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❱❛r❣❛s✳

■♥ t❤❡ ♣r❡s❡♥t ✇♦r❦ ✇❡ ✇✐❧❧ st✉❞② s♦♠❡ ❞❡✜♥✐t✐♦♥s ♦❢ ❡①♣❛♥s✐✈❡ ✢♦✇✱ t❤❡ r❡❧❛t✐♦♥s

❜❡t✇❡❡♥ t❤❡♠ ❛♥❞ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ s♦♠❡ ♦❢ t❤❡♠ ✇❡ ✇✐❧❧ ♣r♦✈❡ t✇♦ t❤❡♦r❡♠s❀

t❤❡ ✜rst ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❡①♣❛♥s✐✈❡ ✢♦✇s ♦♥ ❝♦♠♣❛❝t s✉r❢❛❝❡s✱ ❛♥❞ t❤❡ ♦t❤❡r ✐s

❛ t♦♣♦❧♦❣✐❝❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❝♦♠♣❛❝t s✉r❢❛❝❡s t❤❛t s✉♣♣♦rt ❡①♣❛♥s✐✈❡ ✢♦✇s❀

❚❤❡s❡ r❡s✉❧ts ❛r❡ ❞✉❡ t♦ ❆✳ ❆rt✐❣✉❡✳

✈✐✐



■♥tr♦❞✉çã♦

❖ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ tr❛❜❛❧❤♦ é ❡st✉❞❛r ❛❧❣✉♠❛s ♣♦ssí✈❡✐s ❞❡✜♥✐çõ❡s ♣❛r❛
♦ ❝♦♥❝❡✐t♦ ❞❡ ✢✉①♦s ❡①♣❛♥s✐✈♦s✱ ❜❡♠ ❝♦♠♦ s✉❛s r❡❧❛çõ❡s ❡♥tr❡ s✐✱ ❞❡st❛❝❛♥❞♦ ❞✉❛s
❞❡❧❛s ✭❡q✉✐✈❛❧❡♥t❡s ❡♠ ❝❡rt❛s ❝♦♥❞✐çõ❡s✮✳ ❆ s❡❣✉✐r✱ ♣r♦✈❛r❡♠♦s ♦s t❡♦r❡♠❛s ❞❡
❝❧❛ss✐✜❝❛çã♦ ❞❡ s✉♣❡r❢í❝✐❡s q✉❡ s✉♣♦rt❛♠ ✢✉①♦s ❡①♣❛♥s✐✈♦s ❡ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s
♠❡s♠♦s✱ ♦❜t✐❞♦s ♣♦r ❆rt✐❣✉❡ ❡♠ ❬✺❪✳

❚❡♦r❡♠❛ ❆✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ í♥❞✐❝❡ 0 ③❡r♦ s♦❜r❡ ✉♠❛
s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ Σ✳ ❊♥tã♦ ♦s s❡❣✉✐♥t❡s ❡♥✉♥❝✐❛❞♦s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✭✶✳✮ φ é ❡①♣❛♥s✐✈♦✳

✭✷✳✮ ❖ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s s✐♥❣✉❧❛r❡s Sing♣φq ❞❡ φ é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❡ ♥ã♦
✈❛③✐♦✱ φ ♥ã♦ t❡♠ ♣♦♥t♦s ❡rr❛♥t❡s Ω♣φq ✏ Σ ❡ φ ♥ã♦ t❡♠ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s✳

✭✸✳✮ ❆s s✐♥❣✉❧❛r✐❞❛❞❡s sã♦ ❞♦ t✐♣♦ s❡❧❛ ❡ ❛ ✉♥✐ã♦ ❞❛s s✉❛s s❡♣❛r❛tr✐③❡s é ❞❡♥s♦
♥❛ s✉♣❡r❢í❝✐❡✳

❈♦♥s✐❞❡r❡♠♦s ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ Σh,b,c✱ ♦♥❞❡ h r❡♣r❡s❡♥t❛ ♦ ♥ú♠❡r♦
❞❡ ❛❧ç❛s✱ b ♦ ♥ú♠❡r♦ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❛ ❢r♦♥t❡✐r❛ ❡ c ♦ ♥ú♠❡r♦ ❞❡ ❝r♦ss❝❛♣s
♥❡❝❡ssár✐♦s ♣❛r❛ ♦❜t❡r Σ✱ ❡♥tã♦ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

❚❡♦r❡♠❛ ❇✳ ❯♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❡ ❝♦♥❡①❛ Σ ✏ Σh,b,c ❛❞♠✐t❡ ✉♠ ✢✉①♦
❡①♣❛♥s✐✈♦ s❡ ❡ s♦♠❡♥t❡ s❡ h → 0 ❡ h� b� c → 1

◆♦ ❝❛♣ít✉❧♦ ✶✱ ❛♣r❡s❡♥t❛r❡♠♦s r❡s✉❧t❛❞♦s ❝♦♥❤❡❝✐❞♦s ❞❛ t❡♦r✐❛ ❞♦s s✐st❡♠❛s
❞✐♥â♠✐❝♦s ❝♦♥tí♥✉♦s s♦❜r❡ ❡s♣❛ç♦s ♠étr✐❝♦s✳ ❆ ♠❛✐♦r✐❛ ❞♦s r❡s✉❧t❛❞♦s s❡rã♦
❛♣r❡s❡♥t❛❞♦s s❡♠ ♣r♦✈❛ ♣♦✐s ❡❧❛s sã♦ ❜❡♠ ❝♦♥❤❡❝✐❞❛s ❡ ♣♦❞❡♠ s❡r ❛❝❤❛❞❛s✱ ♣♦r
❡①❡♠♣❧♦✱ ❡♠ ❬✶✺❪✱ ❬✼❪✱ ❬✸❪✱ ❬✶✷❪✱ ❬✶✸❪ ❡ ❬✶❪✳

◆♦ ❝❛♣ít✉❧♦ ✷ ❡st✉❞❛r❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡①✐st❡♥t❡s ♣❛r❛ ✢✉①♦ ❡①♣❛♥s✐✈♦✳
❉❡❝✐❞✐♠♦s ♦r❞❡♥á✲❧❛s ❞❡ ❢♦r♠❛ ❛❧❢❛❜ét✐❝❛✱ ❡st❛s s❡rã♦ ❝❧❛ss✐✜❝❛❞❛s ❡♠ três ❣r✉♣♦s✿
✐♥t✉✐t✐✈❛s✱ ❝✐♥❡♠át✐❝❛s ❡ ❣❡♦♠étr✐❝❛s✳ ◆❛ s❡çã♦ ✷✳✷ ❡st✉❞❛r❡♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s
❡ ♦❜s❡r✈❛r❡♠♦s ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ ❝❛❞❛ ❞❡✜♥✐çã♦ ❡ s✉❛s ✐♠♣❧✐❝❛çõ❡s ❞✐♥â♠✐❝❛s❀ ♥❛
s❡çã♦ ✷✳✸ ♠♦str❛♠♦s ❛s r❡❧❛çõ❡s ❡♥tr❡ ❛❧❣✉♠❛s ❞❡st❛s ❞❡✜♥✐çõ❡s✳

◆♦ ❝❛♣ít✉❧♦ ✸✱ ♠♦str❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s✱ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡
❛♣r❡s❡♥t❛r♠♦s ❛s ♣r♦✈❛s ❞♦s ❚❡♦r❡♠❛s ❆ ❡ ❇✳

✶



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s✱ ♣r♦♣r✐❡❞❛❞❡s ❣❡r❛✐s ❡
r❡s✉❧t❛❞♦s ❝♦♥❤❡❝✐❞♦s ♣❛r❛ s✐st❡♠❛s ❞✐♥â♠✐❝♦s✱ s❡♠♣r❡ ❝♦♥s✐❞❡r❛♥❞♦ ❝♦♠♦ ♥♦ss♦
❝♦♥❥✉♥t♦ ✉♥✐✈❡rs❛❧ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ ♣X, distq✳

✶✳✶ ❙✐st❡♠❛s ❞✐♥â♠✐❝♦s ❞✐s❝r❡t♦s

❉❡✜♥✐çã♦ ✶✳✶✳ ❯♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❞✐s❝r❡t♦ s♦❜r❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦
❳ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ f : X Ñ X✳ ❖♥❞❡ ♣❛r❛ n P Z✱ ❛ ♥✲❡♥és✐♠❛ ✐t❡r❛❞❛ ❞❡ f
é ❛ ♥✲❡♥és✐♠❛ ❝♦♠♣♦s✐çã♦ ❞❡♥♦t❛❞❛ ♣♦r✿ fn ✏ fn✁1✆f ✱ s❡ n → 0❀ fn ✏ fn�1✆f✁1✱
s❡ n ➔ 0❀ ❡ f 0 ✏ Id ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ ❡♠ X✱ f✁1 ❛ ❛♣❧✐❝❛çã♦ ✐♥✈❡rs❛ ❞❡ f ✳

❉❡✜♥✐çã♦ ✶✳✷✳ ❙❡ f é ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❞✐s❝r❡t♦ s♦❜r❡ X ❡ x P X✱ ❡♥tã♦ ❛
ór❜✐t❛ ❞❡ ① ❝♦♠ r❡s♣❡✐t♦ ❛ ❢ é ♦ ❝♦♥❥✉♥t♦

O♣xq ✏ tfn♣xq⑤ n P Z✉

❆ ór❜✐t❛ ♣♦s✐t✐✈❛ ❞❡ ① ❝♦♠ r❡s♣❡✐t♦ ❛ ❢ é ♦ ❝♦♥❥✉♥t♦

O
�♣xq ✏ tfn♣xq⑤ n ➙ 0✉

❆ ór❜✐t❛ ♥❡❣❛t✐✈❛ ❞❡ ① ❝♦♠ r❡s♣❡✐t♦ ❛ ❢ é ♦ ❝♦♥❥✉♥t♦

O
✁♣xq ✏ tf✁n♣xq⑤ n → 0✉.

x P Xx P Xx P X é ✉♠ ♣♦♥t♦ ✜①♦ ❝♦♠ r❡s♣❡✐t♦ ❛ f s❡ f♣xq ✏ x✳
x P Xx P Xx P X s❡rá ❞✐t♦ ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❞❡ ♣❡rí♦❞♦ ♥ ❝♦♠ r❡s♣❡✐t♦ ❛ ❢ s❡
❡①✐st❡ n P Z

� t❛❧ q✉❡ fn♣xq ✏ x ❡ fk♣xq ✘ x ♣❛r❛ t♦❞♦ 0 ↕ k ↕ n✁ 1

❯♠ ❞♦s ♣r✐♠❡✐r♦s ❡①❡♠♣❧♦s ❞❡st❡ t✐♣♦ ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s ❡ q✉❡ ✉s❛r❡♠♦s
♥❡st❛ ❞✐ss❡rt❛çã♦ sã♦ ❛s r♦t❛çõ❡s ❞♦ ❝ír❝✉❧♦✳

❊①❡♠♣❧♦ ✶✳✶✳✶✳ ◆❛ ♥♦t❛çã♦ ♠✉❧t✐♣❧✐❝❛t✐✈❛✱ t❡♠♦s✿

S1 ✏ tz P C; ⑤z⑤ ✏ 1✉ ✏ te2πiφ;φ P R✉

✷



✸ ✶✳✷✳ ❙■❙❚❊▼❆❙ ❉■◆➶▼■❈❖❙ ❈❖◆❚❮◆❯❖❙

❯s❛♥❞♦ ❛ ♥♦t❛çã♦ ❛❞✐t✐✈❛✱ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ✉♥✐tár✐❛ é✿

S1 ✏ R④Z

■st♦ é✱ ♦ q✉♦❝✐❡♥t❡ ❞♦ ❣r✉♣♦ ❛❞✐t✐✈♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s ♣❡❧♦ s✉❜❣r✉♣♦ ❞♦s ✐♥t❡✐r♦s✳
❆ tr❛♥s❢♦r♠❛çã♦

e2πiφ ÞÑ φ

é ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❡st❛s ❞✉❛s r❡♣r❡s❡♥t❛çõ❡s✳ ❆ss✐♠ ♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r
❝♦♠ Rα ❛ r♦t❛çã♦ ♣♦r ✉♠ â♥❣✉❧♦ 2πα✳ ▲♦❣♦✱ ♥❡st❛s ❞✉❛s ♥♦t❛çõ❡s t❡♠♦s✿

Rα♣zq ✏ e2πiαz

❡
Rα♣xq ✏ x� α♣ mod 1q

❡♠ q✉❡ ✭ mod 1✮ s✐❣♥✐✜❝❛ q✉❡ ♥ú♠❡r♦s ❞✐❢❡r✐♥❞♦ ❡♥tr❡ s✐ ♣♦r ✉♠ ✐♥t❡✐r♦ sã♦
✐❞❡♥t✐✜❝❛❞♦s✳ ❊♠ ❬✼❪ ♣r♦✈❛✲s❡ q✉❡✿

❛✮ ❙❡ α é ✉♠ ♥ú♠❡r♦ r❛❝✐♦♥❛❧✱ ❡♥tã♦ x é ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❝♦♠ ♣❡rí♦❞♦ q ♣❛r❛
q✉❛❧q✉❡r x P S1✱ ♦♥❞❡ p ❡ q sã♦ ♣r✐♠♦s ✐♥t❡✐r♦s r❡❧❛t✐✈♦s t❛❧ q✉❡ α ✏ p

q
❡ q → 0.

❜✮ ❙❡ α é ✉♠ ♥ú♠❡r♦ ✐rr❛❝✐♦♥❛❧✱ ❡♥tã♦ O�♣xq✱ O✁♣xq✱ ❡ O♣xq sã♦ ❞❡♥s❛s ❡♠ S1

♣❛r❛ t♦❞♦ x P S1.

✶✳✷ ❙✐st❡♠❛s ❞✐♥â♠✐❝♦s ❝♦♥tí♥✉♦s

❉❡✜♥✐çã♦ ✶✳✸✳ ❯♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❝♦♥tí♥✉♦ ❞❡ ❝❧❛ss❡ Cr ✭♦✉ ✢✉①♦ ❞❡
❝❧❛ss❡ Cr✮ s♦❜r❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❳ é ✉♠❛ ❞❡ ❛♣❧✐❝❛çã♦ Cr✱ φ : R✂X Ñ
X t❛❧ q✉❡✿

❛✮ φ♣0, xq ✏ x✱ ❡

❜✮ φ♣t� s, xq ✏ φ♣s, φ♣t, xqq ♣❛r❛ t♦❞♦ t, s P R ❡ t♦❞♦ x P X✳

❉❡✜♥✐çã♦ ✶✳✹✳ ❙❡ φt é ✉♠ ✢✉①♦ s♦❜r❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ X ❡ x P X✱ ❡♥tã♦ ❛
ór❜✐t❛ ❞❡ ① ❝♦♠ r❡s♣❡✐t♦ ❛ φφφ é ♦ ❝♦♥❥✉♥t♦

O♣xq ✏ tφt♣xq⑤ t P R✉ ✏ φR♣xq

❆ ór❜✐t❛ ♣♦s✐t✐✈❛ ❞❡ ① ❝♦♠ r❡s♣❡✐t♦ ❛ φ é ♦ ❝♦♥❥✉♥t♦

O
�♣xq ✏ tφt♣xq⑤ t ➙ 0✉ ✏ φ

R
�

0

♣xq

❆ ór❜✐t❛ ♥❡❣❛t✐✈❛ ❞❡ ① ❝♦♠ r❡s♣❡✐t♦ ❛ φφφ é ♦ ❝♦♥❥✉♥t♦

O
✁♣xq ✏ tφ✁t♣xq⑤ t ➔ 0✉ ✏ φ

R
✁

0

♣xq.

❖❜s❡r✈❛çã♦ ✶✳✷✳✶✳ ❊♠ ❬✷✵❪✱ ♣r♦✈❛✲s❡ q✉❡ s❡ x, y P X✱ ❛ r❡❧❛çã♦ x ✒ y s❡✱ ❡
s♦♠❡♥t❡ s❡✱ y P O♣xq é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ q✉❡ O♣xq é ❤♦♠❡♦♠♦r❢♦
✿
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❛✮ ❆ ✉♠ ♣♦♥t♦ ✭❝❤❛♠❛❞♦ ❞❡ ♣♦♥t♦ s✐♥❣✉❧❛r✮✱ ♥❡st❡ ❝❛s♦✱ φt♣pq ✏ p ♣❛r❛ t♦❞♦
t P R✱ ♦✉

❜✮ ❆♦ ❝ír❝✉❧♦ ✭❝❤❛♠❛❞♦ ❞❡ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✮ ♥❛ q✉❛❧ ❡①✐st❡ T P R
� φT ♣pq ✏ p✱

♣❛r❛ ❛❧❣✉♠ T → 0 ❡ φt♣pq ✘ p ♣❛r❛ 0 ↕ t ➔ T ✱ ♦✉

❝✮ ➚ r❡t❛✳

❉❡♥♦t❛r❡♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❡ ♣❡r✐ó❞✐❝♦s ❞♦ ✢✉①♦ φ✱ ♣♦r
Sing♣φq ❡ Per♣φq✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❋❧✉①♦s t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s ❡ ❝♦♥❥✉❣❛çã♦

t♦♣♦❧ó❣✐❝❛

❙❡❥❛ φ ✉♠ ✢✉①♦ ❡♠ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ X✳ ❆ s❡❣✉✐r ❡st✉❞❛r❡♠♦s
❢♦r♠❛s ❞❡ ♠✉❞❛r ♦ s✐st❡♠❛ s❡♠ ♣❡r❞❡r ❛s ✐♥❢♦r♠❛çõ❡s ❞✐♥â♠✐❝❛s ❞♦s ♠❡s♠♦s✳

❉❡✜♥✐çã♦ ✶✳✺✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦✱ ✉♠❛ ❢✉♥çã♦ ρ : R✂X Ñ Rρ : R✂X Ñ Rρ : R✂X Ñ R é ✉♠❛
r❡♣❛r❛♠❡tr✐③❛çã♦ ❞♦ t❡♠♣♦ s❡

❛✮ ρ♣☎, xq : RÑ R é s♦❜r❡❥❡t♦r❛✱ ❡

❜✮ ρ♣☎, xq : RÑ R é ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡

♣❛r❛ t♦❞♦ x P X✳

❉❡✜♥✐çã♦ ✶✳✻✳ ❙❡❥❛ X ❡ Y ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s✳ ❖s ✢✉①♦s φt : X Ñ X ❡
ψt : Y Ñ Y sã♦ t♦♣♦❧♦❣✐❝❛♠❡♥t❡ s❡♠✐✲❝♦♥❥✉❣❛❞♦s s❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦
s♦❜r❡❥❡t♦r❛ h : X Ñ Y t❛❧ q✉❡

ψt ✆ h ✏ h ✆ φt

♣❛r❛ t♦❞♦ t P R✳ ❆ ❢✉♥çã♦ ❤ é ✉♠❛ s❡♠✐✲❝♦♥❥✉❣❛çã♦ t♦♣♦❧ó❣✐❝❛ ❞♦ ✢✉①♦ φt

❛♦ ψt✳ ❉✐③❡♠♦s q✉❡ ❤ é ✉♠❛ ❝♦♥❥✉❣❛çã♦ t♦♣♦❧ó❣✐❝❛✱ s❡ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

❉❡✜♥✐çã♦ ✶✳✼✳ ❙❡❥❛ X ❡ Y ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s✳ ❉♦✐s ✢✉①♦s φt : X Ñ X ❡
ψt : Y Ñ Y sã♦ t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s s❡ ❡①✐st❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦
h : X Ñ Y ❡ ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ρ : R✂X Ñ R t❛❧ q✉❡

ψt♣h♣xqq ✏ h♣φρ♣t,xq♣xqq

♣❛r❛ t♦❞♦ x P X ❡ t P R✳ ❖ ♣❛r ♦r❞❡♥❛❞♦ ♣h, ρq♣h, ρq♣h, ρq é ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛
t♦♣♦❧ó❣✐❝❛ ❡♥tr❡ ♦s ✢✉①♦s φt ❡ ψt✳

❉❡✜♥✐çã♦ ✶✳✽✳ ❙❡❥❛ φt ✉♠ ✢✉①♦ s♦❜r❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ X✳ ❯♠❛
❢✉♥çã♦ Φ : R✂X Ñ XΦ : R✂X Ñ XΦ : R✂X Ñ X é ✉♠❛ ♠✉❞❛♥ç❛ t❡♠♣♦r❛❧ ❞❡ φt s❡ ❡①✐st❡ ✉♠❛
r❛♣❛r❛♠❡tr✐③❛çã♦ ρ : R✂X Ñ R t❛❧ q✉❡ Φ♣t, xq ✏ φρ♣t,xq♣xq ❡ Φ é ✉♠ ✢✉①♦✳
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❈♦♥❥✉♥t♦s ✐♥✈❛r✐❛♥t❡s

❆❧❣✉♥s ❞♦s s✉❜❝♦♥❥✉♥t♦s ❞♦ ❡s♣❛ç♦ t❡♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❞✐♥â♠✐❝♦
✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ ♦✉tr♦s s✉❜❝♦♥❥✉♥t♦s✱ ❢♦r♠❛❧♠❡♥t❡ t❡♠♦s ❛✿

❉❡✜♥✐çã♦ ✶✳✾✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ s♦❜r❡ ♦ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ X✳ ❯♠
s✉❜❝♦♥❥✉♥t♦ ❆ ❞❡ ❳ é ✐♥✈❛r✐❛♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ✢✉①♦ φ s❡ φt♣Aq ✏ A

♣❛r❛ t♦❞♦ t P R✳

❊①❡♠♣❧♦ ✶✳✷✳✶✳ ❙❡ φt é ✉♠ ✢✉①♦ s♦❜r❡ ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ X✱ ❡♥tã♦ ❍ ❡ X
sã♦ ✐♥✈❛r✐❛♥t❡s ❝♦♠ r❡s♣❡✐t♦ ❛ φt✳ ❙❡ p P X é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ♦✉ ♣❡r✐ó❞✐❝♦ ❞♦
✢✉①♦✱ ❡♥tã♦ ❡❧❡s t❛♠❜é♠ sã♦ ✐♥✈❛r✐❛♥t❡s✳

❆ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ é ❞❡ ❢á❝✐❧ ✈❡r✐✜❝❛çã♦ ❡ ♣♦❞❡ s❡r ❛❝❤❛❞❛✱ ♣♦r ❡①❡♠♣❧♦✱
❡♠ ❬✶✺❪ ❡ ❬✸❪✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✳ ❛✮ ❖ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ q✉❡ é ✐♥✈❛r✐❛♥t❡ ❝♦♠
r❡s♣❡✐t♦ ❛ ✉♠ ✢✉①♦ é ✐♥✈❛r✐❛♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ✢✉①♦✳

❜✮ ❆ ✐♥t❡rs❡çã♦ ❞❡ q✉❛❧q✉❡r ❝♦❧❡çã♦ ❞❡ ❝♦♥❥✉♥t♦s q✉❡ sã♦ ✐♥✈❛r✐❛♥t❡s ❝♦♠ r❡s♣❡✐t♦
❛ ✉♠ ✢✉①♦ é ❛✐♥❞❛ ✐♥✈❛r✐❛♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ✢✉①♦✳

❝✮ ❛ ✉♥✐ã♦ ❞❡ q✉❛❧q✉❡r ❝♦❧❡çã♦ ❞❡ ❝♦♥❥✉♥t♦s q✉❡ sã♦ ✐♥✈❛r✐❛♥t❡s ❝♦♠ r❡s♣❡✐t♦ ❛
✉♠ ✢✉①♦ é ❛✐♥❞❛ ✐♥✈❛r✐❛♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ✢✉①♦✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✷✳ ❙❡❥❛ X ❡ Y ❡s♣❛ç♦s ♠étr✐❝♦s ❝♦♠♣❛❝t♦s✳ ❙❡❥❛ ♣h, ρq ✉♠❛
❡q✉✐✈❛❧ê♥❝✐❛ t♦♣♦❧ó❣✐❝❛ ❡♥tr❡ ♦s ✢✉①♦s φt : X Ñ X ❡ ψt : Y Ñ Y ✳ A é ✐♥✈❛r✐❛♥t❡
❝♦♠ r❡s♣❡✐t♦ ❛ φt s❡✱ ❡ s♦♠❡♥t❡ s❡✱ h♣Aq é ✐♥✈❛r✐❛♥t❡ ❝♦♠ r❡s♣❡✐t♦ ❛ ψt✳

❈♦♥❥✉♥t♦s ❧✐♠✐t❡s

❖s ❝♦♥❥✉♥t♦s α✲❧✐♠✐t❡ ❡ ω✲❧✐♠✐t❡ ❞❡ ✉♠ ♣♦♥t♦ x ❝♦♠ r❡s♣❡✐t♦ ❛ ✉♠ ✢✉①♦ φ✱
❝❛♣t✉r❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ φt♣xq ♥♦ ♣❛ss❛❞♦ ❡ ♥♦ ❢✉t✉r♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❋♦r♠❛❧♠❡♥t❡ t❡♠♦s✿

❉❡✜♥✐çã♦ ✶✳✶✵✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ ♥♦ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ X✳ ❯♠ ♣♦♥t♦
y P Xy P Xy P X é ♣♦♥t♦ ω✲❧✐♠✐t❡ ❞❡ x PPPX ❝♦♠ r❡s♣❡✐t♦ ❛ φ s❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛
tn ❞❡ ♥ú♠❡r♦s r❡❛✐s t❛❧ q✉❡ lim

nÑ✽
tn ✏ ✽ ❡

y ✏ lim
nÑ✽

φtn♣xq.

❖ ❝♦♥❥✉♥t♦ ω✲❧✐♠✐t❡ ❞❡ x P X ❝♦♠ r❡s♣❡✐t♦ ❛ φ✱ ❞❡♥♦t❛❞♦ ♣♦r ω♣xq✱ é ♦ ❝♦♥❥✉♥t♦
❞❡ t♦❞♦s ♦s ♣♦♥t♦s ω✲❧✐♠✐t❡ ❞❡ x ❝♦♠ r❡s♣❡✐t♦ ❛ φ.

❉❡✜♥✐çã♦ ✶✳✶✶✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ ♥♦ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ X✳ ❯♠ ♣♦♥t♦
y P X é ♣♦♥t♦ α✲❧✐♠✐t❡ ❞❡ x PPP X ❝♦♠ r❡s♣❡✐t♦ ❛ φ s❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛
tn ❞❡ ♥ú♠❡r♦s r❡❛✐s t❛❧ q✉❡ lim

nÑ✽
tn ✏ ✽ ❡

y ✏ lim
nÑ✽

φ✁tn♣xq.
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❖ ❝♦♥❥✉♥t♦ α✲❧✐♠✐t❡ ❞❡ x P X ❝♦♠ r❡s♣❡✐t♦ ❛ φ✱ ❞❡♥♦t❛❞♦ ♣♦r α♣xq✱ é ♦ ❝♦♥❥✉♥t♦
❞❡ t♦❞♦s ♦s ♣♦♥t♦s α✲❧✐♠✐t❡ ❞❡ x ❝♦♠ r❡s♣❡✐t♦ ❛ φ✳

❊①❡♠♣❧♦ ✶✳✷✳✷✳ ❙❡❥❛ p ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❞❡ ✉♠ ✢✉①♦ φ✳ ❈♦♠♦ O♣pq é
❢❡❝❤❛❞♦ ♣❡❧❛ ✐♥✈❛r✐â♥❝✐❛ ❞❛s ór❜✐t❛s ♣❡r✐ó❞✐❝❛s✱ O♣pq ❝♦♥té♠ t♦❞♦s ♦s ♣♦♥t♦s ❞❡
❛❝✉♠✉❧❛çã♦✳ P♦rt❛♥t♦✱ α♣pq ⑨ O♣pq ❡ ω♣pq ⑨ O♣pq✳
P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ x P O♣pq✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ r❡❛❧ τ t❛❧ q✉❡ x ✏ φτ ♣pq✳
❙❡ T é ♦ ♣❡rí♦❞♦ ❞❡ p✱ ❡♥tã♦

lim
nÑ✽

φτ�nT ♣pq ✏ lim
nÑ✽

φτ ♣φnT ♣pqq ✏ φτ ♣pq♣xq

♦✉
lim
nÑ✽

φτ✁nT ♣pq ✏ lim
nÑ✽

φτ ♣φ✁nT ♣pqq ✏ φτ ♣pq♣xq.

❆ss✐♠✱ ♣❛r❛ q✉❛❧q✉❡r n ✐♥t❡✐r♦ φnT ♣pq ✏ p✳ ❚❡♠♦s x P α♣pq✱ ❡ x P ω♣pq✳
❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ O♣pq ⑨ α♣pq ❡ O♣pq ⑨ ω♣pq✳
P♦rt❛♥t♦✱ s❡ p é ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❞❡ φ✱ ❡♥tã♦

α♣pq ✏ ω♣pq ✏ O♣pq.

❖❜s❡r✈❛çã♦ ✶✳✷✳✸✳ ❛✮ ❙❡❥❛ φ ✉♠ ✢✉①♦ s♦❜r❡ ♦ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ X ❡
x P X✳ ❙❡ y P O♣xq✱ ❡♥tã♦ ω♣yq ✏ ω♣xq✱ ❡ α♣yq ✏ α♣xq✳
❉❡ ❢❛t♦✱ s❡ y P O♣xq✱ ❡♥tã♦ y ✏ φτ ♣xq ♣❛r❛ ❛❧❣✉♠ ♥ú♠❡r♦ r❡❛❧ τ ✳ ❙❡ z P ω♣xq✱
❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ tn ❞❡ ♥ú♠❡r♦s r❡❛✐s t❛❧ q✉❡ lim

nÑ✽
tn ✏ ✽ ❡

z ✏ lim
nÑ✽

φtn♣xq ✏ lim
nÑ✽

φtn♣φ✁τ ♣yqq ✏ lim
nÑ✽

φtn✁τ ♣yq.

❈♦♠♦ tn ✁ τ ❝♦♥✈❡r❣❡♠ ❛♦ ✽✱ ♦❜t❡♠♦s q✉❡ z P ω♣yq✳
P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ z P ω♣yq✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ tn ❞❡ ♥ú♠❡r♦s r❡❛✐s
t❛❧ q✉❡ lim

nÑ✽
tn ✏ ✽ ❡ lim

nÑ✽
tn ✏ ✽ ❡

z ✏ lim
nÑ✽

φtn♣yq ✏ lim
nÑ✽

φtn♣φ�τ ♣xqq ✏ lim
nÑ✽

φtn�τ ♣xq.

❈♦♠♦ tn � τ ❝♦♥✈❡r❣❡ ❛♦ ✽✱ ♦❜t❡♠♦s z P ω♣xq✳ P♦rt❛♥t♦✱ ω♣xq ✏ ω♣yq✳ ❆
♣r♦✈❛ ♣❛r❛ α♣xq é s✐♠✐❧❛r✳

❜✮ ❙❡❥❛ X ❡ Y ❡s♣❛ç♦s ♠étr✐❝♦s ❝♦♠♣❛❝t♦s✳ ❙❡ ♣h, ρq é ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛
t♦♣♦❧ó❣✐❝❛ ❞❡ ♦ ✢✉①♦ φt : X Ñ X ❛♦ ✢✉①♦ ψt : Y Ñ Y ✱ ❡♥tã♦ ω♣h♣xqq ✏
h♣ω♣xqq✱ ❡ α♣h♣xqq ✏ h♣α♣xqq ♣❛r❛ t♦❞♦ x P X✳
❉❡ ❢❛t♦✱ s❡ x P X ❡ z P ω♣xq✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ tn ❞❡ ♥ú♠❡r♦s r❡❛✐s
t❛❧ q✉❡ lim

nÑ✽
tn ✏ ✽ ❡

z ✏ lim
nÑ✽

φtn♣xq.

❆ s♦❜r❡❥❡t✐✈✐❞❛❞❡ ❡ ❛ ♠♦♥♦t♦♥✐❛ ❞❡ ρ♣☎, xq ✐♠♣❧✐❝❛ q✉❡ ♣❛r❛ ❝❛❞❛ ♥❛t✉r❛❧ n
❡①✐st❡ ✉♠ ♥ú♠❡r♦ r❡❛❧ sn t❛❧ q✉❡ tn ✏ ρ♣sn, xq ❡ lim

nÑ✽
sn ✏ ✽✳ P♦✐s ♣h, ρq é
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✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ t♦♣♦❧ó❣✐❝❛ ❞❡ φ ❛♦ ψ✱

h♣zq ✏ h♣ lim
nÑ✽

φtn♣xqq

✏ lim
nÑ✽

h♣φtn♣xqq

✏ lim
nÑ✽

h♣φρ♣sn,xq♣xqq

✏ lim
nÑ✽

ψsn♣h♣xqq.

❆ss✐♠✱ h♣zq P ω♣h♣xqq✳ ▲♦❣♦ h♣ω♣xqq ⑨ ω♣h♣xqq✳

❆❣♦r❛ ♠♦str❛r❡♠♦s ❛ ✐♥❝❧✉sã♦ ✐♥✈❡rs❛✳ ▲❡♠❜r❡♠♦s q✉❡ ♣h✁1, ρq é ✉♠❛
❡q✉✐✈❛❧ê♥❝✐❛ t♦♣♦❧ó❣✐❝❛ ❞❡ ψ ❛ φ✳ ♣❡❧♦ ❛r❣✉♠❡♥t♦ ❛♥t❡r✐♦r✱ h✁1♣ω♣h♣xqqq ⑨
ω♣xq✳ ▲♦❣♦✱ ω♣h♣xqq ⑨ h♣ω♣xqq✳ P♦rt❛♥t♦✱

ω♣h♣xqq ✏ h♣ω♣xqq.

❆ ♣r♦✈❛ q✉❡ α♣h♣xqq ✏ h♣α♣xqq ♣❛r❛ t♦❞♦ x P X é s✐♠✐❧❛r✳

❊①❡♠♣❧♦ ✶✳✷✳✸✳ ❙❡❥❛ c1 ❡ c2 ♥ú♠❡r♦s r❡❛✐s✳ ❈♦♥s✐❞❡r❡♠♦s ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s
❞✐❢❡r❡♥❝✐❛✐s✳

x✶1 ✏ c1

x✶2 ✏ c2

s♦❜r❡ ♦ t♦r♦ T
2✳ ■❞❡♥t✐✜❝❛♥❞♦ ♦ t♦r♦ ❝♦♠ R2

Z2 ✱ ♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ✢✉①♦ φt : T2 Ñ T
2

é
φt ✏ ♣x1 � c1t, x2 � c2tq mod Z

2.

❙❡ c2
c1

é r❛❝✐♦♥❛❧ ♦✉ c1 ✏ 0✱ ❡♥tã♦ ❛ ór❜✐t❛ ❞❡ q✉❛❧q✉❡r ♣♦♥t♦ ❞❡ T
2 é ♣❡r✐ó❞✐❝❛

❝♦♠ r❡s♣❡✐t♦ ❛ φ ✭✈❡r ✜❣✉r❛ ✶✳✶✭❛✮✮✳
❙❡ c2

c1
é ✐rr❛❝✐♦♥❛❧✱ ❡♥tã♦ ♥♦s r❡❢❡r✐r❡♠♦s ❛♦ ✢✉①♦ φ ❝♦♠♦ ✉♠ ✢✉①♦ ✐rr❛❝✐♦♥❛❧

❞♦ t♦r♦ ✭✈❡r ✜❣✉r❛ ✶✳✶✭❜✮✮✳ ◆❡st❡ ❝❛s♦✱ ❞❡♠♦♥str❛r❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ω✲❧✐♠✐t❡
❡ α✲❧✐♠✐t❡ ❞❡ q✉❛❧q✉❡r ♣♦♥t♦ é ♦ t♦r♦ T

2✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛s ór❜✐t❛s ♣♦s✐t✐✈❛s
❡ ❛s ór❜✐t❛s ♥❡❣❛t✐✈❛s ❞❡ q✉❛❧q✉❡r ♣♦♥t♦ s❡rá ❞❡♥s♦ ❡♠ T

2 ✳

❆ss✉♠❛♠♦s q✉❡ c2
c1

é ✐rr❛❝✐♦♥❛❧✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r
q✉❡ c1 é ♣♦s✐t✐✈♦✳ ❙❡❥❛ ♣p1, p2q r❡♣r❡s❡♥t❛♥❞♦ ✉♠ ♣♦♥t♦ ❡♠ T

2 t❛❧ q✉❡ 0 ↕ p1 ➔ 1✳
❈♦♥s✐❞❡r❡♠♦s ♦ ❝ír❝✉❧♦

C ✏ t♣x1, x2q P T
2⑤ x1 ✏ p1 mod Z.✉

❈♦♠♦
φ 1

c1

♣p1, x2q ✏ ♣p1 � 1, x2 �
c2

c1
q mod Z

2 P C

❡①✐st❡ ❛ ❢✉♥çã♦ Π : C Ñ C ❞❡✜♥✐❞❛ ♣♦r

Π♣p1, x2q ✏ φ 1

c1

♣p1, x2q.

❆ ❢✉♥çã♦ Π é ✉♠❛ r♦t❛çã♦ ♥♦ ❝ír❝✉❧♦ C ♣❡❧♦ â♥❣✉❧♦ 2π c2
c1
.
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❊①✐st❡ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ k t❛❧ q✉❡ k
c1
➙ 1✳ P❛r❛ q✉❛❧q✉❡r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n

❞❡✜♥✐♠♦s τn ✏ n k
c1
✳ ❈♦♠♦

φτn♣p1, p2q ✏ ♣p1 � nk, p2 � c2τnq mod Z
2,

t❡♠♦s φτn♣p1, p2q P C✳

❙❡❥❛ ♣y1, y2q r❡♣r❡s❡♥t❛♥❞♦ ✉♠ ♣♦♥t♦ ❡♠ T
2 t❛❧ q✉❡ 0 ↕ y1 ➔ 1✳ ▼♦str❛r❡♠♦s

q✉❡ ♣y1, y2q P ω♣p1, p2q ❉❡✜♥❛♠♦s σ ✏ ♣p1✁y1q
c1

✳ ❈♦♠♦

φσ♣y1, y2q ✏ ♣p1, y2 � C2σq mod Z
2,

t❡♠♦s φσ♣y1, y2q P C.
P❛r❛ q✉❛❧q✉❡r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n s❡❥❛ Bn✱ ❛ ❜♦❧❛ ❛❜❡rt❛ ❡♠ T

2 ❞❡ r❛✐♦ 1
n
❝❡♥tr❛❞❛

❡♠ ♣y1, y2q✳ P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ φσ ♦ ❝♦♥❥✉♥t♦ φσ♣Bnq❳C é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡
φσ♣y1, y2q ❡♠ C✳ ❙❡❣✉♥❞♦ ♦ ❡①❡♠♣❧♦ ✶✳✶✳✶ ✐t❡♠ ❜✱ ❛ ór❜✐t❛ ♣♦s✐t✐✈❛ ❞❡ φτn♣p1, p2q
❝♦♠ r❡s♣❡✐t♦ ❛ Π é ❞❡♥s❛ ❡♠ C✳ ❆ss✐♠✱ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ mn t❛❧ q✉❡

Πmn♣φτn♣p1, p2qq P φσ♣Bnq ❳ C.

❉❡✜♥✐♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s tn ♣♦r

tn ✏ τn �
mn

c1
✁ σ.

❝♦♠♦ mn

c1
→ 0 ❡ τn ✏ n k

c1
➙ n✱ t❡♠♦s tn ➙ τn ✁ σ ➙ n ✁ σ. ▲♦❣♦✱ lim

nÑ✽
tn ✏ �✽✳

▼♦str❛r❡♠♦s q✉❡ lim
nÑ✽

φtn♣p1, p2q ✏ ♣y1, y2q✳

❙❡❥❛ U ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡ ♣y1, y2q ❡♠ T
2✳ ❊①✐st❡ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦

N t❛❧ q✉❡ Bn ⑨ U ♣❛r❛ t♦❞♦ n ➙ N ✳ P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❣r✉♣♦ ❞❡ ✉♠ ✢✉①♦ ❡ ❛
❞❡✜♥✐çã♦ ❞❡ Π✱

φtn♣p1, p2q ✏ φτn�mn
c1
✁σ♣p1, p2q

✏ φ✁σ♣φmn
c1
♣φτn♣p1, p2qqq

✏ φ✁σ♣Π
mn♣φτn♣p1, p2qqq P Bn ⑨ U

♣❛r❛ t♦❞♦ n ➙ N ✳ ▲♦❣♦✱

lim
nÑ✽

φtn♣p1, p2q ✏ ♣y1, y2q.

P♦rt❛♥t♦✱ ω♣p1, p2q ✏ T
2 ♣❛r❛ t♦❞♦ ♣p1, p2q P T

2✳ ❙✐♠✐❧❛r♠❡♥t❡✱ α♣p1, p2q ✏ T
2

♣❛r❛ t♦❞♦ ♣p1, p2q P T
2✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛♠❜❛s ❛s ór❜✐t❛s ♣♦s✐t✐✈❛ ❡ ♥❡❣❛t✐✈❛

❞❡ q✉❛❧q✉❡r ♣♦♥t♦ sã♦ ❞❡♥s❛s ❡♠ T
2 ❡♠ r❡❧❛çã♦ ❛♦ ✢✉①♦ ✐rr❛❝✐♦♥❛❧✳
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2

✭❛✮ ❋❧✉①♦ r❛❝✐♦♥❛❧ ♥♦ t♦r♦

2

60°

✭❜✮ ❋❧✉①♦ ✐rr❛❝✐♦♥❛❧ ♥♦ t♦r♦

❋✐❣✉r❛ ✶✳✶✿ ❋❧✉①♦ ♥♦ t♦r♦ T
2

P♦♥t♦s ♥ã♦ ❡rr❛♥t❡s

❉❡✜♥✐çã♦ ✶✳✶✷✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ s♦❜r❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ X✳ ❯♠ ♣♦♥t♦ x P X
é ♥ã♦ ❡rr❛♥t❡ ♣❛r❛ φ s❡ ♣❛r❛ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ U ❞❡ x ❡ ♣❛r❛ ❝❛❞❛
♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦ τ → 0 ❡①✐st❡ ✉♠ ♥ú♠❡r♦ r❡❛❧ t → τ t❛❧ q✉❡

φt♣Uq ❳ U ✘ ❍

❖ ❝♦♥❥✉♥t♦ ♥ã♦ ❡rr❛♥t❡ ❞❡ φ✱ ❞❡♥♦t❛❞♦ ♣♦r Ω♣φq✱ é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s
♥ã♦ ❡rr❛♥t❡s ♣❛r❛ φ✳ ❯♠ ♣♦♥t♦ q✉❡ ♥ã♦ é ♥ã♦ ❡rr❛♥t❡ é ❡rr❛♥t❡ ♣❛r❛ φ✳

❊①❡♠♣❧♦ ✶✳✷✳✹✳ s❡ x é ✉♠ ♣♦♥t♦ ✜①♦ ❞❡ ✉♠ ✢✉①♦ φ✱ ❡♥tã♦ x é ✉♠ ♣♦♥t♦ ♥ã♦
❡rr❛♥t❡ ♣❛r❛ φ✱ ♣♦✐s ♣❛r❛ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ U ❞❡ x ❡ q✉❛❧q✉❡r T → 0

t❡♠♦s x P U ❳ φT ♣Uq.

❊①❡♠♣❧♦ ✶✳✷✳✺✳ s❡ x é ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❝♦♠ ♣❡rí♦❞♦ T → 0 ♣❛r❛ ✉♠ ✢✉①♦ φ✱
❡♥tã♦ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ n t❛❧ q✉❡ nT → 0✳ ❆ss✐♠✱ x é ♥ã♦ ❡rr❛♥t❡ ♣❛r❛ φ
♣♦✐s φnT ♣xq ✏ x✱ ❡♠ q✉❡ ♣❛r❛ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ U ❞❡ x t❡♠♦s x P U ❳φnT ♣Uq✳

❊①❡♠♣❧♦ ✶✳✷✳✻✳ ❈♦♥s✐❞❡r❡ ✉♠ ✢✉①♦ ✐rr❛❝✐♦♥❛❧ φ s♦❜r❡ ♦ t♦r♦ T
2✳ ❙❡❥❛ x P R

2✳
P❡❧♦ ❡①❡♠♣❧♦ ✶✳✷✳✸ ♦ ♣♦♥t♦ x ♣❡rt❡♥❝❡ ❛ s❡✉ ❝♦♥❥✉♥t♦ ❧✐♠✐t❡ x P ω♣xq✳ P♦rt❛♥t♦
❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ tn ❞❡ ♥ú♠❡r♦s r❡❛✐s t❛❧ q✉❡ lim

nÑ�✽
tn ✏ �✽ ❡ lim

nÑ�✽
φtn♣xq ✏

x✳ ❙❡ U é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡ x✱ ❡♥tã♦ ❝♦♠♦ lim
nÑ�✽

tn ✏ �✽✱ ♣❛r❛ ❝❛❞❛

τ → 0 ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ N t❛❧ q✉❡ φtn♣xq P U ❝♦♠ tn → τ ♣❛r❛ t♦❞♦
n ➙ N ✳ P♦rt❛♥t♦✱ Ω♣φq ✏ T

2✳

❖❜s❡r✈❛çã♦ ✶✳✷✳✹✳ ❛✮ ❖ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥ã♦ ❡rr❛♥t❡s ❞♦ ✢✉①♦ é ✐♥✈❛r✐❛♥t❡
❝♦♠ r❡s♣❡✐t♦ ❛♦ ✢✉①♦✳
❉❡ ❢❛t♦✱ s❡❥❛ φ ✉♠ ✢✉①♦✳ ❙❡❥❛ x P Ω♣φq ❡ τ P R✳ ❙❡❥❛ U ✉♠❛ ✈✐③✐♥❤❛♥ç❛
❛❜❡rt❛ ❞❡ φτ ✳ ❆ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ φτ ✐♠♣❧✐❝❛ q✉❡ V ✏ φ✁τ ♣Uq é ✉♠❛ ✈✐③✐♥❤❛♥ç❛
❛❜❡rt❛ ❞❡ x✳ ❈♦♠♦ x P Ω♣φq✱ ❡①✐st❡ T → 0 t❛❧ q✉❡ V ❳ φT ♣V q ✘ ❍✳
❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ U ❳ φT ♣Uq ✏ φT ♣V ❳ φT ♣V qq ✘ ❍✳ P♦rt❛♥t♦✱ Ω♣φq é
✐♥✈❛r✐❛♥t❡✳



✶✵ ✶✳✸✳ ❈▲❆❙❙■❋■❈❆➬➹❖ ❉❊ ❙❯P❊❘❋❮❈■❊❙ ❈❖▼P❆❈❚❆❙

❜✮ ❖ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥ã♦ ❡rr❛♥t❡s ❞❡ ✉♠ ✢✉①♦ é ❢❡❝❤❛❞♦✳
❉❡ ❢❛t♦✱ s❡❥❛ φ ✉♠ ✢✉①♦✳ ❙❡❥❛ x ✉♠ ♣♦♥t♦ ❧✐♠✐t❡ ❞❡ Ω♣φq✳ ❙❡❥❛ U ✉♠❛
✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡ x✳ ❈♦♠♦ x é ✉♠ ♣♦♥t♦ ❧✐♠✐t❡ ❞❡ Ω♣φq✱ ❡①✐st❡ y P
U❳Ω♣φq✳ ❖ ♣♦♥t♦ y é ♥ã♦ ❡rr❛♥t❡✱ ❛ss✐♠ ❡①✐st❡ T → 0 t❛❧ q✉❡ U❳φT ♣Uq ✘ ❍✳
❧♦❣♦✱ x P Ω♣φq✳ P♦rt❛♥t♦✱ Ω♣φq é ❢❡❝❤❛❞♦✳

❝✮ ❙❡❥❛ X ❡ Y ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s✳ ❙❡ h : X Ñ Y é ✉♠❛ ❝♦♥❥✉❣❛çã♦ t♦♣♦❧ó❣✐❝❛
❞❡ ✉♠ ✢✉①♦ φt : X Ñ X ❛♦ ✢✉①♦ ψt : Y Ñ Y ✱ ❡♥tã♦

Ω♣ψq ✏ h♣Ω♣φqq.

❞✮ ❙❡ φ é ✉♠ ✢✉①♦ s♦❜r❡ ♦ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ X✱ ❡♥tã♦ ω♣xq ⑨ Ω♣φq ❡
α♣xq ⑨ Ω♣φq ♣❛r❛ t♦❞♦ x P X✳

✶✳✸ ❈❧❛ss✐✜❝❛çã♦ ❞❡ s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s

◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❛ s❡çã♦ é ❛♣r❡s❡♥t❛r ✉♠❛ ❝❧❛ss✐✜❝❛çã♦ t♦♣♦❧ó❣✐❝❛ ❞❛s
s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s ❡ ❝♦♥❡①❛s✳ P❛r❛ ✐ss♦✱ ✐♥✐❝✐❛r❡♠♦s ❞❡✜♥✐♥❞♦ ❛ s♦♠❛ ❝♦♥❡①❛
❞❡ ❞✉❛s s✉♣❡r❢í❝✐❡s✳

❉❛❞❛s ❛s s✉♣❡r❢í❝✐❡s Σ1✱ Σ2✱ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ Σ1 ❡ Σ2✱ ❞❡♥♦t❛❞❛ ♣♦r
Σ1#Σ2 é ♦❜t✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

❊s❝♦❧❤❛ D1 ⑨ Σ1 ❡ D2 ⑨ Σ2✱ ♦♥❞❡ D1 ❡ D2 sã♦ ❞✐s❝♦s ❢❡❝❤❛❞♦s ❤♦♠❡♦♠♦r❢♦s
❛♦ ❞✐s❝♦ ❢❡❝❤❛❞♦ D ✏ t♣x, yq P R

2; x2 � y2 ↕ 1✉ ✳ ❉❡♥♦t❡ ♣♦r Σ
✶

i ♦ ❝♦♠♣❧❡♠❡♥t♦
❞♦ ✐♥t❡r✐♦r ❞❡ Di ❡♠ Σi✱ i ✏ 1, 2✳ ❊s❝♦❧❤❛ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h : ❇D1 Ñ ❇D2✳
❊♥tã♦ Σ1#Σ2 é ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ ❞❡ Σ

✶

1❨Σ
✶

2 ♦❜t✐❞♦ ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦ ❞♦s ♣♦♥t♦s
x ❡ h♣xq✱ x P ❇D1✳

❆ss✐♠✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s t❡♦r❡♠❛s q✉❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥♦ ❝❛♣ít✉❧♦ ✾
❞❡ ❬✶✸❪✳

❚❡♦r❡♠❛ ✶✳✶✳ ❙❡❥❛ Σ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛✱ s❡♠ ❢r♦♥t❡✐r❛ ❡ ❝♦♥❡①❛✱ ❡♥tã♦✿

❛✮ Σ é ❛ ❡s❢❡r❛✱ ♦✉

❜✮ Σ é ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ h t♦r♦s ♣❛r❛ g ➙ 1✱ ♦✉

❝✮ ❆ s♦♠❛ ❝♦♥❡①❛ ❞❡ c ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s✱ ❝♦♠ c ➙ 1

❖❜s❡r✈❛çã♦ ✶✳✸✳✶✳ ❛✮ ❆❞✐❝✐♦♥❛r ✉♠❛ ❛❧ç❛ ❛ Σ✱ s✐❣♥✐✜❝❛ r❡t✐r❛r ❞♦✐s ❞✐s❝♦s
♠❡r❣✉❧❤❛❞♦s ❡♠ Σ③❇Σ ❡ ❝♦❧❛r ❝♦♠ ✉♠ ❝✐❧✐♥❞r♦ D ✂ S1✱ ✐❞❡♥t✐✜❝❛♥❞♦ ❝❛❞❛
❝♦♠♣♦♥❡♥t❡ ❞❛ ♠❡s♠❛ ❝♦♠ ♦s ❝ír❝✉❧♦s ❢r♦♥t❡✐r❛ ❞♦s ❞✐s❝♦s s✉❜str❛í❞♦s✳

❜✮ ❖ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ♣♦❞❡ s❡r ❡♥t❡♥❞✐❞♦ ❝♦♠♦ ♦ r❡s✉❧t❛❞♦ ❞❡ ❝♦❧❛r ✉♠ ❞✐s❝♦ D ❡
✉♠❛ ❢❛✐①❛ ❞❡ ▼♦❡❜✐✉s B ❛♦ ❧♦♥❣♦ ❞❛ s✉❛s ❢r♦♥t❡✐r❛s✳ ❊ss❡ ♣r♦❝❡ss♦ é ❝❤❛♠❛❞♦
❞❡ ❝r♦ss❝❛♣✳

❈♦r♦❧ár✐♦ ✶✳✷✳ ❙❡❥❛ Σ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❡ ❝♦♥❡①❛ ❡♥tã♦ ❡❧❛ é ❤♦♠❡♦♠♦r❢❛
❛ Σh,b,c❀ ♦♥❞❡ Σh,b,c é ❛ s✉♣❡r❢í❝✐❡ ❝♦♠ h ❛❧ç❛s✱ c ❝r♦ss❝❛♣ ❡ b ❝♦♠♣♦♥❡♥t❡s ❞❛
❢r♦♥t❡✐r❛✳
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❚❡♦r❡♠❛ ✶✳✸✳ ❆❞✐❝✐♦♥❛r ✉♠❛ ❛❧ç❛ ❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♥❡①❛ ♥ã♦ ♦r✐❡♥tá✈❡❧ é ♦
♠❡s♠♦ q✉❡ ❛❞✐❝✐♦♥❛r ❞♦✐s ❝r♦ss❝❛♣s✳ P♦rt❛♥t♦✱ ❛❞✐❝✐♦♥❛♥❞♦ ✉♠❛ ❛❧ç❛ ❛ ✉♠❛
s✉♣❡r❢í❝✐❡ ♥ã♦ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ p✱ s❡ ♦❜té♠ ✉♠❛ s✉♣❡r❢í❝✐❡ ♥ã♦ ♦r✐❡♥tá✈❡❧ ❞❡
❣ê♥❡r♦ p� 2

❚❡♦r❡♠❛ ✶✳✹✳ ❙❡❥❛ Σ ✉♠❛ s✉♣❡r❢í❝✐❡ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ p✳ ❆❞✐❝✐♦♥❛r ✉♠
❝r♦ss❝❛♣ ❛ Σ r❡s✉❧t❛ ❡♠ ✉♠❛ s✉♣❡r❢í❝✐❡ ♥ã♦ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ 2p� 1.

✶✳✹ ❙✉s♣❡♥sõ❡s

❊①✐st❡ ✉♠❛ ❝♦♥str✉çã♦ ♥❛t✉r❛❧ ❞❡ ✉♠ ✢✉①♦ ♣❛rt✐♥❞♦ ❞❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❡
✉♠❛ ♣r♦❢✉♥❞❛ ❧✐❣❛çã♦ ❞✐♥â♠✐❝❛ ❡♥tr❡ ❡st❡s ❞♦✐s s✐st❡♠❛s✳

❉❡✜♥✐çã♦ ✶✳✶✸✳ ❉❛❞♦s f : X Ñ X ❡ ✉♠❛ ❢✉♥çã♦ c : X Ñ R
� ❧✐♠✐t❛❞❛

✐♥❢❡r✐♦r♠❡♥t❡ ♣♦r ③❡r♦✱ ❝♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡

Xc ✏ t♣x, tq P X ✂ R
� : 0 ↕ t ↕ c♣xq✉④ ✒

♦♥❞❡ ✒ é ❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ♣x, c♣xqq ✒ ♣f♣xq, 0q✳ ❆ s✉s♣❡♥sã♦ ❞❡ ❢ ❝♦♠
t❡t♦ ❝ é ♦ s❡♠✐✲✢✉①♦ φt

: Xc Ñ Xc ❞❛❞♦ ♣♦r φt♣x, sq ✏ ♣fn♣xq, s✶q✱ ♦♥❞❡ n ❡
s✶ s❛t✐s❢❛③❡♠

n✁1➳
i✏0

c♣f i♣xqq � s✶ ✏ t� s, 0 ↕ s✶ ↕ c♣fn♣xqq.

❙❡ f : X Ñ X é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ φ é ❝❤❛♠❛❞♦ ✢✉①♦ s✉s♣❡♥sã♦ ❞❡
❢✳

❊①❡♠♣❧♦ ✶✳✹✳✶✳ ❙❡❥❛ f ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ♥♦ ❝ír❝✉❧♦ S1✳ ❯s❛♠♦s f ♣❛r❛
✐❞❡♥t✐✜❝❛r ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❢r♦♥t❡✐r❛s ❞♦ ❝✐❧✐♥❞r♦ S1 ✂ r0, 1s❀ ✐st♦ é✱ ✐❞❡♥t✐✜❝❛r
♦s ♣♦♥t♦s ♣x, 1q ❡ ♣f♣xq, 0q ❡♠ S1 ✂ r0, 1s ♣❛r❛ x P S1✳ ❆ ✈❛r✐❡❞❛❞❡ Mf ♦❜t✐❞❛ é
♦ t♦r♦ s❡ f ♣r❡s❡r✈❛ ❛ ♦r✐❡♥t❛çã♦ ❞♦ ❝ír❝✉❧♦✱ ❡ ❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ s❡ f ♠✉❞❛ ❞❡
♦r✐❡♥t❛çã♦✳
❉❛ ❞❡✜♥✐çã♦ ✶✳✶✸✱ t♦♠❛♥❞♦ ❛ ❢✉♥çã♦ ❞❡ t❡t♦ ❛ ❢✉♥çã♦ ❝♦♥st❛♥t❡ c ✑ 1✱ Mf é ❞❛
❢♦r♠❛ ♣x, τq✱ ♦♥❞❡ x P S1 ❡ 0 ↕➔ 1✳ P❛r❛ z ✏ ♣x, τq P Mf ❡ t P R t❡♠♦s q✉❡ ♦
✢✉①♦ é

φt♣zq ✏ ♣f ✈t�τ✇♣xq, tt� τ✉q,

♦♥❞❡ tα✉ ❞❡♥♦t❛ ❛ ♣❛rt❡ ❢r❛❝✐♦♥ár✐❛ ❞♦ ♥ú♠❡r♦ α.

❆s ♣r♦♣r✐❡❞❛❞❡s ❞❡ f ❡ s❡✉ ✢✉①♦ s✉s♣❡♥sã♦ ❡stã♦ ✐♥t✐♠❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦s✳

❖❜s❡r✈❛çã♦ ✶✳✹✳✶✳ ❛✮ ❙❡ f t❡♠ ✉♠❛ ór❜✐t❛ ❞❡♥s❛✱ ❡♥tã♦ ♦ ✢✉①♦ s✉s♣❡♥sã♦ φf
t❡♠ ✉♠❛ tr❛❥❡tór✐❛ ❞❡♥s❛✳

❜✮ ❙❡ f ♥ã♦ t❡♠ ór❜✐t❛ ❞❡♥s❛✱ ❡♥tã♦ ♦ ✢✉①♦ s✉s♣❡♥sã♦ φf ♥ã♦ t❡♠ tr❛❥❡tór✐❛s
❞❡♥s❛s✳
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❝✮ ❙❡ f t❡♠ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✱ ❡♥tã♦ ♦ ✢✉①♦ s✉s♣❡♥sã♦ φf t❡♠ ✉♠❛ tr❛❥❡tór✐❛
♣❡r✐ó❞✐❝❛✳

❞✮ ❖s ❡♥✉♥❝✐❛❞♦s r❡❝í♣r♦❝♦s t❛♠❜é♠ sã♦ ✈á❧✐❞♦s✳

❊①❡♠♣❧♦ ✶✳✹✳✷✳ ❙❡❥❛ f ✏ Rµ ❛ r♦t❛çã♦ ❞♦ ❝ír❝✉❧♦ x2 � y2 ✏ ♣ 1
2π
q2 ❝♦♠ â♥❣✉❧♦

❞❡ r♦t❛çã♦ 2πµ✱ µ P R✳ ❊♥tã♦ φRµ
é ✉♠ ✢✉①♦ r❛❝✐♦♥❛❧ ♦✉ ✐rr❛❝✐♦♥❛❧ ♥♦ t♦r♦✱

❞❡♣❡♥❞❡♥❞♦ s❡ µ é r❛❝✐♦♥❛❧ ♦✉ ✐rr❛❝✐♦♥❛❧✳

✶✳✺ ❚❡♦r✐❛ ❞❡ P♦✐♥❝❛ré ❇❡♥❞✐①s♦♥

❈♦♥s✐❞❡r❡♠♦s Σ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❡ ❝♦♥❡①❛✳

❉❡✜♥✐çã♦ ✶✳✶✹✳ ❙❡❥❛ l ✉♠ s❡❣♠❡♥t♦ ♠❡r❣✉❧❤❛❞♦ ❡♠ Σ✱ ❞✐③❡♠♦s q✉❡ ❧ é ✉♠❛
s❡❝çã♦ tr❛♥s✈❡rs❛❧ ❧♦❝❛❧ ❞♦ t❡♠♣♦ τ → 0 ♣❛r❛ ♦ ✢✉①♦ φ✱ s❡ φ : r✁τ, τ s✂l Ñ
φr✁τ,τ s♣lq é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❡ l ❳ φr✁τ,τ s♣xq ✏ tx✉✱ ♣❛r❛ t♦❞♦ x P l✳ ❧ s❡rá
❝❤❛♠❛❞♦ s❡❝çã♦ tr❛♥s✈❡rs❛❧ ❧♦❝❛❧ ❞❡ φ✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ l ⑨ Σ é ✉♠❛
s❡❝çã♦ tr❛♥s✈❡rs❛❧ ❣❧♦❜❛❧ ♣❛r❛ φ s❡ ♣❛r❛ ❝❛❞❛ x P l ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U
❞❡ x t❛❧ q✉❡ U ❳ l é ✉♠❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧ ❧♦❝❛❧ ❡ t♦❞❛ ór❜✐t❛ ❞❡ φ ✐♥t❡rs❡❝t❛
l✳ ❯♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ γ é ❝❤❛♠❛❞❛ ❞❡ tr❛♥s✈❡rs❛❧ ❢❡❝❤❛❞❛ s❡ s❡✉s ❛r❝♦s sã♦
tr❛♥s✈❡rs❛✐s ❧♦❝❛✐s✳

❉❡✜♥✐çã♦ ✶✳✶✺✳ ❙❡❥❛ l ✉♠❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧ ❧♦❝❛❧✱ a, b : l Ñ ♣0, τq ❛♣❧✐❝❛çõ❡s
❝♦♥tí♥✉❛s❀ ♦ ❝♦♥❥✉♥t♦ U ✏ tφt♣xq : x P l, t P ♣✁a♣xq, b♣xqq✉U ✏ tφt♣xq : x P l, t P ♣✁a♣xq, b♣xqq✉U ✏ tφt♣xq : x P l, t P ♣✁a♣xq, b♣xqq✉ é ❝❤❛♠❛❞♦ ❝❛✐①❛
❞❡ ✢✉①♦✳

❊♠ ❬✷✶❪ ♣r♦✈❛✲s❡ q✉❡ q✉❛❧q✉❡r ♣♦♥t♦ r❡❣✉❧❛r ♣❡rt❡♥❝❡ ❛ ✉♠❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧
❧♦❝❛❧✳

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❚❡♦r❡♠❛ ❞♦ ❋❧✉①♦ ❚✉❜✉❧❛r ♦✉ ❚❡♦r❡♠❛
❞❡ ❘❡t✐✜❝❛çã♦ ❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✸❪✳

❚❡♦r❡♠❛ ✶✳✺✳ ❙❡❥❛ x P Σ ✉♠ ♣♦♥t♦ r❡❣✉❧❛r ❞❡ ✉♠ ✢✉①♦ φ ❞❡ ❝❧❛ss❡ Cr ✭r ➙ 0✮
❡♠ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞✐❢❡r❡♥❝✐❛❧ Σ✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ x ❡ ✉♠
❞✐❢❡♦r♠♦r✜s♠♦ ❞❡ ❝❧❛ss❡ Cr ❞❡ U ❡♠ R

2 ❧❡✈❛♥❞♦ tr❛❥❡tór✐❛s ❡♠ U ❛ tr❛❥❡tór✐❛s
❞♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦

x✶ ✏ 1, y✶ ✏ 0

s♦❜r❡ R
2 ♣r❡s❡r✈❛♥❞♦ ❛ ❞✐r❡çã♦ ♥♦ t❡♠♣♦✳

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡st❡✱ t❡♠♦s ♦ ❚❡♦r❡♠❛ ❞❡ ❋❧✉①♦ ❚✉❜✉❧❛r ▲♦♥❣♦✳

❚❡♦r❡♠❛ ✶✳✻✳ ❙❡❥❛ d ✉♠ ❛r❝♦ ❝♦♠♣❛❝t♦ ❞❡ ✉♠❛ tr❛❥❡tór✐❛ r❡❣✉❧❛r ❞❡ ✉♠ Cr✲
✢✉①♦ φt ✭r → 0✮✱ ❡ s✉♣♦♥❤❛ q✉❡ d ♥ã♦ ❢♦r♠❛ ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛✳ ❊♥tã♦ ❡①✐st❡
✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ d ❡ ✉♠❛ Cr✲❞✐❢❡♦♠♦r✜s♠♦ ψ : U Ñ R

2 q✉❡ ❧❡✈❛ ♦ ❛r❝♦ ❡♠
U ❞❡ tr❛❥❡tór✐❛s ❞❡ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ x✶ ✏ 1, y✶ ✏ 0
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❖❜s❡r✈❛çã♦ ✶✳✺✳✶✳ ❙❡❥❛ ry1, y2s ✏ φrt1,t2s♣yq ♦ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡ y ❝♦♠ ♣♦♥t♦s
❡①tr❡♠♦s y1 ❡ y2✱ ❡ s❡❥❛♠ l1 ❡ l2 ❞✉❛s s❡❝çõ❡s tr❛♥s✈❡rs❛✐s ♣❛ss❛♥❞♦ ♣♦r y1 ❡
y2 r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❛❧ q✉❡ ry1, y2s ❳ ♣l1 ❨ l2q ✏ ty1, y2✉✳ ➱ ❝♦♥✈❡♥✐❡♥t❡ q✉❡
y2 P φR�♣yq❀ ✐st♦ é✱ ♦ ♣♦♥t♦ y2 s❡ ♠♦✈❡ ❛♦ ❧♦♥❣♦ ❞❡ φR♣yq ❞❡ y1 ❝♦♠ t❡♠♣♦
❝r❡s❝❡♥t❡✳ P❡❧♦ t❡♦r❡♠❛ ✶✳✻✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ l ⑨ l1 ❞❡ y1 s♦❜r❡ l1 t❛❧ q✉❡
♣❛r❛ q✉❛❧q✉❡r x P l ❛ s❡♠✐ór❜✐t❛ ♣♦s✐t✐✈❛ φR�♣xq ✐♥t❡rs❡❝t❛ l2 s❡♠ ✐♥t❡rs❡❝t❛r
♣r✐♠❡✐r♦ ❛ l1✳ ❉❡♥♦t❡♠♦s ♣♦r ♣x ♦ ♣r✐♠❡✐r♦ ♣♦♥t♦ ♦♥❞❡ φR�♣xq ✐♥t❡rs❡❝t❛ l2✳

❉❡✜♥✐çã♦ ✶✳✶✻✳ ❆ ❛♣❧✐❝❛çã♦ f ✏ f♣x, lq : l1 Ñ l2f ✏ f♣x, lq : l1 Ñ l2f ✏ f♣x, lq : l1 Ñ l2 é ❞✐t❛ ❛♣❧✐❝❛çã♦ ❞❡
P♦✐♥❝❛ré ✐♥❞✉③✐❞❛ ♣❡❧♦ ✢✉①♦ φ✱ s❡ é t❛❧ q✉❡ f♣xq ✏ ♣x P l2✱ ❝♦♠ x P l ❞❡
❛❝♦r❞♦ ❝♦♠ ❛ ♦❜s❡r✈❛çã♦ ✶✳✺✳✶✳

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❝❛r❛❝t❡r✐③❛ ♦s ❝♦♥❥✉♥t♦s ❧✐♠✐t❡s ❞❡ ✉♠ ✢✉①♦ ❞❡✜♥✐❞♦ ♥✉♠
❞✐s❝♦ ❡ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré✲❇❡♥❞✐①♦♥✳

❚❡♦r❡♠❛ ✶✳✼✳ ❙❡❥❛ ✉♠ ✢✉①♦ φ ❞❡ ❝❧❛s❡ C1 ♥✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ∆ ⑨ R
2✳ ❙❡ γ

é ✉♠❛ ór❜✐t❛ ❢❡❝❤❛❞❛ ❞❡ φ t❛❧ q✉❡ intγ ⑨ ∆ ❡♥tã♦ ❡①✐st❡ ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ φ
❝♦♥t✐❞♦ ❡♠ intγ r❡❧❛t✐✈♦ ❛ R

2✳

❉❡✜♥✐çã♦ ✶✳✶✼✳ ❙❡❥❛ p ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❡ x ✉♠ ♣♦♥t♦ r❡❣✉❧❛r t❛❧ q✉❡
lim
tÑ�✽

φt♣xq ✏ p ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ lim
tÑ✁✽

φt♣xq ✏ p ✮✳ ❉✐③❡♠♦s q✉❡ ❛ ór❜✐t❛ ❞❡

①✱ φR♣xqφR♣xqφR♣xq✱ é ✉♠❛ s❡♣❛r❛tr✐③ ❡stá✈❡❧ ❞♦ ♣♦♥t♦ ♣ ✭r❡s♣❡t✐✈❛♠❡♥t❡ ✐♥stá✈❡❧✮✳

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❙❡❥❛ ✢✉①♦ φ : R ✂ Σ Ñ Σ ♥❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ Σ✱
❝♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦ Sing♣φq ❝♦♠♦ s❡♥❞♦ ✐s♦❧❛❞♦ ❡♠ Σ❀ ❡ p P Sing♣φq✱ D ⑨ Σ

✉♠ ❞✐s❝♦ ♠❡r❣✉❧❤❛❞♦ t❛❧ q✉❡ Sing♣φq ❳ D ✏ tp✉✳ ❆❧é♠ ❞✐ss♦ ❝♦♥s✐❞❡r❡♠♦s D
♠✉✐t♦ ♣❡q✉❡♥♦✱ s✉♣♦♥❞♦ q✉❡ ♥ã♦ ❡①✐st❡ ✉♠❛ s❡♣❛r❛tr✐③ ❡stá✈❡❧ ♦✉ ✐♥stá✈❡❧ ❝♦♥t✐❞❛s
❡♠ clos♣Dq✱ ♥❡♠ ❡①✐st❡ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s ❝♦♥t✐❞❛s✳ ❙❡❥❛

U ✏ tx P D : φR�♣xq ❺ clos♣Dq ❡ φR✁♣xq ❺ clos♣Dq✉,

❡ p ✉♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❡ U ✳ ❆ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ ❯ é ❝❤❛♠❛❞❛
❞❡ s❡t♦r ❍✐♣❡r❜ó❧✐❝♦ ❡♠ ❉ ✭✈❡r ✜❣✉r❛ ✶✳✷✮✳
❯♠❛ s❡♣❛r❛tr✐③ ❡stá✈❡❧ γ ✏ φR♣xqγ ✏ φR♣xqγ ✏ φR♣xq ✭♦✉ ✐♥stá✈❡❧✮ ❞❡ ♣✱ é s❡♣❛r❛tr✐③ s❡ ♣❛r❛
❝❛❞❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ y P γ ❳D

V ③γ ⑨ U.

