♦ ❞❡ ❢✉♥çõ❡s ❢♦r♠❛ ✉♠
❣r✉♣♦✳ ❉❡ ❢❛t♦✱ ❛ ❝♦♠♣♦st❛ ❞❡ ❞✉❛s tr❛♥s❢♦r♠❛çõ❡s ❡♠ PSL(2,R) ❝♦rr❡s♣♦♥❞❡
❛♦ ♣r♦❞✉t♦ ❞❡ ♠❛tr✐③❡s ❡♠ SL(2,R) ❡ ❛ ✐♥✈❡rs❛ ❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ TA ∈
PSL(2,R) ❝♦rr❡s♣♦♥❞❡ à ✐♥✈❡rs❛ ❞❛ ♠❛tr✐③ A✳

❙❡❥❛♠ TA ∈ PSL(2,R)✱ TA = az+b
cz+d

❡ A ❝♦♠♦ ✉♠❛ ❞❛s ♠❛tr✐③❡s ❞❡ ✭✶✳✷✮✳
❖❜s❡r✈❡ q✉❡ ❛ ❢✉♥çã♦ ϕ : SL(2,R) → PSL(2,R)✱ ❞❛❞❛ ♣♦r ϕ(A) = TA é ✉♠
❤♦♠♦♠♦r✜s♠♦ s♦❜r❡❥❡t♦r ❝♦♠ Ker(ϕ) = {±I2}✱ s❡♥❞♦ I2 ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❞❡
♦r❞❡♠ ✷✳ P♦rt❛♥t♦✱

PSL(2,R) ≃ SL(2,R)

{±I2}
. ✭✶✳✸✮

❖ ❣r✉♣♦ q✉♦❝✐❡♥t❡ ❞❡ ✭✶✳✸✮ é ❝❤❛♠❛❞♦ ❞❡ ❣r✉♣♦ ♣r♦❥❡t✐✈♦ ❧✐♥❡❛r✳
❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ❛ ❛♣❧✐❝❛çã♦ f : H2 → D2 ❞❛❞❛ ♣♦r

f(z) =
zi+ 1

z + i
. ✭✶✳✹✮

❆ ❛♣❧✐❝❛çã♦ f é ✉♠❛ ✐s♦♠❡tr✐❛ ❜✐❥❡t♦r❛ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡✳ ❊❧❛ ♣❡r♠✐t❡ tr❛❜❛✲
❧❤❛r t❛♥t♦ ❡♠ H2 q✉❛♥t♦ ❡♠ D2✳ ◆♦ ❈❛♣ít✉❧♦ ✹ ♠♦str❛r❡♠♦s ❝♦♠♦ ✐ss♦ ♣♦❞❡ s❡r
❢❡✐t♦✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❞❡ ❢♦r♠❛ ♠❛✐s ❞❡t❛❧❤❛❞❛ ❡♠ ❬✾❪✳

▲❡♠❛ ✶✳✷✳✶✳ ❆s ✐s♦♠❡tr✐❛s q✉❡ ♠❛♥tê♠ ♦ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré ✐♥✈❛r✐❛♥t❡ sã♦ ❛s
tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s ❢r❛❝✐♦♥ár✐❛s ❞❛ ❢♦r♠❛

T1(z) =
az + b

bz + a
, a, b ∈ C, |a|2 − |b|2 = 1. ✭✶✳✺✮

❊ss❛s tr❛♥s❢♦r♠❛çõ❡s ❢♦r♠❛♠ ✉♠ ❣r✉♣♦ ❝♦♠ ❛ ♦♣❡r❛çã♦ ❝♦♠♣♦s✐çã♦✳ ❆❧é♠ ❞✐ss♦✱
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❡ss❛s ✐s♦♠❡tr✐❛s ♣♦❞❡♠ s❡r ❡s❝r✐t❛s ♥❛ ❢♦r♠❛

T1(z) = f ◦ T ◦ f−1,

♦♥❞❡ T ∈ PSL(2,R) ❡ ❢ é ❝♦♠♦ ❡♠ (1.4)✳

❆ s❡❣✉✐r✱ ❝❛r❛❝t❡r✐③❛r❡♠♦s ❛s tr❛♥s❢♦r♠❛çõ❡s ❡♠ PSL(2,R)✳ ❊❧❛s sã♦ ❝❧❛ss✐✲
✜❝❛❞❛s ❡♠ três t✐♣♦s✳

❙❡❥❛♠ TA ∈ PSL(2,R)✱ TA(z) = az+b
cz+d

❝♦♠ ad − bc = 1 ❡ A ❝♦♠♦ ✉♠❛ ❞❛s
♠❛tr✐③❡s ❡♠ ✭✶✳✷✮✳ ❙❡❥❛ tr(A) = |a + d|✳ ❉✐③❡♠♦s q✉❡ A ♦✉ ❛ tr❛♥s❢♦r♠❛çã♦ TA

é✿

✶✳ ❊❧í♣t✐❝❛✱ s❡ tr(A) < 2✱

✷✳ P❛r❛❜ó❧✐❝❛✱ s❡ tr(A) = 2✱

✸✳ ❍✐♣❡r❜ó❧✐❝❛✱ s❡ tr(A) > 2✳

❚❡♦r❡♠❛ ✶✳✷✳✸✳ [✾] ❙❡❥❛ TA ∈ PSL(2,R) ❝♦♠ TA 6= Id✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛
♠❛tr✐③ B ∈ SL(2,R) t❛❧ q✉❡ TB ◦ TA ◦ T−1

B é ✉♠❛ ❞❛s ♠❛tr✐③❡s

Aθ =

(
cos θ senθ
− senθ cos θ

)
, At =

(
1 t
0 1

)
, Aλ =

(
λ 0
0 1

λ

)
, ✭✶✳✻✮

♦♥❞❡ 0 < θ < 2π✱ t ∈ R∗ ❡ λ ∈ R− {0, 1}✳

❈♦♠ r❡❧❛çã♦ à ❛♥á❧✐s❡ ❞♦ tr❛ç♦✱ ♣❡❧♦ t❡♦r❡♠❛ q✉❡ ❛❝❛❜❛♠♦s ❞❡ ❛♣r❡s❡♥t❛r✱
♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ❛ ♠❛tr✐③ A s❡❥❛ ✉♠❛ ❞❛s ♠❛tr✐③❡s ❞❡ ✭✶✳✻✮ ❛ ♠❡♥♦s ❞❡
❝♦♥❥✉❣❛çã♦✱ ❝♦♥❢♦r♠❡ A s❡❥❛ ❡❧í♣t✐❝❛✱ ♣❛r❛❜ó❧✐❝❛ ♦✉ ❤✐♣❡r❜ó❧✐❝❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✶✳✷✳✹✳ ❉❛❞❛ ✉♠❛ ❡str✉t✉r❛ ❛❧❣é❜r✐❝❛✱ ♦ ❝♦♥❥✉♥t♦ s♦❜r❡ ♦ q✉❛❧ ❛s ♦♣❡✲
r❛çõ❡s sã♦ ❞❡✜♥✐❞❛s é ❝❤❛♠❛❞♦ ❞❡ ❝♦♥❥✉♥t♦ s✉❜❥❛❝❡♥t❡✳

❊①❡♠♣❧♦ ✶✳✷✳✸✳ ◆❛ ❡str✉t✉r❛ ❛❧❣é❜r✐❝❛ (Z,+)✱ ♦ ❝♦♥❥✉♥t♦ s✉❜❥❛❝❡♥t❡ é Z✱ ♦
❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s✳

❉❡✜♥✐çã♦ ✶✳✷✳✺✳ ❯♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦ é ✉♠ ❣r✉♣♦ ❝✉❥♦ ❝♦♥❥✉♥t♦ s✉❜❥❛❝❡♥t❡ ❡stá
♠✉♥✐❞♦ ❞❡ ✉♠❛ t♦♣♦❧♦❣✐❛ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ♦ ♣r♦❞✉t♦ ♥♦ ❣r✉♣♦✱ ♥♦ s❡♥t✐❞♦ ❡♠ q✉❡

✶✳ ❖ ♣r♦❞✉t♦ p : G×G → G✱ p((g, h)) = gh✱ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✱ q✉❛♥❞♦
s❡ ❝♦♥s✐❞❡r❛ G×G ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ♣r♦❞✉t♦✳

✷✳ ❆ ❛♣❧✐❝❛çã♦ i : G → G✱ i(g) = g−1✱ é ❝♦♥tí♥✉❛ (❡✱ ♣♦rt❛♥t♦✱ ✉♠ ❤♦♠❡♦♠♦r✲
✜s♠♦✱ ❥á q✉❡ i−1 = i)✳

❊①❡♠♣❧♦ ✶✳✷✳✹✳ ◆✉♠ ❝♦r♣♦ ♦r❞❡♥❛❞♦ (K,+, ·,≤) ♣♦❞❡✲s❡ ❞❡✜♥✐r ❛ t♦♣♦❧♦❣✐❛ ❞❛
♦r❞❡♠✱ q✉❡ é ❣❡r❛❞❛ ♣❡❧♦s ✐♥t❡r✈❛❧♦s ❛❜❡rt♦s✳ ❊♠ r❡❧❛çã♦ ❛ ❡ss❛ t♦♣♦❧♦❣✐❛✱ ❛
♦♣❡r❛çã♦ + ❞❡✜♥❡ ✉♠ ❣r✉♣♦ t♦♣♦❧ó❣✐❝♦✱ ❡♥q✉❛♥t♦ q✉❡ ♦ ♣r♦❞✉t♦ ❞❡✜♥❡ ✉♠ ❣r✉♣♦
t♦♣♦❧ó❣✐❝♦ ❡♠ K∗ = K \ {0}.



✶✳✸ ●r✉♣♦s ❋✉❝❤s✐❛♥♦s ✾

P♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ❝❛❞❛ tr❛♥s❢♦r♠❛çã♦ T ∈ PSL(2,R) ❝♦♠♦ ❡♠ ✭✶✳✶✮ ❝♦♠
♦ ❡❧❡♠❡♥t♦ (a, b, c, d) ∈ R4✳ ❆ss✐♠✱ ❝♦♠♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✱ SL(2,R) ♣♦❞❡ s❡r
✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ R4

E = {(a, b, c, d) ∈ R4 | ad− bc = 1},

❤❡r❞❛♥❞♦ ❛ t♦♣♦❧♦❣✐❛ ❞❡ R4✳
❙❡❥❛ ϕ ❛ ❢✉♥çã♦ ✐❞❡♥t✐❞❛❞❡ s♦❜r❡ E✳ ❆ ❛♣❧✐❝❛çã♦ −ϕ : E → E ❞❛❞❛ ♣♦r

−ϕ(a, b, c, d) = (−a,−b,−c,−d) é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❡ G = {ϕ,−ϕ} é ✉♠
❣r✉♣♦ ❝í❝❧✐❝♦ ❝✉❥❛ ♦r❞❡♠ é ✷✳ ❆ t♦♣♦❧♦❣✐❛ ❡♠ PSL(2,R) é ❞❡✜♥✐❞❛ ❝♦♠♦ ♦
❡s♣❛ç♦ q✉♦❝✐❡♥t❡

PSL(2,R) ≃ SL(2,R)

{±ϕ} .

❉❡✜♥✐♠♦s ❛ ♥♦r♠❛ ❡♠ PSL(2,R) ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ♣❛r❛ ❝❛❞❛ T ∈ PSL(2,R)
❝♦♠♦ ❡♠ ✭✶✳✶✮✱

||T || =
√
a2 + b2 + c2 + d2.

❖❜s❡r✈❡ q✉❡ ❛ ♥♦r♠❛ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s PSL(2,R) ❝♦♠ r❡❧❛çã♦ à ♠étr✐❝❛
d(T, S) = ||T − S|| ❡ ♦ ❣r✉♣♦ ❞❛s ✐s♦♠❡tr✐❛s ❞❡ H2✱ ❞❡♥♦t❛❞♦ ♣♦r I(H2)✱ sã♦
❛♠❜♦s ❣r✉♣♦s t♦♣♦❧ó❣✐❝♦s✳

✶✳✸ ●r✉♣♦s ❋✉❝❤s✐❛♥♦s

❈♦♥s✐❞❡r❛r❡♠♦s ♥❡st❛ s❡çã♦ ♦s ●r✉♣♦s ❋✉❝❤s✐❛♥♦s✱ ♥♦ss♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t♦ ❞❡ ❡s✲
t✉❞♦✳

❉❡✜♥✐çã♦ ✶✳✸✳✶✳ ❯♠ s✉❜❣r✉♣♦ Γ ❞❡ I(H2) é ❝❤❛♠❛❞♦ ❞✐s❝r❡t♦ s❡ ❛ t♦♣♦❧♦❣✐❛
✐♥❞✉③✐❞❛ ❡♠ Γ é ❞✐s❝r❡t❛✱ ✐st♦ é✱ s❡ Γ é ✉♠ ❝♦♥❥✉♥t♦ ❞✐s❝r❡t♦ ♥♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦
I(H2)✳

❉❡✜♥✐çã♦ ✶✳✸✳✷✳ ❯♠ ❣r✉♣♦ Γ é ❝❤❛♠❛❞♦ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ s❡ é ✉♠ s✉❜❣r✉♣♦
❞✐s❝r❡t♦ ❞❡ PSL(2,R)✳

❊①❡♠♣❧♦ ✶✳✸✳✶✳ ❈♦♥s✐❞❡r❡ ♦ ❣r✉♣♦ ❢♦r♠❛❞♦ ♣♦r t♦❞❛s ❛s tr❛♥s❢♦r♠❛çõ❡s S :
C → C ❞❡✜♥✐❞❛s ♣♦r

S(z) =
az + b

cz + d
,

❝♦♠ a, b, c, d ∈ Z✱ ad − bc = 1✳ ❊❧❡ é ❝❤❛♠❛❞♦ ❞❡ ❣r✉♣♦ ♠♦❞✉❧❛r ❡ é ❞❡♥♦t❛❞♦
♣♦r PSL(2,Z)✳ ❊st❡ é ❝❧❛r❛♠❡♥t❡ ✉♠ s✉❜❣r✉♣♦ ❞✐s❝r❡t♦ ❞❡ PSL(2,R)✱ ❧♦❣♦ é ✉♠
❣r✉♣♦ ❢✉❝❤s✐❛♥♦✳

❆ ♣r♦♣♦s✐çã♦ s❡❣✉✐♥t❡ ❝❛r❛❝t❡r✐③❛ ♦s s✉❜❣r✉♣♦s ❝í❝❧✐❝♦s ❞❡ PSL(2,R)✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✶✳ ❖s s✉❜❣r✉♣♦s ❝í❝❧✐❝♦s ❞❡ PSL(2,R) ❣❡r❛❞♦s ♣♦r ❡❧❡♠❡♥t♦s
❤✐♣❡r❜ó❧✐❝♦s ♦✉ ♣❛r❛❜ó❧✐❝♦s sã♦ ❞✐s❝r❡t♦s✳ ❯♠ s✉❜❣r✉♣♦ ❝í❝❧✐❝♦ ❣❡r❛❞♦ ♣♦r ❡❧❡♠❡♥t♦
❡❧í♣t✐❝♦ é ❞✐s❝r❡t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡st❡ s✉❜❣r✉♣♦ ❢♦r ✜♥✐t♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛

Γ = 〈TA〉 = {. . . , T−2
A , T−1

A , Id, TA, T
2
A, . . .} = {. . . , TA−2 , TA−1 , Id, TA, TA2 , . . .}



✶✳✸ ●r✉♣♦s ❋✉❝❤s✐❛♥♦s ✶✵

✉♠ s✉❜❣r✉♣♦ ❝í❝❧✐❝♦ ❣❡r❛❞♦ ♣♦r TA ∈ PSL(2,R)✳ ❆ss✐♠✱ Γ é ❞✐s❝r❡t♦ s❡✱ ❡ s♦♠❡♥t❡
s❡✱

TBΓT
−1
B = 〈TBTAT

−1
B 〉 = {. . . , TBA−1B−1 , Id, TBAB−1 , . . .}

❢♦r ❞✐s❝r❡t♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✳✸✱ A é ❝♦♥❥✉❣❛❞♦ ❛ ✉♠❛ ❞❛s ♠❛tr✐③❡s Aθ✱ At ♦✉ Aλ

❞❡ ✭✶✳✻✮✳ ❙✉♣♦♥❤❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ TA s❡❥❛ ❤✐♣❡r❜ó❧✐❝❛ ♦✉ ♣❛r❛❜ó❧✐❝❛✳ ❊♥tã♦✱
A s❡rá ❝♦♥❥✉❣❛❞❛ ❛ ❛❧❣✉♠❛ ♠❛tr✐③ Aλ ♦✉ At ❡ (Aλ)

n = Anλ ❡ (At)
n = Ant✳ ▼❛s✱

0 < ‖Id− Anλ‖2 = (1− λn)2 + (1− 1

λn
)2 ≤

(1− λn+1)2 + (1− 1

λn+1
)2 = ‖Id− A(n+1)λ‖2.

❆♥❛❧♦❣❛♠❡♥t❡✱

0 < ‖Id− Ant‖2 = (nt)2 < (n+ 1)2t2 = ‖Id− A(n+1)t‖2,

❞❡ ♠♦❞♦ q✉❡✱ s❡ t✐✈❡r♠♦s λ✱t > 0✱ t❡r❡♠♦s ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ Id q✉❡ ♥ã♦ ❝♦♥té♠
♥❡♥❤✉♠ ♣♦♥t♦ ❞❡ Γ ❝♦♠ ❡①❝❡çã♦ ❞❛ ♣ró♣r✐❛ Id✱ ♦❜t❡♥❞♦ ❛ss✐♠ q✉❡ Γ✱ ♦ ❣r✉♣♦
❣❡r❛❞♦ ♣♦r TAλ

♦✉ TAt
✱ é ❞✐s❝r❡t♦✳

❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ TA s❡❥❛ ✉♠❛ ✐s♦♠❡tr✐❛ ❡❧í♣t✐❝❛✱ ✐st♦ é✱ ❝♦♥❥✉❣❛❞❛ ❛
❛❧❣✉♠❛ ♠❛tr✐③ TAθ

✳ ❯t✐❧✐③❛♥❞♦ ❛s ❢ór♠✉❧❛s ❞❡ tr✐❣♦♥♦♠❡tr✐❛ ❜ás✐❝❛✱ t❡♠♦s q✉❡
(Aθ)

n = Anθ✳ ❖❜✈✐❛♠❡♥t❡✱ s❡ Γ ❢♦r ✜♥✐t♦ ❡❧❡ s❡rá ❞✐s❝r❡t♦✳ ❉❡ q✉❛❧q✉❡r ♠♦❞♦✱
t❡♠♦s q✉❡ Aθ = Aθ+2π✳ ❆ss✐♠✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s q✉❡ Γ é ❞✐s❝r❡t♦✱ ♣♦❞❡♠♦s
❝♦♥s✐❞❡r❛r q✉❡ ❡①✐st❡ 0 < θ0✱ ❝♦♠ θ0 ♦ ♠❡♥♦r ❛r❣✉♠❡♥t♦ t❛❧ q✉❡ TAθ0

∈ Γ✳ ❙❡❥❛
❡♥tã♦ m ∈ N ♦ ♠❛✐♦r ♥ú♠❡r♦ ♥❛t✉r❛❧ t❛❧ q✉❡ mθ0 ≤ 2π✳ ❙❡ t✐✈❡r♠♦s mθ0 < 2π
t❡r❡♠♦s q✉❡ (m+ 1)θ0 − 2π < θ0 ❡

(TAθ0
)m+1 = TA(m+1)θ0

= TA(m+1)θ0−2π
∈ Γ,

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ θ0✳ ❊♥tã♦✱ mθ0 = 2π ❡ Γ = 〈TAθ0
〉 é ✉♠ ❣r✉♣♦

❝í❝❧✐❝♦ ❞❡ ♦r❞❡♠ m✳ �

❉❡✜♥✐çã♦ ✶✳✸✳✸✳ ❙❡❥❛ ● ✉♠ ❣r✉♣♦ ❞❡ ♣❡r♠✉t❛çõ❡s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ E 6= ∅✳ ❉❛❞♦
x ∈ E✱ ♦ ❝♦♥❥✉♥t♦

G(x) = {T (x) | T ∈ G}
é ❝❤❛♠❛❞♦ ❞❡ ●✲ór❜✐t❛ ❞❡ ①✳ ❖ s✉❜❣r✉♣♦ ❞❡ ●

Gx = {T ∈ G | T (x) = x}

é ♦ ❡st❛❜✐❧✐③❛❞♦r ❞❡ ①✳

◆❛s ❝♦♥s✐❞❡r❛çõ❡s s❡❣✉✐♥t❡s✱ E é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❡ G é ✉♠ ❣r✉♣♦ ❞❡ ❤♦✲
♠❡♦♠♦r✜s♠♦s ❛❣✐♥❞♦ s♦❜r❡ E✳

❉❡✜♥✐çã♦ ✶✳✸✳✹✳ ❯♠❛ ❢❛♠í❧✐❛ {Mα | α ∈ Λ} ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ E é ❞✐t❛ ❧♦❝❛❧✲
♠❡♥t❡ ✜♥✐t❛ s❡ ♣❛r❛ q✉❛❧q✉❡r ❝♦♠♣❛❝t♦ K ⊆ E✱ ♦ ❝♦♥❥✉♥t♦ {α ∈ Λ | Mα∩K 6= ∅}
❢♦r ✜♥✐t♦✳

❉✐③❡♠♦s q✉❡ ✉♠ ❣r✉♣♦ G ❛❣❡ ❞❡ ♠❛♥❡✐r❛ ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛ ❡♠ ❊ s❡
❛ G✲ór❜✐t❛ ❞❡ q✉❛❧q✉❡r ♣♦♥t♦ x ∈ E é ❧♦❝❛❧♠❡♥t❡ ✜♥✐t❛✳

❆ ❞❡♠♦♥str❛çã♦ ❞♦ ♣ró①✐♠♦ t❡♦r❡♠❛ ❡♥❝♦♥tr❛✲s❡ ❡♠ ❬✶✺❪✳
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❚❡♦r❡♠❛ ✶✳✸✳✶✳ Γ é ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Γ ❛❣❡ ❞❡ ♠❛♥❡✐r❛
♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛ s♦❜r❡ H2✳

❉❡✜♥✐çã♦ ✶✳✸✳✺✳ ❯♠ s✉❜❣r✉♣♦ ❞❡ PSL(2,R) é ❞✐t♦ ❣r✉♣♦ ❡❧❡♠❡♥t❛r s❡ ❡①✐st✐r
z ∈ H

2
t❛❧ q✉❡ ❛ ór❜✐t❛ Γ(z) s❡❥❛ ✜♥✐t❛✳

❚❡♦r❡♠❛ ✶✳✸✳✷✳ [✾] ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ♥ã♦✲❡❧❡♠❡♥t❛r✳ ❊♥tã♦ Γ ♣♦ss✉✐
❡❧❡♠❡♥t♦s ❤✐♣❡r❜ó❧✐❝♦s✳

❙❡❥❛♠ Γ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ❡ z ∈ H2✳

✶✳ ❖ ❝♦♥❥✉♥t♦ ❧✐♠✐t❡ ❞❡ Γ ❞❡t❡r♠✐♥❛❞♦ ♣♦r z é ♦ ❝♦♥❥✉♥t♦

Λz(Γ) = {ξ ∈ H
2 | ξ é ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❡ Γ(z)}.

