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◆♦t❛çõ❡s

• R
n r❡♣r❡s❡♥t❛rá ♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ n✲❞✐♠❡♥s✐♦♥❛❧✳

• Ω é ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ R
n ❝♦♠ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ |Ω| ❡ ❢r♦♥t❡✐r❛ ∂Ω✳

• ∇ =

(
∂

∂xi

)n

i=1

❞❡♥♦t❛rá ♦ ♦♣❡r❛❞♦r ❣r❛❞✐❡♥t❡✳

• div u =
n∑

i=1

∂ui

∂xi

❞❡♥♦t❛rá ♦ ❞✐✈❡r❣❡♥t❡ ❞❡ ✉✳

• ∆pu = div (|∇u|p−2∇u) ❞❡♥♦t❛rá ♦ ♦♣❡r❛❞♦r ♣✲▲❛♣❧❛❝✐❛♥♦ ❛♣❧✐❝❛❞♦ ❡♠ u✳

• |u| := |u(x)|✳

• |∇u| := |∇u(x)|✳

• → : ❝♦♥✈êr❣❡♥❝✐❛ ❢♦rt❡✳

• ⇀ : ❝♦♥✈❡❣ê♥❝✐❛ ❢r❛❝❛✳

• |x| =

(
n∑

i=1

x2
i

) 1
2

❡ |∇u| =

(
n∑

i=1

(
∂u

∂xi

)2
) 1

2

❞❡♥♦t❛♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛

♥♦r♠❛ ❡✉❝❧✐❞✐❛♥❛ ❞❡ x ∈ R
n ❡ ❛ ♥♦r♠❛ ❞♦ ✈❡t♦r ❣r❛❞✐❡♥t❡✳

• ‖u‖p = ‖u‖W 1,p
0 (Ω) = ‖∇u‖Lp(Ω) =

(∫

Ω

|∇u|p
)1/p

✳
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✹ ❊st✐♠❛t✐✈❛s ♣❛r❛ ❛✉t♦✈❛❧♦r❡s ❞❡ s✐st❡♠❛s ❡❧í♣t✐❝♦s q✉❛s❡ ❧✐♥❡❛r❡s
♥♦ R

n ✺✷

✹✳✶ ❊st✐♠❛t✐✈❛s ♣❛r❛ ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❡♠ R
n ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✹✳✷ ❚r❛♥s❢♦r♠❛çã♦ r❛❞✐❛❧ ❞♦ ♣✲▲❛♣❧❛❝✐❛♥♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✹✳✸ ❊st✐♠❛t✐✈❛s ♣❛r❛ ❆✉t♦✈❛❧♦r❡s ❡♠ ❆♥é✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ✻✻

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✻✼

✈✐✐✐



■♥tr♦❞✉çã♦

❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡♥❝♦♥tr❛r ❧✐♠✐t❡s ✐♥❢❡r✐♦r❡s ❡ s✉♣❡r✐♦r❡s ♣❛r❛ ♦s
❛✉t♦✈❛❧♦r❡s ❞❡ s✐st❡♠❛s ❡❧í♣t✐❝♦s ♥ã♦✲❧✐♥❡❛r❡s✳ ❊①✐st❡♠ ✈ár✐♦s ❧✐♠✐t❡s ♣❛r❛ ✈❛❧♦r❡s
♣ró♣r✐♦s ❞❡ ✉♠❛ ú♥✐❝❛ ❡q✉❛çã♦ ❡❧í♣t✐❝❛✱ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❧✐♥❡❛r✱ ❝♦♠ ❜❛s❡ ❡♠
❞✐❢❡r❡♥t❡s té❝♥✐❝❛s✳ ◆♦ ❡♥t❛♥t♦ ❛ s✐t✉❛çã♦ é ❞✐❢❡r❡♥t❡ ♣❛r❛ s✐st❡♠❛s ❡❧í♣t✐❝♦s✱ ❡
❤á ♣♦✉❝♦s r❡s✉❧t❛❞♦s ♥❡st❡ ❝❛s♦✳ P♦❞❡rí❛♠♦s ❝✐t❛r ♦ tr❛❜❛❧❤♦ ❞❡ Pr♦tt❡r ❬✶✸❪✱ q✉❡
✐♥tr♦❞✉③✐✉ ❛ ♥♦çã♦ ❞❡ ❡s♣❡❝tr♦ ❣❡♥❡r❛❧✐③❛❞♦✱ ♦ ❝♦♥❥✉♥t♦ ❞♦s λ = (λ1, · · · , λm) ∈
C