❈♦♠ ❛s ❝♦♥❞✐çõ❡s ❞❛ ❞❡✜♥✐çã♦ ✶✳✶✽ ❡ ✉s❛♥❞♦ ♦ t❡♦r❡♠❛ ✶✳✼ ❞❡ P♦✐♥❝❛ré✲
❇❡♥❞✐①♦♥ t❡♠♦s q✉❡ s❡ x P D ❡ φR�♣xq ⑨ D ♦✉ φR✁♣xq ⑨ D❀ ❡♥tã♦ x ♣❡rt❡♥❝❡ ❛
✉♠❛ s❡♣❛r❛tr✐③ ❡stá✈❡❧ ♦✉ ✐♥stá✈❡❧ ❞❡ p✳ P♦ré♠ s❡ φR♣xq ⑨ D✱ ❡♥tã♦ x ✏ p✳ ❆ss✐♠
♦ ❝♦♥❥✉♥t♦ U é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✳ P❛r❛ ✐st♦ t♦♠❡♠♦s ✉♠ ♣♦♥t♦ x P U ✳ ❊♥tã♦
❡①✐st❡♠ t1 ➔ 0 ❡ t2 → 0 t❛❧ q✉❡ φt1♣xq ❘ clos♣Dq ❡ φt2♣xq ❘ clos♣Dq ❛❣♦r❛ ♣❡❧♦
t❡♦r❡♠❛ ❞♦ ✢✉①♦ t✉❜✉❧❛r ❧♦♥❣♦ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞♦ ❛r❝♦ ❞❡ tr❛❥❡tór✐❛
φrt1,t2s♣xq q✉❡ é ✉♠❛ ❝❛✐①❛ ❞❡ ✢✉①♦ ❛❜❡rt❛ ❡♠ q✉❡ t♦♠❛♥❞♦ ✉♠❛ ❜♦❧❛ ❛❜❡rt❛
❝❡♥tr❛❞❛ ❡♠ x✱ B♣xq ⑨ U ❝♦♥t✐❞❛ ❡♠ U ❝♦♥s❡❣✉✐♠♦s q✉❡ t♦❞♦ ♣♦♥t♦ y P B♣xq
t❡♠ ♣♦♥t♦s ❞❡ s✉❛ ór❜✐t❛ ♥♦ ♣❛ss❛❞♦ ❡ ♥♦ ❢✉t✉r♦ ❢♦r❛ ❞❡ clos♣Dq✱ ✐st♦ é✱ B♣xq ⑨ U ✳
▲♦❣♦ U é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✳
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p

Sh

Sh

Sp

❋✐❣✉r❛ ✶✳✷✿ ❙❡❝t♦r❡s ❍✐♣❡r❜ó❧✐❝♦s✿ Sh

❉❡✜♥✐çã♦ ✶✳✶✾✳ ❙❡❥❛ ✉♠ ✢✉①♦ φ ❡ p P Sing♣φq q✉❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❛
❞❡✜♥✐çã♦ ✶✳✶✽❀ ♦ ♣♦♥t♦ s✐♥❣✉❧❛r ♣ é ❞❡ t✐♣♦ s❡❧❛ s❡ t❡♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡
s❡♣❛r❛tr✐③❡s✳

❉❡✜♥✐çã♦ ✶✳✷✵✳ ❙❡❥❛ ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r p P Sing♣φq ❞❡ t✐♣♦ s❡❧❛✳ ❖ í♥❞✐❝❡
❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ t✐♣♦ s❡❧❛ é j♣p, φq ✏ 1 ✁ nh

2
✱ ♦♥❞❡ nh é ♦ ♥ú♠❡r♦ ❞❡

s❡t♦r❡s ❤✐♣❡r❜ó❧✐❝♦s ❡♠ Dp ✏ D✳ ❙❡ p P ❇Σ ❝♦♥s✐❞❡r❛çõ❡s s✐♠✐❧❛r❡s t♦♠❛r❡♠♦s ❡
❞❡✜♥✐r❡♠♦s ♦ í♥❞✐❝❡ ❞❡ p ❝♦♠♦ j♣p, φq ✏ 1✁ nh✳

❊♠ ❬✶✷❪ ✭t❤❡♦r❡♠❛ ✾✳✻✮ ♣r♦✈❛✲s❡ q✉❡ ❡st❛ ❞❡✜♥✐çã♦ ✶✳✷✵ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ✉s✉❛❧
♥♦çã♦ ❞❡ í♥❞✐❝❡ ♣❛r❛ ♣♦♥t♦s s✐♥❣✉❧❛r❡s✳ ✭♥♦ ❡♥t❛♥t♦✱ ❡❧❛ ♥ã♦ s❡ ❡st❡♥❞❡ à ❢r♦♥t❡✐r❛
❞❛ s✉♣❡r❢í❝✐❡✳✮

❉❡✜♥✐çã♦ ✶✳✷✶✳ ❙❡❥❛ p P Sing♣φq ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r✱ ❡♥tã♦ ♦s ❝♦♥❥✉♥t♦s
❡stá✈❡❧ ❡ ✐♥stá✈❡❧ ❞❡ ♣✱ sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡✿

W s♣pq ✏ tx P Σ limtÑ�✽ φt♣xq ✏ p✉

W u♣pq ✏ tx P Σ limtÑ✁✽ φt♣xq ✏ p✉

▲❡♠❜r❡♠♦s q✉❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r χ♣Σq ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ Σ ❞❡ ❣ê♥❡r♦
p ➙ 0 é χ♣Σq ✏ 2✁ 2p✳ ❙❡ Σ é ♥ã♦ ♦r✐❡♥tá✈❡❧✱ ❡♥tã♦ χ♣Σq ✏ 2✁ p.

❚❡♦r❡♠❛ ✶✳✽✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ s♦❜r❡ ✉♠❛ s✉♣❡r❢í❝✐❡ Σ ❝♦♠ ✜♥✐t❛s s✐♥❣✉❧❛r✐❞❛❞❡s

p1, p2, ☎ ☎ ☎ , pk✳ ❊♥tã♦
k➳
i✏1

j♣pi, φq ✏ χ♣Σq.



❈❛♣ít✉❧♦ ✷

❉❡✜♥✐♥❞♦ ❋❧✉①♦s ❊①♣❛♥s✐✈♦s

◆❡st❡ ❝❛♣ít✉❧♦ ♥♦ss♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ é ❡st✉❞❛r ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡①✐st❡♥t❡s
♣❛r❛ ✢✉①♦s ❡①♣❛♥s✐✈♦s✱ s❡❣✉✐r❡♠♦s ❞❡ ❢♦r♠❛ ♣ró①✐♠❛ ♦ tr❛❜❛❧❤♦ ❬✹❪✳ ▼♦str❛r❡♠♦s
❛s ✐♠♣❧✐❝❛çõ❡s ❡♥tr❡ ❛s ♠❡s♠❛s ❡ ❛❧❣✉♠❛s ❞❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳ ◆♦ q✉❡ s❡❣✉❡
❝♦♥s✐❞❡r❛♠♦s ✢✉①♦s φ ❞❡ ❝❧❛ss❡ C1 s♦❜r❡ ❡s♣❛ç♦s ♠étr✐❝♦s ❝♦♠♣❛❝t♦s ♣X, distq✱
❞❡♥♦t❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s ❝r❡s❝❡♥t❡s ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ♥ú♠❡r♦s
r❡❛✐s q✉❡ ✜①❡♠ ③❡r♦ ❝♦♠♦ H

�
0 ♣Rq✳

✷✳✶ ❉❡✜♥✐çõ❡s ✐♥t✉✐t✐✈❛s

▲❡♠❜r❡♠♦s q✉❡ ♥♦ ❝❛s♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s s♦❜r❡ ❡s♣❛çõ❡s ♠étr✐❝♦s t❡♠♦s ❛
s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦ ❝❧áss✐❝❛✳

❉❡✜♥✐çã♦ ✷✳✶✳ ❯♠ ❤♦♠❡♦♠♦r✜s♠♦ f : M Ñ M ✱ ♦♥❞❡ M é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦
❝♦♠♣❛❝t♦✱ é ❡①♣❛♥s✐✈♦ s❡ ❡①✐st❡ δ → 0 t❛❧ q✉❡ s❡ x; y PM ❡ dist♣fn♣xq; fn♣yqq ➔ δ

♣❛r❛ t♦❞♦ n P Z ❡♥tã♦✱ x ✏ y✳

❆ ♣r✐♠❡✐r❛ ❞❡✜♥✐çã♦ é ❛ ♠❛✐s ✐♥t✉✐t✐✈❛✱ ♣♦ré♠ ❛ ❞❡ ♠❡♥♦r ✉t✐❧✐❞❛❞❡✱ ❡♠ q✉❡
✐♠✐t❛ ❛ ❞❡✜♥✐çã♦ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ ♣❛r❛ ❛♣❧✐❝❛çõ❡s s♦❜r❡ ❡s♣❛ç♦s ♠étr✐❝♦s✳

❉❡✜♥✐çã♦ ✷✳✷✳ ❉✐③✲s❡ q✉❡ ✉♠ ✢✉①♦ φ s♦❜r❡ ❳ é ❆✲❡①♣❛♥s✐✈♦ s❡ ❡①✐st❡ δ → 0

t❛❧ q✉❡ s❡ dist♣φt♣xq, φt♣yqq ➔ δ✱ ♣❛r❛ t♦❞♦ t P R ❡♥tã♦❀ x ✏ y

❆ s❡❣✉✐r ♠♦str❛r❡♠♦s q✉❡ ❛ ❞❡✜♥✐çã♦ ❞❡ ❆✲❡①♣❛♥s✐✈✐❞❛❞❡ t❡♠ ♣♦✉❝♦ ✐♥t❡r❡ss❡
❞✐♥â♠✐❝♦✱ ♣♦✐s ❡❧❛ r❡str✐♥❣❡ ❞❡♠❛s✐❛❞❛♠❡♥t❡ ♥♦ss♦ ❡s♣❛ç♦✳ ❉❡ ❢❛t♦ t❡♠♦s ❛
s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✶✳✶✳ s❡ φ é ❆✲❡①♣❛♥s✐✈♦ ❡♥tã♦ X é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♣r♦✈❛r♠♦s ♥♦ss❛ ♣r♦♣♦s✐çã♦✱ ❝♦♠ δ → 0 ❝♦♥st❛♥t❡ ❞❡
❡①♣❛♥s✐✈✐❞❛❞❡ ❞❡ φ✱ ❜❛st❛rá ♣r♦✈❛r ❛s ❞✉❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s✿

✶✺
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❛✮ ❳ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s s✐♥❣✉❧❛r❡s✳
❙✉♣♦♥❤❛ ♣♦r ❛❜s✉r❞♦ q✉❡✱ ❡①✐st❡ x P X③ Sing♣φq✳ P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ φ
❡①✐st❡ T → 0 t❛❧ q✉❡ s❡ ⑤t⑤ ➔ T ❡♥tã♦✱

dist♣φt♣yq, yq ➔ δ, ✭✷✳✶✮

♣❛r❛ t♦❞♦ y P X❀ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦✱ ❡①✐st✐r✐❛♠ s❡q✉ê♥❝✐❛s ❝♦♥✈❡r❣❡♥t❡s
ttn✉nPN ❡ tyn✉nPN t❛✐s q✉❡✿

lim
nÑ�✽

tn ✏ 0,

lim
nÑ�✽

yn ✏ y0,

dist♣φtn♣ynq, ynq ➙ δ,

♣❛r❛ t♦❞♦ n P N✳ ❉❛q✉✐ 0 ✏ dist♣y0, y0q ➙ δ✱ ❛❜s✉r❞♦✳
P♦r ♦✉tr♦ ❧❛❞♦ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ φ✱ ♦❜s❡r✈❡♠♦s q✉❡✱ ❡①✐st❡ s P ♣✁T, T q
t❛❧ q✉❡ φs♣xq ✘ x✳ ❈❛s♦ ❝♦♥trár✐♦✱ ♣❛r❛ t♦❞♦ t P ♣✁T, T q t❡rí❛♠♦s φt♣xq ✏ x

❡ ❞❛q✉✐ ♣♦r ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ φ✱ lim
tÑT✁

φt♣xq ✏ φT ♣xq ✏ x ❧♦❣♦ x é ✉♠ ♣♦♥t♦

s✐♥❣✉❧❛r✱ ❛❜s✉r❞♦ ♣♦✐s x ❡ ✉♠ ♣♦♥t♦ r❡❣✉❧❛r✳ ❆ss✐♠✱ ❢❛③❡♥❞♦ z ✏ φs♣xq ❡ ❝♦♠♦
⑤s⑤ ➔ T ✱ t❡♠♦s ♣❡❧♦ r❡s✉❧t❛❞♦ ✭✷✳✶✮ q✉❡ ♣❛r❛ ❝❛❞❛ t P R

dist♣φs♣φt♣xqq, φt♣xqq ➔ δ

❡ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ❞♦ ✢✉①♦ φs♣φt♣xqq ✏ φt�s♣xq ✏ φs�t♣xq ✏ φt♣φs♣xqq ✏
φt♣zq✱ ❞❡ ♦♥❞❡

dist♣φt♣zq, φt♣xqq ➔ δ

♣❛r❛ t♦❞♦ t P R✳ ▲♦❣♦✱ ♣❡❧❛ ❆✲❡①♣❛♥s✐✈✐❞❛❞❡ z ✏ x✱ ❛❜s✉r❞♦ ♣♦✐s z ✏ φs♣xq ✘
x✳

❜✮ ❳ é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳
P♦r ❛❜s✉r❞♦✱ s✉♣♦♥❤❛♠♦s q✉❡ X é ✐♥✜♥✐t♦✳ ❆❣♦r❛ ♣❡❧❛ ❛✜r♠❛çã♦ ✭❛✮✱ X é
✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s s✐♥❣✉❧❛r❡s✱ ❡ ♣♦r ❤✐♣ót❡s❡✱X é ✐♥✜♥✐t♦ ❡♥tã♦ X t❡♠
✉♠ s✉❜❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧✳ ❆ss✐♠✱ ♣♦❞❡♠♦s s✉♣♦r X ❝♦♥tá✈❡❧ ❡ ✐♥✜♥✐t♦✳
❙♦❜ t❛❧ ♣❡rs♣❡❝t✐✈❛✱ ♣❡❧❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ X ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r p1, p2 Sing♣φq✱
p1 ✘ p2✱ ❡♠ ✉♠❛ ❜♦❧❛✱ ❝❡♥tr❛❞❛ ❡♠ ❛❧❣✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r p P Sing♣φq✱ ❡ ❞❡
r❛✐♦ δ

2
→ 0✱ t❛❧ q✉❡

dist♣φt♣p1q, φt♣p2qq ➔ δ

♣❛r❛ t♦❞♦ t P R✳ ▲♦❣♦✱ ♣❡❧❛ ❆✲❡①♣❛♥s✐✈✐❞❛❞❡ ❞♦ ✢✉①♦ φ t❡♠♦s q✉❡ p1 ✏ p2
❛❜s✉r❞♦ ♣♦✐s p1 ✘ p2✱ ❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❡①♣❛♥s✐✈✐❞❛❞❡✳

❖❜s❡r✈❛♠♦s ♥❛ ❞❡♠♦♥str❛çã♦ ❛♥t❡r✐♦r q✉❡ ❛ ❆✲❡①♣❛♥s✐✈✐❞❛❞❡ ❢♦✐ q✉❡❜r❛❞❛ ♣♦r
♣♦♥t♦s ❡♠ ✉♠❛ ♠❡s♠❛ ór❜✐t❛✳ ❆ss✐♠✱ ❛s ♣ró①✐♠❛s ❞❡✜♥✐çõ❡s ❞❡ ✢✉①♦s ❡①♣❛♥s✐✈♦s
t❡rã♦ q✉❡ ✐♥❝❧✉✐r ♣♦♥t♦s ♥❛ ♠❡s♠❛ ór❜✐t❛✳
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❉❡✜♥✐çã♦ ✷✳✸✳ ❉✐③✲s❡ q✉❡ ✉♠ ✢✉①♦ φ s♦❜r❡ ❳ é ❇✲❡①♣❛♥s✐✈♦ s❡ ❡①✐st❡ δ → 0

t❛❧ q✉❡ s❡ dist♣φt♣xq, φt♣yqq ➔ δ ✱ ♣❛r❛ t♦❞♦ t P R❀ ❡♥tã♦ x P φR♣yq

❖ ❡①❡♠♣❧♦ ✷✳✹✳✶ ♠♦str❛rá q✉❡ ❡①✐st❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ♥ã♦ ❡①♣❛♥s✐✈♦ ✭✈✐❞❡
❉❡✜♥✐çã♦ ✷✳✶✮ ❝✉❥♦ ✢✉①♦ s✉s♣❡♥sã♦ é ❇✲❡①♣❛♥s✐✈♦✳ ❊st❡ ❡①❡♠♣❧♦ ❞❡s❡st✐♠✉❧❛ ❡stá
❞❡✜♥✐çã♦✳

✷✳✷ ❉❡✜♥✐çõ❡s ❈✐♥❡♠át✐❝❛s

❆ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✾❪✳

❉❡✜♥✐çã♦ ✷✳✹✳ ❉✐③✲s❡ q✉❡ ✉♠ ✢✉①♦ φ s♦❜r❡ ❳ é ❈✲❡①♣❛♥s✐✈♦ s❡ ♣❛r❛ t♦❞♦
ε → 0 ❡①✐st❡ δ → 0 t❛❧ q✉❡ s❡ dist♣φt♣xq, φt♣yqq ➔ δ ♣❛r❛ t♦❞♦ t P R ❡♥tã♦✱ ❡①✐st❡
s P R t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡ φs♣xq ✏ y✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✶✳ ❙❡ φ é ❈✲❡①♣❛♥s✐✈♦✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s s✐♥❣✉❧❛r❡s
Sing♣φq é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳

❉❡ ❢❛t♦✳ Pr♦✈❛r❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ Sing♣φq é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❡♠ X✳
P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡ tpn✉ ⑨ Sing♣φq ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣✐♥❞♦ ♣❛r❛ p✱ ♣❡❧❛
❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ φt✱ ♣❛r❛ t P R t❡♠♦s q✉❡ lim

nÑ�✽
φt♣pnq ✏ φt♣pq✳ ▲♦❣♦ ♣❡❧❛

✉♥✐❝✐❞❛❞❡ ❞❡ ❧✐♠✐t❡✱ lim
nÑ�✽

pn ✏ φt♣pq ✏ p✱ ✐st♦ é✱ p P Sing♣φq❀ ♣♦rt❛♥t♦✱ Sing♣φq

é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦✳ ❆❣♦r❛ ♣r♦✈❛r❡♠♦s ❛ ✜♥✐t✉❞❡ ❞❡ Sing♣φq✳ ❚♦♠❡♠♦s
ε → 0✳ P❡❧❛ ❡①♣❛♥s✐✈✐❞❛❞❡ ❡ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ Sing♣φq ❡①✐st❡ ✉♠❛ s✉❜✲❝♦❜❡rt✉r❛
✜♥✐t❛ ❝❡♥tr❛❞❛ ❡♠ ♣♦♥t♦s s✐♥❣✉❧❛r❡s Sing♣φq ⑨ B♣p1, δq❨B♣p2, δq❨. . .❨B♣pN , δq✳
❙❡ p P Sing♣φq❳B♣pi, δq ♣❛r❛ ❛❧❣✉♠ i P t1, ☎ ☎ ☎ , N✉✱ ❡♥tã♦ ♣❛r❛ ❝❛❞❛ t P R t❡♠♦s
dist♣φt♣pq, φt♣piqq ➔ δ✳ ▲♦❣♦ ♣❡❧❛ ❈✲❡①♣❛♥s✐✈✐❞❛❞❡ ❡①✐st❡ s P R ❝♦♠ ⑤s⑤ ➔ ε t❛❧
q✉❡ pi ✏ φs♣pq✳ ❆ss✐♠✱ Sing♣φq ✏ tp1, . . . , pN✉✳ P♦rt❛♥t♦ Sing♣φq é ✉♠ ❝♦♥❥✉♥t♦
✜♥✐t♦✳

❖ ❡①❡♠♣❧♦ ✷✳✹✳✷ ❛♣r❡s❡♥t❛ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ q✉❡ ♥ã♦ é ❡①♣❛♥s✐✈♦✱ ♠❛s
s✉❛ s✉s♣❡♥sã♦ é ❈✲❡①♣❛♥s✐✈♦✳ ◆♦✈❛♠❡♥t❡✱ ❡st❡ ❢❛t♦ ❞❡s❝❛rt❛ ❛ ✉t✐❧✐❞❛❞❡ ❞❡stá
❞❡✜♥✐çã♦✳

❯♠ ♦✉tr♦ ❢❛t♦ ✐♠♣♦rt❛♥t❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ✉♠ ✢✉①♦ ❈✲❡①♣❛♥s✐✈♦ é q✉❡ ❛
♣r♦①✐♠✐❞❛❞❡ t❡♠♣♦r❛❧ é ❡q✉✐✈❛❧❡♥t❡ ❛ ♣r♦①✐♠✐❞❛❞❡ ❡s♣❛❝✐❛❧✱ ❝♦♠♦ ✈❡r❡♠♦s ♥❛
s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✶✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ ❡♠ X✱ ♦s s❡❣✉✐♥t❡s ❡♥✉♥❝✐❛❞♦s sã♦
❡q✉✐✈❛❧❡♥t❡s✿

❛✮ φ é ❈✲❡①♣❛♥s✐✈♦✳

❜✮ P❛r❛ ❝❛❞❛ β → 0 ❡①✐st❡ δ✶ → 0 t❛❧ q✉❡ s❡ dist♣φt♣xq, φt♣yqq ➔ δ✶ ♣❛r❛ t♦❞♦ t P R✱
❡♥tã♦ ❡①✐st❡ ✉♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ β q✉❡ ❝♦♥té♠ x ❡
y✳



✶✽ ✷✳✷✳ ❉❊❋■◆■➬Õ❊❙ ❈■◆❊▼➪❚■❈❆❙

❉❡♠♦♥str❛çã♦✳ ✭❛✮ ✐♠♣❧✐❝❛ ✭❜✮
❉❛❞♦ β → 0✱ ❞❡✜♥❛ ❛ ❢✉♥çã♦ ξ : R�

0 Ñ R
�
0 ✱ ξ♣εq ✏ maxtdist♣φt♣xq, xq : x P X, t P

r✁ε, εs✉✳ ξ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ ❝♦♥tí♥✉❛✱ ♣♦✐s φ é ✉♠ ✢✉①♦ ❝♦♥tí♥✉♦ ❡ ❛ ❢✉♥çã♦
❞❡✜♥✐❞❛ ❝♦♠♦ maxtdist♣φt♣xq, xq✉ é ❜❡♠ ❞❡✜♥✐❞❛ ❡ ❝♦♥tí♥✉❛ s♦❜r❡ X ✂ r✁ε, εs✳
❆ss✐♠ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ ξ ♥♦ ③❡r♦ t❡♠♦s q✉❡ ♣❛r❛ β

2
→ 0 ❞❛❞♦✱ ❡①✐st❡ ✉♠

δ → 0 t❛❧ q✉❡✱ s❡ ⑤ε⑤ ➔ δ✱ ❡♥tã♦ ξ♣εq ➔ β

2
✳ ❉❛í q✉❡ ♣♦❞❡♠♦s t♦♠❛r ✉♠ ε → 0 t❛❧

q✉❡

ξ♣εq ✏ maxtdist♣φt♣xq, xq : x P X, t P r✁ε, εs✉ ➔
β

2
. ✭✷✳✷✮

❆❣♦r❛✱ ♣❛r❛ ε → 0✱ ♣♦r ❤✐♣ót❡s❡ t❡♠♦s q✉❡ ❡①✐st❡ δ✶ → 0 ✭❝♦♥st❛♥t❡ ❞❡ ❈✲
❡①♣❛♥s✐✈✐❞❛❞❡✮ t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ t P R✱ dist♣φt♣xq, φt♣yqq ➔ δ✶ ✐♠♣❧✐❝❛ q✉❡ ❡①✐st❡
s P R t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡ φs♣xq ✏ y✳ ■st♦ é✱ y ♣❡rt❡♥❝❡ ❛♦ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡ x
q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r y P Or✁ε,εs♣xq ✏ tφt♣xq : t P r✁ε, εs✉✳ ❇❛st❛ ❛❣♦r❛ ♣r♦✈❛r
q✉❡ diam♣Or✁ε,εs♣xqq ➔ β✳ ❙❡❥❛♠ ❞♦✐s ♣♦♥t♦s z, w P Or✁ε,εs♣xq✱❡♥tã♦ ❡①✐st❡♠
s✶, τ P r✁ε, εs t❛✐s q✉❡ φs✶♣xq ✏ w✱ φτ ♣xq ✏ z ❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r
t❡♠♦s q✉❡ dist♣w, zq ↕ dist♣w, xq � dist♣z, xq✱ ❡♠ q✉❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✷✮✱
❝♦♥❝❧✉í♠♦s dist♣w, zq ↕ β

2
� β

2
✏ β✱ ♦✉ s❡❥❛ diam♣Or✁ε,εs♣xqq ➔ β.

✭❜✮ ✐♠♣❧✐❝❛ ✭❛✮
❙❡❥❛ ε → 0 ❡ ❝♦♥s✐❞❡r❡ t❛♠❜é♠ β1 → 0✱ ♣♦r ❤✐♣ót❡s❡✱ ❡①✐st❡ δ1 → 0 t❛❧ q✉❡ ♣❛r❛
❝❛❞❛ t P R✱ dist♣φt♣xq, φt♣yqq ➔ δ1 ✱✐♠♣❧✐❝❛ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ s❡❣♠❡♥t♦ ❞❡
ór❜✐t❛ ♠❡♥♦r q✉❡ β1 q✉❡ ❝♦♥t❡♠ x✱ y✳
❆✜r♠❛çã♦ ✶✿ ❊①✐st❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ór❜✐t❛s ❝♦♠ ❞✐â♠❡tr♦
♠❡♥♦r q✉❡ δ1

2

δ1
2
δ1
2
✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s ♣♦r ❛❜s✉r❞♦ q✉❡ ❡①✐st❡♠ ✐♥✜♥✐t❛s

ór❜✐t❛s ❞❡ ❝♦♠ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ δ1
2
✳ P❡❧❛ ♦❜s❡r✈❛çã♦ ✷✳✷✳✶ ❞❛ ❞❡✜♥✐çã♦

t❡♠♦s q✉❡ ♣♦❞❡♠♦s t✐r❛r ❛s ór❜✐t❛s s✐♥❣✉❧❛r❡s✱ ❡ ♣❡❧♦ ❆①✐♦♠❛ ❞❡ ❊❧❡✐çã♦
é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s ❞❡ ór❜✐t❛s ❞✐st✐♥t❛s tpk✉kPN ❡
❝♦♠♦ X é ❝♦♠♣❛❝t♦✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ tpn✉nPN ✱ N ⑨ N ✐♥✜♥✐t♦✱ ❝♦♠
lim

nÑ�✽
pn ✏ p✳ ❆❧é♠ ❞✐ss♦ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ♣❛r❛ n ♠✉✐t♦ ❣r❛♥❞❡ q✉❡ ❛s

ór❜✐t❛s O♣pnq ⑨ Bδ1♣pq✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦✱ ♣❛r❛ ❝❛❞❛ n P N ❡①✐st✐r✐❛ nk P N✱
nk → n t❛❧ q✉❡ O♣pnk

q ❺ Bδ1♣pq✱ ❡ ❝♦♠♦ lim
kÑ�✽

pnk
✏ p✱ ♣❛r❛ δ1

2
❡①✐st❡ ✉♠

♥ú♠❡r♦ ♥❛t✉r❛❧ nk0 P N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡ dist♣pnk0
, pq ➔ δ1

2
❡

❡①✐st❡ s P R t❛❧ q✉❡ φs♣pnk0
q ❘ Bδ1♣pq✱ ❛ss✐♠ ❝♦♠♦ dist♣B δ1

2

♣pq, BC
δ1
♣pqq ✏ δ1

2

✐st♦ é infxPB δ1
2

♣pq,yPBC
δ1
♣pq dist♣x, yq ✏ δ1

2
✱ t❡♠♦s q✉❡ dist♣pnk0

, φs♣pnk0
qq ➙ δ1

2
✱

❛❜s✉r❞♦ ♣♦✐s diam♣O♣pnk0
qq ➔ δ1

2
✳ ❆❣♦r❛✱ s❡ p P Sing♣φq✱ ❡♥tã♦ ❛ ♣❛rt✐r ❞❡

n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ♣❛r❛ t P R✱ dist♣φt♣pnq, φt♣pn�1qq ↕ dist♣φt♣pnq, pq �
dist♣p, φt♣pn�1qq✱ ❧♦❣♦✱ dist♣φt♣pnq, φt♣pn�1qq ↕ dist♣φt♣pnq, pq�dist♣p, φt♣pn�1qq ↕
δ1
2
� δ1

2
✏ δ1✱ ♣❛r❛ t♦❞♦ t P R✱ ❛ss✐♠✱ ♣♦r ❤✐♣ót❡s❡ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠

s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ β1 q✉❡ ❝♦♥té♠ pn ❡ pn�1✱ ❧♦❣♦✱
pn ✏ pn�1✱ ❡♠ q✉❡ pn é s✐♥❣✉❧❛r ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❧♦❣♦ ❡①✐st❡♠
✐♥✜♥✐t♦s ♣♦♥t♦s s✐♥❣✉❧❛r❡s✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✷✳✷✳✶✳ ❙❡
p ❘ Sing♣φq✱ ❡♥tã♦ ❞❛ ♠❡s♠❛ ♠❛♥❡✐r❛ ❛ ♣❛rt✐r ❞❡ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡
dist♣φt♣pnq, φt♣pn�1qq ↕ dist♣φt♣pnq, pq � dist♣p, φt♣pn�1qq ↕

δ1
2
� δ1

2
✏ δ1✱ ♣❛r❛

❝❛❞❛ t P R❀ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ❡①✐st❡ ✉♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r
q✉❡ β1✱ q✉❡ ❝♦♥té♠ pn✱ pn�1✳ ■st♦ é✱ ❡①✐st❡ s P R t❛❧ q✉❡✱ pn�1 ✏ φs♣pnq✳ ▲♦❣♦
❛s ór❜✐t❛s sã♦ ✐❣✉❛✐s O♣pn�1q ✏ O♣pnq✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s ❛s ór❜✐t❛s
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❝♦♥s✐❞❡r❛❞❛s sã♦ ❞✐st✐♥t❛s✳
❆❣♦r❛ t❡♠♦s q✉❡ ❡①✐st❡ β2 → 0 t❛❧ q✉❡ s❡ diam♣O♣pqq ➔ β2 ✐♠♣❧✐❝❛ q✉❡ p é ♣♦♥t♦
s✐♥❣✉❧❛r✳ ❈❛s♦ ❝♦♥trár✐♦✱ ♣❛r❛ ❝❛❞❛ k P N ❡①✐st✐r✐❛ pk P X✱ diam♣O♣pqq ➔ 1

k

❡ pk ♥ã♦ s✐♥❣✉❧❛r✳ ◆❡ss❡ s❡♥t✐❞♦ ❝♦♠♦ lim
kÑ�✽

diam♣O♣pkqq ✏ 0✱ t♦♠❛♥❞♦

✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ tpn✉nPN ♣❛r❛ p✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ✢✉①♦ φ✱
lim

nÑ�✽
φt♣pnq ✏ φt♣pq ♣❛r❛ ❝❛❞❛ t P R✳ ❆ss✐♠ lim

nÑ�✽
dist♣φt♣pnq, pnq ✏ dist♣φt♣pq, pq

❡ ❝♦♠♦ lim
nÑ�✽

diam♣O♣pnqq ✏ 0 t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ t P R✱ lim
nÑ�✽

dist♣φt♣pnq, pnq ✏

0 ✏ dist♣φt♣pq, pq✱ ✐st♦ é tpn✉nPN ❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r p P X❀
❆❣♦r❛ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❡♠♦s q✉❡ diam♣O♣pnqq ➔

δ1
2
✱ ❞♦ ♠❡s♠♦

♠♦❞♦✱ ♣❛r❛ ❝❛❞❛ t P R✱ dist♣φt♣pnq, φt♣pqq ✏ dist♣φt♣pnq, pq ↕ dist♣φt♣pnq, pnq �
dist♣pn, pq ➔

δ1
2
� δ1

2
✏ δ1✳ ❚❡♠♦s q✉❡ pn✱ p ❡stã♦ ❡♠ ✉♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡

❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ β1✱ ✐st♦ é✱ p ✏ pn ❛❜s✉r❞♦✱ ♣♦✐s pn ♥ã♦ é s✐♥❣✉❧❛r ♣❛r❛ ❝❛❞❛
n P N ✳
❆❣♦r❛✱ ♣❛r❛ β2✱ ♣♦r ❤✐♣ót❡s❡ ✭✐t❡♠ ❜✮✱ ❡①✐st❡ δ2 → 0 t❛❧ q✉❡ dist♣φt♣xq, φt♣yqq ➔ δ2
♣❛r❛ t♦❞♦ t P R✱ ✐♠♣❧✐❝❛ q✉❡ x✱ y ❡stã♦ ❡♠ ✉♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡ ❞✐â♠❡tr♦
♠❡♥♦r q✉❡ β2✳ ❚♦♠❡♠♦s 0 ➔ ρ ➔ δ2

2
✳

❆✜r♠❛çã♦ ✷✿ ♣❛r❛ ❝❛❞❛ x P Bρ♣Sing♣φqq, x ❘ Sing♣φqx P Bρ♣Sing♣φqq, x ❘ Sing♣φqx P Bρ♣Sing♣φqq, x ❘ Sing♣φq ❡①✐st❡ t0 P Rt0 P Rt0 P R t❛❧
q✉❡ φt0♣xq ❘ Bρ♣Sing♣φqqφt0♣xq ❘ Bρ♣Sing♣φqqφt0♣xq ❘ Bρ♣Sing♣φqq✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s ♦ ❝♦♥trár✐♦✱ ✐st♦ é✱ ❡①✐st❡
x P Bρ♣Sing♣φqq ❝♦♠ x ❘ ♣Sing♣φqq t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ t P R ✱ φt♣xq P
Bρ♣Sing♣φqq❀ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✷✳✷✳✶ t❡♠♦s Bρ♣Sing♣φqq ✏

➈
pPSing♣φqBρ♣pq❀ ❛ss✐♠

❡①✐st❡ x0 P Sing♣φq ❝♦♠ dist♣x, x0q ➔ ρ ❡ x ✘ x0✱ ❡♥tã♦ ♣❛r❛ t♦❞♦ t P R

dist♣φt♣xq, x0q ✏ dist♣φt♣xq, φt♣x0qq ➔ ρ ➔ δ2
2
➔ δ2✳ ▲♦❣♦✱ ♣♦r ❤✐♣ót❡s❡✱ ❡①✐st❡

✉♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ β2 q✉❡ ❝♦♥té♠ x✱ x0✱ ✐st♦ é✱
x P O♣x0q✱ s❡❣✉❡ q✉❡ x é s✐♥❣✉❧❛r✱ ❛❜s✉r❞♦✱ ♣♦✐s x ❘ Sing♣φq✳
❆✜r♠❛çã♦ ✸✿ ❊①✐st❡ β3 P ♣0, β2qβ3 P ♣0, β2qβ3 P ♣0, β2q t❛❧ q✉❡ s❡ x ❘ Bρ♣Sing♣φqqx ❘ Bρ♣Sing♣φqqx ❘ Bρ♣Sing♣φqq ❡
diam♣φr0,ts♣xqq ➔ β3diam♣φr0,ts♣xqq ➔ β3diam♣φr0,ts♣xqq ➔ β3✱ ❡♥tã♦ ⑤t⑤ ➔ ε⑤t⑤ ➔ ε⑤t⑤ ➔ ε✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s ♣♦r ❛❜s✉r❞♦ q✉❡✿

P❛r❛ ❝❛❞❛ β3 P ♣0, β2q ❡①✐st❡♠ x P X, t P R t❛✐s q✉❡
x ❘ Bρ♣Sing♣φqq✱ diam♣φr0,ts♣xqq ➔ β3 ❡ ⑤t⑤ ➙ ε

❈♦♠ ε → 0 ✜①❛❞♦ ✐♥✐❝✐❛❧♠❡♥t❡ t❡♠♦s q✉❡✿

P❛r❛ 0 ➔ 1
k1
➔ β2, ❡①✐st❡♠ x1, t1 P R : x1 ❘ Bρ♣Sing♣φqq,

diam♣φr0,t1sq ➔
1
k1

❡ ⑤t1⑤ ➙ ε

P❛r❛ 0 ➔ 1
k2
➔ 1

k1
➔ β2, ❡①✐st❡♠ x2, t2 P R : x2 ❘ Bρ♣Sing♣φqq,

diam♣φr0,t1sq ➔
1
k2
e ⑤t2⑤ ➙ ε

❙✉♣♦♥❞♦ 0 ➔ 1
kn

➔ 1
kn✁1

➔ ☎ ☎ ☎ ➔ β2, txi✉
n
i✏1 ⑨ X,

tti✉
n
i✏1 ⑨ R✱ ❝♦♥str✉í❞♦s

P❛r❛ 0 ➔ 1
kn�1

➔ 1
kn

➔ β2, ❡①✐st❡♠ xn�1, tn�1 P R :

xn�1 ❘ Bρ♣Sing♣φqq,

diam♣φr0,tn�1sq ➔
1

kn�1

e ⑤tn�1⑤ ➙ ε

❆ss✐♠✱ ♣❡❧❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ X✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡
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txn✉nPN⑨N ⑨ BC
ρ ♣Sing♣φqq✱ lim

nÑ�✽
xn ✏ z P X✱ ❝♦♠ lim

nÑ�✽
⑤tn⑤ ✏ �✽ ♦✉

lim
nÑ�✽

⑤tn⑤ ✏ τ ➙ ε ❡ t❛❧ q✉❡ lim
nÑ�✽

diam♣φr0,tns♣xnqq ✏ 0 ✭❝♦♠ N ✐♥✜♥✐t♦✮✳

❙❡ limnÑ�✽ ⑤tn⑤ ✏ �✽ ❡ t P R ❝♦♠ ⑤t⑤ ➔ ⑤tn⑤✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡
❣r❛♥❞❡✱ dist♣φt♣zq, xnq ↕ diamφr0,tns♣xnq✱ ❧♦❣♦ dist♣φt♣zq, zq ✏ 0✱ ❛ss✐♠ ♣❛r❛ n
s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ φt♣zq ✏ z ♣❛r❛ t♦❞♦ ⑤t⑤ ➔ tn ❡ ❝♦♠♦ lim

nÑ�✽
⑤tn⑤ ✏ �✽✱

z é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r✱ ♦ q✉❛❧ é ✉♠ ❛❜s✉r❞♦ ♣♦✐s✱ txn✉nPN ⑨ BC
ρ ♣Sing♣φqq ❡

♣♦rt❛♥t♦ z P BC
ρ ♣Sing♣φqq✳ ❙❡ lim

nÑ�✽
⑤tn⑤ ✏ τ ✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ✢✉①♦ t❡♠♦s✱

0 ✏ lim
nÑ�✽

diam♣φr0,tns♣xnqq ✏ φr0,τ s♣zq✱ ❧♦❣♦ z é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ♦ q✉❡ é

✉♠ ❛❜s✉r❞♦✱ ♣♦✐s txn✉nPN ⑨ BC
ρ ♣Sing♣φqq ❡ ♣♦rt❛♥t♦ z P BC

ρ ♣Sing♣φqq✳ ▲♦❣♦
z ❘ Bρ♣Sing♣φqq✳
P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ β3 → 0 ❡①✐st❡ ♣♦r ❤✐♣ót❡s❡ δ3 → 0 t❛❧ q✉❡ s❡
dist♣φt♣xq, φt♣yqq ➔ δ3 ♣❛r❛ t♦❞♦ t P R✳ ❙❡ x P Sing♣φq ❡♥tã♦ x✱ y ❡stã♦ ❡♠
✉♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ β3✱ ❧♦❣♦ x ✏ y ❡ ❡♥tã♦ s❛t✐s❢❛③
q✉❡ ❡①✐st❡ s P R t❛❧ q✉❡ ⑤s⑤ ➔ ε✳ ❙❡ x ❘ Sing♣φq✱ ❡♥tã♦ ♣❡❧❛ ❛✜r♠❛çã♦ ✶✱ ❡①✐st❡
t0 P R t❛❧ q✉❡ φt0♣xq ❘ Bρ♣Sing♣φqq ❧♦❣♦ s❡ dist♣φt♣φt0♣xqq, φt♣φt0♣yqqq ➔ δ3 t❡♠♦s
q✉❡ φt0♣xq✱ φt0♣yq ❡stã♦ ❡♠ ✉♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ β3✳
❆ss✐♠✱ ❡①✐st❡ s P R t❛❧ q✉❡ φs♣φt0♣xqq ✏ φt0♣yq✱ diamφr0,ss♣φt0♣xqq ➔ β3❀ ❡♥tã♦✱
♣❡❧❛ ❛✜r♠❛çã♦ ✷✱ ⑤s⑤ ➔ ε ❡ φs♣xq ✏ y✱ ♣♦✐s φs é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

❯♠ ❢❛t♦ ✐♠♣♦rt❛♥t❡ ❞❛ ♣r♦♣♦s✐çã♦ ✷✳✷✳✶ é ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ♣r♦①✐♠✐❞❛❞❡
t❡♠♣♦r❛❧ ❡ ♣r♦①✐♠✐❞❛❞❡ ❡s♣❛❝✐❛❧✱ ♥✉♠❛ ór❜✐t❛✱ é ✉♠ ♠♦t✐✈♦ ❛ ♠❛✐s ♣❛r❛ t❡♥t❛r♠♦s
❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✷✳✺✳ ❉✐③✲s❡ q✉❡ ✉♠ ✢✉①♦ φ s♦❜r❡ ❳ é ❉✲❡①♣❛♥s✐✈♦ s❡ t♦❞♦ ✢✉①♦
t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ é ❈✲❡①♣❛♥s✐✈♦

❈♦♠♦ ♠♦str❛r❛♠♦s ❛❞✐❛♥t❡✱ ♦ ❡①❡♠♣❧♦ ✷✳✹✳✷ ♥ã♦ é ❉✲❡①♣❛♥s✐✈♦ ❡ ♦ ❡①❡♠♣❧♦ ✷✳✹✳✸
♠♦str❛ q✉❡ ♦ ✢✉①♦ ❉✲❡①♣❛♥s✐✈♦ ♥ã♦ é ❡q✉✐✈❛❧❡♥t❡ ❝♦♠ ✉♠ ✢✉①♦ ❑✲❡①♣❛♥s✐✈♦✳

❝♦♥tí♥✉❛♥❞♦ ❝♦♠ ❛ ❛♥á❧✐s❡ ❞❛s ♥♦çõ❡s ❞❡ ♣r♦①✐♠✐❞❛❞❡ ♥❛ ♠❡s♠❛ ór❜✐t❛✱
❛♣r❡s❡♥t❛♠♦s ✉♠❛ ✈❛r✐❛♥t❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ✢✉①♦s ❈✲❡①♣❛♥s✐✈♦✳ ❖ q✉❡ ♠✉❞❛
sã♦ ♦s q✉❛♥t✐✜❝❛❞♦r❡s✱ ❝♦♠♦ ✈❡r❡♠♦s ❛ ❝♦♥tí♥✉❛çã♦✳

❉❡✜♥✐çã♦ ✷✳✻✳ ❉✐③✲s❡ q✉❡ ✉♠ ✢✉①♦ φ s♦❜r❡ ❳ é ❊✲❡①♣❛♥s✐✈♦ s❡ ❡①✐st❡♠
ε → 0 ❡ δ → 0 t❛❧ q✉❡ s❡ dist♣φt♣xq, φt♣yqq ➔ δ ♣❛r❛ t♦❞♦ t P R✳ ❊♥tã♦✱ ❡①✐st❡
s P R t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡ φs♣xq ✏ y✳

❚r✐✈✐❛❧♠❡♥t❡✱ ❛ ❊✲❡①♣❛♥s✐✈✐❞❛❞❡ é ♠❛✐s ❢r❛❝❛ q✉❡ ❛ ❈✲❡①♣❛♥s✐✈✐❞❛❞❡✳ ❙♦❜ ❡ss❡
❛s♣❡❝t♦✱ ❆rt✐❣✉❡ ❝♦♥❥❡❝t✉r♦✉ q✉❡ ❛ r❡❝í♣r♦❝❛ s❡r✐❛ ✈❡r❞❛❞❡✐r❛❀ ❧❛♠❡♥t❛✈❡❧♠❡♥t❡✱
♥ã♦ ❡♥❝♦♥tr❛♠♦s ✉♠❛ ♣r♦✈❛ ♣❛r❛ t❛❧ ♣r♦♣♦s✐çã♦✳

✷✳✸ ❉❡✜♥✐çõ❡s ❣❡♦♠étr✐❝❛s

◆❡stá s❡❝çã♦ ❡st✉❞❛r❡♠♦s ❞❡✜♥✐çõ❡s q✉❡ ❡stárã♦ r❡❧❛❝✐♦♥❛❞❛s à ❛♥á❧✐s❡ ❞❛s
✈❡❧♦❝✐❞❛❞❡s ❞❡ ❞✉❛s ór❜✐t❛s✳ ❆ss✐♠✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s ♣♦♥t♦s ❞❡ ✈✐st❛✱ s✉♣♦♥❞♦
q✉❡✿
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✭❛✮ ❝✐♥❡♠át✐❝❛ ✭❜✮ ❣❡♦♠étr✐❝❛

❋✐❣✉r❛ ✷✳✶✿ ♣❛r❛♠❡tr✐③❛çã♦

❛✮ ❆s ✈❡❧♦❝✐❞❛❞❡s ❞♦s ♣♦♥t♦s x, y P X✱ sã♦ ❞❡ t❛❧ ♠❛♥❡✐r❛ q✉❡ ♥ã♦ s✉♣❡r❛♠ ✉♠❛
❝♦♥st❛♥t❡ δ → 0✳ ■st♦ é✱ ♣❛r❛ ❝❛❞❛ t P R✿

dist♣φt♣xq, φt♣yqq ➔ δ.

❈♦♠♦ ♥❛ ✜❣✉r❛ ✷✳✶✭❛✮✳

❜✮ ❈♦♥s❡❣✉✐♠♦s ♠♦❞✐✜❝❛r ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ✉♠ ❞♦s ♣♦♥t♦s x, y P X✳ ■st♦ é✱
♣❛r❛♠❡tr✐③❛r ❛ ór❜✐t❛ ❞❡ ✉♠ ❞❡❧❡s✱ x P X✱ ❝♦♠ ✉♠❛ ❛♣❧✐❝❛çã♦ h : R Ñ R

q✉❡ ✜①❡ ③❡r♦✱ h♣0q ✏ 0✱ t❛❧ q✉❡

dist♣φh♣tq♣xq, φt♣yqq ➔ δ

♣❛r❛ t♦❞♦ t P R✳ ❈♦♠♦ ♥❛ ✜❣✉r❛ ✷✳✶✭❜✮✳

❉❡✜♥✐çã♦ ✷✳✼✳ ❉✐③✲s❡ q✉❡ ✉♠ ✢✉①♦ φ s♦❜r❡ ❳ é ❋✲❡①♣❛♥s✐✈♦ s❡ ❡①✐st❡♠
δ → 0 ❡ ε → 0 t❛❧ q✉❡ s❡ dist♣φh♣tq♣xq, φt♣yqq ➔ δ ♣❛r❛ t♦❞♦ t P R ❡ h P H

�
0 ♣Rq✱

❡♥tã♦ ❡①✐st❡ s P R t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡ φs♣xq ✏ y✳

❈♦♠ ❡stá ❞❡✜♥✐çã♦ ✭✈❡r ✜❣✉r❛ ✷✳✷✮ ♣♦❞❡♠♦s t❡r ❛ s❡❣✉✐♥t❡ ♦❜s❡r✈❛çã♦✿

❖❜s❡r✈❛çã♦ ✷✳✸✳✶✳ ❛✮ ❆ ❋✲❡①♣❛♥s✐✈✐❞❛❞❡ ✐♠♣❧✐❝❛ ❊✲❡①♣❛♥s✐✈✐❞❛❞❡ tr✐✈✐❛❧♠❡♥t❡
t♦♠❛♥❞♦ ❝♦♠♦ ❤♦♠❡♦♠♦r✜s♠♦ ❛ ✐❞❡♥t✐❞❛❞❡ h ✏ Id✳

❜✮ P❡❧❛ ❞❡✜♥✐çã♦ ✷✳✽ ❞❡ ●✲❡①♣❛♥s✐✈✐❞❛❞❡✱ ❞❛❞❛ ♣♦r ❇♦✇❡♥ ❡ ❲❛❧t❡rs ❡♠ ❬✻❪✱ q✉❡
❝♦♠❡ç❛ ♥♦s q✉❛♥t✐✜❝❛❞♦r❡s ♣❛r❛ t♦❞♦ ε → 0 ❡①✐st❡ δ → 0✱ t❡♠♦s q✉❡

●✲❡①♣❛♥s✐✈✐❞❛❞❡ ✐♠♣❧✐❝❛ ❋✲❡①♣❛♥s✐✈✐❞❛❞❡✳

❝✮ ❖s ❡①❡♠♣❧♦s ✷✳✹✳✶✱ ✷✳✹✳✷ ❡ ✷✳✹✳✸ sã♦ ✢✉①♦s ♥ã♦ ❋✲❡①♣❛♥s✐✈♦s✳

❝♦♥tí♥✉❛♥❞♦✱ t❡♠♦s ♦✉tr❛ ♦❜s❡r✈❛çã♦ ❞♦ ✢✉①♦ ❞♦ ❡①❡♠♣❧♦ ✷✳✹✳✸ ✭✈❡r ✜❣✉r❛
✷✳✼✮✳ ❖ ú♥✐❝♦ ♣♦♥t♦ s✐♥❣✉❧❛r p P Sing♣φq ❞♦ ✢✉①♦ φ q✉❡ é ❉✲❡①♣❛♥s✐✈♦ ♥ã♦ é
✉♠ ♣♦♥t♦ ✐s♦❧❛❞♦✳ ■st♦ é ✉♠ ❢❛t♦ ✐♠♣♦rt❛♥t❡✱ ♣♦rq✉❡ ♥❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦
♠♦str❛r❡♠♦s q✉❡ ♣❛r❛ ✉♠ ✢✉①♦ ❋✲❡①♣❛♥s✐✈♦ ♦s ♣♦♥t♦s s✐♥❣✉❧❛r❡s sã♦ ♣♦♥t♦s
✐s♦❧❛❞♦s ❞❡ X✳
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Φh(t)(x)

x
y

Φt(y)

❋✐❣✉r❛ ✷✳✷✿ ❋❧✉①♦ ❋✲❡①♣❛♥s✐✈♦

Pr♦♣♦s✐çã♦ ✷✳✸✳✶✳ ❙❡ φ é ❋✲❡①♣❛♥s✐✈♦ ❡♥tã♦ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ φ sã♦ ♣♦♥t♦s
✐s♦❧❛❞♦s ❞❡ X✳

❉❡♠♦♥str❛çã♦✳ P♦r ❛❜s✉r❞♦✱ s✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❡ p P Sing♣φq t❛❧ q✉❡ ♣❛r❛
❝❛❞❛ ✈✐③✐♥❤❛♥ç❛ Vp✱ Vp ❳ ♣X③tp✉q ✘ ❍.
❆✜r♠❛çã♦ ✿ ❊①✐st❡ x ✘ p t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ ⑤t⑤ ➔ 3ε t❡♠♦s q✉❡ dist♣φt♣xq, pq ➔
δ
2
.

❉❡ ❢❛t♦✱ ♣♦r ❛❜s✉r❞♦✱ s✉♣♦♥❤❛♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ x P X③tp✉ ❡①✐st❡ ⑤tx⑤ ➔ 3ε t❛❧
q✉❡ dist♣φtx♣xq, pq →

δ
2
✳ ❈♦♠♦ Vp ❳ ♣X③tp✉q ✘ ❍✱ ♣❛r❛ ❝❛❞❛ Vp ✏ B♣p, 1

n
q✱ n P N

❡①✐st❡ xn P Vp ❳ ♣X③tp✉q t❛❧ q✉❡ lim
nÑ�✽

xn ✏ p✱ ❧♦❣♦ ♣❛r❛ xn ❡①✐st❡ ⑤tn⑤ ➔ 3ε t❛❧

q✉❡ dist♣φtn♣xnq, pq →
δ
2
✱ ❝♦♠♦ φ é ❝♦♥tí♥✉❛ ❡ ❝♦♠♦ tn P ♣✁3ε, 3εq ⑨ r✁3ε, 3εs

t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❝♦♠ lim
kÑ�✽

tk ✏ t✱ k P N ⑨ N✱

N é ✉♠ ❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦✳ ❆ss✐♠✱ dist♣φtk♣xkq, pq →
δ
2
✱ ♣❛r❛ ❝❛❞❛ k P N ✱ ♦ q✉❡

✐♠♣❧✐❝❛ q✉❡ 0 ✏ dist♣φt♣pq, pq ➙
δ
2
✱ ❛❜s✉r❞♦✱ ♣♦✐s 0 ➔ δ

2
✳

P❡❧❛ ❛✜r♠❛çã♦✱ ❞❡✜♥✐♠♦s y ✏ φε♣xq ❡ ♣♦r

h♣tq :✏

✩✬✬✫
✬✬✪

t� ε t ↕ ✁2ε
t
2

✁2ε ➔ t ↕ 0

2t 0 ↕ t ➔ ε

t� ε ε ↕ t

❖❜s❡r✈❛♠♦s q✉❡

✆ ❙❡ t ❘ ♣✁2ε, εq✱ h♣tq ✏ t� ε ❡ φh♣tq♣xq ✏ φt�ε♣xq ✏ φt♣φε♣xqq ✏ φt♣yq

✆ ❙❡ t P ♣✁2ε, εq✱ ⑤t � ε⑤ ➔ 2ε ➔ 3ε ✱ ❡♥tã♦ dist♣φh♣tq♣xq, pq ➔
δ
2
✱ ✐st♦ ✈❡♠ ❞❛

❛✜r♠❛çã♦✳ ❉❡ss❛ ❢♦r♠❛✱
dist♣φh♣tq♣xq, φt♣yqq ↕ dist♣φh♣tq♣xq, pq � dist♣φt♣yq, pq ➔

δ
2
� δ

2
✏ δ

P♦rt❛♥t♦ dist♣φh♣tq♣xq, φt♣yqq ➔ δ✱ ♣❛r❛ t♦❞♦ t P R ✭✈❡r ✜❣✉r❛ ✷✳✸✮✳
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h

❋✐❣✉r❛ ✷✳✸✿ ❣rá✜❝❛ ❞♦ ❤♦♠❡♦♠♦r✜s♠♦ h✱ ❝♦♠ ε ✏ 2

❈♦♠ ✐st♦✱ s❡ ♣❛r❛ ❝❛❞❛ t P R t❛❧ q✉❡ ⑤t⑤ ➔ ε ❡ φt♣xq ✘ y✱ ❡♥tã♦ ♣❡❧❛ ❋✲
❡①♣❛♥s✐✈✐❞❛❞❡ ❞♦ ✢✉①♦ ❡ ♣❡❧♦s r❡s✉❧t❛❞♦s ❛♥t❡r✐♦r❡s✱ t❡♠♦s q✉❡ ❡①✐st❡ s P R

t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡ φs♣xq ✏ y✱ ❝♦♥tr❛❞✐çã♦✳ ❙❡ ❡①✐st❡ s P R t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡
φs♣xq ✏ y ✏ φε♣xq, ❡♥tã♦ x ✏ φε✁s♣xq✱ 0 ➔ ⑤ε✁ s⑤ ➔ 2ε✳ ❙❡❥❛ t P R✱ ❡♥tã♦ ❡①✐st❡♠
k P Z, τ P R t❛❧ q✉❡ t ✏ k♣ε✁ sq � τ ♦♥❞❡ 0 ↕ τ ➔ ε✁ s✳ ❆ss✐♠ t❡♠♦s q✉❡

dist♣φt♣xq, pq ✏ dist♣φt♣xq, φh♣tq♣pqq ✏ dist♣φτ ♣xq, pq ↕
δ

2
➔ δ

♣❛r❛ t♦❞♦ t P R❀ ❧♦❣♦ ♣❡❧❛ ❋✲❡①♣❛♥s✐✈✐❞❛❞❡ ❡①✐st❡ s P R ❝♦♠ ⑤s⑤ ➔ ε t❛❧ q✉❡
p ✏ φs♣xq✱ ❛❜s✉r❞♦✱ ♣♦✐s φt♣xq ✘ p; ♣❛r❛ ❝❛❞❛ t P R ✉♠❛ ✈❡③ q✉❡ x ✘ p✳ ❝♦♥❝❧✉✐✲
s❡✲s❡ q✉❡ ♦s ♣♦♥t♦s s✐♥❣✉❧❛r❡s sã♦ ✐s♦❧❛❞♦s ❞❡ X.

❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ❇♦✇❡♥ ❡ ❲❛❧t❡rs ❡♠ ❬✻❪✱ q✉❡ é
❛ ♠❛✐s ♣♦♣✉❧❛r✱ q✉❛♥❞♦ ❡st✐✈❡r♠♦s ❡st✉❞❛♥❞♦ ✢✉①♦s s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s ♦✉
s✐♥❣✉❧❛r✐❞❛❞❡s ✐s♦❧❛❞❛s ❞❡ X✳

❉❡✜♥✐çã♦ ✷✳✽✳ ❉✐③✲s❡ q✉❡ ✉♠ ✢✉①♦ φ s♦❜r❡ ❳ é ●✲❡①♣❛♥s✐✈♦ s❡ ♣❛r❛ t♦❞♦
ε → 0 ❡①✐st❡ δ → 0 t❛❧ q✉❡ s❡ dist♣φt♣xq, φh♣tq♣yqq ➔ δ ♣❛r❛ t♦❞♦ t P R✱ ♦♥❞❡
h : R Ñ R ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ t❛❧ q✉❡ h♣0q ✏ 0✱ ❡♥tã♦ ❡①✐st❡ s P R t❛❧ q✉❡
y ✏ φs♣xq ❡ ⑤s⑤ ➔ ε.

❈♦♠♦ ♥❛ ❞❡✜♥✐çã♦ ✷✳✼ ❞❡ ✢✉①♦ ❋✲❡①♣❛♥s✐✈♦✱ ✉♠ ✢✉①♦ φ q✉❡ é ●✲❡①♣❛♥s✐✈♦
t❡♠ ♦s ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❝♦♠♦ s❡♥❞♦ ♣♦♥t♦s ✐s♦❧❛❞♦s ❞♦ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦
X✱ ❞❡♠♦♥str❛❞♦s ♥❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ ❡ ❛♣r❡s❡♥t❛❞♦s ❡♠ ❬✻❪✳
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Pr♦♣♦s✐çã♦ ✷✳✸✳✷✳ ❖s ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❞❡ ✉♠ ✢✉①♦ φ q✉❡ é ●✲❡①♣❛♥s✐✈♦ sã♦
♣♦♥t♦s ✐s♦❧❛❞♦s ❞❡ X✳

❉❡♠♦♥str❛çã♦✳ P♦r ❛❜s✉r❞♦✱ s✉♣♦♥❤❛♠♦s q✉❡ t❡♠♦s ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ φ✱
x P Sing♣φq t❛❧ q✉❡ ♥ã♦ é ✐s♦❧❛❞♦✳ ❙❡❥❛ ε → 0✱ ❡①✐st❡ δ → 0✱ ❝♦♥st❛♥t❡ ❞❡
❡①♣❛♥s✐✈✐❞❛❞❡ ❞♦ ✢✉①♦ φ q✉❡ ♣♦r ❤✐♣ót❡s❡ é ●✲❡①♣❛♥s✐✈♦✳ ❚♦♠❛♥❞♦ ✉♠❛ ❜♦❧❛
❝❡♥tr❛❞❛ ❡♠ x ❞❡ r❛✐♦ δ → 0✱ Bδ♣xq❀ ❝♦♥s✐❞❡r❡ y P Bδ♣xq ❡ ❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛
h : R Ñ R ❞❡✜♥✐❞❛ ❝♦♠♦ h♣tq ✏ 0 ♣❛r❛ t♦❞♦ t P R✱ ❛ss✐♠✱

dist♣x, yq ✏ dist♣φt♣xq, φh♣tq♣yqq ➔ δ.