✷✳ ❖ ❝♦♥❥✉♥t♦ ❧✐♠✐t❡ ❞❡ Γ é ♦ ❝♦♥❥✉♥t♦

Λ(Γ) =
⋃

z∈H2

Λz(Γ).

❚❡♦r❡♠❛ ✶✳✸✳✸✳ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ❡ s✉♣♦♥❤❛ q✉❡ Λ(Γ) ♣♦ss✉❛ ♠❛✐s ❞♦
q✉❡ ❞♦✐s ♣♦♥t♦s✳ ❊♥tã♦ ✉♠❛ ❞❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♦❝♦rr❡✿

✶✳ Λ(Γ) = ∂∞H2✱

✷✳ Λ(Γ) é ♣❡r❢❡✐t♦ ❡ ♠❛❣r♦✱ ♦✉ s❡❥❛✱ t♦❞♦ ♣♦♥t♦ ❞❡ Λ(Γ) é ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦
❞❡ Λ(Γ) ❡ ♦ ❝♦♠♣❧❡♠❡♥t❛r ❞❡ Λ(Γ) é ❞❡♥s♦✳

❉❡✜♥✐çã♦ ✶✳✸✳✻✳ ❯♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ é ❞❡ ♣r✐♠❡✐r♦ t✐♣♦ s❡ Λ(Γ) = ∂∞H2✳ ❖
❣r✉♣♦ Γ s❡rá ❞❡ s❡❣✉♥❞♦ t✐♣♦ s❡ Λ(Γ) 6= ∂∞H2✳

◆❡st❡ tr❛❜❛❧❤♦ ❝♦♥s✐❞❡r❛r❡♠♦s ❛♣❡♥❛s ❣r✉♣♦s ❢✉❝❤s✐❛♥♦s ❞❡ ♣r✐♠❡✐r♦ t✐♣♦✳
❊ss❡s ❣r✉♣♦s sã♦ ♥ã♦✲❡❧❡♠❡♥t❛r❡s ❬✶✺❪✳ ❆ss✐♠✱ ❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✷✱ t❛✐s ❣r✉♣♦s
♣♦ss✉❡♠ ❡❧❡♠❡♥t♦s ❤✐♣❡r❜ó❧✐❝♦s✳

✶✳✸✳✶ ❈ír❝✉❧♦ ■s♦♠étr✐❝♦ ❡ ❘❡❣✐ã♦ ❞❡ ❋♦r❞

P❛r❛ ❞❡t❡r♠✐♥❛r ♦s ❣❡r❛❞♦r❡s ❞♦ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γp ❛ss♦❝✐❛❞♦ ❛♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r✲
❜ó❧✐❝♦ Pp ♣r❡❝✐s❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝ír❝✉❧♦ ✐s♦♠étr✐❝♦✳

❉❡✜♥✐çã♦ ✶✳✸✳✼✳ ❙❡❥❛♠ ❊ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❡ Γ ✉♠ ❣r✉♣♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s
❛❣✐♥❞♦ s♦❜r❡ ❊ ❞❡ ♠❛♥❡✐r❛ ♣r♦♣r✐❛♠❛♥t❡ ❞❡s❝♦♥tí♥✉❛✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦
D ⊂ E ❝♦♠ ✐♥t❡r✐♦r ♥ã♦✲✈❛③✐♦ é ❝❤❛♠❛❞♦ r❡❣✐ã♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Γ s❡✿

✶✳
⋃

T∈Γ
T (D) = E✱

✷✳ D̃ ∪ T (D̃) = ∅✱ ∀ T ∈ Γ− {Id}✳



✶✳✸ ●r✉♣♦s ❋✉❝❤s✐❛♥♦s ✶✷

❖ ❝♦♥❥✉♥t♦ D̃ ✐♥❞✐❝❛ ♦ ✐♥t❡r✐♦r ❞❡ D✱ ❡ ❛ ❢❛♠í❧✐❛ {T (D) | T ∈ Γ} é ❝❤❛♠❛❞❛
t❡ss❡❧❛çã♦ ♦✉ ❧❛❞r✐❧❤❛♠❡♥t♦ ❞❡ E✳

❙❡❥❛♠ Γ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ❡ z0 ∈ H2 t❛❧ q✉❡ T (z0) 6= z0✱ ♣❛r❛ t♦❞♦ T ∈ Γ✳
❯♠ ❞♦♠í♥✐♦ (♦✉ r❡❣✐ã♦) ❞❡ ❉✐r✐❝❤❧❡t ❞❡ Γ ❝❡♥tr❛❞♦ ❡♠ z0 é ♦ ❝♦♥❥✉♥t♦

Dz0 = {z ∈ H2 | d(z, z0) ≤ d(z, T (z0)), ∀ T ∈ Γ}. ✭✶✳✼✮

❚❡♦r❡♠❛ ✶✳✸✳✹✳ [✾] ❙❡ Γ é ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦✱ ❡♥tã♦ Dz0(Γ) é ✉♠❛ r❡❣✐ã♦
❢✉♥❞❛♠❡♥t❛❧ ❞❡ Γ✳ ❆❧é♠ ❞✐ss♦✱ Dz0(Γ) é ❧♦❝❛❧♠❡♥t❡ ✜♥✐t❛✳

❖ ♣♦❧í❣♦♥♦ Pp ❝♦♥st✐t✉✐ ❛ ❢r♦♥t❡✐r❛ ❞❡ ✉♠❛ r❡❣✐ã♦ ❞❡ ❉✐r✐❝❤❧❡t Dz0(Γ) ❞❡ Γp✳
❈♦♥s✐❞❡r❛♥❞♦ ❛ ✐s♦♠❡tr✐❛

T (z) =
az + b

cz + d
∈ PSL(2,R),

t❡♠♦s q✉❡

T ′(z) =
1

(cz + d)2
.

❆ss✐♠✱ s❡ z = z(t) ❢♦r ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ t❛❧ q✉❡ |cz(t)+d| ≡ 1✱ ❡♥tã♦ t❡♠♦s
❛ ✐❣✉❛❧❞❛❞❡ ∫ b

a

|z′(t)|dt =
∫ b

a

|T ′(z(t))||z′(t)|dt,

♦✉ s❡❥❛✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛s ❝✉r✈❛s z(t) ❡ (T ◦z)(t) sã♦ ♦s ♠❡s♠♦s✳ ❉✐ss♦ s❡❣✉❡ q✉❡
❛ ❞✐stâ♥❝✐❛ ❤✐♣❡r❜ó❧✐❝❛ ❡ ❛ ❞✐stâ♥❝✐❛ ❡✉❝❧✐❞✐❛♥❛ ❛♦ ❧♦♥❣♦ ❞❛ ❝✉r✈❛ sã♦ ♣r❡s❡r✈❛❞❛s✳
▲♦❣♦✱ ❛ r❡str✐çã♦ ❞❡ T ❛ ❡ss❛ ❝✉r✈❛ é ✉♠❛ ✐s♦♠❡tr✐❛ ❡✉❝❧✐❞✐❛♥❛✳

❙❡ c 6= 0✱ t❡♠♦s q✉❡

|cz + d| = 1 ⇔
∣∣∣∣z +

d

c

∣∣∣∣ =
1

|c| .

■st♦ s✐❣♥✐✜❝❛ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥♦s q✉❛✐s T ❛❣❡ ❝♦♠♦ ✉♠❛ ✐s♦♠❡tr✐❛
✭❤✐♣❡r❜ó❧✐❝❛ ♦✉ ❡✉❝❧✐❞✐❛♥❛✮ é ✉♠ ❝ír❝✉❧♦ ❡✉❝❧✐❞✐❛♥♦ ❞❡ ❝❡♥tr♦ −d

c
❡ r❛✐♦ r = 1

|c| ✳

❈♦♥s✐❞❡r❡ T (z) = az+b
cz+d

∈ PSL(2,R) ✉♠❛ ✐s♦♠❡tr✐❛ ❞❡ H2 ❝♦♠ c 6= 0✳ ❖
❝ír❝✉❧♦ ✐s♦♠étr✐❝♦ ❞❡ T é ♦ ❝♦♥❥✉♥t♦

I(T ) = {z ∈ C | |cz + d| = 1}.

❆♥❛❧♦❣❛♠❡♥t❡✱ ♦ ❝ír❝✉❧♦ ✐s♦♠étr✐❝♦ ❞❛ ✐s♦♠❡tr✐❛ T (z) = az+b

bz+a
, b 6= 0✱ ❞❡

D2 ⊂ C é ♦ ❝♦♥❥✉♥t♦

I(T ) = {z ∈ C | |bz + a| = 1}.

Pr♦♣♦s✐çã♦ ✶✳✸✳✷✳ [✶✺] ❙❡❥❛ I(T ) ♦ ❝ír❝✉❧♦ ✐s♦♠étr✐❝♦ ❞❡ ✉♠❛ ✐s♦♠❡tr✐❛ ❚ ❡♠
H2✳ ❊♥tã♦ I(T ) ∩H2 é ✉♠❛ ❣❡♦❞és✐❝❛ ❡♠ H2✳

P❛r❛ ✐s♦♠❡tr✐❛s ❡♠ D2 t❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ❛♥á❧♦❣♦✳
❈♦♥s✐❞❡r❡ ❛❣♦r❛ Γ ✉♠ ❣r✉♣♦ ❞✐s❝r❡t♦ ❞❡ ✐s♦♠❡tr✐❛s ❝♦♠ ❡❧❡♠❡♥t♦s q✉❡ ♣r❡✲

s❡r✈❛♠ ♦r✐❡♥t❛çã♦ ❡♠ D2 = {z ∈ C | |z| < 1}. P♦r ✭✶✳✺✮ ❡ss❛s ✐s♦♠❡tr✐❛s sã♦ ❞❛



✶✳✸ ●r✉♣♦s ❋✉❝❤s✐❛♥♦s ✶✸

❢♦r♠❛ ✭s✉♣♦♥❞♦ b 6= 0✮

T (z) =
az + b

bz + a
, |a|2 − |b|2 = 1, T ∈ Γ.

❈♦♥s✐❞❡r❡♠♦s t❛♠❜é♠

Ǐ(T ) = {z ∈ C | |bz + a| > 1}.

❊♥tã♦
R0 = ∩

T∈Γ
Ǐ(T ) ∩ D2

❡st❛❜❡❧❡❝❡ ✉♠❛ r❡❣✐ã♦ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ Γ✱ ❡♠ q✉❡ X ❞❡♥♦t❛ ♦ ❢❡❝❤♦ ❞♦ ❝♦♥❥✉♥t♦
X✳ ❊ss❛ r❡❣✐ã♦ é ❝❤❛♠❛❞❛ ❞❡ r❡❣✐ã♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❋♦r❞✳

❚❡♦r❡♠❛ ✶✳✸✳✺✳ [✶✺] R0 é ✉♠❛ r❡❣✐ã♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Γ✳

❊♠ ♥♦ss♦ tr❛❜❛❧❤♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s r❡❣✐õ❡s ❞♦ t✐♣♦ R0 q✉❛♥❞♦ ❞❛ ♦❜t❡♥çã♦
❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s ♣❛r❛ Γp✳

✶✳✸✳✷ ●r✉♣♦s ❋✉❝❤s✐❛♥♦s ❈♦✲❝♦♠♣❛❝t♦s

❈♦♥s✐❞❡r❡ ♦s ❡s♣❛ç♦s q✉♦❝✐❡♥t❡s H2/Γ ♦✉ D2/Γp✱ ♦♥❞❡ Γ ❡ Γp sã♦ ❣r✉♣♦s ❞✐s❝r❡t♦s
❛❣✐♥❞♦ ❞❡ ♠❛♥❡✐r❛ ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛ s♦❜r❡ H2 ♦✉ D2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱
❬✸❪✳ ❖ ❡s♣❛ç♦ H2/Γ é ❝♦♥str✉í❞♦ ❛tr❛✈és ❞❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ s♦❜r❡ H2 ❞❛❞❛
♣♦r

z1 ∼ z2 ⇔ ∃ T ∈ Γ tal que z2 = T (z1).

❆❧é♠ ❞✐ss♦✱ ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ z ∈ H2✱ ❞❡♥♦t❛❞❛ ♣♦r [z]✱ é
t❛❧ q✉❡ [z] = Γ✲ór❜✐t❛ ❞❡ z✳ ❆ss✐♠✱ ♦s ❡❧❡♠❡♥t♦s ❞♦ ❡s♣❛ç♦ H2/Γ sã♦ ❛s Γ✲ór❜✐t❛s✱
✐st♦ é✱

H2/Γ = {[z] | z ∈ H2}.
❖ ❡s♣❛ç♦ D2 é ❝♦♥str✉í❞♦ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛✳ ❚♦♣♦❧♦❣✐❝❛♠❡♥t❡✱ q✉❛❧q✉❡r g✲t♦r♦
Tg ❧♦❝❛❧♠❡♥t❡ ✐s♦♠étr✐❝♦ ❛ D2 ♣♦❞❡ s❡r ♦❜t✐❞♦ ❞♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ ❞❡ D2 ♣♦r ✉♠
❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γp✱ ✐st♦ é✱ Tg = D2/Γp✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ♦❜t❡r s✉♣❡r❢í❝✐❡s
❞❡ ❘✐❡♠❛♥♥✳

❈♦♥s✐❞❡r❛r❡♠♦s ❣r✉♣♦s ❢✉❝❤s✐❛♥♦s Γ ❝✉❥♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ H2/Γ s❡❥❛ ✉♠❛
s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛✳ ◆❡ss❡ ❝❛s♦✱ ♦ ❣r✉♣♦ Γ é ❞✐t♦ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ❝♦✲❝♦♠♣❛❝t♦✳
❚❡♠♦s ♦s s❡❣✉✐♥t❡s t❡♦r❡♠❛s ♣❛r❛ ♦s ❣r✉♣♦s ❢✉❝❤s✐❛♥♦s ❝♦✲❝♦♠♣❛❝t♦s✿

❚❡♦r❡♠❛ ✶✳✸✳✻✳ [✶✺] ❯♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ é ❝♦✲❝♦♠♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t♦❞❛
r❡❣✐ã♦ ❞❡ ❉✐r✐❝❤❧❡t ❞❡ Γ ❢♦r ❝♦♠♣❛❝t❛✳

❚❡♦r❡♠❛ ✶✳✸✳✼✳ [✾] ❯♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ é ❝♦✲❝♦♠♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Γ
♥ã♦ ♣♦ss✉✐ ❡❧❡♠❡♥t♦s ♣❛r❛❜ó❧✐❝♦s ❡ µ(H2/Γ) < ∞✳

❖❜s❡r✈❡ q✉❡ ❝♦♠♦ ❛ ár❡❛ s♦❜r❡ ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ H2/Γ é ✐♥❞✉③✐❞❛ ❞❛ ár❡❛
❤✐♣❡r❜ó❧✐❝❛ s♦❜r❡ H2✱ ❡♥tã♦ µ(H2/Γ) ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ ✈❛❧❡ µ(D)✳ ◆❡st❡ tr❛✲
❜❛❧❤♦ ❝♦♥s✐❞❡r❛r❡♠♦s ❛♣❡♥❛s s✉♣❡r❢í❝✐❡s H2/Γ q✉❡ sã♦ ❝♦♠♣❛❝t❛s ❞❡ ár❡❛ ✜♥✐t❛✱
❧♦❣♦ ♦s ❣r✉♣♦s ❢✉❝❤s✐❛♥♦s ❝♦♥s✐❞❡r❛❞♦s ♥ã♦ ♣♦ss✉❡♠ ❡❧❡♠❡♥t♦s ♣❛r❛❜ó❧✐❝♦s✳



✶✳✸ ●r✉♣♦s ❋✉❝❤s✐❛♥♦s ✶✹

✶✳✸✳✸ ❆ ❆ss✐♥❛t✉r❛ ❞❡ ✉♠ ●r✉♣♦ ❋✉❝❤s✐❛♥♦

❙❡❥❛♠ Γ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ❝♦✲❝♦♠♣❛❝t♦ ❡ Dz0(Γ) ✉♠❛ r❡❣✐ã♦ ❞❡ ❉✐r✐❝❤❧❡t ❞❡
Γ✳ ❊①✐st❡♠ ❡♠ Dz0(Γ) ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✈ért✐❝❡s✱ ❞✐❣❛♠♦s r✱ q✉❡ sã♦ ♣♦♥t♦s
✜①♦s ❞❡ ❡❧❡♠❡♥t♦s ❡❧í♣t✐❝♦s ❞❡ Γ✳ ❈♦♥s✐❞❡r❡♠♦s m1, . . . ,mr ❛s ♦r❞❡♥s ❞❡ss❡s
❡❧❡♠❡♥t♦s ❡❧í♣t✐❝♦s ❡ g ♦ ❣ê♥❡r♦ ❞❛ s✉♣❡r❢í❝✐❡ Dz0/Γ✱ q✉❡ é ❝♦♠♣❛❝t❛ ❡ ♦r✐❡♥tá✈❡❧
❬✾❪✳ ❖ ❝♦♥❥✉♥t♦ ♦r❞❡♥❛❞♦ ❞❡ ✐♥t❡✐r♦s (g;m1, . . . ,mr) é ❛ ❛ss✐♥❛t✉r❛ ❞❡ Γ✳ ❙❡ ♦
❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ ♥ã♦ ♣♦ss✉✐r ❡❧❡♠❡♥t♦s ❡❧í♣t✐❝♦s✱ s✉❛ ❛ss✐♥❛t✉r❛ é (g; 0, . . . , 0)
♦✉ (g;−)✳ ❚❡♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿

❚❡♦r❡♠❛ ✶✳✸✳✽✳ [✾] ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ❝♦✲❝♦♠♣❛❝t♦ ❝♦♠ ❛ss✐♥❛t✉r❛
(g;m1, . . . ,mr)✳ ❊♥tã♦

µ(H2/Γ) = 2π

[
(2g − 2) +

r∑

k=1

(
1− 1

mk

)]
. ✭✶✳✽✮

❙❡ ♦ ❣r✉♣♦ Γ ♥ã♦ ♣♦ss✉✐r ❡❧❡♠❡♥t♦s ❡❧í♣t✐❝♦s✱ ❡♥tã♦ s❡❣✉❡ q✉❡ µ(H2/Γ) =
2π[(2g − 2)]✳

❆ r❡❝í♣r♦❝❛ t❛♠❜é♠ é ✈❡r❞❛❞❡✐r❛✿

❚❡♦r❡♠❛ ✶✳✸✳✾✳ [✾] ❉❛❞♦s ✐♥t❡✐r♦s g ≥ 0, r ≥ 0, mk ≥ 2 (1 ≤ k ≤ r)✱ t❛✐s q✉❡

(2g − 2) +
r∑

k=1

(
1− 1

mk

)
> 0,

❡①✐st❡ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ❝♦♠ ❛ss✐♥❛t✉r❛ (g;m1, . . . ,mr)✳

P❛r❛ ❡♥❝❡rr❛r ❡st❛ ♣❛rt❡ ❞♦ t❡①t♦✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✶✳✸✳✶✵✳ [✾] ❚♦❞❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❞❡ ❣ê♥❡r♦ g ≥ 2 ♣♦❞❡ s❡r ♠♦❞❡✲
❧❛❞❛ ♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✳

❊st❡ t❡♦r❡♠❛ ♥♦s ❞✐③ q✉❡ ❞❛❞❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ M ❞❡ ❣ê♥❡r♦ g ≥ 2✱
❡①✐st❡ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ ❞❡ ❢♦r♠❛ q✉❡ M é ❞❡✜♥✐❞❛ ♣❡❧♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ ❞❡
H2 ♣♦r Γ✳ ❊♠ sí♠❜♦❧♦s✱ M ≡ H2/Γ✳



❈❛♣ít✉❧♦ ✷

❚❡ss❡❧❛çõ❡s ❘❡❣✉❧❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❜r❡✈❡ ❡st✉❞♦ s♦❜r❡ ❛s ❚❡ss❡❧❛çõ❡s ❘❡❣✉❧❛r❡s✱
❝♦♠ ❞❡st❛q✉❡ ♣❛r❛ ❛s ❚❡ss❡❧❛çõ❡s ❍✐♣❡r❜ó❧✐❝❛s✳ Pr✐♠❡✐r❛♠❡♥t❡ ❛❜♦r❞❛♠♦s ♦
❝❛s♦ ❊✉❝❧✐❞✐❛♥♦✳ P❛r❛ ♠❛✐s ✐♥❢♦r♠❛çõ❡s ♦ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ♣♦❞❡ ❝♦♥s✉❧t❛r ❛s
r❡❢❡rê♥❝✐❛s ❬✶❪✱ ❬✷❪✱ ❬✶✼❪✳

✷✳✶ ❚❡ss❡❧❛çõ❡s ♥♦ P❧❛♥♦ ❊✉❝❧✐❞✐❛♥♦

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛s ❚❡ss❡❧❛çõ❡s ❡♠ R2✳ P❛r❛ ✐st♦ ❝♦♥s✐❞❡r❛r❡♠♦s ♦
P❧❛♥♦ ❊✉❝❧✐❞✐❛♥♦ R2 ❝♦♠ ❛ ❡str✉t✉r❛ ❞❡ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ❛ ❞✐stâ♥❝✐❛ ♣r♦✈❡♥✐❡♥t❡
❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✉s✉❛❧✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✳ ❯♠❛ ❛♣❧✐❝❛çã♦ f : R2 → R2 é ❞✐t❛ ✉♠❛ ✐s♦♠❡tr✐❛ s❡ d(x, y) =
d(f(x), f(y))✱ ♣❛r❛ q✉❛✐sq✉❡r x, y ∈ R2.