m t❛❧ q✉❡ ♦ s❡❣✉✐♥t❡ s✐st❡♠❛

m∑

i=1

Liju+ λj

m∑

i=1

ri,jui = 0 , 1 ≤ j ≤ m ✭✶✮

t❡♠ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ u = (ui, · · · , um) s✉❥❡✐t❛ ❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥❞✐çõ❡s ❞❡
❝♦♥t♦r♥♦ ❤♦♠♦❣ê♥❡❛s✱ ♦♥❞❡ Lij sã♦ ♦♣❡r❛❞♦r❡s ❡❧í♣t✐❝♦s ❧✐♥❡❛r❡s✳ ❊♠ s❡❣✉✐❞❛ ♦
❡s♣❡❝tr♦ ❣❡♥❡r❛❧✐③❛❞♦ ❢♦✐ ❡st❡♥❞✐❞♦ ❛ s✐st❡♠❛s ❡❧í♣t✐❝♦s ❣❡r❛✐s✳ ❈♦♠ ❛ ♠❡s♠❛
❛❜♦r❞❛❣❡♠ Pr♦tt❡r ♦❜t❡✈❡ ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✿
✭✐✮ ❊①✐st❡ ✉♠ ❛✉t♦✈❛❧♦r ♣♦s✐t✐✈♦ rΩ ∈ R t❛❧ q✉❡ rΩ <

∑

i

λ2
i ♣❛r❛ t♦❞♦ λ ♥♦

❡s♣❡❝tr♦ ❣❡♥❡r❛❧✐③❛❞♦✳
✭✐✐✮ P❛r❛ ❝❛❞❛ λ ∈ C

m✱ s❡ Ω ❡stá ❝♦♥t✐❞♦ ❡♠ ✉♠❛ ❡s❢❡r❛ ❞❡ r❛✐♦ s✉✜❝✐❡♥t❡♠❡♥t❡
♣❡q✉❡♥♦✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ s❡✉ t❛♠❛♥❤♦ ❛♣❡♥❛s ♥♦s ❝♦❡✜❝✐❡♥t❡s✱ ❡♥tã♦ ♥ã♦ ❡①✐st❡♠
s♦❧✉çõ❡s ♥ã♦ tr✐✈✐❛✐s ❞♦ s✐st❡♠❛✳

❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❛✉t♦✈❛❧♦r❡s ♥ã♦✲❧✐♥❡❛r✱

m∑

i=1

Lij + λf(x, u) = 0 , 1 ≤ j ≤ m, ✭✷✮

❡♠ q✉❡ f(x, u) é ♥ã♦ ❧✐♥❡❛r ❡ s❛t✐s❢❛③ ❝❡rt❛s ❝♦♥❞✐çõ❡s ❞❡ ❝r❡s❝✐♠❡♥t♦✱ Pr♦tt❡r
♦❜t❡✈❡ r❡❧❛çõ❡s ❡♥tr❡ ❛ ♥♦r♠❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ❡ λ✱ ✉s❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡
❋❛❜❡r✲❑r❛❤♥ ❡ ❙♦❜♦❧❡✈✳ P❛r❛ ✉♠❛ ú♥✐❝❛ ❡q✉❛çã♦ ♣✲▲❛♣❧❛❝✐❛♥♦✱ ❛❧❣✉♥s ❧✐♠✐t❡s
✐♥❢❡r✐♦r❡s ❢♦r❛♠ ♦❜t✐❞♦s✳ ❆❧é♠ ❞✐ss♦✱ ❢♦r❛♠ ❛♣❧✐❝❛❞❛s té❝♥✐❝❛s ❞❡ s✐♠❡tr✐③❛çã♦
♣❛r❛ ♦❜t❡r ❧✐♠✐t❡s ❞❡ ✈❛❧♦r❡s ♣ró♣r✐♦s✳ ◆♦ ❡♥t❛♥t♦✱ ❛té ❛♥t❡s ❞♦s r❡s✉❧t❛❞♦s
❞❡ ◆á♣♦❧✐ ❡ P✐♥❛s❝♦ ❬✻❪ ♥ã♦ t✐♥❤❛♠♦s ❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ tr❛❜❛❧❤♦s s✐♠✐❧❛r❡s ♣❛r❛
s✐st❡♠❛s ❞♦ t✐♣♦ ♣✲▲❛♣❧❛❝✐❛♥♦✳

✶



✷

❈♦♥s✐❞❡r❛♠♦s ✉♠ s✐st❡♠❛ ❡❧í♣t✐❝♦ q✉❛s❡ ❧✐❡❛r ❞♦ t✐♣♦ r❡ss♦♥❛♥t❡






−∆pu = λαr(x)|u|α−2u|v|β, x ∈ Ω

−∆qv = µβr(x)|u|αv|v|β−2, x ∈ Ω
✭✸✮

♦♥❞❡ ❛s ❢✉♥çõ❡s u ❡ v s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ❤♦♠♦❣ê♥❡❛ ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ❉✐r✐❝❤❧❡t

u(x) = v(x) = 0 para x ∈ ∂Ω.