▲♦❣♦✱ ♣❡❧❛ ●✲❡①♣❛♥s✐✈✐❞❛❞❡ ❞♦ ✢✉①♦ φ✱ ❡①✐st❡ s P R t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡ y ✏ φs♣xq✳
❉❛í t❡♠♦s q✉❡ x ✏ y✳ ❈♦♠♦ y P Bδ♣xq é ❛r❜✐trár✐♦✱ t❡♠♦s q✉❡

Bδ♣xq ❳X ✏ tx✉

❛❜s✉r❞♦ ♣♦✐s x ♥ã♦ é ✐s♦❧❛❞♦✳

❆ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ❞❡♠♦♥str❛ q✉❡ ♦ ❡s♣❛ç♦ ♠étr✐❝♦ q✉❡ s✉♣♦rt❛♠
❛s ❞❡✜♥✐çõ❡s ❞❡ ❋✲❡①♣❛♥s✐✈✐❞❛❞❡ ❡ ●✲❡①♣❛♥s✐✈✐❞❛❞❡ sã♦ ♦✉ ❝♦♥❡①♦s s❡♠
s✐♥❣✉❧❛r✐❞❛❞❡s ♦✉ ❞❡s❝♦♥❡①♦s✳

❆ s❡❣✉✐r ♣r♦✈❛r❡♠♦s ✉♠❛ ✈❡rsã♦ ♠❡❧❤♦r❛❞❛ ❞❛ ●✲❡①♣❛♥s✐✈✐❞❛❞❡✳ P❛r❛ ✐ss♦✱
✐♥✐❝✐❛r❡♠♦s ❝♦♠ ✉♠ ❧❡♠❛✿

▲❡♠❛ ✷✳✸✳✶✳ ❙❡ φ é ✉♠ ✢✉①♦ ●✲❡①♣❛♥s✐✈♦ ❡ ♥ã♦ t❡♠ ♣♦♥t♦s s✐♥❣✉❧❛r❡s✱ ❡①✐st❡
T0 → 0 t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ 0 ➔ T ➔ T0✱ ❡①✐st❡ γ → 0 t❛❧ q✉❡ dist♣φT ♣xq, xq ➙ γ✱
♣❛r❛ t♦❞♦ x P X

❉❡♠♦♥str❛çã♦✳ ❙❡ φ ♥ã♦ ♣♦ss✉✐ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s✱ ❜❛st❛ t♦♠❛r T0 ✏ 1✱ ♣♦✐s✱
❝❛s♦ ❝♦♥trár✐♦✱ ❡①✐st❡ 0 ➔ t ➔ 1 ♣❛r❛ t♦❞♦ n P N t❛❧ q✉❡ ❡①✐st❡ xn P X :

dist♣φt♣xnq, xnq ➔
1
n
✱ ❡ ❝♦♠♦ X é ❝♦♠♣❛❝t♦ ♣♦❞❡♠♦s s✉♣♦r q✉❡ lim

nÑ�✽
xn ✏ x P X✳

❉❡ss❛ ❢♦r♠❛✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ φ t❡♠♦s q✉❡ dist♣φt♣xq, xq ✏ 0❀ ✐st♦ é φt♣xq ✏ x

❛❜s✉r❞♦✱ ♣♦✐s φ ♥ã♦ t❡♠ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s✳
❙❡ φ t❡♠ ❛❧❣✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦✱ ♣r♦✈❛r❡♠♦s q✉❡ ❡①✐st❡ ✉♠ ♠❡♥♦r T0 P R

� t❛❧
q✉❡ φT0♣xq ✏ x✳ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♣♦rq✉❡ φ ♥ã♦ t❡♠ ♣♦♥t♦s s✐♥❣✉❧❛r❡s✳ P❛r❛ ✐ss♦
♣r♦✈❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦✱
❆✜r♠❛çã♦✿

τ ✏ tt P R
�④ φt♣xq ✏ x s❡ φs♣xq ✏ x, s → 0✱ ❡♥tã♦ t ↕ s, ❛❧❣✉♠ x P X✉τ ✏ tt P R
�④ φt♣xq ✏ x s❡ φs♣xq ✏ x, s → 0✱ ❡♥tã♦ t ↕ s, ❛❧❣✉♠ x P X✉τ ✏ tt P R
�④ φt♣xq ✏ x s❡ φs♣xq ✏ x, s → 0✱ ❡♥tã♦ t ↕ s, ❛❧❣✉♠ x P X✉

é ❝♦♠♣❛❝t♦✱ ❞❡ ❢❛t♦✱ s❡❥❛ ttn✉nPN ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ τ ✱ ❝♦♥✈❡r❣❡♥t❡ ♣❛r❛ t P R✱
❡♠ q✉❡ ❡①✐st❡♠ xn P X t❛❧ q✉❡ φtn♣xnq ✏ xn✱ ♣❛r❛ ❝❛❞❛ n P N✳ P♦❞❡♠♦s s✉♣♦r q✉❡
lim

nÑ�✽
xn ✏ x✱ ❞❡ss❛ ❢♦r♠❛ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ φ t❡♠♦s lim

nÑ�✽
φtn♣xnq ✏ φt♣xq❀

s❡ t ✏ 0 ❡♥tã♦ ❡①✐st❡ ✉♠ n ❣r❛♥❞❡✱ t❛❧ q✉❡ diam♣φR♣xnqq ➔
δ
2
✱ ✐st♦ é✱ ♣❡❧❛ ●✲

❡①♣❛♥s✐✈✐❞❛❞❡✱ ❛ ♣❛rt✐r ❞❡ n ❣r❛♥❞❡✱ ❛s ór❜✐t❛s t❡♠ ❞✐â♠❡tr♦ ❝♦♥st❛♥t❡s✱ ❡♠ q✉❡
♥♦ ❧✐♠✐t❡ diam♣φR♣xnqq ✏ t ✏ 0✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ q✉❡ ❡①✐st❡♠ ♣♦♥t♦s s✐♥❣✉❧❛r❡s✱
❧♦❣♦ t P τ ❀ ❡ ♣♦rt❛♥t♦✱ τ é ❝♦♠♣❛❝t♦✳
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❆ss✐♠✱ ♣❡❧❛ ❛✜r♠❛çã♦✱ ♣♦❞❡♠♦s t♦♠❛r T0 ✏ min τ ✱ ❡ ❛❣♦r❛ s✉♣♦♥❞♦ ♣❡❧♦
❛❜s✉r❞♦ q✉❡ ❡①✐st❡ 0 ➔ T ➔ T0 t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ n P N ❡①✐st❡ xn P X ❝♦♠
dist♣φT ♣xnq, xnq ➔

1
n
✱ ❡ ❝♦♠♦ X é ❝♦♠♣❛❝t♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ lim

nÑ�✽
xn ✏ x✳

❉❡ss❡ ♠♦❞♦✱ dist♣φT ♣xq, xq ✏ 0 ✐st♦ é✱ φT ♣xq ✏ x✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ T P τ ❀ ❆ss✐♠
T0 ↕ T ➔ T0 ❛❜s✉r❞♦✳

❆ s❡❣✉✐r ❛ ❞❡♠♦♥str❛çã♦ ❞❛ ♣r♦♣♦s✐çã♦ ❥á ❛♥t❡s ♠❡♥❝✐♦♥❛❞❛✳ ❖♥❞❡ ♦ ❝♦♥❥✉♥t♦
H
�
0 ❢♦✐ ❞❡✜♥✐❞♦ ♥♦ ✐♥✐❝✐♦ ❞❡st❡ ❝❛♣ít✉❧♦✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✸✳ ❖ ✢✉①♦ φ é ●✲❡①♣❛♥s✐✈♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ t♦❞♦ ε → 0

❡①✐st❡ δ → 0 t❛❧ q✉❡❀ s❡ dist♣φt♣xq, φh♣tq♣yqq ➔ δ ♣❛r❛ t♦❞♦ t P R✱ ♦♥❞❡ h P H
�
0 ❀

❡♥tã♦✱ ❡①✐st❡ s P R t❛❧ q✉❡ y ✏ φs♣xq ❡ ⑤s⑤ ➔ ε✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ❞❡♠♦♥str❛r❡♠♦s ❛s s❡❣✉✐♥t❡s ❡q✉✐✈❛❧ê♥❝✐❛s✿

❛✮ φ é ●✲❡①♣❛♥s✐✈♦✳

❜✮ P❛r❛ ❝❛❞❛ ε → 0 ❡①✐st❡ α → 0 t❛❧ q✉❡ s❡ dist♣φt♣xq, φh♣tq♣yqq ➔ α, ♣❛r❛ t♦❞♦
t P R ♣❛r❛ ❛❧❣✉♥s x, y P X é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❝r❡s❝❡♥t❡ h ❞❡ R ❝♦♠
h♣0q ✏ 0✱ ❡♥tã♦ y ✏ φt♣xq ♣❛r❛ ⑤t⑤ ➔ ε✳

❝✮ P❛r❛ ❝❛❞❛ ε → 0 ❡①✐st❡ α → 0 ❝♦♠ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿ s❡ t ✏ ♣tiq
✽
i✏✁✽ ❡

u ✏ ♣uiq
✽
i✏✁✽ sã♦ ❞✉❛s s❡q✉ê♥❝✐❛s ✐♥✜♥✐t❛s ❞❡ ♥ú♠❡r♦s r❡❛✐s ❝♦♠ u0 ✏ t0 ✏ 0✱

0 ➔ ti�1 ✁ ti ↕ α✱ ⑤ui�1 ✁ ui⑤ ↕ α✱ lim
iÑ�✽

ti ✏ �✽ ❡ lim
iÑ�✽

t✁i ✏ ✁✽❀ s❡ x, y P X

s❛t✐s❢❛③ dist♣φti♣xq, φui♣yqq ↕ α ♣❛r❛ t♦❞♦ i P Z❀ ❡♥tã♦ y ✏ φt♣xq ♣❛r❛ ⑤t⑤ ➔ ε✳

❆ss✐♠✿
✭❜✮ ✐♠♣❧✐❝❛ ✭❛✮
P❡❧♦ ❧❡♠❛ ✷✳✸✳✶ t❡♠♦s q✉❡ ❡①✐st❡ T0 → 0 ❡ ♣❛r❛ ❝❛❞❛ 0 ➔ T ➔ T0 ❡①✐st❡ γ → 0 t❛❧
q✉❡ dist♣φT ♣xq, xq ➙ γ✱ ♣❛r❛ t♦❞♦ x P X.
❆✜r♠❛çã♦✿ P❛r❛ ❝❛❞❛ 0 ➔ T ➔ T0

3
❡①✐st❡♠ δT → 0, τT → 0 t❛✐s q✉❡❀ s❡

dist♣φt♣xq, φh♣tq♣yqq ➔ δT ♣❛r❛ ❝❛❞❛ t P R✱ ❝♦♠ h : R Ñ R✱ h♣0q ✏ 0 ❝♦♥tí♥✉❛❀
❡♥tã♦ h♣t� T q ✁ h♣tq ➙ τT ♣❛r❛ t♦❞♦ t P R.

❉❡ ❢❛t♦ s❡❥❛ T t❛❧ q✉❡ 0 ➔ T ➔ T0
3
✱ ♣❡❧♦ ❧❡♠❛ ✷✳✸✳✶ t❡♠♦s q✉❡ ❡①✐st❡ γT → 0 t❛❧

q✉❡ ♣❛r❛ t♦❞♦ x P X✳
dist♣φT ♣xq, xq ➙ γT ✭✷✳✸✮

❆❣♦r❛✱ ♣❛r❛ q✉❛❧q✉❡r t P R✱ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✱ t❡♠♦s✿

dist♣φt♣xq, φt�T ♣xqq ↕

dist♣φt♣xq, φh♣tq♣yqq � dist♣φh♣tq♣yq, φh♣t�T q♣yqq � dist♣φh♣t�T q♣yq, φt�T ♣xqq,

❧♦❣♦

dist♣φh♣tq♣yq, φh♣t�T q♣yqq ➙

dist♣φt♣xq, φt�T ♣xqq ✁ dist♣φt♣xq, φh♣tq♣yqq ✁ dist♣φh♣t�T q♣yq, φt�T ♣xqq

❊ s✉♣♦♥❞♦✱ q✉❡ ❡①✐st❛ δT → 0 q✉❡ s❛t✐s❢❛③ ❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r✱ ❡♥tã♦ ♣❡❧❛ ❡q✉❛çã♦
✭✷✳✸✮ t❡♠♦s dist♣φh♣tq♣yq, φh♣t�T q♣yqq ➙ γT ✁ 2δT ✳ ❙✉♣♦♥❞♦ q✉❡ γT ✁ 2δT → 0

✭γT → 2δ✮✳ P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ φt✌✉♣yq : R Ñ X ♣❛r❛ γT ✁ 2δ → 0 ❡①✐st❡
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τT → 0 t❛❧ q✉❡ dist♣φs♣tq♣yq, φs♣t�T q♣yqq ➙ γT ✁ 2δT ✐♠♣❧✐❝❛ ⑤h♣t� T q ✁ h♣tq⑤ ➙ τT
♣❛r❛ t♦❞♦ t P R. P❛r❛ ❝♦♥❝❧✉✐✲s❡r ❝♦♠ ❛ ❛✜r♠❛çã♦✱ ❡ ❝♦♠♦ s♣0q ✏ 0✱ ❜❛st❛
♠♦str❛r h♣T q → 0✱ ♣♦✐s ❛ r❡♣❛r❛♠❡tr✐③❛çã♦ ❞❛ ór❜✐t❛ ❞❡ y t❡♠ q✉❡ s❡r ❝r❡s❝❡♥t❡✳
❆ss✐♠✱ ♣♦r ❛❜s✉r❞♦✱ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ♣♦s✐t✐✈♦ T ➔ T0

3
t❛❧ q✉❡ ♣❛r❛ t♦❞♦

n P N ❡①✐st❡♠ xn, yn P X ❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ hn ❞❡ R ❝♦♠ hn♣0q ✏ 0

❞❡ ♠♦❞♦ q✉❡ dist♣φt♣xnq, φhn♣tq♣ynqq ➔
1
n
✱ ♠❛s hn♣T q ➔ 0✳ P❡❧❛ ❝♦♠♣❛❝✐❞❛❞❡

❞❡ ❳ ♣♦❞❡♠♦s s✉♣♦r q✉❡ lim
nÑ�✽

xn ✏ x✱ ❛ss✐♠ lim
nÑ�✽

dist♣φ0♣xnq, φhn♣0q♣ynqq ✏

dist♣φ0♣xq, φhn♣0q♣ynqq ✏ 0✱ ✐st♦ é✱ lim
nÑ�✽

yn ✏ x✳ ❙❡ ♦s hn♣T q ➔ 0 t❛❧ q✉❡

hn♣T q ➙ ✁T ♣❛r❛ ✐♥✜♥✐t♦s ♥❛t✉r❛✐s ✱ ❡ ❝♦♠♦ hn♣T q P r✁T, 0q ⑨ r✁T, 0s t❡♠♦s
q✉❡ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ lim

iÑ�✽
hni

♣T q ✏ ✁L ❡♠ r✁T, 0s ❡♠ q✉❡

lim
iÑ�✽

dist♣φT ♣xni
q, φhni

♣T q♣yni
qq ✏ dist♣φT ♣xq, φ✁L♣xqq ✏ 0✱ ❧♦❣♦✱ x ✏ φL�T ♣xq✱

❛❜s✉r❞♦✱ ♣♦✐s ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ T0 s❡r ♦ ♠❡♥♦r ♣❡rí♦❞♦ ❞❡ φ✱ ♣♦✐s 0 ➔ T � L ↕
2T0
3

➔ T0✳ ❙❡ ♦s hn♣T q ➔ 0 t❛❧ q✉❡ hn♣T q ➔ ✁T ➔ 0 ♣❛r❛ ✐♥✜♥✐t♦s ♥❛t✉r❛✐s✱
♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ hn ❡①✐st❡♠ tn ❝♦♠ 0 ↕ tn ↕ T t❛✐s q✉❡ hn♣tnq ✏ ✁T ✱
t♦♠❛♠♦s ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ lim

iÑ�✽
tni

✏ t P r0, T s✳ ❉❛í t❡♠♦s q✉❡

lim
iÑ�✽

dist♣φt♣xni
q, φhni

♣tq♣yni
qq ✏ dist♣φt♣xq, φ✁T ♣xqq ✏ 0✱ ❧♦❣♦ x ✏ φT�t♣xq✱ ♦ q✉❡

❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ T0 s❡r ♦ ♠❡♥♦r ♣❡rí♦❞♦ ❞❡ φ✱ ♣♦✐s 0 ➔ T � t ↕ 2T0
3
➔ T0✱ ♦ q✉❡

♣r♦✈❛ ❛ ❛✜r♠❛çã♦✳
❙✉♣♦♥❞♦ dist♣φt♣xq, φh♣tq♣yqq ➔ δT ♣❛r❛ x, y P X✱ ♦♥❞❡ h : R Ñ R é

✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ s♣0q ✏ 0✱ ❝♦♠♦ ♥❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r❀ ♣♦❞❡♠♦s ❞❡✜♥✐r
hT : R Ñ R ♣♦r hT ♣nT q ✏ s♣nT q ♣❛r❛ ❝❛❞❛ n P Z ❡ ❧✐♥❡❛r ❡♠ ❝❛❞❛ ✐♥t❡r✈❛❧♦
rnT, ♣n�1qT s✳ hT é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ✭✈❡r ✜❣✉r❛ ✷✳✹✮✳ P❡❧❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r✱
♣❛r❛ ❝❛❞❛ t P R✱ h♣T�tq → h♣tq✱ ❞❛í✱ s❡ t P rnT, ♣n�1qT s✱ ❡①✐st❡ t✶ P rnT, ♣n�1qT s
❝♦♠ hT ♣tq ✏ h♣t✶q✱ ❛ss✐♠

s

h

❋✐❣✉r❛ ✷✳✹✿ ❣rá✜❝❛ ❞❡ hT s✉♣♦♥❞♦ T ✏ 1
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dist♣φt♣xq, φhT ♣tq♣yqq ✏

dist♣φt♣xq, φh♣t✶q♣yqq ↕ dist♣φt♣xq, φt✶♣xqq � dist♣φt✶♣xq, φh♣t✶q♣yqq ↕

suptdist♣x, φuxq : x P X, u P r0, T s✉ � dist♣φt✶♣xq, φh♣t✶q♣yqq.

❙❡❥❛ ε → 0✱ ❡ ♣❡❧♦ ✐t❡♠ ✭❜✮ ❡①✐st❡ α → 0 ❡ ❡s❝♦❧❤❡♥❞♦ 0 ➔ T ➔ T0
3

t❛❧ q✉❡

suptdist♣x, φuxq : x P X, u P r0, T s✉ ➔
α

2

❚♦♠❡♠♦s δ ➔ mintδT ,
α
2
✉✱ s❡ dist♣φtx, φh♣tqyq ➔ δ✱ ♣❛r❛ t♦❞♦ t P R✱ ❡♥tã♦

dist♣φtx, φhT ♣tqyq ✏ dist♣φtx, φh♣t✶qyq ↕ suptdist♣x, φuxq : x P X, u P r0, T s✉ �
dist♣φt✶x, φh♣t✶qyq ↕

α
2
� α

2
✏ α ♣❛r❛ t♦❞♦ t P R✱ ♣❡❧♦ ✐t❡♠ ✭❜✮ t❡♠♦s q✉❡ y ✏ φtx

♣❛r❛ ⑤t⑤ ➔ ε. ❝♦♥❝❧✉✐✲s❡♥❞♦ ❡stá ♣❛rt❡✳

✭❛✮ ✐♠♣❧✐❝❛ ✭❝✮
❙❡❥❛ ε → 0✱ ❡s❝♦❧❤❡♠♦s α → 0 t❛❧ q✉❡

α � 2 suptdist♣z, φuzq : z P X, ⑤u⑤ ↕ α✉ ➔ δ,

♦♥❞❡ δ → 0 ❝♦rr❡s♣♦♥❞❡ ❛♦ ε → 0 ❞❛❞♦ ♥♦ ✐t❡♠ ✭❛✮✳ ❙❡❥❛ ♣tiq✽✁✽✱ ♣uiq
✽
✁✽✱ ❡ x, y P X

s❛t✐s❢❛③❡♠ ❛s ❤✐♣ót❡s❡s ❞❡ ✭❝✮✳ ❉❡✜♥✐♠♦s s : R Ñ R ♣♦r s♣tiq ✏ ui ❡ ❡st❡♥❞❡♠♦s
❧✐♥❡❛r♠❡♥t❡ s♦❜r❡ ♦ ✐♥t❡r✈❛❧♦ rti, ti�1s✳ ❙❡❥❛ i P N✱ s❡ t P rti, ti�1q

dist♣φtx, φs♣tqyq ↕ dist♣φtx, φtixq � dist♣φtix, φuiyq � dist♣φuiy, φs♣tqyq

↕ α � 2 sup
zPX,⑤u⑤↕α

dist♣z, φuzq ➔ δ

❛ss✐♠
dist♣φtx, φs♣tqyq ➔ δ,

♣❛r❛ t♦❞♦ t P R✱ ❧♦❣♦ ♣❡❧❛ ●✲❡①♣❛♥s✐✈✐❞❛❞❡ ❞♦ ✢✉①♦ t❡♠♦s q✉❡ y ✏ φtx ❝♦♠
⑤t⑤ ➔ ε. ❝♦♥❝❧✉✐✲s❡♥❞♦ ❡stá ♣❛rt❡✱

✭❝✮ ✐♠♣❧✐❝❛ ✭❜✮
❙❡❥❛ ε → 0✱ ♣❡❧♦ ✐t❡♠ ✭❝✮✱ ❡①✐st❡ α → 0✳ ❙✉♣♦♥❤❛ q✉❡ ♣❛r❛ x, y P X ❝♦♠
dist♣φtx, φh♣tqyq ➔ α, ♣❛r❛ t♦❞♦ t P R ❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❝r❡s❝❡♥t❡ h ❞❡ R ❝♦♠
h♣0q ✏ 0✳ ❋❛ç❛ t0 ✏ 0 ❡ ti P R t❛❧ q✉❡ 0 ➔ ti�1 ✁ ti ↕ α ❡ 0 ➔ h♣ti�1q ✁ h♣tiq ↕ α✱
❞❡✜♥✐♥❞♦ ui ✏ h♣tiq✱ ♣❡❧♦ ✐t❡♠ ✭❝✮✱ t❡♠♦s q✉❡ y ✏ φtx ❝♦♠ ⑤t⑤ ➔ ε✳
❝♦♥❝❧✉✐♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

❖❜s❡r✈❛çã♦ ✷✳✸✳✷✳ ❊♠ ❬✻❪✱ ♣r♦✈❛✲s❡ q✉❡ t♦❞♦ ✢✉①♦ ❞❡ ❆♥♦s♦✈ q✉❡ t❡♠ ❛
♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡r ●✲❡①♣❛♥s✐✈♦ é ✐♥✈❛r✐❛♥t❡ ♣♦r ❝♦♥❥✉❣❛çã♦ t♦♣♦❧ó❣✐❝❛✳ ❊ ♠❛✐s✱
❛ s✉s♣❡♥sã♦ ❞❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❡①♣❛♥s✐✈♦ t❛♠❜é♠ s❡rá ●✲❡①♣❛♥s✐✈♦✳

◆♦✈❛s ❢♦r♠✉❧❛çõ❡s ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ ♣♦❞❡♠ s❡r ♦❜t✐❞❛s
♠♦❞✐✜❝❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❛ ●✲❡①♣❛♥s✐✈✐❞❛❞❡✱ ❝♦♠♦ ❞❡♠♦♥str❛ ❬✶✾❪✳
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❉❡✜♥✐çã♦ ✷✳✾✳ ❉✐③✲s❡ q✉❡ ✉♠ ✢✉①♦ φ s♦❜r❡ ❳ é ❍✲❡①♣❛♥s✐✈♦❀ s❡ ❡①✐st❡
δ → 0 t❛❧ q✉❡ s❡ dist♣φt♣xq, φh♣tq♣yqq ➔ δ✱ ♣❛r❛ t♦❞♦ t P R ♦♥❞❡ h : R Ñ R ✉♠❛
❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ s♦❜r❡❥❡t♦r❛ t❛❧ q✉❡ h♣0q ✏ 0✱ ❡♥tã♦ x ❡ y ❡stã♦ ♥❛ ♠❡s♠❛
ór❜✐t❛✳

❖❜s❡r✈❛çã♦ ✷✳✸✳✸✳ ❡stá ❞❡✜♥✐çã♦ é ♠❛✐s ❢r❛❝❛ q✉❡ ❛ ●✲❡①♣❛♥s✐✈✐❞❛❞❡✱ ♥♦ s❡♥t✐❞♦
❞❡ q✉❡ ♦ ❡①❡♠♣❧♦ ✷✳✹✳✶ é ❇✲❡①♣❛♥s✐✈♦ ❡✱ ♥❛t✉r❛❧♠❡♥t❡✱ ❍✲❡①♣❛♥s✐✈♦ ✐♠♣❧✐❝❛ ❇✲
❡①♣❛♥s✐✈♦✳ ❆❧é♠ ❞✐ss♦✱ ♦ ❡①❡♠♣❧♦ ✷✳✹✳✶ ♥ã♦ é ●✲❡①♣❛♥s✐✈♦✱ ♣♦✐s ❞♦✐s ♣♦♥t♦s
♣♦❞❡♠ ♣❡r♠❛♥❡❝❡r ♠✉✐t♦ ♣ró①✐♠♦s t❡♠♣♦r❛r✐❛♠❡♥t❡✱ ♣♦ré♠ ♠✉✐t♦ ❞✐st❛♥t❡s
❛r❜✐tr❛r✐❛♠❡♥t❡✳ ❆ss✐♠✱ ♣r♦①✐♠✐❞❛❞❡ t❡♠♣♦r❛❧ ♥ã♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ♣r♦①✐♠✐❞❛❞❡
❡s♣❛❝✐❛❧✳

❆ ♣ró①✐♠❛ ❞❡✜♥✐çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✽❪✳

❉❡✜♥✐çã♦ ✷✳✶✵✳ ❉✐③✲s❡ q✉❡ ✉♠ ✢✉①♦ φ s♦❜r❡ ❳ é ■✲❡①♣❛♥s✐✈♦❀ s❡ ❡①✐st❡♠
δ → 0 ❡ ε → 0 t❛✐s q✉❡ s❡ dist♣φt, φth♣tqq ➔ δ✱ ♣❛r❛ t♦❞♦ t P R ♦♥❞❡ h é ✉♠
❤♦♠❡♦♠♦r✜s♠♦✱ ❝♦♠ h♣0q ✏ 0❀ ❡♥tã♦ ❡①✐st❡ s P R t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡ y ✏ φs♣xq✳

❖❜s❡r✈❛♠♦s q✉❡ é ♠❛✐s ❢r❛❝❛ q✉❡ ❛ ●✲❡①♣❛♥s✐✈✐❞❛❞❡✱ ♣♦✐s ♦ q✉❛♥t✐✜❝❛❞♦r
✉♥✐✈❡rs❛❧ ✐♠♣❧✐❝❛ ♦ ❡①✐st❡♥❝✐❛❧✳

❆ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦ ❢♦✐ ❛♣r❡s❡♥t❛❞❛ ♣♦r ❆♥♦s♦✈ ❡♠ ❬✷❪✱ ❝❛♣ít✉❧♦ ✸✳

❉❡✜♥✐çã♦ ✷✳✶✶✳ ❉✐③✲s❡ q✉❡ ✉♠ ✢✉①♦ φ s♦❜r❡ ❳ é ❏✲❡①♣❛♥s✐✈♦ s❡ ❡①✐st❡
δ → 0 t❛❧ q✉❡ s❡ dist♣φt♣xq, φh♣tq♣yqq ➔ δ ♦♥❞❡ h é ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦✳ ❊♥tã♦
❡①✐st❡ s P R t❛❧ q✉❡ ⑤s⑤ ➔ δ ❡ y ✏ φs♣xq✳

❊①✐st❡♠ ✢✉①♦s q✉❡ tê♠ s✐♥❣✉❧❛r✐❞❛❞❡s✱ ♠❛s s❡ t✐r❛♠♦s ❛s s✐♥❣✉❧❛r✐❞❛❞❡s✱ ♦
✢✉①♦ é ●✲❡①♣❛♥s✐✈♦✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞♦ ✢✉①♦ q✉❡ s❡ t❡♠ r❡s♦❧✈❡♥❞♦ ♦ s❡❣✉✐♥t❡
s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✩✫

✪
x✶ ✏ a♣y ✁ xq
y✶ ✏ rx✁ y ✁ xz

z✶ ✏ xy ✁ bz

♣❛r❛ a ✏ 10✱ r ✏ 28 ❡ b ✏ 8
3
.

❆ss✐♠✱ ✉♠ ❞♦s ♦❜❥❡t✐✈♦s é ❡♥❝♦♥tr❛r ✉♠❛ ❞❡✜♥✐çã♦ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ ♣❛r❛ ✢✉①♦s
♦♥❞❡ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞♦ ✢✉①♦ ♥ã♦ s❡❥❛♠ ✐s♦❧❛❞❛s ❞♦ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦✱
♦✉ ♠❡❧❤♦r✱ ✉♠❛ ❞❡✜♥✐çã♦ q✉❡ ✐♥❝❧✉❛ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s✳ ■st♦ ❢♦✐ ❢❡✐t♦ ♣♦r ❑♦♠✉r♦
❡♠ ❬✶✻❪✳

❉❡✜♥✐çã♦ ✷✳✶✷✳ ❉✐③✲s❡ q✉❡ ✉♠ ✢✉①♦ φ s♦❜r❡ ❳ é ❑✲❡①♣❛♥s✐✈♦❀ s❡ ♣❛r❛
t♦❞♦ ε → 0 ❡①✐st❡ δ → 0 t❛❧ q✉❡ s❡ dist♣φh♣tq♣xq, φt♣yqq ➔ δ✱ ♣❛r❛ t♦❞♦ t P R✱
♦♥❞❡ h é ✉♠❛ r❡♣❛r❛♠❡tr✐③❛çã♦✱ ❡♥tã♦ ❡①✐st❡♠ s, t0 P R t❛✐s q✉❡ ⑤s⑤ ➔ ε ❡
φh♣t0q♣xq ✏ φt0�s♣yq✳
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❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ♠♦str❛ q✉❡ ❡stá ❞❡✜♥✐çã♦ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❞❡ ❇♦✇❡♥ ❡ ❲❛❧t❡rs✱
s❡ ♥ã♦ ❤á s✐♥❣✉❧❛r✐❞❛❞❡s✱ q✉❡ ❢♦✐ ❞❡♠♦♥str❛❞♦ ❡♠ ❬✶✽❪✳

❚❡♦r❡♠❛ ✷✳✶✳ ❙❡❥❛ φ : R ✂ X Ñ X ✉♠ ✢✉①♦ ❝♦♥tí♥✉♦ s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s ❡♠
✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ X✳ ❊♥tã♦ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❛✮ φ é ❑✲❡①♣❛♥s✐✈♦✳

❜✮ φ é ●✲❡①♣❛♥s✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ✭❜✮ ✐♠♣❧✐❝❛ ✭❛✮
❆ss✉♠✐r❡♠♦s t0 ✏ 0✳ ■st♦ é✱ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❛✉sê♥❝✐❛ ❞❛s s✐♥❣✉❧❛r✐❞❛❞❡s✳

✭❛✮ ✐♠♣❧✐❝❛ ✭❜✮
Pr✐♠❡✐r♦ ♣r♦✈❛r❡♠♦s q✉❡ ❡①✐st❡ T0 → 0 t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ T P ♣0, T0q ❡①✐st❡
ρT → 0 t❛❧ q✉❡ dist♣x, φT ♣xqq → ρT ♣❛r❛ t♦❞♦ x P X✳ P♦r ❛❜s✉r❞♦✱ ✐st♦ é✱ ♣❛r❛
t♦❞♦ T0 → 0 ❡①✐st❡ T P ♣0, T0q ❡ ♣❛r❛ ❝❛❞❛ ρT → 0 ❡①✐st❡ x P X t❛❧ q✉❡

dist♣x, φTxq ↕ ρT .

❆ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ T0 → 0✱ ❡①✐st❡ T P ♣0, T0q t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ n P N ❡①✐st❡♠
xn P X ❝♦♠

dist♣xn, φTxnq ↕
1

n

P❡❧❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ X ♣♦❞❡♠♦s s✉♣♦r q✉❡ lim
nÑ✽

xn ✏ x✱ ❡ ❝♦♠♦

lim
nÑ✽

dist♣xn, φT ♣xnqq ✏ 0 t❡♠♦s q✉❡ dist♣x, φT ♣xqq ✏ 0 ✐st♦ é φT ♣xq ✏ x✳ ❊♠

s✉♠❛✱ ♣❛r❛ ❝❛❞❛ T0 ❡①✐st❡♠ T P ♣0, T0q ❡ x P X t❛❧ q✉❡ φTx ✏ x✳ ❈♦♥s✐❞❡r❛♥❞♦
lim
T0Ñ0

T0 ✏ 0✱ ♦❜t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ♣ynqnPN✱ ❡ ♦✉tr❛ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s

♣♦s✐t✐✈♦s✱ tTn✉nPN ✏ τ t❛✐s q✉❡❀ lim
nÑ✽

Tn ✏ 0✱ φTn♣ynq ✏ yn✳ P❡❧❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡

X ❙✉♣♦♥❤❛♠♦s q✉❡ lim
nÑ✽

yn ✏ y✳

❆✜r♠❛çã♦✿ τZ é ❞❡♥s♦ ❡♠ R ✱ ✭s❡ ❡ s♦♠❡♥t❡ s❡ R ⑨ τZ✮
❉❡ ❢❛t♦✱ ♣♦r ❛❜s✉r❞♦✱ ❡①✐st❡♠ t P R, ε → 0 t❛❧ q✉❡ ♣t ✁ ε, t � εq ❳ τZ ✏ ❍
✭❡q✉✐✈❛❧❡♥t❡♠❡♥t❡ ♣t✁ ε, t� εq ⑨ ♣τZqC✮ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ á ❞✐③❡r q✉❡ ♣❛r❛ ❝❛❞❛
T P τ, z P Z ❡ x P ♣t✁ ε, t� εq,

x ✘ Tz ✭✷✳✹✮

❈♦♠♦ lim
nÑ✽

ε

Tn
✏ �✽✱ ♣❛r❛ ❝❛❞❛ k P N ❡①✐st❡ N P N t❛❧ q✉❡ n ➙ N ñ ε

Tn
→ k

❛ss✐♠ ❝♦♠♦ ⑤ t
Tn
✁ ✈ t

Tn
✇⑤ ➔ 1 t❡♠♦s q✉❡ ⑤ t

Tn
✁ ✈ t

Tn
✇⑤ ➔ 1 ↕ k✱ ❢❛③❡♥❞♦ zn ✏ ✈ t

Tn
✇

t❡♠♦s q✉❡ ⑤zn ✁ t
Tn
⑤ ➔ ε

Tn
❡♥tã♦ ⑤znTn ✁ t⑤ ➔ ε ♦ q✉❡ ✐♠♣❧✐❝❛ znTn P ♣t✁ ε, t� εq✳

❆❜s✉r❞♦✱ ♣♦r ✭✷✳✹✮✳
P❡❧❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r✱ ♣❛r❛ q✉❛❧q✉❡r t P R ❝♦♥s❡❣✉✐♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠

τZ ❝♦♥✈❡r❣✐♥❞♦ ♣❛r❛ t✱ ❞❡ ❢❛t♦ ♣❛r❛ ❝❛❞❛ n P N ❡①✐st❡ Tnzn P ♣t ✁ 1
n
, t � 1

n
q
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❞❛q✉✐ lim
nÑ✽

Tnzn ✏ t✳ ❖❜s❡r✈❛♠♦s q✉❡ φznTn♣ynq ✏ yn✱ ♣❛r❛ t♦❞♦ n P N✳ ❆ss✐♠✱

♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ φ t❡♠♦s q✉❡ φt♣yq ✏ y ♣❛r❛ t♦❞♦ t P R✳ ▲♦❣♦✱ y é ✉♠❛
s✐♥❣✉❧❛r✐❞❛❞❡✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s✱ ❤✐♣♦t❡t✐❝❛♠❡♥t❡✱ ♦ ✢✉①♦ φ ♥ã♦ t❡♠
♣♦♥t♦s s✐♥❣✉❧❛r❡s✳

❉❛❞♦ q✉❡ ε✶ → 0✱ t♦♠❡♠♦s T P ♣0, ε✶q ❳ ♣0, T0q✱ ε P ♣0, T q✱ ✭T0 → 0 ✱ ρT → 0✮
♣❡❧♦ r❛❝✐♦❝✐♥♦ ❛♥t❡r✐♦r✱ ♣♦r ❤✐♣ót❡s❡✱ ❡①✐st❡ δ → 0 ❛ss♦❝✐❛❞♦ ❛ ε✳ Pr♦✈❛r❡♠♦s
q✉❡ ♣❛r❛ ε✶✱ q✉❛❧q✉❡r δ✶ P ♣0, ρT q ❳ ♣0, δq s❛t✐s❢❛③ ❛ t❡s❡✳ ❙✉♣♦♥❤❛♠♦s q✉❡
dist♣φt♣xq, φh♣tq♣yqq ➔ δ✶ ♣❛r❛ t♦❞♦ t P R✳ P❡❧♦ ✐t❡♠ ✭❛✮✱ ❡①✐st❡♠ s, t0 P R t❛✐s q✉❡
⑤s⑤ ➔ ε ❡ φs�t0♣xq ✏ φh♣t0q♣yq✳ ❊♥tã♦

φ✁t�s�t0�h♣tq✁h♣t0q♣φt♣xqq ✏ φh♣tq♣yq ✭✷✳✺✮

P❛r❛ t♦❞♦ t P R✳
❙❡❥❛ g : R Ñ R ❞❡✜♥✐❞❛ ♣♦r g♣tq ✏ ⑤ ✁ t � s � t0 � h♣tq ✁ h♣t0q⑤ ♥♦t❡ q✉❡ g é
❝♦♥tí♥✉❛✱ ♣♦✐s ♦ ✈❛❧♦r ❛❜s♦❧✉t♦ ✭⑤ ☎ ⑤✮ ❡ h sã♦ ❝♦♥tí♥✉❛s✳ ▲♦❣♦✱ g♣t0q ✏ ⑤s⑤ ➔ ε ➔ T

❡ ❛❧é♠ ❞✐ss♦✱ ♣❛r❛ t♦❞♦ t P R✱ s❡ ❝✉♠♣r❡✿

g♣tq ✘ T ✭✷✳✻✮

P❛r❛ t♦❞♦ t P R✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❡①✐st✐r✐❛ t✶ P R t❛❧ q✉❡ g♣t✶q ✏ T ❡ ❞❡ss❛
❢♦r♠❛✱ ❡①✐st✐r✐❛ t P R t❛❧ q✉❡ ✁t � s � t0 � h♣tq � h♣t0q ✏ T ✳ ❞❛í✱ ♣❡❧❛
❡q✉❛çã♦ ✭✷✳✺✮ t❡♠♦s φT ♣φtxq ✏ φ✁t�s�t0�h♣T q✁ht0 ♣φt♣xqq ✏ φh♣tq♣yq✱ ❛ss✐♠ ❝♦♠♦
dist♣φtx, φh♣tqyq ➔ δ✶ ➔ ρT ✳ ▲♦❣♦✱ dist♣φtx, φT ♣φtxqq ➔ δ✶ ➔ ρT ✱ ❛❜s✉r❞♦✱ ♣♦✐s
dist♣x, φTxq → ρT ♣❛r❛ t♦❞♦ x P X✳
P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s q✉❡ g♣tq P r0, T q ♣❛r❛ t♦❞♦ t P R❀ ♣♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱
❡①✐st✐r✐❛ t✶ P R t❛❧ q✉❡ g♣t✶q → T → g♣t0q ❛❣♦r❛✱ ♣❡❧♦ t❡♦r❡♠❛ ❞♦ ✈❛❧♦r
✐♥t❡r♠❡❞✐ár✐♦ ❡①✐st❡ t P R g♣tq ✏ T ✱ ❛❜s✉r❞♦✱ ♣♦✐s ❝♦♥tr❛❞✐③ ✭✷✳✻✮✳ ❊♥tã♦✱ ♣❡❧❛
❡q✉❛çã♦ ✭✷✳✺✮✱ s✉❜st✐t✉✐♥❞♦ t ✏ 0✱ t❡♠♦s q✉❡ φs�t0✁h♣t0q♣xq ✏ y ❡ ⑤s� t0✁h♣t0q⑤ ✏
g♣0q ➔ ε✶✳
❈♦♥❝❧✉✐♥❞♦ ❛ ♣r♦✈❛✳

❖✉tr❛ ♠❛♥❡✐r❛ ❞❡ ❛❜♦r❞❛r ♦ ❝♦♥❝❡✐t♦ ❞❡ ❡st❛r ❡s♣❛❝✐❛❧✲♣ró①✐♠♦s ♥❛ ♠❡s♠❛
ór❜✐t❛ é ❞✐③❡r q✉❡ ♦s ♣♦♥t♦s ❡stã♦ ♥♦ ♠❡s♠♦ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡ ❞✐â♠❡tr♦
♣❡q✉❡♥♦✱ ❛ss✐♠✿

❉❡✜♥✐çã♦ ✷✳✶✸✳ ❙❡❥❛ β → 0✱ φ ✉♠ ✢✉①♦ s♦❜r❡ ❳ ❡ x, y P X❀ ❞✐③❡♠♦s q✉❡ ①
❡ ② ❡stã♦ β✲❝♦♥❡❝t❛❞♦s✱ s❡ ❡①✐st❡ z P X✱ t P R t❛❧ q✉❡ x, y P φr0,ts♣zq ❡
diam♣φr0,tszq ➔ β✳

❆ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ ✷✳✸✳✹ t❛♠❜é♠ r❡s♣♦♥❞❡ ❛ ✉♠❛ ❞❡ ♥♦ss❛s ♣❡r❣✉♥t❛s
❢✉♥❞❛♠❡♥t❛✐s✿ ❞❡ s❡ ♦s ♣♦♥t♦s q✉❡ ♥ã♦ s❡ s❡♣❛r❛r❡♠✱ ❡stárã♦ ♠✉✐t♦ ♣ró①✐♠♦s ♥♦
❡s♣❛ç♦ é s❛t✐s❢❛tór✐♦✱ ♣♦ré♠✱ ❛♥t❡s✱ ♠♦str❛r♠♦s ✉♠ ❧❡♠❛✳

❖❜s❡r✈❛çã♦ ✷✳✸✳✹✳ ❙❡ β0 ✏ 0✱ ❡♠ q✉❛❧q✉❡r ❞♦s três ❝❛s♦s ❞❛ ♣r♦♣♦s✐çã♦ ✷✳✸✳✹✱
❝♦♥❝❧✉✐✲s❡✲s❡ q✉❡ X é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳ ◆❡st❡ ❝❛s♦✱ é tr✐✈✐❛❧ ❞❡♠♦♥str❛r ❛s
❡q✉✐✈❛❧ê♥❝✐❛s ❞❛ ♣r♦♣♦s✐çã♦ ✷✳✸✳✹✳ P❛r❛ t❛♥t♦✱ ♥❛s ❞❡♠♦♥str❛çõ❡s ❛ss✉♠✐r❡♠♦s
q✉❡ β0 → 0✳ ❖♥❞❡ β0 é ♦ í♥✜♠♦ ❞♦s ❞✐â♠❡tr♦s ❞❛s ór❜✐t❛s ♥ã♦ s✐♥❣✉❧❛r❡s✳
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▲❡♠❛ ✷✳✸✳✷✳ ❙❡ φ é ✉♠ ✢✉①♦ ❝♦♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s✱ ❡♥tã♦
♣❛r❛ t♦❞♦ β P ♣0, β0q ❡①✐st❡ δ → 0 t❛❧ q✉❡ s❡ dist♣φg♣tq♣xq, φt♣xqq ➔ δ ♣❛r❛ t♦❞♦
t P R ❡ ❛❧❣✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ g : R Ñ R✱ g♣0q ✏ 0✳ ❊♥tã♦ ♣❛r❛ t♦❞♦ t P R✱ ♦s
♣♦♥t♦s φg♣tq♣xq ❡ φt♣xq ❡stã♦ β✲❝♦♥❡❝t❛❞♦s✳

❉❡♠♦♥str❛çã♦✳ P♦r ❛❜s✉r❞♦✱ s✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❛ β P ♣0, β0q✱ ♣❛r❛ t♦❞♦ n P N✱
❡①✐st❡♠ xn P X ❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s gn : RÑ R ❝♦♠ gn♣0q ✏ 0 t❛✐s q✉❡

dist♣φgn♣tq♣xnq, φt♣xnqq ➔
1

n
✭✷✳✼✮

♣❛r❛ t♦❞♦ t P R✱ ❡ ❛❧é♠ ❞✐ss♦✱ ❡①✐st❡ tn t❛❧ q✉❡ φgn♣tnq♣xnq ❡ φtn♣xnq ♥ã♦ ❡stã♦ β✲
❝♦♥❡❝t❛❞♦s✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ♣♦❞❡♠♦s s✉♣♦r q✉❡ ♦s tn sã♦ ♣♦s✐t✐✈♦s ❡
❛❧é♠ ❞✐ss♦ q✉❡ sã♦ ♠✐♥✐♠❛✐s✱ ✐st♦ é✱ ♣❛r❛ t♦❞♦ t P r0, tnq ♦s ♣♦♥t♦s φgn♣tq♣xnq
❡ φt♣xnq ❡stã♦ β✲❝♦♥❡❝t❛❞♦s✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ ♦s ♣♦♥t♦s an ✏ φgn♣tnq♣xnq ❡
bn ✏ φtn♣xnq ❡stã♦ ❝♦♥❡❝t❛❞♦s ♣♦r ✉♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡ ❞✐â♠❡tr♦ ❡①❛t❛♠❡♥t❡
β✱ ♣♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱ ♣❛r❛ t♦❞♦ x P X, t P R : diam♣φr0,tsxq ➙ β ❡ ❝♦♠♦ ♦s tn sã♦
♠✐♥✐♠❛✐s✱ t❡♠♦s q✉❡ ❡①✐st❡♠ x P X, s P R t❛❧ q✉❡ at ✏ φt♣anq, bt ✏ φt♣bnq P φr0,ssx
❡ diam♣φr0,ssxq ➔ β✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ diam♣φr0,ssxq ➙ β✳ P❡❧❛ ❡q✉❛çã♦ ✭✷✳✼✮ t❡♠♦s

q✉❡ dist♣an, bnq ➔
1
n
✱ ❝♦♠ lim

nÑ✽

1

n
✏ 0✱ ❡ ♣❡❧❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ X ♣♦❞❡♠♦s s✉♣♦r

q✉❡ lim
nÑ✽

an ✏ c✱ lim
nÑ✽

bn ✏ c✱ ♥❡ss❡ s❡♥t✐❞♦✱ lim
nÑ✽

dist♣an, bnq ✏ dist♣c, cq ✏ 0✱

✐st♦ é✱ c ✏ c✳ ◆♦✈❛♠❡♥t❡✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ φsn♣anq ✏ bn✱ ♣♦✐s ❝♦♠♦
an ✏ φg♣tnq♣xnq ✏ φgn♣tnq✁tn♣φtnxnq ✏ φgn♣tnq✁tn♣bnq✱ ❡♥tã♦ bn ✏ φtn✁gn♣tnq♣anq
❝♦♠ sn ✏ tn ✁ gn♣tnq✳
❙❡ sn → 0 ♣❛r❛ ✐♥✜♥✐t♦s ✈❛❧♦r❡s ❞❡ n❀ ✭♦ r❛❝✐♦❝✐♥♦ q✉❡ s❡❣✉❡ s❡r✐❛ ❛♥á❧♦❣♦ s❡
sn ➔ 0✱ ♣❛r❛ ✈❛❧♦r❡s ✐♥✜♥✐t♦s ❞❡ n✮❀ ❛❧é♠ ❞✐ss♦ ❝♦♠♦ an ❡ bn ❡stã♦ ❡♠ ✉♠
s❡❣♠❡♥t♦ ❞❡ ❞✐â♠❡tr♦ ✐❣✉❛❧ ❛ β✱ t❡♠♦s diam♣φr0,sns♣anqq ✏ β✳
❙❡ ♦s ✈❛❧♦r❡s ❞❡ sn ✜❝❛♠ ❧✐♠✐t❛❞♦s❀ ✐st♦ é✱ 0 ➔ sn ↕ M ♣❛r❛ ❛❧❣✉♠ M ✱ ❡♥tã♦
❡①✐st❡ lim

nÑ✽
sn ✏ s ❡ ❝♦♠♦ φsnan ✏ bn ❀ ❝♦♥❝❧✉í♠♦s q✉❡ c é ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ♥ã♦

s✐♥❣✉❧❛r❀ ♣♦✐s s❡♥❞♦ t P R✱ m ✏ ✈ t
s
✇ ↕ t

s
➔ m�1✱ t❡♠♦s q✉❡ ❡①✐st❡ r → 0✱ r P r0, sq

t❛❧ q✉❡ t ✏ ms � r ❡♥tã♦✱ φt♣cq ✏ φms�r♣cq ✏ φr♣φms♣cqq ✏ φr♣cq P φr0,ss♣cq✳
P♦rt❛♥t♦ diam♣φR♣cqq ✏ diam♣φr0,ss♣cqq ✏ β✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ q✉❡ β ➔ β0✳
❙❡ 0 ↕ un � T ↕ sn ♣❛r❛ ✉♠ ♥ú♠❡r♦ ✐♥✜♥✐t♦ ❞❡ ✈❛❧♦r❡s ❞❡ n✱ ❡♥tã♦ φun�T ♣anq P
φr0, sns♣anq ❡ lim

nÑ�✽
φun�T ♣anq ✏ φT ♣zq P K.

❙❡ sn ➔ un�T ♣❛r❛ ✈❛❧♦r❡s ✐♥✜♥✐t♦s ❞❡ n✱ ❝♦♠♦ un ➔ sn✱ ❡♥tã♦ 0 ➔ un�T✁Sn ➔ T

❛ss✐♠ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ τn ✏ un � T ✁ sn ❝♦♠ lim
nÑ�✽

τn ✏ τ ✱

❝♦♠♦ lim
nÑ�✽

an ✏ lim
nÑ�✽

bn ✏ c✱ t❡♠♦s

lim
nÑ�✽

φτn♣anq ✏ lim
nÑ�✽

φτn♣bnq ✏ lim
nÑ�✽

φun�T✁sn♣bnq ✏ lim
nÑ�✽

φun�T ♣φ✁sn♣bnqq

✏ lim
nÑ�✽

φT ♣φun♣anqq ✏ φT ♣zq ✭✷✳✽✮

❝♦♠♦ lim
nÑ�✽

sn ✏ �✽ ❡①✐st❡ n0 P N t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ n → n0✱ T ➔ sn❀ s❡♠ ♣❡r❞❛

❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r τ P r0, sns✳ ▲♦❣♦✱ ❛ ❡q✉❛çã♦✭✷✳✽✮ ✜❝❛

lim
nÑ�✽

φτn♣anq ✏ φT ♣zq P K.
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❙❡ un�T ➔ 0 ♣❛r❛ ✐♥✜♥✐t♦s ✈❛❧♦r❡s ❞❡ n✱ ❡♥tã♦ 0 ↕ un ➔ ✁T ✱ ♣♦✐s 0 ↕ un✳ ◆✐ss♦✱
t♦♠❛♥❞♦ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ t❡♠♦s q✉❡
lim

nÑ�✽
un ✏ u✳ P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s q✉❡

z ✏ lim
nÑ�✽

φun♣anq ✏ lim
nÑ�✽

φun♣bnq ✏ φu♣cq. ✭✷✳✾✮

❈♦♠♦ lim
nÑ�✽

sn ✏ �✽✱ t❡♠♦s q✉❡ 0 ↕ un � T � sn ➔ sn ♣❛r❛ ✈❛❧♦r❡s ❞❡ n

s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s❀ ❢❛③❡♥❞♦ τn ✏ un�T � sn ❡ ❛ ❡q✉❛çã♦ ✭✷✳✾✮ ♦❜t❡♠♦s q✉❡

lim
nÑ�✽

φτn♣anq ✏ limφT ♣φun♣φsn♣anqqq ✏ limφT ♣φun♣bnqq ✏ φT ♣φu♣cqq ✏ φT ♣zq P K.

❈♦♠♦ diam♣Kq ✏ β ❡ K é ❝♦♥❡①♦✱ s❡❣✉❡ q✉❡ K é ✉♠ ❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦✳ P❡❧❛
❤✐♣ót❡s❡ ♦ ✢✉①♦ ❛♣r❡s❡♥t❛ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s✱ ❡♥tã♦ ❡①✐st❡ ✉♠
♣♦♥t♦ r❡❣✉❧❛r t❛❧ q✉❡ s✉❛ ór❜✐t❛ t❡♠ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ β✱ ❝♦♥tr❛❞✐③❡♥❞♦ ♦
❢❛t♦ ❞❡ β0 s❡r ♦ í♥✜♠♦ ❞♦s ❞✐â♠❡tr♦s ❞❛s ór❜✐t❛s✱ ❝♦♥❝❧✉✐✲s❡♥❞♦ ❛ ✈❡r❛❝✐❞❛❞❡ ❞♦
❧❡♠❛✳

Pr♦♣♦s✐çã♦ ✷✳✸✳✹✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦✱ φ : R ✂ X Ñ X ✉♠
✢✉①♦ ❝♦♥tí♥✉♦ ❡ β0 ♦ í♥✜♠♦ ❞♦s ❞✐â♠❡tr♦s ❞❛s ór❜✐t❛s ♥ã♦ s✐♥❣✉❧❛r❡s✳ ❊♥tã♦ ❛s
s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

❛✮ φ é ❑✲❡①♣❛♥s✐✈♦✱

❜✮ P❛r❛ t♦❞♦ β → 0 ❡①✐st❡ δ → 0 t❛❧ q✉❡✱ s❡ dist♣φh♣tq♣xq, φt♣yqq ➔ δ ♣❛r❛ t♦❞♦
t P R ❡ ♣❛r❛ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h : RÑ R ❝r❡s❝❡♥t❡ ❡ q✉❡ ✜①❡ ♦ ③❡r♦✱ ❡♥tã♦
x ❡ y ❡stã♦ β✲❝♦♥❡❝t❛❞♦s✳

❝✮ ❊①✐st❡♠ β1 P ♣0, β0q ❡ δ✶ → 0 t❛✐s q✉❡ s❡ dist♣φh♣tq♣xq, φt♣yqq ➔ δ✶ ♣❛r❛ t♦❞♦
t P R ❡ ♣❛r❛ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h : RÑ R ❝r❡s❝❡♥t❡ ❡ q✉❡ ✜①❡ ♦ ③❡r♦✱ ❡♥tã♦
x ❡ y ❡stã♦ β1✲❝♦♥❡❝t❛❞♦s✳

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡ q✉❡ ❡♠ q✉❛❧q✉❡r ❞♦s três ❝❛s♦s ♦ ♥ú♠❡r♦ ❞❡
s✐♥❣✉❧❛r✐❞❛❞❡s é ✜♥✐t❛✳
✭❛✮ ✐♠♣❧✐❝❛ ✭❜✮
◆♦t❡ t❛♠❜é♠ q✉❡ s❡ ❡①✐st❡ ✉♠ ✈❛❧♦r ❞❡ β t❛❧ q✉❡ s❛t✐s❢❛③✱ ❡♥tã♦ ✜❝❛ ♣r♦✈❛❞❛ ♣❛r❛
t♦❞♦ ✈❛❧♦r ♠❛✐♦r ❞❡ β✱ ♣♦✐s ♣♦❞❡♠♦s ✉s❛r ♦ ♠❡s♠♦ δ✳ ❆ss✐♠✱ é s✉✜❝✐❡♥t❡ s✉♣♦r
β P ♣0, β0q✳ ❉❡ss❛ ❢♦r♠❛✱ ♣❡❧♦ ❧❡♠❛ ✷✳✸✳✷✱ t❡♠♦s q✉❡ ♣❛r❛ β✶ P ♣0, βq ♦❜t❡♠♦s
δ✶ → 0 t❛❧ q✉❡ ✏s❡ ♦s ♣♦♥t♦s φg♣tqx, φtx s❡♠♣r❡ ❡stã♦ δ✶✲♣ró①✐♠♦s ♣♦r ✉♠❛ ❢✉♥çã♦
❝♦♥tì♥✉❛ g q✉❡ ✜①❡ ③❡r♦✱ ❡♥tã♦ ♦s ♣♦♥t♦s ❞❛ ❢♦r♠❛ φg♣tqx, φtx ❡stã♦ β✶ ❝♦♥❡❝t❛❞♦s
✧✳ ❙❡❥❛ δ✷ P ♣0, δ✶q✳
❆✜r♠❛çã♦ ✶✿ ❡①✐st❡ ε → 0 t❛❧ q✉❡ s❡ diam♣φra,bsxq ➔ β✶✱ ❡♥tã♦
diam♣φra✁ε,b�εsxq ➔ β✳
❙❡❥❛ x P X t❡♠♦s diam♣Oxq ➔ β✶ ♦✉ diam♣Oxq ➙ β✶✳ ❙❡ diam♣Oxq ➔ β✶

t❡♠♦s ♣❛r❛ t♦❞♦ ε → 0 q✉❡ diam♣φra,bsxq ➔ β✶ ✐♠♣❧✐❝❛ diam♣φra✁ε,b�εsxq ➔ β✳
❙❡ diam♣Oxq ➙ β✶ ❡①✐st❡ A,B P R t❛❧ q✉❡ diam♣φrA,Bsxq ✏ β✶ ❡ rA,Bs é ♦
✐♥t❡r✈❛❧♦ ♠❛①✐♠❛❧ q✉❡ s❛t✐s❢❛③ ❛ ✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r❀ s❡❥❛ ra, bs ⑨ rA,Bs✱ ❞❡✜♥❛♠♦s
ψ♣tq ✏ diam♣φrA✁ε,B�εsxq ♣❛r❛ t♦❞♦ t ➙ 0✱ ❞❡ ♠❛♥❡✐r❛ ♥❛t✉r❛❧ ψ♣tq ➙ β✶✱ ❝♦♠♦
β → β✶ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ ψ t❡♠♦s q✉❡ ❡①✐st❡ ε → 0 t❛❧ q✉❡ ψ♣εq ➔ β ✐st♦ é
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diam♣φra✁ε,b�εsxq ➔ β ♣♦✐s ra✁ ε, b� εs ⑨ rA✁ ε, B � εs✳
P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ φ t❡♠♦s q✉❡✱ s❡ dist♣x, yq ➔ δ✷ ❡①✐st❡ ε✶ → 0 t❛❧ q✉❡ ♣❛r❛
❝❛❞❛ s P R ❝♦♠ ⑤s⑤ ➔ ε✶ t❛❧ q✉❡ dist♣φsx, yq ➔ δ✷ ➔ δ✶✳ ❛ss✐♠ s❡♠♣r❡ s❡rá ♣♦ssí✈❡❧
t♦♠❛r ε ❝♦♠♦ s❛t✐s❢❛③❡♥❞♦

s❡ dist♣x, yq ➔ δ✷ ✱ ❡♥tã♦ dist♣φsx, yq ➔ δ✶, ✭✷✳✶✵✮

♣❛r❛ t♦❞♦ s P ♣✁ε, εq❀ ♣♦r ❤✐♣ót❡s❡ ♣❛r❛ ε ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡
δ✸ → 0✳
❆✜r♠❛çã♦ ✷✿ δ ➔ mintδ✶, δ✷, δ✸✉ é ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡
❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s

dist♣φh♣tqx, φtyq ➔ δ, ✭✷✳✶✶✮

♣❛r❛ t♦❞♦ t P R✱ ♦♥❞❡ h : R Ñ R é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❝r❡s❝❡♥t❡ q✉❡ ✜①❡
③❡r♦✳ ❆ss✐♠✱ ♣❡❧❛ ❑✲❡①♣❛♥s✐✈✐❞❛❞❡ t❡♠♦s q✉❡ ❡①✐st❡♠ s, t0 P R t❛✐s q✉❡
φh♣t0q♣xq ✏ φt0�s♣yq ❡ ⑤s⑤ ➔ ε✱ t♦♠❛♥❞♦ z ✏ φh♣t0q♣xq ❡ ❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛
g : R Ñ R ❞❡✜♥✐❞❛ ❝♦♠♦ g♣tq ✏ h♣t0 � tq ✁ h♣t0q✳ P❡❧❛ ❡q✉❛çã♦ ✭✷✳✶✶✮ t❡♠♦s
dist♣φg♣tq♣zq, φt✁s♣zqq ➔ δ ♣❛r❛ t♦❞♦ t P R✱ ♣♦✐s

φg♣tq♣zq ✏ φh♣t0�tq✁h♣t0q♣φh♣t0q♣xqq ✏ φh♣t0�tq♣xq

φt✁s♣zq ✏ φt✁s♣φh♣t0q♣xqq ✏ φt�t0♣yq

❉❡ ⑤s⑤ ➔ ε✱ δ ➔ δ✷ ❡ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✶✵✮ t❡♠♦s dist♣φg♣tq♣zq, φt♣zqq ➔ δ✶ ♣❛r❛ t♦❞♦
t P R✳ ▲♦❣♦✱ ♣❡❧♦ ❧❡♠❛ ✷✳✸✳✷ t❡♠♦s q✉❡ φg♣✁t0q♣zq ❡ φ✁t0♣zq ❡stã♦ β

✶✲❝♦♥❡❝t❛❞♦s✱
✐st♦ é x✱ φs♣yq ❡stã♦ β✶✲❝♦♥❡❝t❛❞♦s✳ ▲♦❣♦✱ ♣❡❧❛ ❛✜r♠❛çã♦ ✶ t❡♠♦s q✉❡ x✱ y sã♦
β✲❝♦♥❡❝t❛❞♦s✱ ♣♦✐s ⑤s⑤ ➔ ε✳ ❝♦♥❝❧✉✐✲s❡♥❞♦ ❡stá ♣❛rt❡✳

✭❜✮ ✐♠♣❧✐❝❛ ✭❛✮
❆✜r♠❛çã♦ ✸✿ ❊①✐st❡ γ → 0 ♣❛r❛ t♦❞♦ x ❘ Bγ♣Sing♣φqq ❡ ❡①✐st❡ t P R t❛❧ q✉❡
φt♣xq ❘ Bγ♣Sing♣φqq
P♦r ❛❜s✉r❞♦✱ ♣❛r❛ t♦❞♦ γ → 0 ❡①✐st❡ x ❘ Bγ♣Sing♣φqq ♣❛r❛ t♦❞♦ t P R :

φt♣xq P Bγ♣xq✳ ❈♦♠♦ Sing♣φq é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ t❡♠♦s q✉❡ Bγ♣Sing♣φqq ✏➈
pPSing♣φqBγ♣pq ✏ Bγ♣p1q ❨ . . .❨Bγ♣pNq✱ ❞❛q✉✐✱

x ❘ Bγ♣Sing♣φqq é ❡q✉✐✈❛❧❡♥t❡ ❝♦♠ dist♣x, piq ➙ γ ♣❛r❛ t♦❞♦ i P t1, . . . , N✉

❞❡ φt♣xq P Bγ♣Sing♣φqq✱ ♣❛r❛ t♦❞♦ t P R t❡♠♦s q✉❡ ❡①✐st❡ k P t1, . . . , N✉ t❛❧
q✉❡ dist♣φt♣xq, pkq ➔ γ ♣❛r❛ t♦❞♦ t P R✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ t ✏ 0 t❡♠♦s
dist♣x, pkq ➔ γ ♦ q✉❡ ❝♦♥tr❛❞✐③ x ❘ Bγ♣Sing♣φqq
❙❡❥❛ ε → 0 ♣❡❧❛ ❛✜r♠❛çã♦ ✸ ❡①✐st❡ γ → 0 q✉❡ ✐♥❞❡♣❡♥❞❡ ❞❡ ε.
❆✜r♠❛çã♦ ✹✿ ❊①✐st❡ β → 0 t❛❧ q✉❡❀ s❡

�
dist♣x, Sing♣φqq ➙ γ, diam♣φr0,ss♣xqq ➔

β
✟
❀ ❡♥tã♦ ⑤s⑤ ➔ ε

♣♦r ❛❜s✉r❞♦✱ ✐st♦ é✱ ♣❛r❛ ❝❛❞❛ n P N ❡①✐st❡ xn P X, tn P R t❛❧ q✉❡

xn ❘ Bγ♣Sing♣φqq, tn ❘ ♣✁ε, εq, diam♣φr0,tnsq ➔
1

n
✭✷✳✶✷✮

P❡❧❛ ❝♦♠♣❛❝t✐❞❛❞❡ ❞❡ X ♣♦❞❡♠♦s s✉♣♦r q✉❡ lim
nÑ✽

xn ✏ z ♦♥❞❡ z ❘ Bγ♣Sing♣φqq✱
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♣♦✐s lim
nÑ✽

dist♣xn, Sing♣φqq ✏ dist♣z, Sing♣φqq ➙ γ✱ ❛ss✐♠ z ♥ã♦ é ✉♠❛

s✐♥❣✉❧❛r✐❞❛❞❡✳ ❈♦♠♦ z ♥ã♦ é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❡①✐st❡ ε✶ P ♣0, εq t❛❧ q✉❡
φε✶♣zq ✘ z. ❆❣♦r❛✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ φ✱ t❡♠♦s lim

nÑ�✽
φε✶♣xnq ✏ φε✶♣zq✱ ♣♦r

✭✷✳✶✷✮ t❡♠♦s q✉❡ lim
nÑ�✽

diam♣φr0,tns♣xnqq ✏ 0 ❡ ❝♦♠♦ tn ❘ ♣✁ε, εq t❡♠♦s φε✶♣xnq P

φr0,tns♣xnq ♦ q✉❡ ✐♠♣❧✐❝❛ lim
nÑ�✽

φε✶♣xnq ✏ φε✶♣zq ❧♦❣♦ lim
nÑ�✽

diam♣φr0,ε✶s♣xnqq ✏

diam♣φr0,ε✶s♣zqq ✏ 0✱ ❞❛í z P Sing♣φq ❛❜s✉r❞♦✱ ♣♦✐s z ❘ Sing♣φq✳
P❡❧❛ ❆✜r♠❛çã♦ ✹ ♦❜t❡♠♦s β → 0 ❡ ❛ss✐♠✱ ♣♦r ❤✐♣ót❡s❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ❞❡
❡①♣❛♥s✐✈✐❞❛❞❡ δ → 0 ✭ ♣❡❧♦ ✐t❡♠ ✭❜✮ ✮ t❛❧ q✉❡ dist♣φh♣tq♣yq, φt♣xqq ➔ δ ❡ ❛❧❣✉♠
❤♦♠❡♦♠♦r✜s♠♦ ❝r❡s❝❡♥t❡ h : R Ñ R q✉❡ ✜①❡ ③❡r♦✱ ❡♥tã♦ x, y ❡stã♦ β✲❝♦♥❡❝t❛❞♦s✳
❆✜r♠❛çã♦ ✺✿ ❙❡❥❛ ε ✜①❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ dist♣φh♣tq♣yq, φt♣xqq ➔ δ ♣❛r❛ t♦❞♦
t P R ❡ ❛❧❣✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❝r❡s❝❡♥t❡ h : R Ñ R q✉❡ ✜①❡ ③❡r♦✱ ❡♥tã♦ ❡①✐st❡
s, t0 P R t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡ φh♣t0q♣yq ✏ φt0�s♣xq✳
❉❡ ❢❛t♦❀ ♣r✐♠❡✐r♦ ♦❜s❡r✈❡ q✉❡ ♥ã♦ ♣♦❞❡♠ ❡①✐st✐r ❞♦✐s ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❛ ❞✐stâ♥❝✐❛
♠❡♥♦r q✉❡ δ✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦✱ t♦❞❛s s❡r✐❛♠ ✐❣✉❛✐s❀ ❛ss✐♠✱ ✉♠ ❞♦s ♣♦♥t♦s ♥ã♦
é s✐♥❣✉❧❛r✱ s✉♣♦♥❤❛♠♦s q✉❡ x ❘ Sing♣φq ❡ ♣♦r ❤✐♣ót❡s❡ t❡♠♦s q✉❡ x ❡stá ❡♠ ✉♠
s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡ r❛✐♦ ♠❡♥♦r q✉❡ β✳ ❊♥tã♦✱ ♣❡❧❛ ❆✜r♠❛çã♦ ✸ ❡①✐st❡ t0 P R

t❛❧ q✉❡ φt0♣xq ❘ Bγ♣Sing♣φqq✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡✜♥❛ ❛ ❢✉♥çã♦ h✶ : R Ñ R ❝♦♠♦
h✶♣tq ✏ h♣t� t0q ✁ h♣t0q✳ ❖❜s❡r✈❡ q✉❡ h✶ ❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❝r❡s❝❡♥t❡ q✉❡ ✜①❛
③❡r♦✱ ♣♦✐s h é❀ ❛ss✐♠✱ ❝♦♠♦ dist♣φh♣tq♣yq, φt♣xqq ➔ δ ♣❛r❛ t♦❞♦ t P R t❡♠♦s q✉❡✿

dist
�
φh✶♣tq♣φh♣t0q♣yqq, φt♣φt0♣xqq

✟
✏ dist

�
φh♣t�t0q✁h♣t0q♣φh♣t0q♣yqq, φt♣φt0♣xqq

✟
✏ dist

�
φh♣t�t0q♣yq, φt�t0♣xq

✟
➔ δ

♣❛r❛ t♦❞♦ t P R✳ P♦r ❤✐♣ót❡s❡ t❡♠♦s q✉❡ φh♣t0q♣yq ❡ φt0♣xq ❡stã♦ ❡♠ ✉♠
s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ♠❡♥♦r q✉❡ β ✭β✲❝♦♥❡❝t❛❞♦s✮ ♥♦ q✉❡ ❡①✐st❡ s✶ P R t❛❧ q✉❡
diam♣φr0,s✶s♣φt0♣xqqq ➔ β ❡ φh♣t0q♣yq P φr0,s✶s♣φt0♣xqq❀ ❞❛í ❡ φt0♣xq ❘ Bγ♣Sing♣φqq❀
♣❡❧❛ ❛✜r♠❛çã♦ ✹ ✐♠♣❧✐❝❛✲s❡ ⑤s✶⑤ ➔ ε✳ ▲♦❣♦✱ s❡ ❝♦♥❝❧✉✐✲s❡ q✉❡ φh♣t0q♣yq ✏ φt0�s♣xq
♣❛r❛ ❛❧❣✉♠ s P R ❝♦♠ ⑤s⑤ ➔ ε.