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ❝❛r❛❝t❡r✐③❛ ❛s ✐s♦♠❡tr✐❛s ❡ é s✐♠♣❧❡s ❞❡ s❡ ❞❡♠♦♥str❛r✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✳ ❆s ✐s♦♠❡tr✐❛s s❛t✐s❢❛③❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ❚♦❞❛ ✐s♦♠❡tr✐❛ é ✐♥❥❡t♦r❛✳

✷✳ ❚♦❞❛ ✐s♦♠❡tr✐❛ tr❛♥s❢♦r♠❛ r❡t❛ ❡♠ r❡t❛✳

✸✳ ❚♦❞❛ ✐s♦♠❡tr✐❛ ♣r❡s❡r✈❛ ♠❡❞✐❞❛s ❞❡ â♥❣✉❧♦s✳

✹✳ ❚♦❞❛ ✐s♦♠❡tr✐❛ é ❜✐❥❡t♦r❛ ❡ ❛ ✐♥✈❡rs❛ é t❛♠❜é♠ ✉♠❛ ✐s♦♠❡tr✐❛✳

✺✳ ❆ ❝♦♠♣♦s✐çã♦ ❞❡ ✐s♦♠❡tr✐❛s t❛♠❜é♠ é ✉♠❛ ✐s♦♠❡tr✐❛✳

❊①❡♠♣❧♦ ✷✳✶✳✶✳ ❙❡❥❛ −→u ✉♠ ✈❡t♦r ❞❡ R2✳ ❆ ❛♣❧✐❝❛çã♦

T−→u : R2 → R2, ❝♦♠ T−→u (x) = x+−→u , ∀x ∈ R2

é ✉♠❛ ✐s♦♠❡tr✐❛✱ ❝❤❛♠❛❞❛ ❞❡ tr❛♥s❧❛çã♦ ♣❡❧♦ ✈❡t♦r −→u ✳
❉❡ ❢❛t♦✱ t❡♠♦s q✉❡

d(T−→u (x), T−→u (y)) = d(x+−→u , y+−→u ) = ||(x+−→u )− (y+−→u )|| = ||x− y|| = d(x, y).

❱❡❥❛♠♦s ❛❣♦r❛ ♦ ❝♦♥❝❡✐t♦ ❞❡ t❡ss❡❧❛çã♦ ♥♦ ♣❧❛♥♦ R2✳

✶✺



✷✳✶ ❚❡ss❡❧❛çõ❡s ♥♦ P❧❛♥♦ ❊✉❝❧✐❞✐❛♥♦ ✶✻

❉❡✜♥✐çã♦ ✷✳✶✳✷✳ ❯♠❛ t❡ss❡❧❛çã♦ ♦✉ ❧❛❞r✐❧❤❛♠❡♥t♦ ❡♠ R2 é ✉♠❛ ❝♦❜❡rt✉r❛ ❞♦
♣❧❛♥♦ ♣♦r r❡❣✐õ❡s ♣♦❧✐❣♦♥❛✐s ❝♦♥❣r✉❡♥t❡s ❞❡ t❛❧ ♠♦❞♦ q✉❡ t♦❞♦ ♣♦♥t♦ ❞♦ ♣❧❛♥♦ é
❝♦❜❡rt♦ ♣♦r ♣❡❧♦ ♠❡♥♦s ✉♠❛ r❡❣✐ã♦ ❡ ❞✉❛s r❡❣✐õ❡s q✉❛✐sq✉❡r ♥ã♦ s❡ ✐♥t❡r❝❡♣t❛♠✱
❡①❝❡t♦✱ ❡✈❡♥t✉❛❧♠❡♥t❡✱ ♥♦ ❜♦r❞♦✳

❆ r❡❣✐ã♦ ♣♦❧✐❣♦♥❛❧ s❡rá ❝❤❛♠❛❞❛ ❞❡ ❧❛❞r✐❧❤♦ ❡ ✐♥❞✐❝❛❞❛ ♣♦r ▲✳
❈❛s♦ ❛ r❡❣✐ã♦ ♣♦❧✐❣♦♥❛❧ s❡❥❛ ❝♦♠♣❛❝t❛✱ ♦ ❧❛❞r✐❧❤❛♠❡♥t♦ ♣♦❞❡rá s❡r ❝❤❛♠❛❞♦

❞❡ ❧❛❞r✐❧❤❛♠❡♥t♦ ❝♦♠♣❛❝t♦✳
❆ ❋✐❣✉r❛ ✷✳✶ ♠♦str❛ ✉♠❛ ❚❡ss❡❧❛çã♦ ❡♠ R2✳ ❖❜s❡r✈❡ q✉❡ ♥❡❧❛ ❛♣❛r❡❝❡♠ ❞♦✐s

t✐♣♦s ❞❡ ♣♦❧í❣♦♥♦s✱ q✉❡ sã♦ q✉❛❞r❛❞♦s ❡ ♦❝tó❣♦♥♦s r❡❣✉❧❛r❡s✳

❋✐❣✉r❛ ✷✳✶✿ ❯♠❛ ❚❡ss❡❧❛çã♦ ❡♠ R2

◗✉❛♥❞♦ t♦❞♦s ♦s ♣♦❧í❣♦♥♦s sã♦ r❡❣✉❧❛r❡s✱ sã♦ ♣♦ssí✈❡✐s ❛♣❡♥❛s três ♠❛♥❡✐r❛s
♣❛r❛ t❡ss❡❧❛r ♦ ♣❧❛♥♦ R2✿ ♣♦r q✉❛❞r❛❞♦s✱ ♣♦r ❤❡①á❣♦♥♦s r❡❣✉❧❛r❡s ❡ ♣♦r tr✐â♥❣✉❧♦s
❡q✉✐❧át❡r♦s✶✳ ❆ ♣ró①✐♠❛ s❡çã♦ ❡①♣❧✐❝❛rá ❡st❡ ❢❛t♦✳

❋✐❣✉r❛ ✷✳✷✿ ❚❡ss❡❧❛çã♦ ❡♠ R2 ♣♦r q✉❛❞r❛❞♦s

✶❆s ❋✐❣✉r❛s ✷✳✶✱ ✷✳✷✱ ✷✳✸ ❡ ✷✳✹ ❢♦r❛♠ r❡t✐r❛❞❛s ❞❡ ❈❍❆❱❊❨✱ ❉✳ ❚✐❧✐♥❣s ❜② r❡❣✉❧❛r

♣♦❧②❣♦♥s✲■■✿ ❆ ❈❛t❛❧♦❣ ♦❢ ❚✐❧✐♥❣s✳ ❈♦♠♣✉t❡rs ✫ ▼❛t❤❡♠❛t✐❝s ✇✐t❤ ❆♣♣❧✐❝❛t✐♦♥s✳ ✶✼✿
✶✹✼✲✶✻✺✱ ✶✾✽✾



✷✳✷ ❚❡ss❡❧❛çõ❡s ♥♦ P❧❛♥♦ ❍✐♣❡r❜ó❧✐❝♦ ✶✼

❋✐❣✉r❛ ✷✳✸✿ ❚❡ss❡❧❛çã♦ ❡♠ R2 ♣♦r ❤❡①á❣♦♥♦s r❡❣✉❧❛r❡s

❋✐❣✉r❛ ✷✳✹✿ ❚❡ss❡❧❛çã♦ ❡♠ R2 ♣♦r tr✐â♥❣✉❧♦s ❡q✉✐❧át❡r♦s

❱❡r❡♠♦s ♥❛ s❡çã♦ ❛ s❡❣✉✐r q✉❡ ❡①✐st❡♠ ✐♥✜♥✐t❛s ♠❛♥❡✐r❛s ❞❡ s❡ t❡ss❡❧❛r ♦ ♣❧❛♥♦
❤✐♣❡r❜ó❧✐❝♦ ♣♦r ♣♦❧í❣♦♥♦s r❡❣✉❧❛r❡s✱ ♦ q✉❡ é ✉♠❛ ✈❛♥t❛❣❡♠ ❛♦ s❡ tr❛❜❛❧❤❛r ❝♦♠
❣❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛✱ ♣♦✐s ♦ ♠❡s♠♦ ♥ã♦ ❛❝♦♥t❡❝❡ ♥❛ ❣❡♦♠❡tr✐❛ ❡✉❝❧✐❞✐❛♥❛✳

✷✳✷ ❚❡ss❡❧❛çõ❡s ♥♦ P❧❛♥♦ ❍✐♣❡r❜ó❧✐❝♦

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛s ❚❡ss❡❧❛çõ❡s ❘❡❣✉❧❛r❡s ❍✐♣❡r❜ó❧✐❝❛s✳ ❱❡r❡♠♦s q✉❡
❡①✐st❡♠ ✐♥✜♥✐t❛s t❡ss❡❧❛çõ❡s ❞♦ P❧❛♥♦ ❍✐♣❡r❜ó❧✐❝♦ ♣♦r ♣♦❧í❣♦♥♦s r❡❣✉❧❛r❡s✳ ◆♦
❝❛s♦ ❊✉❝❧✐❞✐❛♥♦✱ t❡♠♦s ❛♣❡♥❛s três t❡ss❡❧❛çõ❡s q✉❛♥❞♦ ♦s ♣♦❧í❣♦♥♦s sã♦ r❡❣✉❧❛r❡s✱
q✉❡ sã♦ q✉❛❞r❛❞♦s✱ ❤❡①á❣♦♥♦s r❡❣✉❧❛r❡s ❡ tr✐â♥❣✉❧♦s ❡q✉✐❧át❡r♦s✳

❉❡✜♥✐çã♦ ✷✳✷✳✶✳ ❯♠❛ t❡ss❡❧❛çã♦ r❡❣✉❧❛r ❞♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ é ✉♠❛ ♣❛rt✐çã♦
❞❡st❡ ♣❧❛♥♦ ❡♠ ♣♦❧í❣♦♥♦s r❡❣✉❧❛r❡s ✐s♦♠étr✐❝♦s ♥ã♦ s♦❜r❡♣♦st♦s✱ t♦❞♦s ❝♦♥❣r✉❡♥✲
t❡s✱ s✉❥❡✐t♦s à r❡str✐çã♦ ❞❡ s❡ ✐♥t❡r❝❡♣t❛r❡♠ s♦♠❡♥t❡ ❡♠ s✉❛s ❛r❡st❛s ♦✉ ✈ért✐❝❡s✱
❞❡ ♠♦❞♦ ❛ t❡r♠♦s ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ♣♦❧í❣♦♥♦s ♣❛rt✐❧❤❛♥❞♦ ✉♠ ♠❡s♠♦ ✈ért✐❝❡✱
✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ✈ért✐❝❡✳



✷✳✷ ❚❡ss❡❧❛çõ❡s ♥♦ P❧❛♥♦ ❍✐♣❡r❜ó❧✐❝♦ ✶✽

❙❡ ♦s ♣♦❧í❣♦♥♦s ❞❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ t❡ss❡❧❛çã♦ ❞❡ H2 ❝♦♥té♠ p ❛r❡st❛s✱ ♦♥❞❡
❝❛❞❛ ✈ért✐❝❡ é r❡❝♦❜❡rt♦ ♣♦r q ❞❡ss❡s ♣♦❧í❣♦♥♦s✱ ❡♥tã♦ ❛ t❡ss❡❧❛çã♦ s❡rá ❞❡♥♦t❛❞❛
♣♦r {p, q}✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ p = q ❛ t❡ss❡❧❛çã♦ s❡rá ❝❤❛♠❛❞❛ ❞❡ ❛✉t♦✲❞✉❛❧✳

❈♦♠♦ ❛ s♦♠❛ ❞♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ ✉♠ tr✐â♥❣✉❧♦ ❤✐♣❡r❜ó❧✐❝♦ é ♠❡♥♦r ❞♦
q✉❡ π✱ {p, q} é ✉♠❛ t❡ss❡❧❛çã♦ r❡❣✉❧❛r ❞❡ H2 s❡✱ ❡ s♦♠❡♥t❡ s❡ ❬✶✼❪✱

2π

p
+

2π

q
< π,

♦✉ s❡❥❛✱ s❡✱ ❡ s♦♠❡♥t❡ s❡✱
(p− 2)(q − 2) > 4.

❖❜s❡r✈❡ ❡♥tã♦ q✉❡ ❡①✐st❡♠ ✐♥✜♥✐t❛s t❡ss❡❧❛çõ❡s r❡❣✉❧❛r❡s ❡♠ H2✳ P♦r ♦✉tr♦
❧❛❞♦✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ q✉❡ ❛ s♦♠❛ ❞♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ ✉♠ tr✐â♥❣✉❧♦ ❡✉❝❧✐✲
❞✐❛♥♦ é ✐❣✉❛❧ ❛ π✱ t❡♠♦s q✉❡ ❛s ú♥✐❝❛s t❡ss❡❧❛çõ❡s r❡❣✉❧❛r❡s ♥♦ ♣❧❛♥♦ ❡✉❝❧✐❞✐❛♥♦
sã♦ {4, 4}✱ {6, 3} ❡ {3, 6}✳ P❛r❛ ❡ss❡s ❝❛s♦s✱ ❛s ♣❛rt✐çõ❡s ❞❡ R2 sã♦ q✉❛❞r❛❞♦s✱ ❤❡✲
①á❣♦♥♦s r❡❣✉❧❛r❡s ❡ tr✐â♥❣✉❧♦s ❡q✉✐❧át❡r♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♠♦ ❢♦✐ ❝♦♠❡♥t❛❞♦
♥❛ s❡çã♦ ❛♥t❡r✐♦r✳

❱❡❥❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ t❡ss❡❧❛çõ❡s r❡❣✉❧❛r❡s ❤✐♣❡r❜ó❧✐❝❛s✷✳

❊①❡♠♣❧♦ ✷✳✷✳✶✳ ◆❛ ❋✐❣✉r❛ ✷✳✺ t❡♠♦s ❛ t❡ss❡❧❛çã♦ r❡❣✉❧❛r ❤✐♣❡r❜ó❧✐❝❛ ❛✉t♦✲❞✉❛❧
{8, 8}✱ ♦♥❞❡ ♦s ♣♦❧í❣♦♥♦s ❞❡st❛ t❡ss❡❧❛çã♦ t❡♠ ✽ ❧❛❞♦s✱ ❡ ❝❛❞❛ ✈ért✐❝❡ é ♦ ❡♥❝♦♥tr♦
❞❡ ✽ ❞❡ss❡s ♣♦❧í❣♦♥♦s✳

❋✐❣✉r❛ ✷✳✺✿ ❚❡ss❡❧❛çã♦ ❍✐♣❡r❜ó❧✐❝❛ ④✽✱✽⑥ ♥♦ ❉✐s❝♦ ❞❡ P♦✐♥❝❛ré D2

✷❆s ✜❣✉r❛s ❢♦r❛♠ r❡t✐r❛❞❛s ❞❛ r❡❢❡rê♥❝✐❛ ❬✹❪✳



✷✳✷ ❚❡ss❡❧❛çõ❡s ♥♦ P❧❛♥♦ ❍✐♣❡r❜ó❧✐❝♦ ✶✾

❊①❡♠♣❧♦ ✷✳✷✳✷✳ ◆❛ ❋✐❣✉r❛ ✷✳✻ t❡♠♦s ❛ t❡ss❡❧❛çã♦ r❡❣✉❧❛r ❤✐♣❡r❜ó❧✐❝❛ {10, 5}✱
♦♥❞❡ ❝❛❞❛ ♣♦❧í❣♦♥♦ t❡♠ ✶✵ ❧❛❞♦s ❡ ❝❛❞❛ ✈ért✐❝❡ é ♦ ❡♥❝♦♥tr♦ ❞❡ ✺ ❞❡ss❡s ♣♦❧í❣♦✲
♥♦s✳

❋✐❣✉r❛ ✷✳✻✿ ❚❡ss❡❧❛çã♦ ❍✐♣❡r❜ó❧✐❝❛ ④✶✵✱✺⑥ ♥♦ ❉✐s❝♦ ❞❡ P♦✐♥❝❛ré D2

❆❧é♠ ❞❡ss❛s✱ t❡♠♦s ✉♠❛ t❡ss❡❧❛çã♦ ♠✉✐t♦ ✐♥t❡r❡ss❛♥t❡✳ ❖s ❡①❡♠♣❧♦s ❛ s❡❣✉✐r
♠♦str❛♠ ❛ ❚❡ss❡❧❛çã♦ ❞❡ ❋❛r❡② ♥♦ ✐♥t❡r✈❛❧♦ ❬✵✱✶❪ ❡ ♥♦ ❉✐s❝♦ ❞❡ P♦✐♥❝❛ré D2✳ ❊❧❛
é ❝♦♥str✉í❞❛ ❛ ♣❛rt✐r ❞❛ sér✐❡ ❞❡ ❋❛r❡②✱ ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ♦ ❧❡✐t♦r ♣♦❞❡ ❝♦♥s✉❧t❛r
❬✶✼❪✳

❈♦♥s✐❞❡r❡ ♦ tr✐â♥❣✉❧♦ ❢✉♥❞❛♠❡♥t❛❧ ❢♦r♠❛❞♦ ♣❡❧❛s ❣❡♦❞és✐❝❛s γ1✱ γ2 ❡ γ3✱ ♦♥❞❡
γ1 t❡♠ ♣♦♥t♦s t❡r♠✐♥❛✐s ∞ ❡ ✵✱ γ2 t❡♠ ♣♦♥t♦s t❡r♠✐♥❛✐s ✵ ❡ ✶ ❡ γ3 t❡♠ ♣♦♥t♦s
t❡r♠✐♥❛✐s ✶ ❡ ∞✳ ❈❛❞❛ tr✐â♥❣✉❧♦ ❡♠ H2 ❧♦❝❛❧✐③❛❞♦ ❛❜❛✐①♦ ❞♦ tr✐â♥❣✉❧♦ ❢✉♥❞❛✲
♠❡♥t❛❧ ♣♦ss✉✐ s❡✉s três ✈ért✐❝❡s ♥♦ ❡✐①♦ x✳ ◆♦ ♠♦❞❡❧♦ ❞♦ ❙❡♠✐♣❧❛♥♦ ❙✉♣❡r✐♦r
♣❛r❛ ❛ ❣❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛✱ ❞✐③❡♠♦s q✉❡ ❡ss❡s ✈ért✐❝❡s ❡stã♦ ♥♦ ✐♥✜♥✐t♦✱ ❡ ♥♦
♠♦❞❡❧♦ ❞♦ ❉✐s❝♦ ❞❡ P♦✐♥❝❛ré D2 ❡ss❡s ✈ért✐❝❡s t❛♠❜é♠ ❡stã♦ ♥♦ ✐♥✜♥✐t♦✱ ♠❛s ♥❛
❢r♦♥t❡✐r❛ ❞♦ ❞✐s❝♦✳