❆q✉✐✱ Ω ⊂ R
n é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠ ❜♦r❞♦ s✉❛✈❡ ∂Ω✱ ❡ ∆su = div(|∇u|s−2∇u)✳ ❖s

❡①♣♦❡♥t❡s s❛t✐s❢❛③❡♠ 1 < p, q < +∞✱ ♦s ♣❛râ♠❡tr♦s ♣♦s✐t✐✈♦s α, β s❛t✐s❢❛③❡♠

α

p
+

β

q
= 1, ✭✹✮

❡ r ∈ L∞(Ω)✳

❆ ❝♦♥❞✐çã♦ ✭✹✮ ❢♦r♥❡❝❡ ✉♠ t✐♣♦ ❞❡ ❤♦♠♦❣❡♥❡✐❞❛❞❡✱ ✈✐st♦ q✉❡✱ ❛s s♦❧✉çõ❡s ❞❡
✭✸✮ sã♦ ✐♥✈❛r✐❛♥t❡s s♦❜r❡ ♦ r❡❡s❝❛❧♦♥❛♠❡♥t♦

(u, v) 7−→ (θ
1
pu, θ

1
q v), θ > 0.

P♦r s✐♠♣❧✐❝✐❞❛❞❡ ♥♦s ❧✐♠✐t❛r❡♠♦s ❛♣❡♥❛s ❛ ❞✉❛s ❡q✉❛çõ❡s✱ ♠❛s ♦s r❡s✉❧t❛❞♦s
s❡❣✉❡♠ ❛ ♠❡♥♦s ❞❡ ♠✉❞❛♥ç❛s ♣❛r❛ m ❡q✉❛çõ❡s✳

❖s ✈❛❧♦r❡s ♣ró♣r✐♦s ❞❡ s✐st❡♠❛s ❡❧í♣t✐❝♦s q✉❛s❡ ❧✐♥❡❛r❡s t❡♠ ♠❡r❡❝✐❞♦ ✉♠❛
❣r❛♥❞❡ ❛t❡♥çã♦ ♥♦s ú❧t✐♠♦s ❛♥♦s✳ ❉❡✜♥✐♠♦s ♦ ❡s♣❡❝tr♦ S ❞❡ ✉♠ s✐st❡♠❛ ♥ã♦
❧✐♥❡❛r ❡❧í♣t✐❝♦ ❣❡♥❡r❛❧✐③❛❞♦ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣❛r❡s (λ, µ) ∈ R×R ❞❡ t❛❧ ♠♦❞♦
q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❛✉t♦✈❛❧♦r ✭✸✮ ❛❞♠✐t❡ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧✳ ❆ ❞✐❛❣♦♥❛❧ λ = µ
❞♦ ❡s♣❡❝tr♦ ❣❡♥❡r❛❧✐③❛❞♦ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦s ✈❛❧♦r❡s ♣ró♣r✐♦s ❞♦ s✐st❡♠❛ ❡❧í♣t✐❝♦
❝♦♥s✐❞❡r❛❞♦ ❡♠ ❬✼❪✳ P❛r❛ λ = µ ♦ ♣r♦❜❧❡♠❛ ✭✸✮ t❡♠ ✉♠❛ ✐♥✜♥✐❞❛❞❡ ❞❡ ❛✉t♦✈❛❧♦r❡s
❞❛❞♦s ♣♦r✿

λk = inf
C∈Ck

sup
(u,v)∈C

1

p

∫

Ω

|∇u|p +
1

q

∫

Ω

|∇v|q

∫

Ω

r(x)|u|α|v|β
✭✺✮

♦♥❞❡ Ck é ❛ ❝❧❛ss❡ ❞♦s ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦s s✐♠étr✐❝♦s (C = −C) ❞❡ s✉❜❝♦♥❥✉♥t♦s
❞♦ ❡s♣❛ç♦ W 1,p

0 (Ω)×W 1,q
0 (Ω) ❞❡ ❣ê♥❡r♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ k✱ q✉❡ s❡rá ❞❡✈✐❞❛♠❡♥t❡

❞❡✜♥✐❞♦ ♥♦ ❝❛♣ít✉❧♦ ♣r❡❧✐♠✐♥❛r✳

❈♦♥s✐❞❡r❛♥❞♦ ❡♠ ✭✸✮✱ Ω = (a, b), a, b ∈ R✱ ❢♦✐ ♣r♦✈❛❞♦ ♣♦r ◆á♣♦❧✐ ❡ P✐♥❛s❝♦
❡♠ ❬✻❪✱ q✉❡ ♣❛r❛ µ = tλ✱ ❡①✐st❡ ✉♠❛ ✐♥✜♥✐❞❛❞❡ ❞❡ ❛✉t♦✈❛❧♦r❡s ♣❛r❛ ✭✸✮ s❛t✐s❢❛③❡♥❞♦