✭❜✮ ✐♠♣❧✐❝❛ ✭❝✮✱
é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r✳

✭❝✮ ✐♠♣❧✐❝❛ ✭❜✮
P❡❧♦ ✐t❡♠ ✭❝✮ t❡♠♦s q✉❡ ❡①✐st❡♠ β1 → 0 ❡ δ✶. ❙❡ β é ♥ã♦ ♠❡♥♦r q✉❡ β1✱ é tr✐✈✐❛❧ ❛
♣r♦✈❛✱ ✉s❛♥❞♦ ♦ ✈❛❧♦r δ ✏ δ✶.

❙❡ β P ♣0, β1q✳ ❙✉♣♦♥❤❛♠♦s ♣♦r ❛❜s✉r❞♦ q✉❡ β ♥ã♦ s❛t✐s❢❛③ ♦ ✐t❡♠ ✭❜✮✱ ✐st♦ é✱
♥❡♥❤✉♠ ❞♦s ✈❛❧♦r❡s ❞❡ δ ❢✉♥❝✐♦♥❛ ♣❛r❛ β✱ ❡♥tã♦ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s ❞❡ ♥ú♠❡r♦s

r❡❛✐s ❡ ❞❡ ♣♦♥t♦s ❞❡ X ❝♦♥✈❡r❣❡♥t❡s✿ lim
nÑ�✽

δn ✏
1

n
✏ 0✱ lim

nÑ�✽
xn ✏ z✱

lim
nÑ�✽

yn ✏ z ❡ ❤♦♠❡♦♠♦r✜s♠♦s hn t❛✐s q✉❡ dist♣φhn♣tq♣xnq, φt♣ynqq ➔ δn ♣❛r❛

t♦❞♦ t P R ❡ t❛❧ q✉❡ xn ❡ yn ❡stã♦ β1✲❝♦♥❡❝t❛❞♦s✱ ♠❛s ♥ã♦ β✲❝♦♥❡❝t❛❞♦s✳ ❊♥tã♦✱
❞♦ ♠❡s♠♦ ♠♦❞♦ q✉❡ ♥❛ ♣r♦✈❛ ❞♦ ❧❡♠❛ ✷✳✸✳✷✱ ❝♦♥❝❧✉í♠♦s q✉❡ s❡ φsn♣xnq ✏ yn
❡ diam♣φr0,sns♣xnqq P rβ, β1s✱ ❡♥tã♦ ✉♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ✭♥❛ t♦♣♦❧♦❣✐❛ ❞❡
❍❛✉s❞♦r✛✮ ❞❛ s❡q✉ê♥❝✐❛ tφr0,sns♣xnq✉nPN ❝♦♥t❡♠ ✉♠❛ ór❜✐t❛ ♥ã♦ s✐♥❣✉❧❛r ❞❡
❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ β0✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ❝♦♥❝❧✉✐✲s❡♥❞♦ ❛ ♣r♦✈❛✳
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Pr♦♣♦s✐çã♦ ✷✳✸✳✺✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ ❑✲❡①♣❛♥s✐✈♦ s♦❜r❡ X✱ ❡♥tã♦ q✉❛❧q✉❡r ✢✉①♦
ψ ❡♠ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ Y q✉❡ s❡❥❛ t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞♦ ❛ φ é
❑✲❡①♣❛♥s✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ε → 0✱ ❡♥tã♦ ❡①✐st❡ δ → 0 ❝♦♥st❛♥t❡ ❞❡ ❑✲❡①♣❛♥s✐✈✐❞❛❞❡ ❞❡
φ✱ ❙❡❥❛ g : X Ñ Y ✉♠❛ ❝♦♥❥✉❣❛çã♦❀ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ✉♥✐❢♦r♠❡ ❞❡ g✁1✱ ❡①✐st❡
δ → 0 ✭♣❛r❛ δ✮✱ ♣r♦✈❛r❡♠♦s q✉❡ é ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ ❞❡ ψ✳ ❉❡ ❢❛t♦
s❡

dist♣ψh♣tq♣g♣xqq, ψt♣g♣yqqq ➔ δ,

♣❛r❛ t♦❞♦ t P R ❡ h P H
�
0 ♣Rq✳ ◆✐ss♦ t❡♠♦s q✉❡ ❡①✐st❡ s, t0 P R ❝♦♠ ⑤s⑤ ➔ ε t❛❧ q✉❡

φh♣t0q♣xq ✏ φt0�s♣yq✱ ❧♦❣♦ ψh♣t0q♣g♣xqq ✏ ψt0�s♣g♣yqq✳ ❝♦♥❝❧✉✐✲s❡♥❞♦ ❛ ♣r♦✈❛✳

✷✳✹ ❊①❡♠♣❧♦s

◆❡stá s❡❝çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s q✉❡✱ ♣❡❧♦ ❝♦♠♣♦rt❛♠❡♥t♦
❞✐♥â♠✐❝♦ q✉❡ ❛♣r❡s❡♥t❛♠✱ s✉❣❡r❡♠ ❛s ♠❡❧❤♦r❡s ❞❡✜♥✐çõ❡s ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ ❛
s❡r❡♠ ✉s❛❞❛s✳

❊①❡♠♣❧♦ ✷✳✹✳✶✳ ❙❡❥❛ X ⑨ S2 ✏ R
2 ❨ t✽✉ ❞❛❞♦ ♣♦r

X ✏ t✽✉ ❨ t♣n, 0q : n P Z✉ ❨ t♣n,✟
1

m
q : n P Z,m P Z

�, ⑤n⑤ ↕ m✉

❡ ❛ ❛♣❧✐❝❛çã♦ f : X Ñ X ❞❡✜♥✐❞❛ ❝♦♠♦

f :

✩✬✬✫
✬✬✪

f♣✽q ✏ ✽
f♣n, 0q ✏ ♣n� 1, 0q s❡ n P Z

f♣n,✟ 1
m
q ✏ ♣n� 1,✟ 1

m
q s❡ n ➔ m, m P Z

�

f♣m,✟ 1
m
q ✏ ♣✁m,✠ 1

m
q s❡ m P Z

�

▼♦str❛r❡♠♦s ❞✉❛s ♣r♦♣r✐❡❞❛❞❡s✿

❛✮ ❖ ❤♦♠❡♦♠♦r✜s♠♦ f ♥ã♦ é ❡①♣❛♥s✐✈♦✳
■st♦ é✱ ♣❛r❛ ❝❛❞❛ ε → 0✱ ❡①✐st❡♠ ❞✐st✐♥t♦s ♣♦♥t♦s✱ ❞❛ ❢♦r♠❛ ♣0, xq; ♣0,✁xq P
X③t0✉ ✭❝♦♠♦ ♥❛ ✜❣✉r❛ ✷✳✺✮✱ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ✉♠
❤♦♠❡♦♠♦r✜s♠♦ ❡①♣❛♥s✐✈♦✳ ❉❡ ❢❛t♦✱ s❡❥❛ ε → 0✳ P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s ❛
s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡

f j♣0,✟
1

m
q ✏

✩✬✬✬✬✫
✬✬✬✬✪

♣4m� 2� j,✟ 1
m
q ; ✁4m✁ 2 ↕ j ↕ ✁3m✁ 2

♣2m� 1� j,✠ 1
m
q ; ✁3m ↕ j ↕ ✁m✁ 1

♣j,✟ 1
m
q ; ✁m ↕ j ↕ m

♣✁2m✁ 1� j,✠ 1
m
q ; m� 1 ↕ j ↕ 3m� 1

♣✁4m✁ 2� j,✟ 1
m
q ; 3m� 2 ↕ j ↕ 4m� 2

✭✷✳✶✸✮
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❋✐❣✉r❛ ✷✳✺✿ X ⑨ S2

❖❜s❡r✈❛♠♦s q✉❡✱ s❡ fn♣0, xq ✏ ♣y, wq✱ ❡♥tã♦

fn♣0,✁xq ✏ ♣y,✁wq,

♣❛r❛ t♦❞♦ n P Z ❡ ♣0, xq P X③t♣0, 0q✉✳ ◆❡ss❡ s❡♥t✐❞♦✱ ♣❛r❛ ❝❛❞❛ n P Z✱
♣0, xq P X③t0✉

dist♣fn♣0, xq, fn♣0,✁xqq ✏ ⑤fn♣0, xq ✁ fn♣0,✁xq⑤ ✏ 2⑤x⑤,

❆ss✐♠✱ ♣❛r❛ ❝❛❞❛ n P Z ❡ ♣0, xq P X③t♣0, 0q✉

dist♣fn♣0, xq, fn♣0,✁xqq ✏ 2⑤x⑤ ✭✷✳✶✹✮

P❛r❛ ε → 0 ❞❛❞♦✱ ❡①✐st❡ 1
m

t❛❧ q✉❡ ε → 1
m

❛ss✐♠ t♦♠❛♥❞♦ ♣0, 1
2m
q ❡ ♣0,✁ 1

2m
q

♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✶✹✮✱ t❡♠♦s q✉❡ dist♣fn♣0, 1
2m
q, fn♣0,✁ 1

2m
qq ✏ 1

m
➔ ε✳ ❊♠

s✉♠❛❀ ♣❛r❛ t♦❞♦ ε → 0 ❡♥❝♦♥tr❛♠♦s x ✏ ♣0, 1
2m
q P X ❡ y ✏ ♣0,✁ 1

2m
q P X t❛❧

q✉❡ ♣❛r❛ ❝❛❞❛ n P N

dist♣fn♣xq, fn♣yqq ➔ ε,

✐st♦ é f ♥ã♦ é ❡①♣❛♥s✐✈♦✳

❜✮ ❖ ✢✉①♦ s✉s♣❡♥sã♦ φf ❞❡ f ✱ é ❇✲❡①♣❛♥s✐✈♦
❉❡ ❢❛t♦✱ ♣❛r❛ ❛ ❢✉♥çã♦ T : X Ñ R

�✱ ❞❡✜♥✐❞❛ ❝♦♠♦ T ♣xq ✏ 1✱ ♣❛r❛ t♦❞♦ x P X
❡ ♣❡❧❛ ❞❡✜♥✐çã♦ ✭✶✳✶✸✮✱ ❞❡ ✢✉①♦ s✉s♣❡♥sã♦✱ t❡♠♦s q✉❡ ♦ ✢✉①♦ φtf : XT Ñ XT
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❞❡✜♥✐❞❛ ❝♦♠♦ φtf ♣x0, t0q ✏ ♣fx0 , s✶q✱ ♦♥❞❡ n✱ s s❛t✐s❢❛③❡♠

n✁1➳
i✏0

T ♣f i♣x0qq � s✶ ✏ t� t0 , 0 ↕ s✶ ➔ T ♣fn♣x0qq,

q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛

n� s✶ ✏ t� t0 , 0 ↕ s✶ ➔ 1

n ↕ t� t0 ➔ n� 1

n ✏ ✈t� t0✇.

❆ss✐♠
φtf ♣x0, t0q ✏ ♣f ✈t�t0✇♣x0q, t� t0 ✁ ✈t� t0✇q, ✭✷✳✶✺✮

❝♦♥s✐❞❡r❛♥❞♦ δ ✏ 1✱ ♠♦str❛r❡♠♦s q✉❡ é ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡
❞♦ ✢✉①♦✳ ❙❡❥❛♠ ❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s ❡♠ X✱ ♣p,✟ 1

m
q P X✱ ♣q,✟ 1

n
q P X✱

❝♦♠ 0 ➔ m ➔ n ♦s ♣♦♥t♦s ♣♣p,✟ 1
m
q, t1q, ♣♣q,✟

1
n
q, t2q✱ ❝♦♠ t1, t2 P r0, 1s ♥❛

✈❛r✐❡❞❛❞❡ s✉s♣❡♥sã♦ X ✂ r0, 1s④ ✒✱ ♦♥❞❡ ❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ✒ é t❛❧ q✉❡
♣x, 1q ✒ ♣f♣xq, 0q✳ P❡❧❛ ❡q✉❛çã♦ ✭✷✳✶✺✮ ❛s ór❜✐t❛s ❞♦s ♣♦♥t♦s ♥❛ ✈❛r✐❡❞❛❞❡
s✉s♣❡♥sã♦ sã♦✿

O♣♣p,✟ 1

m
q,t1q

✏ tφtf ♣♣p,✟
1
m
q④t P R

�✉ ✏ t♣fk♣p,✟ 1
m
q, rq④ k P Z, r P r0, 1s✉

O♣♣q,✟ 1

n
q,t1q

✏ tφtf ♣♣q,✟
1
n
q④t P R

�✉ ✏ t♣fk♣q,✟ 1
n
q, rq④ k P Z, r P r0, 1s✉.

❆s ór❜✐t❛s sã♦ ❞✐st✐♥t❛s ♣♦✐s ❛s s❡❣✉♥❞❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ fk♣p,✟ 1
m
q, fk♣q,✟ 1

n
q

sã♦ ✟ 1
m

❡ ✟ 1
n
✳

❱❛♠♦s ♣r♦✈❛r q✉❡ ♣❛r❛ t ✏ m � 1 ✁ p � k✱ ♦♥❞❡ k é ♦ ♥ú♠❡r♦ ❞❛ k✲és✐♠❛
❝♦♠♣♦s✐çã♦ ❞❡ f ✱ ❛s ♣r✐♠❡✐r❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ fk♣p, 1

m
q ❡ fk♣q, 1

n
q ❝♦✐♥❝✐❞❡♠

✭k ✏ 0 s❡ ♥ã♦ ❝♦✐♥❝✐❞❡♠ ♣❛r❛ t♦❞♦ ✐♥t❡✐r♦✮✳

dist♣φtf ♣♣p,✟
1

m
q, t1q, φ

t
f ♣♣q,✟

1

n
q, t2q → δ ✏ 1

♦♥❞❡ dist é ❛ ✐♥❞✉③✐❞❛ ♣❡❧❛ ♥♦r♠❛ ❡✉❝❧✐❞✐❛♥❛ ♥♦ R3✳ ❉❡ ❢❛t♦✱ ❜❛st❛ ❞❡♠♦♥str❛r
q✉❡ dist♣f t♣p, 1

m
q, f t♣q, 1

n
qq → 1✳

❆ s❡❣✉✐♥t❡ ♦❜s❡r✈❛çã♦ ♠♦str❛ q✉❡ ❡①✐st❡♠ ♣♦♥t♦s x0 ✏ ♣✁1, 1
2
q ❡ y0 ✏ ♣✁7, 1

7
q

t❛❧ q✉❡ fk♣x0q ❡ fk♣y0q ♥ã♦ t❡♠ ♣r✐♠❡✐r❛s ❝♦♦r❞❡♥❛❞❛s ✐❣✉❛✐s ♣❛r❛ q✉❛✐sq✉❡r
k P Z✳
❖❜s❡r✈❛çã♦
❙❡ x0 ✏ ♣✁1, 1

2
q✱ y0 ✏ ♣✁7, 1

7
q ❡♥tã♦ fk1 ♣x0q ✘ fk1 ♣y0q✱ ♣❛r❛ ❝❛❞❛ k P Z✱ ♦♥❞❡

fk1 s✐❣♥✐✜❝❛ ♣r✐♠❡✐r❛ ❝♦♦r❞❡♥❛❞❛ ❞❡ fk✳
P♦r ❛❜s✉r❞♦✱ s✉♣♦♥❞♦ q✉❡ ❡①✐st❡ r P Z t❛❧ q✉❡ f r1 ♣x0q ✏ f r1 ♣y0q✳ ❆ss✐♠
❝♦♠♦ f r1 ♣x0q P t✁2,✁1, 0, 1, 2✉ ❡ f r1 ♣y0q P t✁7,✁6, ☎ ☎ ☎ , 6, 7✉ t❡♠♦s q✉❡ ♣❡❧❛s
♣r♦♣r✐❡❞❛❞❡s ❞❛ ❡q✉❛çã♦ ✭✷✳✶✸✮✱ f 5

1 ♣x0q ✏ ✁1✱ f 15
1 ♣y0q ✏ ✁7✳ ❉❡ss❛ ❢♦r♠❛✱

r t❡♠ q✉❡ s❡r ♠ú❧t✐♣❧♦ ❞❡ 5 ❡ ❝♦♥❣r✉❡♥t❡ ❛ ✻ ♠♦❞✉❧♦ ✶✺✱ ♣♦✐s ♦ ♣❡rí♦❞♦
❞❡ ✁1 é 5 ❡ ❞❡ ✁7 é 15✳ ❊♥tã♦✱ ♣❛r❛ q✉❡ f r♣✁7, 1

7
q ✏ f r♣y0q ✏ ✁1✱

r ✏ 5k1 ✏ 15k2 � ♣✁1q ✁ ♣✁7q ✏ 15k2 � 6✳ ❆ss✐♠✱ ❞❡♥♦t❛♥❞♦ 5 ♦s ♠ú❧t✐♣❧♦ ❞❡
5✱ 5✁ 5✁ 1✁ 15 ✏ 0✱ ❡♥tã♦ 5 ✏ 1 ❛❜s✉r❞♦ ♣♦✐s✱ 1 ♥ã♦ é ♠ú❧t✐♣❧♦ ❞❡ 5✳
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P❡❧❛ ♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r✱ t❡♠♦s ❞♦✐s ❝❛s♦s✿
❈❛❞❛ k P Z s❛t✐s❢❛③

fk1 ♣p,
1

m
q ✘ fk1 ♣q,

1

n
q,

❆ss✐♠ ❝♦♥s✐❞❡r❛♥❞♦ t ✏ m� 1✁ p ❧♦❣♦

dist♣f t♣p,
1

m
q, f t♣q,

1

n
qq ➙ ⑤f t1♣p,

1

m
q ✁ f t1♣q,

1

n
q⑤ → 1.

❊①✐st❡ k P Z t❛❧ q✉❡

fk1 ♣p,
1

m
q ✏ fk1 ♣q,

1

n
q,

♥❡st❡ ❝❛s♦✱ ❝♦♥s✐❞❡r❡ t ✏ k�m� 1✁ p ❡♠ q✉❡ k é ❛ ✐t❡r❛❞❛ ♦♥❞❡ ❛s ♣r✐♠❡✐r❛s
❝♦♦r❞❡♥❛❞❛s ❞❡ fk♣p, 1

m
q✱fk♣q, 1

n
q ❝♦✐♥❝✐❞❡♠✱ ❡ ♣♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡

❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ fk1 ♣p,
1
m
q ✏ fk1 ♣q,

1
n
q ✏ p✱ ♣♦✐s ♣♦❞❡♠♦s ❝♦♠♣♦r ❛❧❣✉♠❛s

✈❡③❡s ❛té ❝❤❡❣❛r ❛ p✳ ◆❡ss❡ s❡♥t✐❞♦✿

dist♣f t♣p,
1

m
q, f t♣q,

1

n
qq ✏ ⑤fm�n✁p♣p,✟

1

m
q, fm�1✁p♣q,✟

1

n
q⑤ ✭✷✳✶✻✮

❆❣♦r❛✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✷✳✶✸✮✱ ♣❛r❛ p → 0 t❡♠♦s fm�1✁p♣p,✟ 1
m
q ✏

fm�1♣0,✟ 1
m
q ✏ ♣✁m,✟ 1

m
q ❡ ❝♦♠♦ m ➔ n✱ m � 1 ↕ n ❡♥tã♦ fm�1✁p♣p,✟ 1

n
q ✏

fm�1♣0,✟ 1
n
q ✏ ♣m�1,✟ 1

n
q✳ ❆ss✐♠✱ ♣❡❧♦s r❡s✉❧t❛❞♦s ❞❛ ❡q✉❛çã♦ ✭✷✳✶✻✮✱ t❡♠♦s

q✉❡

dist♣f t♣p,
1

m
q, f t♣q,

1

n
qq ✏ ⑤♣✁m✁m✁ 1,✟

1

m
✟

1

n
q⑤ → 1.

❝♦♥❝❧✉✐✲s❡♥❞♦ q✉❡ ♦ ✢✉①♦ φf é ❇✲❡①♣❛♥s✐✈♦✳

❊①❡♠♣❧♦ ✷✳✹✳✷✳ ❙❡❥❛ f ❛ ❢✉♥çã♦ ✐❞❡♥t✐❞❛❞❡ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ r0, 1s ❡ φ ✉♠❛
s✉s♣❡♥sã♦ ❞❡ f ♣♦r ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡ c : r0, 1s Ñ R

� ✭✈❡r ✜❣✉r❛ ✷✳✻✮✳ ❊♥tã♦
t♦❞❛s ❛s ór❜✐t❛s ❞❡ φ sã♦ ♣❡r✐ó❞✐❝❛s ❡ ♦s ♣❡rí♦❞♦s sã♦ t♦❞♦s ❞✐st✐♥t♦s✳ φ é ❈✲
❡①♣❛♥s✐✈♦✱ ♠❛s f ♥ã♦ é ❡①♣❛♥s✐✈♦✳ ❆❧é♠ ❞✐ss♦✱ é ❡①♣❛♥s✐✈♦ ❛♦ ❢✉t✉r♦ ❡ ❛ ❈✲
❡①♣❛♥s✐✈✐❞❛❞❡ ❞❡st❡ ✢✉①♦ φ ♥ã♦ é ✐♥✈❛r✐❛♥t❡ ♣♦r ❡q✉✐✈❛❧ê♥❝✐❛ t♦♣♦❧ó❣✐❝❛✳

▼♦str❛r❡♠♦s três ♣r♦♣r✐❡❞❛❞❡s✿

❛✮ f ♥ã♦ é ❡①♣❛♥s✐✈♦ ❀
P❛r❛ ✐ss♦✱ s❡❥❛ δ → 0✳ ❈♦♠♦ N ♥ã♦ é ❧✐♠✐t❛❞♦ s✉♣❡r✐♦r♠❡♥t❡✱ t❡♠♦s q✉❡ ❡①✐st❡
k P N t❛❧ q✉❡ δ → 1

♣kq♣k�1q
✳ ❆❣♦r❛✱ t♦♠❛♥❞♦ x ✏ 1

k�1
❡ y ✏ 1

k
t❡♠♦s q✉❡✿

dist♣fn♣xq, fn♣yqq ✏ dist♣x, yq ✏
1

♣kq♣k � 1q
➔ δ

♣❛r❛ t♦❞♦ n P Z✱ ❡♠❜♦r❛ x ✘ y✳ ▲♦❣♦✱ f ♥ã♦ é ❡①♣❛♥s✐✈♦✳

❜✮ ❆s ór❜✐t❛s ❞❡ φ sã♦ ♣❡r✐ó❞✐❝❛s ❡ φ é ❈✲❡①♣❛♥s✐✈♦❀
❈♦♠♦ ♦ ✢✉①♦ s✉s♣❡♥sã♦ s❡rá ✿ φt♣x, sq ✏ ♣f rt�ss♣xq, tt � s✉q✱ ♣❛r❛ t ♣❡q✉❡♥♦
t❡♠ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛❀ φt♣x, sq ✏ ♣x, t � sq ❝♦♠ 0 ↕ t � s ➔ 1✳ ❆ss✐♠
φc♣xq♣x, sq ✏ ♣x, s� c♣xqq ✒ ♣x, sq✱ ♣❛r❛ ❝❛❞❛ ♣x, sq P r0, 1sc✳



✸✾ ✷✳✹✳ ❊❳❊▼P▲❖❙

❆ ❈✲❡①♣❛♥s✐✈✐❞❛❞❡✿ ❙❡❥❛ ε → 0✱ ❢❛ç❛♠♦s δ ✏ mintc♣xq④x P r0, 1s✉✳ ❙❡ ⑤s⑤ ➔ ε

✱♣y, s1q ✘ φs♣x, s0q ♣❛r❛ t ♣❡q✉❡♥♦✱ dist♣φt♣x, s0q, φt♣y, s1qq ✏ dist♣♣x, s0 �
tq, ♣y, s1 � tqq s✉♣♦♥❞♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ 0 ↕ s0 ↕ s1✳
s❡ ♣❛r❛ t ✏ c♣xq ✁ s0✱ s1 � t ➙ δ t❡♠♦s

dist♣φt♣♣x, s0q, φt♣y, s1qq ✏ dist♣♣x, 0q, ♣y, s1 � tqq ➙ ⑤s1 � t⑤ ➙ δ

❙❡ ♣❛r❛ t ✏ c♣xq✁ s0✱ s1� t ➔ δ✱ t❡♠♦s t1 ✏ n♣c♣xqq ♣❛r❛ n t❛❧ q✉❡ t1� s1 ➙ δ

❡ ❛ss✐♠✱ s❡ t ✏ t� t1 t❡♠♦s

dist♣φt♣x, s0q, φt♣y, s1qq ✏ dist♣♣x, 0q, ♣y, s1 � tqq ➙ ⑤s1 � t⑤ ➙ δ

❈♦♠♦ t ➙ 0✱ φ é ❈✲❡①♣❛♥s✐✈♦ ❛♦ ❢✉t✉r♦✳

❝✮ ❯♠ ✢✉①♦ φ ❈✲❡①♣❛♥s✐✈♦ ♥ã♦ é ✐♥✈❛r✐❛♥t❡ ♣♦r ❝♦♥❥✉❣❛çã♦ t♦♣♦❧ó❣✐❝❛❀
❙❡❥❛ h : r0, 1sc Ñ r0, 1s1 ❞❡✜♥✐❞❛ ❝♦♠♦ h♣p, sq ✏ ♣p, s

c♣pq
q✳

Xt ✏ h ✆ φtc♣pq ✆ h
✁1 é ✉♠ ✢✉①♦ ❡♠ r0, 1s1

ψt♣p, rq ✏ Xtc♣pq♣p, rq é ✉♠❛ ♠✉❞❛♥ç❛ t❡♠♣♦r❛❧ ❞❡ Xt✳ ❆ss✐♠✿

ψ0♣p, rq ✏ X0c♣pq♣p, rq ✏ X0♣p, rq ✏ h ✆ φ0 ✆ h
✁1♣p, rq ✏

h ✆ h✁1♣p, rq ✏ ♣p, rq

ψ1♣p, rq ✏ X1c♣pq♣p, rq ✏ Xc♣pq♣p, rq ✏ h ✆ φc♣pq ✆ h
✁1♣p, rq

✏ h ✆ φc♣pq♣p, rc♣pqq ✏ h♣p, rc♣pqq ✏ ♣p,
rc♣pq

c♣pq
q ✏ ♣p, rq

▲♦❣♦✱ ♦s ❞✐â♠❡tr♦s ❞❛s ór❜✐t❛s sã♦ ❝♦♥st❛♥t❡s✱ diam♣O♣p, rqq ✏ 1 ♣❛r❛ ❝❛❞❛
♣p, rq P r0, 1s1✱ ❡ ♥❡ss❡ s❡♥t✐❞♦✱ φ ♥ã♦ é ❡①♣❛♥s✐✈♦ ♣♦✐s ♣♦❞❡♠♦s t♦♠❛r ♦s
♣♦♥t♦s ♣x, 0q ✏ ♣ 1

k�1
, 0q ❡ ♣y, 0q ✏ ♣ 1

k
, 0q✱ ✐ss♦ ❛❝♦♥t❡❝❡ s❡♠❡❧❤❛♥t❡♠❡♥t❡ ❛♦

r❡s✉❧t❛❞♦ ♦♥❞❡ s❡ ♠♦str❛ q✉❡ f ♥ã♦ é ❡①♣❛♥s✐✈♦✳

h

11

(x,so)

(y,s1)

(x, c(x))

❋✐❣✉r❛ ✷✳✻✿ ❱❛r✐❡❞❛❞❡s s✉s♣❡♥sã♦ ❤♦♠❡♦♠♦r❢❛s

❊①❡♠♣❧♦ ✷✳✹✳✸✳ ❙❡❥❛♠ X ✉♠ ❝❛♠♣♦ ♥♦ t♦r♦ T
2 :✏ R2

Z2 ✱ q✉❡ ❣❡r❛ ✉♠ ✢✉①♦
✐rr❛❝✐♦♥❛❧ q✉❡ ♥ã♦ t❡♠ ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❡ ♥ã♦ é ❡①♣❛♥s✐✈♦✱ ❡ f : T2 Ñ r0, 1s
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❝♦♥tí♥✉❛ q✉❡ só s❡ ❛♥✉❧❛ ♥♦ ♣♦♥t♦ p P T
2✳ ❉❡✜♥✐♠♦s ♦ ✢✉①♦ φ ❣❡r❛❞♦ ♣❡❧♦ ❝❛♠♣♦

fX✳

▼♦str❛r❡♠♦s ❞✉❛s ♣r♦♣r✐❡❞❛❞❡s✿

❛✮ φ é ❈✲❡①♣❛♥s✐✈♦✳
P❡❧♦ ❚❡♦r❡♠❛ ✻✳✷✳✽ ❡♠ ❬✹❪ s❡ ❞❡♠♦♥str❛ q✉❡ ♦ ✢✉①♦ q✉❡ t❡♠ ♣♦♥t♦s s✐♥❣✉❧❛r❡s
s❡❧❛ ❡ ❛ ✉♥✐ã♦ ❞❛s s✉❛s s❡♣❛r❛tr✐③❡s é ❞❡♥s❛ ❡ φ ❡ ❈✲❡①♣❛♥s✐✈♦

❜✮ φt♣xq ✏ x�
➩t
0
f♣φr♣xqq❇rX ❡ s❡✉s ✢✉①♦s ❝♦♥❥✉❣❛❞♦s sã♦ ❈✲❡①♣❛♥s✐✈♦s✳

❉❡ ❢❛t♦✱ s❡❥❛ ε → 0 ❡ ψ ✉♠ ✢✉①♦ ❝♦♥❥✉❣❛❞♦ ♠❡❞✐❛♥t❡ h✱ ✉♠❛ ❝♦♥❥✉❣❛çã♦
t♦♣♦❧ó❣✐❝❛ ❞❡ φ✱ ❝♦♠♦ T

2 é✱ ❝♦♠♣❛❝t♦ ❡ h é ❝♦♥tí♥✉❛✱ t❡♠♦s q✉❡ h✁1 é
✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉❛✱ ✐st♦ é✱ ♣❛r❛ ♦ δ → 0 ❝♦♥st❛♥t❡ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡
❞❡ φ ❡①✐st❡ δ → 0 t❛❧ q✉❡ dist♣x, yq ➔ δ ñ dist♣h✁1♣xq, h✁1♣yqq ➔ δ✳ ❆❣♦r❛✱ s❡
dist♣ψt♣xq, ψt♣yqq ➔ δ ♣❛r❛ ❝❛❞❛ t P R ❡♥tã♦ ♣❡❧♦ ❢❛t♦ ❞❡ h✁1 s❡r ✉♥✐❢♦r♠❡♠❡♥t❡
❝♦♥tí♥✉❛ t❡♠♦s q✉❡ dist♣h✁1 ✆ ψt♣xq, h

✁1 ✆ ψt♣yqq ➔ δ ♣❛r❛ ❝❛❞❛ t P R✱
♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ dist♣φt ✆ h

✁1♣xq, φt ✆ h
✁1♣yqq ➔ δ ♣❛r❛ ❝❛❞❛ t P R✳

❆ss✐♠ ❝♦♠♦ δ é ❝♦♥st❛♥t❡ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ t❡♠♦s q✉❡ ❡①✐st❡ ⑤s⑤ ➔ ε t❛❧ q✉❡
φs♣h

✁1q♣xq ✏ ♣h✁1q♣yq ❡♠ q✉❡ h✁1 ✆ ψs ✆ h ✆ h✁1♣xq ✏ h✁1♣yq✱ ♦ q✉❡ ✐♠♣❧✐❝❛
q✉❡ ψs♣xq ✏ y✳

x
y

p

Φt(x)

Φt(y)

❋✐❣✉r❛ ✷✳✼✿ ✢✉①♦ s♦❧✉çã♦ ❞♦ ❝❛♠♣♦ fX

✷✳✺ ❘❡❧❛çõ❡s ❡♥tr❡ ❛s ❞❡✜♥✐çõ❡s

◆❡stá s❡❝çã♦ ♠♦str❛r❡♠♦s ❛❧❣✉♠❛s r❡❧❛çõ❡s ❡♥tr❡ ❛s ❞✐❢❡r❡♥t❡s ❞❡✜♥✐çõ❡s
❛♣r❡s❡♥t❛❞❛s ♥❛ s❡❝çã♦ ❛♥t❡r✐♦r✳ ◆❛ ✜❣✉r❛ ✷✳✽ t❡♠♦s ✉♠ ❡sq✉❡♠❛ ❞♦s r❡s✉❧t❛❞♦s
❞❡st❛ s❡❝çã♦✳
❆ ❞❡✜♥✐çã♦ ✷✳✷ ❞❡ ✉♠ ✢✉①♦ ❆✲❡①♣❛♥s✐✈♦ ✜❝❛ ❞❡s❝❛rt❛❞❛✱ ♣♦✐s ❛ ♣r♦♣♦s✐çã♦ ✷✳✶✳✶
❞✐③ q✉❡ ♦s ❡s♣❛ç♦s ♠étr✐❝♦s ❝♦♠♣❛❝t♦s q✉❡ s✉♣♦rt❛♠ ✉♠ ✢✉①♦ ❆✲❡①♣❛♥s✐✈♦ sã♦
❝♦♥❥✉♥t♦s ✜♥✐t♦s✳

Pr♦♣♦s✐çã♦ ✷✳✺✳✶✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ ●✲❡①♣❛♥s✐✈♦ ❡♠ X✱ ❡♥tã♦ φ é ❑✲❡①♣❛♥s✐✈♦✳
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❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ ●✲❡①♣❛♥s✐✈♦✱ ❞❛❞♦ ε → 0 ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✸✳✸✱
❡①✐st❡ δ → 0 t❛❧ q✉❡ s❡ ♦s ♣♦♥t♦s x, y s❛t✐s❢❛③ dist♣φh♣tq♣xq, φt♣yqq ➔ δ ♣❛r❛ ❝❛❞❛
t P R✱ ❡♥tã♦ ❡①✐st❡ s P R✱ ⑤s⑤ ➔ ε ❡ x ✏ φs♣yq❀ ❛❣♦r❛✱ s❡ t0 ✏ 0✱ t❡♠♦s q✉❡
φh♣t0q♣xq ✏ φs�t0♣yq✳ P♦rt❛♥t♦ φ é ❑✲❡①♣❛♥s✐✈♦✳

❆ r❡❝í♣r♦❝❛ ♥ã♦ é ✈❡r❞❛❞❡✐r❛✱ ♣♦✐s s❡ ❢♦ss❡✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✸✳✷✱ ♦ ✢✉①♦ ❑✲
❡①♣❛♥s✐✈♦ t❡r✐❛ ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❝♦♠♦ s❡♥❞♦ ♣♦♥t♦s ✐s♦❧❛❞♦s ❞♦ ❡s♣❛ç♦ X✳ ❖
✢✉①♦ ❞❡ ▲♦r❡♥③ r❡♣r❡s❡♥t❛ ✉♠ ❝♦♥tr❛✲❡①❡♠♣❧♦✱ ❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✶✻❪✳

Pr♦♣♦s✐çã♦ ✷✳✺✳✷✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ ❏✲❡①♣❛♥s✐✈♦ ❡♠ X✱ ❡♥tã♦ φ é ■✲❡①♣❛♥s✐✈♦

❉❡♠♦♥str❛çã♦✳ ❙❡ φ é ♦ ✢✉①♦ ❏✲❡①♣❛♥s✐✈♦ ❡♠ X✱ ♣♦r ❞❡✜♥✐çã♦ ✷✳✶✵ ❡①✐st❡ ✉♠❛
❝♦♥st❛♥t❡ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ δ → 0 t❛❧ q✉❡ s❡ ❞♦✐s ♣♦♥t♦s x, y sã♦ t❛✐s q✉❡ ❡①✐st❡
✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❝r❡s❝❡♥t❡ h : R Ñ R q✉❡ ✜①❡ ③❡r♦ h♣0q ✏ 0✱ ✐st♦ é h P H

�
0 ❀ ❡

♣❛r❛ ❝❛❞❛ t P R

dist♣φh♣tq♣xq, φt♣yqq ➔ δ,

❡♥tã♦ x, y ❡stã♦ ♣ró①✐♠♦s ❡♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦ ✉♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ y P φ♣✁δ,δq✳
▲♦❣♦ ❢❛③❡♥❞♦ ε ✏ δ ❡ ❝♦♠♦ h é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❡♠ R✱ ♦❜t❡♠♦s q✉❡ ♦s ♣♦♥t♦s
❝✉♠♣r❡♠ y P φ♣✁ε,εq✳ ■st♦ é ♦ ✢✉①♦ φ é ■✲❡①♣❛♥s✐✈♦✳

Pr♦♣♦s✐çã♦ ✷✳✺✳✸✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ α✲❡①♣❛♥s✐✈♦ ❡♠ X✱ ♦♥❞❡ α P tG, I, J✉✱ ❡♥tã♦
φ é ❋✲❡①♣❛♥s✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡ φ é ✉♠ ✢✉①♦ ●✲❡①♣❛♥s✐✈♦ ❡♠ X✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✸✳✸✱ ♣❛r❛
q✉❛❧q✉❡r ε → 0 ❡①✐st❡ δ → 0 t❛❧ q✉❡ s❡ ❞♦✐s ♣♦♥t♦s x, y sã♦ t❛✐s q✉❡ ❡①✐st❡♠ ✉♠
❤♦♠❡♦♠♦r✜s♠♦ h P H

�
0 ❀ ❡ ♣❛r❛ ❝❛❞❛ t P R

dist♣φh♣tq♣xq, φt♣yqq ➔ δ,

❡♥tã♦ x, y ❡stã♦ ♣ró①✐♠♦s ❡♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦ ❡♠ ✉♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛✱ ✐st♦
é✱ ❡①✐st❡ s P R t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡ y ✏ φs♣xq✳ ❆ss✐♠ ❜❛st❛ ✜①❛r ε ✏ ε0✱ ❝♦♥st❛♥t❡
♣♦s✐t✐✈❛✱ ❡✱ s♦❜ t❛❧ ♣❡rs♣❡❝t✐✈❛✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✸✳✸✱ ❡①✐st✐rá δ0 → 0 t❛❧ q✉❡ s❡
❞♦✐s ♣♦♥t♦s x, y sã♦ t❛✐s q✉❡ ❡①✐st❡♠ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h P H

�
0 ❀ ❡ ♣❛r❛ ❝❛❞❛

t P R

dist♣φh♣tq♣xq, φt♣yqq ➔ δ,

❡♥tã♦✱ ❡①✐st❡ s P R t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡ y ✏ φs♣xq✱ ❧♦❣♦ φ s❡rá ❋✲❡①♣❛♥s✐✈♦✳
❙❡ ♦ ✢✉①♦ φ é ■✲❡①♣❛♥s✐✈♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ✷✳✶✵✱ ❡①✐st❡♠ ε → 0✱ δ → 0 t❛❧ q✉❡ s❡
❞♦✐s ♣♦♥t♦s x, y sã♦ t❛✐s q✉❡ ❡①✐st❡♠ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h ❡♠ R❀ ❡ ♣❛r❛ ❝❛❞❛
t P R

dist♣φh♣tq♣xq, φt♣yqq ➔ δ,

❡♥tã♦ ❡①✐st❡ s P R t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡ y ✏ φs♣xq✳ ❉❡ss❡ ♠♦❞♦✱ s❡ t❡♠♦s ❞♦✐s
♣♦♥t♦s x, y t❛❧ q✉❡ ❡①✐st❡♠ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h P H

�
0 ❀ ❡ ♣❛r❛ ❝❛❞❛ t P R✱

dist♣φh♣tq♣xq, φt♣yqq ➔ δ✱ ♣❡❧❛ ■✲❡①♣❛♥s✐✈✐❞❛❞❡ ❞♦ ✢✉①♦ φ t❡♠♦s q✉❡ ❡①✐st❡ s P R

t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡ y ✏ φs♣xq✱ ❧♦❣♦ φ é ❋✲❡①♣❛♥s✐✈♦✳
❙❡ ♦ ✢✉①♦ φ é ❏✲❡①♣❛♥s✐✈♦✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✺✳✷ t❡♠♦s q✉❡ ♦ φ é ■✲❡①♣❛♥s✐✈♦ ❡
♣❡❧♦ q✉❡ ♣r♦✈❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡ t❡♠♦s q✉❡ ♦ ✢✉①♦ é ❋✲❡①♣❛♥s✐✈♦✳
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❈♦♠ ❡st❛ ♣r♦♣♦s✐çã♦ ✷✳✺✳✸✱ ♥❡♥❤✉♠ ✢✉①♦ α✲❡①♣❛♥s✐✈♦✱ ♦♥❞❡ α P tF, I, J✉✱
♣♦❞❡ s❡r ❑✲❡①♣❛♥s✐✈♦✳

Pr♦♣♦s✐çã♦ ✷✳✺✳✹✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ α✲❡①♣❛♥s✐✈♦ ❡♠ X✱ ♦♥❞❡ α P tF,G, I, J,K✉✱
❡♥tã♦ φ é ❍✲❡①♣❛♥s✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡ φ é ✉♠ ✢✉①♦ ❋✲❡①♣❛♥s✐✈♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ✷✳✼ ❞❡ ❋✲
❡①♣❛♥s✐✈✐❞❛❞❡✱ ❡①✐st❡♠ ε → 0✱ δ → 0 t❛❧ q✉❡ s❡ ❞♦✐s ♣♦♥t♦s x, y sã♦ t❛✐s q✉❡
❡①✐st❡♠ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h P H

�
0 ❡♠ R❀ ❡ ♣❛r❛ ❝❛❞❛ t P R

dist♣φh♣tq♣xq, φt♣yqq ➔ δ,

❡♥tã♦ ❡①✐st❡ s P R t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡ y ✏ φs♣xq✳ ❆ss✐♠✱ ♣❡❧♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ♦s
♣♦♥t♦s s❛t✐s❢❛③❡♠ y ✏ φs♣xq ❡♠ q✉❡ y P φR♣xq✳ ▲♦❣♦✱ φ é ❍✲❡①♣❛♥s✐✈♦✳
❙❡ φ é ✉♠ ✢✉①♦ α✲❡①♣❛♥s✐✈♦✱ ♦♥❞❡ α P tG, I, J✉✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✺✳✸ φ é ✉♠ ✢✉①♦
❋✲❡①♣❛♥s✐✈♦✱ ❧♦❣♦ ❝♦♥❝❧✉í♠♦s✱ ♣❡❧❛ ♣r♦✈❛ ❛♥t❡r✐♦r✱ q✉❡ ✉♠ ✢✉①♦ φ ❋✲❡①♣❛♥s✐✈♦ é
❍✲❡①♣❛♥s✐✈♦✳
❙❡ φ é ✉♠ ✢✉①♦ ❑✲❡①♣❛♥s✐✈♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ✷✳✶✷ ❞♦s ✢✉①♦s ❑✲❡①♣❛♥s✐✈♦s ♣❛r❛
✉♠ ♥ú♠❡r♦ ♣♦s✐t✐✈♦✱ ✜①❛❞♦ ε0 → 0✱ ❡①✐st❡ δ0 → 0 t❛❧ q✉❡ s❡ ❞♦✐s ♣♦♥t♦s x, y ♥ã♦
s❡ s❡♣❛r❛♠✱ ✐st♦ é✱ ❡①✐st❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h P H

�
0 ❀ ❡ ♣❛r❛ ❝❛❞❛ t P R

dist♣φh♣tq♣xq, φt♣yqq ➔ δ,

❡♥tã♦ ❡①✐st❡♠ s, t0 P R t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡ φh♣t0q♣xq ✏ φs�t0♣yq✳ ❈♦♠ ✐ss♦ ❝♦♥❝❧✉í♠♦s
q✉❡ y P φR♣yq✱ ❡ q✉❡ ♣♦rt❛♥t♦✱ φ é ❍✲❡①♣❛♥s✐✈♦✳

Pr♦♣♦s✐çã♦ ✷✳✺✳✺✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ α✲❡①♣❛♥s✐✈♦ ❡♠ X✱ ♦♥❞❡ α P tD,G,K✉❀ ♦✉
φ ❡ s✉❛s ♠✉❞❛♥ç❛s t❡♠♣♦r❛✐s sã♦ ❈✲❡①♣❛♥s✐✈❛s❀ ❡♥tã♦ φ é ❈✲❡①♣❛♥s✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ ❉✲❡①♣❛♥s✐✈♦✱ t♦♠❛♥❞♦ ♦ ❤♦♠❡♦♠♦r✜s♠♦ ❞❛
✐❞❡♥t✐❞❛❞❡ Id : X Ñ X t❡♠♦s q✉❡ ♦ ✢✉①♦ φ ❡ ❡q✉✐✈❛❧❡♥t❡ t♦♣♦❧ó❣✐❝♦ ❝♦♠ φ✱
❡♥tã♦ ♣♦r ❞❡✜♥✐çã♦ ✷✳✺ ❞❡ ✢✉①♦ ❉✲❡①♣❛♥s✐✈♦ φ é ❈✲❡①♣❛♥s✐✈♦✳
❙❡❥❛ φ ✉♠ ✢✉①♦ ●✲❡①♣❛♥s✐✈♦✱ ♣❛r❛ ε → 0 ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ●✲❡①♣❛♥s✐✈✐❞❛❞❡
δ → 0✳ ❙❡ ❞♦✐s ♣♦♥t♦s x, y t❛✐s q✉❡ dist♣φt♣xq, φt♣yqq ➔ δ ❡♥tã♦ ♣❡❧❛ ●✲
❡①♣❛♥s✐✈✐❞❛❞❡ t❡♠♦s q✉❡ ❡①✐st❡ s P R t❛❧ q✉❡ φs♣xq ✏ y✳ P♦rt❛♥t♦ φ é ❈✲
❡①♣❛♥s✐✈♦✳
❙❡ φ é ✉♠ ✢✉①♦ ❑✲❡①♣❛♥s✐✈♦ ❡♠ ❬✹❪ ❞❡♠♦♥str❛✲s❡ q✉❡ é ❈✲❡①♣❛♥s✐✈♦✳
❙❡ φ é ✉♠ ✢✉①♦ ♦♥❞❡ ❛s ♠✉❞❛♥ç❛s t❡♠♣♦r❛✐s sã♦ ❈✲❡①♣❛♥s✐✈❛s✱ ❡♠ ❬✹❪ ❞❡♠♦♥str❛
q✉❡ é ❈✲❡①♣❛♥s✐✈♦✳

Pr♦♣♦s✐çã♦ ✷✳✺✳✻✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ α✲❡①♣❛♥s✐✈♦ ❡♠ X✱ ♦♥❞❡ α P tG,K✉✱ ❡♥tã♦
φ é ❉✲❡①♣❛♥s✐✈♦

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ ❑✲❡①♣❛♥s✐✈♦✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✸✳✺ ❡♠ q✉❡ t♦❞♦
✢✉①♦ t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞♦ ψ é ❑✲❡①♣❛♥s✐✈♦✱ ❡ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✺✳✺ q✉❡ ❞✐③
q✉❡ ✉♠ ✢✉①♦ ❑✲❡①♣❛♥s✐✈♦ é ❈✲❡①♣❛♥s✐✈♦✱ t❡♠♦s q✉❡ ψ é ❈✲❡①♣❛♥s✐✈♦✳ ♣♦rt❛♥t♦
s❡❣✉♥❞♦ ❛ ❞❡✜♥✐çã♦ ✷✳✺ ❞❡ ✉♠ ✢✉①♦ ❉✲❡①♣❛♥s✐✈♦✱ t❡♠♦s q✉❡ φ é ❉✲❡①♣❛♥s✐✈♦✳
❙❡❥❛ φ ✉♠ ✢✉①♦ ●✲❡①♣❛♥s✐✈♦✱ ♣❡❧♦ ❝♦r♦❧ár✐♦ ✹ ❞♦ t❡♦r❡♠❛ ✸ ❡♠ ❬✻❪✱ q✉❡ ❞✐③
q✉❡ ✉♠ ✢✉①♦ ●✲❡①♣❛♥s✐✈♦ é ✐♥✈❛r✐❛♥t❡ ♣♦r ❝♦♥❥✉❣❛çã♦ t♦♣♦❧ó❣✐❝❛✱ t❡♠♦s q✉❡
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q✉❛❧q✉❡r ✢✉①♦ ψ q✉❡ é t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛ φ é ●✲❡①♣❛♥s✐✈♦✳ ❆❣♦r❛✱
♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✺✳✺ t❡♠♦s q✉❡ φ é ❈✲❡①♣❛♥s✐✈♦✳ ▲♦❣♦✱ φ é ❉✲❡①♣❛♥s✐✈♦✳

Pr♦♣♦s✐çã♦ ✷✳✺✳✼✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ α✲❡①♣❛♥s✐✈♦ ❡♠ X✱ ♦♥❞❡ α P tD,G,K✉✱
❡♥tã♦ q✉❛❧q✉❡r ψ ♠✉❞❛♥ç❛ t❡♠♣♦r❛❧ ❞❡ φ é ❈✲❡①♣❛♥s✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡ φ é ✉♠ ✢✉①♦ ❉✲❡①♣❛♥s✐✈♦✱ ❡ ψ ✉♠❛ ♠✉❞❛♥ç❛ t❡♠♣♦r❛❧ ❞❡ φ✱ ❡
♣♦r ❞❡✜♥✐çã♦ ✉♠❛ ♠✉❞❛♥ç❛ t❡♠♣♦r❛❧ ψ é ✉♠ ✢✉①♦ t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡
❛ φ ❡ q✉❡ t❡♠ ❛s ♠❡s♠❛s ór❜✐t❛s ❡ ♣r❡s❡r✈❛ ❛ ♦r✐❡♥t❛çã♦✱ ❡♥tã♦ ♣♦r ❞❡✜♥✐çã♦ ✷✳✺
❞❡ ✢✉①♦ ❉✲❡①♣❛♥s✐✈♦✱ ψ é ❉✲❡①♣❛♥s✐✈♦✳ ▲♦❣♦✱ q✉❡ ψ é ❈✲❡①♣❛♥s✐✈♦✳
❙❡ φ é ✉♠ ✢✉①♦ α✲❡①♣❛♥s✐✈♦✱ ♦♥❞❡ α P tG,K✉✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✺✳✻ t❡♠♦s q✉❡
φ é ❉✲❡①♣❛♥s✐✈♦✱ ❡ ♣❡❧❛ ❞❡♠♦♥str❛çã♦ ❛♥t❡r✐♦r✱ s❡ ψ é ✉♠❛ ♠✉❞❛♥ç❛ t❡♠♣♦r❛❧✱
t❡♠♦s q✉❡ ψ é ❈✲❡①♣❛♥s✐✈♦✳

Pr♦♣♦s✐çã♦ ✷✳✺✳✽✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ α✲❡①♣❛♥s✐✈♦ ❡♠ X✱ ♦♥❞❡ α P
tC,D, F,G, I, J,K✉✱ ♦✉ q✉❛❧q✉❡r ψ ♠✉❞❛♥ç❛ t❡♠♣♦r❛❧ ❞❡ φ é ❈✲❡①♣❛♥s✐✈♦❀ ❡♥tã♦
φ é ❊✲❡①♣❛♥s✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡ φ é ✉♠ ✢✉①♦ ❋✲❡①♣❛♥s✐✈♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ✷✳✼ ❡①✐st❡♠ ε →
0, δ → 0✱ ❝♦♥st❛♥t❡s ❞❡ ❋✲❡①♣❛♥s✐✈✐❞❛❞❡✳ ❙❡ t❡♠♦s ❞♦✐s ♣♦♥t♦s x, y t❛✐s q✉❡
dist♣φt♣xq, φt♣yqq ➔ δ✱ ♣❛r❛ t♦❞♦ t P R❀ ♣❡❧❛ ❋ ❡①♣❛♥s✐✈✐❞❛❞❡ ❡ ❛ss✉♠✐♥❞♦
h ✏ Id ❝♦♠♦ ❛ ✐❞❡♥t✐❞❛❞❡ ❡♠ H

�
0 ✱ ♣❛r❛ ❝❛❞❛ t P R ❡ dist♣φt♣xq, φt♣yqq ✏

dist♣φh♣tq♣xq, φt♣yqq ➔ δ✱ t❡♠♦s q✉❡ ❡①✐st❡ s P R t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡ φs♣xq ✏ ♣yq✳
P♦rt❛♥t♦ φ é ❊✲❡①♣❛♥s✐✈♦✳
❙❡ φ é ✉♠ ✢✉①♦ ❈✲❡①♣❛♥s✐✈♦ ❡ ✜①❛♥❞♦ ε0 → 0✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ✷✳✹ ❡①✐st❡ ✉♠❛
❝♦♥st❛♥t❡ ❞❡ ❈✲❡①♣❛♥s✐✈✐❞❛❞❡ δ0 → 0✳ ❙❡ t❡♠♦s q✉❡ ❞♦✐s ♣♦♥t♦s x, y sã♦ t❛✐s q✉❡
dist♣φt♣xq, φt♣yqq ➔ δ0✱ ♣❛r❛ t♦❞♦ t P R❀ ❡♥tã♦✱ ♣❡❧❛ ❈✲❡①♣❛♥s✐✈✐❞❛❞❡✱ ❡①✐st❡ s P R

t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡ φs♣xq ✏ ♣yq✳ P♦rt❛♥t♦ φ é ❊✲❡①♣❛♥s✐✈♦✳
❙❡ φ ✉♠ ✢✉①♦ α✲❡①♣❛♥s✐✈♦ ❡♠ X✱ ♦♥❞❡ α P td, g, i, j, k✉✱ ♦✉ q✉❛❧q✉❡r ψ ♠✉❞❛♥ç❛
t❡♠♣♦r❛❧ ❞❡ φ é ❈✲❡①♣❛♥s✐✈♦✳ P❡❧❛s ♣r♦♣♦s✐çõ❡s ✷✳✺✳✸ ❡ ✷✳✺✳✼✱ φ é ♦✉ ❈✲❡①♣❛♥s✐✈♦✱
♦✉ ❋✲❡①♣❛♥s✐✈♦✱ q✉❡ ♣❡❧♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✱ s❡ ❝♦♥❝❧✉✐✲s❡ q✉❡ φ é ❊✲❡①♣❛♥s✐✈♦✳

Pr♦♣♦s✐çã♦ ✷✳✺✳✾✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ α✲❡①♣❛♥s✐✈♦ ❡♠ X✱ ♦♥❞❡ α P
tD,F,G,H, I, J,K✉✱ ♦✉ q✉❛❧q✉❡r ♠✉❞❛♥ç❛ t❡♠♣♦r❛❧ ψ ❞❡ φ q✉❡ s❡❥❛ ❈✲❡①♣❛♥s✐✈♦❀
❡♥tã♦ q✉❛❧q✉❡r ✢✉①♦ ψ q✉❡ é ✉♠❛ ♠✉❞❛♥ç❛ t❡♠♣♦r❛❧ ❡♠ X ❞♦ ✢✉①♦ φ é ❇✲
❡①♣❛♥s✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡ φ é ✉♠ ✢✉①♦ ❍✲❡①♣❛♥s✐✈♦✱ ❡♠ ❬✹❪ ❞❡♠♦♥str❛✲s❡ q✉❡ ✉♠ ✢✉①♦
φ ❍✲❡①♣❛♥s✐✈♦ é t❛❧ q✉❡ q✉❛❧q✉❡r ♠✉❞❛♥ç❛ t❡♠♣♦r❛❧ ψ é ❇✲❡①♣❛♥s✐✈♦✳
❙❡ ♦ ✢✉①♦ φ ❡ t❛❧ q✉❡ q✉❛❧q✉❡r ♠✉❞❛♥ç❛ t❡♠♣♦r❛❧ ψ é ❈✲❡①♣❛♥s✐✈♦ ❡♠ X✳ ❇❛st❛
❞❡♠♦♥str❛r q✉❡ ✉♠ ✢✉①♦ ❈✲❡①♣❛♥s✐✈♦ é ❇✲❡①♣❛♥s✐✈♦✱ ♣♦rq✉❡ ❝♦♠♦ q✉❛❧q✉❡r
♠✉❞❛♥ç❛ t❡♠♣♦r❛❧ ψ ❞❡ φ é ❈✲❡①♣❛♥s✐✈♦✱ ❡♥tã♦ s❡r✐❛ ❇✲❡①♣❛♥s✐✈♦✳ ❆ss✐♠ ❢❛❧t❛
❞❡♠♦♥str❛r q✉❡ φ é ❇✲❡①♣❛♥s✐✈♦✱ ♣❛r❛ ✐ss♦ t♦♠❡ ✉♠ ✢✉①♦ ϕ q✉❡ é ❈✲❡①♣❛♥s✐✈♦
❡♠ X✱ ♣❛r❛ ε → 0 ❡①✐st❡ δ → 0✱ ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ❈✲❡①♣❛♥s✐✈✐❞❛❞❡✳ ❙❡ t❡♠♦s
❞♦✐s ♣♦♥t♦s x, y t❛❧ q✉❡ dist♣ϕt♣xq, ϕt♣yqq ➔ δ ♣❛r❛ t♦❞♦ t P R❀ ❡♥tã♦✱ ♣❡❧❛ ❈✲
❡①♣❛♥s✐✈✐❞❛❞❡✱ t❡♠♦s q✉❡ ❡①✐st❡ s P R t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡ φs♣xq ✏ y✱ ❛ss✐♠ q✉❡
y P ϕR✳ P♦rt❛♥t♦ ϕ é ❇✲❡①♣❛♥s✐✈♦✳
❙❡ φ é ✉♠ ✢✉①♦ α✲❡①♣❛♥s✐✈♦✱ ♦♥❞❡ α P tD,F,G,H, I, J,K✉✳ P❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✺✳✻
❡ ❛ ♣r♦♣♦s✐çã♦ ✷✳✺✳✸ t❡♠♦s q✉❡ φ❀ ♦✉ é t❛❧ q✉❡ q✉❛❧q✉❡r ♠✉♥❞❛♥ç❛ t❡♠♣♦r❛❧ ψ
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❞❡ φ é ❇✲❡①♣❛♥s✐✈❛❀ ♦✉ q✉❛❧q✉❡r ♠✉❞❛♥ç❛ t❡♠♣♦r❛❧ ψ ❞❡ φ é ❈✲❡①♣❛♥s✐✈❛✳ ❈♦♠♦
✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡ ❛ ❝♦♥❝❧✉sã♦ é ✈❡r❞❛❞❡✐r❛✳

Pr♦♣♦s✐çã♦ ✷✳✺✳✶✵✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ α✲❡①♣❛♥s✐✈♦ ❡♠ X✱ ♦♥❞❡ α P
tB,C,D,E, F,G,H, I, J,K✉✱ ♦✉ q✉❛❧q✉❡r ♠✉❞❛♥ç❛ t❡♠♣♦r❛❧ ψ ❞❡ φ q✉❡ s❡❥❛ ❇✲
❡①♣❛♥s✐✈♦✱ ♦✉ q✉❛❧q✉❡r ♠✉❞❛♥ç❛ t❡♠♣♦r❛❧ ψ ❞❡ φ q✉❡ s❡❥❛ ❈✲❡①♣❛♥s✐✈♦❀ ❡♥tã♦ φ
é ❇✲❡①♣❛♥s✐✈♦

❉❡♠♦♥str❛çã♦✳ ❙❡ φ é ✉♠ ✢✉①♦ α✲❡①♣❛♥s✐✈♦
❡♠ X✱ ♦♥❞❡ α P tB,C,D,E, F,G,H, I, J,K✉✱ ♦✉ q✉❛❧q✉❡r ♠✉❞❛♥ç❛ t❡♠♣♦r❛❧
ψ ❞❡ φ q✉❡ s❡❥❛ ❇✲❡①♣❛♥s✐✈♦✱ ♦✉ q✉❛❧q✉❡r ♠✉❞❛♥ç❛ t❡♠♣♦r❛❧ ψ ❞❡ φ q✉❡ s❡❥❛
❈✲❡①♣❛♥s✐✈♦✳ P❡❧❛ ♣r♦♣♦s✐çã♦ ✷✳✺✳✾ t❡♠♦s q✉❡ φ ❡ q✉❛✐sq✉❡r ❞♦s ✢✉①♦s q✉❡ é ✉♠❛
♠✉❞❛♥ç❛ t❡♠♣♦r❛❧ é ❇✲❡①♣❛♥s✐✈♦✱ ❡♥tã♦ tr✐✈✐❛❧♠❡♥t❡ φ é ❇✲❡①♣❛♥s✐✈♦✳

C BGD
H

I

E

F

J
K

❋✐❣✉r❛ ✷✳✽✿ ❊sq✉❡♠❛ ❞❛s ✐♠♣❧✐❝❛çõ❡s ❞❡ ✢✉①♦s ❡①♣❛♥s✐✈♦s



❈❛♣ít✉❧♦ ✸

❙♦❜r❡ ✢✉①♦s ❊①♣❛♥s✐✈♦s ❡♠

❙✉♣❡r❢í❝✐❡s

◆❡st❡ ❝❛♣ít✉❧♦ ♣r♦✈❛r❡♠♦s q✉❡ ♦s ✢✉①♦s s♦❜r❡ s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s sã♦
❡①♣❛♥s✐✈♦s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s sã♦ ❞❡ t✐♣♦ s❡❧❛ ❡ ❛ ✉♥✐ã♦ ❞❡
s✉❛s s❡♣❛r❛tr✐③❡s é ✉♠ ❝♦♥❥✉♥t♦ ❞❡♥s♦ ♥❛ s✉♣❡r❢í❝✐❡✳ ❆❧é♠ ❞✐ss♦ ♠♦str❛r❡♠♦s
✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ t♦♣♦❧ó❣✐❝❛ ❞❛s s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s q✉❡ ❛❞♠✐t❡♠ ✢✉①♦s
❡①♣❛♥s✐✈♦s✳

✸✳✶ ❋❧✉①♦s ❡①♣❛♥s✐✈♦s

❯♠ ✢✉①♦ é ❡①♣❛♥s✐✈♦ s❡ é ✉♠ ✢✉①♦ ❑✲❡①♣❛♥s✐✈♦✱ ♥♦ q✉❡ s❡❣✉❡ ♥❛ ❞✐ss❡rt❛çã♦✱
Σ é ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❡ φt ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦✳ ■♥✐❝✐❛r❡♠♦s ❡st✉❞❛♥❞♦ ♦s
s❡❣✉✐♥t❡s ❧❡♠❛s✳

▲❡♠❛ ✸✳✶✳✶✳ ❙❡ x é ✉♠ ♣♦♥t♦ r❡❣✉❧❛r✱ ❡♥tã♦ ♣❛r❛ ❝❛❞❛ δ → 0 ❡①✐st❡ s → 0 t❛❧
q✉❡ y ✏ φs♣xq ✘ x ❡ dist♣φt♣xq, φt♣yqq ➔ δ✱ ♣❛r❛ t♦❞♦ t P R✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ s❡❥❛ x P X ✉♠ ♣♦♥t♦ r❡❣✉❧❛r ❡ δ → 0 ❞❡✜♥❛♠♦s ❛ ❢✉♥çã♦
Tδ : X Ñ R t❛❧ q✉❡ dist♣φTδ♣xq♣xq, xq ✏ δ✱ q✉❡ é ❝♦♥tí♥✉❛ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦
✢✉①♦✱ ♣❡❧❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ X✱ ❡①✐st❡ x0 P X t❛❧ q✉❡

Tδ♣x0q ✏ mintTδ♣xq⑤ x P X✉

❛ss✐♠✱ ❛ss✉♠✐♥❞♦ q✉❡ s ➔ Tδ♣x0q✱ ♦❜t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ x P X dist♣x, φs♣xqq ➔ δ,

♣❛r❛ x ✏ φt♣xq ❡ y ✏ φs♣xq t❡♠♦s

dist♣φt♣xq, φt♣yqq ➔ δ.