❱❡❥❛♠♦s ♦s ❡①❡♠♣❧♦s ❛ s❡❣✉✐r✸✳

✸❆s ✜❣✉r❛s ❞♦s ❡①❡♠♣❧♦s ❢♦r❛♠ r❡t✐r❛❞❛s ❞❛ r❡❢❡rê♥❝✐❛ ❬✶✼❪✳



✷✳✷ ❚❡ss❡❧❛çõ❡s ♥♦ P❧❛♥♦ ❍✐♣❡r❜ó❧✐❝♦ ✷✵

❊①❡♠♣❧♦ ✷✳✷✳✸✳ ❆ ❚❡ss❡❧❛çã♦ ❞❡ ❋❛r❡② ♥♦ ✐♥t❡r✈❛❧♦ [0, 1]✳

❋✐❣✉r❛ ✷✳✼✿ ❚❡ss❡❧❛çã♦ ❞❡ ❋❛r❡② ♥♦ ✐♥t❡r✈❛❧♦ ❬✵✱✶❪

❊①❡♠♣❧♦ ✷✳✷✳✹✳ ❆ ❚❡ss❡❧❛çã♦ ❞❡ ❋❛r❡② ♥♦ ♠♦❞❡❧♦ ❞♦ ❉✐s❝♦ ❞❡ P♦✐♥❝❛ré D2✳
❖❜s❡r✈❡ q✉❡ ♦s ✈ért✐❝❡s ❡stã♦ ❧♦❝❛❧✐③❛❞♦s ♥❛ ❢r♦♥t❡✐r❛ ❞♦ ❞✐s❝♦✳

❋✐❣✉r❛ ✷✳✽✿ ❚❡ss❡❧❛çã♦ ❞❡ ❋❛r❡② ♥♦ ♠♦❞❡❧♦ ❞♦ ❉✐s❝♦ ❞❡ P♦✐♥❝❛ré D2



❈❛♣ít✉❧♦ ✸

❈♦r♣♦s ❞❡ ◆ú♠❡r♦s✱ ❆♥é✐s ❞❡
■♥t❡✐r♦s ❡ ➪❧❣❡❜r❛ ❞♦s ◗✉❛tér♥✐♦s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❝♦♥❝❡✐t♦s ❞❛ t❡♦r✐❛ ❞❡ ❛♥é✐s✱ ❞❡ ❝♦r♣♦s ❡ t❛♠❜é♠
❞❡ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s✱ q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s ♥♦ ❝❛♣ít✉❧♦ s❡❣✉✐♥t❡ ❞♦ tr❛❜❛❧❤♦✳
P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✱ ♦ ❧❡✐t♦r ♣♦❞❡ ❝♦♥s✉❧t❛r ❬✾❪✱ ❬✶✵❪✱ ❬✶✶❪✱ ❬✶✷❪ ❡ ❬✶✺❪✳

✸✳✶ ❆♥é✐s ❡ ❈♦r♣♦s

❉❡✜♥✐çã♦ ✸✳✶✳✶✳ ❯♠ ❛♥❡❧ ❘ é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠ ❞✉❛s ♦♣❡r❛çõ❡s ❜✐♥ár✐❛s✱ ❛❞✐çã♦
(denotada por a+b) ❡ ♠✉❧t✐♣❧✐❝❛çã♦ (denotada por ab)✱ t❛❧ q✉❡ ♣❛r❛ t♦❞♦s a, b, c ∈
R✿

✶✳ a+ b = b+ a✳

✷✳ (a+ b) + c = a+ (b+ c)✳

✸✳ ❊①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ 0 ∈ R t❛❧ q✉❡ a+ 0 = a✱ ∀a ∈ R✳

✹✳ ❊①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ −a ∈ R t❛❧ q✉❡ a+ (−a) = 0✳

✺✳ a(bc) = (ab)c✳

✻✳ a(b+ c) = ab+ ac e (b+ c)a = ba+ ca✳

❯♠ ❛♥❡❧ R é ❝♦♠✉t❛t✐✈♦ s❡ ab = ba✱ ♣❛r❛ t♦❞♦ a, b ∈ R✳ ❖✉ s❡❥❛✱ R é
❝♦♠✉t❛t✐✈♦ s❡ ❛ ♦♣❡r❛çã♦ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ❞♦ ❛♥❡❧ é ❝♦♠✉t❛t✐✈❛✳ ❉✐③❡♠♦s q✉❡ ♦
❛♥❡❧ R t❡♠ ✉♥✐❞❛❞❡ s❡ ❡①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ 1 ∈ R t❛❧ q✉❡ a · 1 = 1 · a = a✱ ♣❛r❛
t♦❞♦ a ❡♠ R✳

❊①❡♠♣❧♦ ✸✳✶✳✶✳ ❖ ❝♦♥❥✉♥t♦ Z ❞♦s ✐♥t❡✐r♦s ❝♦♠ ❛s ♦♣❡r❛çõ❡s ❞❡ ❛❞✐çã♦ ❡ ♠✉❧t✐✲
♣❧✐❝❛çã♦ ✉s✉❛✐s é ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ ✶✳

❊①❡♠♣❧♦ ✸✳✶✳✷✳ ❖ ❝♦♥❥✉♥t♦ Zn = {0, 1, . . . , n− 1} ❝♦♠ ❛s ♦♣❡r❛çõ❡s ❞❡ ❛❞✐çã♦
❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♠ó❞✉❧♦ n é ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ ✶✳

❊①❡♠♣❧♦ ✸✳✶✳✸✳ ❖ ❝♦♥❥✉♥t♦ M2(Z) é ✉♠ ❛♥❡❧ ♥ã♦ ❝♦♠✉t❛t✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡

I2 =

(
1 0
0 1

)
.

✷✶
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❊①❡♠♣❧♦ ✸✳✶✳✹✳ ❖ ❝♦♥❥✉♥t♦ 2Z ❞♦s ✐♥t❡✐r♦s ♣❛r❡s ❝♦♠ ❛ ❛❞✐çã♦ ❡ ♠✉❧t✐♣❧✐❝❛çã♦
✉s✉❛✐s é ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ s❡♠ ✉♥✐❞❛❞❡✳

❯♠ s✉❜❝♦♥❥✉♥t♦ S ❞❡ ✉♠ ❛♥❡❧ R é ✉♠ s✉❜❛♥❡❧ ❞❡ R s❡ S é t❛♠❜é♠ ✉♠ ❛♥❡❧
❝♦♠ ❛s ♦♣❡r❛çõ❡s ❞❡ R✳

❖ ❝♦♥❥✉♥t♦ {0, 2, 4} é ✉♠ s✉❜❛♥❡❧ ❞❡ Z6✱ ♦s ✐♥t❡✐r♦s ♠ó❞✉❧♦ ✻✳ ❚❛♠❜é♠✱ ♦
❝♦♥❥✉♥t♦ ❞♦s ■♥t❡✐r♦s ●❛✉ss✐❛♥♦s Z[i] = {a + bi | a, b ∈ Z} é ✉♠ s✉❜❛♥❡❧ ❞♦s
♥ú♠❡r♦s ❝♦♠♣❧❡①♦s C✳

❉❡✜♥✐çã♦ ✸✳✶✳✷✳ ❙❡❥❛ ❘ ✉♠ ❛♥❡❧ ❝♦♠ ✉♥✐❞❛❞❡✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❡❧❡♠❡♥t♦ a ∈ R
é ✐♥✈❡rtí✈❡❧ s❡ ❡①✐st❡ b ∈ R t❛❧ q✉❡ ab = ba = 1✳ ❆❧é♠ ❞✐ss♦✱ ❜ é ❝❤❛♠❛❞♦ ❞❡
✐♥✈❡rs♦ ❞❡ ❛ ❡ é ❞❡♥♦t❛❞♦ ♣♦r a−1✳

❖ ❝♦♥❥✉♥t♦ ❞♦s ❡❧❡♠❡♥t♦s ✐♥✈❡rtí✈❡✐s ❞❡ ✉♠ ❛♥❡❧ R s❡rá ❞❡♥♦t❛❞♦ ♣♦r U(R)✳

❊①❡♠♣❧♦ ✸✳✶✳✺✳ ❈♦♥s✐❞❡r❡ ♦ ❛♥❡❧ Z8 = {0, 1, 2, 3, 4, 5, 6, 7} ❝♦♠ ❛s ♦♣❡r❛çõ❡s ❞❡
❛❞✐çã♦ ❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♠ó❞✉❧♦ ✽✳ ❚❡♠♦s q✉❡ U(Z8) = {1, 3, 5, 7}✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✶✳ U(R) é ✉♠ ❣r✉♣♦ ❝♦♠ ❛ ♦♣❡r❛çã♦ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦✳

❉❡✜♥✐çã♦ ✸✳✶✳✸✳ ❙❡❥❛♠ R ❡ S ❛♥é✐s✳ ❯♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❛♥é✐s é ✉♠ ♠❛♣❛
❞❡ R ♣❛r❛ S q✉❡ ♣r❡s❡r✈❛ ❛s ❞✉❛s ♦♣❡r❛çõ❡s ❞♦ ❛♥❡❧✱ ✐st♦ é✱ ♣❛r❛ t♦❞♦ a, b ∈ R✱

ϕ(a+ b) = ϕ(a) + ϕ(b) e ϕ(ab) = ϕ(a)ϕ(b).

❖❜s❡r✈❡ q✉❡ s❡ ϕ : R → S ❢♦r ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❛♥é✐s✱ t❡♠♦s q✉❡ ϕ(0) = 0✱
❡ s❡ ♦s ❛♥é✐s ♣♦ss✉✐r❡♠ ✉♥✐❞❛❞❡✱ ❡♥tã♦ ϕ(1) = 1✳

❯♠ ❤♦♠♦♠♦r✜s♠♦ ✐♥❥❡t♦r é ❝❤❛♠❛❞♦ ❞❡ ♠♦♥♦♠♦r✜s♠♦ ❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦
s♦❜r❡❥❡t♦r é ✉♠ ❡♣✐♠♦r✜s♠♦✳ ❯♠ ❤♦♠♦♠♦r✜s♠♦ ❜✐❥❡t♦r é ❝❤❛♠❛❞♦ ❞❡ ✐s♦♠♦r✲
✜s♠♦✳

❙❡ ϕ : R → S é ✉♠ ✐s♦♠♦r✜s♠♦✱ ❡♥tã♦ ϕ−1 : S → R t❛♠❜é♠ é ✐s♦♠♦r✜s♠♦✳
P♦r ✐ss♦✱ ❞✐③❡♠♦s q✉❡ R ❡ S sã♦ ✐s♦♠♦r❢♦s✱ ❡♠ sí♠❜♦❧♦s✱ R ≃ S✱ q✉❛♥❞♦ ❡①✐st❡
✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❡❧❡s✳

❊①❡♠♣❧♦ ✸✳✶✳✻✳ ❙❡❥❛ ϕ : Z → M2(Z)✱ ❞❡✜♥✐❞♦ ♣♦r ϕ(a) =
(

a 0
0 a

)
, ♣❛r❛ t♦❞♦

a ∈ Z✳ ❚❡♠♦s q✉❡ ϕ é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ✐♥❥❡t♦r✱ ♦✉ s❡❥❛✱ é ✉♠ ♠♦♥♦♠♦r✜s♠♦✱
♠❛s ♥ã♦ é s♦❜r❡❥❡t♦r✳

❉❡✜♥✐çã♦ ✸✳✶✳✹✳ ❯♠ s✉❜❛♥❡❧ I ❞❡ ✉♠ ❛♥❡❧ R é ✉♠ ✐❞❡❛❧ à ❡sq✉❡r❞❛ (direita) ❞❡
R s❡ ♣❛r❛ t♦❞♦ r ∈ R ❡ t♦❞♦ a ∈ I✱ ra ∈ I (ar ∈ I)✳

❊①❡♠♣❧♦ ✸✳✶✳✼✳ ❙❡❥❛ R ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ ❡ s❡❥❛ a ∈ R✳ ❖
❝♦♥❥✉♥t♦ 〈a〉 = {ra |r ∈ R} é ✉♠ ✐❞❡❛❧ ❞❡ R✱ ❝❤❛♠❛❞♦ ❞❡ ✐❞❡❛❧ ♣r✐♥❝✐♣❛❧ ❣❡r❛❞♦
♣♦r a✳

❊①❡♠♣❧♦ ✸✳✶✳✽✳ ❙❡❥❛ R[x] ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❝♦♠ ❝♦♥st❛♥t❡s
r❡❛✐s✳ ❉❡♥♦t❡ ♣♦r I ♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ❝♦♠ t❡r♠♦ ❝♦♥st❛♥t❡
✐❣✉❛❧ ❛ ③❡r♦✳ ❊♥tã♦✱ I é ✉♠ ✐❞❡❛❧ ❞❡ R[x] ❡ I = 〈x〉✳

❆ t❡♦r✐❛ ❞❡ ➪❧❣❡❜r❛ ❆❜str❛t❛ t❡♠ três ♣r✐♥❝✐♣❛✐s ❝♦♠♣♦♥❡♥t❡s✿ ❣r✉♣♦s✱ ❛♥é✐s
❡ ❝♦r♣♦s✳
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❉❡✜♥✐çã♦ ✸✳✶✳✺✳ ❯♠ ❝♦r♣♦ é ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡ ❡♠ q✉❡ t♦❞♦
❡❧❡♠❡♥t♦ ♥ã♦✲♥✉❧♦ é ✐♥✈❡rtí✈❡❧✳

❉❡✜♥✐çã♦ ✸✳✶✳✻✳ ❯♠ ❝♦r♣♦ ❊ é ✉♠❛ ❡①t❡♥sã♦ ❞❡ ❝♦r♣♦ ❞❡ ✉♠ ❝♦r♣♦ ❋ s❡ F ⊆ E
❡ ❛s ♦♣❡r❛çõ❡s ❞❡ ❋ sã♦ ❛s ♠❡s♠❛s ❞❡ ❊✱ r❡str✐t❛s ❛ ❋✳ ◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡
❋ é ✉♠ s✉❜❝♦r♣♦ ❞❡ ❊✳

P❛r❛ ✐♥❞✐❝❛r q✉❡ E é ✉♠❛ ❡①t❡♥sã♦ ❞♦ ❝♦r♣♦ F ✱ ✉s❛r❡♠♦s ❛ ♥♦t❛çã♦ E|F ✳

❊①❡♠♣❧♦ ✸✳✶✳✾✳ ❖ ❝♦r♣♦ Q(
√
3) = {a+b

√
3 | a, b ∈ Q} é ✉♠❛ ❡①t❡♥sã♦ ❞♦ ❝♦r♣♦

Q ❞♦s ♥ú♠❡r♦s r❛❝✐♦♥❛✐s✳ ❚❡♠♦s ❡♥tã♦ q✉❡ Q(
√
3)|Q✳

❙❡ E|F ✱ ❡♥tã♦ ❛tr❛✈és ❞❛s ♦♣❡r❛çõ❡s

+ : E × E → E

(a, b) 7→ a+ b

❡

· : F × E → E

(λ, a) 7→ λ · a

t❡♠✲s❡ q✉❡ E é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ s♦❜r❡ F ✳

❉❡✜♥✐çã♦ ✸✳✶✳✼✳ ❙❡❥❛ ❊ ✉♠❛ ❡①t❡♥sã♦ ❞❡ ✉♠ ❝♦r♣♦ ❋✳ ❉✐③❡♠♦s q✉❡ ❊ t❡♠ ❣r❛✉
♥ s♦❜r❡ ❋✱ ❡ ❡s❝r❡✈❡♠♦s [E : F ] = n✱ s❡ ❊ t❡♠ ❞✐♠❡♥sã♦ ♥ ❝♦♠♦ ✉♠ ❡s♣❛ç♦
✈❡t♦r✐❛❧ s♦❜r❡ ❋✳ ❙❡ [E : F ] é ✜♥✐t♦✱ ❊ é ❞✐t❛ ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ ❋❀ ❝❛s♦
❝♦♥trár✐♦✱ ❞✐③❡♠♦s q✉❡ ❊ é ✉♠ ❡①t❡♥sã♦ ✐♥✜♥✐t❛ ❞❡ ❋✳

❊①❡♠♣❧♦ ✸✳✶✳✶✵✳ ❖ ❝♦r♣♦ ❞♦s ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s C é ✉♠❛ ❡①t❡♥sã♦ ❞♦ ❝♦r♣♦
❞♦s ♥ú♠❡r♦s r❡❛✐s R✱ ❝♦♠ [C : R] = 2✳ ❖❜s❡r✈❡ q✉❡ {1, i} é ✉♠❛ ❜❛s❡✳

❊①❡♠♣❧♦ ✸✳✶✳✶✶✳ P❛r❛ ♦ ❝♦r♣♦ ❞♦s ♥ú♠❡r♦s r❛❝✐♦♥❛✐s✱ t❡♠♦s q✉❡ R|Q✱ ❡ t❛♠❜é♠
[R : Q] = ∞✳

❙❛❜❡♠♦s q✉❡ t♦❞♦ ❡❧❡♠❡♥t♦ ❞♦ ❝♦r♣♦ Q(
√
3) é ❡s❝r✐t♦ ❞❡ ❢♦r♠❛ s✐♠♣❧❡s ❝♦♠♦

a + b
√
3✱ ❝♦♠ a, b ∈ Q✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❡❧❡♠❡♥t♦s ❞❡ Q(π) sã♦ ❡s❝r✐t♦s ❞❡ ✉♠❛

❢♦r♠❛ ♠❛✐s ❝♦♠♣❧✐❝❛❞❛✿

anπ
n + an−1π

n−1 + . . .+ a0
bmπm + bm−1πm−1 + . . .+ b0

,

❝♦♠ ai, bj ∈ Q✱ ∀i = 0, 1, . . . , n; ∀j = 0, 1, . . . ,m✳ ❖s ❝♦r♣♦s ❞♦ t✐♣♦ Q(
√
3)

t❡♠ ✉♠❛ ót✐♠❛ ❡str✉t✉r❛ ❛❧❣é❜r✐❝❛✳ ❆❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ ❡st❛ ❡str✉t✉r❛ sã♦
❛♣r❡s❡♥t❛❞♦s ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✸✳✶✳✽✳ ❙❡❥❛ ❊ ✉♠❛ ❡①t❡♥sã♦ ❞❡ ✉♠ ❝♦r♣♦ ❋ ❡ s❡❥❛ a ∈ E✳ ❉✐③❡♠♦s q✉❡
❛ é ❛❧❣é❜r✐❝♦ s♦❜r❡ ❋ s❡ ❛ é r❛✐③ ❞❡ ❛❧❣✉♠ ♣♦❧✐♥ô♠✐♦ ♥ã♦✲♥✉❧♦ ❡♠ F [x]✳ ❙❡ ❛ ♥ã♦ é
❛❧❣é❜r✐❝♦ s♦❜r❡ ❋✱ ❡♥tã♦ ❛ é ❞✐t♦ tr❛♥s❝❡♥❞❡♥t❡ s♦❜r❡ ❋✳ ❯♠ ❡❧❡♠❡♥t♦ a ∈ C é ✉♠
♥ú♠❡r♦ ❛❧❣é❜r✐❝♦ s❡ ❡①✐st✐r ✉♠ ♣♦❧✐♥ô♠✐♦ ♥ã♦✲♥✉❧♦ f(x) ∈ Q[x] t❛❧ q✉❡ f(a) = 0✳
◆❡ss❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ ❛ é ❛❧❣é❜r✐❝♦ s♦❜r❡ ♦ ❝♦r♣♦ Q✳ ❯♠❛ ❡①t❡♥sã♦ ❊ ❞❡ ❋ é
✉♠❛ ❡①t❡♥sã♦ ❛❧❣é❜r✐❝❛ ❞❡ ❋ s❡ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ ❊ é ❛❧❣é❜r✐❝♦ s♦❜r❡ ❋✳ ❙❡ ❊ ♥ã♦
é ✉♠❛ ❡①t❡♥sã♦ ❛❧❣é❜r✐❝❛ ❞❡ ❋✱ ❡♥tã♦ ❊ é ✉♠❛ ❡①t❡♥sã♦ tr❛♥s❝❡♥❞❡♥t❡ ❞❡ ❋✳
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❊①❡♠♣❧♦ ✸✳✶✳✶✷✳ ❖ ❡❧❡♠❡♥t♦
√
2 é ❛❧❣é❜r✐❝♦ s♦❜r❡ Q✱ ♣♦✐s f(x) = x2−2 ∈ Q[x]