λk(t) ≤
Λk

p
+

m−1+q/p

qt

(
p

q

)q

Λ
q/p
k , ✭✻✮

♦♥❞❡ Λk é ♦ ❦✲és✐♠♦ ❛✉t♦✈❛❧♦r ✈❛r✐❛❝✐♦♥❛❧ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t

(
−|u′(x)|p−2u′(x)

)′
= λr(x)|u|p−2u, x ∈ (a, b).



✸

❆✐♥❞❛ ❡♠ ❬✻❪✱ q✉❛♥❞♦ Ω é ✉♠ ❞♦♠í♥✐♦ ❛r❜✐trár✐♦ ❡♠ R
n✱ ♦s ❛✉t♦r❡s ♣r♦✈❛r❛♠ q✉❡

λ1(t) ≤
Λ1

p
+

m−1+q/p

qt

(
p

q

)q

Λ
q/p
1 ,

♦♥❞❡ Λ1 é ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ✈❛r✐❛❝✐♦♥❛❧ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t

−∆pu = λr(x)|u|p−2u, x ∈ Ω.

❚❛♠❜é♠ ❡♠ ❬✻❪✱ ♦s ❛✉t♦r❡s ❝♦♥❥❡❝t✉r❛r❛♠ q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✻✮ é ✈á❧✐❞❛ ♣❛r❛
t♦❞♦s ♦s ❛✉t♦✈❛❧♦r❡s ✈❛r✐❛❝✐♦♥❛✐s λk(t), k ≥ 1 ♣❛r❛ Ω ❡♠ R

n✳

◆♦ ❝❛♣ít✉❧♦ q✉❛tr♦ ❞❡st❛ ❞✐ss❡rt❛çã♦✱ ❞❛r❡♠♦s ✉♠❛ r❡s♣♦st❛ ♣♦s✐t✐✈❛ ♣❛r❛ ❛
❝♦♥❥❡❝t✉r❛ ❞❡ ◆á♣♦❧✐ ❡ P✐♥❛s❝♦ ❢❡✐t❛ ❡♠ ❬✻❪✱ q✉❛♥❞♦ ❝♦♥s✐❞❡r❛♠♦s p = q ❡ ❡st❛♠♦s
s♦❜r❡ ❛ r❡t❛ µ = tλ ♦♥❞❡ Ω = {x ∈ R

n/ R < |x| < R̄}✱ ♦✉ s❡❥❛✱ q✉❛♥❞♦ Ω é ✉♠
❛♥❡❧ ♣❛r❛ ❝❡rt♦s ✈❛❧♦r❡s ❞❡ R ❡ R̄✳

P❛r❛ t♦r♥❛r ♦ t❡①t♦ ♠❛✐s ❞✐♥â♠✐❝♦ ❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ❡str✉t✉r❛❞♦ ❞❛ s❡❣✉✐♥t❡
♠❛♥❡✐r❛✿

◆♦ ❈❛♣ít✉❧♦ ✶ ❞❡s❝r❡✈❡✲s❡ ❛s ♥♦t❛çõ❡s✱ ♦s ❡s♣❛ç♦s ❢✉♥❝✐♦♥❛✐s✱ ❛❧❣✉♠❛s
❞❡s✐❣✉❛❧❞❛❞❡s ✐♠♣♦rt❛♥t❡s✱ ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ ❣ê♥❡r♦✱ ❡ ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦
✈❛r✐❛❝✐♦♥❛❧ q✉❡ s❡rã♦ ✉s❛❞♦s ♥♦ tr❛❜❛❧❤♦✳

◆♦ ❈❛♣ít✉❧♦ ✷ ❛♣r❡s❡♥t❛✲s❡ ❛ ❞❡♠♦♥tr❛çã♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ❛✉t♦✈❛❧♦r❡s
❣❡♥❡r❛❧✐③❛❞♦s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✸✮ s♦❜r❡ ❛ r❡t❛ µ = λt✳ ❙❡❣✉✐♥❞♦ ❛s ♠❡s♠❛s
✐❞❡✐❛s ✉s❛❞❛s ♣♦r ❬✻❪✳