❆ s❡❣✉✐r✱ ❞❡✜♥✐r❡♠♦s ✉♠❛ ♥♦✈❛ ♠étr✐❝❛✱ q✉❡ ♥♦s ❛✉①✐❧✐❛rá ♣❛r❛ ♠❡❧❤♦r
❝♦♠♣r❡❡♥sã♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦✳

✹✺
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▲❡♠❛ ✸✳✶✳✷✳ ❆ ❢✉♥çã♦ distφ : X ✂X Ñ R ❞❡✜♥✐❞❛ ❝♦♠♦

distφ♣x, yq ✏

✧
inftdiam♣φra,bs♣zqq : z P X, ra, bs ⑨ R, x, y P φra,bs♣zq✉ ; y P φR♣xq
diam♣Xq ; y ❘ φR♣xq

é ✉♠❛ ♠étr✐❝❛ ❡♠ X✱ ✐st♦ é✱ s❛t✐s❢❛③✿

❛✮ distφ♣x, yq ➙ 0 ♣❛r❛ t♦❞♦ x, y P X✳

❜✮ distφ♣x, yq ✏ 0 s❡✱ ❡ s♦♠❡♥t❡ s❡ x ✏ y

❝✮ distφ♣x, yq ✏ distφ♣y, xq✱ ♣❛r❛ t♦❞♦ x, y P X

❞✮ distφ♣x, yq ↕ distφ♣x, zq � distφ♣z, yq✱ ♣❛r❛ t♦❞♦ x, y, z P X

❉❡♠♦♥str❛çã♦✳ ❛✮ ❉❡ ❢❛t♦✱ ♣♦✐s diam♣φra,bs♣zqq ➙ 0 ❡ diam♣Xq → 0

❜✮ distφ♣x, yq ✏ 0, ■♠♣❧✐❝❛ x ✏ y

❙❡ y ❘ φR♣xq ❡♥tã♦ ♣♦r ❞❡✜♥✐çã♦ diam♣Xq ✏ 0 ♦ q✉❡ ✐♠♣❧✐❝❛ x ✏ y✱ ❛❜s✉r❞♦
♣♦✐s y ❘ φR♣xq✳ ▲♦❣♦ y P φR♣xq
❆ss✐♠ ❝♦♠♦ 0 ✏ inftdiam♣φra,bs♣zqq : z P X, ra, bs ⑨ R, x, y P φra,bs♣zq✉ ❡ ♣❡❧❛
❞❡✜♥✐çã♦ ❞❡ í♥✜♠♦ t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ n P N ❡①✐st❡ zn P X ❡ an, bn P R t❛✐s
q✉❡ x, y P φra,bs♣zq ❡ 0 ↕ diam♣φran,bns♣znqq ➔

1
n
❀ q✉❡ ✐♠♣❧✐❝❛

0 ↕ dist♣x, yq ➔
1

n
,

♣❛r❛ t♦❞♦ n P N✳ ▲♦❣♦✱ ♥♦ ❧✐♠✐t❡ t❡♠♦s dist♣x, yq ✏ 0✱ s❡❣✉❡ q✉❡ x ✏ y✳

❆❣♦r❛ s✉♣♦♥❤❛♠♦s x ✏ y✱ s❡ z ✏ x ❡ a ✏ b ✏ 0✱ ❡♥tã♦ x, y P φra,bs♣zq ❡
diam♣φra,bs♣zqq ✏ 0✱ ❛ss✐♠ distφ♣x, yq ✏ inftdiam♣φra,bs♣zqq : z P X, ra, bs ⑨
R, x, y P φra,bs♣zq✉ ✏ 0.

❝✮ ❉❡ ❢❛t♦✱ ♥❛t✉r❛❧♠❡♥t❡ t❡♠♦s q✉❡✿
distφ♣x, yq ✏ inftdiam♣φra,bs♣zqq : z P X, ra, bs ⑨ R, x, y P φra,bs♣zq✉ ✏
distφ♣y, xq

❞✮ ❙❡ z P X✱ z ❘ φR♣xq✱ distφ♣x, zq ✏ diam♣Xq✳ ❙❡ y ❘ φR♣xq ❡♥tã♦ distφ♣z, yq ✏
diam♣Xq ♦✉ inftdiam♣φra,bs♣zqq : z P X, ra, bs ⑨ R, z, y P φra,bs♣zq✉ ➙ 0

❡♥tã♦ distφ♣x, yq ✏ diam♣Xq ✏ distφ♣x, zq ↕ distφ♣x, zq � distφ♣z, yq✳ ❙❡
y P φR♣xq ❡♥tã♦ distφ♣y, zq ✏ diam♣Xq ❡ distφ♣x, yq ➔ 2 diam♣Xq ❡♥tã♦
distφ♣x, yq ➔ distφ♣x, zq � distφ♣z, yq✳ ❆❧é♠ ❞✐ss♦✱ s❡ z P φR♣xq ❡ s❡ y ❘ φR♣xq
❡♥tã♦ distφ♣x, yq ✏ diam♣Xq ✏ distφ♣z, yq✱ ❝♦♠♦ 0 ↕ dist♣x, zq ↕ diam♣Xq
❧♦❣♦✱ distφ♣x, yq ✏ diam♣Xq ✏ distφ♣z, yq ❞❛í✱

distφ♣x, yq ↕ distφ♣x, zq � distφ♣z, yq.

❆❣♦r❛✱ s❡ y P φR♣xq ❡ z, y P φR♣xq✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r
q✉❡ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ♣♦s✐t✐✈♦ s → 0 t❛❧ q✉❡ y ✏ φs♣xq✳ ❙❡ z P φr0,ss♣xq ❡♥tã♦
❡①✐st❡ t ➙ 0 t❛❧ q✉❡ z ✏ φt♣xq✱ ❧♦❣♦ ♣❛r❛ ❝❛❞❛ u P φr0,ts♣xq, v P φrt,ss♣xq t❡♠♦s
dist♣u, vq ↕ dist♣u, zq � dist♣z, vq ↕ diam♣φr0,ts♣xqq � diam♣φrt,ss♣xqq❀ ♣♦rt❛♥t♦
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distφ♣x, yq ↕ distφ♣x, zq � distφ♣z, yq❀ ♣♦r ú❧t✐♠♦✱ s❡ z ❘ φr0,ss♣xq✱ ❡♥tã♦ ❡①✐st❡
✉♠ ♥ú♠❡r♦ r❡❛❧ t P ♣✁✽, 0s ❨ rs,�✽q t❛❧ q✉❡ z ✏ φt♣xq✱ ❡✱ ❞❡ss❛ ❢♦r♠❛✱
distφ♣x, yq ↕ distφ♣x, zq ♦✉ distφ♣x, yq ↕ distφ♣z, yq✱ s❡❣✉❡ q✉❡

distφ♣x, yq ↕ distφ♣x, zq � distφ♣z, yq.

❝♦♥❝❧✉✐✲s❡♥❞♦✱ X é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠ ❛ ♠étr✐❝❛ distφ✳

ɸ
t
(y)ɸh(t)(x)

x
y

❋✐❣✉r❛ ✸✳✶✿ ❊①♣❛♥s✐✈✐❞❛❞❡

❈♦♥s✐❞❡r❛♥❞♦ β0 ✏ inftdiam♣φR♣xqq : x ❘ Sing♣φq✉ ♠♦str❛r❡♠♦s q✉❡✱ ❝♦♠ ❛
♠étr✐❝❛ distφ ❡♠ X✱ ❞✐③❡r q✉❡ ❞♦✐s ♣♦♥t♦s ❡stã♦ ♠❡♥♦s ❞✐stâ♥❝✐❛❞♦s q✉❡ ✉♠❛
❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐③❡r q✉❡ ♦s ♣♦♥t♦s ❡stã♦ ❡♠ ✉♠ s❡❣♠❡♥t♦ ❞❡
ór❜✐t❛ ❞❡ ❞✐â♠❡tr♦ ♣❡q✉❡♥♦✳

▲❡♠❛ ✸✳✶✳✸✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ ❡♠ X✱ ❡♥tã♦ ✉♠❛ ❝♦♥❞✐çã♦ s✉✜❝✐❡♥t❡ ❡ ♥❡❝❡ssár✐❛
♣❛r❛ q✉❡ distφ♣x, yq ➔ β0 é q✉❡ x, y ❡st❡❥❛♠ ❝♦♥t✐❞❛s ❡♠ ✉♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛
❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ β0

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s distφ♣x, yq ➔ β0.

❙❡ y ❘ φR♣xq ❡♥tã♦ ♣♦r ❞❡✜♥✐çã♦ distφ♣x, yq ✏ diam♣Xq✱ ❝♦♠♦ β0 ↕ diam♣Xq
❡♥tã♦ β0 ↕ distφ♣x, yq✱ ❛❜s✉r❞♦❀ ❧♦❣♦✱ y P φR♣xq✳ P❡❧❛ ❞❡✜♥✐çã♦✱

distφ♣x, yq ✏ inftdiam♣φra,bs♣zqq : z P X, x, y P φra,bs♣zq, ra, bs ⑨ R✉

❡ ❝♦♠♦ distφ♣x, yq ➔ β0 t❡♠♦s q✉❡ ❡①✐st❡ z P X✱ ra, bs ⑨ R ❝♦♠♦ x, y P φra,bs♣zq
t❛❧ q✉❡ distφ♣x, yq ↕ diam♣φra,bs♣zqq ➔ β0✱
✐st♦ é✱ x ❡ y ❡stã♦ ❡♠ ✉♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ β0.

❆❣♦r❛✱ s✉♣♦♥❤❛♠♦s q✉❡ x, y ❡stã♦ ❡♠ ✉♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡ ❞✐â♠❡tr♦
♠❡♥♦r q✉❡ β0✱ ✐st♦ é✱ ❡①✐st❡♠ z P X✱ ra, bs ⑨ R t❛❧ q✉❡ x, y P φra,bs♣zq ❡
diam♣φra,bs♣zqq ➔ β0✳ ▲♦❣♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ distφ t❡♠♦s q✉❡

distφ♣x, yq ↕ diam♣φra,bs♣zqq ➔ β0

distφ♣x, yq ➔ β0.
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❖❜s❡r✈❛çã♦ ✸✳✶✳✶✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ ❡♠ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ X✱ s❡ x, y
❡stã♦ ❡♠ ✉♠❛ ór❜✐t❛ q✉❡ ♥ã♦ é ♣❡r✐ó❞✐❝❛ ♥❡♠ s✐♥❣✉❧❛r✱ ❡♥tã♦

distφ♣x, yq ✏ diam♣φr0,ts♣zqq,

♦♥❞❡ z é ♦✉ x ♦✉ y✱ ❡ t → 0✳

❉❡ ❢❛t♦✱ s❡ ❡①✐st❡ t → 0 t❛❧ q✉❡ φt♣xq ✏ y ❡♥tã♦ ♣❛r❛ ✉♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛
q✉❛❧q✉❡r φra,bs♣zq✱ q✉❡ ❝♦♥té♠ x, y✱ ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ s✉♣r❡♠♦ ❡ ♣❡❧♦ ❢❛t♦ ❞❡
φr0,ts♣xq ⑨ φra,bs♣zq✱ t❡♠♦s

diam♣φr0,ts♣xq ↕ diam♣φra,bs♣zqqq. ✭✸✳✶✮

■st♦ é✱ diam♣φr0,ts♣xq é ✉♠ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ❞♦ ❝♦♥❥✉♥t♦ ❞♦s ❞✐â♠❡tr♦s ❞♦s s❡❣♠❡♥t♦s
❞❡ ór❜✐t❛ q✉❡ ❝♦♥té♠ x, y✳
❆❣♦r❛ ♣r♦✈❛r❡♠♦s q✉❡ diam♣φr0,ts♣xq é ♦ í♥✜♠♦✳ ❉❡ ❢❛t♦✱ s❡❥❛ ε → 0✱ ♣❡❧❛
❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ✢✉①♦✱ ♦❜t❡♠♦s q✉❡

lim
nÑ�✽

diam♣φr✁ ε
n
,t� ε

n
s♣xqq ✏ diam♣φr0,ts♣xq,

❧♦❣♦✱ ❡①✐st❡ n0 P N t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ n → n0

⑤ diam♣φr✁ ε
n
,t� ε

n
s♣xqq ✁ diam♣φr0,ts♣xq⑤ ➔ ε

❝♦♠ ✐st♦✱ ❡ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✮ t❡♠♦s q✉❡

diam♣φr✁ ε
n
,t� ε

n
s♣xqq ➔ diam♣φr0,ts♣xq � ε.

❖ q✉❡ ❞✐③ q✉❡ diam♣φr0,ts♣xq é ♦ í♥✜♠♦✳

❆ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦ é ❛♣r❡s❡♥t❛❞❛ ❡♠ ❬✺❪ ❡ ♣r♦✈❛r❡♠♦s ♠❛✐s ❛❞✐❛♥t❡ q✉❡ ❡❧❛
é ❡q✉✐✈❛❧❡♥t❡ à ❞❡✜♥✐çã♦ ❛❞♦♣t❛❞❛ ♥♦ ✐♥í❝✐♦ ❞❡st❡ ❝❛♣ít✉❧♦✳

❉❡✜♥✐çã♦ ✸✳✶✳ ❉✐③❡♠♦s q✉❡ ✉♠ ✢✉①♦ φ s♦❜r❡ Σ é ▲✲❡①♣❛♥s✐✈♦ s❡
♣❛r❛ t♦❞♦ β → 0 ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ δ → 0 t❛❧ q✉❡ s❡
dist♣φh♣tq♣xq, φt♣yqq ➔ δ ♣❛r❛ t♦❞♦ t P R ❡ ❛❧❣✉♠ h P H

�
0 ♣Rq✱ ❡♥tã♦ distφ♣x, yq ➔ β.

❆ s❡❣✉✐r ♣r♦✈❛r❡♠♦s q✉❡ ✉♠ ✢✉①♦ é ▲✲❡①♣❛♥s✐✈♦ s❡✱ ❡ s♦♠❡♥t❡ s❡ é ❑✲❡①♣❛♥s✐✈♦✳
P❛r❛ ✐ss♦✱ ♣r♦✈❛r❡♠♦s ♦ s❡❣✉✐♥t❡✳

▲❡♠❛ ✸✳✶✳✹✳ ❙✉♣♦♥❤❛ q✉❡ φ ♣♦ss✉✐ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❡
β0 → 0✳ ❊♥tã♦ ♣❛r❛ t♦❞♦ β P ♣0, β0q ❡①✐st❡ δ → 0 t❛❧ q✉❡ s❡ dist♣φg♣tq♣xq, φt♣xqq ➔ δ

♣❛r❛ t♦❞♦ t P R ❡ ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ g : R Ñ R✱ g♣0q ✏ 0✱ ❡♥tã♦
distφ♣φg♣tq♣xq, φt♣xqq ➔ β ♣❛r❛ t♦❞♦ t P R.

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ♣♦r ❛❜s✉r❞♦✱ ❡①✐st❡ β P ♣0, β0q t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ n P N

❡①✐st❡♠ xn P X ❡ gn : R Ñ R ❢✉♥çõ❡s ❝♦♥tí♥✉❛s t❛✐s q✉❡ gn♣0q ✏ 0❀ ♣❛r❛ ❝❛❞❛
t P R

dist♣φgn♣tq♣xnq, φt♣xnqq ➔
1
n

❡✱ ✭✸✳✷✮

distφ♣φgn♣t✶nq♣xnq, φt✶n♣xnqq ➙ β
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♣❛r❛ ❛❧❣✉♠ t✶n P R❀ ❈♦♠♦ distφ♣φgn♣0q♣xnq, φ0♣xnqq ✏ 0 t❡♠♦s
distφ♣φgn♣t✶nq♣xnq, φt✶n♣xnqq ➙ β → distφ♣φgn♣0q♣xnq, φ0♣xnqq ✏ 0✱ ♥✐ss♦✱ ♣❡❧♦
t❡♦r❡♠❛ ❞♦ ✈❛❧♦r ✐♥t❡r♠❡❞✐ár✐♦✱ t❡♠♦s q✉❡ ❡①✐st❡ tn P ♣0, t✶nq t❛❧ q✉❡

distφ♣φgn♣tnq♣xnq, φtn♣xnqq ✏ β

s❡♥❞♦ an ✏ φgn♣tnq♣xnq ❡ bn ✏ φtn♣xnq✱ ♣❡❧♦ r❡s✉❧t❛❞♦ ✭✸✳✷✮✱ t❡♠♦s
lim

nÑ�✽
dist♣an, bnq ✏ 0 ❛ss✐♠✱ ♣♦❞❡♠♦s s✉♣♦r lim

nÑ�✽
an ✏ c ❡ lim

nÑ�✽
bn ✏ c✳ ❈♦♠♦

bn ✏ φtn♣xnq ✏ φtn✁gn♣tnq♣φgn♣tnq♣xnqq ✏ φtn✁gn♣tnq♣anq

t♦♠❛♥❞♦ sn ✏ tn ✁ gn♣tnq✳
❙❡ sn → 0 ♣❛r❛ ✉♠ ♥ú♠❡r♦ ✐♥✜♥✐t♦ ❞❡ ✈❛❧♦r❡s ❞❡ n✱ t❡♠♦s ✭♣❛r❛ sn ➔ 0 é s✐♠✐❧❛r✮
β ✏ diam♣φr0,sns♣anqq❀ ♣♦✐s φr0,sns♣anq ⑨ φra,bs♣zq ♣❛r❛ t♦❞♦ φra,bs♣zq ⑩ tan, bn✉✳
❙❡ tsn✉nPN é ❧✐♠✐t❛❞♦ t♦♠❛♥❞♦ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ t❡♠♦s q✉❡ lim

nÑ�✽
sn ✏ s✱

lim
nÑ�✽

an ✏ c ❡ lim
nÑ�✽

bn ✏ c✱ c ✏ φs♣cq ❡♥tã♦ lim
nÑ�✽

diam♣φr0,snsanq ✏ β ❧♦❣♦ s ✘ 0

♣♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱ s ✏ 0 ❡ lim
nÑ�✽

diam♣φr0,sns♣anqq ✏ β ✏ diam♣φr0,ss♣cqq ✏ 0✱

❛❜s✉r❞♦✱ β ✘ 0✳ ❆ss✐♠ s❡❥❛ t P R✱ m ✏ ✈ t
s
✇ ↕ t

s
➔ m � 1✱ ♥❡st❡ s❡♥t✐❞♦ ❡①✐st❡

r → 0✱ r P r0, sq t❛❧ q✉❡ t ✏ ms�r ❡♥tã♦ φt♣cq ✏ φms�r♣cq ✏ φr♣φms♣cqq ✏ φr♣cq P
φr0,ss♣cq✳ P♦rt❛♥t♦ diam♣φR♣cqq ✏ diam♣φr0,ss♣cqq ✏ β✳ ❆ss✐♠ β ↕ β0 ♦ q✉❛❧ é
✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ β0 ➔ β✳
❙❡ sn ♥ã♦ é ❧✐♠✐t❛❞♦ ♣♦❞❡♠♦s s✉♣♦r q✉❡ lim

nÑ�✽
sn ✏ �✽✱ ❝♦♠♦ ♣H♣Xq, distHq✱ é

✉♠ ❡s♣❛ç♦ ♠étr✐❝♦✱ ♦♥❞❡ H♣Xq ✏ tA ⑨ X : A é ❝♦♠♣❛❝t♦ ❡♠ X✉ ❡ distH é ❛
♠étr✐❝❛ ❞❡ ❍❛✉s❞♦r✛✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ ❛ s❡q✉ê♥❝✐❛ tφr0,sns♣anq✉nPN ❝♦♥✈❡r❣❡
♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ K❀ ❛❧é♠ ❞✐ss♦✱ ❞❡ φsn♣anq ✏ bn ❡ lim

nÑ�✽
bn ✏ c✱ t❡♠♦s

q✉❡ K é ✐♥✈❛r✐❛♥t❡✳ ❉❡ ❢❛t♦✱ s❡❥❛ z ✏ lim
nÑ�✽

φun♣anq P K✱ ❝♦♠ un P r0, sns❀

♣r♦✈❛r❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ T P R

φT ♣zq P K.

❙❡ 0 ↕ un � T ↕ sn ♣❛r❛ ✉♠ ♥ú♠❡r♦ ✐♥✜♥✐t♦ ❞❡ ✈❛❧♦r❡s ❞❡ n ❡♥tã♦ φun�T ♣anq P
φr0, sns♣anq ❡ lim

nÑ�✽
φun�T ♣anq ✏ φT ♣zq P K.

❙❡ sn ➔ un�T ♣❛r❛ ✈❛❧♦r❡s ✐♥✜♥✐t♦s ❞❡ n✱ ❝♦♠♦ un ➔ sn✱ ❡♥tã♦ 0 ➔ un�T ✁Sn ➔
T ✳ ◆✐ss♦✱ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ τn ✏ un � T ✁ sn ❝♦♠
lim

nÑ�✽
τn ✏ τ ✱ ❝♦♠♦ lim

nÑ�✽
an ✏ lim

nÑ�✽
bn ✏ c✱ ♣❡❧♦ q✉❡

lim
nÑ�✽

φτn♣anq ✏ lim
nÑ�✽

φτn♣bnq ✏ lim
nÑ�✽

φun�T✁sn♣bnq ✏ lim
nÑ�✽

φun�T ♣φ✁sn♣bnqq

✏ lim
nÑ�✽

φT ♣φun♣anqq ✏ φT ♣zq ✭✸✳✸✮

❝♦♠♦ lim
nÑ�✽

sn ✏ �✽ ❡①✐st❡ n0 P N t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ n → n0✱ T ➔ sn❀ ♥❡ss❡

s❡♥t✐❞♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r τ P r0, sns✱ ❧♦❣♦✱ ❛ ❡q✉❛çã♦✸✳✸
✜❝❛

lim
nÑ�✽

φτn♣anq ✏ φT ♣zq P K.

❙❡ un � T ➔ 0 ♣❛r❛ ✐♥✜♥✐t♦s ✈❛❧♦r❡s ❞❡ n✱ ❡♥tã♦ 0 ↕ un ➔ ✁T ✱ ♣♦✐s 0 ↕ un✱ ♥✐ss♦
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t❡♠♦s✱ t♦♠❛♥❞♦ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ t❡♠♦s
q✉❡ lim

nÑ�✽
un ✏ u✳ P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s q✉❡

z ✏ lim
nÑ�✽

φun♣anq ✏ lim
nÑ�✽

φun♣bnq ✏ φu♣cq. ✭✸✳✹✮

❝♦♠♦ lim
nÑ�✽

sn ✏ �✽✱ t❡♠♦s q✉❡ 0 ↕ un � T � sn ➔ sn ♣❛r❛ ✈❛❧♦r❡s ❞❡ n

s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s❀ ❢❛③❡♥❞♦ τn ✏ un � T � sn ❡ ❛ ❡q✉❛çã♦ ✸✳✹ ♦❜t❡♠♦s q✉❡

lim
nÑ�✽

φτn♣anq ✏ limφT ♣φun♣φsn♣anqqq ✏ limφT ♣φun♣bnqq ✏ φT ♣φu♣cqq ✏ φT ♣zq P K.

❈♦♠♦ diam♣Kq ✏ β ❡ K é ❝♦♥❡①♦✱ ❧♦❣♦ K é ✉♠ ❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦✳ P❡❧❛ ❤✐♣ót❡s❡
♦ ✢✉①♦ ❛♣r❡s❡♥t❛ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ♣♦♥t♦
r❡❣✉❧❛r t❛❧ q✉❡ s✉❛ ór❜✐t❛ t❡♠ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ β✱ ❝♦♥tr❛❞✐③❡♥❞♦ q✉❡ β0 é ♦
í♥✜♠♦ ❞♦s ❞✐â♠❡tr♦s ❞❛s ór❜✐t❛s✱ ❝♦♥❝❧✉✐✲s❡♥❞♦ ❛ ✈❡r❛❝✐❞❛❞❡ ❞♦ ❧❡♠❛✳

❚❡♦r❡♠❛ ✸✳✶✳ ❖s s❡❣✉✐♥t❡ ❡♥✉♥❝✐❛❞♦s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

❛✮ φ é ▲✲❡①♣❛♥s✐✈♦

❜✮ φ é ❑✲❡①♣❛♥s✐✈♦

❉❡♠♦♥str❛çã♦✳ ✭❛✮ ✐♠♣❧✐❝❛ ✭❜✮
❙❡❥❛ δ✶ → 0 ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ▲✲❡①♣❛♥s✐✈✐❞❛❞❡✱ ♣❛r❛ ❛❧❣✉♠ ♥ú♠❡r♦ ♣♦s✐t✐✈♦✳
❆✜r♠❛çã♦ ✶✿ ❊①✐st❡ γ P ♣0, δ✶q t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ x ❘ Sing♣φq ❡①✐st❡ t P R t❛❧
q✉❡ φt♣xq ❘ Bγ♣Sing♣φqq✳
P♦r ❛❜s✉r❞♦✱ ✐st♦ é✱ ♣❛r❛ ❝❛❞❛ γ P ♣0, δ✶q ❡①✐st❡ x ❘ Sing♣φq t❛❧ q✉❡ φt♣xq P
Bγ♣Sing♣φqq✱ ♣❛r❛ t♦❞♦ t P R✳ ❈♦♠♦ Sing♣φq é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✱ t❡♠♦s q✉❡
Bγ♣Sing♣φqq ✏ Bγ♣p1q ❨ . . . ❨ Bγ♣pNq✱ ❝♦♠♦ x ❘ Sing♣φq✱ é ❡q✉✐✈❛❧❡♥t❡ ❛✱ ♣❛r❛
❝❛❞❛ i P t1, . . . , N✉,

dist♣x, piq ➙ γ ✭✸✳✺✮

❝♦♠♦ φt♣xq P Bγ♣Sing♣φqq ♣❛r❛ ❝❛❞❛ t P R✱ t❡♠♦s q✉❡ ❡①✐st❡ k P t1, . . . , N✉
t❛❧ q✉❡ dist♣φt♣xq, pkq ➔ γ✱ ♣❛r❛ t♦❞♦ t P R✱ ❡♠ ♣❛rt✐❝✉❧❛r ♣❛r❛ t ✏ 0 t❡♠♦s
dist♣x, pkq ➔ γ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✸✳✺✳
❙❡❥❛ ε → 0 ✜①❛❞♦❀

❆✜r♠❛çã♦ ✷✿ ❊①✐st❡ β → 0 t❛❧ q✉❡ dist♣x, Sing♣φqq ➙ γ ❡ diam♣φr0,ss♣xqq ➔ β

✐♠♣❧✐❝❛ ⑤s⑤ ➔ ε✳
P❡❧♦ ❛❜s✉r❞♦✱ ✐st♦ é✱ ♣❛r❛ ❝❛❞❛ n P N ❡①✐st❡ xn P X, tn P R t❛❧ q✉❡

xn ❘ Bγ♣Sing♣φqq, tn ❘ ♣✁ε, εq, diam♣φr0,tns♣xnqq ➔
1

n
✭✸✳✻✮

P❡❧❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ X ♣♦❞❡♠♦s s✉♣♦r q✉❡ lim
nÑ�✽

xn ✏ z ♦♥❞❡ z ❘ Bγ♣Sing♣φqq✱

♣♦✐s lim
nÑ�✽

dist♣xn, Sing♣φqq ✏ dist♣z, Sing♣φqq ➙ γ✱ ❛ss✐♠✱ t❡♠♦s q✉❡ z ♥ã♦ é ✉♠❛

s✐♥❣✉❧❛r✐❞❛❞❡✳ ❈♦♠♦ z ♥ã♦ é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ❡①✐st❡ ε✶ P ♣0, εq : φε✶♣zq ✘ z✱
❝❛s♦ ❝♦♥trár✐♦✱ φε✶♣zq ✏ z✱ ♣❛r❛ t♦❞♦ ε✶ P ♣0, εq ❡ ❝♦♠♦ φt✉♣zq : R Ñ X é
❝♦♥tí♥✉❛ t❡♠♦s q✉❡ lim

ε✶Ñε
φε✶♣zq ✏ z ✏ φε♣zq✱ ❛❜s✉r❞♦ ♣♦✐s z ❘ Sing♣φq✳ ❆❣♦r❛
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♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ φ t❡♠♦s lim
nÑ�✽

φε✶♣xnq ✏ φε✶♣zq✱ ❡ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✻✮

t❡♠♦s q✉❡ lim
nÑ�✽

diam♣φr0,tns♣xnqq ✏ 0 ❡ ❝♦♠♦ ❛ s❡q✉ê♥❝✐❛ tn ❘ ♣✁ε, εq t❡♠♦s

φε✶♣xnq P φr0,tns♣xnq ♦ q✉❡ ✐♠♣❧✐❝❛ 0 ✏ lim
nÑ�✽

diam♣φr0,ε✶s♣xnqq ✏ diam♣φr0,ε✶s♣zqq

❧♦❣♦ z P K ♦♥❞❡ K ✏ φr0,ε✶s♣zq t❡♠ ❞✐â♠❡tr♦ ③❡r♦ ❧♦❣♦ z P Sing♣φq✱ ❛❜s✉r❞♦ ♣♦✐s
z ❘ Sing♣φq❀

♣❡❧❛ ❆✜r♠❛çã♦ ✷ ♦❜t❡♠♦s β → 0✳ ❆ss✐♠ ♣♦r ❤✐♣ót❡s❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ❞❡
❡①♣❛♥s✐✈✐❞❛❞❡ δ → 0✱ ✐st♦ ♣❡❧♦ ✐t❡♠ ✭❛✮✱ t❛❧ q✉❡ dist♣φh♣tq♣yq, φt♣xqq ➔ δ ❡ ❛❧❣✉♠
❤♦♠❡♦♠♦r✜s♠♦ ❝r❡s❝❡♥t❡ h : R Ñ R q✉❡ ✜①❡ ③❡r♦✱ ❡♥tã♦ x, y ❡stã♦ ❡♠ ✉♠
s❡❣♠❡♥t♦ ❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ β → 0❀

❆✜r♠❛çã♦ ✸✿ ❙❡❥❛ ε ✜①❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ t❛❧ q✉❡ dist♣φh♣tq♣yq, φt♣xqq ➔ δ✱
♣❛r❛ t♦❞♦ t P R ❡ ❛❧❣✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❝r❡s❝❡♥t❡ h : RÑ R q✉❡ ✜①❡ ③❡r♦❀ ❡♥tã♦
❡①✐st❡ s, t0 P R t❛❧ q✉❡ ⑤s⑤ ➔ ε ❡ φh♣t0q♣yq ✏ φt0�s♣xq.
❉❡ ❢❛t♦❀ ♣r✐♠❡✐r♦ ♦❜s❡r✈❡♠♦s q✉❡ ♥ã♦ ♣♦❞❡♠ ❡①✐st✐r ❞♦✐s ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❛
❞✐stâ♥❝✐❛ ♠❡♥♦r q✉❡ δ✱ ❝❛s♦ ❝♦♥trár✐♦ t♦❞❛s s❡r✐❛♠ ✐❣✉❛✐s❀ ❛ss✐♠ ✉♠ ❞♦s ♣♦♥t♦s é
♥ã♦ s✐♥❣✉❧❛r✳ ❙✉♣♦♥❤❛♠♦s x ❘ Sing♣φq✳ P❡❧❛ ❡①♣❛♥s✐✈✐❞❛❞❡ ❞♦ ✢✉①♦ t❡♠♦s q✉❡✱ x
❡stá ❡♠ ✉♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ β✳ ❊♥tã♦ ♣❡❧❛ ❆✜r♠❛çã♦
✶ ❡①✐st❡ t0 P R t❛❧ q✉❡ φt0♣xq ❘ Bγ♣Sing♣φqq✳ ❉❡✜♥❛♠♦s ❛ ❢✉♥çã♦ h✶ : R Ñ R

❝♦♠♦ h✶♣tq ✏ h♣t� t0q ✁ h♣t0q✱ ♦❜s❡r✈❡♠♦s q✉❡ h✶ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❝r❡s❝❡♥t❡
q✉❡ ✜①❛ ③❡r♦✱ ♣♦✐s h é❀ ❛ss✐♠ ❝♦♠♦ dist♣φh♣tq♣yq, φt♣xqq ➔ δ✱ ♣❛r❛ t♦❞♦ t P R✱
t❡♠♦s q✉❡ s❡ ❝✉♠♣r❡✿

dist
�
φh✶♣tq♣φh♣t0q♣yqq, φt♣φt0♣xqq

✟
✏ dist

�
φh♣t�t0q✁h♣t0q♣φh♣t0q♣yqq, φt♣φt0♣xqq

✟
✏ dist

�
φh♣t�t0q♣yq, φt�t0♣xq

✟
➔ δ

♣❛r❛ t♦❞♦ t P R✳ ❈♦♥❝❧✉✐♠♦s ♣♦r ❤✐♣ót❡s❡ t❡♠♦s q✉❡ φh♣t0q♣yq ❡ φt0♣xq ❡stã♦ ❡♠
✉♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ♠❡♥♦r q✉❡ β ✭β✲❝♦♥❡❝t❛❞♦s✮ ❞❡ss❛ ❢♦r♠❛✱ ❡①✐st❡ s✶ P R

t❛❧ q✉❡ diam♣φr0,s✶s♣φt0♣xqqq ➔ β ❡ φh♣t0q♣yq P φr0,s✶s♣φt0♣xqq❀ ❛ss✐♠ ♣❡❧❛ ❛✜r♠❛çã♦
✷✱ ✐♠♣❧✐❝❛✲s❡ ⑤s✶⑤ ➔ ε✳ ▲♦❣♦ ❝♦♥❝❧✉✐✲s❡ q✉❡ φh♣t0q♣yq ✏ φt0�s♣xq ♣❛r❛ ⑤s⑤ ➔ ε❀

✭❜✮ ✐♠♣❧✐❝❛ ✭❛✮

❉❡ ❢❛t♦✱ ♦❜s❡r✈❡♠♦s q✉❡ s❡ ❡①✐st❡ ✉♠ ✈❛❧♦r ❞❡ β t❛❧ q✉❡ s❛t✐s❢❛③ ✭❛✮ ❡♥tã♦ ✜❝❛
♣r♦✈❛❞❛ ♣❛r❛ t♦❞♦ ✈❛❧♦r ♠❛✐♦r ❞❡ β✱ ♣♦✐s ♣♦❞❡♠♦s ✉s❛r ♦ ♠❡s♠♦ δ✳ ❆ss✐♠ é ✈á❧✐❞♦
s✉♣♦r β P ♣0, β0q✳ ▲♦❣♦✱ ♣❡❧♦ ❧❡♠❛ ✸✳✶✳✹ t❡♠♦s q✉❡ ♣❛r❛ β✶ P ♣0, βq ♦❜t❡♠♦s δ✶ → 0

t❛❧ q✉❡ s❡ ♦s ♣♦♥t♦s s❡♠♣r❡ ❡stã♦ δ✶✲♣ró①✐♠♦s ♣♦r ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ g q✉❡ ✜①❡
③❡r♦✱ ❡♥tã♦ ♦s ♣♦♥t♦s ❞❛ ❢♦r♠❛ φg♣tqx, φtx ❡stã♦ β✶ ❝♦♥❡❝t❛❞♦s✳

❙❡❥❛ δ✷ P ♣0, δ✶q✳ P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ✢✉①♦ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦

❆✜r♠❛çã♦ ✹✿ ❡①✐st❡ ε → 0 t❛❧ q✉❡ s❡ diam♣φra,bs♣xqq ➔ β✶✱ ❡♥tã♦
diam♣φra✁ε,b�εs♣xqq ➔ β✳
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❙❡❥❛ x P X t❡♠♦s diam♣O♣xqq ➔ β✶ ♦✉ diam♣O♣xqq ➙ β✶✳ ❙❡ diam♣O♣xqq ➔ β✶

t❡♠♦s ♣❛r❛ t♦❞♦ ε → 0 diam♣φra,bs♣xqq ➔ β✶ ✐♠♣❧✐❝❛✱ diam♣φra✁ε,b�εs♣xqq ➔ β✳
❙❡ diam♣O♣xqq ➙ β✶ ❡①✐st❡ A,B P R t❛❧ q✉❡ diam♣φrA,Bs♣xqq ✏ β✶ ❡ rA,Bs é ♦
✐♥t❡r✈❛❧♦ ♠❛①✐♠❛❧ q✉❡ s❛t✐s❢❛③ ❛ ✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r❀ s❡❥❛ ra, bs ⑨ rA,Bs✱ ❞❡✜♥❛♠♦s
ψ♣tq ✏ diam♣φrA✁t,B�ts♣xqq ♣❛r❛ t♦❞♦ t ➙ 0✱ ❞❡ ♠❛♥❡✐r❛ ♥❛t✉r❛❧ ψ♣tq ➙ β✶ ❝♦♠♦
β → β✶ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ ψ t❡♠♦s q✉❡ ❡①✐st❡ ε → 0 t❛❧ q✉❡ ψ♣εq ➔ β ✐st♦ é
diam♣φra✁ε,b�εs♣xqq ➔ β ♣♦✐s ra✁ ε, b� εs ⑨ rA✁ ε, B � εs✳
P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ φ t❡♠♦s q✉❡✱ s❡ dist♣x, yq ➔ δ✷ ❡①✐st❡ ε✶ → 0 t❛❧ q✉❡ ♣❛r❛
❝❛❞❛ ⑤s⑤ ➔ ε✶✿ dist♣φs♣xq, ♣yqq ➔ δ✷ ➔ δ✶✳ ◆✐st♦✱ ❛ss✉♠✐♥❞♦ ε ❡ δ✷ ♠✉✐t♦ ♣❡q✉❡♥♦✱
♣♦❞❡♠♦s s✉♣♦r q✉❡

s❡ dist♣x, yq ➔ δ✷✱ ❡♥tã♦ dist♣φs♣xq, ♣yqq ➔ δ✶, ✭✸✳✼✮

♣❛r❛ t♦❞♦ s P ♣✁ε, εq❀ ♣♦r ❤✐♣ót❡s❡ ♣❛r❛ ε ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ❞❡
❡①♣❛♥s✐✈✐❞❛❞❡ δ✸ → 0✳

❆✜r♠❛çã♦ ✺✿ δ ➔ mintδ✶, δ✷, δ✸✉ é ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡✱ ♣❛r❛ β
❞❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✳
❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ t P R

dist♣φh♣tq♣xq, φt♣yqq ➔ δ, ✭✸✳✽✮

♦♥❞❡ h : R Ñ R é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❝r❡s❝❡♥t❡ q✉❡ ✜①❡ ③❡r♦✳ ❆ss✐♠✱ ♣❡❧❛
❑✲❡①♣❛♥s✐✈✐❞❛❞❡ t❡♠♦s q✉❡ ❡①✐st❡♠ s, t0 P R t❛✐s q✉❡ φh♣t0q♣xq ✏ φt0�s♣yq ❡
⑤s⑤ ➔ ε✱ t♦♠❛♥❞♦ z ✏ φh♣t0q♣xq ❡ ❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ g : R Ñ R ❞❡✜♥✐❞❛ ❝♦♠♦
g♣tq ✏ h♣t0 � tq ✁ h♣t0q✳ P❡❧❛ ❡q✉❛çã♦ ✭✸✳✽✮ t❡♠♦s dist♣φg♣tq♣zq, φt✁s♣zqq ➔ δ ♣❛r❛
t♦❞♦ t P R✱ ♣♦✐s

φg♣tq♣zq ✏ φh♣t0�tq✁h♣t0q♣φh♣t0q♣xqq ✏ φh♣t0�tq♣xq

φt✁s♣zq ✏ φt✁s♣φh♣t0q♣xqq ✏ φt�t0♣φh♣t0q✁s✁t0♣xqq ✏ φt�t0♣yq

❉❡ ⑤s⑤ ➔ ε✱ δ ➔ δ✷ ❡ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✼✮ t❡♠♦s dist♣φg♣tq♣zq, φt♣zqq ➔ δ✶ ♣❛r❛
t♦❞♦ t P R✳ ▲♦❣♦✱ ♣❡❧♦ ❧❡♠❛ ✸✳✶✳✹ t❡♠♦s q✉❡ φg♣✁t0q♣zq ❡ φ✁t0♣zq ❡stã♦ β✶✲
❝♦♥❡❝t❛❞♦s✱ ✐st♦ é x ✏ φg♣✁t0q♣zq✱ φs♣yq ✏ φ✁t0♣zq ❡stã♦ β✶✲❝♦♥❡❝t❛❞♦s✳ ▲♦❣♦✱
♣❡❧❛ ❛✜r♠❛çã♦ ✹ t❡♠♦s q✉❡ x✱ y sã♦ β✲❝♦♥❡❝t❛❞♦s✱ ♣♦✐s ⑤s⑤ ➔ ε ❡ ♣♦rt❛♥t♦
distφ♣x, yq ➔ β✱ ❝♦♥❝❧✉✐✲s❡♥❞♦ ❡st❛ ♣❛rt❡✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❢♦✐ ✉s❛❞♦ ♣❛r❛ ❞❡♠♦♥str❛r q✉❡ ♦ ✐t❡♠ ✭❜✮ ✐♠♣❧✐❝❛❀ ✐t❡♠
✭❛✮ ♥♦ ❚❡♦r❡♠❛ ✸✳✶✳

▲❡♠❛ ✸✳✶✳✺✳ s❡ φ t❡♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❡ β0 → 0 ❡♥tã♦ ♣❛r❛
t♦❞♦ β → 0 ❡①✐st❡♠ ε, δ → 0 t❛❧ q✉❡ s❡

dist♣φh♣tq♣xq, φt♣yqq ➔ δ
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♣❛r❛ t♦❞♦ t P R ❝♦♠ x, y P X❀ h P H
�
0 ♣Rq ❀ φh♣t0q♣xq ✏ φt0�s♣yq ♣❛r❛ ❛❧❣✉♠ t0 P R

❡ s P ♣✁ε, εq❀ ❡♥tã♦ distφ♣x, yq ➔ β.

❖ ❚❡♦r❡♠❛ ✸✳✶ ❝♦♥✜r♠❛ q✉❡ ❛ ❡s❝♦❧❤❛ ❞❛ ❑✲❡①♣❛♥s✐✈✐❞❛❞❡ ❝♦♠♦ ❞❡✜♥✐çã♦
♣❛r❛ ❡st❡ tr❛❜❛❧❤♦ é ❛ ♠❛✐s ❛❞❡q✉❛❞❛✳

✸✳✷ Pr♦♣r✐❡❞❛❞❡s ❞♦s ✢✉①♦s ❡①♣❛♥s✐✈♦s

◆❡st❛ s❡çã♦✱ ♣r♦✈❛r❡♠♦s q✉❡ ♦s ✢✉①♦s ❡①♣❛♥s✐✈♦s✱ ❡♠ s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s Σ✱
♥ã♦ ❛♣r❡s❡♥t❛♠ ♣♦♥t♦s ❡rr❛♥t❡s ✭♣r♦♣♦s✐çã♦ ✸✳✷✳✶✮❀ q✉❡ t♦❞❛s s✉❛s s✐♥❣✉❧❛r✐❞❛❞❡s
sã♦ ❞❡ t✐♣♦ s❡❧❛ ✭♣r♦♣♦s✐çã♦ ✸✳✷✳✸✮❀ q✉❡ ♥ã♦ ❛♣r❡s❡♥t❛♠ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s
✭♣r♦♣♦s✐çã♦ ✸✳✷✳✹✮ ❡ q✉❡ sã♦ t♦❞♦s ✢✉①♦s ❞❡ ❈❤❡rr②✳ ❆ss✐♠ ❡❧❡ s❡rá ❝♦♥❥✉❣❛❞♦ ❛
✉♠ ✢✉①♦ C✽ ✭♣r♦♣♦s✐çã♦ ✸✳✷✳✻✮✳

❖ s❡❣✉✐♥t❡ ❧❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✶✶❪✳

▲❡♠❛ ✸✳✷✳✶✳ ❙❡ ♦ ✢✉①♦ φ ❛♣r❡s❡♥t❛ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s✱ ❡♥tã♦
Σ③ Sing♣φq ✏ ❨�✽

i✏1Ui ♦♥❞❡✿

❛✮ ◗✉❛❧q✉❡r Ui é ✉♠❛ ❝❛✐①❛ ❞❡ ✢✉①♦✳

❜✮ ❈❛❞❛ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❞❡ Σ③ Sing♣φq ❡stá ❝♦♥t✐❞♦ ❡♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡
❝❛✐①❛s ❞❡ ✢✉①♦ ❞❡ Ui

❝✮ ❙❡ i ✘ j ❡♥tã♦ Ui ❳ Uj ⑨ ❇Ui ❳ ❇Uj

❉❡♠♦♥str❛çã♦✳ Pr♦♣♦s✐çã♦ ✹✳✸ ❞❡ ❬✶✶❪✳

▲❡♠❛ ✸✳✷✳✷✳ ❙❡❥❛♠ l ✏ ra, bs ❡ l✶ ❞✉❛s s❡❝çõ❡s ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t❛s ❡ τ : ra, bq Ñ
R ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ t❛❧ q✉❡ φτ♣xq♣xq P l✶ ♣❛r❛ t♦❞♦ x P ra, bq ❡ lim

xÑb
τ♣xq ✏ �✽✱

❡♥tã♦ ω♣bq ⑨ Sing♣φq.

❉❡♠♦♥str❛çã♦✳ P♦r ❛❜s✉r❞♦❀ s❡❥❛ ra, bs ✏ l, l✶ ❞✉❛s s❡❝çõ❡s tr❛♥s✈❡rs❛✐s ❧♦❝❛✐s
❝♦♠♣❛❝t❛s ❝♦♠ τ : ra, bq Ñ R ❢✉♥çã♦ ❝♦♥tí♥✉❛ t❛❧ q✉❡ φτ♣xq♣xq P l✶ ♣❛r❛ ❝❛❞❛
x P ra, bq✱ lim

xÑb
τ♣xq ✏ �✽ ❡ ω♣bq ❺ Sing♣φq ✐st♦ é✱ ❡①✐st❡ y P ω♣bq e y ❘ Sing♣φq✳

P♦❞❡♠♦s s✉♣♦r q✉❡ y ❘ l ❨ l✶✱ ♣♦✐s✱ s❡ y P l✶✱ ❡♥tã♦ ❡①✐st❡ ✉♠ t❡♠♣♦ ✜♥✐t♦ τ → 0

t❛❧ q✉❡ φτ ♣bq P l✶✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ lim
xÑb

τ♣xq ✏ �✽✳ ❙❡ y P l ✏ ra, bs✱

❡♥tã♦✱ ❝♦♠♦ y P ω♣bq✱ ❡①✐st❡ t → 0 t❛❧ q✉❡ φt♣bq P l❀ s❡ φt♣bq ✏ b t❡♠ ór❜✐t❛
♣❡r✐ó❞✐❝❛✱ ♦ q✉❡ ❝♦♥tr❛❞✐③✱ ❝♦♠ lim

xÑb
τ♣xq ✏ �✽❀ s❡ φt♣bq ✘ b✱ ❡♥tã♦ φt�τ♣bq P l✶✱

♦ q✉❡ ❝♦♥tr❛❞✐③✱ ❝♦♠ lim
xÑb

τ♣xq ✏ �✽✳ ❈♦♠♦ y P ω♣bq é ✉♠ ♣♦♥t♦ r❡❣✉❧❛r✱

❝♦♥s✐❞❡r❡♠♦s ✉♠❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧ j t❛❧ q✉❡ y P j✳ ❈♦♠♦ l e l✶ sã♦ ❝♦♠♣❛❝t❛s
♣♦❞❡♠♦s s✉♣♦r q✉❡ j ❳ l ✏ j ❳ l✶ ✏ ❍✳ P❛r❛ ❝❛❞❛ x P ra, bq ❝♦♥s✐❞❡r❡♠♦s ♦
❝♦♥❥✉♥t♦ Tx ✏ tt P r0, τ♣xqs : φt♣xq P j✉ ❡ ❞❡✜♥❛♠♦s N♣xq P Z ❝♦♠♦ ♦ ♥ú♠❡r♦
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❞❡ ♣♦♥t♦s ❞❡ Tx✱ ✐st♦✱ ♣♦✐s s❡ Tx é ✐♥✜♥✐t♦✱ ❡♥tã♦ t❡♠ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦
♥✉♠❡rá✈❡❧✿

A ✏ tt1 ➔ t2 ➔ ☎ ☎ ☎ ✉ ⑨ Tx,

❧♦❣♦✱ ti ➔ τ♣xq✱ ♣❛r❛ t♦❞♦ i P N✱ ♥♦ ❧✐♠✐t❡ ♦❜t❡♠♦s q✉❡ lim
nÑ�✽

ti ↕ τ♣xq✱ ❛❜s✉r❞♦

♣♦✐s ♣♦r ❤✐♣ót❡s❡ τ♣xq é ✉♠ ♥ú♠❡r♦ r❡❛❧✱ ♣♦r t❛♥t♦ Tx é ✜♥✐t♦ ❡ N♣xq P Z é
❧✐♠✐t❛❞♦✳
P♦r ♦✉tr♦ ❧❛❞♦✱ ❡①✐st❡♠ ✐♥✜♥✐t♦s ✈❛❧♦r❡s ❞❡ t → 0 t❛❧ q✉❡ φt♣bq P j✱ ♣♦✐s
y P ω♣bq❀ ❡ ❝♦♠♦ τ ♥ã♦ é ❧✐♠✐t❛❞♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s xn P ra, bq
❝♦♥✈❡r❣✐♥❞♦ ♣❛r❛ b t❛❧ q✉❡ lim

nÑ�✽
τ♣xnq ✏ �✽✱ ❡♥tã♦✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ N ✱

t❡♠♦s q✉❡ lim
nÑ�✽

N♣xnq ✏ �✽✱ ♦ q✉❡ é ❛❜s✉r❞♦✱ ♣♦✐s N é ❧✐♠✐t❛❞♦✳ P♦rt❛♥t♦

ω♣bq ⑨ Sing♣φq.

❉❡✜♥✐çã♦ ✸✳✷✳ ❉✐③❡♠♦s q✉❡ ✉♠ ♣♦♥t♦ x P Σ é ❡stá✈❡❧ ✭✐♥st❛✈é❧✮ s❡ ♣❛r❛
❝❛❞❛ ε → 0 ❡①✐st❡ δ → 0 t❛❧ q✉❡✱ s❡ y P Bδ♣xq✱ ❡♥tã♦ dist♣φt♣yq, φt♣xqq ➔ ε, ♣❛r❛
t♦❞♦ t → 0 ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ t ➔ 0✮✳

❉❡✜♥✐çã♦ ✸✳✸✳ ❯♠ ♣♦♥t♦ x P Σ é ❛ss✐♠♣t♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧
✭❛ss✐♠♣t♦t✐❝❛♠❡♥t❡ ✐♥stá✈❡❧✮ s❡ é ❡stá✈❡❧ ✭✐♥stá✈❡❧✮ ❡ ❡①✐st❡ r → 0 t❛❧ q✉❡✱
s❡ y P Br♣xq✱ ❡♥tã♦

lim
tÑ�✽

dist♣φt♣yq, φt♣xqq ✏ 0

✭ lim
tÑ✁✽

dist♣φt♣yq, φt♣xqq ✏ 0✮✳

▲❡♠❛ ✸✳✷✳✸✳ ❙❡ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ ✢✉①♦ φ ❛♣r❡s❡♥t❛ ✉♠ ♥ú♠❡r♦ ✐♥✜♥✐t♦ ❞❡
s❡♣❛r❛tr✐③❡s ❡stá✈❡✐s ♦✉ ✐♥stá✈❡✐s✱ φR♣xq✱ ❡♥tã♦ ♣❡❧♦ ♠❡♥♦s ✉♠ ❞❡s❡s x P Σ é
❛ss✐♠♣tót✐❝❛♠❡♥t❡ ❡stá✈❡❧ ♦✉ ✐♥stá✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ p P Sing♣φq ❡ tφR♣xnq✉nPN ✐♥✜♥✐t❛s s❡♣❛r❛tr✐③❡s ❡stá✈❡✐s
❛ss♦❝✐❛❞❛s ❛ p ✭❛ ♣r♦✈❛ é s✐♠✐❧❛r ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✐♥✜♥✐t❛s s❡♣❛r❛tr✐③❡s ✐♥stá✈❡✐s✮✱
t♦♠❡ ✉♠ ❞✐s❝♦ Dp ❝❡♥tr❛❞♦ ❡♠ p ❞❡ r❛✐♦ ❝♦♥✈❡♥✐❡♥t❡✳ ❙❡❥❛ ♣❛r❛ ❝❛❞❛ n P N✱
yn P φR♣xnq ❳ ❇Dp✱ t❛❧ q✉❡ φR�♣ynq ⑨ Dp✳ P❡❧❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❡ ❇Dp ❡①✐st❡ ✉♠❛
s✉❜s❡q✉ê♥❝✐❛ t❛❧ q✉❡ limnÑ�✽ yn ✏ y0✳
❆✜r♠❛çã♦✿ ❊①✐st❡ ✉♠ ✐♥t❡r✈❛❧♦ I ⑨ Dp ❡♠ ✉♠ s❡❝t♦r ♣❛r❛❜ó❧✐❝♦✳
Pr♦✈❛r❡♠♦s ♣❡❧♦ ❛❜s✉r❞♦❀ s✉♣♦♥❤❛♠♦s q✉❡ ♥ã♦ ❡①✐st❡ t❛❧ ✐♥t❡r✈❛❧♦ ❡♠ Dp✱ ❡♥tã♦
❡①✐st❡♠ ✐♥✜♥✐t♦s s❡t♦r❡s ❡❧í♣t✐❝♦s ♦✉ ♣❛r❛❜ó❧✐❝♦s✱ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❧❡♠❛ ✽✳✷ ❡♠
❬✶✷❪✳
P❡❧❛ ❛✜r♠❛çã♦ t♦♠❛♥❞♦ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❝♦♥✈❡♥✐❡♥t❡ U ❞❡ y0 ❝♦♥s❡❣✉✐♠♦s
q✉❡ limtÑ�✽ dist♣φt♣y0q, φt♣zqq ✏ 0✱ ♣❛r❛ t♦❞♦ z P U ✳ P♦rt❛♥t♦ y0 é
❛ss✐♠♣tót✐❝❛♠❡♥t❡ ❡stá✈❡❧✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✶✳ ❙❡ φ é ❡①♣❛♥s✐✈♦ s♦❜r❡ Σ✱ ❡♥tã♦ ♥ã♦ ❡①✐st❡ ♣♦♥t♦s ❡rr❛♥t❡s
♥❛ s✉♣❡r❢í❝✐❡ Σ✱ ✐st♦ é✱ Ω♣φq ✏ Σ.

❉❡♠♦♥str❛çã♦✳ P♦r ❛❜s✉r❞♦✳ ❙❡❥❛ q P Σ③Ω♣φq✳ ❆ss✐♠ ❝♦♠♦ q é r❡❣✉❧❛r ❡①✐st❡
✉♠❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧ l ❡♠ q✱ t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ t P R

φt♣lq ❳ l ✏ ❍
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▼♦str❛r❡♠♦s q✉❡ ❡①✐st❡ ✉♠ s❡❣♠❡♥t♦ l✶ ⑨ l q✉❡ ❝♦♥tr❛❞✐③ ❛ ❡①♣❛♥s✐✈✐❞❛❞❡✳ ❚❡♠♦s
❞♦✐s ❝❛s♦s✿

❈❛s♦ ✶✿ s✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❡♠ ✐♥✜♥✐t♦s ♣♦♥t♦s ❞❡ l q✉❡ ❡stã♦ ❡♠ s❡♣❛r❛tr✐③❡s
❡stá✈❡✐s✳
❈♦♠♦ Sing♣φq é ✜♥✐t♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ p P Sing♣φq q✉❡ é ô♠❡❣❛
❧✐♠✐t❡ ❞❡ ✐♥✜♥✐t❛s s❡♣❛r❛tr✐③❡s ♣❛ss❛♥❞♦ ♣♦r l✳ P❡❧♦ ❧❡♠❛ ✸✳✷✳✸✱ ✉♠❛ ❞❛q✉❡❧❛s
s❡♣❛r❛tr✐③❡s t❡♠ ✉♠ ♣♦♥t♦ x P l ❛ss✐♠♣tót✐❝❛♠❡♥t❡ ❡stá✈❡❧ ❛ p✳ P❛r❛ ✉♠
ε → 0 ❡①✐st❡ δ → 0✱ ❝♦♥st❛♥t❡ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ ❞❡ φ✳ ❆ss✐♠✱ ♣♦r ❞❡✜♥✐çã♦
❞❡ ❛ss✐♠♣♦t✐❝❛♠❡♥t❡ ❡stá✈❡❧ ♣❛r❛ δ

2
→ 0 ❡①✐st❡ µ → 0 t❛❧ q✉❡ s❡ y P Bµ♣xq ❡♥tã♦✱

dist♣φt♣yq, φt♣xqq ➔
δ
2
♣❛r❛ t♦❞♦ t → 0✳ ❚♦♠❛♥❞♦ ✉♠ s✉❜ s❡❣♠❡♥t♦ l✶ t❛❧ q✉❡

l
✶

⑨ l ❳Bµ♣xq✱ t❡♠♦s q✉❡ s❡ y, z P l✶ ❡♥tã♦✱

dist♣φt♣yq, φt♣zqq ↕ dist♣φt♣yq, φt♣xqq � dist♣φt♣xq, φt♣zqq ➔
δ

2
�
δ

2
✏ δ

♣❛r❛ t♦❞♦ t → 0✳

❙❡ ❡①✐st❡♠ ✐♥✜♥✐t♦s ♣♦♥t♦s ❞❡ l
✶

❡♠ s❡♣❛r❛tr✐③❡s ✐♥stá✈❡✐s ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r✱ ♣❡❧♦
❧❡♠❛ ✸✳✷✳✸✱ l

✷

⑨ l
✶

t❛❧ q✉❡ dist♣φt♣yq, φt♣zqq ➔ δ ♣❛r❛ t♦❞♦ t ➔ 0❀ ❛ss✐♠✱ s❡ x, y P l
✷

t❡♠♦s dist♣φt♣yq, φt♣zqq ➔ δ ♣❛r❛ t♦❞♦ t P R✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❡①♣❛♥s✐✈✐❞❛❞❡ ❞♦
✢✉①♦✳

❙❡ ❡①✐st❡♠ ✜♥✐t♦s ♣♦♥t♦s ❞❡ l
✶

❡♠ s❡♣❛r❛tr✐③❡s ✐♥stá✈❡✐s ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r✱
s✐♠✐❧❛r ❛♦ ❝❛s♦ ✷✱ l

✷

⑨ l
✶

t❛❧ q✉❡ dist♣φt♣yq, φt♣zqq ➔ δ ♣❛r❛ t♦❞♦ t ➔ 0❀ ❛ss✐♠✱
s❡ x, y P l

✷

t❡♠♦s dist♣φt♣yq, φt♣zqq ➔ δ ♣❛r❛ t♦❞♦ t P R✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛
❡①♣❛♥s✐✈✐❞❛❞❡ ❞♦ ✢✉①♦✳

❈❛s♦ ✷✿ ❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣♦♥t♦s txi✉Mi✏0 ⑨ l ❞❛
s❡❝çã♦ tr❛♥s✈❡rs❛❧ l q✉❡ ❡stã♦ ❡♠ s❡♣❛r❛tr✐③❡s ❡stá✈❡✐s✳
❙❡ ❞❡s❝❛rt❛♠♦s ♦s ♣♦♥t♦s ♦♥❞❡ t❡♠♦s ór❜✐t❛s q✉❡ sã♦ s❡♣❛r❛tr✐③❡s t❡♠♦s ✉♠
♥ú♠❡r♦ ✜♥✐t♦ ❞❡ s❡❣♠❡♥t♦s ♥❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧ ❝♦♠♦ s❡♥❞♦ ✐♥t❡r✈❛❧♦s ❛❜❡rt♦s
♣xi, xi�1q ⑨ l ❝♦♠ i ✏ 0, . . . ,M ✁ 1✱ t❛✐s q✉❡ s❡ i P t0, . . . ,M ✁ 1✉ ♣❛r❛ ❝❛❞❛
x P ♣xi, xi�1q ⑨ l✱ ω♣xq ♥ã♦ é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r✳

❈♦♥❞✐çã♦ ✶✿❈❤❛♠❛r❡♠♦s ❛ss✐♠ ♦ ❢❛t♦ ❞❡ ❡♥❝♦♥tr❛r l✶ ❝♦♠ ♣❛r❛ ❝❛❞❛ x P l✶✱
ω♣xq ♥ã♦ t❡♠ ♣♦♥t♦ s✐♥❣✉❧❛r✳
❯♠ s❡❣♠❡♥t♦ q✉❡ s❛t✐s❢❛③ ❛ ❈♦♥❞✐çã♦ ✶ é l✶ ⑨ ♣xi, xi�1q ♣❛r❛ ❛❧❣✉♠ i P
t0, . . . ,M ✁ 1✉✳ ❙❡❥❛ p ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❡ Dp ✏ ty P Σ; dist♣y, pq ➔ r✉ t❛❧ q✉❡
2r ➔ δ

2
✳ P❡❧♦ ❧❡♠❛ ✸✳✷✳✶✱ t❡♠♦s q✉❡ ❛ s✉♣❡r❢í❝✐❡ s❡♠ ♣♦♥t♦s s✐♥❣✉❧❛r❡s Σ③ Sing♣φq

t❡♠ ✉♠❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ ❞❡ ❝❛✐①❛s ❞❡ ✢✉①♦s tU i : i P N✉✳ ❉✐✈✐❞✐♥❞♦ ❛s
❝❛✐①❛s ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡✱ ❝♦♥s❡❣✉✐♠♦s ♦✉tr❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ ❞❡ ❝❛✐①❛s ❞❡ ✢✉①♦
tUi : i P N✉ ❝♦♠ diam♣Uiq ➔

δ
2
♣❛r❛ ❝❛❞❛ i P N✳ ❯♠❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ ❞❛

s✉♣❡r❢í❝✐❡ Σ✱ é tDp✉pPSing♣φq ❨ tUi✉iPN ❡ ♣❡❧❛ ❝♦♠♣❛❝✐❞❛❞❡ ❞❛ s✉♣❡r❢í❝✐❡ Σ✱ ❡①✐st❡
✉♠❛ s✉❜ ❝♦❜❡rt✉r❛ ✜♥✐t❛ ❞❛ ❢♦r♠❛

Σ ⑨ tDp✉pPSing♣φq ❨ tU1, U2, . . . , UN✉ ✭✸✳✾✮
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❈♦♥❞✐çã♦ ✷✿❝❤❛♠❛r❡♠♦s ❛ss✐♠ ♦ ❢❛t♦ ❞❡ ❡♥❝♦♥tr❛r l✶ t❛❧ q✉❡ ❛ ór❜✐t❛ ❞♦
s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ♥❛ ❢r♦♥t❡✐r❛ ❞❛s ❝❛✐①❛s ❞♦ ✢✉①♦✱ t❇Ui : i ✏ 1, . . . , N✉ ✱
♥ã♦ ✐♥t❡rs❡❝t❛ l✶✳
■st♦ é ♣♦ssí✈❡❧ t♦♠❛♥❞♦ ♦ s❡❣♠❡♥t♦ l✶✱ ♠❡♥♦r ❡♠ l✳ ❈♦♠ ai ❡ bi ❛s s❡❝çõ❡s
tr❛♥s✈❡rs❛✐s ♥❛ ❢r♦♥t❡✐r❛ ❞❡ Ui ♣❛r❛ ❛❧❣✉♠ i P N✱ ♦♥❞❡ ♦ ✢✉①♦ ❡♥tr❛ ❡ s❛✐ ❞❛ ❝❛✐①❛
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ l✶ ♥ã♦ ✐♥t❡rs❡❝t❛ ❛ ai ♣❛r❛ ❝❛❞❛
i P N✳ ❙❡❥❛♠ x, y P l✶ ❡ ❞❡✜♥❛♠♦s A ✏

➈N

i✏1 ai✳
❉❡✈✐❞♦ ❛ q✉❡ ♦ s❡❣♠❡♥t♦ l✶ s❛t✐s❢❡③ ❛ ❝♦♥❞✐çã♦ ✶ ❡ ♣❡❧♦ t❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré✲
❇❡♥❞✐①s♦♥✬s✱ ω♣xq é ♣❡r✐ó❞✐❝♦ ♦✉ ω♣xq ✏ Σ ♦✉ ω♣xq é ✉♠ ❣rá✜❝♦✳ ▲♦❣♦✱
❡①✐st❡♠ ♥ú♠❡r♦s r❡❛✐s ♣♦s✐t✐✈♦s ♣❛r❛ ❝❛❞❛ n✱ tn, sn ⑨ R

�✱ ❞✐✈❡r❣❡♥t❡s✱ t❛✐s q✉❡
ttn : n P N✉ ✏ tt P R

� : φt♣xq P A✉ ❡ tsn : n P N✉ ✏ tt P R
� : φt♣yq P A✉✳ ❙❡❥❛

I, J : N Ñ t1, . . . , N✉ ❢✉♥çõ❡s ❞❡✜♥✐❞❛s ♣♦r φtn♣xq P aI♣nq ❡ φtn♣yq P aJ♣nq ✐st♦ é
♣♦r ✭✸✳✾✮✱ ♣♦✐s t❡♠♦s ✉♠❛ ❝♦❜❡rt✉r❛ ✜♥✐t❛ ✳

▼♦str❛r❡♠♦s q✉❡ I ✏ J ✱ ♣♦r ✐♥❞✉çã♦❀ s✉♣♦♥❤❛♠♦s q✉❡ I♣1q ✘ J♣1q ❡ s❡❥❛ ♦
s❡❣♠❡♥t♦ l✷ ✏ rx, ys ⑨ l✶ ❡

X ✏ tz P l✷ : ❡①✐st❡ t → 0, φr0,ts♣zq ❳ aJ♣1q ✏ ❍ ❡ φt♣zq P aI♣1q✉

Pr♦✈❛r❡♠♦s q✉❡ y P X✳ x P X✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦✱ φr0,ts♣xq ❳ aJ♣1q ✘ ❍ ♣❛r❛
t♦❞♦ t → 0✱ q✉❡ é ❛❜s✉r❞♦✳ X é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡♠ l✷✱ ✐st♦✱ ♣♦✐s ♣❛r❛ ❝❛❞❛
♣♦♥t♦ z P X✱ ❝♦♠♦ l✶ s❛t✐s❢❡③ ❛ ❝♦♥❞✐çã♦ ✷ ❡ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ φ ❡①✐st❡ ✉♠❛
✈✐③✐♥❤❛♥ç❛ V ❞♦ ♣♦♥t♦ z P X t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ z✶ ❞❛ ✈✐③✐♥❤❛♥ç❛ V s❛t✐s❢❡③
φr0,ts♣zq ❳ aJ♣1q ✏ ❍ ❡ φt♣zq P aI♣1q✱ ♣❛r❛ ❛❧❣✉♠ t → 0✱ ✐st♦ é✱ z é ✉♠ ♣♦♥t♦
✐♥t❡r✐♦r ❞❡ X✳ ❙❡❥❛ Y ❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ X q✉❡ ❝♦♥t❡♠ ❛ x✳ ❊♥tã♦ Y é ✉♠
✐♥t❡r✈❛❧♦✳ ❙❡❥❛ u ✉♠ ♣♦♥t♦ ❡①tr❡♠♦ ❞❡ Y ❞✐st✐♥t♦ ❞❡ x✱u ✘ x✳ u P Y ❡ ♣♦rt❛♥t♦
u ✏ y✱

Pr♦✈❛ ❞❡ u P Yu P Yu P Y ✿
❉❡ ❢❛t♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ X ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠❛ ❢✉♥çã♦ ❞❡ ✈❛❧♦r r❡❛❧
T : rx, uq Ñ R

� t❛❧ q✉❡ φT ♣zq♣zq P aI♣1q ❡ φr0,T ♣zqs♣zq ❳ aJ♣1q ✏ ❍✳
❆✜r♠❛çã♦✿ ❆ ❢✉♥çã♦ T ♣zq ♥ã♦ ❞✐✈❡r❣❡ ♣❛r❛ �✽ q✉❛♥❞♦ z t❡♥❞❡ ❛ u✳ P♦✐s✱ ❝❛s♦
❝♦♥trár✐♦✱ ♣❡❧♦ ❧❡♠❛ ✸✳✷✳✷ ♦ ❝♦♥❥✉♥t♦ ô♠❡❣❛ ❧✐♠✐t❡ ❞❡ u é s✐♥❣✉❧❛r✱ ω♣uq ⑨ Sing♣φq
♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ l✶ s❛t✐s❢❛③❡r ❛ ❝♦♥❞✐çã♦ ✶✳ ▲♦❣♦✱ ♣❡❧❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r

lim
zÑu

T ♣zq ✘ �✽

❞❛í ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ rx, uq✱ tzn✉nPN ⑨ rx, uq t❛❧ q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛ u ❡
♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦ ❞❡ ✈❛❧♦r r❡❛❧ T ✱ ❛ s❡q✉ê♥❝✐❛ tT ♣znq✉ ❝♦♥✈❡r❣❡ ♣❛r❛
T ♣uq✳ ❊♥tã♦ tφT ♣znq✉ ❝♦♥✈❡r❣❡ ♣❛r❛ φT ♣uq♣uq✳
P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ φr0,T ♣uqs♣uq ♥ã♦ ♣♦❞❡ ❝♦rt❛r ❛ aJ♣1q✱
♣♦✐s ❝❛s♦ ❝♦♥trár✐♦✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦ T ❡ ♣❛r❛ ♥ú♠❡r♦s ♥❛t✉r❛✐s n
s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s✱ ♦s s❡❣♠❡♥t♦s ❞❡ ór❜✐t❛s φr0,T ♣znqs♣znq ❝♦rt❛r✐❛♠ aJ♣1q
✭φr0,T ♣znqs ❳ aJ♣1q ✏ ❍✮✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ l✶ s❛t✐s❢❛③❡r ❛ ❝♦♥❞✐çã♦ ✷✳
❊♠ s✉♠❛

φr0,T ♣uqs♣uq ❳ aJ♣1q ✏ ❍ ❡ φT ♣uq♣uq P aI♣1q

▲♦❣♦✱ u P Y ✳ ❈♦♠ ✐ss♦ y P X✱ ❧♦❣♦ Y ✏ X ❡ ❝♦♠♦ X é ❛❜❡rt♦ ❡ Y é ❝♦♥❡①♦ t❡♠♦s
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q✉❡ l✷ ✏ Y ✏ X✱ ♣❡❧♦ q✉❡ ❡①✐st❡ n P N t❛❧ q✉❡ φsn♣yq P aI♣1q ❡ φro,sns♣yq❳aJ♣1q ✏ ❍
❛ss✐♠ J♣nq ✏ I♣1q ❡ n ➔ 1✱ ❛❜s✉r❞♦✳ P♦rt❛♥t♦ I♣1q ✏ J♣1q✳
❆❣♦r❛ s✉♣♦♥❤❛♠♦s I♣kq ✏ J♣kq ♣❛r❛ t♦❞♦ í♥❞✐❝❡ k P t1, . . . , K✉✳ ❉❡✜♥✐♠♦s
lK ✏ rφtK ♣xq, φsK ♣yqs ⑨ aI♣Kq✱ ❡♥tã♦ lK t❛♠❜é♠ ✈❡r✐✜❝❛ ❛s ❝♦♥❞✐çõ❡s ✭✶✮ ❡ ✭✷✮✳
▲♦❣♦✱ ❢❛③❡♥❞♦ ♦s ♠❡s♠♦s r❛③♦❛♠❡♥t♦s ❞❛ ♣❛rt❡ ♦♥❞❡ s❡ ❞❡♠♦♥str♦✉ I♣1q ✏ J♣1q✱
❡♥tã♦ s❡ ❝♦♥❝❧✉✐✲s❡ q✉❡ I♣K � 1q ✏ J♣K � 1q.
❙❡❥❛ h : R③R✁ Ñ R③R✁ t❛❧ q✉❡ h♣0q ✏ 0✱ h♣tnq ✏ sn ♣❛r❛ ❝❛❞❛ n P N é ❧✐♥❡❛r ♥♦s
✐♥t❡r✈❛❧♦s ❞❛ ❢♦r♠❛ ♣ti, ti�1q✳ ❆ss✐♠ ❝♦♥s❡❣✉✐♠♦s ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h.
❆✜r♠❛çã♦✿ dist♣φt♣xq, φh♣tq♣yqq ➔ δ ♣❛r❛ t♦❞♦ t ➙ 0✳
❇❛st❛ ♣r♦✈❛r q✉❡ ❡♠ q✉❛❧q✉❡r ❝❛✐①❛ ❞♦ ✢✉①♦ ♦✉ ♣❡rt♦ ❞❛ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡
dist♣φt♣xq, φh♣tq♣yqq ➔ δ✱ ♣❛r❛ t♦❞♦ t ➙ 0.