é ✉♠ ♣♦❧✐♥ô♠✐♦ ♥ã♦✲♥✉❧♦ ❝♦♠ f(
√
2) = 0✳

❈❤❛r❧❡s ❍❡r♠✐t❡✱ ❡♠ ✶✽✼✸✱ ♣r♦✈♦✉ q✉❡ e é tr❛♥s❝❡♥❞❡♥t❡ s♦❜r❡ Q✳ ❊♠ ✶✽✽✷✱
▲✐♥❞❡♠❛♥♥ ♠♦str♦✉ q✉❡ π é tr❛♥s❝❡♥❞❡♥t❡ s♦❜r❡ Q✳ ❆té ❤♦❥❡ ♥ã♦ s❡ s❛❜❡ s❡ ❛
s♦♠❛ π + e é tr❛♥s❝❡♥❞❡♥t❡ s♦❜r❡ Q✳

❉❡✜♥✐çã♦ ✸✳✶✳✾✳ ❙❡❥❛♠ ❋ ✉♠ ❝♦r♣♦ ❡ a ∈ E ✉♠ ❡❧❡♠❡♥t♦ ❛❧❣é❜r✐❝♦ s♦❜r❡ ❋✳ ❖
♣♦❧✐♥ô♠✐♦ ♠ô♥✐❝♦ ✐rr❡❞✉tí✈❡❧ p(x) ∈ F [x] t❛❧ q✉❡ p(a) = 0 é ♦ ♣♦❧✐♥ô♠✐♦ ♠✐♥✐♠❛❧
❞❡ ❛ s♦❜r❡ ❋✳

❊①❡♠♣❧♦ ✸✳✶✳✶✸✳ ❖ ♣♦❧✐♥ô♠✐♦ p(x) = x3−2 é ♦ ♣♦❧✐♥ô♠✐♦ ♠✐♥✐♠❛❧ ❞❡ 3
√
2 s♦❜r❡

Q✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♠♦str❛ q✉❡✱ ♣❛r❛ ✉♠ ♣♦❧✐♥ô♠✐♦ f(x) ∈ F [x] q✉❛❧q✉❡r✱
f(a) ♣♦❞❡ s❡r ❡①♣r❡ss♦ ❞❡ ✉♠❛ ♠❛♥❡✐r❛ ú♥✐❝❛✱ ♦♥❞❡ a ∈ E é ✉♠ ❡❧❡♠❡♥t♦ ❛❧❣é❜r✐❝♦
s♦❜r❡ F ✱ ❝♦♠ E|F ✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✷✳ ❙❡❥❛♠ E|F ❡ a ∈ E ✉♠ ❡❧❡♠❡♥t♦ ❛❧❣é❜r✐❝♦ s♦❜r❡ ❋✳ ❙❡ ♦
❣r❛✉ ❞♦ ♣♦❧✐♥ô♠✐♦ ♠✐♥✐♠❛❧ ❞❡ ❛ é ✐❣✉❛❧ ❛ ♥✱ ❡♥tã♦ ♣❛r❛ t♦❞♦ f(x) ∈ F [x]✱ f(a)
♣♦❞❡ s❡r ❡①♣r❡ss♦ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛ ♥❛ ❢♦r♠❛

f(a) = c0 + c1a+ . . .+ cn−1a
n−1,

♦♥❞❡ ci ∈ F, i = 0, . . . , n− 1✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ f(x) ∈ F [x] ❡ p(x) ♦ ♣♦❧✐♥ô♠✐♦ ♠✐♥✐♠❛❧ ❞❡ a✳ P❡❧♦
❛❧❣♦r✐t♠♦ ❞❛ ❞✐✈✐sã♦ ♣❛r❛ ♣♦❧✐♥ô♠✐♦s✱ ❡①✐st❡♠ q(x), r(x) ∈ F [x] t❛✐s q✉❡

f(a) = q(a) · p(a) + r(a),

♦♥❞❡ r(x) = 0 ♦✉ ∂r(x) < ∂p(x)✳ ❆ss✐♠✱ r(x) = c0 + c1x + . . . + cn−1x
n−1✱ ♦♥❞❡

ci ∈ F, i = 0, . . . , n− 1✳
❚❡♠♦s✱

f(a) = q(a) · p(a) + r(a) ❡ p(a) = 0 ⇒ f(a) = r(a),

♦✉ s❡❥❛✱ f(a) = c0 + c1a+ . . .+ cn−1a
n−1.

P❛r❛ ❞❡♠♦♥str❛r ❛ ✉♥✐❝✐❞❛❞❡✱ s✉♣♦♥❤❛ q✉❡

f(a) = c0 + c1a+ . . .+ cn−1a
n−1 = b0 + b1a+ . . .+ bn−1b

n−1,

bi, ci ∈ F ✱ i = 1, . . . , n− 1✳ ❙❡❣✉❡ ❡♥tã♦ q✉❡ ♦ ♣♦❧✐♥ô♠✐♦

s(x) = (c0 − b0) + (c1 − b1)x+ . . .+ (cn−1 − bn−1)x
n−1

é t❛❧ q✉❡ s(a) = 0 ❡ ∂s(x) < n = ∂p(x)✳ ❆ss✐♠✱ s(x) = 0 ❡ ❞❛í r❡s✉❧t❛ q✉❡
ci = bi, ∀i = 1, . . . , n− 1✳ �

❉❡✜♥✐çã♦ ✸✳✶✳✶✵✳ ❯♠ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦ α é ❞✐t♦ ✉♠ ✐♥t❡✐r♦ ❛❧❣é❜r✐❝♦ s❡ ❡①✐st❡
✉♠ ♣♦❧✐♥ô♠✐♦ ♠ô♥✐❝♦ ♥ã♦✲♥✉❧♦ p(x) ∈ Z[x] t❛❧ q✉❡ p(α) = 0✳

❊①❡♠♣❧♦ ✸✳✶✳✶✹✳ ❙❡❥❛ α = 1+
√
3i

2
✳ ❊♥tã♦✱ α é ✉♠ ✐♥t❡✐r♦ ❛❧❣é❜r✐❝♦ ♣♦✐s é r❛✐③

❞❡ p(x) = x2 − x+ 1✳
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❉❡♥♦t❛r❡♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♥ú♠❡r♦s ❛❧❣é❜r✐❝♦s s♦❜r❡ Q ♣♦r ❆✱ ❡ ♦
❝♦♥❥✉♥t♦ ❞♦s ✐♥t❡✐r♦s ❛❧❣é❜r✐❝♦s ♣♦r ❇✳ ❖ ❝♦♥❥✉♥t♦ ❆ é s✉❜❝♦r♣♦ ❞❡ C ❬✶✽❪✱ ❝♦♠
[❆ : Q] = ∞✳ ❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡ ❇ é s✉❜❛♥❡❧ ❞❡ ❆✳

❖ r❡s✉❧t❛❞♦ q✉❡ s❡❣✉❡ ♠♦str❛✲♥♦s q✉❡ t♦❞❛ ❡①t❡♥sã♦ ✜♥✐t❛ é ✉♠❛ ❡①t❡♥sã♦
❛❧❣é❜r✐❝❛✳

❚❡♦r❡♠❛ ✸✳✶✳✶✳ ❙❡ ❊ é ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ ❋✱ ❡♥tã♦ ❊ é ✉♠❛ ❡①t❡♥sã♦
❛❧❣é❜r✐❝❛ ❞❡ ❋✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ [E : F ] = n✱ ❡ s❡❥❛ a ∈ E✳ ❊♥tã♦✱ ♦ ❝♦♥❥✉♥t♦
{1, a, . . . , an} é ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡ s♦❜r❡ E✱ ♣♦✐s t❡♠ n+1 ❡❧❡♠❡♥t♦s✳ ❆ss✐♠✱
❡①✐st❡♠ ❡❧❡♠❡♥t♦s c0, c1, . . . , cn ∈ F ✱ ♥❡♠ t♦❞♦s ♥✉❧♦s✱ t❛✐s q✉❡

cna
n + cn−1a

n−1 + . . .+ c1a+ c0 = 0.

❈❧❛r❛♠❡♥t❡✱ a é ✉♠❛ r❛✐③ ❞♦ ♣♦❧✐♥ô♠✐♦ ♥ã♦ ♥✉❧♦

f(x) = cnx
n + cn−1x

n−1 + . . .+ c1x+ c0.

�

❆ r❡❝í♣r♦❝❛ ❞❡st❡ t❡♦r❡♠❛ ♥ã♦ é ✈❡r❞❛❞❡✐r❛✳ ❈♦♠ ❡❢❡✐t♦✱ Q(
√
2, 3
√
2, 4
√
2, . . .) é

✉♠❛ ❡①t❡♥sã♦ ❛❧❣é❜r✐❝❛ ❞❡ Q✱ ♠❛s ♥ã♦ é ✜♥✐t❛✳ ❚❛♠❜é♠✱ t❡♠♦s q✉❡ [❆ : Q] = ∞✳
❈♦♥s✐❞❡r❡ F ✉♠ ❝♦r♣♦ ❡ s❡❥❛♠ E ✉♠❛ ❡①t❡♥sã♦ ❞❡ F ❡ a ∈ E✳ ❆ ♣r♦♣♦s✐çã♦

q✉❡ s❡❣✉❡ ❝❛r❛❝t❡r✐③❛ ❛s ❡①t❡♥sõ❡s ❞♦ t✐♣♦ F (a)✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✸✳ ❙❡❥❛♠ ❋ ✉♠ ❝♦r♣♦ ❡ E|F ✉♠❛ ❡①t❡♥sã♦ ❞❡ ❋✳ ❙❡ a ∈ E é ✉♠
❡❧❡♠❡♥t♦ ❛❧❣é❜r✐❝♦ s♦❜r❡ F ❡ ♦ ❣r❛✉ ❞♦ ♣♦❧✐♥ô♠✐♦ ♠✐♥✐♠❛❧ ❞❡ ❛ é ✐❣✉❛❧ ❛ ♥✱ ❡♥tã♦
{1, a, . . . , an−1} é ✉♠❛ ❜❛s❡ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❋✭❛✮ s♦❜r❡ ❋ ❡ [F (a) : F ] = n✳

❉❡♠♦♥str❛çã♦✿ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✷✱ ❝♦♠♦ a ∈ E é ✉♠ ❡❧❡♠❡♥t♦ ❛❧❣é❜r✐❝♦
s♦❜r❡ F ❡ ♦ ♣♦❧✐♥ô♠✐♦ ♠✐♥✐♠❛❧ ❞❡ a t❡♠ ❣r❛✉ n✱ t❡♠♦s q✉❡ t♦❞♦ ❡❧❡♠❡♥t♦ ❞❡ F (a)
♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❡ ♠♦❞♦ ú♥✐❝♦ ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r s♦❜r❡ F ❞❡ 1, a, . . . , an−1✳
❆ss✐♠✱ {1, a, . . . , an−1} é ✉♠❛ ❜❛s❡ ❞❡ F (a) s♦❜r❡ F ✱ ❧♦❣♦ [F (a) : F ] = n✳ �

❊①❡♠♣❧♦ ✸✳✶✳✶✺✳ ❏á ✈✐♠♦s q✉❡ p(x) = x3 − 2 é ♦ ♣♦❧✐♥ô♠✐♦ ♠✐♥✐♠❛❧ ❞❡ 3
√
2✱

❧♦❣♦ 3
√
2 é ❛❧❣é❜r✐❝♦ s♦❜r❡ Q✳ ❈♦♠♦ ∂p(x) = 3✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r s❡❣✉❡ q✉❡

{1, 3
√
2,

3
√
22} é ✉♠❛ ❜❛s❡ ❞❡ Q( 3

√
2) s♦❜r❡ Q ❡ [Q( 3

√
2) : Q] = 3✳

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ r❡❧❛❝✐♦♥❛ ♦ ❣r❛✉ ❞❛ ❡①t❡♥sã♦ Q(α) ❝♦♠ ♦ ❣r❛✉ ❞♦ ♣♦❧✐♥ô✲
♠✐♦ ♠✐♥✐♠❛❧ ❞❡ α s♦❜r❡ Q✳

❚❡♦r❡♠❛ ✸✳✶✳✷✳ ❙❡ L|Q✱ ❡♥tã♦ α ∈ L é ❛❧❣é❜r✐❝♦ s♦❜r❡ Q s❡✱ ❡ s♦♠❡♥t❡ s❡✱

Q(α) = {f(α) | f(x) ∈ Q[x]}

é ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ Q✳ ◆❡st❡ ❝❛s♦✱ [Q(α) : Q] = ∂p(x)✱ ♦♥❞❡ p(x) é ♦
♣♦❧✐♥ô♠✐♦ ♠✐♥✐♠❛❧ ❞❡ α s♦❜r❡ Q✱ ❡ ∂p(x) ❞❡♥♦t❛ ♦ ❣r❛✉ ❞❡ p(x)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ α ∈ L ❛❧❣é❜r✐❝♦ s♦❜r❡ Q✱ ❡ s❡❥❛ p(x) ♦ ♣♦❧✐♥ô♠✐♦ ♠✐♥✐♠❛❧
❞❡ α✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✸✱ s❡❣✉❡ q✉❡ Q(α) é ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ Q✱ ❝♦♠
[Q(α) : Q] = ∂p(x)✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ Q(α) é ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ Q✱ ❡♥tã♦
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Q(α) é ✉♠❛ ❡①t❡♥sã♦ ❛❧❣é❜r✐❝❛ s♦❜r❡ Q ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✳✶✳ ❈♦♠♦ α ∈ Q(α)✱
s❡❣✉❡ q✉❡ α é ❛❧❣é❜r✐❝♦✳ �

❆♣r❡s❡♥t❛r❡♠♦s ❛❣♦r❛ ✉♠ r❡s✉❧t❛❞♦ ♣❛r❛ ❛ t❡♦r✐❛ ❞❡ ❝♦r♣♦s q✉❡ é ✉♠❛ ✈❡rsã♦
❛♥á❧♦❣❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ▲❛❣r❛♥❣❡ ♣❛r❛ ❣r✉♣♦s ✜♥✐t♦s✳

❚❡♦r❡♠❛ ✸✳✶✳✸✳ ❙❡❥❛ ❋ ✉♠ ❝♦r♣♦✳ ❈♦♥s✐❞❡r❡ ❊ ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ ❋ ❡ ❑
✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞♦ ❝♦r♣♦ ❊✳ ❊♥tã♦✱ ❑ é ✉♠❛ ❡①t❡♥sã♦ ✜♥✐t❛ ❞❡ ❋✱ ❡ [K :
F ] = [K : E][E : F ]✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ X = {x1, . . . , xn} ✉♠❛ ❜❛s❡ ❞❡ K s♦❜r❡ E✱ ❡ Y =
{y1, . . . , ym} ✉♠❛ ❜❛s❡ ❞❡ E s♦❜r❡ F ✳ Pr♦✈❛r❡♠♦s q✉❡

Y X = {yjxi | 1 ≤ j ≤ m, 1 ≤ i ≤ n}

é ✉♠❛ ❜❛s❡ ❞❡ K s♦❜r❡ F ✳ P❛r❛ ✐ss♦✱ s❡❥❛ a ∈ K✳ ❊♥tã♦ ❡①✐st❡♠ ❡❧❡♠❡♥t♦s
b1, . . . , bn ∈ E t❛✐s q✉❡

a = b1x1 + . . .+ bnxn

❡✱ ♣❛r❛ ❝❛❞❛ i = 1, . . . , n✱ ❡①✐st❡♠ ❡❧❡♠❡♥t♦s ci1, . . . , cim ∈ F t❛✐s q✉❡

bi = ci1y1 + . . .+ cimym.

❊♥tã♦✱

a =
n∑

i=1

bixi =
n∑

i=1

(
m∑

j=1

cijyj

)
xi =

∑

i,j

cij(yjxi).

■ss♦ ♣r♦✈❛ q✉❡ Y X ❣❡r❛ K s♦❜r❡ F ✳
❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ ❡①✐st❛♠ ❡❧❡♠❡♥t♦s cij ∈ F t❛✐s q✉❡

0 =
∑

i,j

cij(yjxi) =
∑

i

(
∑

j

(cijyj)

)
xi.

❊♥tã♦✱ ❝♦♠♦ ❝❛❞❛
∑

j

cijyj ∈ E ❡ X é ✉♠❛ ❜❛s❡ ❞❡ K s♦❜r❡ E✱ t❡♠♦s q✉❡

∑

j

cijyj = 0

♣❛r❛ ❝❛❞❛ i✳ ▼❛s✱ ❝❛❞❛ cij ♣❡rt❡♥❝❡ ❛ F ❡ Y é ✉♠❛ ❜❛s❡ ❞❡ E s♦❜r❡ F ✳ ▲♦❣♦✱
❝❛❞❛ cij é ♥✉❧♦✱ ♦ q✉❡ ♣r♦✈❛ q✉❡ ♦ ❝♦♥❥✉♥t♦ Y X é ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ s♦❜r❡
F ✱ ♣♦rt❛♥t♦ ✉♠❛ ❜❛s❡ ❞❡ K s♦❜r❡ E✳ �

❊①❡♠♣❧♦ ✸✳✶✳✶✻✳ ❈♦♠♦ {1,
√
3} é ✉♠❛ ❜❛s❡ ♣❛r❛ Q(

√
3,
√
5) s♦❜r❡ Q(

√
5)✱ ❡

{1,
√
5} é ✉♠❛ ❜❛s❡ ♣❛r❛ Q(

√
5) s♦❜r❡ Q✱ ♦ ❚❡♦r❡♠❛ ✸✳✶✳✸ ♠♦str❛ q✉❡ {1,

√
3,
√
5,
√
15}

é ✉♠❛ ❜❛s❡ ♣❛r❛ Q(
√
3,
√
5) s♦❜r❡ Q✳
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Q(
√
3,
√
5)

2

4

2

Q(
√
5)

2

Q(
√
3)

2

Q

◆❛ ✜❣✉r❛ ❞♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✱ t❡♠♦s ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❡①t❡♥sõ❡s q✉❡ ❝✉♠♣r❡
Q ⊂ Q(

√
3) ⊂ Q(

√
3,
√
5) ❡ Q ⊂ Q(

√
5) ⊂ Q(

√
3,
√
5).

P❛r❛ ❡st❡ tr❛❜❛❧❤♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❡①t❡♥sõ❡s ❛❧❣é❜r✐❝❛s ✜♥✐t❛s ❞♦ ❝♦r♣♦ Q✱
♦✉ s❡❥❛✱ ❡①t❡♥sõ❡s E|Q t❛✐s q✉❡ [E : Q] é ✜♥✐t♦✳ ❊ss❛s ❡①t❡♥sõ❡s ❞❡♥♦♠✐♥❛♠✲s❡
❝♦r♣♦s ❞❡ ♥ú♠❡r♦s✳ ❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s q✉❡ E = Q(θ)✱ ♣❛r❛ ❛❧❣✉♠ θ ∈ ❆✳

❙❡♥❞♦ E = Q(θ) ✉♠ ❝♦r♣♦ ❞❡ ♥ú♠❡r♦s✱ ❝♦♠ [E : Q] = n✱ ❡①✐st❡♠ n ♠♦♥♦♠♦r✲
✜s♠♦s ϕi : E → C, i = 1, . . . , n✱ ❞❡✜♥✐❞♦s ♣♦r ϕi(θ) = θi ❬✶✽❪✱ ♦♥❞❡ θi sã♦ ❛s r❛í③❡s
❞✐st✐♥t❛s ❡♠ C ❞♦ ♣♦❧✐♥ô♠✐♦ ♠✐♥✐♠❛❧ ❞❡ θ s♦❜r❡ Q✳ ❊ss❡s ♠♦♥♦♠♦r✜s♠♦s ❞❡✐①❛♠
✜①♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ Q✱ ❡ ❞❡s❞❡ q✉❡ C|E✱ ♦ ❝♦♥❥✉♥t♦ {ϕ1, . . . , ϕn} ❝♦♥st✐t✉✐ ♦
❣r✉♣♦ ❞❡ ●❛❧♦✐s ❞❛ ❡①t❡♥sã♦ E|Q✳

❊①❡♠♣❧♦ ✸✳✶✳✶✼✳ ❙❡❥❛ E = Q( 3
√
2)✳ ❈♦♠♦ ♦ ♣♦❧✐♥ô♠✐♦ ♠✐♥✐♠❛❧ ❞❡ θ = 3

√
2

s♦❜r❡ Q é p(x) = x3 − 2✱ s❡❣✉❡ q✉❡ ❡①✐st❡♠ três ♠♦♥♦♠♦r✜s♠♦s ϕ : E → C✱
❞❛❞♦s ♣♦r ϕ1(θ) = θ✱ ϕ2(θ) = ωθ ❡ ϕ3(θ) = ω2θ✱ ❝♦♠ ω = −1+

√
3i

2
✳

❖ ❡❧❡♠❡♥t♦ ω ❞♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r é ✉♠❛ r❛✐③ ✸✲és✐♠❛ ♣r✐♠✐t✐✈❛ ❞❛ ✉♥✐❞❛❞❡✳
❙❡❥❛ E ✉♠ ❝♦r♣♦ ❞❡ ♥ú♠❡r♦s✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

DE = E ∩❇.