◆♦ ❈❛♣ít✉❧♦ ✸ ❛♣r❡s❡♥t❛✲s❡ ❡st✐♠❛t✐✈❛s ♣❛r❛ ❛✉t♦✈❛❧♦r❡s ❞❡ s✐st❡♠❛s ❡❧í♣t✐❝♦s
q✉❛s❡ ❧✐♥❡❛r❡s ❡♠ R✱ s♦❜r❡ ❛ r❡t❛ µ = λt✱ ♦❜t❡♥❞♦ ❧✐♠✐t❡s ♠á①✐♠♦s ♣❛r❛
❛✉t♦✈❛❧♦r❡s ❣❡♥❡r❛❧✐③❛❞♦s✳ ❚❛♠❜é♠ ♠♦str❛r❡♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲②❛♣✉♥♦✈
♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✸✮✱ ❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❣❛r❛♥t✐r❡♠♦s ✉♠❛ ❝✉r✈❛ ❞♦ t✐♣♦
❤✐♣ér❜♦❧❡ q✉❡ ❧✐♠✐t❛ ✐♥❢❡r✐♦r♠❡♥t❡ ♦s ❛✉t♦✈❛❧♦r❡s ❞♦ ♣r♦❜❧❡♠❛ ✭✸✮ ❡♠ R✳

◆♦ ❈❛♣ít✉❧♦ ✹ ❛♣r❡s❡♥t❛✲s❡ ❡st✐♠❛t✐✈❛s ♣❛r❛ s✐st❡♠❛s ❡❧í♣t✐❝♦s q✉❛s❡ ❧✐♥❡❛r❡s
♥♦ R

n✳ Pr✐♠❡✐r❛♠❡♥t❡ ❢❛r❡♠♦s ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ ♥♦ ♣r♦❜❧❡♠❛ ✭✸✮ s♦❜r❡
❛ r❡t❛ µ = tλ ❡ ❝♦♥s✐❞❡r❛r❡♠♦s Ω ✉♠ ❛♥❡❧ ❡♠ R

n✳ ❙♦❜r❡ ❡st❛s ❝♦♥❞✐çõ❡s
❝♦♥s❡❣✉✐♠♦s ❛ ♠❡s♠❛ ❡st✐♠❛t✐✈❛ ♣❛r❛ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ ✭✸✮ ❛♣r❡s❡♥t❛❞❛s ♥♦
❈❛♣ít✉❧♦ ✸✱ ♠❛s ❛❣♦r❛ ❡♠ R

n✱ ❡ ❛✐♥❞❛ ❝♦♥s❡❣✉✐r❡♠♦s ✉♠❛ ❝✉r✈❛ q✉❡ ❧✐♠✐t❛
✐♥❢❡r✐♦r♠❡♥t❡ ❡st❡s ❛✉t♦✈❛❧♦r❡s✳



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s r❡✈❡r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦
❡st✉❞♦ ❞♦s ❝❛♣ít✉❧♦s s❡❣✉✐♥t❡s✳

✶✳✶ ❊s♣❛ç♦s ❋✉♥❝✐♦♥❛✐s ❡ ❘❡s✉❧t❛❞♦s

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛s ❞❡✜♥✐çõ❡s ❞♦s ❡s♣❛ç♦s ❢✉♥❝✐♦♥❛✐s q✉❡ s❡rã♦
✉t✐❧✐③❛❞♦s ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❝♦♥s✉❧t❛r ❇ré③✐s ❬✹❪✳

◆❛s ❞❡✜♥✐çõ❡s s❡❣✉✐♥t❡s ❝♦♥s✐❞❡r❛♠♦s Ω ⊂ R
n ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✳

❉❡✜♥✐çã♦ ✶✳✶✳ ❙❡❥❛ u : Ω → R ❝♦♥tí♥✉❛✳ ❖ s✉♣♦rt❡ ❞❡ u✱ q✉❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r
supp(u)✱ é ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ ❢❡❝❤♦ ❡♠ Ω ❞♦ ❝♦♥❥✉♥t♦ {x ∈ Ω; u(x) 6= 0}. ❙❡ supp(u)
❢♦r ✉♠ ❝♦♠♣❛❝t♦ ❞♦ Ω ❡♥tã♦ ❞✐③❡♠♦s q✉❡ u ♣♦ss✉✐ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✳ ❉❡♥♦t❛♠♦s
♣♦r C0(Ω) ❛♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡♠ Ω ❝♦♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✳

❉❡✜♥✐çã♦ ✶✳✷✳ Cm(Ω) é ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♠ t♦❞❛s ❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❞❡
♦r❞❡♠ ≤ m ❝♦♥tí♥✉❛s ❡♠ Ω ✭m ✐♥t❡✐r♦ ♥ã♦✲♥❡❣❛t✐✈♦ ♦✉ m = ∞✮✳ ❉❡♥♦t❛r❡♠♦s
♣♦r C0(Ω) = C(Ω).