❉❡ ❢❛t♦✱ s❡❥❛ n P N✳ ❚♦♠❡

t✝ ✏ suptt ➙ tn : φrtn,ts♣xq ⑨ Ui ♣❛r❛ ❛❧❣✉♠ i P t1, . . . , N✉✉

❖❜s❡r✈❛çâ♦✿ s❡ ❇UI♣nq ❳ ❇UI♣n�1q ✘ ❍ ❡♥tã♦ t✝ ➙ tn�1.

❋❛③❡♥❞♦ i0 ✏ I♣nq✱ t❡♠♦s q✉❡ φt✝♣xq P bi0 ✱ ♣♦✐s φtn♣xq P ai0 ❡ ♥♦ ❝♦rr❡r ❞♦ t❡♠♣♦
φt✝♣xq P bi0 ✳
❱❛♠♦s ♣❛rt✐♠♦s ❡♠ ❞♦✐s ❝❛s♦s ♣❛r❛ ❞❡♠♦♥str❛r ♥♦ss❛ ❛✜r♠❛çã♦✿ t✝ ➙ tn�1✱ ❡
t✝ ➔ tn�1

P❛r❛ t✝ ➙ tn�1 ♦❜s❡r✈❛♠♦s✿ φrtn,tn�1s♣xq ❡ φrsn,sn�1s♣yq ❡stã♦ ❝♦♥t✐❞♦s ❡♠ Ui0 ✭✈❡r
✜❣✉r❛ ✸✳✷✭❛✮✮✳ ▲❡♠❜r❡♠♦s q✉❡ I ✏ J ❀ ✐st♦ ❞✐③ q✉❡ ❛s ór❜✐t❛s ❞❡ x ❡ y ❝♦rt❛♠ ✉♠❛
♠❡s♠❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧ aI♣nq ♣❛r❛ ✉♠ t❡♠♣♦ tn ❡ sn r❡s♣❡❝t✐✈❛♠❡♥t❡✿ ❛ss✐♠
❝♦♠♦ φt✝♣xq P bi0 t❡♠♦s q✉❡ ♦s s❡❣♠❡♥t♦s ❞❡ ór❜✐t❛s ❡stã♦ ❝♦♥t✐❞♦s ❡♠ Ui0 ❉❛
♦❜s❡r✈❛çã♦ ❡ diam♣Ui0q ➔

δ
2
✱ t❡♠♦s q✉❡

dist♣φt♣xq, φt♣yqq ➔ δ ♣❛r❛ t♦❞♦ t P rtn, tn�1s.

P❛r❛ t✝ ➔ tn�1✱ ♣❡❧❛ ♦❜s❡r✈❛çã♦✱ t❡♠♦s q✉❡ ❇UI♣nq ❳ ❇UI♣n�1q ✏ ❍ ♦ q✉❡ ♥♦s ❞✐③
q✉❡ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❛ s✉♣❡r❢í❝✐❡ Σ q✉❡ ♥ã♦ ❡stá s❡♥❞♦ ❝♦❜❡rt♦✱ ♣♦✐s l✶ é ✉♠
s❡❣♠❡♥t♦ ❞❡ ♣♦♥t♦s ❡rr❛♥t❡s✱ ♦ q✉❡ ❛ss❡❣✉r❛ q✉❡ l✶ ♥ã♦ r❡❝♦rr❡r❛ ❛♦ ♠❡s♠♦ ❧✉❣❛r
♣❛r❛ q✉❛❧q✉❡r t❡♠♣♦✳ ❆ss✐♠ ❝♦♠♦ t❡♠♦s ✉♠❛ ❝♦❜❡rt✉r❛ ♣❛r❛ ♥♦ss❛ s✉♣❡r❢í❝✐❡✱
✐st♦✱ ♣❡❧♦ r❡s✉❧t❛❞♦ ✭✸✳✾✮✱ ❡♥tã♦ ❡①✐st✐r✐❛ ✉♠ ❞✐s❝♦ Dp ❝❡♥tr❛❞♦ ❡♠ ❛❧❣✉♠ ♣♦♥t♦
s✐♥❣✉❧❛r p P Sing♣φq t❛❧ q✉❡ ❝♦❜r✐r✐❛ ♦s ♣♦♥t♦s q✉❡ ❢❛❧t❛✈❛♠ ❝♦❜r✐r✳ ❖ q✉❡ ♥♦s
❛ss❡❣✉r❛ q✉❡ ♦ ♣♦♥t♦ ❞❛ ór❜✐t❛ ❞❡ x tr❛♥s❝♦rr✐❞♦ t✝ → 0✱ q✉❡ ❡st❛ ❡♠ bi0 ✱ ♣❡rt❡♥❝❡
❛ ✉♠ ❞✐s❝♦ Dp ♣❛r❛ ❛❧❣✉♠ p P Sing♣φq ✭✈❡r ✜❣✉r❛ ✸✳✷✭❜✮✮✳

x✝ ✏ φt✝♣xq P Dp

❆ss✐♠✱ ❝♦♠♦ φsn♣yq P ai0 t❡♠♦s q✉❡ ❡①✐st✐rá s✝ ➙ sn t❛❧ q✉❡ y✝ ✏ φs✝♣yq P bi0
❡ t❛❧ q✉❡ φrsn,s✝q♣yq ❡st❡❥❛ ❝♦♥t✐❞♦ ❡♠ Ui0 . ❈♦♠♦ ♦s s✉❜s❡❣♠❡♥t♦s rx✝, y✝s ❞❡ bi0
❡stã♦ ❝♦♥t✐❞♦s ❡♠ Dp t❡♠♦s q✉❡ ♦s s❡❣♠❡♥t♦s ❞❡ ór❜✐t❛ ❞❡ x ❡ y q✉❡ ♥ã♦ sã♦
❝♦❜❡rt♦s ♣♦r ❝❛✐①❛s ❞❡ ✢✉①♦✱ sã♦ ❝♦❜❡rt♦s ♣♦r Dp✱ ✐st♦ é

φrt✝,tn�1s♣xq ⑨ Dp ❡ φrs
✝, sn�1s♣yq ⑨ Dp
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▲♦❣♦
dist♣φt♣xq, φt♣yqq ➔ δ ♣❛r❛ t♦❞♦ t P rtn, tn�1s.

❙❡ ❡①✐st❡♠ ✜♥✐t♦s ♣♦♥t♦s ❞❡ l
✶

❡♠ s❡♣❛r❛tr✐③❡s ✐♥stá✈❡✐s ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r✱ ❝♦♠♦
❛ ❝♦♥str✉çã♦ ❛♥t❡r✐♦r✱ l

✸

⑨ l
✶

t❛❧ q✉❡ dist♣φt♣yq, φt♣zqq ➔ δ ♣❛r❛ t♦❞♦ t ➔ 0❀
❛ss✐♠✱ s❡ x, y P l

✸

t❡♠♦s dist♣φt♣yq, φt♣zqq ➔ δ ♣❛r❛ t♦❞♦ t P R✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛
❡①♣❛♥s✐✈✐❞❛❞❡ ❞♦ ✢✉①♦✳

❙❡ ❡①✐st❡♠ ✐♥✜♥✐t♦s ♣♦♥t♦s ❞❡ l
✶

❡♠ s❡♣❛r❛tr✐③❡s ✐♥stá✈❡✐s ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r✱ P❡❧♦
❧❡♠❛ ✸✳✷✳✸✱ l

✷

⑨ l
✶

t❛❧ q✉❡ dist♣φt♣yq, φt♣zqq ➔ δ ♣❛r❛ t♦❞♦ t ➔ 0❀ ❛ss✐♠✱ s❡ x, y P l
✷

t❡♠♦s dist♣φt♣yq, φt♣zqq ➔ δ ♣❛r❛ t♦❞♦ t P R✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❡①♣❛♥s✐✈✐❞❛❞❡ ❞♦
✢✉①♦✳

x

y

ɸ
tn
(x) ɸ

tn+1
(x)ɸt*(x)

ɸ
sn+1
(y)

ai0

Ui0 bi0

l'

✭❛✮ t✝ ➙ tn�1

x

y

ɸ
tn
(x) x*=ɸt*(x)

ai0 bi0

l'

y*=ɸs*(y)

Ui0

p

Dp

✭❜✮ t✝ ➔ tn�1

❋✐❣✉r❛ ✸✳✷✿ ❝❛s♦s ♣❛r❛ t✝

Pr♦♣♦s✐çã♦ ✸✳✷✳✷✳ ❖s ✢✉①♦s ❡①♣❛♥s✐✈♦s ❡♠ s✉♣❡r❢í❝✐❡s ♥ã♦ t❡♠ ♣♦♥t♦s s✐♥❣✉❧❛r❡s
❡stá✈❡✐s✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❛❜s✉r❞♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❡♠ ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r
❡stá✈❡❧✱ p P Sing♣φq✱ ❛✜r♠❛♠♦s q✉❡✿
❆✜r♠❛çã♦✿ p é ❛ss✐♠♣tót✐❝❛♠❡♥t❡ ❡stá✈❡❧
P❡❧♦ ❛❜s✉r❞♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ p P Sing♣φq ♥ã♦ é ❛ss✐♠♣tót✐❝❛♠❡♥t❡ ❡stá✈❡❧✳
❉❛❞♦ ε → 0 ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ δ → 0✱ ❡ ♣❛r❛ ❡st❛✱ ♣♦r
❞❡✜♥✐çã♦ ❞❡ ♣♦♥t♦ ❡stá✈❡❧ ❡①✐st❡ µ → 0 t❛❧ q✉❡ q✉❛❧q✉❡r y P Bµ♣pq❀ φR♣yq ⑨ Bδ♣pq.
❊ ❝♦♠♦ p ♥ã♦ é ❛ss✐♠♣ót✐❝❛♠❡♥t❡ ❡stá✈❡❧ t❡♠♦s q✉❡ ❡♠ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ ❞❡
p ♥❡♠ t♦❞♦s s❡✉s ♣♦♥t♦s t❡♠ ❝♦♠♦ ô♠❡❣❛ ❧✐♠✐t❡ ❛ p✱ ♣❡❧♦ q✉❡ ❡①✐st❡ x P Bµ♣pq
t❛❧ q✉❡ ω♣xq ✘ tp✉✳ Pr♦✈❛r❡♠♦s q✉❡ ω♣xq ⑨ clos♣Bδ♣pqq✱ s✉♣♦♥❞♦ q✉❡ ♥ã♦ ❡stá
❝♦♥t✐❞♦✱ t❡♠♦s q✉❡ ❡①✐st❡ t✶ → 0 t❛❧ q✉❡ φt✶♣xq ❘ clos♣Bδ♣pqq ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦
❢❛t♦ ❞❡ q✉❡ t♦❞♦ y P Bµ♣pq✱ φR�♣yq ⑨ Bδ♣pq.
❚♦♠❛♥❞♦ q P ω♣xq t❡♠♦s q✉❡ q ✘ p✱ ♣♦r ❤✐♣ót❡s❡ ω♣xq ✘ tp✉✳❆ss✐♠

dist♣φt♣qq, φt♣pqq ➔ δ

♣❛r❛ ❝❛❞❛ t P R ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❡①♣❛♥s✐✈✐❞❛❞❡ ❞♦ ✢✉①♦ φ✳

P❡❧❛ ❛✜r♠❛çã♦ ♦ ♣♦♥t♦ s✐♥❣✉❧❛r ❡stá✈❡❧ p é ❛ss✐♠♣ót✐❝❛♠❡♥t❡ ❡stá✈❡❧✱ q✉❡✱
s❡❣✉♥❞♦ ❛ ❞❡✜♥✐çã♦✱ ❡①✐st❡ τ → 0 ♣❛r❛ ❝❛❞❛ x P Bτ ♣pq❀ ω♣xq ✏ tp✉✱ q✉❡ ❡q✉✐✈❛❧❡
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❛ ❞✐③❡r q✉❡
lim
tÑ�✽

φt♣xq ✏ p ✭✸✳✶✵✮

❚♦♠❡♠♦s x P Bτ ♣pq t❛❧ q✉❡ dist♣x, pq ✏ 3
4
τ ✳ ■s♦❧❡♠♦s ♦s ♣♦♥t♦s x ❡ p t♦♠❛♥❞♦

❜♦❧❛s ❝❡♥tr❛❞❛s ❡♠ x ❡ p ❞❡ r❛✐♦s r ♠❡♥♦r q✉❡ τ ✱ ❝♦♠♦ ♥❛ ✜❣✉r❛ ✸✳✸ ✳ P❛r❛
ε ➔ r

N
✱ N P N✱ s❡❣✉♥❞♦ ❛ ❤✐♣ót❡s❡ ❞❡ s❡r p ♣♦♥t♦ ❡stá✈❡❧ ❡①✐st❡ µ → 0 t❛❧ q✉❡ s❡

y P Bµ♣pq ❡♥tã♦ dist♣φt♣yq, pq ➔ ε ♣❛r❛ t♦❞♦ t → 0✳ ❚♦♠❛♥❞♦ 0 ➔ v ➔ mintµ, ε✉
❢❛③❡♠♦s ❝♦♠ q✉❡ ♣❛r❛ ❝❛❞❛ y P Bv♣pq

φR�♣yq ⑨ Bv♣pq. ✭✸✳✶✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✵✮✱ t❡♠♦s q✉❡ ♣❛r❛ v → 0 ❡①✐st❡ M → 0 t❛❧ q✉❡
♣❛r❛ ❝❛❞❛ t → M ✱ dist♣φt♣xq, pq ➔ v✳ ❆ss✐♠✱ ❡ ♣♦❧♦ t❡♦r❡♠❛ ❞♦ ✢✉①♦ t✉❜✉❧❛r
❧♦♥❣♦ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞♦ ❛r❝♦ ❞❡ tr❛❥❡tór✐❛ φr0,ts♣xq, t → M q✉❡ é ✉♠❛
❝❛✐①❛ ❞❡ ✢✉①♦ ❛❜❡rt❛✱ U❳Bv♣pq ✘ ❍✳ P♦r ú❧t✐♠♦ ♠♦str❛r❡♠♦s q✉❡ x é ✉♠ ♣♦♥t♦
❡rr❛♥t❡✳ ❙✉♣♦♥❞♦ ♦ ❝♦♥trár✐♦✱ ✐st♦ é✱ ♣❛r❛ ❝❛❞❛ n P N ❡ m → 0✱ ❡①✐st❡ tn → m ❡
xn P B 1

n
♣xq t❛❧ q✉❡

φtn♣xnq P B 1

n
♣xq ✭✸✳✶✷✮

é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r n P N t❛❧ q✉❡ B 1

n
♣xq ⑨ Br♣xq ❳ U ❡ ♣♦r ✭✸✳✶✶✮✱ ❢❛③❡r ❝♦♠

q✉❡ φt♣B 1

n
♣xqq ⑨ Bv♣pq ❝♦♠ t → M ✳ P❛r❛ M → 0 ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✷✮ ❡①✐st❡

tn → M ❡ xn P B 1

n
♣xq t❛❧ q✉❡ φtn♣xnq P B 1

n
♣xq ⑨ U ✱ ❡♠ q✉❡ φtn♣xnq P Bv♣pq ✐st♦

é✱ B 1

n
♣xq ❳ Bv♣pq ✘ ❍✱ ❛ss✐♠

Br♣xq ❳ Br♣pq ✘ ❍

♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ s❡r x ❡ p ✐s♦❧❛❞♦s ♣♦r ❜♦❧❛s ❞❡ r❛✐♦ r✳
▲♦❣♦ x P Bτ ♣pq é ✉♠ ♣♦♥t♦ ❡rr❛♥t❡✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ♣r♦♣♦s✐çã♦ ✭✸✳✷✳✶✮ q✉❡ ❞✐③
q✉❡ ♥❛ s✉♣❡r❢í❝✐❡ Σ ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ♥ã♦ ❡rr❛♥t❡s ❡ t♦❞❛ ❛ s✉♣❡r❢í❝✐❡ Σ✳

x

U

r r
p

❋✐❣✉r❛ ✸✳✸✿ ❜♦❧❛s ✐s♦❧❛❞❛s

Pr♦♣♦s✐çã♦ ✸✳✷✳✸✳ ❙❡ φ é ❡①♣❛♥s✐✈♦ ❡♥tã♦ s❡✉s ♣♦♥t♦s s✐♥❣✉❧❛r✐❞❛❞❡s sã♦ ❞❡ t✐♣♦
s❡❧❛
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❉❡♠♦♥str❛çã♦✳ ❯♠ ✢✉①♦ φ ❡①♣❛♥s✐✈♦ ✐♠♣❧✐❝❛ Sing♣φq é ✜♥✐t♦✳ ❆ss✐♠ s❡❥❛
p P Sing♣φq ♣r♦✈❛r❡♠♦s q✉❡

W u♣pq ✘ tp✉.

P❛r❛ W s♣pq ✘ tp✉ é s✐♠✐❧❛r✳ ❙❡❥❛ δ → 0 ❝♦♥st❛♥t❡ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ ♣❛r❛ ✉♠ r❡❛❧
♣♦s✐t✐✈♦❀ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✭✸✳✷✳✷✮ p ♥ã♦ é ❡stá✈❡❧✱ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ♣♦s✐t✐✈♦ ε → 0

❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s txn✉nPN ⑨ Σ ❡ ♥ú♠❡r♦s ♣♦s✐t✐✈♦s tTn✉nPN ⑨ R
� t❛✐s

q✉❡ lim
nÑ�✽

xn ✏ p ❡

dist♣φTn♣xnq, pq ➙ ε ✭✸✳✶✸✮

♣❛r❛ t♦❞♦ n P N✳ ❚♦♠❛♥❞♦ r P ♣0, δ
2
q ❳ ♣0, εq✱ ❝♦♥s❡❣✉✐♠♦s✱ ♣❡❧♦ r❡s✉❧t❛❞♦ ✭✸✳✶✸✮

❡ lim
nÑ�✽

xn ✏ p✱ q✉❡ ♥❛ ❜♦❧❛ Br♣pq ❡①✐st❛♠ ✐♥✜♥✐t♦s ♣♦♥t♦s ❞❛ s❡q✉ê♥❝✐❛ txn✉nPN✱

❡ ❛ss✐♠ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦✉tr❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s tyn✉nN q✉❡ sã♦ ✐♥t❡rs❡çã♦ ❞❛s
ór❜✐t❛s ❞❡ xn ❡ ❛ ❢r♦♥t❡✐r❛ ❇Br♣pq✳ ■st♦ é✱ ♣❛r❛ ❝❛❞❛ n P N ❡①✐st❡ tn → 0 t❛❧ q✉❡
yn ✏ φtn♣xnq P ❇Br♣pq ❡ t❛❧ q✉❡

φr0,tnq♣xnq ⑨ Br♣pq ✭✸✳✶✹✮

❆ s❡q✉ê♥❝✐❛ ❞❡ ♥ú♠❡r♦s r❡❛✐s ♣♦s✐t✐✈♦s ttn✉nPN ❞✐✈❡r❣❡✱ ♣♦✐s lim
nÑ�✽

xn ✏ p. P❡❧❛

❝♦♠♣❛❝✐❞❛❞❡ ❞❛ s✉♣❡r❢í❝✐❡ Σ ♣♦❞❡♠♦s s✉♣♦r q✉❡ lim
nÑ�✽

yn ✏ y. P♦r ú❧t✐♠♦✱
♣r♦✈❛r❡♠♦s

α♣yq ✏ tp✉

P❛r❛ ✐st♦✱ ♦❜s❡r✈❛♠♦s q✉❡ α♣yq ⑨ Br♣pq❀ ♣♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱ α♣yq ⑨ ❇Br♣pq✱
❡♥tã♦ q✉❛❧q✉❡r ♣♦♥t♦ ❞❡ α♣yq ❡ p ❝♦♥tr❛❞✐③ ❛ ❡①♣❛♥s✐✈✐❞❛❞❡❀ ♦✉ α♣yq ❺
clos♣Br♣pqq✱ ✐st♦ é✱ ❡①✐st❡ t✶ ➔ 0 t❛❧ q✉❡ φt✶♣yq ❘ closBr♣pq ❡♠ q✉❡ ♣❡❧❛
❝♦♥t✐♥✉✐❞❛❞❡✱ ❡①✐st❡♠ ❜♦❧❛s ❝❡♥tr❛❞❛s ❡♠ φt✶♣yq ❡ y ❞❡ r❛✐♦s r2✱ r1 r❡s♣❡❝t✐✈❛♠❡♥t❡
t❛✐s q✉❡

φt✶♣Br1♣yqq ⑨ Br2♣φt✶♣yqq✱ ❡ Br2♣φt✶♣yqq ❳ closBr♣pq ✏ ❍ ✭✸✳✶✺✮

❉❡ss❛ ❢♦r♠❛ ❡ ♣❡❧♦ t❡♦r❡♠❛ ❞❡ ✢✉①♦ t✉❜✉❧❛r ❧♦♥❣♦✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞♦
❛r❝♦ ❞❛ tr❛❥❡tór✐❛ φr0,t✶s♣yq t❛❧ q✉❡ s❡❥❛ ✉♠❛ ❝❛✐①❛ ❞♦ ✢✉①♦ ❛❜❡rt❛ q✉❡ ✐♥t❡rs❡❝t❛
❛s ✈✐③✐♥❤❛♥ç❛s ❞❡ φt♣yq ❡ y✳ ❉♦ r❡s✉❧t❛❞♦ ✭✸✳✶✺✮ ❡ ♣❛r❛ ♥ú♠❡r♦s ♥❛t✉r❛✐s n
s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s t❡♠♦s q✉❡ yn P U ✱ ❛ss✐♠

φt✶♣ynq P Br2♣φt✶♣yqq

P♦r ♦✉tr♦ ❧❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✹✮ ❡ ❝♦♠♦ n é s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❡♥tã♦
φt✶♣ynq ✏ φt✶�tn♣xnq P Br♣pq ✭0 ➔ t✶ � tn ➔ tn✮✳ ❆ss✐♠

Br2♣φt✶♣yqq ❳ Br♣pq ✘ ❍

♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ r❡s✉❧t❛❞♦ ✭✸✳✶✺✮✳ ▲♦❣♦ α♣yq ⑨ Br♣pq✳
❆❣♦r❛✱ ♣r♦✈❛r❡♠♦s q✉❡ α♣yq ✏ tp✉✳ ❙✉♣♦♥❤❛♠♦s q✉❡ α♣yq ✘ tp✉✱ ❡♥tã♦ ❡①✐st❡
q P α♣yq ❞✐st✐♥t♦ ❞❡ p t❛❧ q✉❡ dist♣φt♣pq, φt♣qqq ➔ r ➔ δ

2
♣❛r❛ t♦❞♦ t P R✱ ♦ q✉❡

❝♦♥tr❛❞✐③ ❛ ❡①♣❛♥s✐✈✐❞❛❞❡ ❞♦ ✢✉①♦ φ✱ ♣❡❧♦ q✉❡

α♣yq ✏ tp✉

❉❛ ♠❡s♠❛ ♠❛♥❡✐r❛✱ ❡①✐st❡ z ✘ p t❛❧ q✉❡ ω♣zq ✏ tp✉✳
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P♦r ú❧t✐♠♦✱ ♠♦str❛r❡♠♦s q✉❡ ❡①✐st❡♠ ✜♥✐t❛s s❡♣❛r❛tr✐③❡s ❡stá✈❡✐s ♦✉ ✐♥stá✈❡✐s✱
♣♦✐s s❡ s✉♣♦r♠♦s q✉❡ ❡①✐st❡♠ ✐♥✜♥✐t♦s✱ ♣❡❧♦ ❧❡♠❛ ✭✸✳✷✳✸✮✱ t❡r❡♠♦s q✉❡ ❛❧❣✉♠❛ é
❛ss✐♠♣tót✐❝❛♠❡♥t❡ ❡stá✈❡❧✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♣♦♥t♦s ❡rr❛♥t❡s✱ ❝♦♠♦ ♥❛
♣r♦♣♦s✐çã♦ ✭✸✳✷✳✷✮✳ ▲♦❣♦✱ ❝♦♥tr❛❞✐③ ❛ ♣r♦♣♦s✐çã♦ ✭✸✳✷✳✶✮✱ q✉❡ ❞✐③ Ω♣φq ✏ Σ✳

❉❡✜♥✐çã♦ ✸✳✹✳ ❙❡ p P Sing♣φq é ❞❡ t✐♣♦ s❡❧❛✱ ❞✐③❡♠♦s q✉❡ ✉♠ ❞✐s❝♦ ✐♠❡rs♦
✭♦✉ ❛ ♠❡t❛❞❡ ❞✐s❝♦ s❡ p P ❇Σ ✮ Dp é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❞❛♣t❛❞❛ ❞❡ ♣
✭✈❡r ✜❣✉r❛ ✸✳✹✮ s❡ Dp❳ Sing♣φq ✏ tp✉ ❡ ❇Dp ✏ ❨i✏n

i✏1 ♣αi❨ βi❨ γ�i ❨ γ✁i q✱ ó♥❞❡ αi
❡ βi sã♦ s❡❣♠❡♥t♦s ❞❡ ór❜✐t❛ γ✟i sã♦ s❡❝çõ❡s tr❛♥s✈❡rs❛✐s t❛❧ q✉❡ ❡①✐st❡ xi P γ�i ❡
yi P γ

✁
i t❛❧ q✉❡ W u♣pq③tp✉ ✏ ❨n

i✏1φR♣xiq✱ W s♣pq③tp✉ ✏ ❨n
i✏1φR♣yiq

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❛♥á❧✐s❡ ❞❡ s❡t♦r❡s ❤✐♣❡r❜ó❧✐❝♦s ❢❡✐t❛ ❡♠ ❬✶✷❪ ✭♣❛❣✐♥❛ ✶✻✼✮ t❡♠♦s
q✉❡ q✉❛❧q✉❡r s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ t✐♣♦ s❡❧❛ t❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❞❛♣t❛❞❛✳ ❖ s❡❣✉✐♥t❡
r❡s✉❧t❛❞♦ ♠♦str❛ ❝♦♠♦ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ í♥❞✐❝❡ ♥❡❣❛t✐✈♦ ❢♦r♥❡❝❡ ✉♠❛ ❡s♣é❝✐❡
❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ ❧♦❝❛❧✳

β1

β2У2

У1

x2 x1

α2

α1

γ2

γ1-

γ2+ γ1

-

+p

❋✐❣✉r❛ ✸✳✹✿ ✈✐③✐♥❤❛♥ç❛ ❛❞❛♣t❛❞❛

▲❡♠❛ ✸✳✷✳✹✳ ❙❡❥❛ p ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞♦ t✐♣♦ s❡❧❛✱ ❞❡ í♥❞✐❝❡ ♥❡❣❛t✐✈♦✱ t♦♠❡♠♦s
✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❞❛♣t❛❞❛ Dp ❞❡ p✳ ❊♥tã♦ ♣❛r❛ t♦❞♦ ε → 0 ❡①✐st❡ δ → 0 t❛❧ q✉❡
s❡ x, y P Dp ❡ dist♣φt♣xq, φh♣tq♣yqq ➔ δ ♣❛r❛ t♦❞♦ t P R ❡ ♣❛r❛ ❛❧❣✉♠ h P H

�
0 ♣Rq✱

❡♥tã♦ x ❡ y ♣❡rt❡♥❝❡♠ ❛ ♠❡s♠❛ s❡❝çã♦ ❤✐♣❡r❜ó❧✐❝❛❀ ♦✉ ❡①✐st❡ t0, s P R t❛❧ q✉❡
φh♣t0q♣yq ✏ φt0�s♣xq ❡ ⑤s⑤ ➔ ε✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ p P Sing♣φq✳ ❆q✉✐ t❡♠♦s ❞♦✐s ❣r❛♥❞❡s ❝❛s♦s✿
❙❡ ♦ ♣♦♥t♦ s✐♥❣✉❧❛r p ♥ã♦ ♣❡rt❡♥❝❡ ❛ ❢r♦♥t❡✐r❛ ❞❛ s✉♣❡r❢í❝✐❡ p ❘ ❇Σ✳
❙❡❥❛Dp ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❞❛♣t❛❞❛ ❞♦ ♣♦♥t♦ s✐♥❣✉❧❛r p q✉❡ s❡❣✉♥❞♦ ❛ ❞❡✜♥✐çã♦ ✸✳✹✱
❡①✐st❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ n ✏ nh

2
❞❡ s❡❣♠❡♥t♦s ❞❡ ór❜✐t❛ αi, βi ❡ s❡❝çõ❡s tr❛♥s✈❡rs❛✐s

γ✟i ❡ xi P γ�i ✱ yi P γ
✁
i ♣❛r❛ ❝❛❞❛ i P t1, . . . , n✉ t❛✐s q✉❡ W s♣pq③tp✉ ✏ ❨n

i✏1φR♣xiq✱
W u♣pq③tp✉ ✏ ❨n

i✏1φR♣yiq✳ ❆ss✐♠✱ ❞❡✜♥✐♠♦s W ✏
➈n

i✏1 φR�♣xiq ❨
➈n

i✏1 φR✁♣yiq ❨
tp✉✱ ❝♦♠♦ ♦ ❝♦♠♣❧❡♠❡♥t♦ ❞❛ ✉♥✐ã♦ ❞❛s s❡❝çõ❡s ❤✐♣❡r❜ó❧✐❝❛s ❨nh

i✏1Ui ❡♠ Dp✱ ♦♥❞❡
❛s s❡❝çõ❡s tr❛♥s✈❡rs❛✐s γ✁i✁1

2

❡ γ�i�1

2

♦✉ γ✁i
2

❡ γ�i
2

♦✉ γ✁n ❡ γ�1 ✐♥t❡rs❡❝t❛♠ ♥❛ ❢r♦♥t❡✐r❛

❞❛ s❡❝çã♦ ❤✐♣❡r❜ó❧✐❝❛ Ui ♣❛r❛ ❛❧❣✉♠ i P t1, . . . , nh✉ ❝♦♠♦ ♥❛ ✜❣✉r❛ ✸✳✺✭❛✮✳
❙❡❥❛ ε → 0 ❝♦♥s✐❞❡r❡♠♦s δ → 0 t❛❧ q✉❡ s❛t✐s❢❛ç❛ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s
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❛✮ P❛r❛ ❝❛❞❛ z P W ❳ ♣Bδ♣xiq ❨ Bδ♣yiqq✱ i P t1, . . . , n✉✱ ❡①✐st❡ s P ♣✁ε, εq t❛❧ q✉❡
φs♣zq ✏ xi ♦✉ φs♣zq ✏ yi

❜✮ P❛r❛ ❝❛❞❛ s❡❝çã♦ ❤✐♣❡r❜ó❧✐❝❛ Uj ❡ s❡❝çã♦ tr❛♥s✈❡rs❛❧ γ✟i ✱ s❡ dist♣γ✟i , Ujq ➔ δ

❡♥tã♦ dist♣γ✟i , Ujq ✏ 0.

❊①✐st❡ δ → 0 q✉❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❛ ❡ ❜✱ ♣♦✐s✿ ✶✮✱ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ nh ❞❡
s❡♣❛r❛tr✐③❡s❀ ❡♥❝♦♥tr❛r ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ r❛✐♦ δ1 → 0✱ q✉❡ s❛t✐s❢❛③ ✭❛✮✱ ❝❡♥tr❛❞❛
♥♦ ♣♦♥t♦ xi ♦✉ yi r❡s✉❧t❛ ❞❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ✢✉①♦ φ❀ ✷✮✱ ♣♦❞❡♠♦s t♦♠❛r δ2 ✏
mintr1, . . . , rnh

✉✱ q✉❡ s❛t✐s❢❛③ ✭❜✮❀ ri ✏ mintdist♣γ✟j , Uiq : j ✘ 1, i
2
, i✁1

2
, i�1

2
, n✉

❝♦♠ i P t1, . . . , nh✉✳ ▲♦❣♦✱ ❡s❝♦❧❤❛♠♦s δ ➔ mintδ1, δ2✉✳
❙❡❥❛

dist♣φt♣xq, φh♣tq♣yqq ➔ δ ✭✸✳✶✻✮

♣❛r❛ t♦❞♦ t P R ❡ ❛❧❣✉♠ h P H
�
0 ♣Rq✳ ❖s ♣♦♥t♦s x, y t❡♠ três ❝♦♠❜✐♥❛çõ❡s ❞❡

♣❡rt❡♥❝❡r ♦✉ ♥ã♦ ❛ W ❞♦s q✉❛✐s ❜❛st❛ ❢❛③❡r ✉♠❛ ❛♥á❧✐s❡ ❞♦s três ❝❛s♦s✿

❈❛s♦ ✶✳ x P W ❡ y ❘ W ✳ ❈♦♠♦ y ❘ W ❡①✐st❡ t✶ P R t❛❧ q✉❡ φh♣t✶q♣yq P γ
�
i ♦✉

φh♣t✶q♣yq P γ✁i ♣❛r❛ ❛❧❣✉♠ i P t1, . . . , n✉✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱
♣♦❞❡♠♦s s✉♣♦r q✉❡ lim

tÑ�✽
φt♣xq ✏ p✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ♦ í♥❞✐❝❡ ❞❡ p

é ♥❡❣❛t✐✈♦ t❡♠♦s q✉❡ ❡①✐st❡♠ ♣❡❧♦ ♠❡♥♦s q✉❛tr♦ s❡❝çõ❡s ❤✐♣❡r❜ó❧✐❝❛s✳
❊♥tã♦✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ✉♠❛ s❡❝çã♦ ❤✐♣❡r❜ó❧✐❝❛ Uk t❛❧ q✉❡ φt♣xq P ❇Uk
♣❛r❛ t♦❞♦ t ➙ 0 ❡ dist♣γ✟i , Ukq ✘ 0 ❡✱ ❛ss✐♠✱ ♣❡❧❛ ❝♦♥❞✐çã♦ ❜✱ t❡♠♦s✱
dist♣γ✟i , Ukq ➙ δ ✭✈❡r ✜❣✉r❛ ✸✳✺✭❜✮✮✱

dist♣φt✶♣xq, φh♣t✶q♣yqq ➙ δ.

■st♦ ❝♦♥tr❛❞✐③ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✶✻✮✳ ❉❡s❝❛rt❛♠♦s ❡st❡ ❝❛s♦✳

❈❛s♦ ✷✳ x, y P W ✳ ❙❡ x ✏ y ✏ p ❛ ❝♦♥❝❧✉sã♦ é tr✐✈✐❛❧✳ ❙❡ x, y P φR�♣xiq ✭♦✉
φR✁♣yiq✱ ♥❡st❡ ❝❛s♦✱ ♦ ❛r❣✉♠❡♥t♦ é s✐♠✐❧❛r✮ ♣❛r❛ ❛❧❣✉♠ i P t1, . . . , n✉
❡①✐st❡ t0 P R t❛❧ q✉❡ φt0♣xq ✏ xi ❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✶✻✮ t❡♠♦s
dist♣xi, φh♣t0q♣yqq ➔ δ ✐st♦ é✱ z ✏ φh♣t0q♣yq P Bδ♣xiq ❧♦❣♦✱ ♣❡❧❛ ❝♦♥❞✐çã♦
❛ ✭✈❡r ✜❣✉r❛ ✸✳✺✭❝✮✮✱ ❡①✐st❡ ✁s P ♣✁ε, εq t❛❧ q✉❡ φ✁s♣zq ✏ xi ♣❡❧♦ q✉❡
φ✁s♣φh♣t0q♣yqq ✏ xi ✏ φt0♣xq

φh♣t0q♣yq ✏ φt0�s♣xq.

❙❡ x, y ❡stã♦ ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡ W ③tp✉ ✭✈❡r ✜❣✉r❛
✸✳✺✭❞✮ ❡ ✸✳✻✭❛✮✮✱ ❡♥tã♦ ❡①✐st❡ t✶ P R t❛❧ q✉❡ φh♣t✶q♣yq P γ

✟
j ♣❛r❛ ❛❧❣✉♠

j P t1, . . . , n✉✳ ❈♦♠♦ ♦ í♥❞✐❝❡ ❞❛ s✐♥❣✉❧❛r✐❞❛❞❡ é ♥❡❣❛t✐✈♦✱ ❡①✐st❡
✉♠❛ s❡❝çã♦ ❤✐♣❡r❜ó❧✐❝❛ Uk t❛❧ q✉❡ φt♣xq P ❇Uk ♣❛r❛ t♦❞♦ t ➙ 0 ❡
dist♣γ✟j , Ukq ✘ 0✱ ❡♥tã♦✱ ♣❡❧❛ ❝♦♥❞✐çã♦ ❜✱ dist♣γ✟j , Ukq ➙ δ ❧♦❣♦

dist♣φh♣t✶q♣yq, φt✶♣xqq ➙ δ.

❖ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✶✻✮✳

❈❛s♦ ✸✳ x, y ❘ W ❡ ♥ã♦ ❡stã♦ ♥❛ ♠❡s♠❛ s❡❝çã♦ ❤✐♣❡r❜ó❧✐❝❛ ✭✈❡r ✜❣✉r❛ ✸✳✻✭❜✮✮✳
❉❡ ❢❛t♦✱ s❡ x P Uk✱ ♣♦r ❤✐♣ót❡s❡ ♦ í♥❞✐❝❡ ❞❡ p é ♥❡❣❛t✐✈♦✱ é ♣♦ssí✈❡❧
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❡♥❝♦♥tr❛r t1, t2 P R t❛✐s φt1♣xq P γ
✟
i1
✱ φt2♣yq P γ

✟
i2

❡ γ✟i1 ❳ γ✟i2 ✏ ❍✳ ◆✐ss♦
❡①✐st❡ t✶ P R ❡ γ✟j t❛❧ q✉❡ tφt✶♣xq, φh♣t✶q♣yq✉ ❳ γ✟j ✘ ❍ ❝♦♠ j ✘ k✁1

2
❡ k�1

2

♦✉ j ✘ k
2
♦✉ j ✘ n, 1. ❆ss✐♠✱ ❣❛r❛♥t✐♠♦s q✉❡ dist♣γ✟j , Ukq ✘ 0 ❡✱ ♣❡❧❛

❝♦♥❞✐çã♦ ❜✱ t❡♠♦s q✉❡ dist♣γ✟j , Ukq ➙ δ✳ ▲♦❣♦✱

dist♣φt✶ , φh♣t✶q♣yqq ➙ δ

♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✶✻✮✳ P♦rt❛♥t♦ x, y ❘ W ❡stã♦ ♥❛ ♠❡s♠❛
s❡❝çã♦ ❤✐♣❡r❜ó❧✐❝❛✳

❙❡ ♦ ♣♦♥t♦ s✐♥❣✉❧❛r ♣❡rt❡♥❝❡ ❛ ❢r♦♥t❡✐r❛ ❞❛ s✉♣❡r❢í❝✐❡✱ p P ❇Σ✳
❈♦♠♦ ♦ í♥❞✐❝❡ p é ♥❡❣❛t✐✈♦✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ ❡①✐st❡♠ ♣❡❧♦ ♠❡♥♦s ❞✉❛s s❡❝çõ❡s
❤✐♣❡r❜ó❧✐❝❛s ✭✈❡r ✜❣✉r❛ ✸✳✻✭❝✮✮ ❡ ❢❛③❡r ♦ ♠❡s♠♦ q✉❡ ✜③❡♠♦s ♥♦ ❝❛s♦ ❛♥t❡r✐♦r
✭p ❘ ❇Σ✮✳

β3

β2

β1

γ
3

-

α3

α1

α2

y1

y2

y3 

x2

x3

x1

U6
U1

U2U5

U4 U3

γ1

+

γ2
+

γ
3
+

γ
2
- γ

1
-

✭❛✮ ✈✐③✐♥❤❛♥ç❛ ❛❞❛♣t❛❞❛

px2

x1

y
2

y

γ2

γ1
γi =
+

+

γ2+

γ1-

-

y
1

x

Uk

✭❜✮ ❝❛s♦ ✶

xi=x2

Φ  (y)
 h(t0)

Υ1
-

p

y1

x yx1

y2

Υ2
-

Υ2

+δ
Υ1

+

       

✭❝✮ ❝❛s♦ ✷✱ x P φRy

p

y

x

Υ1-

Υ1+Υ2+

Υ2-
y2

x1

Uk

x2

y1

✭❞✮ ❝❛s♦ ✷✱ x ❘ φRy

❋✐❣✉r❛ ✸✳✺✿ ✈✐③✐♥❤❛♥ç❛ ❛❞❛♣t❛❞❛ ❡ ❝❛s♦s ❞♦s ♣♦♥t♦s x, y
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py x

y1

y2

x2 x1

γ
2
-

γ
1
-

γ
2
+

γ
1
+

✭❛✮ ❝❛s♦ ✷✱ x ❘ φRy

x2

x y

x1

y2

p

y1

Υ2-

Υ1-

Υ1+

Υ2+
✭❜✮ ❝❛s♦ ✸

Υ
2
-

Υ1+Υ
2

+

Υ1-y
1

x2

x1

y
2

✭❝✮ ❝❛s♦ p P ❇Σ

❋✐❣✉r❛ ✸✳✻✿ ✈✐③✐♥❤❛♥ç❛ ❛❞❛♣t❛❞❛ ❡ ❝❛s♦s ❞♦s ♣♦♥t♦s x, y
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Pr♦♣♦s✐çã♦ ✸✳✷✳✹✳ ❖s ✢✉①♦s ❡①♣❛♥s✐✈♦s s♦❜r❡ s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s ♥ã♦ t❡♠
♣♦♥t♦s ♣❡r✐ó❞✐❝♦s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ δ → 0 ❝♦♥st❛♥t❡ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ ❞❡ φ✱ ♣❛r❛ ❛❧❣✉♠ ♥ú♠❡r♦
♣♦s✐t✐✈♦✳ ❙✉♣♦♥❤❛♠♦s ♣❡❧♦ ❛❜s✉r❞♦❀ ✐st♦ é✱ ❡①✐st❡ p P Per♣φq❀ ❧♦❣♦✱ ❡①✐st❡ ✉♠
❝♦❜r✐♠❡♥t♦ ✜♥✐t♦ ❞❡ ❝❛✐①❛s ❞❡ ✢✉①♦ ❛❜❡rt❛s ❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ δ

2
✱ ❞❡ φR♣pq✱

♣♦✐s X é ❝♦♠♣❛❝t♦✳ ❙❡❥❛ C ❛ ✉♥✐ã♦ ❞❛s ❝❛✐①❛s❀ l ⑨ C ✉♠❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧
♣❛ss❛♥❞♦ ♣♦r p ❡ ❞❡✜♥✐♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ P♦✐♥❝❛ré f ❡♠ l✶ ⑨ l✳ ❆ ❛♣❧✐❝❛çã♦ f
♥ã♦ t❡♠ ♣♦♥t♦s ✜①♦s✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦✱ ❝♦♥tr❛❞✐③ ❛ ❡①♣❛♥s✐✈✐❞❛❞❡ ❞❡ φ✳ ❆ss✐♠
♣♦❞❡♠♦s s✉♣♦r

ω♣xq ✏ φR♣pq,

♣❛r❛ t♦❞♦ x P C ✭✈❡r ✜❣✉r❛ ✸✳✼✭❛✮✮✳ ❙❡❥❛ x P l✶ ❡✱ ♣❛rt✐❧❤❛♥❞♦ ❛s ❝❛✐①❛s ❞♦
❝♦❜r✐♠❡♥t♦✱ ♦✉tr♦ ❝♦❜r✐♠❡♥t♦ ❞❡ φR♣pq t❛❧ q✉❡ ❛ ✉♥✐ã♦ ✜♥✐t❛ ❞❡ ❝❛✐①❛s ❛❜❡rt❛s
U ✱ s❛t✐s❢❛③✿ x ❘ closU ❡

φR�♣yq ⑨ U , ✭✸✳✶✼✮

♣❛r❛ t♦❞♦ y P U ✭φR✁♣yq ⑨ U é s✐♠✐❧❛r✮✳ ❈♦♠♦ f : l Ñ l ♥ã♦ t❡♠ ♣♦♥t♦s ✜①♦s ❡
♣❡❧♦ r❡s✉❧t❛❞♦ ✭✸✳✶✼✮ t❡♠♦s

lim
nÑ�✽

fn♣xq ✏ p

❡♠ q✉❡ ❡①✐st❡ n P N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡

fn♣xq P U

s❡❥❛ τ : l Ñ r0,�✽q ♦ t❡♠♣♦ ❞❡ ♣r✐♠❡✐r♦ r❡t♦r♥♦✱ ❡♥tã♦ ❡①✐st❡ T → 0

φτ♣fn♣xqqf
n♣xq ✏ φT ♣xq.

▲♦❣♦✱ ♣❡❧♦ t❡♦r❡♠❛ ❞♦ ✢✉①♦ t✉❜✉❧❛r ❧♦♥❣♦ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞♦
❛r❝♦ ❞❡ tr❛❥❡tór✐❛ φr0,T s♣xq q✉❡ é ✉♠❛ ❝❛✐①❛ ❞❡ ✢✉①♦ ❛❜❡rt❛ ❝♦♠♦ ✜❣✉r❛ ✸✳✼✭❜✮✳
❆❧é♠ ❞✐ss♦✱ U ❡ ♣clos♣UqqC sã♦ ❛❜❡rt♦s ❡ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ φT ✱ é ♣♦ssí✈❡❧
❡♥❝♦♥tr❛r ❜♦❧❛s ❞❡ r❛✐♦s r1✱ r2 t❛✐s q✉❡

φT ♣Br1♣xqq ⑨ Br2♣φT ♣xqq ⑨ U,

Br2♣φT ♣xqq ⑨ U ,

Br1♣xq ⑨ U,

Br1♣xq ⑨ ♣closUqC . ✭✸✳✶✽✮

❊♠ s✉♠❛✱ ❝♦♥s❡❣✉✐♠♦s ✐s♦❧❛r x ❡ φT ♣xq ♣♦r ❜♦❧❛s ❛❜❡rt❛s ❞✐s❥✉♥t❛s q✉❡ ❡stã♦
❝♦♥❡❝t❛❞❛s ♣♦r ✉♠ ✢✉①♦ t✉❜✉❧❛r ❧♦♥❣♦✳

❆✜r♠❛çã♦✿ x P l é ✉♠ ♣♦♥t♦ ❡rr❛♥t❡
P❡❧♦ ❛❜s✉r❞♦✱ s✉♣♦♥❤❛♠♦s q✉❡ x ♥ã♦ é ♣♦♥t♦ ❡rr❛♥t❡✳ P♦r ❞❡✜♥✐çã♦✱ ❡①✐st❡ ✉♠❛
s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s txn✉nPN ⑨ Σ ❡ ♥ú♠❡r♦s r❡❛✐s ttn✉nPN t❛✐s q✉❡

lim
nÑ�✽

tn ✏ �✽, limnÑ�✽ φtn♣xnq ✏ x, lim
nÑ�✽

xn ✏ x,

◆✐ss♦ ♦❜t❡♠♦s q✉❡ ❡①✐st❡♠ ✐♥✜♥✐t♦s ♣♦♥t♦s xn P Br1♣xq ⑨ ♣closUqC ❡ φtn♣xnq P
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Br1♣xq ♣❛r❛ tn → 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ ✈❛❧♦r❡s tn → T

t❡♠♦s ♣❡❧❛ ❡q✉❛çã♦ ✸✳✶✽

φT ♣xnq P Br2♣φT ♣xqq ⑨ U

❡ t❛♠❜é♠ ♣❡❧❛ ❡q✉❛çã♦ ✸✳✶✼ φtn♣xnq P U ✳ ❆ss✐♠✱ Br1♣xq❳U ✘ ❍✱ ❡ q✉❡ ❝♦♥tr❛❞✐③
❛ ❡q✉❛çã♦ ✸✳✶✽✳
❆ ❛✜r♠❛çã♦ ❝♦♥tr❛❞✐③ ❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✶✳

p

l'

C

x

✭❛✮ ❈♦❜❡rt✉r❛ C

p

X

✭❜✮ ❘❡❝♦❜r✐♠❡♥t♦ U

❋✐❣✉r❛ ✸✳✼✿ ❘❡❝♦❜r✐♠❡t♦s ❞❡ φR♣pq

▲❡♠❛ ✸✳✷✳✺✳ ❙✉♣♦♥❤❛ q✉❡ φ ♥ã♦ t❡♠ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s✱ q✉❡ Sing♣φq é ✉♠
❝♦♥❥✉♥t♦ ✜♥✐t♦✱ q✉❡ ❛ ✉♥✐ã♦ ❞❛s s❡♣❛r❛tr✐③❡s ❡stá✈❡✐s ❞❛s s✐♥❣✉❧❛r✐❞❛❞❡s ♥ã♦ é
❞❡♥s❛ ♥❛ s✉♣❡r❢í❝✐❡ ❡ Ω♣φq ✏ Σ✳ ❊♥tã♦ Σ é ♦ ❚♦r♦ ❡ φ é ♦ ✢✉①♦ ✐rr❛❝✐♦♥❛❧✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ❞❡✜♥❛♠♦s ♦ ❝♦♥❥✉♥t♦ ∆ ✏ tx P Σ : ω♣xq P Sing♣φq✉. ❡
❝♦♠♦ ❨xP∆φR♣xq ✘ Σ✳ ❯♠ ♣♦♥t♦ ♥♦ ❛❜❡rt♦ Σ③❨xP∆φR♣xq✱ é r❡❣✉❧❛r✳ ❚♦♠❛♥❞♦
l ⑨ Σ③❨xP∆φR♣xq ✉♠❛ s❡çã♦ tr❛♥s✈❡rs❛❧✱ ❛✜r♠❛♠♦s✿

❛✮ ❆ ❢✉♥çã♦ ❞❡ ♣r✐♠❡✐r♦ r❡t♦r♥♦ ❡♠ l ♥ã♦ ✐♥✈❡rt❡ ♦r✐❡♥t❛çã♦✳

❜✮ ❊①✐st❡ ✉♠❛ tr❛♥s✈❡rs❛❧ ❢❡❝❤❛❞❛ ❡♠ γ ⑨ φR♣lq t❛❧ q✉❡ ❛ ❢✉♥çã♦ ❞❡ ♣r✐♠❡✐r♦
r❡t♦r♥♦ ♥❡st❛ tr❛♥s✈❡rs❛❧ ❢❡❝❤❛❞❛ é tr❛♥s✐t✐✈❛✳

❉❡ ❢❛t♦✿

❛✮ ❙❡❥❛ x P l ❝♦♠♦ Ω♣φq ✏ Σ t❡♠♦s q✉❡ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦ t → 0✱
t❛❧ q✉❡ φt♣xq P l✳ ❊ ♣♦r Per♣φq ✏ ❍✱ φt♣xq ✘ x✱ s❡ ❛ ❢✉♥çã♦ ❞❡ P♦✐♥❝❛ré f
❡♠ l ♥ã♦ é ❝♦♥tí♥✉❛✳ ❚♦♠❡♠♦s l✝ ⑨ l t❛❧ q✉❡ ❛ ❢✉♥çã♦ ❞❡ P♦✐♥❝❛ré f : l✝ Ñ l✱
s❡❥❛ ❝♦♥tí♥✉❛✱ ♣♦✐s ♦ ✢✉①♦ é ❝♦♥tí♥✉♦✳ ❙❡ f : l✝ Ñ l ✐♥✈❡rt❡ ♦r✐❡♥t❛çã♦ ❡♠
❛❧❣✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ l✝✳ ❆❞♠✐t❛♠♦s ✉♠❛ ♦r❞❡♠ ❡♠ l ♣♦r ✉♠❛
♣❛r❛♠❡tr✐③❛çã♦✳ ❙❡ a, b P l✝ t❛❧ q✉❡

a ➔ b ➔ f♣bq ➔ f♣aq. ✭✸✳✶✾✮
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❙❡❥❛ la ❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ l✝ ❳ ra, f♣aqs t❛❧ q✉❡ a P la✳ ❈♦♥s✐❞❡r❡♠♦s
c :✏ sup la ✘ f♣aq ❝♦♠♦ ♥❛ ✜❣✉r❛ ✸✳✽✭❛✮✳ ❉❡♠♦♥str❛r❡♠♦s q✉❡

f : ra, f♣aqs Ñ l é ❝♦♥tí♥✉❛✳ ✭✸✳✷✵✮

❙❡ c ➙ f♣aq ❡♥tã♦ tr✐✈✐❛❧♠❡♥t❡✱ f é ❝♦♥tí♥✉❛✳ ❙❡ c ➔ f♣aq ❛ ❛♣❧✐❝❛çã♦
τ : l✝ Ñ R ❞❡ l✝ ❡♠ R✱ q✉❡ ❝❤❛♠❛r❡♠♦s ♦ t❡♠♣♦ ❞❡ ♣r✐♠❡✐r♦ r❡t♦r♥♦✱ t❛❧
q✉❡ φτ♣xq♣xq ✏ f♣xq✳ P❡❧♦ ❧❡♠❛ ✸✳✷✳✷ t❡♠♦s q✉❡ τ é ❧✐♠✐t❛❞♦✱ ❝❛s♦ ❝♦♥trár✐♦
✐♥t❡rs❡❝t❛r✐❛ ❛ l ❡♠ ✉♠❛ ór❜✐t❛ ❞❡ ❛❧❣✉♠ ♣♦♥t♦ ❞❡ l✱ q✉❡ é ✉♠❛ s❡♣❛r❛tr✐③
❡stá✈❡❧ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ l ⑨ Σ③❨xP∆φR♣xq✳ ❆ss✐♠✱ ♣❡❧♦ t❡♦r❡♠❛ ❞❛s
❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❡ ♣❡❧♦ t❡♦r❡♠❛ ✶✳✻ ❞♦ ✢✉①♦ t✉❜✉❧❛r ❧♦♥❣♦✱ ♣❛r❛ ε → 0 ❡①✐st❡
✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡ c ❞❡ r❛✐♦ δ → 0 t❛❧ q✉❡ dist♣φτ♣cq♣cq, φτ♣xq♣xqq ➔ ε✱
✐st♦ é✱ dist♣f♣cq, f♣xqq ➔ ε✱ ❝♦♠ x P ♣c✁ δ, c� δq✳ ❊♥tã♦ f é ❝♦♥tí♥✉❛ ❡♠ c ♥♦
q✉❡ c� δ ✏ sup la✱ ❛❜s✉r❞♦✱ ♣♦✐s c✱ ♣♦r ❞❡✜♥✐çã♦ ❞❡ s✉♣r❡♠♦✱ c� δ ↕ c✳ ▲♦❣♦✱
c ✏ f♣aq✳
❆❣♦r❛✱ ✈❛♠♦s ♣r♦✈❛r q✉❡ ♦ ❝♦♥❥✉♥t♦ rb, f♣bqs é ✐♥✈❛r✐❛♥t❡ ♣♦r f ✳ P❡❧♦ ❛❜s✉r❞♦✱
✐st♦ é✱ ❡①✐st❡ z P rb, f♣bqs t❛❧ q✉❡ f♣zq ❘ rb, f♣bqs✳ P♦r ✭✸✳✶✾✮✱ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡
f ✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡ b✱ Vb q✉❡ s❡❥❛ ✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦✱ t❛❧ q✉❡
f ✐♥✈❡rt❡ ♦r✐❡♥t❛çã♦✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ❡ ♣♦r ✭✸✳✷✵✮✱ ♣♦❞❡♠♦s s✉♣♦r
q✉❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ V ❞❡ z t❛❧ q✉❡ f ♥ã♦ ✐♥✈❡rt❡ ♦r✐❡♥t❛çã♦✱ t❛❧
q✉❡✿

f♣V q ❳ f♣Vbq ✘ ❍ , f♣yq → f♣zq, ✭✸✳✷✶✮

V ❳ Vb ✏ ❍

V ❳ Vb ✘ ❍

♣❛r❛ t♦❞♦ y P Vb✱ z P V ✳ ❈♦♠♦ ♥❛ ✜❣✉r❛ ✸✳✽✭❜✮✳ ■st♦ ♣♦✐s la ✏ ra, f♣aqs é
❝♦♥❡①♦ ❡ f♣V q ❳ f♣Vbq ✘ ❍ ❡ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❛s ór❜✐t❛s✳
❙❡❥❛ d P V ❳ Vb✱ t♦♠❡♠♦s ❞✉❛s s❡q✉ê♥❝✐❛s ❞❡ ♥ú♠❡r♦s r❡❛✐s tzn✉nPN ❡ tyn✉nPN
♥❛s ✈✐③✐♥❤❛♥ç❛s V ✱ Vb✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❛✐s q✉❡

lim
nÑ✽

yn ✏ d ✏ lim
nÑ✽

zn : yn ➔ d ➔ zn

♣❛r❛ t♦❞♦ n P N✳
❆ss✐♠✱ ♣♦r ✭✸✳✷✵✮✱ ❡ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ f ❡♠ ra, f♣aqs✱ t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛
n P N

f♣ynq ↕ f♣dq ✏ lim
nÑ✽

f♣ynq lim
nÑ✽

f♣znq ✏ f♣dq ↕ f♣znq

t❡♠♦s✱ ♣♦✐s✱
f♣ynq ↕ f♣znq

♣❛r❛ t♦❞♦ n P N ♦ q✉❡ ❝♦♥tr❛❞✐③ ✭✸✳✷✶✮✳ ❙❡❣✉♥❞♦ ❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ f ❡♠
rb, f♣bqs✱ ✐st♦ é f♣rb, f♣bqsq ⑨ rb, f♣bqs✱ ❡ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ f ✱ t❡♠♦s q✉❡ ❡①✐st❡
✉♠ ♣♦♥t♦ ✜①♦✳ ❆❜s✉r❞♦✱ ♣♦✐s Per♣φq ✏ ❍✳ P♦rt❛♥t♦ f ♥ã♦ ✐♥✈❡rt❡ ♦r✐❡♥t❛çã♦
❡♠ l ❡ Σ é ✉♠❛ s✉♣❡r❢í❝✐❡ ♦r✐❡♥tá✈❡❧✳
◆♦s ♦✉tr♦s ❝❛s♦s✱ a ➔ f♣bq ➔ b ➔ f♣aq✱ a ➔ f♣bq ➔ f♣aqb ➔ ❡ f♣bq ➔ a ➔
f♣aq ➔ b✱ ❛ ♣r♦✈❛ é s✐♠✐❧❛r✳
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❜✮ ❈♦♠♦ Ω♣φq ✏ Σ ❡ ♦s ♣♦♥t♦s ❞❡ l ⑨ Σ③❨xP∆φR♣xq sã♦ r❡❣✉❧❛r❡s✱ t♦♠❡♠♦s ✉♠❛
s❡❝çã♦ tr❛♥s✈❡rs❛❧ ❢❡❝❤❛❞❛

γ ⑨ φR♣lq,

❡♠ Σ✱ ❝♦♠♦ ♥❛ ✜❣✉r❛ ✸✳✾✭❛✮✳ ❙❡♥❞♦ ❛ss✐♠✱ ♥ã♦ ❡①✐st❡ ✉♠❛ ór❜✐t❛ ❞❡ ✉♠ ♣♦♥t♦
❞❡ γ q✉❡ s❡❥❛ s❡♣❛r❛tr✐③✳

❈♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦

γ✝ ✏ ty P γ⑤ φR♣yq P γ✉.

❆✜r♠❛çã♦ ✶✿ γ ✏ γ✝✳
❉❡ ❢❛t♦✱ s✉♣♦♥❞♦ ♦ ❝♦♥trár✐♦✱ ✐st♦ é✱ ❡①✐st❡ y P γ t❛❧ q✉❡ φR♣yq ❳ γ ✏ ❍✱ s❡♠
♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ y ✏ supC é ♦ s✉♣r❡♠♦ ❞❡ ✉♠❛
❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ C ❞❡ γ t❛❧ q✉❡ C ⑨ γ✝✳ ■st♦✱ ♣♦✐s ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡
φ ❡ Ω♣φq ✏ Σ✱ ♣♦❞❡ ❤❛✈❡r ❝♦♥❥✉♥t♦s ❝♦♥❡①♦s ❞❡ γ ❡♠ γ✝✳ ❆ss✐♠✱ ❝♦♠♦ ❛
❛♣❧✐❝❛çã♦ τ : C Ñ R ❞❡✜♥✐❞❛ ❝♦♠♦ φτ♣xq♣xq P γ✱ x P C❀ ❡♠ y✱ τ é ❧✐♠✐t❛❞❛✱
❝❛s♦ ❝♦♥trár✐♦✱ ♣❡❧♦ ❧❡♠❛ ✸✳✷✳✷✱

ω♣yq ⑨ Sing♣φq

✐st♦ é✱ φR♣yq é ✉♠❛ s❡♣❛r❛tr✐③ ❡stá✈❡❧✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ γ ⑨ φR♣lq✳ ▲♦❣♦✱

γ ✏ γ✝.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡♠♦♥str❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦✿

❆✜r♠❛çã♦ ✷✿ ❆ ❛♣❧✐❝❛çã♦ ❞❡ P♦✐♥❝❛ré g : γ Ñ γ ❞❡✜♥✐❞❛ ❡♠ γ é ✉♠
❤♦♠❡♦♠♦r✜s♠♦✳
❉❡ ❢❛t♦
g : γ Ñ γ é ❝♦♥tí♥✉❛✱ ♣♦✐s s❡❥❛ y P γ✱ ε → 0 ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ✢✉①♦
✭❝♦♥t✐♥✉✐❞❛❞❡ ❛ r❡s♣❡✐t♦ ❞❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✮✱ ❡①✐st❡ δ → 0 t❛❧ q✉❡ s❡
y✝ P Bδ♣yq✱ ❡♥tã♦

dist♣φt♣yq, φt♣y
✝qqq ➔ ε,

♣❛r❛ t♦❞♦ ⑤t⑤ ↕ T ♣yq✱ ❝♦♠ T ♣yq t❡♠♣♦ ❞❡ ♣r✐♠❡✐r♦ r❡t♦r♥♦✱ ✐st♦ é✱ φT ♣yq♣yq ✏
g♣yq✳ ❆ss✐♠✱ ♣❛r❛ ♦ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ φr0,T ♣yqs♣yq✱ ♣❡❧♦ t❡♦r❡♠❛ ✶✳✺ ❞❡
✈✐③✐♥❤❛♥ç❛ t✉❜✉❧❛r✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ φr0,T ♣yqs♣yq✱ ❝♦♠♦ s❡♥❞♦ ✉♠❛
❝❛✐①❛ ❞❡ ✢✉①♦✳ ▲♦❣♦✱ t♦♠❛♥❞♦ I ⑨ γ ❳ Bδ♣yq ❳ U ✱ ❝♦♠ y P I t❛❧ q✉❡ I ❡st❡❥❛
❝♦♥t✐❞♦ ♥❛ ✐♥t❡rs❡❝çã♦ ❞❛ tr❛♥s✈❡rs❛❧ γ✱ ❛ ❜♦❧❛ ❞❡ r❛✐♦ δ✱ ❝❡♥tr❛❞❛ ❡♠ y✱ ❡ ❛
✈✐③✐♥❤❛♥ç❛ U ✱ ♣❡❧♦ q✉❡ ❣❛r❛♥t✐♠♦s q✉❡

g♣Iq ⑨ Bε♣g♣yqq ❳ γ.