❊♥tã♦✱ DE é ✉♠ s✉❜❛♥❡❧ ❞❡ E✱ ❝❤❛♠❛❞♦ ❞❡ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ❞❡ E✳ ❈♦♠♦ Z ⊆ ❇✱
s❡❣✉❡ q✉❡ Z ⊆ DE✳

❉❡✜♥✐çã♦ ✸✳✶✳✶✶✳ ❯♠ ♥ú♠❡r♦ d ∈ Z − {0} é ❧✐✈r❡ ❞❡ q✉❛❞r❛❞♦ s❡ ❡st❡ ♥ã♦ é
❞✐✈✐sí✈❡❧ ♣♦r ✉♠ q✉❛❞r❛❞♦ ❞❡ ✉♠ ♥ú♠❡r♦ ♣r✐♠♦✳

❊①❡♠♣❧♦ ✸✳✶✳✶✽✳ ❖s ♥ú♠❡r♦s ✻✱ ✼ ❡ ✶✵ sã♦ ❧✐✈r❡s ❞❡ q✉❛❞r❛❞♦✱ ❡ ✶✽ ❡ ✷✺ ♥ã♦ ♦
sã♦✳

❚❡♦r❡♠❛ ✸✳✶✳✹✳ [✽] ❙❡❥❛ ❞ ✉♠ ✐♥t❡✐r♦ ❧✐✈r❡ ❞❡ q✉❛❞r❛❞♦✳ ❊♥tã♦✱ ♦ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s
❛❧❣é❜r✐❝♦s ❞❡ E = Q(

√
d) é ❞❛❞♦ ♣♦r

DE =





Z[
√
d], se d 6≡ 1(mod 4)

Z[1+
√
d

2
], se d ≡ 1(mod 4).

✸✳✷ ➪❧❣❡❜r❛ ❞♦s ◗✉❛tér♥✐♦s

❱❡r❡♠♦s ❛ s❡❣✉✐r ♦ ❝♦♥❝❡✐t♦ ❞❡ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s ❡ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s✳
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❉❡✜♥✐çã♦ ✸✳✷✳✶✳ ❙❡❥❛ ❊ ✉♠ ❝♦r♣♦✳ ❯♠❛ á❧❣❡❜r❛ B s♦❜r❡ ❊ é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧
❝♦♠ ✉♠❛ ❡str✉t✉r❛ ❞❡ ❛♥❡❧ ❝♦♠ ✉♥✐❞❛❞❡ 1B✱ ❝♦♠ ♦♣❡r❛çõ❡s ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ❞♦
❛♥❡❧ ❡ ♣♦r ❡s❝❛❧❛r r❡❧❛❝✐♦♥❛❞❛s ♣♦r

α(xy) = (αx)y = x(αy), ∀α ∈ E e ∀x, y ∈ B.

❆ á❧❣❡❜r❛ B é ❞✐t❛ ❝♦♠✉t❛t✐✈❛ s❡ ❡❧❛ é ❝♦♠✉t❛t✐✈❛ s♦❜ s✉❛ ❡str✉t✉r❛ ❞❡ ❛♥❡❧✳

❯♠❛ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ ❉❡✜♥✐çã♦ ✸✳✷✳✶✳

❉❡✜♥✐çã♦ ✸✳✷✳✷✳ ❙❡❥❛ ❊ ✉♠ ❝♦r♣♦ t❛❧ q✉❡ carE 6= 2✳ ❯♠❛ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s
s♦❜r❡ ❊ é ✉♠❛ á❧❣❡❜r❛ A s♦❜r❡ ❊ s❛t✐s❢❛③❡♥❞♦ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✶✳ ❖ r❛❞✐❝❛❧ I ❞❡ A (✉♠ ✐❞❡❛❧ I ⊂ A t❛❧ q✉❡ In = {0} ♣❛r❛ ❛❧❣✉♠ n ∈ N) é
tr✐✈✐❛❧❀

✷✳ Z = {x ∈ A | x · y = y · x, ∀y ∈ A} = E, ♦♥❞❡ Z é ♦ ❝❡♥tr♦ ❞❡ A❀

✸✳ dimE(A) = 4✳

❯♠❛ á❧❣❡❜r❛ q✉❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ✶✲✸ é ❝❤❛♠❛❞❛ ❞❡ á❧❣❡❜r❛ s✐♠♣❧❡s ❝❡♥✲
tr❛❧✳

P♦❞❡♠♦s ❡♥❝♦♥tr❛r ✉♠❛ E✲ ❜❛s❡ {1, i, j, k} ❞❡ A s❛t✐s❢❛③❡♥❞♦✱ ❬✶✸❪✱

i2 = a, j2 = b, k = ij = −ji,

❝♦♠ a, b ∈ E − {0}✳ ❉❡♥♦t❛r❡♠♦s ❛ á❧❣❡❜r❛ A ♣♦r A = (a, b)E✳ ❖❜s❡r✈❡ q✉❡ A
♥ã♦ é ❝♦♠✉t❛t✐✈❛✱ ❥á q✉❡ ij = −ji✳

❙❡ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❛ á❧❣❡❜r❛ A ♣♦ss✉✐r ✐♥✈❡rs♦✱ ❞✐③❡♠♦s q✉❡ A é ✉♠❛ á❧❣❡❜r❛
❞❡ ❞✐✈✐sã♦✳

❉❡✜♥✐çã♦ ✸✳✷✳✸✳ ❙❡❥❛ x = x0 + x1i+ x2j + x3k ∈ A✱ ♦♥❞❡ x0, x1, x2, x3 ∈ E✳ ❖
❝♦♥❥✉❣❛❞♦ ❞❡ ① é ❞❛❞♦ ♣♦r x = x0 − x1i− x2j − x3k✳

❖❜s❡r✈❡ q✉❡ q✉❛✐sq✉❡r ❡❧❡♠❡♥t♦s x, y ∈ A s❛t✐s❢❛③❡♠

x+ y = x+ y, x · y = x · y, x = x. ✭✸✳✶✮

❉❡✜♥✐çã♦ ✸✳✷✳✹✳ ❙❡❥❛ x ∈ A✳ ❆ ♥♦r♠❛ r❡❞✉③✐❞❛ ❞❡ ①✱ ❞❡♥♦t❛❞❛ ♣♦r ◆r❞✭①✮✱ ❡ ♦
tr❛ç♦ r❡❞✉③✐❞♦ ❞❡ ①✱ ❞❡♥♦t❛❞♦ ♣♦r ❚r❞✭①✮✱ sã♦ ❞❡✜♥✐❞♦s ♣♦r

Nrd(x) = x · x = x2
0 − ax2

1 − bx2
2 + abx2

3 ❡ Trd(x) = x+ x = 2x0. ✭✸✳✷✮

❆ ❢✉♥çã♦ ♥♦r♠❛ Nrd s❛t✐s❢❛③

Nrd(x · y) = Nrd(x) ·Nrd(y), ∀x, y ∈ A. ✭✸✳✸✮

❊st❛❜❡❧❡❝❡r❡♠♦s ❛❣♦r❛ ✉♠❛ ❝♦♥❡①ã♦ ❡♥tr❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞♦s
q✉❛tér♥✐♦s A ❡ ♦s ❡❧❡♠❡♥t♦s ❞❡ ✉♠❛ s✉❜✲á❧❣❡❜r❛ ❞❡ M(2, E(

√
a))✳

❙❡❥❛♠ A = (a, b)E ❡ M0,M1,M2,M3 ♠❛tr✐③❡s ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡
M(2, E(

√
a))✱ ❞❛❞❛s ♣♦r

M0 =

(
1 0
0 1

)
, M1 =

( √
a 0
0 −√

a

)
,
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M2 =

(
0 1
b 0

)
, M3 =

(
0

√
a

−b
√
a 0

)
.

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ❛ ❛♣❧✐❝❛çã♦ ϕ : A → M(2, E(
√
a))✱ ❞❡✜♥✐❞❛ ♣♦r

ϕ(x0 + x1i+ x2j + x3k) = x0 ·M0 + x1 ·M1 + x2 ·M2 + x3 ·M3.

❈♦♠♦ ϕ(i2) = aI2✱ ϕ(j2) = bI2✱ ϕ(i)ϕ(j) = −ϕ(j)ϕ(i)✱ s❡♥❞♦ I2 ❛ ♠❛tr✐③
✐❞❡♥t✐❞❛❞❡ ❞❡ ♦r❞❡♠ ✷✱ ✈❡r✐✜❝❛✲s❡ q✉❡ ϕ é ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ A ❡♠ ✉♠❛ s✉❜✲
á❧❣❡❜r❛ ❞❡ M(2, E(

√
a))✳ ❆ss✐♠✱ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞❡ A é ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠

x 7→ ϕ(x) =

(
x0 + x1

√
a x2 + x3

√
a

b(x2 − x3

√
a) x0 − x1

√
a

)
. ✭✸✳✹✮

❚❡♦r❡♠❛ ✸✳✷✳✶✳ [✶✺] ❙❡ A = (a, b)E ♥ã♦ é ✐s♦♠♦r❢❛ ❛ M(2, E)✱ ❡♥tã♦ A é ✉♠❛
á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦✳

❚❡♦r❡♠❛ ✸✳✷✳✷✳ A é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Nrd(x) = 0 ❛♣❡♥❛s
♣❛r❛ x = 0✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ x ∈ A ❝♦♠ x 6= 0✳ ❊♥tã♦ Nrd(x) 6= 0✳ ❈♦♠♦ Nrd(x) =
x · x✱ t❡♠♦s q✉❡

x

Nrd(x)
· x = 1, ou seja,

x

Nrd(x)

é ♦ ❡❧❡♠❡♥t♦ ✐♥✈❡rs♦ ❞❡ x✳ ▲♦❣♦✱ A é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱
s❡ A é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦ ❡ x 6= 0✱ ❡♥tã♦ x−1 6= 0 ❡ Nrd(x) ·Nrd(x−1) = 1✱
♦✉ s❡❥❛✱ Nrd(x) 6= 0✳ �

❊①❡♠♣❧♦ ✸✳✷✳✶✳ ❙❡❥❛♠ A = (5, 11)Q✱ ❡ h ∈ A✱ ❝♦♠ h = 1 + 3i + j + k 6= 0✳
❚❡♠♦s q✉❡ Nrd(h) = 12−5 ·32−1 ·12+55 ·12 = 0✳ P❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ s❡❣✉❡
q✉❡ A ♥ã♦ é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐✈✐sã♦✳

❊①❡♠♣❧♦ ✸✳✷✳✷✳ ❙❡❥❛♠ H = (−1,−1)R ❛ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s ❞❡ ❍❛♠✐❧t♦♥ ❡

H1 = {x ∈ H | NrdH(x) = 1}.

❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

TrdH(H
1) = {TrdH(x) | x ∈ H1}.

❊♥tã♦✱ ❞❛❞♦ x = x0 + x1i + x2j + x3k ∈ H1✱ ♦♥❞❡ i2 = j2 = k2 = −1✱ t❡♠♦s
❞❡ (3.2) q✉❡ NrdH(x) = x2

0 + x2
1 + x2

2 + x2
3 = 1✳ ❉✐ss♦ s❡❣✉❡ q✉❡ |x0| ≤ 1 ❡✱

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ TrdH(x) = 2x0 ∈ [−2, 2]✳ ▲♦❣♦✱ TrdH(H1) = [−2, 2]✳

✸✳✸ ❘❡t✐❝✉❧❛❞♦s ❍✐♣❡r❜ó❧✐❝♦s

◆❡st❛ s❡çã♦ é ❛♣r❡s❡♥t❛❞❛ ♦ ❝♦♥❝❡✐t♦ ❞❡ ♦r❞❡♠ ❡♠ ✉♠❛ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s
A✳

❉❡✜♥✐çã♦ ✸✳✸✳✶✳ ❙❡❥❛ R ✉♠ ❛♥❡❧✳ ❯♠ ❝♦♥❥✉♥t♦ ♥ã♦ ✈❛③✐♦ M é ❞✐t♦ ✉♠ R✲
♠ó❞✉❧♦ (♦✉ ✉♠ ♠ó❞✉❧♦ s♦❜r❡ R) s❡ M é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ s♦❜ ✉♠❛ ♦♣❡r❛çã♦ +
t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ r ∈ R ❡ m ∈ M ✱ ❡①✐st❡ ✉♠ ❡❧❡♠❡♥t♦ rm ∈ M q✉❡ s❛t✐s❢❛③✿



✸✳✸ ❘❡t✐❝✉❧❛❞♦s ❍✐♣❡r❜ó❧✐❝♦s ✸✵

✶✳ r(a+ b) = ra+ rb

✷✳ r(sa) = (rs)a

✸✳ (r + s)a = ra+ sa

♣❛r❛ t♦❞♦ a, b ∈ M ❡ r, s ∈ R✳

❊①❡♠♣❧♦ ✸✳✸✳✶✳ ❙❡❥❛♠ R ✉♠ ❛♥❡❧ ❡ I ✉♠ ✐❞❡❛❧ à ❡sq✉❡r❞❛ ❞❡ R✳ ❙❡❥❛ M =
{a+ I | a ∈ R} ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝❧❛ss❡s ❧❛t❡r❛✐s à ❡sq✉❡r❞❛ ❞❡ R✳ ❊♠ M ✱
❞❡✜♥❛ (a+ I) + (b+ I) = (a+ b) + I ❡ r(a+ I) = ra+ I, r ∈ R✳ ❉❡ss❛ ❢♦r♠❛✱
M é ✉♠ R✲♠ó❞✉❧♦✳

❉❡✜♥✐çã♦ ✸✳✸✳✷✳ ❯♠ R✲♠ó❞✉❧♦ M é ❞✐t♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ s❡ ❡①✐st❡♠ ❡❧❡♠❡♥✲
t♦s a1, a2, . . . , an ∈ M t❛✐s q✉❡ t♦❞♦ m ∈ M é ❞❛ ❢♦r♠❛

m = r1a1 + r2a2 + . . .+ rnan,

r1, r2, . . . , rn ∈ R✳

❉❡✜♥✐çã♦ ✸✳✸✳✸✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ ❞✐s❝r❡t♦ Λ ❞❡ ♣♦♥t♦s ❞❡ Rn é ✉♠ r❡t✐❝✉❧❛❞♦ ❞❡
❞✐♠❡♥sã♦ n s❡ ❡st❡ ❢♦r ✉♠ Z✲♠ó❞✉❧♦✱ ❣❡r❛❞♦ ❛tr❛✈és ❞❡ ✉♠❛ ❜❛s❡ {e1, . . . , en}✳

❙❡❥❛♠ A ✉♠❛ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s s♦❜r❡ E ❡ R ✉♠ ❛♥❡❧✳ ❯♠❛ ❘✲♦r❞❡♠ O
❡♠ A é ✉♠ s✉❜❛♥❡❧ ❞❡ A ❝♦♠ ✉♥✐❞❛❞❡ q✉❡ é ✉♠ R✲♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦
t❛❧ q✉❡ A = EO✳

❆ R✲♦r❞❡♠ O t❛♠❜é♠ s❡rá ❝❤❛♠❛❞❛ ❞❡ r❡t✐❝✉❧❛❞♦ ❤✐♣❡r❜ó❧✐❝♦✳
◆♦ tr❛❜❛❧❤♦ ❞❡ ❈❛r✈❛❧❤♦✱ ❬✻❪✱ ♦s r❡t✐❝✉❧❛❞♦s ❤✐♣❡r❜ó❧✐❝♦s sã♦ ✉t✐❧✐③❛❞♦s ♥♦

♣r♦❝❡ss♦ ❞❡ r♦t✉❧❛❣❡♠ ❞❡ ✉♠❛ ❝♦♥st❡❧❛çã♦ ❞❡ s✐♥❛✐s ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ✉♥✐❢♦r♠❡
♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✳

◆♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ t❡ss❡❧❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ {8g − 4, 4}
❛ss♦❝✐❛❞❛ ❛♦ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ8g−4 ❡ ✐❞❡♥t✐✜❝á✲❧♦ ❝♦♠ ❛ r❡s♣❡❝t✐✈❛ ♦r❞❡♠ O✳

❈♦♥s✐❞❡r❡♠♦s✱ ♣❛r❛ ❝❛❞❛ ♦r❞❡♠ O ❡♠ A✱ ♦ ❝♦♥❥✉♥t♦ O1✱ ❞❡✜♥✐❞♦ ♣♦r

O1 = {x ∈ O | Nrd(x) = 1}.

Pr♦♣♦s✐çã♦ ✸✳✸✳✶✳ O1 é ✉♠ ❣r✉♣♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ x, y ∈ O1✳ P♦r ❞❡✜♥✐çã♦✱ t❡♠♦s q✉❡ x ·y ∈ O✳ P♦r ♦✉tr♦
❧❛❞♦✱ t❡♠♦s q✉❡

Nrd(x · y) = Nrd(x) ·Nrd(y) = 1 · 1 = 1.

❙❡❣✉❡ ❡♥tã♦ q✉❡ x · y ∈ O1✳ ❚❛♠❜é♠✱ ♦ ✐♥✈❡rs♦ ❞❡ x é x✱ ❡ Nrd(x) = 1✱ ♣♦✐s ❞❡
✭✸✳✷✮✱

Nrd(x) = x · x = x · x = x · x = Nrd(x)

�

❆ R✲♦r❞❡♠ O s❡rá ❞❡♥♦t❛❞❛ ♣♦r O = (a, b)DE
✳



❈❛♣ít✉❧♦ ✹

■❞❡♥t✐✜❝❛çã♦ ❞♦s ●r✉♣♦s Γ8g−4 ❡♠
❖r❞❡♥s ❞♦s ◗✉❛tér♥✐♦s

❱✐❡✐r❛ ❡♠ ❬✷✵❪ ❛♣r❡s❡♥t❛ ❛❧❣✉♥s ❝❛s♦s ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞♦s ❣r✉♣♦s ❢✉❝❤s✐❛♥♦s ❡♠
♦r❞❡♥s ❞♦s q✉❛tér♥✐♦s ❞❡ ❛❧❣✉♠❛s t❡ss❡❧❛çõ❡s✱ ❝♦♠ ❞❡st❛q✉❡ ♣❛r❛ ♦ ❣r✉♣♦ ❢✉✲
❝❤s✐❛♥♦ Γ4g ❛ss♦❝✐❛❞♦ à t❡ss❡❧❛çã♦ ❛✉t♦✲❞✉❛❧ {4g, 4g}✱ ♦♥❞❡ g é ♦ ❣ê♥❡r♦ ❞❛ s✉✲
♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ D2/Γ4g✳ ◆❡ss❡ tr❛❜❛❧❤♦✱ ♦ ❛✉t♦r ❣❡♥❡r❛❧✐③❛ ♦s ❝❛s♦s ❡♠ q✉❡
g = 2n, g = 3 · 2n ❡ g = 5 · 2n✱ ❝♦♠ n > 0 ✉♠ ♥❛t✉r❛❧✳ ▼❛s ✐❞❡♥t✐✜❝❛r ✉♠ ❣r✉♣♦
❢✉❝❤s✐❛♥♦ ❡♠ ♦r❞❡♥s ❞♦s q✉❛tér♥✐♦s ♣♦❞❡ s❡r ✉♠❛ t❛r❡❢❛ ❞✐❢í❝✐❧✳ P♦r ❡①❡♠♣❧♦✱
♣❛r❛ ❛ t❡ss❡❧❛çã♦ {12g − 6, 3}✱ ❱✐❡✐r❛ ♠♦str♦✉ ❡♠ s❡✉ tr❛❜❛❧❤♦ ❛♣❡♥❛s ✉♠ ❝❛s♦
❞❡ ✐❞❡♥t✐✜❝❛çã♦✱ q✉❛♥❞♦ g = 3✱ ❬✷✵❪✳
❊st❡ ❝❛♣ít✉❧♦ ❡stá ❞✐✈✐❞✐❞♦ ❡♠ ❞✉❛s ♣❛rt❡s✳ ◆❛ ♣r✐♠❡✐r❛✱ ❛♣r❡s❡♥t❛♠♦s ♦ ❣r✉♣♦
❢✉❝❤s✐❛♥♦ Γ8g−4 ♣r♦✈❡♥✐❡♥t❡ ❞❛ t❡ss❡❧❛çã♦ {8g−4, 4} ❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s✱
❝♦♠ ❞❡st❛q✉❡ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ g = 2✳ ◆❛ s❡❣✉♥❞❛✱ tr❛t❛♠♦s ❛ ✐❞❡♥t✐✜❝❛çã♦
❡♠ ♦r❞❡♥s ❞♦s q✉❛tér♥✐♦s ❞♦s ❡❧❡♠❡♥t♦s ❞❡ss❡ ❣r✉♣♦✳

✹✳✶ ❖ ●r✉♣♦ ❋✉❝❤s✐❛♥♦ Γ8g−4

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ♦ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ8g−4✳ ❯♠❛ ❛❜♦r❞❛❣❡♠ ♠❛✐s ❞❡t❛✲
❧❤❛❞❛ ❞♦s ❛ss✉♥t♦s tr❛t❛❞♦s ❛q✉✐ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✼❪✳

❈♦♥s✐❞❡r❡ ❛ t❡ss❡❧❛çã♦ {8g − 4, 4}✱ ❝♦♠ ❣ê♥❡r♦ g ≥ 2✱ ❡ s❡❥❛ P8g−4 ♦ ♣♦❧í❣♦♥♦
❤✐♣❡r❜ó❧✐❝♦ r❡❣✉❧❛r ❞❡ 8g−4 ❛r❡st❛s ❛ss♦❝✐❛❞♦✳ ❆ s✉♣❡r❢í❝✐❡ D2/Γ8g−4 ❞á ♦r✐❣❡♠ ❛
✉♠ g✲t♦r♦✱ ❬✷✵❪✱ ❛tr❛✈és ❞♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡st❛s ❞❡s❝r✐t♦ ❡♠ ❬✼❪✳ P♦❞❡♠♦s
s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ ♦ ♣♦❧í❣♦♥♦ P8g−4 ❡st❡❥❛ ❝❡♥tr❛❞♦ ♥❛ ♦r✐❣❡♠
❞❡ D2✳

❙❡❥❛♠ τ1, . . . , τ8g−4 ❛s ❛r❡st❛s ❞❡ P8g−4✱ s❡♥❞♦ ❛ ❝♦♥t❛❣❡♠ ✐♥✐❝✐❛❞❛ ♥♦ s❡♥t✐❞♦
❛♥t✐✲❤♦rár✐♦✱ ❡ ❝♦♥s✐❞❡r❡ ❛s ✐s♦♠❡tr✐❛s ❤✐♣❡r❜ó❧✐❝❛s q✉❡ ❢♦r♠❛♠ ✉♠ ❝♦♥❥✉♥t♦ ❣❡r❛✲
❞♦r ❞♦ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ8g−4✳ ❚❡♠♦s ❡♥tã♦ ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ 8g−4 ❛r❡st❛s
q✉❡ ❡stá ❛ss♦❝✐❛❞♦ ❛ ✉♠ ❣r✉♣♦ Γ8g−4 ❞❡ ❛ss✐♥❛t✉r❛ (g,−)✳ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛
✶✳✸✳✽ q✉❡ ❛ ár❡❛ ❤✐♣❡r❜ó❧✐❝❛ ❞❡ P8g−4 é

µ(P8g−4) = µ(D2/Γ8g−4) = 4π(g − 1).