❉❡✜♥✐çã♦ ✶✳✸✳ ❖ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ϕ : Ω → R q✉❡ ♣♦ss✉❡♠ t♦❞❛s ❛s
❞❡r✐✈❛❞❛s ❛té ❛ ♦r❞❡♠ m ❝♦♥tí♥✉❛s ❡♠ Ω ❡ q✉❡ tê♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✱ s❡♥❞♦
q✉❡ ❡ss❡ s✉♣♦rt❡ ❞❡♣❡♥❞❡ ❞❡ ϕ✱ é ❞❡♥♦t❛❞♦ ♣♦r Cm

0 (Ω) ✭♦✉ C∞
0 s❡ m = ∞✮✳

❉❡✜♥✐çã♦ ✶✳✹✳ ❯♠❛ s✉❝❡ssã♦ (ϕν)ν∈N ❞❡ ❢✉♥çõ❡s ❞❡ C∞
0 (Ω) ❝♦♥✈❡r❣❡ ♣❛r❛ ③❡r♦

q✉❛♥❞♦ ❡①✐st❡ K ⊂ Ω ❝♦♠♣❛❝t♦ t❛❧ q✉❡✿

∗ suppϕν ⊂ K, ∀ ν ∈ N;

∗ P❛r❛ ❝❛❞❛ α ∈ N
n

Dαϕν → 0 ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ K,

✹
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♦♥❞❡ Dα ❞❡♥♦t❛ ♦ ♦♣❡r❛❞♦r ❞❡r✐✈❛çã♦ ❞❡ ♦r❞❡♠ α ❞❡✜♥✐❞♦ ♣♦r

∂|α|

∂xα1
1 ∂xα2

2 ...∂xαn
n

,

❝♦♠ α = (α1, α2, ..., αn) ∈ N
n ❡ |α| = α1 + α2 + ...+ αn✳

❉❡✜♥✐çã♦ ✶✳✺✳ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ C∞
0 (Ω) ❝♦♠ ❛ ♥♦çã♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡✜♥✐❞❛

❛❝✐♠❛ é r❡♣r❡s❡♥t❛❞♦ ♣♦r D(Ω) ❡ ❞❡♥♦♠✐♥❛❞♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s t❡st❡s ❡♠ Ω.

❉❡✜♥✐çã♦ ✶✳✻✳ ❙❡❥❛ (fn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ n ∈
N t❡♠♦s fn : S → X ❡♠ q✉❡ S ❡ X sã♦ ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s✳ ❉✐③❡♠♦s q✉❡ ❛
s❡q✉ê♥❝✐❛ (fn)n∈N ❝♦♥✈❡r❣❡ ♣♦♥t✉❛❧♠❡♥t❡ ♣❛r❛ ✉♠❛ ❢✉♥çã♦ f : S → X q✉❛♥❞♦✱
♣❛r❛ t♦❞♦ x ∈ S✱ ❛ s❡q✉ê♥❝✐❛ (fn(x))n∈N ❝♦♥✈❡r❣❡ ♣❛r❛ f(x)✳

❉❡✜♥✐çã♦ ✶✳✼✳ ❉✐③✲s❡ q✉❡ ✉♠ ❝♦♥❥✉♥t♦ S ⊂ R
n t❡♠ ♠❡❞✐❞❛ ♥✉❧❛ s❡✱ ❞❛❞♦ ε > 0✱

❡①✐st❡ ✉♠❛ ❝♦❧❡çã♦ ❡♥✉♠❡rá✈❡❧ ❞❡ ❝♦♥❥✉♥t♦s ❛❜❡rt♦s {Ik}
∞
k=1 t❛✐s q✉❡

❛✮ S ⊂
∞⋃

k=1

Ik

❜✮
∞∑

k=1

vol(Ik) < ε

❉✐③✲s❡ q✉❡ ❛ ❝♦❧❡çã♦ {Ik}
∞
k=1 é ✉♠❛ ❝♦❜❡rt✉r❛ ❞❡ S✳ P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ ❛

❝♦❜❡rt✉r❛ é ✜♥✐t❛✱ ❞✐③✲s❡ q✉❡ S t❡♠ ❝♦♥t❡ú❞♦ ♥✉❧♦✳

❉❡✜♥✐çã♦ ✶✳✽✳ ❙❡❥❛ (fn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s✱ t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ n t❡♠✲
s❡ fn : S → X✱ ❡♠ q✉❡ S é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ❡ X é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✳
❉✐③❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ (fn)n∈N ❝♦♥✈❡r❣❡ q✳t✳♣ ♣❛r❛ ✉♠❛ ❢✉♥çã♦ f : S → X s❡
❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛ Z t❛❧ q✉❡ (fn)n∈N ❝♦♥✈❡r❣❡ ♣♦♥t✉❛❧♠❡♥t❡ ♣❛r❛
f ❡♠ S \ Z✳