❈♦♠♦ ♥❛ ✜❣✉r❛ ✸✳✾✭❜✮✳
g : γ Ñ γ é ✐♥❥❡t♦r❛✳ ❉❡ ❢❛t♦✱ s❡❥❛ y, y✝ P γ t❛❧ q✉❡ g♣yq ✏ g♣y✝q✱ ❡♥tã♦
φτ♣yq♣yq ✏ φτ♣y✝q♣y

✝q ✐st♦ é y✝ P O♣yq ❡ s✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❡ T ✘ 0 ❝♦♠
φT ♣yq ✏ y✝✱ ❧♦❣♦ T ➙ τ♣yq ❡ ❝♦♠♦ g♣yq ✏ g♣y✝q t❡♠♦s q✉❡ y P Per♣φq é ✉♠
♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❞❡ φ✱ ❛❜s✉r❞♦✱ ❧♦❣♦ T ✏ 0✳ ❆ss✐♠✱ y ✏ y✝

g : γ Ñ γ é s♦❜r❡❥❡t♦r❛✳ ❉❡ ❢❛t♦ s❡ ♥ã♦ ❢♦ss❡ s♦❜r❡❥❡t♦r❛ ❡①✐st✐r✐❛ y✝ P γ t❛❧
q✉❡ y✝ ❘ g♣γq✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❛✜r♠❛çã♦ ✶ ✭γ✝ ✏ γ✮✳ ▲♦❣♦✱ ♣❛r❛ ❝❛❞❛ y P γ
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❡①✐st❡ y P γ t❛❧ q✉❡
g♣yq ✏ y

❆ss✐♠✱ ❝♦♠♦ g é ❝♦♥tí♥✉❛✱ ✐♥❥❡t♦r❛ ❡ s♦❜r❡❥❡t♦r❛❀ t❡♠♦s q✉❡ ❡①✐st❡ s❡✉ ✐♥✈❡rs♦✱
q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r g✁1 : γ Ñ γ✳
▼♦str❛r❡♠♦s q✉❡ g ❧❡✈❛ ❢❡❝❤❛❞♦s ❞❡ γ ❡♠ ❢❡❝❤❛❞♦s ❞❡ γ✳ ❉❡ ❢❛t♦✱ s❡❥❛ A ✉♠
s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❞❡ γ✱ t♦♠❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ tg♣anq✉nPN ⑨
g♣Aq ♥❛ ✐♠❛❣❡♠ ❞❡ A ❝♦♠ lim

nÑ✽
g♣anq ✏ y✳ ❈♦♠♦ ❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s an

❡stã♦ ❝♦♥t✐❞♦s ❡♠ A ❡ A é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❞❡ γ✱ ❡ ❝♦♠♦ γ é ❝♦♠♣❛❝t♦✱
♦❜t❡♠♦s ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ank

❞❡ ♣♦♥t♦s q✉❡ ❝♦♥✈❡r❣❡♠ ♣❛r❛ a ❡✱ ❛ss✐♠✱ ♣❡❧❛
✉♥✐❝✐❞❛❞❡ ❞❡ ❧✐♠✐t❡ ♦❜t❡♠♦s q✉❡

y ✏ lim
kÑ✽

g♣ank
q ✏ g♣ lim

nÑ✽
ank

q ✏ g♣aq

❧♦❣♦✱ y P g♣Aq✳ P♦rt❛♥t♦ g : γ Ñ γ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳ P♦r ♦✉tr♦ ❧❛❞♦
♣r♦✈❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦✿

❆✜r♠❛çã♦ ✸✿ g : γ Ñ γ é tr❛♥s✐t✐✈♦✳

❉❡ ❢❛t♦✱ ♣❡❧❛ ❛✜r♠❛çã♦ ✷✱ g é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳ Pr♦✈❛r❡♠♦s q✉❡ g é ✉♠
s✐st❡♠❛ ❞✐♥â♠✐❝♦ tr❛♥s✐t✐✈♦✱ ♣❛r❛ ✐st♦✱ s❡❥❛ x, y P γ ♥♦ ❝ír❝✉❧♦ tr❛♥s✈❡rs❛❧ ❡
✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ y✱ ❛ss✐♠ ❡①✐st❡ ✉♠❛ ❝❛✐①❛ ❞❡ ✢✉①♦ U ❝♦♥t✐❞♦ ♥❛ ✈✐③✐♥❤❛♥ç❛
q✉❡ ❝♦♥té♠ y❀ P♦r Ω♣φq ✏ Σ ❡ Per♣φq ✏ ❍✱ t❡♠♦s q✉❡ ω♣yq ✏ Σ✱ ❧♦❣♦✱ ❡①✐st❡
n P Z t❛❧ q✉❡ gn♣xq ✏ φtn♣xq P U s❡❣✉❡ q✉❡ g é tr❛♥s✐t✐✈♦✳

❆❣♦r❛✱ ♣❡❧❛ ❛✜r♠❛çã♦ ✸✱ g é ❝♦♥❥✉❣❛❞♦ ❛ ✉♠❛ r♦t❛çã♦ ✐rr❛❝✐♦♥❛❧ Rα✱ s❡♥❞♦ ❛ss✐♠✱
φ ❝♦♥❥✉❣❛❞♦ ❛ ✉♠❛ s✉s♣❡♥sã♦ ❞❡ Rα✳ ▲♦❣♦✱ Σ é ♦ t♦r♦ ❡ φ é ♦ ✢✉①♦ ✐rr❛❝✐♦♥❛❧✳

f(a)

f(b)

c

b

a

o l

la
l*

✭❛✮ ❢✉♥çã♦ ❞❡ P♦✐♥❝❛ré

()

)

a

b

yn

d

zn
v

f(a) f(d)(

) (
)

f(b)
f(vb)f(v)

f(d)

)

vb

✭❜✮ ❢✉♥çã♦ ❞❡ P♦✐♥❝❛ré

❋✐❣✉r❛ ✸✳✽✿ ❢✉♥çã♦ ❞❡ P♦✐♥❝❛ré
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z

y

U
U

Υ Υ

vΥ
zy

o

o

2

R
2

R
2

✭❛✮ ❝♦♥str✉çã♦ ❞♦ ❝ír❝✉❧♦ tr❛♥s✈❡rs❛❧

Υy*
g(y)

y

Bδ(y)

✭❜✮ ❝✐r❝✉❧♦ tr❛♥s✈❡rs❛❧ ❡♠ Σ

❋✐❣✉r❛ ✸✳✾✿ ❈♦♥str✉çã♦ ❞❛ tr❛♥s✈❡rs❛❧ ❢❡❝❤❛❞❛✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✺✳ ❙❡ φ é ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦ s♦❜r❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ Σ

❡♥tã♦ ❛ ✉♥✐ã♦ ❞❛s s❡♣❛r❛tr✐③❡s ❡stá✈❡✐s é ❞❡♥s♦ ❡♠ Σ✳ ❊♠ ♣❛rt✐❝✉❧❛r Sing♣φq ✘ ❍

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❛❜s✉r❞♦✱ s✉♣♦♥❤❛♠♦s q✉❡ φ é ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦ ❡♠ Σ ❡ ❛
✉♥✐ã♦ ❞❛s s❡♣❛r❛tr✐③❡s ❡stá✈❡✐s ♥ã♦ é ❞❡♥s❛ ❡♠ Σ✳ P❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✹✱ t❡♠♦s
q✉❡ Per♣φq ✏ ❍✱ ❡ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✶✱ Ω♣φq ✏ Σ✳ P❡❧♦ ❧❡♠❛ ✸✳✷✳✺✱ ♦❜t❡♠♦s
q✉❡ φ é s✉s♣❡♥sã♦ ❞❡ ✉♠❛ r♦t❛çã♦ ✐rr❛❝✐♦♥❛❧ ❞♦ ❝ír❝✉❧♦✳ ▲♦❣♦✱ ❝♦♠♦ ♦ ✢✉①♦
✐rr❛❝✐♦♥❛❧ ♥ã♦ t❡♠ ♣♦♥t♦s s✐♥❣✉❧❛r❡s✱ ❡♥tã♦✱ ♣❡❧♦ t❡♦r❡♠❛ ✸✳✶ ❡ ❛ ♣r♦♣♦s✐çã♦ ✷✳✶✱
q✉❡ ❞✐③ q✉❡ ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦ s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s é ✉♠ ✢✉①♦ ●✲❡①♣❛♥s✐✈♦✱ ❧♦❣♦
♦ ✢✉①♦ φ é ●✲❡①♣❛♥s✐✈♦ ❡ s✉s♣❡♥sã♦ ❞❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h : γ Ñ γ ♥♦ ❝ír❝✉❧♦✳
❆ss✐♠✱ ♣❡❧♦ t❡♦r❡♠❛ ✻ ❡♠ ❬✻❪ t❡♠♦s q✉❡ ♦ ❤♦♠❡♦♠♦r✜s♠♦ h é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦
❡①♣❛♥s✐✈♦✳ ❆❜s✉r❞♦✱ ♣♦✐s ❡♠ ❬✶✹❪ s❡ ❞❡♠♦♥str❛ q✉❡ ♥ã♦ ❡①✐st❡♠ ❤♦♠❡♦♠♦r✜s♠♦s
❡①♣❛♥s✐✈♦s ♥♦ ❝ír❝✉❧♦✳

❉❡✜♥✐çã♦ ✸✳✺✳ ❯♠ ✢✉①♦ φ s♦❜r❡ ✉♠❛ s✉♣❡r❢í❝✐❡ Σ é ✉♠ ✢✉①♦ ❞❡ ❈❤❡rr②
s❡ ❝✉♠♣r❡ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

❛✮ φ t❡♠ ❛♣❡♥❛s ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ♣♦♥t♦s s✐♥❣✉❧❛r❡s✳

❜✮ ❙❡ p1, p2, ☎ ☎ ☎ , pm ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❢♦♥t❡ ❡ s❡❥❛ λ1, λ2, ☎ ☎ ☎ , λm s✉❛s ❜❛❝✐❛s ❞❡
r❡♣✉❧sã♦✱ ♦♥❞❡ λi ✏ tz P Σ⑤ α♣zq ✏ tpi✉✉✱ ❡♥tã♦ λj ❝♦♥té♠ ✉♠❛ ú♥✐❝❛
tr❛❥❡tór✐❛ θj ❝♦♥❡❝t❛♥❞♦ pj ❛ ♦✉tr♦ ♣♦♥t♦ s✐♥❣✉❧❛r ♥❛ ❢r♦♥t❡✐r❛ ❞❡ λj✱ qj P ❇λj✳

❝✮ ❊①✐st❡♠ ✜♥✐t♦s ♣♦♥t♦s x1, x2, ☎ ☎ ☎ , xn t❛❧ q✉❡ ♦ ❝♦♥❥✉♥t♦

✁ m↕
i✏1

λi

✠
❨
✁ n↕
j✏1

φR�♣xjq
✠

é ❞❡♥s♦ ❡♠ Σ✳

❈♦♠♦ ♥❛ ✜❣✉r❛ ✸✳✶✵✳
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q
1

p
1

❋✐❣✉r❛ ✸✳✶✵✿ ❋❧✉①♦ ❞❡ ❈❤❡rr②

Pr♦♣♦s✐çã♦ ✸✳✷✳✻✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦ ♥❛ s✉♣❡r❢í❝✐❡ Σ✱ ❡♥tã♦ φ é ✉♠
✢✉①♦ ❞❡ ❈❤❡rr②✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦✱ t❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s
s✐♥❣✉❧❛r❡s Sing♣φq é ✜♥✐t♦✳ ❈♦♠♦ ♥ã♦ ❡①✐st❡♠ ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❢♦♥t❡✱ ❡♥tã♦ ♦
✢✉①♦ φ é ✉♠ ✢✉①♦ ❞❡ ❈❤❡rr②✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✸ t❡♠♦s q✉❡ ❡①✐st❡
✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ s❡♣❛r❛tr✐③❡s ❡ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✺ ❛ ✉♥✐ã♦ ❞❛s s❡♣❛r❛tr✐③❡s é
❞❡♥s❛ ❡♠ Σ✳ P♦rt❛♥t♦ ♦ ✢✉①♦ φ s❛t✐s❢❡③ t♦❞❛s ❛s ❝♦♥❞✐çõ❡s ❞❡ ✢✉①♦ ❞❡ ❈❤❡rr②✳

❚❡♦r❡♠❛ ✸✳✷✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦ s♦❜r❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ Σ✳
❊♥tã♦ φ é t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠ ✢✉①♦ C✽✳

❉❡♠♦♥str❛çã♦✳ ❊♠ ❬✶✵❪✱ t❡♦r❡♠❛ ✶✱ ♣á❣✐♥❛ ✸✶✽✱ s❡ ❞❡♠♦♥str❛ q✉❡ t♦❞♦ ✢✉①♦
❞❡ ❈❤❡rr② é C✽✱ ❡ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✻ ❝♦♥❝❧✉✐✲s❡♠♦s q✉❡ t♦❞♦ ✢✉①♦ φ s❡❥❛
❡①♣❛♥s✐✈♦ é C✽✳

◆❡st❛ s❡çã♦ ✈❛♠♦s ❧✐❞❛r ❝♦♠ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ í♥❞✐❝❡ ③❡r♦✳ ▼♦str❛r❡♠♦s q✉❡
❡❧❛s ♣♦❞❡♠ s❡r r❡♠♦✈✐❞❛s ♦✉ ❛❞✐❝✐♦♥❛❞❛s s❡♠ ♣❡r❞❡r ❛ ❡①♣❛♥s✐✈✐❞❛❞❡✳

❉❡✜♥✐çã♦ ✸✳✻✳ ❙❡❥❛♠ ♦s ✢✉①♦s φ ❡ ψ ❞❡✜♥✐❞♦s s♦❜r❡ ❛ ♠❡s♠❛ s✉♣❡r❢í❝✐❡ Σ ❡ s❡❥❛
p P Sing♣φq ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ í♥❞✐❝❡ ✵ ❞❡ φ✳ ❉✐③✲s❡ q✉❡ ψ r❡♠♦✈❡ ♦✉ ❡✈✐t❛
❛ s✐♥❣✉❧❛r✐❞❛❞❡ ♣ ❞❡ φ✱ ♦✉ ❞❛ ♠❡s♠❛ ❢♦r♠❛✱ φ ❛❞✐❝✐♦♥❛ s✐♥❣✉❧❛r✐❞❛❞❡
❛ ψ✱s❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐ç♦❡s✿

❛✮ p ♥ã♦ é ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ ψ✱ p ❘ Sing♣ψq✱

❜✮ s❡ x ❘ ψR♣pq✱ ❡♥tã♦ φR♣xq ✏ ψR♣xq

❝✮ ❛ ❞✐r❡çã♦ ❞❡ ❛♠❜♦s ✢✉①♦s ❝♦✐♥❝✐❞❡ ❝♦♠ q✉❛❧q✉❡r ór❜✐t❛✳

❖❜s❡r✈❛çã♦ ✸✳✷✳✶✳ ❙✉♣♦♥❤❛♠♦s q✉❡ p é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r✳ ❖s s❡❣✉✐♥t❡s
❡♥✉♥❝✐❛❞♦s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

❛✮ ❊①✐st❡ ψ q✉❡ r❡♠♦✈❡ p✳

❜✮ p é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ í♥❞✐❝❡ ✵ ❞❡ φ✳
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❖s ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❞❡ í♥❞✐❝❡ ✵ sã♦ ❝❤❛♠❛❞♦s ❞❡ s❡❧❛s ❢❛❧s❛s✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✼✳ ❙❡❥❛♠ φ ❡ ψ ✢✉①♦s ♥❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ Σ✱ s❡ ψ é
❡①♣❛♥s✐✈♦ ❡ r❡♠♦✈❡ ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ φ ❡♥tã♦ φ é ❡①♣❛♥s✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ p P Σ ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ φ ❞❛ s✉♣❡r❢í❝✐❡ Σ q✉❡ ψ r❡♠♦✈❡
❞❡ φ✱ ❝♦♠♦ p é ✉♠ ♣♦♥t♦ r❡❣✉❧❛r ❞❡ ψ ❡①✐st❡ ✉♠❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧ l ❡ s❡❥❛ t✝ → 0

t❛❧ q✉❡ ψ⑤♣✁t✝,t✝q✂l é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ U ✏ ψ♣✁t✝,t✝q♣lq é ❛ ❝❛✐①❛ ❞❡ ✢✉①♦✳ ❙❡❥❛
t❛♠❜é♠ β → 0✱ ♣♦r ❤✐♣ót❡s❡✱ ψ é ❡①♣❛♥s✐✈♦✱ ❡♥tã♦ ❡①✐st❡ δβ → 0✱ ❝♦♥st❛♥t❡ ❞❡
❡①♣❛♥s✐✈✐❞❛❞❡ ❡ ❡s❝♦❧❤❡♥❞♦ δ P ♣0, 1

2
dist♣p, ❇Uqq ❳ ♣0, δβq✳ ▼♦str❛r❡♠♦s q✉❡ δ

❡s❝♦❧❤✐❞♦ é ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ ♣❛r❛ ♦ ✢✉①♦ φ✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s
q✉❡ s❡ x, y P Σ t❛❧ q✉❡

dist♣φt♣xq, φh♣tq♣yqq ➔ δ ✭✸✳✷✷✮

♣❛r❛ t♦❞♦ t P R ❡ ❛❧❣✉♠ h P H
�
0 ♣Rq✳ ❱❛♠♦s ♣r♦✈❛r q✉❡ ❡♠ t♦❞♦s ♦s ❝❛s♦s ✭✈❡r

✜❣✉r❛ ✸✳✶✶✮ ♣❛r❛ x, y❀ ❛ ❞✐stâ♥❝✐❛ distφ♣x, yq ➔ β✳

❈❛s♦ ✶ ❙❡ ♦s ♣♦♥t♦s x, y ❘ ψR♣pq✳ P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ✢✉①♦ ψ r❡str✐t♦ à R✱
❡①✐st❡♠ ❤♦♠❡♦♠♦r✜s♠♦s gx, gy P H

�
0 ♣Rq q✉❡ ✜①❡♠ ③❡r♦ ❡♠ R✱ t❛❧ q✉❡

♣❛r❛ ❝❛❞❛ t P R

φt♣xq ✏ ψgx♣tq♣xq, φt♣yq ✏ ψgy♣tq♣yq.

❈♦♠♦ dist♣φt♣xq, φh♣tq♣yqq ✏ dist♣ψgx♣tq♣xq, ψgy♣tq♣yqq ♣❛r❛ t♦❞♦ t P R✱ ❡♠
♣❛rt✐❝✉❧❛r ♣❛r❛ ♦s ♥ú♠❡r♦s r❡❛✐s g✁1

x ♣tq, t P R✱ t❡♠♦s

dist♣φg✁1
x ♣tq♣xq, φh♣g✁1

x ♣tqq♣yqq ✏ dist♣ψgx✆g✁1
x ♣tq♣xq, ψgy✆h✆g✁1

x ♣tq♣yqq

❡ ♣♦r ✭✸✳✷✷✮ t❡♠♦s

dist♣ψt♣xq, ψgy✆h✆g✁1
x ♣tq♣yqq ✏ dist♣φg✁1

x
♣xq, φh♣g✁1

x q♣yqq ➔ δ ➔ δβ.

▲♦❣♦✱ ♣❡❧❛ ❡①♣❛♥s✐✈✐❞❛❞❡ ❞❡ ψ ♦❜t❡♠♦s distψ♣x, yq ➔ β❀ ✐st♦ é✱ x, y ❡stã♦
❡♠ ✉♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ β✳ ❈♦♠♦ ♦ ✢✉①♦ ψ
♣♦r s✉❛ ❡①♣❛♥s✐✈✐❞❛❞❡ ♥ã♦ t❡♠ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s✱ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✸✳✶✳✶✱
♣♦❞❡♠♦s s✉♣♦r q✉❡ ❡①✐st❡ ty → 0 t❛❧ q✉❡ φty♣xq ✏ y✳ ❈♦♠♦ ψ r❡♠♦✈❡ p✱
t❡♠♦s ❛ ✐❣✉❛❧❞❛❞❡ ❞❛s ór❜✐t❛s φR♣xq ✏ ψR♣xq✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ♦ ✢✉①♦
ψ ♥ã♦ t❡♠ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ s❡ y ✏ φt♣xq✱
t → 0✱ t❡♠♦s φr0,ts♣xq ✏ φr0,tys♣xq✳ ❙❡♥❞♦ ❛ss✐♠ ❡ ❛ ♦❜s❡r✈❛çã♦ ✸✳✶✳✶ t❡♠♦s
q✉❡

distφ♣x, yq ✏ diam♣φr0,ts♣xqq ✏ diam♣ψr0,tys♣xqq

❡ ❝♦♠♦ distψ♣x, yq ➔ β ♦❜t❡♠♦s

distφ♣x, yq ✏ distψ♣x, yq ➔ β

❈❛s♦ ✷ ❙❡ x P ψR♣pq ❡ y ❘ ψR♣pq✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r
q✉❡ lim

tÑ✽
φt♣xq ✏ p✳ ❖❜s❡r✈❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ ♥ú♠❡r♦ ♣♦s✐t✐✈♦ t✶ → 0

❡①✐st❡ t → t✶ t❛❧ q✉❡
φt♣yq ❘ U ✭✸✳✷✸✮
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♣♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❡①✐st✐r✐❛ t✶ → 0 t❛❧ q✉❡ s❡ t → t✶✱ ❡♥tã♦ φt♣yq P U ✳
❈♦♠♦ ψ é ❡①♣❛♥s✐✈♦✱ ❡♠ ♣❛rt✐❝✉❧❛r ♥ã♦ t❡♠ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s✱ ❡♥tã♦
ω♣yq ✏ tp✉ ✱ ♣♦✐s s❡ ♥ã♦ ❢♦r✱ ❝♦♥tr❛❞✐③ ✭✸✳✷✷✮✳ ▲♦❣♦✱ p ♥ã♦ é ✉♠ ♣♦♥t♦
s✐♥❣✉❧❛r ❞❡ í♥❞✐❝❡ ③❡r♦✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ ψ r❡♠♦✈❡r p✳ ❙❡♠ ♣❡r❞❛
❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ s❡ φt♣yq ❘ U ✱ ❡♥tã♦

dist♣p, Uq ↕ dist♣p, φt♣yqq ✭✸✳✷✹✮

❆ss✐♠ ❝♦♠♦ lim
tÑ✽

φt♣xq ✏ p ❡ ✭✸✳✷✸✮✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r t → 0 t❛❧ q✉❡

φh♣tq♣yq ❘ U ✱ ❧♦❣♦ dist♣p, Uq ↕ dist♣p, φh♣tq♣yqq✳ ❆ss✐♠✱ ❡ ♣❡❧❛ ❡q✉❛çã♦
✭✸✳✷✹✮ ♦❜t❡♠♦s

dist♣p, φh♣tq♣yqq ↕ dist♣p, φt♣xqq � dist♣φt♣xq, φh♣tq♣yqq ➔
1
2
dist♣p, Uq � δ ➔ 1

2
dist♣p, Uq � 1

2
dist♣p, Uq ✏ dist♣p, Uq

❧♦❣♦
dist♣p, Uq ↕ dist♣p, φh♣tq♣yqq ➔ dist♣p, Uq,

❛❜s✉r❞♦✳

❈❛s♦ ✸ ❙❡ x, y P ψR♣pq✳ P♦❞❡♠ ♦❝♦rr❡r ♥❛s s❡♣❛r❛tr✐③❡s ❛ss♦❝✐❛❞❛s ❞❡ p P
Sing♣φq❀ a, b P φR♣pq✱ ω♣aq ✏ tp✉ ✏ α♣bq✱ q✉❡ ❝♦♥té♠ x ❡ y ❞❡ ❞✉❛s
❢♦r♠❛s ❜ás✐❝❛s✱ s❡♠ ♣❡r❞❡r ❛ ❣❡♥❡r❛❧✐❞❛❞❡✳ ❙✉♣♦♥❤❛♠♦s

x P φR♣aq ❨ tp✉, y P φR♣bq ❨ tp✉ ♦✉ x, y P φR♣aq.

❙❡ x P φR♣aq❨tp✉, y P φR♣bq❨tp✉✱ s✉♣♦♥❞♦ q✉❡ x ✏ y ✏ p✱ s❡ ❝♦♥❝❧✉✐✲s❡
0 ✏ distφ♣x, yq ➔ β✳ ❙❡ y ✘ p ♥ã♦ ❢♦r ♦ ♣♦♥t♦ s✐♥❣✉❧❛r✱ s❡ ❝♦♥s❡❣✉❡ q✉❡ ❛
ór❜✐t❛ ❞❡ y s❛✐❛ ❞❛ ❜♦❧❛ ❞❡ r❛✐♦ 2δ✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦✱ t❡r✐❛ q✉❡ ❡①✐st✐r
♦✉tr❛ s❡♣❛r❛tr✐③✱ ❛❜s✉r❞♦ ♣♦✐s ♦ ♣♦♥❞♦ é ❞❡ í♥❞✐❝❡ ③❡r♦✳ ❆ss✐♠ ♣❛r❛ ❝❛❞❛
t✶ → 0 ❡①✐t❡ t → t✶ t❛❧ q✉❡

φt♣yq ❘ B2δ♣pq. ✭✸✳✷✺✮

❆❧é♠ ❞✐ss♦✱ dist♣p, φh♣tq♣yqq ↕ dist♣p, φt♣xqq � dist♣φt♣xq, φh♣tq♣yqq ↕
δ � δ ✏ 2δ ✐st♦ é✱ φh♣tq♣yq P B2δ♣pq t♦♠❛♥❞♦ t s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱
♣♦✐s ♣❛r❛ x ♦ ❝♦♥❥✉♥t♦ ô♠❡❣❛ ❧✐♠✐t❡ ω♣xq ✏ ω♣aq ✏ tp✉ é ♦ ♠❡s♠♦ q✉❡
❞❡ a✳ P♦r ♦✉tr♦ ❧❛❞♦ ❡s❝♦❧❤❡♥❞♦ t → 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡
φh♣tq♣yq ❘ B2δ♣pq✱ ✐st♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✷✺✮✱ ❝❤❡❣❛♠♦s ❛ ✉♠ ❛❜s✉r❞♦

φh♣tq♣yq P B2δ♣pq ❳ BC
2δ♣pq.

❆ss✐♠✱ s❡ x P φR♣aq ❡ y P φR♣bq ❛❝♦♥t❡❝❡ ♦ ♠❡s♠♦ r❛③♦❛♠❡♥t♦✱
❝❤❡❣❛♥❞♦ ❛ ✉♠ ❛❜s✉r❞♦✱ ❧♦❣♦ ❞❡s❝❛rt❛♠♦s ♦ ❝❛s♦ ❡♠ q✉❡ ♦s ❞♦✐s ♣♦♥t♦s
x P φR♣aq ❨ tp✉✱ y P φR♣bq ❨ tp✉ ❡stã♦ ❡♠ ❞✐st✐♥t❛s s❡♣❛r❛tr✐③❡s ❝♦♠ ♦
♣♦♥t♦ s✐♥❣✉❧❛r✳
❖ ♦✉tr♦ ❝❛s♦ ❡♠ q✉❡ ♦s ♣♦♥t♦s x, y P φR♣aq ♣❡rt❡♥❝❡♠ ❛ ✉♠❛ ❞❛s
s❡♣❛r❛tr✐③❡s✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ ♣❡rt❡♥❝❡♠
❛ s❡♣❛r❛tr✐③ φR♣aq✱ q✉❡ é ❛ ór❜✐t❛ ❞❡ a✳ ❈♦♠♦ ♥♦ ❝❛s♦ ✶ ❡①✐st❡♠
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❤♦♠❡♦♠♦r✜s♠♦s gx, gy P H
�
0 q✉❡ ✜①❛♠ ③❡r♦ ♥♦s ♥ú♠❡r♦s r❡❛✐s✱ t❛❧ q✉❡

φt♣xq ✏ ψgx♣tq♣xq, φt♣yq ✏ ψgy♣tq♣yq

♣❛r❛ t♦❞♦ t P R✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✷✷✮ ❡ t♦♠❛♥❞♦ ♦s ♥ú♠❡r♦s r❡❛✐s
g✁1
x ♣tq P R✱ ♣❛r❛ ❝❛❞❛ t P R ♦❜t❡♠♦s

dist♣φg✁1
x ♣tq♣xq, φh✆g✁1

x ♣tq♣yqq ✏ dist♣ψt♣xq, ψgy✆h✆g✁1
x ♣tq♣yqq ➔ δ,

❡ ❝♦♠♦ gy ✆ h ✆ g
✁1
x P H

�
0 é ❛✐♥❞❛ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ q✉❡ ✜①❛ ③❡r♦✱

♦❜t❡♠♦s ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✷✷✮ q✉❡

distψ♣x, yq ➔ β. ✭✸✳✷✻✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣♦r s❡r ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✹✱ ψ ♥ã♦
t❡♠ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s✱ ❡♥tã♦ φ ♥ã♦ t❡♠ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s❀ ❛ss✐♠✱ ❝♦♠♦
x, y ❡stã♦ ♥❛ ♠❡s♠❛ ór❜✐t❛ t❡♠♦s q✉❡

φr0,ts♣xq ✏ φr0,tys♣xq,

♦♥❞❡ φt♣xq ✏ y✱ φty♣xq ✏ y✱ ❝♦♠ t, ty ♥ú♠❡r♦s r❡❛✐s ♣♦s✐t✐✈♦s✳ ❆ss✐♠✱
♣❡❧❛ ♦❜s❡r✈❛çã♦ ✸✳✶✳✶ ❡ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✷✻✮✱ ♦❜t❡♠♦s

distφ♣x, yq ✏ diam♣φr0,ts♣xqq ✏ diam♣ψr0,tys♣xqq ✏ distψ♣x, yqq

❧♦❣♦✱
distφ♣x, yq ➔ β.

P♦rt❛♥t♦ φ é ❡①♣❛♥s✐✈♦✳

p

x

y

y

p

x

p

x

y

caso 1

caso 2

caso 3

❋✐❣✉r❛ ✸✳✶✶✿ ❙✐♥❣✉❧❛r✐❞❛❞❡s r❡♠♦✈í✈❡✐s

▲❡♠❛ ✸✳✷✳✻✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ s♦❜r❡ Σ ❡ s✉❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ t✐♣♦ s❡❧❛✳ ❊♥tã♦
♣❛r❛ t♦❞♦ β → 0 ❡①✐st❡ δ → 0 t❛❧ q✉❡ s❡ dist♣φt♣xq, φh♣tq♣yqq ➔ δ ♣❛r❛ t♦❞♦ t P R

❝♦♠ distφ♣x, yq ➙ β ❡ h P H
�
0 ♣Rq✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧ l ❝♦♥t❡♥❞♦

x ❡ y t❛❧ q✉❡ q✉❛❧q✉❡r s❡♣❛r❛tr✐③ ✐♥t❡rs❡❝t❛♥❞♦ l ❡♥tr❡ x ❡ y ❡stá ❛ss♦❝✐❛❞♦ ❛ ✉♠❛
s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ í♥❞✐❝❡ ✵✳
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❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ β → 0✱ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞♦ t✐♣♦ s❡❧❛ sã♦ ✐s♦❧❛❞❛s ♣♦r
❞❡✜♥✐çã♦✱ Sing♣φq é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❡

β0 ✏ inftdiam♣φR♣xqq : x P Sing♣φq✉ → 0.

❆♣❧✐❝❛♥❞♦ ♦ r❡s✉❧t❛❞♦ ❞♦ ❧❡♠❛ ✸✳✶✳✺✱ ♣❛r❛ β✱ ❡①✐st❡♠ ♥ú♠❡r♦s ♣♦s✐t✐✈♦s ε ❡
δ✷✳ P❛r❛ q✉❛❧q✉❡r ♣♦♥t♦ s✐♥❣✉❧❛r p ❛❞♠✐t❛♠♦s ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❞❛♣t❛❞❛ Dp

❝♦♠ diam♣Dpq ➔ β✳ ❆ss✐♠✱ ♣❛r❛ q✉❛❧q✉❡r ♣♦♥t♦ s✐♥❣✉❧❛r p✱ ❡ ε ❝♦♥s✐❞❡r❛❞♦
❛♥t❡r✐♦r♠❡♥t❡✱ t♦♠❡♠♦s δp ❞❛❞♦ ♣❡❧♦ ❧❡♠❛ ✸✳✷✳✹✳ ❈♦♥s✐❞❡r❡♠♦s ❛s ❝❛✐①❛s ❞❡
✢✉①♦ Ui ❞❛❞♦ ♣❡❧♦ ❧❡♠❛ ✸✳✷✳✶✳ ❙✉♣♦♥❤❛♠♦s q✉❡ C é ✉♠ ❝♦❜r✐♠❡♥t♦ ✜♥✐t♦ ❞❡ Σ

❢❡✐t♦ ❝♦♠Dp✱ p P Sing♣φq ❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❝❛✐①❛s ❞❡ ✢✉①♦ Ui✱ i P t1, ☎ ☎ ☎ , N✉✳
❙✉❜❞✐✈✐❞✐♥❞♦ ❛s ❝❛✐①❛s ❞❡ ✢✉①♦ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ diam♣Uiq ➔ β ♣❛r❛ t♦❞♦
i P t1, ☎ ☎ ☎ , N✉✳ P♦❞❡♠♦s s✉♣♦r q✉❡ ❛ ✐♥t❡rs❡❝çã♦ ❞❡ q✉❛❧q✉❡r ❞♦s ❝♦♥❥✉♥t♦s
❛❜❡rt♦s ❡♠ C é ❝♦♥❡①❛ ♦✉ ✈❛③✐❛✳ ❈♦♥s✐❞❡r❡♠♦s δ✶ → 0 t❛❧ q✉❡ s❡ ♦ ❞✐â♠❡tr♦ ❞❡
X ⑨ Σ é ♠❡♥♦r q✉❡ δ✶✱ ❡♥tã♦ X ❡stá ❝♦♥t✐❞♦ ❡♠ ❛❧❣✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ C✳
❋✐♥❛❧♠❡♥t❡✱ ❞❡✜♥✐♠♦s δ ✏ mintδ✶, δ✷✉ ❨ tδp✉p Sing♣φq.

◆❡st❡ ♣❛rá❣r❛❢♦✱ ♠♦str❛r❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧ ❧♦❝❛❧ ❛tr❛✈és
❞❡ x ❡ y✳ ❈♦♠♦ dist♣x, yq ➔ δ ↕ δ✶ t❡♠♦s q✉❡ x, y P U ♣❛r❛ ❛❧❣✉♠ U P C✱ ✐st♦✱
♣♦✐s diam♣Xq ➔ δ✶✳ ❈♦♠♦ diam♣Uq ➔ β ❡ distφ♣x, yq ➙ β t❡♠♦s q✉❡ x ❡ y ♥ã♦
❡stã♦ ❡♠ ✉♠ s❡❣♠❡♥t♦ ❞❡ ór❜✐t❛ ❝♦♥t✐❞♦ ❡♠ U ✱ s❡ U é ✉♠❛ ❝❛✐①❛ ❞❡ ✢✉①♦ ♦✉ ✉♠❛
✈✐③✐♥❤❛♥ç❛ ❛❞❛♣t❛❞❛ ❞❡ ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ í♥❞✐❝❡ ✵❀ ❡♥tã♦✱ ♥♦ ❝❛s♦ ❞❡ U s❡r
✉♠❛ ❝❛✐①❛ ❞❡ ✢✉①♦✱ é tr✐✈✐❛❧ q✉❡ ❡①✐st❡ ✉♠❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧❀ ♥♦ ♦✉tr♦ ❝❛s♦✱ ❡♠
q✉❡ U é ✈✐③✐♥❤❛♥ç❛ ❛❞❛♣t❛❞❛ ❞❡ ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ í♥❞✐❝❡ ✵✱ t❡♠♦s q✉❡ s❡ x ❡
y ❡stã♦ ❡♠ ❞✐st✐♥t♦s s❡t♦r❡s ❤✐♣❡r❜ó❧✐❝♦s✱ ❡♥tã♦ t❛♠❜é♠ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠❛
s❡❝çã♦ tr❛♥s✈❡rs❛❧ ❝♦♥t❡♥❞♦ x, y ❡ ✉♠ ♣♦♥t♦ ❞❛ s❡♣❛r❛tr✐③✳ ❙✉♣♦♥❤❛ q✉❡ x, y P Dp

♣❛r❛ ❛❧❣✉♠ p P Sing♣φq ❞❡ í♥❞✐❝❡ ♥❡❣❛t✐✈♦✳ ❙❡ x, y ❡stã♦ ♥♦ ♠❡s♠♦ s❡t♦r✱ ❡①✐st❡
✉♠ s❡❝çã♦ tr❛♥s✈❡rs❛❧ q✉❡ ♣♦❞❡ s❡r ❝♦♥str✉í❞❛ ❧❡✈❛♥❞♦ ❛s s❡❝çõ❡s tr❛♥s✈❡rs❛✐s ❞❛
✈✐③✐♥❤❛♥ç❛ ❛❞❛♣t❛❞❛ ❛té ♦s ♣♦♥t♦s✳ ❙❡ x, y ♥ã♦ ❡stã♦ ♥♦ ♠❡s♠♦ s❡t♦r ❤✐♣❡r❜ó❧✐❝♦✱
❝❤❡❣❛♠♦s ❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s ❛♣❧✐❝❛♥❞♦ ♦ ❧❡♠❛ ✸✳✷✳✹✱ ❡①✐st❡ t0, s P R t❛❧ q✉❡
φh♣t0q♣yq ✏ φt0�s♣xq ❡ ⑤s⑤ ➔ ε✳ ❊♥tã♦ ❛♣❧✐❝❛♥❞♦ ♦ ❧❡♠❛ ✸✳✶✳✺✱ ❝♦♥❝❧✉✐✲s❡♠♦s q✉❡
distφ♣x, yq ➔ β✱ ❝❤❡❣❛♥❞♦ ❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❖ ❛r❣✉♠❡♥t♦ ❛♥t❡r✐♦r ♠♦str❛ q✉❡ s❡ φt♣xq, φh♣tq♣yq P Dp ♣❛r❛ ❛❧❣✉♠ t P R ❡
p P Sing♣φq ❞❡ í♥❞✐❝❡ ♥❡❣❛t✐✈♦✱ ❡♥tã♦ φt♣xq ❡ φh♣tq♣yq ♣❡rt❡♥❝❡♠ ❛♦ ♠❡s♠♦ s❡t♦r
❤✐♣❡r❜ó❧✐❝♦✱ ❡♠ Dp✳ ❊♠ ♣❛rt✐❝✉❧❛r x ❡ y ♥ã♦ sã♦ s❡♣❛r❛tr✐③❡s✳ P♦rt❛♥t♦ φt♣xq ❡
φh♣tq♣yq ❡stã♦ ❝♦♥❡❝t❛❞♦s ♣♦r ✉♠❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧ ♣❛r❛ t♦❞♦ t P R✳

❆❣♦r❛✱ ❝♦♠♦ x ❡ y ♥ã♦ sã♦ s❡♣❛r❛tr✐③❡s ❡ ❡stã♦ ♥♦ ♠❡s♠♦ s❡t♦r ❤✐♣❡r❜ó❧✐❝♦✱
❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ♦✉ ❡♠ ♥❛ ♠❡s♠❛ ❝❛✐①❛ ❞❡ ✢✉①♦✱
❝♦♥s✐❞❡r❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❞✐✈❡r❣❡♥t❡ ❞❡ ♥ú♠❡r♦s ttn✉nPN✱ t0 ✏ 0✱ t❛❧ q✉❡ ♣❛r❛
t♦❞♦ n P N ❡①✐st❡ i♣nq t❛❧ q✉❡

φrtn,tn�1s♣xq ❨ φrh♣tnq,h♣tn�1qs ⑨ Vi♣nq P C,

♦♥❞❡ Vi♣nq é ♦✉ ✉♠❛ ❝❛✐①❛ ❞❡ ✢✉①♦ ♦✉ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❞❛♣t❛❞❛Dp✳ ❈♦♥s✐❞❡r❡♠♦s
❡♠ Vi♣nq ❳ Vi♣n�1q ✉♠❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧ ❧♦❝❛❧ ln q✉❡ ❝♦♥t❡♠ xn ✏ φtn♣xq ❡
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yn ✏ φh♣tnq♣yq ❝♦♠♦ ♥❛ ✜❣✉r❛ ✸✳✶✷✭❛✮✳ ❙❡❥❛ ✉♠ ♣♦♥t♦ z P l0 ✏ rx, ys ⑨ l✳ ❙❡ z
♣❡rt❡♥❝❡ ❛ ✉♠❛ s❡♣❛r❛tr✐③ ❞❡ ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ í♥❞✐❝❡ ♥❡❣❛t✐✈♦✱ ❛ ❝♦♥❝❧✉sã♦ é
tr✐✈✐❛❧✳ ❙❡ ❝❛s♦ ❝♦♥trár✐♦ z ♥ã♦ ♣❡rt❡♥❝❡ ❛ ✉♠❛ s❡♣❛r❛tr✐③ ❞❡ ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r
❞❡ í♥❞✐❝❡ ♥❡❣❛t✐✈♦✱ ♣r♦✈❛r❡♠♦s q✉❡ z ♥ã♦ ♣❡rt❡♥❝❡ ❛ ✉♠❛ s❡♣❛r❛tr✐③✳ ❉❡ ❢❛t♦
❝♦♥s✐❞❡r❡♠♦s ❛ s❡q✉ê♥❝✐❛ sn P R t❛❧ q✉❡ zn ✏ φsn♣zq P ln✱ ♣❛r❛ t♦❞♦ ♥ú♠❡r♦
✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦ n ➙ 0❀ ✐st♦✱ ♣♦✐s s❡ xn ❡ yn ❡stã♦ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❞❛♣t❛❞❛
Dp✱ ❡♥tã♦ xn ❡ yn ❡stã♦ ♥♦ ♠❡s♠♦ s❡t♦r ❤✐♣❡r❜ó❧✐❝♦✳ ❙❡ ❛ s❡q✉ê♥❝✐❛ tzn✉nN é
❝♦♥✈❡r❣❡♥t❡✱ ❡♥tã♦ txn✉nPN ❡ tyn✉nPN sã♦ s❡q✉ê♥❝✐❛s ❝♦♥✈❡r❣❡♥t❡s✳ ■st♦ ❝♦♥tr❛❞✐③
♦ ❢❛t♦ ❞❡ x ❡ y ♥ã♦ ♣❡rt❡♥❝❡r❡♠ ❛ s❡♣❛r❛tr✐③❡s✳ ❊♥tã♦ ❛ s❡q✉ê♥❝✐❛ tzn✉nPN ♥ã♦ é
❝♦♥✈❡r❣❡♥t❡ ❡ z ♥ã♦ ♣❡rt❡♥❝❡ ❛ ✉♠❛ s❡♣❛r❛tr✐③✳ ❝♦♥❝❧✉✐✲s❡♠♦s✱ ♣♦✐s✱ q✉❡✱ s❡ ❡①✐st❡
✉♠❛ s❡♣❛r❛tr✐③ ✐♥t❡rs❡❝t❛♥❞♦ ❛ rx, ys P l✱ ❡♥tã♦✱ ❡❧❛ ❡stá ❛ss♦❝✐❛❞❛ ❛ ✉♠ ♣♦♥t♦
s✐♥❣✉❧❛r ❞❡ í♥❞✐❝❡ ✵✳

x

y

xn-1 Vi(n)

xn=ɸtn(x)

Vi(0)

Vi(n-1)

yn-1 yn=ɸh(tn)(y)

Vi(n+1)

✭❛✮ ❈♦❜r✐❡♥t♦ ❞❛ s✉♣❡r❢í❝✐❡

x0

y0

x1

y1

x2

y2

Vi(0) Vi(1)
Vi(2)

✭❜✮ ❝♦♥str✉çã♦ ❞♦ r❡❝♦❜r✐♠❡♥t♦

❋✐❣✉r❛ ✸✳✶✷✿ ❘❡❝♦❜r✐♠❡♥t♦ ❞❡ Σ ❡ s✉❛ ❝♦♥str✉çã♦

❚❡♦r❡♠❛ ✸✳✸✳ ❙❡❥❛♠ φ ❡ ψ ✢✉①♦s ♥❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ Σ✱ s✉♣♦♥❤❛ q✉❡ ψ

r❡♠♦✈❡ ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ φ✳ ❊♥tã♦ ♦s s❡❣✉✐♥t❡s ❡♥✉♥❝✐❛❞♦s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿
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❛✮ ψ é ❡①♣❛♥s✐✈♦

❜✮ φ é ❡①♣❛♥s✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠ ❛s ❝♦♥❞✐çõ❡s ❞♦ t❡♦r❡♠❛ ❡ t♦♠❛♥❞♦ p P Sing♣φq ❝♦♠♦ ♦
♣♦♥t♦ s✐♥❣✉❧❛r q✉❡ é r❡♠♦✈✐❞♦ ♣♦r ψ✱ ♣r♦✈❛r❡♠♦s q✉❡

✭❛✮ ✐♠♣❧✐❝❛ ✭❜✮
✐st♦ é✱ ψ é ❡①♣❛♥s✐✈♦✳ ❊♥tã♦ φ é ❡①♣❛♥s✐✈♦❀ s❡ ❝♦♥❝❧✉✐✲s❡ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✼✳

✭❜✮ ✐♠♣❧✐❝❛ ✭❛✮
Pr♦✈❛ ♣♦r ❝♦♥tr❛❞✐çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ φ é ❡①♣❛♥s✐✈♦ ❡ ψ ♥ã♦ s❡❥❛ ❡①♣❛♥s✐✈♦✱
✐st♦ é✱ ❡①✐st❡ β → 0 ❡✱ ♣❛r❛ t♦❞♦ n P N ♥❛t✉r❛❧ ❡①✐st❡♠ ♣♦♥t♦s xn P Σ✱ yn P Σ ♥❛
s✉♣❡r❢í❝✐❡ Σ✱ hn P H

�
0 ♣Rq ❤♦♠❡♦♠♦r✜s♠♦s r❡❛✐s q✉❡ ✜①❡♠ ③❡r♦ ❡ ♥ú♠❡r♦s δn → 0

♣♦s✐t✐✈♦s✱ t❛✐s q✉❡

limnÑ�✽ δn ✏ 0 ✭✸✳✷✼✮

distψ♣xn, ynq → β ❡ ✭✸✳✷✽✮

dist♣ψt♣xnq, ψhn♣tq♣ynqq ➔ δn, ✭✸✳✷✾✮

♣❛r❛ t♦❞♦ t P R r❡❛❧✳ ❈❤❡❣❛♠♦s ❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❡st✉❞❛♥❞♦ ♦✿

❈❛s♦ ✶ ❙❡ ♦s ♣♦♥t♦s xn ❘ ψR♣pq✱ yn ❘ ψR♣pq ♥ã♦ ❡stã♦ ♥❛ ór❜✐t❛ ψR♣pq ❞❡ p ♣❛r❛
✐♥✜♥✐t♦s ✈❛❧♦r❡s ❞❡ n P N✳ P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦s ✢✉①♦ φ r❡s♣❡✐t♦ ❞❡ R

t♦♣♦❧ó❣✐❝♦✱ ♣❛r❛ ❝❛❞❛ t P R ♥ú♠❡r♦ r❡❛❧✳

ψt♣xnq ✏ φgxn ♣tq♣xnq, ψt♣ynq ✏ φgyn ♣tq♣ynq.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ β → 0 ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ δβ → 0 ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡
❞❡ φ ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❡①✐st❡♠ ✐♥✜♥✐t❛s ❝♦♥st❛♥t❡s ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ ❞❡
φ q✉❡ sã♦ ❞❡ ψ✱ ♣♦✐s✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✷✼✮✱ ♣❛r❛ δβ ❡①✐st❡♠ ♥ú♠❡r♦s
♥❛t✉r❛✐s n P N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s t❛❧ q✉❡ δn ➔ δβ❀ ♦❜s❡r✈❛♥❞♦ ❛
❡q✉❛çã♦ ✭✸✳✷✾✮ ❡ gyn ✆ hn ✆ g

✁1
xn

P H
�
0 ♣Rq t❡♠♦s q✉❡

dist♣ψg✁1
xn ♣tq

♣xnq, ψhn♣g✁1
xn ♣tqq

♣ynqq ✏

dist♣φt♣xnq, φgyn✆hn✆g✁1
xn ♣tq

♣ynqq ➔ δn, ✭✸✳✸✵✮

❝♦♠ δn ➔ δβ✱ ♣❛r❛ t♦❞♦ t P R❀ ❝♦♥❝❧✉í♠♦s ♣❡❧❛ ❡①♣❛♥s✐✈✐❞❛❞❡ ❞❡ q✉❡ φ✱
distφ♣xn, ynq ➔ β✳ ❈♦♠♦ φ é ❡①♣❛♥s✐✈♦✱ ♣♦r ❤✐♣ót❡s❡✱ t❡♠♦s q✉❡ φ ♥ã♦
t❡♠ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✹✱ ❧♦❣♦✱ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✸✳✶✳✶✱
distφ♣xn, ynq ✏ diam♣φr0,tys♣xnqq✳ ❙✉♣♦♥❞♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱
q✉❡ φtyn ♣xnq ✏ yn✱ tyn ➙ 0✱ ❛❧é♠ ❞✐ss♦✱ q✉❡ xn, yn ❘ ψR♣pq✱ ❛ ✐❣✉❛❧❞❛❞❡
φR♣xnq ✏ ψR♣xnq ❡ ❛✐♥❞❛ q✉❡ φ ♥ã♦ t❡♥❤❛ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s✱ t❡♠♦s q✉❡

ψr0,tns♣xnq ✏ φr0,tyn s♣xnq,

t❛♠❜é♠ s✉♣♦♥❞♦✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ φtn♣xnq ✏ yn✱ tn ➙ 0✱
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♦❜t❡♠♦s✳
diam♣ψr0,tns♣xnqq ✏ diam♣φr0,tyn s♣xnqq

❧♦❣♦✱ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✸✳✶✳✶✱ t❡♠♦s

distψ♣xn, ynq ✏ diam♣ψr0,tns♣xnqq ✏ diam♣φr0,tyn s♣xnqq ✏ distφ♣xn, ynq

❡ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✷✽✮✱ distψ♣xn, ynq → β t❡♠♦s

distφ♣xn, ynq → β.

❙❡♥❞♦✱ ✭✸✳✶✾✮✱ ✭✸✳✸✵✮ ❝♦♥❝❧✉í♠♦s q✉❡ φ ♥ã♦ é ❡①♣❛♥s✐✈♦✳ ❈♦♥tr❛❞✐çã♦
♣♦✐s✱ ♣♦r ❤✐♣ót❡s❡✱ φ é ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦✳

❈❛s♦ ✷ ❙❡ ♦s ♣♦♥t♦s xn P ψR♣pq ❡ yn ❘ ψR♣pq✱ ♣❛r❛ ✐♥✜♥✐t♦s ✈❛❧♦r❡s ❞❡
n✳ Pr♦✈❛r❡♠♦s q✉❡ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ♣♦♥t♦s q✉❡ ❝♦♥tr❛❞✐③❡♠ ❛
❡①♣❛♥s✐✈✐❞❛❞❡ ❞❡ φ✳ P❛r❛ ✐ss♦✱ s❡❥❛ n P N ♦ ♥ú♠❡r♦ ❞♦s ✈❛❧♦r❡s ✐♥✜♥✐t♦s✱
♥ú♠❡r♦s r❡❛✐s t P R t❛❧ q✉❡ ψtn♣xnq ✏ p ❡ ❞❡✜♥✐♠♦s zn ✏ ψhn♣tnq♣ynq✱
❛❧é♠ ❞✐ss♦ ❝♦♥s✐❞❡r❡♠♦s s ✏ t ✁ tn✱ ♣❛r❛ q✉❛❧q✉❡r ♥ú♠❡r♦ r❡❛❧ t✱ ❡
gn P H

�
0 ♣Rq ❤♦♠❡♦♠♦r✜s♠♦ r❡❛❧ q✉❡ ✜①❡ ③❡r♦✱ ❞❡✜♥✐❞♦s ❝♦♠♦ gn♣sq ✏

hn♣s� tnq ✁ hn♣tnq✳ ❙❡ ✈❡r✐✜❝❛ q✉❡ ♣❛r❛ ❝❛❞❛ s P R r❡❛❧ ❡ n P N ✉♠ ❞♦s
✈❛❧♦r❡s ✐♥✜♥✐t♦s✱ ❝♦♠ s ✏ t✁ tn

dist♣ψs♣pq, ψgn♣sq♣znqq ➔ δn. ✭✸✳✸✶✮

P♦✐s✱

dist♣ψs♣pq, ψgn♣sq♣znqq ✏ dist♣ψs♣ψtn♣xnqq, ψhn♣tq✁hn♣tnq♣znqq

✏ dist♣ψt♣xnq, ψhn♣tq♣ynqq ➔ δn.

❆❣♦r❛✱ ✈❛♠♦s ❡♥❝♦♥tr❛r ♣♦♥t♦s ❡♠ ✉♠❛ ❝❛✐①❛ ❞❡ ✢✉①♦ q✉❡ ❝♦♥té♠ p t❛❧
q✉❡ s✉❛ ❞✐stâ♥❝✐❛✱ ❝♦♠♦ ❛ ♠étr✐❝❛ distφ✱ ❛ss♦❝✐❛❞❛ ❛♦ ✢✉①♦ φ✱ sã♦ ♠❛✐♦r❡s
q✉❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳
■st♦ é✱ ❡①✐st❡ β✶ → 0 ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ ❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ tzn✉
t❛❧ q✉❡ s❡ ❞♦✐s t❡r♠♦s ❞❛ s✉❜s❡q✉ê♥❝✐❛ n1 ✘ n2 sã♦ ❞✐st✐♥t♦s✱ ❡♥tã♦

distφ♣zn1
, zn2

q → β. ✭✸✳✸✷✮

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ ✉♠❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧ ❧♦❝❛❧ l ❝♦♥t❡♥❞♦ p ❡ t♦♠❛♥❞♦
t✝ → 0 t❛❧ q✉❡ ♦ ✢✉①♦ ψ : ♣✁t✝, t✝q✂l Ñ ψ♣✁t✝,t✝q♣lq é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳
❚♦♠❡ t❛♠❜é♠ U ✏ ψ♣✁t✝,t✝q♣lq ✉♠ ✢✉①♦ ❞❡ ❝❛✐①❛✱ ❡ t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ ❡♠
✭✸✳✸✶✮ ♣❛r❛ s ✏ 0 ❡ ♣♦r ✭✸✳✷✼✮ ♦❜t❡♠♦s lim

nÑ�✽
zn ✏ p✳ ❆ss✐♠✱ ♣♦❞❡♠♦s

s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ zn P U ♣❛r❛ t♦❞♦ n P N✳ ❆❣♦r❛✱
♣❛r❛ ❡♥❝♦♥tr❛r ♦s ♣♦♥t♦s ♠❡♥❝✐♦♥❛❞♦s✱ t♦♠❡♠♦s 0 ➔ β✶ ➔ 1

2
dist♣p, ❇Uq

✉♠ ♥ú♠❡r♦ ♣♦s✐t✐✈♦ ♠❡♥♦r q✉❡ ❛ ♠❡t❛❞❡ ❞❛ ❞✐stâ♥❝✐❛ ❞♦ ♣♦♥t♦ s✐♥❣✉❧❛r
❛♦ ❜♦r❞♦ ❞❛ ❝❛✐①❛✱ ❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ tzn✉ t❛❧ q✉❡✱ s❡ ✉♠ ♣♦♥t♦ ❞❛
ór❜✐t❛ ❞❡ ✉♠ t❡r♠♦ ❞❛ s✉❜s❡q✉ê♥❝✐❛ φt♣zn1

q ❘ U ♥ã♦ ❡stá ♥❛ ❝❛✐①❛ ❞❡
✢✉①♦✱ ❡♥tã♦

dist♣zn1
, φt♣zn1

qq →
1

2
dist♣p, ❇Uq,
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❝♦♠♦ ♥❛ ✜❣✉r❛ ✸✳✶✸✭❛✮✳ ❙❡ s✉♣♦♠♦s q✉❡ ♣❛r❛ n1 ✘ n2✱ t♦❞❛s ❛s ór❜✐t❛s
❞❛ s✉❜s❡q✉ê♥❝✐❛ sã♦ ✐❣✉❛✐s φR♣zn1

q ✏ φR♣zn1
q❀ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✶✱ ❡

♣❡❧❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ ψ r❡♠♦✈❡ p ✐st♦ é✱ ♣❛r❛ q✉❛❧q✉❡r ♣♦♥t♦✱ ❛s ór❜✐t❛s
❞❡ ψ é φ sã♦ ✐❣✉❛✐s✱ ❡①❝❡t♦ ♥♦ ♣♦♥t♦ ❞❛ ór❜✐t❛ ❞❡ p ❡♠ ψ✳ ❊♥tã♦ ψ ❡ φ
♥ã♦ t❡♠ ♣♦♥t♦s ❡rr❛♥t❡s✱ ✐st♦ é Ω♣φq ✏ Ω♣ψq ✏ Σ✱ ♣❡❧♦ q✉❡ ❡①✐st❡ t → 0

t❛❧ q✉❡ φt♣zn1
q ❘ U ❝♦♠♦ ♥❛ ✜❣✉r❛ ✸✳✶✸✭❛✮✳ ▲♦❣♦✱

dist♣z1, φt♣zn1
qq →

1

2
dist♣p, ❇Uq → β✶,

s❡♥❞♦ ❛ss✐♠✱ ♣❡❧❛ ❡①♣❛♥s✐✈✐❞❛❞❡ ❞♦ ✢✉①♦ φ✱ ❝♦♠♦ ❛ ♣r♦♣♦s✐çã♦ ❞✐③ ✸✳✷✳✹✱
q✉❡ φ ♥ã♦ t❡♠ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s✱ ❡ ❛♣❧✐❝❛♥❞♦ ❛ ♦❜s❡r✈❛çã♦ ✸✳✶✳✶✱ ♦❜t❡♠♦s

distφ♣zn1
, zn2

q → β✶.

❙❡ ❡①✐st❡♠ ♣♦♥t♦s ❞❛ s✉❜s❡q✉ê♥❝✐❛ zn1
, zn2

✱ ❝♦♠ n1 ✘ n2✱ q✉❡ ♥ã♦
❡stã♦ ♥❛ ♠❡s♠❛ ór❜✐t❛✱ ❡♥tã♦ s❡ ❝♦♥❝❧✉✐✲s❡ ♣♦r ❞❡✜♥✐çã♦ ❞❡ ♠étr✐❝❛ distφ
❛ss♦❝✐❛❞❛ ❛ φ✱ q✉❡

distφ♣zn1
, zn2

q ✏ diam♣Σq → β✶.

❝♦♥tí♥✉❛♥❞♦✱ r❡st❛ ♣r♦✈❛r q✉❡ s❡ ♦s ♣♦♥t♦s ❞❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ tzn✉
❝♦♥str✉í❞❛ s❛t✐s❢❛③❡♠ ❛s r❡❧❛çõ❡s s✐♠✐❧❛r❡s às ❡q✉❛çõ❡s ✭✸✳✷✽✮✱ ✭✸✳✷✾✮✱
♣❛r❛ ❝❤❡❣❛r ❛ ❝♦♥tr❛❞✐çã♦ ❞❡ q✉❡ φ ♥ã♦ é ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦✳ ❆ss✐♠✱
♣r♦✈❛r❡♠♦s q✉❡ ♣❛r❛ t❡r♠♦s zn1

, zn2
❞❛ s✉❜s❡q✉ê♥❝✐❛✱ ❝♦♠ n1 ✘ n2

s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱

dist♣ψgn1
♣sq♣zn1

q, ψgn2
♣sq♣zn2

qq ➔ δn1
� δn2

, ✭✸✳✸✸✮

♣❛r❛ t♦❞♦ s P R✳ ❉❡ ❢❛t♦✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✷✼✮ t❡♠♦s q✉❡ lim
⑤⑤♣n1,n2q⑤⑤Ñ✽

δn1
�

δn2
✏ 0✱ ❡ ♣❛r❛ n1, n2 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❡♠ ❝♦♥❝♦r❞â♥❝✐❛ ❛ ❡q✉❛çã♦

✭✸✳✸✶✮✱ ♦❜t❡♠♦s

dist♣ψgn1
♣sq♣zn1

q, ψgn2
♣sq♣zn2

qq ↕

dist♣ψgn1
♣sq♣zn1

q, ψs♣pqq � dist♣ψs♣pq, ψgn2
♣sq♣zn2

qq ➔

δn1
� δn2

➔ δ,

♦♥❞❡ δ → 0 é ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ ♣❛r❛ β✶ → 0✳ ❆ss✐♠✱
♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦s ✢✉①♦s ψ ❡ φ ❡ zn ❘ ψR♣pq t❡♠♦s q✉❡ ❡①✐st❡♠
gzn1

, gzn1
P H

�
0 ♣Rq ❤♦♠❡♦♠♦r✜s♠♦s r❡❛✐s q✉❡ ✜①❡♠ ③❡r♦✱ t❛❧ q✉❡✱

ψgn1
♣sq♣zn1

q ✏ φgzn1
♣sq♣zn1

q , ψgn2
♣sq♣zn2

q ✏ φgzn2
♣sq♣zn2

q

♣❛r❛ t♦❞♦ s P R✳ ▲♦❣♦✱ ♣❛r❛ t♦❞♦ g✁1
zn1

♣sq✱ s P R ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✸✸✮
♦❜t❡♠♦s

dist♣φs♣zn1
q, φgzn2

✆g✁1
zn1

♣sq♣zn2
qq ➔ δn1

� δn2
➔ δ.