◆♦t❡ q✉❡ ♦ ❣r✉♣♦ Γ8g−4 ♥ã♦ ♣♦ss✉✐ ❡❧❡♠❡♥t♦s ❡❧í♣t✐❝♦s✳
❉❡ ♠❛♥❡✐r❛ s✉❝✐♥t❛✱ ❛s ✐s♦♠❡tr✐❛s ❣❡r❛❞♦r❛s ❞❡ Γ8g−4 sã♦ ❡♥❝♦♥tr❛❞❛s ❝♦♠♦

✸✶
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s❡❣✉❡✳ ❊♠ ❬✼❪✱ ❡ss❡ ♣r♦❝❡ss♦ s❡ ❡♥❝♦♥tr❛ ♠❛✐s ❞❡t❛❧❤❛❞♦✳
❙❡❥❛♠ τ1, . . . , τ8g−4 ❛s ❛r❡st❛s ❞❡ P8g−4✱ ❝♦♥t❛❞❛s ♥♦ s❡♥t✐❞♦ ❛♥t✐✲❤♦rár✐♦✳ ❈♦♥✲

s✐❞❡r❡ ❛ tr❛♥s❢♦r♠❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ q✉❡ ❡♠♣❛r❡❧❤❛ ❛s ❛r❡st❛s τ1 ❡ τ4g−1✿

α1 : D
2 → D2

z 7→ az + b

bz + a
, a, b ∈ C, aa− bb = 1.

❆ ✐♥✈❡rs❛ ❞❡ α1 é

α−1
1 : D2 → D2

z 7→ az − b

−bz + a
, a, b ∈ C, aa− bb = 1.

❖s ❝ír❝✉❧♦s ✐s♦♠étr✐❝♦s ❞❡ α1 ♣♦ss✉❡♠ ❝❡♥tr♦ −a

b
❡ r❛✐♦

1

|b| ✱ ❡ ♦s ❞❡ α−1
1 t❡♠

❝❡♥tr♦ ❞❡
a

b
❡ ♠❡s♠♦ r❛✐♦✱ ❝♦♠

a = ±
1 + cos π

4g−2

sen π
4g−2

e b = ±

√
2
(
1 + cos π

4g−2

)
cos π

4g−2

sen π
4g−2

e−iπ 8g−3
8g−4 .

▲❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ ❡ss❡s ✈❛❧♦r❡s✱ ♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r α1 ♣❡❧❛ ♠❛tr✐③

Mα1 =




1 + cos π
4g−2

sen π
4g−2

ue(−iπ 8g−3
8g−4)

ue(iπ
8g−3
8g−4)

1 + cos π
4g−2

sen π
4g−2




, ✭✹✳✶✮

❝♦♠

u =

√
2
(
1 + cos π

4g−2

)
cos π

4g−2

sen π
4g−2

. ✭✹✳✷✮

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛ ✐s♦♠❡tr✐❛ ❞❡✜♥✐❞❛ ♣♦r

ρk : D
2 → D2

z 7→ zei
π

4g−2(
1
2
+k), k = 1, . . . , 8g − 5

▼❛tr✐❝✐❛❧♠❡♥t❡✱ ♣♦❞❡♠♦s ❡s❝r❡✈ê✲❧❛ ❝♦♠♦

Mρk =




e(i
2π

8g−4) 0

0 e(−i 2π
8g−4)


 .
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❉❡♥♦t❛♥❞♦ ❛s ❢✉♥çõ❡s ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❛s ❛r❡st❛s ♣♦r αa
k+1✱ α

b
k+1✱ β

c
k+1 ❡

βd
k+1✱ ❝♦♠ k = 1, . . . , g − 1✱ ❝♦♥s❡❣✉✐♠♦s ❡s❝r❡✈ê✲❧❛s ❡♠ ❢✉♥çã♦ ❞❡ α1✱ ❬✼❪✳ ❊♥tã♦✱

❢❛③❡♥❞♦ ❛ ❝♦♥❥✉❣❛çã♦ ❞❡ss❡s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❝♦♠ ❛ ✐s♦♠❡tr✐❛ ρk✱ ♦❜t❡♠♦s ❛s
✐s♦♠❡tr✐❛s ❤✐♣❡r❜ó❧✐❝❛s q✉❡ sã♦ ♦s ❣❡r❛❞♦r❡s ❞♦ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ8g−4 ❡♠ ❢♦r♠❛
♠❛tr✐❝✐❛❧✿

Mαa
k+1

=




1 + cos π
4g−2

sen π
4g−2

ei
8kπ
8g−4 ue(−iπ 8g−3

8g−4)

ue(iπ
8g−3
8g−4)

1 + cos π
4g−2

sen π
4g−2

e−i 8kπ
8g−4




, ✭✹✳✸✮

Mαb
k+1

=




1 + cos π
4g−2

sen π
4g−2

e−i 8kπ
8g−4 ue(−iπ 8g−3

8g−4)

ue(iπ
8g−3
8g−4)

1 + cos π
4g−2

sen π
4g−2

ei
8kπ
8g−4




, ✭✹✳✹✮

Mβ1 =




1 + cos π
4g−2

sen π
4g−2

ue(−iπ 16g−7
8g−4 )

ue(iπ
16g−7
8g−4 )

1 + cos π
4g−2

sen π
4g−2




, ✭✹✳✺✮

Mβc
k+1

=




1 + cos π
4g−2

sen π
4g−2

ei
8kπ
8g−4 ue(−iπ 16g−7

8g−4 )

ue(iπ
16g−7
8g−4 )

1 + cos π
4g−2

sen π
4g−2

e−i 8kπ
8g−4




, ✭✹✳✻✮

Mβd
k+1

=




1 + cos π
4g−2

sen π
4g−2

e−i 8kπ
8g−4 ue(−iπ 16g−7

8g−4 )

ue(iπ
16g−7
8g−4 )

1 + cos π
4g−2

sen π
4g−2

ei
8kπ
8g−4




. ✭✹✳✼✮

❈♦♥s✐❞❡r❡ ❛❣♦r❛ ❛ ✐s♦♠❡tr✐❛

f : H2 → D2

z 7→ zi+ 1

z + i
.

❆tr❛✈és ❞❡ss❛ ❛♣❧✐❝❛çã♦✱ t❡♠♦s q✉❡ Γ ≃ Γ8g−4 ❬✷✵❪✳ ❉❡ss❡ ♠♦❞♦✱ ♣♦❞❡♠♦s
tr❛❜❛❧❤❛r t❛♥t♦ ❡♠ H2 q✉❛♥t♦ ❡♠ D2✳ ❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ tr❛♥s❢♦r♠❛çã♦ ξ : D2 →



✹✳✶ ❖ ●r✉♣♦ ❋✉❝❤s✐❛♥♦ Γ8g−4 ✸✹

D2✱ t❡♠♦s ✉♠❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❡♠ H2✱ q✉❡ é ❞❛❞❛ ♣♦r f−1 · ξ · f ✳
❙❡❥❛ ξ =

(
a b

b a

)
, ❝♦♠ a, b ∈ C ❡ aa− bb = 1✳ ❊♥tã♦

f−1 · ξ · f : H2 → H2

z 7→ 1

2

(
Re(a) + Im(b) Re(b) + Im(a)
Re(b)− Im(a) Re(a)− Im(b)

)
(z). ✭✹✳✽✮

P❛r❛ tr❛❜❛❧❤❛r ❝♦♠ ❛ ✐❞❡♥t✐✜❝❛çã♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛s ♠❛tr✐③❡s ❡♠H2✳ ◆❡ss❡
♣r♦❝❡ss♦✱ ♣♦❞❡r❡♠♦s ♦❜s❡r✈❛r q✉❡ ♦s ❣❡r❛❞♦r❡s s❡ ❡s❝r❡✈❡♠ ♥❛ ❢♦r♠❛

G =
1

4

(
xk + yk

√
t zk + wk

√
t

−zk + wk

√
t xk − yk

√
t

)
, ✭✹✳✾✮

♦♥❞❡ xk, yk, zk, wk ∈ Z[θ]✱ Z[θ] é ♦ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ❞❡ Q(
√
m)✱ m > 0✱ t ∈ Z[θ] ❡√

t /∈ Z[θ]✳
❆tr❛✈és ❞❛s ❢✉♥çõ❡s ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡s❝r✐t❛s ❡♠ ❬✼❪✱ ♦ ♣♦❧í❣♦♥♦ P12 ❛s✲

s♦❝✐❛❞♦ à t❡ss❡❧❛çã♦ {8g − 4, 4} q✉❛♥❞♦ g = 2 é ♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✹✳✶✶✳

❋✐❣✉r❛ ✹✳✶✿ P♦❧í❣♦♥♦ P12

❋✐❣✉r❛ ✹✳✷✿ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ❞❛ ❚❡ss❡❧❛çã♦ {8g − 4, 4} ♣❛r❛ g = 2

✶❆s ❋✐❣✉r❛s ✹✳✶✱ ✹✳✷ ❡ ✹✳✸ ❢♦r❛♠ r❡t✐r❛❞❛s ❞❛ r❡❢❡rê♥❝✐❛ ❬✼❪✳
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❋✐❣✉r❛ ✹✳✸✿ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ❞❛ ❚❡ss❡❧❛çã♦ {8g − 4, 4} ♣❛r❛ g = 3

❆ t❡ss❡❧❛çã♦ {8g − 4, 4} ♣❛r❛ g = 2 t❡♠ s❡✉ ❡♠♣❛r❡❧❤❛♠❡♥t♦ r❡♣r❡s❡♥t❛❞♦
♥❛ ❋✐❣✉r❛ ✹✳✷✳ ❆♣r❡s❡♥t❛r❡♠♦s ♥❛ s❡çã♦ ❛ s❡❣✉✐r ♦ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ8g−4 ❡♠
q✉❡ g = 2✳ ❉❡t❡r♠✐♥❛r❡♠♦s ❛ ♦r❞❡♠ ❞♦s q✉❛tér♥✐♦s O ❡♠ A ❛ss♦❝✐❛❞❛ ❛♦ ❣r✉♣♦
Γ8g−4✱ ❡♠ q✉❡A é ✉♠❛ á❧❣❡❜r❛ ❞♦s q✉❛tér♥✐♦s✱ ❡ ✐❞❡♥t✐✜❝❛r❡♠♦s ♦ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦
Γ8g−4 ❡♠ ♦r❞❡♥s ❞♦s q✉❛tér♥✐♦s ♥♦ ❝❛s♦ ❡♠ q✉❡ g = 2✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s
✐♥✐❝✐❛❧♠❡♥t❡ ♦ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ❞❡ E = Q(

√
3)✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ✸✳✶✳✹✱ t❡♠♦s ❛ s❡❣✉✐♥t❡✿

Pr♦♣♦s✐çã♦ ✹✳✶✳✶✳ ❙❡❥❛ E = Q(
√
3)✳ ❖ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ❞❡ E é

DE = Z[
√
3].

❉❡♠♦♥str❛çã♦✿ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✳✹✱ ❝♦♠♦ 3 6≡ 1 mod 4✱ s❡❣✉❡ q✉❡ ♦ ❛♥❡❧ ❞❡
✐♥t❡✐r♦s ❞❡ E = Q(

√
3) é DE = Z[

√
3]✳ �

Pr♦♣♦s✐çã♦ ✹✳✶✳✷✳ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣♦r G1, . . . , Gl✱
❝♦♠

Gk =

(
xk + yk

√
θ zk + wk

√
θ

−zk + wk

√
θ xk − yk

√
θ

)
, k = 1, . . . , l,

♦♥❞❡ Gk ∈ M(2, E(
√
θ)) ❡ θ, xk, yk, zk, wk ∈ E✱ s❡♥❞♦ ❊ ✉♠ ❝♦r♣♦✳ ❊♥tã♦ q✉❛❧✲

q✉❡r ❡❧❡♠❡♥t♦ T ∈ Γ ❛ss✉♠❡ ❛ ♠❡s♠❛ ❢♦r♠❛ ❞♦s ❣❡r❛❞♦r❡s ❞❡ Γ✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ G1 ❡ G2 ❞♦✐s ❣❡r❛❞♦r❡s ❞❡ Γ✱ ❞✐❣❛♠♦s

G1 =

(
x1 + y1

√
θ z1 + w1

√
θ

−z1 + w1

√
θ x1 − y1

√
θ

)
❡ G2 =

(
x2 + y2

√
θ z2 + w2

√
θ

−z2 + w2

√
θ x2 − y2

√
θ

)
.

❙❡ G1 ·G2 =

(
a11 a12
a21 a22

)
, ❡♥tã♦

a11 = x1x2 − z1z2 + (y1y2 + w1w2)θ + (x1y2 + x2y1 + z1w2 − z2w1)
√
θ,

a22 = x1x2 − z1z2 + (y1y2 + w1w2)θ − (x1y2 + x2y1 + z1w2 − z2w1)
√
θ,

a21 = −z1x2 − x1z2 − (y1w2 − w1y2)θ + (−z1y2 + x2w1 + x1w2 + y1z2)
√
θ,

a12 = z1x2 + x1z2 + (y1w2 − w1y2)θ + (−z1y2 + x2w1 + x1w2 + y1z2)
√
θ.
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�

Pr♦♣♦s✐çã♦ ✹✳✶✳✸✳ ❙❡❥❛♠ ❛ á❧❣❡❜r❛ A = (a, b)E ❝♦♠ ✉♠❛ ❊✲❜❛s❡ {1, i, j, k}✱
r ∈ N− {0} ✜①♦ ❡ ❘ ♦ ❝♦♥❥✉♥t♦

R =
{ α

rm
| α ∈ DE e m ∈ N

}
,

♦♥❞❡ DE é ♦ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s ❞♦ ❝♦r♣♦ ❊✳ ❊♥tã♦

O = (a, b)R = {x = x0 + x1i+ x2j + x3k | x0, x1, x2, x3 ∈ R}

é ✉♠❛ ♦r❞❡♠ ❡♠ A✳

❉❡♠♦♥str❛çã♦✿ ❚❡♠♦s q✉❡ R é ✉♠ s✉❜❛♥❡❧ ❞❡ E q✉❡ ❝♦♥té♠ ♦ ❛♥❡❧ ❞❡ ✐♥t❡✐r♦s
DE✳ P♦r ❞❡✜♥✐çã♦✱ O é ✉♠ R−♠ó❞✉❧♦✳ ❙❡❥❛ β ∈ E✳ ❊♥tã♦✱ ❡①✐st❡ c ∈ Z−{0} t❛❧
q✉❡ cβ ∈ DE✳ ❆ss✐♠✱ ♣❛r❛ q✉❛✐sq✉❡r x0, x1, x2, x3 ∈ E✱ ❡①✐st❡♠ cl ∈ Z− {0} t❛✐s
q✉❡ clxl = αl ∈ DE✱ l = 0, 1, 2, 3✳ ❉❡ss❛ ❢♦r♠❛✱ ❞❛❞♦ x = x0+x1i+x2j+x3k ∈ A✱
❡①✐st❡ γ ∈ E t❛❧ q✉❡ x = γx′✱ ❝♦♠ x′ ∈ O✳ ❖✉ s❡❥❛✱ A = EO✱ ❡ ❡♥tã♦ O é ✉♠❛
♦r❞❡♠ ❡♠ A✳ �

✹✳✷ ❈❛s♦ g = 2

◆❡st❛ s❡çã♦ ✈❡r❡♠♦s ❝♦♠♦ ✜❝❛♠ ❛s ♠❛tr✐③❡s ❡ ❛ ✐❞❡♥t✐✜❝❛çã♦ q✉❛♥❞♦ g = 2✳ P❛r❛
♦ ♥♦ss♦ ❝❛s♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❣❡r❛❞♦r❡s ❞❡ Γ8g−4 ❡♠ D2 ❡ t❛♠❜é♠ ❡♠ H2✳ ❉❡
✭✹✳✷✮✱ ♦❜s❡r✈❡ q✉❡

u =

√
2
(
1 + cos π

6

)
cos π

6

senπ
6

=
√
2
2

√
3 + 2

√
3.

Pr✐♠❡✐r❛♠❡♥t❡✱ ❢❛r❡♠♦s ✉♠❛ ♦❜s❡r✈❛çã♦ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡✳ ❙❡♥❞♦ θ = 3 + 2
√
3✱

t❡♠♦s q✉❡
√

3 + 2
√
3 6= t2 ❡♠ Z[θ]✳ ❉❡ ❢❛t♦✱ ♦❜s❡r✈❡ q✉❡ Z[θ] = Z[

√
3]✳ ❆❣♦r❛✱

s✉♣♦♥❤❛ q✉❡
√
3 + 2

√
3 = t2✱ t = a+ b

√
3, a, b ∈ Z✳ ❊♥tã♦✱

√
3 + 2

√
3 = (a+ b

√
3)2

⇒ 3 + 2
√
3 = (a+ b

√
3)4

⇒ 3 + 2
√
3 = a4 + 9b4 + 18a2b2 + (4a3b+ 12ab3)

√
3.

❉✐ss♦✱ r❡s✉❧t❛ q✉❡
4a3b+ 12ab3 = 2

⇒ 2a3b+ 6ab3 = 1
⇒ b(2a3 + 6ab2) = 1.

❈♦♠♦ a, b ∈ Z✱ ❡♥tã♦ b = 1 ❡ 2a3 +6ab2 = 1 ♦✉ b = −1 ❡ 2a3 +6ab2 = −1✳ ❙❡
b = 1 ❡ 2a3 + 6ab2 = 1✱ t❡♠♦s q✉❡ 2a3 + 6a = 1✱ ♦✉ s❡❥❛✱ a(2a2 + 6) = 1✳ ❆ss✐♠✱
a = 1 ❡ 2a2 + 6 = 1 ♦✉ a = −1 ❡ 2a2 + 6 = −1✳ ▼❛s ❝♦♠♦ a é ✐♥t❡✐r♦✱ ♥❡♥❤✉♠❛
❞❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♦❝♦rr❡✳ ❖ ❝❛s♦ ❡♠ q✉❡ b = −1 ❡ 2a3 + 6ab2 = −1 é ❛♥á❧♦❣♦✱ ❡
❡♥tã♦ s❡❣✉❡ q✉❡

√
3 + 2

√
3 6= t2 ❡♠ Z[θ]✳



✹✳✷ ❈❛s♦ g = 2 ✸✼

▼♦str❛r❡♠♦s ❛ s❡❣✉✐r ❛s ♠❛tr✐③❡s Mα1 ✱ Mαa
2
✱ Mαb

2
✱ Mβ1 ✱ Mβa

2
✱ Mβb

2
♥♦ ♠♦❞❡❧♦

❞♦ ❉✐s❝♦ D2✳ P❛r❛ ✐ss♦✱ ❛ss✉♠✐r❡♠♦s q✉❡ ♦ ✈❛❧♦r ❞❡ θ é 3 + 2
√
3✳

■♥✐❝✐❛r❡♠♦s ❝♦♠ ❛ ♠❛tr✐③ Mα1 ✳ ❋❛③❡♥❞♦ g = 2 ❡♠ ✭✹✳✶✮✱ t❡♠♦s q✉❡

Mα1 =




1 + cos π
6

senπ
6

ue−i 13π
12

uei
13π
12

1 + cos π
6

senπ
6




.

P❡❧❛ ❢ór♠✉❧❛ ❞❡ ❊✉❧❡r✱

ei
13π
12 = cos 13π

12
+ i sen13π

12
= cos

(
π + π

12

)
+ i sen

(
π + π

12

)

= − cos π
12

− i sen π
12

= −1
4
[(
√
6 +

√
2) + i(

√
6−

√
2)].

❉❛ ❡①♣r❡ssã♦ ♣❛r❛ u✱ r❡s♦❧✈❡♥❞♦ ❡ s✐♠♣❧✐✜❝❛♥❞♦ ❛s ❡①♣r❡ssõ❡s ❞❡ Mα1 ✱ s❡❣✉❡ q✉❡

Mα1 =
1

2




4 + 2
√
3 (−

√
3− 1)

√
θ + i(

√
3− 1)

√
θ

(−
√
3− 1)

√
θ − i(

√
3− 1)

√
θ 4 + 2

√
3


 .

P❛r❛ ❛ ♠❛tr✐③ Mαa
2
❡♠ D2✱ ❢❛③❡♥❞♦ g = 2 ❡♠ ✭✹✳✸✮✱ t❡♠✲s❡

Mαa
2
=




1 + cos π
6

senπ
6

ei
2π
3 ue−i 13π

12

uei
13π
12

1 + cos π
6

senπ
6

e−i 2π
3




.

❉❛ ❢ór♠✉❧❛ ❞❡ ❊✉❧❡r✱

ei
2π
3 = cos 2π

3
+ i sen2π

3
= 1

2
(−1 + i

√
3).

❏á s❛❜❡♠♦s ♦ ✈❛❧♦r ❞❡ u✱ t❛♠❜é♠ ei
13π
12 = −1

4
[(
√
6 +

√
2) + i(

√
6−

√
2)]✳ ❆ss✐♠✱

r❡s♦❧✈❡♥❞♦ ❡ s✐♠♣❧✐✜❝❛♥❞♦ ❛s ❡①♣r❡ssõ❡s ❞❡ Mαa
2
✱ r❡s✉❧t❛ q✉❡

Mαa
2
=

1

2




−2−
√
3 + i(3 + 2

√
3) (−

√
3− 1)

√
θ + i(

√
3− 1)

√
θ

(−
√
3− 1)

√
θ − i(

√
3− 1)

√
θ −2−

√
3− i(3 + 2

√
3)


 .



✹✳✷ ❈❛s♦ g = 2 ✸✽

❋❛③❡♥❞♦ g = 2 ❡♠ ✭✹✳✹✮✱ t❡♠♦s q✉❡ ❛ ♠❛tr✐③ Mαb
2
❡♠ D2 é ❡s❝r✐t❛ ❞❛ ❢♦r♠❛✿

Mαb
2
=




1 + cos π
6

senπ
6

e−i 2π
3 ue−i 13π

12

uei
13π
12

1 + cos π
6

senπ
6

ei
2π
3




.

❈♦♠♦
ei

2π
3 = cos 2π

3
+ i sen2π

3
= 1

2
(−1 + i

√
3),

u =

√
2

2

√
3 + 2

√
3

❡
ei

13π
12 = −1

4
[(
√
6 +

√
2) + i(

√
6−

√
2)],

Mαb
2
é ❞❛❞❛ ♣♦r

Mαb
2
=

1

2




−2−
√
3− i(3 + 2

√
3) (−

√
3− 1)

√
θ + i(

√
3− 1)

√
θ

(−
√
3− 1)

√
θ − i(

√
3− 1)

√
θ −2−

√
3 + i(3 + 2

√
3)


 .

P❛r❛ Mβ1 ♥♦ ♠♦❞❡❧♦ ❞♦ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré D2✱ ❢❛③❡♥❞♦ g = 2 ❡♠ ✭✹✳✺✮✱ r❡s✉❧t❛

Mβ1 =




1 + cos π
6

senπ
6

ue−i 25π
12

uei
25π
12

1 + cos π
6

senπ
6




.

◆♦✈❛♠❡♥t❡ ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ❊✉❧❡r✱ s❡❣✉❡ q✉❡

ei
25π
12 = cos 25π

12
+ i sen25π

12
= cos

(
2π + π

12

)
+ i sen

(
2π + π

12

)

= cos π
12

− i sen π
12

= 1
4
[(
√
6 +

√
2)− i(

√
6−

√
2)].

❈♦♥s✐❞❡r❛♥❞♦ ♦s ✈❛❧♦r❡s ❞❡ u ❡ θ✱ r❡s✉❧t❛ q✉❡ ❛ ♠❛tr✐③ Mβ1 é ❞❛❞❛ ♣♦r

Mβ1 =
1

2




4 + 2
√
3 (

√
3 + 1)

√
θ − i(

√
3− 1)

√
θ

(
√
3 + 1)

√
θ + i(

√
3− 1)

√
θ 4 + 2

√
3


 .

❆ q✉✐♥t❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ❞❡ Γ12✱ Mβc
2
✱ ♥♦ ♠♦❞❡❧♦ ❞♦ ❞✐s❝♦ D2 é ♦❜t✐❞❛ ❞❛ ♠❡s♠❛



✹✳✷ ❈❛s♦ g = 2 ✸✾

♠❛♥❡✐r❛✳ ❉❡ ✭✹✳✻✮✱ ❢❛③❡♥❞♦ g = 2✱ t❡♠✲s❡

Mβc
2
=




1 + cos π
6

senπ
6

ei
2π
3 ue−i 25π

12

uei
25π
12

1 + cos π
6

senπ
6

e−i 2π
3




.

❙❛❜❡♥❞♦ q✉❡

ei
25π
12 = cos π

12
− i sen π

12
= 1

4
[(
√
6 +

√
2)− i(

√
6−

√
2)]

❡
ei

2π
3 = 1

2
(−1 + i

√
3),

r❡s✉❧t❛ q✉❡ Mβc
2
s❡ ❡s❝r❡✈❡ ❝♦♠♦

Mβc
2
=

1

2




−2−
√
3 + i(3 + 2

√
3) (

√
3 + 1)

√
θ − i(

√
3− 1)

√
θ

(
√
3 + 1)

√
θ + i(

√
3− 1)

√
θ −2−

√
3− i(3 + 2

√
3)


 .

P♦r ✜♠✱ t❡♠♦s ❛ ú❧t✐♠❛ ♠❛tr✐③ ❣❡r❛❞♦r❛ ❞❡ Γ12 ❡s❝r✐t❛ ♥♦ ♠♦❞❡❧♦ D2✳ ❙❡♥❞♦
g = 2 ❡♠ ✭✹✳✼✮✱ t❡♠♦s

Mβd
2
=




1 + cos π
6

senπ
6

e−i 2π
3 ue−i 25π

12

uei
25π
12

1 + cos π
6

senπ
6

ei
2π
3




.

❏á q✉❡
ei

25π
12 = cos π

12
− i sen π

12
= 1

4
[(
√
6 +

√
2)− i(

√
6−

√
2)]

❡
ei

2π
3 = 1

2
(−1 + i

√
3),

❛ ♠❛tr✐③ Mβd
2
s❡ ❡s❝r❡✈❡ ❞❛ ❢♦r♠❛

Mβd
2
=

1

2




−2−
√
3− i(3 + 2

√
3) (

√
3 + 1)

√
θ − i(

√
3− 1)

√
θ

(
√
3 + 1)

√
θ + i(

√
3− 1)

√
θ −2−

√
3 + i(3 + 2

√
3)


 .

◆♦ ♣ró①✐♠♦ ❚❡♦r❡♠❛ ♠♦str❛r❡♠♦s ❝♦♠♦ ♦s ❣❡r❛❞♦r❡s ❞❡ Γ12 sã♦ ❡s❝r✐t♦s ♥♦
♠♦❞❡❧♦ ❞♦ s❡♠✐♣❧❛♥♦ H2✳

❚❡♦r❡♠❛ ✹✳✷✳✶✳ ❊♠ H2✱ ❛s ♠❛tr✐③❡s ❣❡r❛❞♦r❛s ❞❡ Γ12 sã♦✿



✹✳✷ ❈❛s♦ g = 2 ✹✵

Mα1 =
1

4




4 + 2
√
3 + (

√
3− 1)

√
θ (−

√
3− 1)

√
θ

(−
√
3− 1)

√
θ 4 + 2

√
3− (

√
3− 1)

√
θ


 ,

Mαa
2
=

1

4




−2−
√
3 + (

√
3− 1)

√
θ 3 + 2

√
3− (

√
3 + 1)

√
θ

−3− 2
√
3 + (−

√
3− 1)

√
θ −2−

√
3− (

√
3− 1)

√
θ


 ,

Mαb
2
=

1

4




−2−
√
3 + (

√
3− 1)

√
θ −3− 2

√
3− (

√
3 + 1)

√
θ

3 + 2
√
3− (

√
3 + 1)

√
θ −2−

√
3− (

√
3− 1)

√
θ


 ,

Mβ1 =
1

4




4 + 2
√
3 + (1−

√
3)
√
θ (

√
3 + 1)

√
θ

(
√
3 + 1)

√
θ 4 + 2

√
3− (1−

√
3)
√
θ


 ,

Mβc
2
=

1

4




−2−
√
3 + (1−

√
3)
√
θ 3 + 2

√
3 + (

√
3 + 1)

√
θ

−3− 2
√
3 + (

√
3 + 1)

√
θ −2−

√
3− (1−

√
3)
√
θ


 ,

Mβd
2
=

1

4




−2−
√
3 + (1−

√
3)
√
θ −3− 2

√
3 + (

√
3 + 1)

√
θ

3 + 2
√
3 + (

√
3 + 1)

√
θ −2−

√
3− (1−

√
3)
√
θ


 ,

❝♦♠ θ = 3 + 2
√
3✳

❉❡♠♦♥str❛çã♦✿ P❛r❛ ❞❡♠♦♥str❛r ❡st❡ ❚❡♦r❡♠❛✱ ✉t✐❧✐③❛r❡♠♦s ❛s ♠❛tr✐③❡s ❣❡r❛✲
❞♦r❛s ❞❡ Γ12 ♥♦ ♠♦❞❡❧♦ ❞♦ ❉✐s❝♦ ❞❡ P♦✐♥❝❛ré ❞❡s❝r✐t❛s ❛♥t❡r✐♦r♠❡♥t❡✳ ❈♦♥s✐❞❡✲
r❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ❞❛❞❛ ♣♦r ✭✹✳✽✮ ❡♠ ❝❛❞❛ ♠❛tr✐③ ♥♦ ♠♦❞❡❧♦ D2✱ s❡❣✉❡ q✉❡ ❛s
♠❛tr✐③❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❡s❝r✐t❛s ♥♦ ♠♦❞❡❧♦ ❞♦ s❡♠✐♣❧❛♥♦ H2 sã♦ ❞❛❞❛s ♣♦r

Mα1 =
1

4




4 + 2
√
3 + (

√
3− 1)

√
θ (−

√
3− 1)

√
θ

(−
√
3− 1)

√
θ 4 + 2

√
3− (

√
3− 1)

√
θ


 ,



✹✳✷ ❈❛s♦ g = 2 ✹✶

Mαa
2
=

1

4




−2−
√
3 + (

√
3− 1)

√
θ 3 + 2

√
3− (

√
3 + 1)

√
θ

−3− 2
√
3 + (−

√
3− 1)

√
θ −2−

√
3− (

√
3− 1)

√
θ


 ,

Mαb
2
=

1

4




−2−
√
3 + (

√
3− 1)

√
θ −3− 2

√
3− (

√
3 + 1)

√
θ

3 + 2
√
3− (

√
3 + 1)

√
θ −2−

√
3− (

√
3− 1)

√
θ


 ,

Mβ1 =
1

4




4 + 2
√
3 + (1−

√
3)
√
θ (

√
3 + 1)

√
θ

(
√
3 + 1)

√
θ 4 + 2

√
3− (1−

√
3)
√
θ


 ,

Mβc
2
=

1

4




−2−
√
3 + (1−

√
3)
√
θ 3 + 2

√
3 + (

√
3 + 1)

√
θ

−3− 2
√
3 + (

√
3 + 1)

√
θ −2−

√
3− (1−

√
3)
√
θ


 ,

Mβd
2
=

1

4




−2−
√
3 + (1−

√
3)
√
θ −3− 2

√
3 + (

√
3 + 1)

√
θ

3 + 2
√
3 + (

√
3 + 1)

√
θ −2−

√
3− (1−

√
3)
√
θ


 ,

❝♦♠ θ = 3 + 2
√
3✳ �

❆❣♦r❛ ❞❡s❝r❡✈❡r❡♠♦s ♦ r❡t✐❝✉❧❛❞♦ ❤✐♣❡r❜ó❧✐❝♦ ❛ss♦❝✐❛❞♦ ❛♦ ❣r✉♣♦ Γ8g−4 ♣❛r❛
g = 2✳

❚❡♦r❡♠❛ ✹✳✷✳✷✳ ❖s ❡❧❡♠❡♥t♦s ❞♦ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ ≃ Γ8g−4 ♣❛r❛ g = 2 sã♦
✐❞❡♥t✐✜❝❛❞♦s✱ ✈✐❛ ✐s♦♠♦r✜s♠♦✱ ❝♦♠ ❡❧❡♠❡♥t♦s ❞♦ ❣r✉♣♦ ❞♦s ✐♥✈❡rtí✈❡✐s O1 ❞❛
♦r❞❡♠ O = (θ,−1)R✱ ♦♥❞❡

R =
{ α

2m
| α ∈ Z[θ] e m ∈ N

}

❡ θ = 3 + 2
√
3 ∈ E − {0}✱ ❝♦♠ E s❡♥❞♦ ✉♠ ❝♦r♣♦✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

{1,
√
θ, Im,

√
θIm}

é ✉♠❛ ❘✲❜❛s❡ ♣❛r❛ ♦ r❡t✐❝✉❧❛❞♦ O✱ s❡♥❞♦ Im ❛ ✉♥✐❞❛❞❡ ✐♠❛❣✐♥ár✐❛✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s ❛s s❡❣✉✐♥t❡s ♠❛tr✐③❡sM0,M1,M2 ❡M3 ❡♠M(2,Q(
√
θ))✱



✹✳✷ ❈❛s♦ g = 2 ✹✷

❞❛❞❛s ♣♦r

M0 =

(
1 0
0 1

)
, M1 =

( √
θ 0

0 −
√
θ

)
,

M2 =

(
0 1
−1 0

)
, M3 =

(
0

√
θ√

θ 0

)
.

❙❡ T ∈ Γ✱ ❡♥tã♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✷ ❡ ♣♦r ✭✹✳✾✮✱

T =
1

4

(
xl + yl

√
θ zl + wl

√
θ

−zl + wl

√
θ xl − yl

√
θ

)
,

♦♥❞❡ xl, yl, zl, wl ∈ Z[θ]✳ P♦rt❛♥t♦✱ T é ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ ♦ ❡❧❡♠❡♥t♦ x ∈ O1 ⊂
O = (θ,−1)R✱

x =
xl

4
+

yl
4
i+

zl
4
j +

wl

4
k,

❛tr❛✈és ❞♦ ✐s♦♠♦r✜s♠♦ ϕ : A → ϕ(A) ❞❡✜♥✐❞♦ ♣♦r

ϕ(x0 + x1i+ x2j + x3k) = x0 ·M0 + x1 ·M1 + x2 ·M2 + x3 ·M3,

♦✉ s❡❥❛✱
ϕ(x) = T,

❝♦♠ i2 = θ✱ j2 = −1✱ k = ij ❡ xl, yl, zl, wl ∈ Z[θ]✳ P♦rt❛♥t♦✱ ❝❛❞❛ ❡❧❡♠❡♥t♦ ❞♦
❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ ≃ Γ8g−4 ♣❛r❛ g = 2 é ✐❞❡♥t✐✜❝❛❞♦✱ ❛tr❛✈és ❞♦ ✐s♦♠♦r✜s♠♦ ϕ✱
❝♦♠ ✉♠ ❡❧❡♠❡♥t♦ x ∈ O1 ⊂ O = (θ,−1)R ❡ {1,

√
θ, Im,

√
θIm} é ✉♠❛ R✲❜❛s❡ ❞❡

O✳ �
❖❜s❡r✈❡ q✉❡ ϕ(A) ⊂ M(2, E(

√
θ))✱ ❝♦♠ A = (θ,−1)E ❡ E = Q(θ)✳

❖ ❚❡♦r❡♠❛ q✉❡ ❛♣r❡s❡♥t❛r❡♠♦s ❛ s❡❣✉✐r é ♦ ♣♦♥t♦✲❝❤❛✈❡ ❞❡st❡ tr❛❜❛❧❤♦✳ ➱
❝♦♠ ❡❧❡ q✉❡ ❝♦♥❝❧✉í♠♦s ♦s ♦❜❥❡t✐✈♦s ❛♣r❡s❡♥t❛❞♦s ♥♦ ✐♥í❝✐♦ ❞♦ t❡①t♦✳

❚❡♦r❡♠❛ ✹✳✷✳✸✳ ❆ ♦r❞❡♠ ❛ss♦❝✐❛❞❛ ❛♦ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ ≃ Γ12 é

O = (3 + 2
√
3,−1)R,

♦♥❞❡ R = { α
2m

| α ∈ Z[θ] e m ∈ N}✱ θ = 3 + 2
√
3 ❡

{1,
√
3 + 2

√
3, Im,

√
3 + 2

√
3 Im}

é ✉♠❛ R✲❜❛s❡ ❞❡ O✳

❉❡♠♦♥str❛çã♦✿
P❡❧♦ ❚❡♦r❡♠❛ ✹✳✷✳✶✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛s ♠❛tr✐③❡s ❞❛ ❢♦r♠❛ q✉❡ s❡❣✉❡✳ ❆ss✐♠✱

t❡♠♦s ❛ ✐❞❡♥t✐✜❝❛çã♦✱ q✉❡ é ❞❛❞❛ ♣♦r ✭✸✳✹✮✿

Mα1 =




x1+y1

√
3+2

√
3

4

−w1

√
3+2

√
3

4

−w1

√
3+2

√
3

4

x1−y1

√
3+2

√
3

4


 = ϕ

(
x1

4
+ y1

4
i− w1

4
k
)
,



✹✳✷ ❈❛s♦ g = 2 ✹✸

Mαa
2
=




−x1
2

+y1

√
3+2

√
3

4

z1−w1

√
3+2

√
3

4

−z1−w1

√
3+2

√
3

4

−x1
2

−x1

√
3+2

√
3

4


 = ϕ

(−x1

8
+ y1

4
i+ z1

4
j − w1

4
k
)
,

Mαb
2
=




−x1
2

−y1

√
3+2

√
3

4

−z1−w1

√
3+2

√
3

4

z1−w1

√
3+2

√
3

4

−x1
2

+y1

√
3+2

√
3

4


 = ϕ

(−x1

8
− y1

4
i− z1

4
j − w1

4
k
)
,

Mβ1 =




x1−y1

√
3+2

√
3

4

w1

√
3+2

√
3

4

w1

√
3+2

√
3

4

x1+y1

√
3+2

√
3

4


 = ϕ

(
x1

4
− y1

4
i+ w1

4
k
)
,

Mβc
2
=




−x1
2

−y1

√
3+2

√
3

4

z1+w1

√
3+2

√
3

4

−z1+w1

√
3+2

√
3

4

−x1
2

+y1

√
3+2

√
3

4


 = ϕ

(−x1

8
− y1

4
i+ z1

4
j + w1

4
k
)
,

Mβd
2
=




−x1
2

−y1

√
3+2

√
3

4

−z1+w1

√
3+2

√
3

4

z1+w1

√
3+2

√
3

4

−x1
2

+y1

√
3+2

√
3

4


 = ϕ

(−x1

8
− y1

4
i− z1

4
j + w1

4
k
)
,

❝♦♠
x1 = 4 + 2

√
3, y1 =

√
3− 1,

z1 = 3 + 2
√
3, w1 =

√
3 + 1,

❡ ϕ : A → M(2,Z(
√
3 + 2

√
3))✳

❉♦ ❚❡♦r❡♠❛ ✹✳✷✳✷✱ s❡❣✉❡ q✉❡

O = (3 + 2
√
3,−1)R, ❝♦♠ R = { α

2m
| α ∈ Z[θ] e m ∈ N},

θ = 3 + 2
√
3 ❡

{1,
√
3 + 2

√
3, Im,

√
3 + 2

√
3 Im}

é ✉♠❛ R✲❜❛s❡ ❞❡ O✳
�

❖❜s❡r✈❛çã♦✿ ◆♦t❡ q✉❡ ♦ ❡❧❡♠❡♥t♦ x1

2
= 2+

√
3 ♣❡rt❡♥❝❡ ❛♦ ❛♥❡❧ Z[

√
3] = Z[θ]

❝♦♠♦ ❢♦✐ ♠♦str❛❞♦ ♥♦ ❚❡♦r❡♠❛ ✹✳✷✳✷✳
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