❆ss✐♠ s❡♥❞♦✱ ❡ ♣❡❧❛s ❡q✉❛çõ❡s ✭✸✳✷✼✮✱ ✭✸✳✸✷✮✱ ❝♦♥❝❧✉✐✲s❡♠♦s q✉❡ φ ♥ã♦ é
❡①♣❛♥s✐✈♦✳ ❈♦♥tr❛❞✐çã♦✱ ♣♦✐s✱ ♣♦r ❤✐♣ót❡s❡ φ é ❡①♣❛♥s✐✈♦✳
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❈❛s♦ ✸ ❙❡ ♦s ♣♦♥t♦s xn, yn P ψR♣pq ♣❡rt❡♥❝❡♠ ❛ ór❜✐t❛ ❞❡ p ♣❛r❛ ✈❛❧♦r❡s ✐♥✜♥✐t♦s
❞❡ n✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r xn ✏ p ♣❛r❛ t♦❞♦
n P N ♥ú♠❡r♦ ♥❛t✉r❛❧✳ ❆❣♦r❛✱ ♣r♦✈❛r❡♠♦s q✉❡ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r
✉♠ ✢✉①♦ ❡♠ Σ q✉❡ r❡♠♦✈❡ t♦❞♦s ♦s ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❞❡ í♥❞✐❝❡ ③❡r♦
❞❡ φ ❡ q✉❡ é t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛♦ ✢✉①♦ ✐rr❛❝✐♦♥❛❧ ♥♦ t♦r♦ Σ

❡ ♣♦rt❛♥t♦✱ φ ♥ã♦ é ❡①♣❛♥s✐✈♦✱ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡ ❣❡r❛❧✳ P❛r❛
✐ss♦✱ s❡❥❛ l ✉♠❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧ ❧♦❝❛❧ ❝♦♥t❡♥❞♦ p✳ P❡❧❛ ♣r♦♣♦s✐çã♦
✸✳✷✳✶✱ φ ♥ã♦ t❡♠ ♣♦♥t♦s ❡rr❛♥t❡s✱ Ω♣φq ✏ Σ✱ ❡♥tã♦ ♣♦❞❡♠♦s s✉♣♦r✱ s❡♠
♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ yn P l ♣❡rt❡♥❝❡ ❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧ ❧♦❝❛❧
l✱ ♣❛r❛ t♦❞♦ n P N✳ P❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✹✱ ♦ ✢✉①♦ φ ♥ã♦ t❡♠ ór❜✐t❛s
♣❡r✐ó❞✐❝❛s✱ ❡ ❝♦♠♦ ❛s ór❜✐t❛s ❞❡ q✉❛❧q✉❡r ♣♦♥t♦ q✉❡ ♥ã♦ ❡st❡❥❛ ♥❛ ór❜✐t❛
❞❡ p✱ sã♦ ✐❣✉❛✐s✱ ❡♥tã♦ ♦ ✢✉①♦ ψ ♥ã♦ t❡♠ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s✳ P❛r❛ β → 0

❡①✐st❡ δβ → 0✱ ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ ❞❡ φ✱ ❛ss✐♠ ❝♦♠♦ ♣❡❧❛
❡q✉❛çã♦ ✭✸✳✷✼✮ lim

nÑ�✽
δn ✏ 0 ♣❛r❛ δ ✏ δβ → 0 ❡①✐st❡♠ ✐♥✜♥✐t♦s ✈❛❧♦r❡s ❞❡

n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s✱ t❛✐s q✉❡

δn ➔ δ,

❞❛ ♠❡s♠❛ ♠❛♥❡✐r❛✱ ♣❛r❛ n✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ♣❡❧❛s ❡q✉❛çõ❡s ✭✸✳✷✼✮✱
✭✸✳✷✾✮ ♦❜t❡♠♦s ♣❛r❛ ❝❛❞❛ t P R✱ q✉❡

distφ♣xn, ynq → β , dist♣ψt♣xnq, ψhn♣tq♣ynqq ➔ δn ➔ δ,

❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ♦ ❧❡♠❛ ✸✳✷✳✻ ✱ ♦❜t❡♠♦s q✉❡

♥ã♦ ❡①✐st❡♠ s❡♣❛r❛tr✐③❡s ❞❡ ♣♦♥t♦s s✐♥❣✉❧❛r❡s q✉❡ ♥ã♦ sã♦ r❡♠♦✈í✈❡✐s ❡
q✉❡ ✐♥t❡rs❡❝t❡♠ ♦ s✉❜ s❡❣♠❡♥t♦ l✶ ⑨ l ✱ ❧✐♠✐t❛❞♦ ♣♦r xn ❡ yn✱ ❞❛ s❡❝çã♦
tr❛♥s✈❡rs❛❧ l✳

■st♦ é✱ ♥ã♦ ❡①✐st❡ ✉♠❛ s❡♣❛r❛tr✐③ ❞❡ ✉♠ ♣♦♥t♦ s❡❧❛ ❝♦♠ í♥❞✐❝❡ ♥❡❣❛t✐✈♦✱
❝♦♠♦ ♥❛ ✜❣✉r❛ ✸✳✶✸✭❜✮✳
❆❣♦r❛✱ ❝♦♠♦ φ t❡♠ ✜♥✐t❛s s✐♥❣✉❧❛r✐❞❛❞❡s✱ ♣♦r s❡r ❡①♣❛♥s✐✈♦✱ ❡♥tã♦ ψ

t❛♠❜é♠ t❡♠ ✜♥✐t❛s s✐♥❣✉❧❛r✐❞❛❞❡s✳ ❊♥tã♦ s❡❥❛ ψ✶ ✉♠ ✢✉①♦ ❡♠ Σ q✉❡
r❡♠♦✈❡ t♦❞❛s ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ í♥❞✐❝❡ ③❡r♦ ♦✉ r❡♠♦✈í✈❡❧ ❞❡ ψ✱ ✐st♦
s❡rá ♣♦ssí✈❡❧ s❡♠♣r❡✱ ♣♦rq✉❡ ♣♦❞❡✲s❡ ❛♣❧✐❝❛r ❛ ♦❜s❡r✈❛çã♦ ✸✳✷✳✶ ✉♠
♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✈❡③❡s ❡ ❝♦♥s❡❣✉✐r ✉♠ ✢✉①♦ q✉❡ r❡♠♦✈❛ t♦❞♦s ♦s ♣♦♥t♦s
r❡♠♦✈í✈❡✐s✳ ▲♦❣♦✱ ❝♦♠♦ ♥ã♦ ❡①✐st❡♠ s❡♣❛r❛tr✐③❡s ❛ss♦❝✐❛❞❛s ❛ ♣♦♥t♦s
s✐♥❣✉❧❛r❡s ❞❡ í♥❞✐❝❡ ♥❡❣❛t✐✈♦ q✉❡ ✐♥t❡rs❡❝t❛♠ ❛ l✶ ⑨ l✱ ❡♥tã♦ ψ✶ ♥ã♦ t❡♠
s❡♣❛r❛tr✐③❡s ❡♠ l✶✱ ❛ss✐♠
1q ❛ ✉♥✐ã♦ ❞❡ s❡♣❛r❛tr✐③❡s ❞❡ ψ✶ ♥ã♦ é ❞❡♥s❛ ❡♠ Σ❀
♣♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✶✱ φ ♥ã♦ t❡♠ ♣♦♥t♦s ❡rr❛♥t❡s✱ ❡♥tã♦
ψ✶ ♥ã♦ t❡♠ ♣♦♥t♦s ❡rr❛♥t❡s
2q Ω♣φq ✏ Ω♣ψ✶q ✏ Σ;

♣❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✹✱ t❡♠♦s q✉❡ φ ♥ã♦ t❡♠ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s✱ ❡♥tã♦
3q ψ✶ ♥ã♦ t❡♠ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s❀
❡ ❝♦♠♦ φ é ❡①♣❛♥s✐✈♦✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s s✐♥❣✉❧❛r❡s Sing♣φq é
✜♥✐t♦✱ s❡❣✉❡ q✉❡
4q ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s s✐♥❣✉❧❛r❡s Sing♣ψ✶q ❞❡ ψ✶ é ✜♥✐t♦✳
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P♦rt❛♥t♦✱ ♣❡❧♦s r❡s✉❧t❛❞♦s ✶✱✷✱✸ ❡ ✹✱ ❡ ❛♣❧✐❝❛♥❞♦ ♦ ❧❡♠❛ ✸✳✷✳✺✱ ❝♦♥❝❧✉í♠♦s
q✉❡ ψ✶ é ✉♠❛ s✉s♣❡♥sã♦ ❞❡ ✉♠❛ r♦t❛çã♦ ✐rr❛❝✐♦♥❛❧ ♥♦ ❝ír❝✉❧♦✳ P♦r ♦✉tr♦
❧❛❞♦✱ ❝♦♠♦ φ é ♦❜t✐❞♦ ❞❡ ψ✶ ❛❞✐❝✐♦♥❛♥❞♦ s✐♥❣✉❧❛r✐❞❛❞❡s✱ ❡ ❝♦♠♦ ♦ ✢✉①♦
✐rr❛❝✐♦♥❛❧ ♥♦ t♦r♦ ♥ã♦ é ❡①♣❛♥s✐✈♦✱ ❡♥tã♦ φ ♥ã♦ é ❡①♣❛♥s✐✈♦✳ ❖ q✉❡
❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡ ❣❡r❛❧✳

p zn

zn2

Φ
t
(zn1)

✭❛✮ ❙✐♥❣✉❧❛r✐❞❛❞❡s r❡♠♦✈í✈❡✐s

xn=p

yn
ll

q

o

✭❜✮ ❙✐♥❣✉❧❛r✐❞❛❞❡s r❡♠♦✈í✈❡✐s

❋✐❣✉r❛ ✸✳✶✸✿ ❙✐♥❣✉❧❛r✐❞❛❞❡s r❡♠♦✈í✈❡✐s

P❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✹ ❡ t❡♦r❡♠❛ ✸✳✸ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ♦❜s❡r✈❛çã♦✿

❖❜s❡r✈❛çã♦ ✸✳✷✳✷✳ ❙❡ φ é ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦ ❡♠ ✉♠❛ s✉♣❡r❢í❝✐❡✱ ❡♥tã♦ φ t❡♠
♣❡❧♦ ♠❡♥♦s ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ í♥❞✐❝❡ ♥❡❣❛t✐✈♦ s♦❜r❡ q✉❛❧q✉❡r ❜♦r❞♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡ ♥ã♦ ❢♦ss❡ ❛ss✐♠✱ ❡♥tã♦ r❡♠♦✈❡♥❞♦ ♦ ♣♦♥t♦ ❞❡ í♥❞✐❝❡ ✵ t❡rí❛♠♦s
✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✱ ❝♦♥tr❛❞✐③❡♥❞♦ ❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✹ ❡ ♦ t❡♦r❡♠❛ ✸✳✸✳

✸✳✸ ❈❛r❛❝t❡r✐③❛çã♦ ❞❡ ✢✉①♦s ❡①♣❛♥s✐✈♦s s♦❜r❡

s✉♣❡r❢í❝✐❡s

◆❡st❛ s❡çã♦✱ Σ ❞❡♥♦t❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❡ φ : R ✂ Σ Ñ Σ ✉♠ ✢✉①♦
❞❡ ❝❧❛ss❡ C1✳ ❖ r❡s✉❧t❛❞♦ ♠❛✐s ✐♠♣♦rt❛♥t❡ é ♦ t❡♦r❡♠❛ ❆ ❡ ♦ ❚❡♦r❡♠❛ ❇✳ ❊♠
✈✐rt✉❞❡ ❞♦ t❡♦r❡♠❛ ✸✳✸✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ ♦ ✢✉①♦ φ ♥ã♦ t❡♠ ♣♦♥t♦s s✐♥❣✉❧❛r❡s
❞❡ í♥❞✐❝❡ ③❡r♦✳

❚❡♦r❡♠❛ ❆✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ í♥❞✐❝❡ 0 ③❡r♦ s♦❜r❡ ✉♠❛
s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ Σ✱ ❡♥tã♦ ♦s s❡❣✉✐♥t❡s ❡♥✉♥❝✐❛❞♦s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿
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❛✮ φ é ❡①♣❛♥s✐✈♦✳

❜✮ ❖ ❝♦♥❥✉♥t♦ Sing♣φq é ✜♥✐t♦ ❡ ♥ã♦ ✈❛③✐♦✱ Ω♣φq ✏ Σ ❡ Per♣φq ✏ ❍✳

❝✮ ❆s s✐♥❣✉❧❛r✐❞❛❞❡s sã♦ ❞❡ t✐♣♦ s❡❧❛ ❡ ❛ ✉♥✐ã♦ ❞❛ s✉❛s s❡♣❛r❛tr✐③❡s é ❞❡♥s❛ ❡♠
Σ.

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❞♦ q✉❡ φ é ✉♠ ✢✉①♦ s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ í♥❞✐❝❡ ③❡r♦ s♦❜r❡
✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ Σ✱ ♣r♦✈❛r❡♠♦s q✉❡✿

✭❛✮ ✐♠♣❧✐❝❛ ✭❜✮❀
❞❡ ❢❛t♦✱ ♣❡❧❛ ❡①♣❛♥s✐✈✐❞❛❞❡ ❞♦ ✢✉①♦ φ ❛♣❧✐❝❛♥❞♦ ❛s ♣r♦♣♦s✐çõ❡s ✸✳✷✳✺✱ ✸✳✷✳✶ ❡ ✸✳✷✳✹
♦❜t❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❞❡ φ é ✜♥✐t♦ ❡ ♥ã♦ ✈❛③✐♦❀ Ω♣φq ✏ Σ

❡ Per♣φq ✏ ❍✳

✭❜✮ ✐♠♣❧✐❝❛ ✭❝✮❀
❞❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s q✉❡ ♦ ✢✉①♦ φ t❡♠ ♦s ❝♦♥❥✉♥t♦s✿ Sing♣φq ✜♥✐t♦ ❡ ♥ã♦ ✈❛③✐♦✱
Ω♣φq ✏ Σ ❡ Per♣φq ✏ ❍✳ ▼♦str❛r❡♠♦s q✉❡ φ t❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ t✐♣♦ s❡❧❛✱
♣♦r ❝♦♥tr❛❞✐çã♦✳ ❆ss✐♠ s✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❡ p P Sing♣φq q✉❡ ♥ã♦ é ❞♦ t✐♣♦
s❡❧❛✳ ❊♥tã♦✱ ❡①✐st❡♠ ✐♥✜♥✐t❛s s❡♣❛r❛tr✐③❡s ❞❡ φ ❛ss♦❝✐❛❞❛s ❛♦ ♣♦♥t♦ s✐♥❣✉❧❛r p✱ ❡
s✉♣♦♥❞♦ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ x ❞❛ s❡♣❛r❛tr✐③❡s✱ ω♣xq ✏ tp✉✳ P❡❧♦ ❧❡♠❛ ✸✳✷✳✸ t❡♠♦s
q✉❡ ❡①✐st❡ ✉♠❛ s❡♣❛r❛tr✐③ φR♣xq ❛ss✐♠♣tót✐❝❛♠❡♥t❡ ❡stá✈❡❧✱ ✐st♦ é✱ ❡①✐st❡ ✉♠❛
❜♦❧❛ Br♣xq t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ y P Br♣xq t❡♠♦s lim

tÑ�✽
dist♣φt♣yq, φt♣xqq ✏ 0✱ s❡❣✉❡

q✉❡ x é ✉♠ ♣♦♥t♦ ❡rr❛♥t❡✱ ❛❜s✉r❞♦✱ ♣♦✐s φ ♥ã♦ t❡♠ ♣♦♥t♦s ❡rr❛♥t❡s✳ P♦r ♦✉tr♦
❧❛❞♦✱ s✉♣♦♥❞♦ q✉❡ ❛ ✉♥✐ã♦ ❞❛s s❡♣❛r❛tr✐③❡s ♥ã♦ é ❞❡♥s❛ ♥❛ s✉♣❡r❢í❝✐❡ ❡ t❡♥❞♦ ♣♦r
❤✐♣ót❡s❡✱ Ω♣φq ✏ Σ✱ Per♣φq ✏ ❍ ❡ Sing♣φq é ✜♥✐t♦✱ ♣❡❧♦ ❧❡♠❛ ✸✳✷✳✺ ♦❜t❡♠♦s q✉❡
φ é ✉♠ ✢✉①♦ s✉s♣❡♥sã♦ ❞❡ ✉♠ ✢✉①♦ ✐rr❛❝✐♦♥❛❧ ❡ Σ é ♦ t♦r♦✳ ❈♦♠♦ ♣r♦✈❛♠♦s
q✉❡ φ t❡♠ ♣♦♥t♦s s❡❧❛s ❞❡ í♥❞✐❝❡ ♥❡❣❛t✐✈♦✱ ❝❤❡❣❛♠♦s ❛ ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s ♦ ✢✉①♦
✐rr❛❝✐♦♥❛❧ ♥♦ t♦r♦ ♥ã♦ t❡♠ ♣♦♥t♦s s❡❧❛s ❞❡ í♥❞✐❝❡ ♥❡❣❛t✐✈♦✳ P♦rt❛♥t♦ ❛ ✉♥✐ã♦ ❞❛s
s❡♣❛r❛tr✐③❡s é ❞❡♥s❛ ♥❛ s✉♣❡r❢í❝✐❡✳

✭❝✮ ✐♠♣❧✐❝❛ ✭❛✮❀
❞❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ ♦ ✢✉①♦ φ t❡♠ t♦❞♦s s❡✉s ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❞♦ t✐♣♦ s❡❧❛
❡ ❛ ✉♥✐ã♦ ❞❛s s❡♣❛r❛tr✐③❡s é ❞❡♥s❛ ♥❛ s✉♣❡r❢í❝✐❡ Σ✳ ❙❡❥❛ β → 0✱ ♣❡❧♦ ❧❡♠❛
✸✳✷✳✻✱ ❡①✐st❡ δ → 0✳ Pr♦✈❛r❡♠♦s q✉❡ δ ❡ ✉♠❛ ❝♦♥st❛♥t❡ ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ ❞♦
✢✉①♦ φ✱ ♣♦r ❛❜s✉r❞♦❀ ✐st♦ é s✉♣♦♥❤❛ q✉❡ ❡①✐st❡♠ x, y P Σ ❡ h P H

�
0 ♣Rq t❛❧

q✉❡ dist♣φt♣xq, φh♣tq♣yqq ➔ δ ❡ δφ♣x, yq ➙ β✳ ❆♣❧✐❝❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ❧❡♠❛ ✸✳✷✳✻
♦❜t❡♠♦s q✉❡ s❡ ❡①✐st❡ ✉♠❛ s❡♣❛r❛tr✐③ γ ❞❡ φ q✉❡ ✐♥t❡rs❡❝t❛ l ❡♥tr❡ x ❡ y✱ ♦♥❞❡
l é ✉♠❛ s❡❝çã♦ tr❛♥s✈❡rs❛❧ q✉❡ ❝♦♥t❡♠ x ❡ y✱ ❡♥tã♦ γ é ✉♠❛ s❡♣❛r❛tr✐③ q✉❡ ❡stá
❛ss♦❝✐❛❞❛ ❛ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ í♥❞✐❝❡ ③❡r♦✳ ▲♦❣♦✱ ❛ ✉♥✐ã♦ ❞❛s s❡♣❛r❛tr✐③❡s ♥ã♦
é ❞❡♥s❛✱ q✉❡ ❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❤✐♣ót❡s❡ ✭❝✮✳

❖❜s❡r✈❛çã♦ ✸✳✸✳✶✳ ❙❡ ♦ ✢✉①♦ ❡①♣❛♥s✐✈♦ φ t❡♠ s✐♥❣✉❧❛r✐❞❛❞❡ r❡♠♦✈í✈❡❧✱ ❡♥tã♦
♦ ✢✉①♦ φ s❛t✐s❢❡③ ♦s ❡♥✉♥❝✐❛❞♦s ♣bq ❡ ♣cq ❞♦ t❡♦r❡♠❛ ❆✳ ▼❛s s❡ ❛❞✐❝✐♦♥❛♠♦s ✉♠
♥ú♠❡r♦ ✜♥✐t♦ ❞❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ í♥❞✐❝❡ ✵ ③❡r♦ ♥♦ ✢✉①♦ ✐rr❛❝✐♦♥❛❧ s♦❜r❡ ♦ t♦r♦✱
❡♥tã♦ ♦ ✢✉①♦ ✐rr❛❝✐♦♥❛❧ s❛t✐s❢❡③ ♦s ❡♥✉♥❝✐❛❞♦s ♣bq ❡ ♣cq ❞♦ t❡♦r❡♠❛ ❆✱ ♠❛s ♦ ✢✉①♦
✐rr❛❝✐♦♥❛❧ ♥ã♦ é ❡①♣❛♥s✐✈♦✳
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P❛r❛ ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ s❡♠ r❡str✐çõ❡s✱ ✐♥tr♦❞✉③✐♠♦s ♦ s❡❣✉✐♥t❡ ❝♦♥❝❡✐t♦✳

❉❡✜♥✐çã♦ ✸✳✼✳ ❙❡❥❛ φ ✢✉①♦ ♥❛ s✉♣❡r❢í❝✐❡ Σ ❡ ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r p P Sing♣φq ❞❡
í♥❞✐❝❡ ♥❡❣❛t✐✈♦ ❞❡ φ❀ φ✶ ✉♠ ✢✉①♦ s♦❜r❡ Σ q✉❡ r❡♠♦✈❡ t♦❞♦ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ í♥❞✐❝❡
✵ ③❡r♦ ❞❡ φ✳ ❈❤❛♠❛r❡♠♦s ✉♠❛ φ✶✲s❡♣❛r❛tr✐③ ❞❡ ♣✱ à s❡♣❛r❛tr✐③ ❡st❡♥❞✐❞❛
❞❡ ♣ ♣❛r❛ ♦ ✢✉①♦ φ✳

❚❡♦r❡♠❛ ✸✳✹✳ ❙❡❥❛ φ ✉♠ ✢✉①♦ s♦❜r❡ ❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ Σ✱ ♦s s❡❣✉✐♥t❡s
❡♥✉♥❝✐❛❞♦s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

❛✮ φ é ❡①♣❛♥s✐✈♦✱

❜✮ φ t❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ t✐♣♦ s❡❧❛ ❡ ❛ ✉♥✐ã♦ ❞❛s s❡♣❛r❛tr✐③❡s ❡st❡♥❞✐❞❛s ❞❛s
s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ í♥❞✐❝❡ ♥❡❣❛t✐✈♦ é ❞❡♥s❛ ♥❛ s✉♣❡r❢í❝✐❡ Σ✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡♠♦s φ✶ ✉♠ ✢✉①♦ ♦❜t✐❞♦ ❞❡ φ✳ ❘❡♠♦✈❡♥❞♦ t♦❞❛s ❛s s✉❛s
s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ í♥❞✐❝❡ ③❡r♦✱ ♠♦str❛r❡♠♦s✿

✭❛✮ ✐♠♣❧✐❝❛ ✭❜✮
P❛r❛ ✐ss♦✱ s✉♣♦♥❤❛ q✉❡ φ é ❡①♣❛♥s✐✈♦✱ ❡♥tã♦ ♣❡❧♦ t❡♦r❡♠❛ ✸✳✸ φ✶ é ❡①♣❛♥s✐✈♦✱ ❡
♣❡❧♦ t❡♦r❡♠❛ ❆✱ s❡ ❝♦♥❝❧✉✐✲s❡ q✉❡ ♦s ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❞❡ φ✶ sã♦ ❞♦ t✐♣♦ s❡❧❛ ❡ q✉❡
❛ ✉♥✐ã♦ ❞❛s s❡♣❛r❛tr✐③❡s ❞❡ φ✶ sã♦ ❞❡♥s❛s ♥❛ s✉♣❡r❢í❝✐❡ Σ✱ ♣♦✐s ❛s s❡♣❛r❛tr✐③❡s ❞❡
φ✶ sã♦ s❡♣❛r❛tr✐③❡s ❡①t❡♥❞✐❞❛s ❞❡ φ✳

✭❜✮ ✐♠♣❧✐❝❛ ✭❛✮
P❛r❛ ✐ss♦✱ s✉♣♦♥❤❛♠♦s q✉❡ ❛ ✉♥✐ã♦ ❞❛s s❡♣❛r❛tr✐③❡s ❡st❡♥❞✐❞❛s ❞❡ φ é ❞❡♥s❛
❡♠ Σ ❡ q✉❡ s❡✉s ♣♦♥t♦s s✐♥❣✉❧❛r❡s sã♦ ❞♦ t✐♣♦ s❡❧❛✳ ❈♦♠♦ ❛ ✉♥✐ã♦ ❞❛ ❝❧❛✉s✉r❛
❞❛s s❡♣❛r❛tr✐③❡s ❞❡ φ✶ é ✐❣✉❛❧ ❛ ❝❧❛✉s✉r❛ ❞❛ ✉♥✐ã♦ ❞❛s s❡♣❛r❛tr✐③❡s ❡st❡♥❞✐❞❛s ❞❡
s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ í♥❞✐❝❡ ♥❡❣❛t✐✈♦✱ ♦❜t❡♠♦s ♣❡❧♦ t❡♦r❡♠❛ ❆✱ q✉❡ φ✶ é ❡①♣❛♥s✐✈♦✱ ❡
♣❡❧♦ t❡♦r❡♠❛ ✸✳✸✱ q✉❡ φ é ❡①♣❛♥s✐✈♦✳

❉❡✜♥✐çã♦ ✸✳✽✳ ❙❡❥❛♠ ❞♦✐s ✢✉①♦s φt s♦❜r❡ ❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ Σ ❡ φ✶
t s♦❜r❡

❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ Σ✶✳ ❙❡ γ ⑨ Σ③❇Σ ❡ γ✶
1, γ

✶
2 ⑨ ❇Σ✶ sã♦ ❝♦♥❡①õ❡s ❞❡ s❡❧❛ ♥♦

✐♥t❡r✐♦r ❞❡ Σ ❡ ♥❛ ❢r♦♥t❡✐r❛ ❞❡ Σ✶✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞✐③❡♠♦s q✉❡ φ✶ ❢❛③ ✉♠ ❝♦rt❡
❛♦ ❧♦♥❣♦ ❞❡ γ✳ ❙❡ ❡①✐st❡ ✉♠❛ s❡♠✐✲❝♦♥❥✉❣❛çã♦ h : Σ✶ Ñ Σ t❛❧ q✉❡

h : Σ✶③♣clos♣γ✶
1 ❨ γ✶

2qq Ñ Σ③ clos♣γq,

é ✉♠❛ ❝♦♥❥✉❣❛çã♦ t♦♣♦❧ó❣✐❝❛ ❞❡ φ✶ r❡str✐t❛ Σ✶③♣clos♣γ✶
1 ❨ γ✶

2qq ❛♦ φ r❡str✐t❛
Σ③ clos♣γq ✭✈❡r ❞❡✜♥✐çã♦✶✳✻✮✳ ◆❡st❡ ❝❛s♦ ❞✐③❡♠♦s q✉❡ φ ❝♦❧❛ γ ✶

1
❝♦♠ γ ✶

2
✳

❉❡✜♥✐çã♦ ✸✳✾✳ ❉❛❞♦ ♦ ✢✉①♦ φ s♦❜r❡ Σ ❞✐③❡♠♦s q✉❡ ✉♠ ✢✉①♦ φ✶ s♦❜r❡ Σ
✶

é ♦❜t✐❞♦ ❞❡ φ ♣♦r ✉♠❛ ♦♣❡r❛çã♦ ❜ás✐❝❛ s❡ ❡st❡ é ♦❜t✐❞♦ ❛❞✐❝✐♦♥❛♥❞♦ ♦✉
r❡♠♦✈❡♥❞♦ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡ í♥❞✐❝❡ ✵✱ ❝♦❧❛♥❞♦ ❝♦♥❡①õ❡s ❞❡ s❡❧❛ ♦✉ ❝♦rt❛♥❞♦
❛♦ ❧♦♥❣♦ ❞❡ ❝♦♥❡①õ❡s ❞❡ s❡❧❛✳

❖❜s❡r✈❛çã♦ ✸✳✸✳✷✳ ❛✮ ◗✉❛❧q✉❡r ❝♦♥❡①ã♦ ❞❡ s❡❧❛ q✉❡ ♥ã♦ ❡stá ♥❛ ❢r♦♥t❡✐r❛ ❞❛
s✉♣❡r❢í❝✐❡✱ ♣♦❞❡ s❡r ❝♦rt❛❞❛✳ ❊✱ q✉❛❧q✉❡r ♣❛r ❞❡ ❝♦♥❡①õ❡s ♥❛ ❢r♦♥t❡✐r❛ ♣♦❞❡ s❡r
❝♦❧❛❞❛✳
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❜✮ ❙❡❥❛♠ ❞♦✐s ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❞❡ í♥❞✐❝❡ ③❡r♦ p✱ q ✏ φt♣pq✱ t → 0✱ ❡♠ ✉♠❛
ór❜✐t❛ r❡❣✉❧❛r✱ ❢❛③❡♠♦s ✉♠ ❝♦rt❡ s♦❜r❡ ❛ ❝♦♥❡①ã♦ s❡❧❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r p ❡ q✳
❙❡❥❛ γ ❡ γ✶ ❞✉❛s ❝♦♥❡①õ❡s ♥❛ ❢r♦♥t❡✐r❛ ❝♦♥❡❝t❛♥❞♦ p ❡ q✳ ❈♦❧♦q✉❡ ❞♦✐s ♣♦♥t♦s
s✐♥❣✉❧❛r❡s r❡♠♦✈í✈❡✐s r ❡ s ❞❡ í♥❞✐❝❡ ✵ ③❡r♦ ❡♠ γ✳ ❆❣♦r❛ ❝♦❧❡ ❛s ❝♦♥❡①õ❡s
s❡❧❛ q✉❡ ❝♦♠❡ç❛♠ ❡♠ p✱ ✐st♦ é✱ ❝♦♥str✉í♠♦s ✉♠ ✢✉①♦ φ✶ q✉❡ ❝♦❧❛ γ1 ❝♦♠ γ✶✱
♦♥❞❡ γ1 ❡ ✉♠❛ s❡♣❛r❛tr✐③ q✉❡ ❝♦♥❡❝t❛ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ í♥❞✐❝❡ ③❡r♦ p ❝♦♠
r❀ ❝♦♠♦ ♥❛ ✜❣✉r❛ ✸✳✶✹✳

q

p

q

s

r

p
p

s
r=qΥ'

Φ'Φ
Υ1

❋✐❣✉r❛ ✸✳✶✹✿ ❖♣❡r❛çã♦ ❜ás✐❝❛

▲❡♠❜r❡♠♦s q✉❡ q✉❛❧q✉❡r s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❝♦♥❡①❛ Σ é ♦❜t✐❞❛ ❞❛ ❡s❢❡r❛
❛❞✐❝✐♦♥❛♥❞♦ h ➙ 0 ❛❧ç❛s✱ b ➙ 0 ❝♦♠♣♦♥❡♥t❡s ❞❡ ❢r♦♥t❡✐r❛s ❡ c ➙ 0 t❛♠♣❛s ❝r✉③❛❞❛s
✭❝r♦ss❝❛♣✮✳ ❉❡♥♦t❡♠♦s Σh,b,c ✏ Σ t❛❧ s✉♣❡r❢í❝✐❡✳ ❖ ❝♦r♦❧ár✐♦ ✶✳✷✱ ❞✐③ q✉❡ ✉♠❛
s✉♣❡r❢í❝✐❡ ♥ã♦ ♦r✐❡♥tá✈❡❧ q✉❡ s❡ ♦❜t❡♥❤❛ ❛❞✐❝✐♦♥❛♥❞♦ ✉♠❛ ❛❧ç❛ é ❡q✉✐✈❛❧❡♥t❡ q✉❡
s❡ ♦❜t❡♥❤❛ ❛❞✐❝✐♦♥❛♥❞♦ ❞✉❛s t❛♠♣❛s ❝r✉③❛❞❛s ✭❝r♦ss❝❛♣✮✱ ❖❜t❡♠♦s ❛ s❡❣✉✐♥t❡
♦❜s❡r✈❛çã♦✿

❖❜s❡r✈❛çã♦ ✸✳✸✳✸✳ ✿

❛✮ c → 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Σh,b,c é ♥ã♦ ♦r✐❡♥tá✈❡❧✳

c → 0✱ ✐♠♣❧✐❝❛ Σh,b,c ♥ã♦ é ♦r✐❡♥tá✈❡❧
❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s q✉❡ c → 0 ❡ Σ ✏ Σh,b,c s❡❥❛♠ ♦r✐❡♥tá✈❡✐s✱ ❝♦♠♦ Σh,b,0

é ♦r✐❡♥tá✈❡❧✱ ❛♣❧✐❝❛♥❞♦ s✉❝❡s✐✈❛♠❡♥t❡ ♦ t❡♦r❡♠❛ ✶✳✹✱ ♦❜t❡♠♦s q✉❡ Σ ✏ Σh,b,c

♥ã♦ é ♦r✐❡♥tá✈❡❧❀ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡✳

Σh,b,c ♥ã♦ é ♦r✐❡♥tá✈❡❧✱ ✐♠♣❧✐❝❛ c → 0✳
❉❡ ❢❛t♦✱ ♣♦r ❛❜s✉r❞♦✱ s✉♣♦♥❤❛ q✉❡ Σ ✏ Σh,b,c ♥ã♦ é ♦r✐❡♥tá✈❡❧ ❡ c ↕ 0 ❡♥tã♦✱
t❡♠♦s q✉❡ c ✏ 0✱ ♣♦✐s c ➙ 0❀ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ Σ ✏ Σh,b,c ♥ã♦ s❡r
♦r✐❡♥tá✈❡❧✳

❜✮ Σ ✏ Σh✶,b,c✶ é ♦ t♦r♦ ❝♦♠ h✶ � b� c✶ → 0 s❡✱ ❡ s♦♠❡♥t❡ s❡ Σ ✏ Σh,b,c ❝♦♠ h → 0

❡ h� b� c → 1✳
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✭h → 0 ❡ h� b� c → 1✱ ✐♠♣❧✐❝❛ q✉❡ Σ é ♦ t♦r♦ ❡ h✶ � b� c✶ → 0✮
❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s q✉❡ Σ ✏ Σh,b,c ❡ h → 0✱ h�b�c → 1✱ t♦♠❛♥❞♦ h✶ ✏ h✁1✳
❙❡ Σh✶,b,c ♥ã♦ é ♦r✐❡♥tá✈❡❧✱ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✸✳✸✳✸ ✐t❡♠ ✶✱ t❡♠♦s q✉❡ c → 0❀
❛ss✐♠ ♣❡❧♦ t❡♦r❡♠❛ ✶✳✸ ♦❜t❡♠♦s q✉❡

Σh✶�1,b,c ✓ Σh✶,b,c�2 ✏ Σh✶,b,c✶ ❝♦♠ c✶ ✏ c� 2 ➙ 3;

❧♦❣♦✱ Σ é ♦ t♦r♦ ❝♦♠ h✶ � b� c✶ → 0✳ ❙❡ Σh✶,b,c ❢♦r ♦r✐❡♥tá✈❡❧✱ ♣❡❧❛ ♦❜s❡r✈❛çã♦
✸✳✸✳✸✱ ✐t❡♠ ✶✱ t❡♠♦s q✉❡ c ✏ 0❀ ❝♦♠♦ h�b�c ✏ 1�h✶�b → 1 ❡♥tã♦ h✶�b → 0❀
❧♦❣♦ Σ é ♦ t♦r♦ ❝♦♠ h✶ � b� c✶ → 0✳

✭Σ é ♦ t♦r♦ ❡ h✶ � b� c✶ → 0✱ ✐♠♣❧✐❝❛ h → 0 ❡ h� b� c → 1✮✱
❞❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s q✉❡ Σ é ♦ t♦r♦ ❝♦♠ h✶ � b � c✶ → 0❀ ❡♥tã♦ Σ ✏ Σh✶�1,b,c✶✳
◆❡st❡ ♠♦❞❡❧♦✱ ❝♦♠ c✶ ➙ 3✱ s❡rá s❡♠♣r❡ ♣♦ssí✈❡❧ r❡❞✉③✐r ❛ ♦✉tr♦ s✐♠✐❧❛r ❛

Σ ✓ Σh✶�1�✈ c
✶

2
✇,b,i,

❝♦♠ i ✏ 1 ♦✉ i ✏ 2✱ ❝♦♠♦ s❡ ✈❡rá ❞❡♣♦✐s✳ ❆ss✐♠✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱
♣♦❞❡♠♦s s✉♣♦r q✉❡ c✶ ✏ 0✱ c✶ ✏ 1 ♦✉ c✶ ✏ 2✳ ❙❡ Σh✶,b,c✶ ♥ã♦ é ♦r✐❡♥tá✈❡❧✱
♣❡❧❛ ♦❜s❡r✈❛çã♦ ✸✳✸✳✸ ✐t❡♠ ✶✱ c✶ → 0✳ ▲♦❣♦✱ ♣❡❧♦ t❡♦r❡♠❛ ✶✳✸✱ Σ ✓ Σh✶,b,c✶�2✱
♦♥❞❡ c✶ � 2 ➙ 3✳ ❆ss✐♠✱ ❛♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✸✳✸✹✱ s✉❝❡ss✐✈❛♠❡♥t❡✱ ♦❜t❡♠♦s

Σ ✓ Σh✶�✈ c
✶
�2

2
✇,b,1 ♦✉ Σ ✓ Σh✶�✈ c

✶
�2

2
✇,b,2✳ ❊♠ q✉❛✐sq✉❡r ❞♦s ❝❛s♦s✱ t♦♠❛♥❞♦

h ✏ h✶ � ✈ c
✶�2
2
✇ → 0✱ c ✏ c✶✱ ♦❜t❡♠♦s

h� b� c → 1.

❙❡ Σh✶,b,c✶ ❢♦r ♦r✐❡♥tá✈❡❧✱ ❡♥tã♦ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✸✳✸✳✸ ✐t❡♠ ✶✱ c✶ ✏ 0✱ ❧♦❣♦✱
Σ ✏ Σh✶�1,b,c✶ é ♦r✐❡♥tá✈❡❧❀ ❡♥tã♦ t♦♠❛♥❞♦ h ✏ h✶ � 1✱ c ✏ c✶✱ ♦❜t❡♠♦s
h� b� c → 0✳

❝✮ ❙❡ k → 0✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦ ♥♦ t♦r♦ ❝♦♠ k ❝♦♠♣♦♥❡♥t❡s
❞❡ ❢r♦♥t❡✐r❛✳ ❉❡ ❢❛t♦✱ s❡❥❛ ♦ ✢✉①♦ ✐rr❛❝✐♦♥❛❧ ♥♦ t♦r♦✱ ❛❞✐❝✐♦♥❛♥❞♦ k → 0

❝♦♠♣♦♥❡♥t❡s ❞❡ ❢r♦♥t❡✐r❛s ❞✐s❥✉♥t❛s✱ ❝♦♠♦ ♥❛ ♦❜s❡r✈❛çã♦ ✸✳✸✳✷ ✐t❡♠ ✷✱ ♦ ✢✉①♦
♦❜t✐❞♦ ♥♦ t♦r♦ é ❡①♣❛♥s✐✈♦✱ ♣♦✐s ❛ ✉♥✐ã♦ ❞❛s s❡♣❛r❛tr✐③❡s é ❞❡♥s❛ ♥♦ t♦r♦✱
✐st♦ ♣❡❧♦ t❡♦r❡♠❛ ✸✳✹✳ ❆ss✐♠ ♣❡❧♦ ❞✐❢❡♦♠♦r✜s♠♦ ❞❛s s✉♣❡r❢í❝✐❡s Σ ✏ Σ1,k,0

❝♦♠ ♦ t♦r♦ ❝♦♠ k → 0 ❝♦♠♣♦♥❡♥t❡s ❞❡ ❢r♦♥t❡✐r❛ ❞✐s❥✉♥t❛s✱ t❛✐s ❝♦♠♣♦♥❡♥t❡s
s❛t✐s❢❛③❡♠ ❛ s❡❣✉✐♥t❡ Pr♦♣r✐❡❞❛❞❡✱
s❡ γ é ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❢r♦♥t❡✐r❛✱ ❡♥tã♦ Sing♣φq ❳ γ ✏ tp, q✉ ❡ ❡①✐st❡ ❞♦✐s
♣♦♥t♦s r❡❣✉❧❛r❡s a, b P γ t❛❧ q✉❡ ω♣aq ✏ α♣bqtq✉ ❡ ω♣bq ✏ α♣aqtp✉✱ ❝♦♠♦ ♥❛
✜❣✉r❛ ✸✳✶✺✳

❚❡♠♦s q✉❡ s❡ c ➙ 3 ❡ ♣❡❧♦ t❡♦r❡♠❛ ✾✳✶✳✼ ❞❡ ❬✶✸❪✱ ❛ s✉♣❡r❢í❝✐❡ ♥ã♦ ♦r✐❡♥tá✈❡❧ Σh,b,c

é ✐s♦♠♦r❢❛ ❛ Σh�1,b,c✁2✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r

Σh,b,c ✓ Σh�1,b,c✁2, ✭✸✳✸✹✮

❧♦❣♦✱ ♦s ♠♦❞❡❧♦s ❞❡ s✉♣❡r❢í❝✐❡ ♥ã♦ ♦r✐❡♥tá✈❡❧ Σ ✏ Σh,b,c✱ ❝♦♠ c ➙ 3✱ ♣♦❞❡♠ s❡
r❡❞✉③✐r ❛ ❡st✉❞❛r s✉♣♦♥❞♦ ❛♣❡♥❛s h ➙ 0✱ b ➙ 0✱ ❡ c ✏ 1 ♦✉ c ✏ 2✱ ♣♦✐s✱ ❛♣❧✐❝❛♥❞♦
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p
1

q
1

a
1

b
1

p
2

q
2

a
2

b
2

p
k

q
k

a
k

b
k

❋✐❣✉r❛ ✸✳✶✺✿ ❚♦r♦ ❝♦♠ ❑ ❝♦♠♣♦♥❡♥t❡s ❞❡ ❢r♦♥t❡✐r❛s

s✉❝❡ss✐✈❛♠❡♥t❡ ❛ ❡q✉❛çã♦ ✭✸✳✸✹✮ t❡♠♦s

Σh,b,c ✓ Σh�✈ c
2
✇,b,1 ♦✉ Σh,b,c ✓ Σh�✈ c

2
,✇b,2.

❆ss✐♠✱ ✉♠ ♠♦❞❡❧♦ ❞❡ s✉♣❡r❢í❝✐❡ Σ ✏ Σh,b,c✱ ❝♦♠ h ➙ 0✱ b ➙ 0 ❡ c ➙ 0 ✈❛♠♦s s✉♣♦r
s❡♠♣r❡ ❝♦♠♦ s❡♥❞♦ c ✏ 0✱ c ✏ 1 ♦✉ c ✏ 2✳

❚❡♦r❡♠❛ ❇✳ ❙❡❥❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❡ ❝♦♥❡①❛ Σ ✏ Σh,b,c❀ ❛s s❡❣✉✐♥t❡s
❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

❛✮ Σ ✏ Σh,b,c ❛❞♠✐t❡ ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦

❜✮ Σ ✏ Σh,b,c s❛t✐s❢❛③ h → 0 ❡ h� b� c → 1

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❡ ❝♦♥❡①❛ Σ ✏ Σh,b,c✱ ♣r♦✈❛r❡♠♦s✿
✭❛✮ ✐♠♣❧✐❝❛ ✭❜✮❀
❙✉♣♦♥❤❛♠♦s q✉❡ ❛ s✉♣❡r❢í❝✐❡ Σ ✏ Σh,b,c❀ ❝♦♠ h ➙ 0✱ b ➙ 0 ❡ c ➙ 0✱ ♦♥❞❡
❞❡♥♦t❛r❡♠♦s gen♣Σh,b,cq ❝♦♠♦ s❡♥❞♦ ♦ ❣ê♥❡r♦ ❞❡ Σh,b,c✱ ❛❞♠✐t❛ ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦
φ✳ P❡❧♦ t❡♦r❡♠❛ ✸✳✸✱ q✉❡ ❞✐③ q✉❡ ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦ ❝♦♥t✐♥✉❛ s❡♥❞♦ ❡①♣❛♥s✐✈♦
s❡ ❛❞✐❝✐♦♥❛ ♦✉ r❡♠♦✈❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ í♥❞✐❝❡ ✵✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ φ ♥ã♦ t❡♠
s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ í♥❞✐❝❡ ✵✳ ❈♦♠♦ ♦ í♥❞✐❝❡ ❞❡ q✉❛❧q✉❡r ♣♦♥t♦ s✐♥❣✉❧❛r é ♥❡❣❛t✐✈♦✱
❡♥tã♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r χ♣Sq ➔ 0 é ♥❡❣❛t✐✈❛✳ P❡❧♦ t❡♦r❡♠❛ ❆✱ t❡♠♦s q✉❡
♦ ✢✉①♦ t❡♠ ór❜✐t❛s r❡❝♦rr❡♥t❡s ♥ã♦ tr✐✈✐❛✐s✱ ♣♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱ ♦ ❝♦♥❥✉♥t♦ ❞❡
♣♦♥t♦s r❡❝♦rr❡♥t❡s ❞❡ φ s❡ r❡❞✉③ ❛♦ Sing♣φq ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❞❡ φ✱
✐st♦ é✱ Ω♣φq ✏ Sing♣φq ✘ Σ✱ ❛❜s✉r❞♦✳
❙❡ c ✏ 0✱ ❝♦♠♦ Σ ✏ Σh,b,0 é ♦r✐❡♥tá✈❡❧✱ ❡♥tã♦ ♣❡❧♦ t❡♦r❡♠❛ ✹ ❡♠ ❬✶✼❪✱ q✉❡ ❞✐③ q✉❡
♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s s❡♥❞♦ ór❜✐t❛s r❡❝♦rr❡♥t❡s ♥ã♦ tr✐✈✐❛✐s é
♦ ❣ê♥❡r♦ ❞❛ s✉♣❡r❢í❝✐❡ ♦r✐❡♥tá✈❡❧✱ s✉♣♦♥❞♦ gen♣Σq ✏ g ♦❜t❡♠♦s q✉❡ g ➙ 1✿ ❝♦♠♦
❡♠ ✉♠❛ s✉♣❡r❢í❝✐❡ ♦r✐❡♥tá✈❡❧ ♦ ❣ê♥❡r♦ é ✐❣✉❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ❛❧ç❛✱ g ✏ h❀ ❡♥tã♦

h → 0. ✭✸✳✸✺✮
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❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ❛ ♥♦ss❛ s✉♣❡r❢í❝✐❡ ♦r✐❡♥tá✈❡❧ Σ ✏ Σh,b,0 t❡♠ ❝❛r❛❝t❡ríst✐❝❛ ❞❡
❊✉❧❡r ♥❡❣❛t✐✈❛ ❡ χ♣Σq ✏ 2✁ g ✁ b ✏ 2✁ 2h✁ b✱ ❡♥tã♦ 2 ➔ 2h� b✳ ❙❡ h� b ✏ 0✱
♦❜t❡♠♦s q✉❡ h ✏ ✁b✳ ▲♦❣♦✱ ♣❡❧♦ r❡s✉❧t❛❞♦ ✭✸✳✸✺✮✱ t❡♠♦s q✉❡ 0 ➔ ✁b✱ ✐st♦ é✱ b ➔ 0✱
q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ Σ ❛❞♠✐t✐r ✉♠ ♥ú♠❡r♦ ♥ã♦ ♥❡❣❛t✐✈♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡
❢r♦♥t❡✐r❛s b ➙ 0✳ ❙❡ h � b ✏ 1✱ ❡♥tã♦ h ✏ 1 ✁ b → 0✱ ♣❡❧♦ q✉❡ 1 → b ➙ 0✳ ▲♦❣♦
❝♦♠♦ b P Z é ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♦❜t❡♠♦s b ✏ 0✱ ❡♥tã♦ h ✏ 1❀ ❡ ❝♦♠♦ 2 ➔ 2h� b

❝❤❡❣❛♠♦s ❡♠ 2 ➔ 2✱ ❛❜s✉r❞♦❀ ❛ss✐♠✱ h� b → 1✳ ❈♦♠ ✐ss♦✱ ❡ s❡♥❞♦ h → 0✱ t❡♠♦s

h → 0 ❡ h� b� c → 1.

❙❡ c → 0✱ ❝♦♠♦ Σ ✏ Σh,b,c é ♥ã♦ ♦r✐❡♥tá✈❡❧✱ ✐st♦✱ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✸✳✸✳✸ ✐t❡♠ ✭❛✮✳
❚❡♠♦s✱ ❛♣❧✐❝❛♥❞♦ ♦ t❡♦r❡♠❛ ✹ ❞❡ ❬✶✼❪✱ q✉❡ ❞✐③ q✉❡ ♦ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ ❝♦♥❥✉♥t♦s
❢❡❝❤❛❞♦s s❡♥❞♦ ór❜✐t❛s r❡❝♦rr❡♥t❡s ♥ã♦ tr✐✈✐❛✐s ♥❛ s✉♣❡r❢í❝✐❡ ♥ã♦ ♦r✐❡♥tá✈❡❧✱ é
✈g✁1

2
✇✱ ♦♥❞❡ gen♣Σq ✏ g✳ ❊♥tã♦

1 ↕ ✈
g ✁ 1

2
✇

❡♠ q✉❡

1 ↕ ✈
g ✁ 1

2
✇ ↕

g ✁ 1

2

❧♦❣♦

2 ↕ g ✁ 1

3 ↕ g

2 ➔ g. ✭✸✳✸✻✮

❈♦♠♦ 0 ➔ c ↕ 2 ❡ Σh,b,0 é ✉♠❛ s✉♣❡r❢í❝✐❡ ♦r✐❡♥tá✈❡❧✱ ❝♦♠ ❣ê♥❡r♦ gen♣Σh,b,0q ✏ h✱
t❡♠♦s q✉❡ ♣❡❧♦ t❡♦r❡♠❛ ✶✳✹ ❛ s✉♣❡r❢í❝✐❡ ♥ã♦ ♦r✐❡♥tá✈❡❧ Σh,b,1 t❡♠ ❣é♥❡r♦

gen♣Σh,b,1q ✏ 2gen♣Σh,c,0q � 1 ✏ 2h� 1

❙❡ s✉♣♦♠♦s q✉❡ ❛ s✉♣❡r❢í❝✐❡ ♥ã♦ ♦r✐❡♥tá✈❡❧ Σh,b,c t❡♠ ❣ê♥❡r♦ gen♣Σh,b,cq ✏ 2h� c✱
t❡♠♦s q✉❡ ❛ s✉♣❡r❢í❝✐❡ ♥ã♦ ♦r✐❡♥tá✈❡❧ Σh,b,c�1 t❡♠ ❣ê♥❡r♦ gen♣Σh,b,c�1q ✏ 2h�c�1❀
♣♦rt❛♥t♦

g ✏ gen♣Σh,b,cq ✏ 2h� c.

❆ss✐♠✱ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✸✻✮ ♦❜t❡♠♦s 2 ➔ g ✏ 2h� c ❡ ❝♦♠♦ 0 ➔ c ↕ 2

2 ➔ g ↕ 2� 2h

2 ➔ c� 2h ↕ 2� 2h

2 ➔ 2� 2h

0 ➔ 2h

0 ➔ h

s❡❣✉❡ q✉❡ 0 ➔ c ↕ 2✱ ❛ss✐♠
h� c → 1

s❡❣✉❡ q✉❡ h → 0 ❡ h� b� c → 1❀
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✭❜✮ ✐♠♣❧✐❝❛ ✭❛✮❀
❙✉♣♦♥❤❛ q✉❡ Σ ✏ Σh,b,c é ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❝♦♠ h ➙ 0 ❛❧ç❛s✱ b ➙ 0✱
❝♦♠♣♦♥❡♥t❡s ❞❡ ❢r♦♥t❡✐r❛ ❡ c ➙ 0 ❝r♦ss❝❛♣s✱ t❛✐s q✉❡

h → 0, h� b� c → 1.

P❡❧❛ ♦❜s❡r✈❛çã♦ ✸✳✸✳✸ ✐t❡♠ ✭❜✮✱ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐③❡r q✉❡ Σ é ✉♠ t♦r♦ ❝♦♠ h✶ ➙ 0

❛❧ç❛s✱ b ➙ 0 ❝♦♠♣♦♥❡♥t❡s ❞❡ ❢r♦♥t❡✐r❛ ❡ c✶ ➙ 0 ❝r♦ss❝❛♣s✱ t❛✐s q✉❡

h✶ � b� c✶ → 0.

❱❛♠♦s ♠♦str❛r q✉❡ ❛ s✉♣❡r❢í❝✐❡ Σ✱ é ✉♠ t♦r♦ ❝♦♠

h✶ � b� c✶ → 0

❛❞♠✐t❡ ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦✳ ❈♦♠ ❛ ♦❜s❡r✈❛çã♦ ✸✳✸✳✸ ✐t❡♠ ✭❝✮✱ ❝♦♠♦ h✶, b, c✶ ➙ 0 ❡
❝♦♠♦ h✶�b�c✶ → 0 t♦♠❡ k ✏ 2h✶�b�c✶ → 0✳ P❡❧❛ ♦❜s❡r✈❛çã♦ ✸✳✸✳✸ ✐t❡♠ ✸✱ ❡①✐st❡
✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦ ♥♦ t♦r♦ ❝♦♠ k ✏ 2h✶�b�c✶ → 0 ❝♦♠♣♦♥❡♥t❡s ❞❡ ❢r♦♥t❡✐r❛ ❝♦♠♦
s❡♥❞♦ ❇Σ ✏ ❨k

i✏1γi t❛❧ q✉❡ γi é ❤♦♠❡♦♠♦r❢❛ ❛♦ ❝ír❝✉❧♦✱ ♣❛r❛ t♦❞♦ i P t1, ☎, k✉✱ ❡
s❛t✐s❢❡③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ♦❜s❡r✈❛çã♦ ✸✳✸✳✸ ✐t❡♠ ✭❝✮✳ ❈♦❧❛♥❞♦ ❞♦✐s ❝♦♠♣♦♥❡♥t❡s ❞❡
❢r♦♥t❡✐r❛✱ ♦❜t❡♠♦s ✉♠ ♥♦✈♦ ✢✉①♦ q✉❡ é ❡①♣❛♥s✐✈♦✱ ✐st♦ ♣❡❧♦ t❡♦r❡♠❛ ✸✳✹✱ ♣♦✐s ❛
✉♥✐ã♦ ❞❛s s✉❛s s❡♣❛r❛tr✐③❡s ❛✐♥❞❛ é ❞❡♥s❛ ❡ ♦s ♣♦♥t♦s s✐♥❣✉❧❛r❡s sã♦ s❡❧❛s✳ ❋❛③❡♥❞♦
h ❝♦❧❛❣❡♥s ♦❜t❡♠♦s ✉♠ ✢✉①♦ q✉❡ ❛✐♥❞❛ é ❡①♣❛♥s✐✈♦✱ ♥♦✈❛♠❡♥t❡ ♣❡❧♦ t❡♦r❡♠❛ ✸✳✹✳
❉❛ ♠❡s♠❛ ♠❛♥❡✐r❛ s❡ ♣♦❞❡ ❛❞✐❝✐♦♥❛r c ➙ 0 ❝r♦ss❝❛♣ ✐❞❡♥t✐✜❝❛♥❞♦ ♣♦♥t♦s ❡♠ ✉♠❛
❝♦♠♣♦♥❡♥t❡ ❞❡ ❢r♦♥t❡✐r❛ γi t❛❧ q✉❡ s❛t✐s❢❛③ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ♦❜s❡r✈❛çã♦ ✸✳✸✳✸ ✐t❡♠
✸✳ ■st♦ é✱ a, b, p, q P γi sã♦ ♣♦♥t♦s s✐♥❣✉❧❛r❡s t❛❧ q✉❡ ✐❞❡♥t✐✜❝❛♠♦s p ❝♦♠ q ❡ ♣❛r❛
❝❛❞❛ t P R φ✶t♣aq ❝♦♠ φ✶t♣bq✱ ♣♦✐s✱ ♣❡❧♦ t❡♦r❡♠❛ ✸✳✹ φ✶ é ❡①♣❛♥s✐✈♦✳ P♦rt❛♥t♦✱ ♦
✢✉①♦ φ ❛ss✐♠ ❞❡t❡r♠✐♥❛❞♦ é ❡①♣❛♥s✐✈♦ s♦❜r❡ ❛ s✉♣❡r❢í❝✐❡ Σ✱ q✉❡ é ♦ t♦r♦✱ ❝♦♠
h✶ � b� c✶ → 0✱ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐③❡r q✉❡ ❡①✐st❡ ✉♠ ✢✉①♦ φ s♦❜r❡ Σ ✏ Σh,b,c✱ ❝♦♠
h → 0 ❡ h� b� c → 1✳

❖❜s❡r✈❛çã♦ ✸✳✸✳✹✳ ❆ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❝♦♥❡①❛ q✉❡ ♥ã♦ ❛❞♠✐t❡ ✢✉①♦s
❡①♣❛♥s✐✈♦s é✿

❛✮ ❖ t♦r♦❀
❞❡ ❢❛t♦✱ s❡❥❛ φ✶ ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦ s♦❜r❡ ❛ s✉♣❡r❢í❝✐❡ Σ✶ ✏ Σ✶h,b,c❀ ♦♥❞❡ h ➙ 0

é ♦ ♥ú♠❡r♦ ❞❡ ❛❧ç❛s✱ b ➙ 0 é ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡ ❢r♦♥t❡✐r❛ ❡ c ➙ 0 é
♦ ♥ú♠❡r♦ ❞❡ ❝r♦ss❝❛♣ ♦✉ ❞❡ t❛♠♣❛s ❝r✉③❛❞❛s❀ ❡♥tã♦✱ ♣❡❧♦ t❡♦r❡♠❛ ❇

h → 0 ❡ h� b� c → 0,

❞❡ss❡ ♠♦❞♦✱ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✸✳✸✳✸ ✐t❡♠ ✸✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ Σ✶ é ♦ t♦r♦ ❝♦♠
h✶ ➙ 0 ♥ú♠❡r♦ ❞❡ ❛❧ç❛s✱ c✶ ➙ 0 ♥ú♠❡r♦ ❞❡ ❝r♦ss❝❛♣ ♦✉ ❞❡ t❛♠♣❛s ❝r✉③❛❞❛s t❛❧
q✉❡

h✶ � b� c✶ → 0

♣❡❧♦ q✉❡ Σ✶ ♥ã♦ é ♦ t♦r♦✳

❜✮ ❆ ❡s❢❡r❛ ❝♦♠ b ❝♦♠♣♦♥❡♥t❡s ❞❡ ❢r♦♥t❡✐r❛❀

❝✮ ❖ ✢✉①♦ ♣r♦❥❡t✐✈♦ ❝♦♠ b ❝♦♠♣♦♥❡♥t❡s ❞❡ ❢r♦♥t❡✐r❛✱ ❡



✽✾
✸✳✸✳ ❈❆❘❆❈❚❊❘■❩❆➬➹❖ ❉❊ ❋▲❯❳❖❙ ❊❳P❆◆❙■❱❖❙ ❙❖❇❘❊

❙❯P❊❘❋❮❈■❊❙

❞✮ ❆ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❝♦♠ b ❝♦♠♣♦♥❡♥t❡s ❞❡ ❢r♦♥t❡✐r❛ ✭❝♦♠ 0 ↕ b ➔ ✽✮ ♥♦s três
❝❛s♦s✳

❚❡♦r❡♠❛ ✸✳✺✳ ❙✉♣♦♥❞♦ q✉❡ Σ é ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❞✐❢❡r❡♥t❡ ❞♦ t♦r♦✱ ❡
❝♦♥s✐❞❡r❛♥❞♦ ✉♠ ✢✉①♦ φ s♦❜r❡ Σ❀ ❡♥tã♦ ♦s s❡❣✉✐♥t❡s ❡♥✉♥❝✐❛❞♦s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

❛✮ φ é ❡①♣❛♥s✐✈♦

❜✮ φ ❡ s❡✉ ❝♦♥❥✉♥t♦ Sing♣φq é ✜♥✐t♦✱ Ω♣φq ✏ Σ✱ Per♣φq ✏ ❍✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s ✉♠❛ s✉♣❡r❢í❝✐❡ Σ ❝♦♠♣❛❝t❛ ❞✐❢❡r❡♥t❡ ❞♦ t♦r♦✳
Pr♦✈❛r❡♠♦s✿

✭❛✮ ✐♠♣❧✐❝❛ ✭❜✮
❙✉♣♦♥❤❛ q✉❡ φ é ❡①♣❛♥s✐✈♦✳ P❡❧❛s ♣r♦♣♦s✐çõ❡s ✸✳✷✳✶ ❡ ✸✳✷✳✹ t❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦
Ω♣φq ✏ Σ ❞❡ ♣♦♥t♦s ♥ã♦ ❡rr❛♥t❡s é t♦❞❛ ❛ s✉♣❡r❢í❝✐❡ ❡ ♦ ❝♦♥❥✉♥t♦ Per♣φq ❞❡ ♣♦♥t♦s
♣❡r✐ó❞✐❝♦s é ✈❛③✐♦✳ ❆❣♦r❛✱ ♣♦r s❡r φ ❡①♣❛♥s✐✈♦ ❡♠ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛✱ t❡♠♦s
q✉❡ ♦ ❝♦♥❥✉♥t♦ Sing♣φq é ✜♥✐t♦✳

✭❜✮ ✐♠♣❧✐❝❛ ✭❛✮❀
❉❡ ❢❛t♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ φ é ✉♠ ✢✉①♦ s♦❜r❡ Σ ❡ ♦s ❝♦♥❥✉♥t♦s Ω♣φq ✏ Σ✱
Per♣φq ✏ ❍ ❡ Sing♣φq ✜♥✐t♦✳ ❈♦♥s✐❞❡r❡ φ✶ ♦ ✢✉①♦ q✉❡ r❡♠♦✈❡ t♦❞❛s ❛s
s✐♥❣✉❧❛r✐❞❛❞❡s r❡♠♦✈í✈❡✐s ❞❡ φ✳ ❖❜t❡♠✲s❡ q✉❡ Ω♣φq ✏ Ω♣φ✶q✱ Sing♣φq é ✜♥✐t♦
❡ φ✶ ♥ã♦ t❡♠ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s✳ ❈♦♠♦ Σ ♥ã♦ é ♦ t♦r♦ ♣❡❧♦ ❧❡♠❛ ✸✳✷✳✺ ❝♦♥❝❧✉✐✲
s❡♠♦s q✉❡ ❛ ✉♥✐ã♦ ❞❛s s❡♣❛r❛tr✐③❡s ❞❡ φ✶ é ❞❡♥s❛ ♥❛ s✉♣❡r❢í❝✐❡✳ ❆❣♦r❛ ❝♦♠♦ φ✶ ♥ã♦
t❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ í♥❞✐❝❡ ③❡r♦✱ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s sã♦ s❡❧❛s ❞❡ í♥❞✐❝❡ ♥❡❣❛t✐✈♦✱
♣❡❧♦ t❡♦r❡♠❛ ❆✱ ♦❜t❡♠♦s q✉❡ φ✶ é ❡①♣❛♥s✐✈♦ ❡ ♣❡❧♦ t❡♦r❡♠❛ ✸✳✸ t❡♠♦s q✉❡ φ é
❡①♣❛♥s✐✈♦✳

❙❡❣✉❡ ♦ r❡s✉❧t❛❞♦ q✉❡ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠ ❝♦♠♣❧❡♠❡♥t♦ ❞♦ t❡♦r❡♠❛
✸✳✸✿

❈♦r♦❧ár✐♦ ✸✳✻✳ ❙❡ φ é ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦ s♦❜r❡ ❛ s✉♣❡r❢í❝✐❡ Σ ❡ φ✶ é ✉♠
✢✉①♦ s♦❜r❡ Σ✶ ♦❜t✐❞♦ ❞❡ φ ♣♦r ✉♠❛ ♦♣❡r❛çã♦ ❜ás✐❝❛✱ ♦s s❡❣✉✐♥t❡s ❡♥✉♥❝✐❛❞♦s sã♦
❡q✉✐✈❛❧❡♥t❡s✿

❛✮ φ✶ é ❡①♣❛♥s✐✈♦

❜✮ Σ✶ ♥ã♦ é ♦ t♦r♦

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ φ é ✉♠ ✢✉①♦ ❡①♣❛♥s✐✈♦ s♦❜r❡ ❛ s✉♣❡r❢í❝✐❡ Σ ❡ φ✶ é
✉♠ ✢✉①♦ s♦❜r❡ ❛ s✉♣❡r❢í❝✐❡ Σ✶ ♦❜t✐❞♦ ❞❡ φ ♣♦r ✉♠❛ ♦♣❡r❛çã♦ ❜ás✐❝❛✳ Pr♦✈❛r❡♠♦s✿

✭❛✮ ✐♠♣❧✐❝❛ ✭❜✮❀
❙✉♣♦♥❤❛♠♦s q✉❡ φ✶ é ❡①♣❛♥s✐✈♦ s♦❜r❡ ❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ Σ✶✱ ♣❡❧❛ ♦❜s❡r✈❛çã♦
✸✳✸✳✹✱ t❡♠♦s q✉❡ Σ✶ ♥ã♦ é ♦ t♦r♦✳



✾✵
✸✳✸✳ ❈❆❘❆❈❚❊❘■❩❆➬➹❖ ❉❊ ❋▲❯❳❖❙ ❊❳P❆◆❙■❱❖❙ ❙❖❇❘❊

❙❯P❊❘❋❮❈■❊❙

✭❜✮ ✐♠♣❧✐❝❛ ✭❛✮❀
❙✉♣♦♥❤❛♠♦s q✉❡ Σ✶ ♥ã♦ é ♦ t♦r♦❀ ♣❡❧♦ t❡♦r❡♠❛ ✸✳✸ ❛ ❡①♣❛♥s✐✈✐❞❛❞❡ é ✐♥✈❛r✐❛♥t❡
❛❞✐❝✐♦♥❛♥❞♦ ♦✉ r❡♠♦✈❡♥❞♦ s✐♥❣✉❧❛r✐❞❛❞❡✳ ❙❡ ❝♦❧❛r♠♦s ♦✉ ❝♦rt❛r♠♦s ❝♦♥❡①õ❡s ❞❡
s❡❧❛✱ ❡♥tã♦ Ω♣φ✶q ✏ Σ✶❀ ❛s ór❜✐t❛s ♣❡r✐ó❞✐❝❛s✱ t❛♠❜é♠ ♥ã♦ ♣♦❞❡♠ ❡①✐st✐r ❢❛③❡♥❞♦
♦♣❡r❛çõ❡s ❜ás✐❝❛s✱ ❡ ♣❡❧❛ ❡①♣❛♥s✐✈✐❞❛❞❡ ❞❡ φ t❡♠♦s Sing♣φq ✜♥✐t♦ s❡❣✉❡ q✉❡
Sing♣φ✶q é ✜♥✐t♦✳ ▲♦❣♦✱ ❛♣❧✐❝❛♥❞♦ ♦ t❡♦r❡♠❛ ✸✳✺ ✱♦❜t❡♠♦s q✉❡ φ✶ é ❡①♣❛♥s✐✈♦✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❏✳ ▼✳ ❆❧♦♥❣✐❀ ●✳ ❙✳ ◆❡❧s♦♥✱ ❘❡❝✉rr❡♥❝❡ ❛♥❞ ❚♦♣♦❧♦❣②✱ ❆♠❡r✐❝❛♥
▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ Pr♦✈✐❞❡♥❝❡✱ ❘❤♦❞❡ ■s❧❛♥❞ ✭✷✵✵✼✮✳

❬✷❪ ❉✳ ❱✳ ❆♥♦s♦✈✱ ●❡♦❞❡s✐❝ ❋❧♦✇s ♦♥ ❝❧♦s❡❞ ❘✐❡♠❛♥♥ ▼❛♥✐❢♦❧❞s ✇✐t❤
♥❡❣❛t✐✈❡ ❝✉r✈❛t✉r❡✱ Pr♦❝✳ ♦❢ t❤❡ ❙t❡❦❧♦✈ ■♥st✳ ♦❢ ▼❛t❤❡♠❛t✐❝s ✾✵✳ ✭✶✾✻✼✮✳

❬✸❪ ❙✳ ❑❤✳ ❆r❛♥s♦♥❀ ●✳ ❘✳ ❇❡❧✐ts❦②❀ ❊✳ ❱✳ ❩❤✉③❤♦♠❛ ◗✉❛❧✐t❛t✐✈❡
❚❤❡♦r② ♦❢ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s ♦♥ ❙✉r❢❛❝❡s✳ ❙♣r✐♥❣❡r Pr❡ss✭✶✾✾✾✮✳

❬✹❪ ❆✳ ❆rt✐❣✉❡✱ ❊①♣❛♥s✐✈❡ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s✱ ❯♥✐✈❡rs✐❞❛❞ ❞❡ ❧❛
❘❡♣ú❜❧✐❝❛✱ ❯r✉❣✉❛✐ ✭✷✵✶✺✮✳

❬✺❪ ❆✳ ❆rt✐❣✉❡✱ ❊①♣❛♥s✐✈❡ ❋❧♦✇s ♦❢ ❙✉r❢❛❝❡s✱ ❉✐s❝r❡t❡ ❛♥❞ ❈♦♥t✐♥✉♦✉s
❉②♥❛♠✐❝❛❧ ❙②st❡♠s✱ ✭✷✵✶✸✮ ✈♦❧✳✸✸✱ ♥♦✳ ✷✱ ✺✵✺✲✺✷✺✳

❬✻❪ ❘✳ ❇♦✇❡♥❀ P✳ ❲❛❧t❡rs ❊①♣❛♥s✐✈❡ ❖♥❡✲P❛r❛♠❡t❡r ❋❧♦✇✳ ❏✳ ❉✐✛✳ ❊q✳
Pr❡ss✭✶✾✼✷✮✱ ✶✽✵✲✶✾✸✳

❬✼❪ ▼✳ ❇r✐♥❀ ●✳ ❙t♦❝❦✱ ■♥tr♦❞✉❝t✐♦♥ t♦ ❉②♥❛♠✐❝❛❧ ❙②st❡♠s✱ ❈❛♠❜r✐❞❣❡
❯♥✐✈❡rs✐t② Pr❡ss✭✷✵✵✷✮✳
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