❉❡✜♥✐çã♦ ✶✳✾✳ ❙❡❥❛ 1 ≤ p ≤ +∞. ❉❡♥♦t❛♠♦s ♣♦r Lp(Ω) ♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❞❛s
✭❝❧❛ss❡s ❞❡✮ ❢✉♥çõ❡s ❞❡✜♥✐❞❛s ❡♠ Ω ❝♦♠ ✈❛❧♦r❡s ❡♠ R, t❛✐s q✉❡ |u|p é ✐♥t❡❣rá✈❡❧
♥♦ s❡♥t✐❞♦ ❞❡ ▲❡❜❡s❣✉❡ ❡♠ Ω, ❝♦♠ ♥♦r♠❛

||u||Lp =

(∫

Ω

|u(x)|pdx

) 1
p

♣❛r❛ 1 ≤ p < +∞

❡✱ ♣❛r❛ p = ∞✱ ❞❡♥♦t❛♠♦s L∞(Ω) ♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❞❛s ✭❝❧❛ss❡s ❞❡✮ ❢✉♥çõ❡s
♠❡♥s✉rá✈❡s ❞❡ u ❞❡✜♥✐❞❛s s♦❜r❡ Ω✱ q✉❡ sã♦ ❡ss❡❝✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛s✱ ❝♦♠ ❛ ♥♦r♠❛
❞❛❞❛ ♣♦r

||u||L∞ = sup ess
x∈Ω

|u(x)| = inf {C ∈ R; |u(x)| ≤ C q✳t✳♣✳ ❡♠ Ω} .

❉❡✜♥✐çã♦ ✶✳✶✵✳ ❙❡❥❛ Ω ⊂ R
n ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦✱ ❡ p ∈ R ❝♦♠ 1 ≤ p ≤ ∞✳ ❖

❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ W 1,p(Ω) é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

W 1,p(Ω) = {u ∈ Lp(Ω); ∇u ∈ Lp(Ω)} .
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❖ ❡s♣❛ç♦ W 1,p(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛ ♥♦r♠❛

‖u‖W 1,p = (‖u‖pLp + ‖∇u‖pLp)
1
p .

❚❡♦r❡♠❛ ✶✳✶✶✳ ❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞❡ ❝❧❛ss❡ C1✳ ❊♥tã♦ ❛s s❡❣✉✐♥t❡s
✐♠❡rsõ❡s sã♦ ❝♦♥tí♥✉❛s✿

W 1,p(Ω) →֒ Lq(Ω) ♣❛r❛ p < n, ∀ q ∈ [1, p∗],
W 1,p(Ω) →֒ Lq(Ω) ♣❛r❛ p = n, ∀ q ∈ [p,+∞),
W 1,p(Ω) →֒ L∞(Ω) ♣❛r❛ p > n,

❝♦♠ p∗ =
np

n− p
✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ▲✳❆✳ ❞❛ ❏✳▼❡❞❡✐r♦s ❬✶✶❪ ♣✳ ✼✺✳

❚❡♦r❡♠❛ ✶✳✶✷✳ ❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞❡ ❝❧❛ss❡ C1✳ ❊♥tã♦ ❛s s❡❣✉✐♥t❡s
✐♠❡rsõ❡s sã♦ ❝♦♠♣❛❝t❛s✿

W 1,p(Ω) →֒ Lq(Ω) ♣❛r❛ p < n, ∀ q ∈ [1, p∗),
W 1,p(Ω) →֒ Lq(Ω) ♣❛r❛ p = n, ∀ q ∈ [p,+∞),
W 1,p(Ω) →֒ L∞(Ω) ♣❛r❛ p > n,

❝♦♠ p∗ =
np

n− p
✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ▲✳❆✳ ❞❛ ❏✳▼❡❞❡✐r♦s ❬✶✶❪ ♣✳ ✼✺✳

❉❡✜♥✐çã♦ ✶✳✶✸✳ ❉❛❞♦ 1 ≤ p < ∞✱ ❞❡♥♦t❛♠♦s ♣♦r W 1,p
0 (Ω) ♦ ❢❡❝❤♦ ❞❡ C1

0(Ω) ❡♠
W 1,p(Ω)✱ ❡q✉✐♣❛❞♦ ❝♦♠ ❛ ♥♦r♠❛ ❞❡ W 1,p(Ω)✳

❚❡♦r❡♠❛ ✶✳✶✹✳ ❙❡❥❛ u ∈ W 1,p(Ω)✳ ❊♥tã♦ u ∈ W 1,p
0 (Ω) s❡✱ s♦♠❡♥t❡ s❡✱ u = 0

❡♠ ∂Ω ♥♦ s❡♥t✐❞♦ ❞♦ tr❛ç♦✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✱ ♣✳ ✷✶✼✳

❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ s❡❥❛ f ∈ E∗✱ ♦♥❞❡

E∗ = {f : E → R/ f é ❧✐♥❡❛r ❡ ❧✐♠✐t❛❞❛},

é ♦ ❡s♣❛ç♦ ❞✉❛❧ ❞❡ E✳ ❉❡♥♦t❛♠♦s ♣♦r ϕf : E → R ♦ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r
ϕf (x) = 〈f, x〉✳ ❈♦♠♦ f ♣❡r❝♦rr❡ E∗ ♦❜t❡♠♦s ✉♠❛ ❝♦❧❡çã♦ (ϕf )f∈E∗ ❞❡ ❢✉♥çõ❡s
❞❡ E ❡♠ R✳ ■❣♥♦r❛♠♦s ❛ t♦♣♦❧♦❣✐❛ ✉s✉❛❧ ❞❡ E ✭❛ss♦❝✐❛❞❛ ❛ ‖ ‖✮ ❡ ❞❡✜♥✐♠♦s ✉♠❛
♥♦✈❛ t♦♣♦❧♦❣✐❛ ♥♦ ❝♦♥❥✉♥t♦ E ❝♦♠♦ s❡ s❡❣✉❡✿

❉❡✜♥✐çã♦ ✶✳✶✺✳ ❆ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ σ(E,E∗) ❡♠ ❊ é ❛ t♦♣♦❧♦❣✐❛ ❛ss♦❝✐❛❞❛ ❛
❝♦❧❡çã♦ (ϕf )f∈E∗✳

◆♦t❡ q✉❡ t♦❞❛ ❢✉♥çã♦ ϕf é ❝♦♥tí♥✉❛ ♥❛ t♦♣♦❧♦❣✐❛ ✉s✉❛❧ ♣♦rt❛♥t♦ ❛ t♦♣♦❧♦❣✐❛
❢r❛❝❛ é ♠❛✐s ❢r❛❝❛ q✉❡ ❛ t♦♣♦❧♦❣✐❛ ✉s✉❛❧✳
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◆♦t❛çã♦✳ ❙❡ ❛ s❡q✉ê♥❝✐❛ (xn) ❡♠ E ❝♦♥✈❡r❣❡ ♣❛r❛ x ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛
σ(E,E∗) ❡s❝r❡✈❡♠♦s

xn ⇀ x

❡ ❞✐③❡♠♦s q✉❡ ✧xn ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ x ❡♠ σ(E,E∗)✧✳

Pr♦♣♦s✐çã♦ ✶✳✶✻✳ ❙❡❥❛ (xn) ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ ❊✳ ❊♥tã♦

✭✐✮ xn ⇀ x ❢r❛❝❛♠❡♥t❡ ❡♠ σ(E,E∗) ⇔ 〈f, xn〉 → 〈f, x〉 ∀ x ∈ E∗✳

✭✐✐✮ ❙❡ xn → x ❢♦rt❡♠❡♥t❡✱ ❡♥tã♦ xn ⇀ x ❢r❛❝❛♠❡♥t❡ ❡♠ σ(E,E∗)✳

✭✐✐✐✮ ❙❡ xn ⇀ x ❢r❛❝❛♠❡♥t❡ ❡♠ σ(E,E∗)✱ ❡♥tã♦ (‖xn‖) é ❧✐♠✐t❛❞❛ ❡ ‖x‖ ≤
lim inf ‖xn‖✳

✭✐✈✮ ❙❡ xn ⇀ x ❢r❛❝❛♠❡♥t❡ ❡♠ σ(E,E∗) ❡ s❡ fn → f ❢♦rt❡ ❡♠ E∗ ✭✐st♦ é✱
‖fn − f‖E∗ → 0✮✱ ❡♥tã♦ 〈fn, xn〉 → 〈f, x〉✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✱ ♣✳ ✺✽✳

❉❡✜♥✐çã♦ ✶✳✶✼✳ ❯♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ é ❞✐t♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦ s❡

∀ǫ > 0, ∃ δ > 0 t❛❧ q✉❡

x, y ∈ E, ‖x‖ ≤, ‖y‖ ≤ 1 ❡ ‖x− y‖ > ǫ ⇒

∥
∥
∥
∥

x− y

2

∥
∥
∥
∥
< 1− δ.

❚❡♦r❡♠❛ ✶✳✶✽✳ ❖s ❡s♣❛ç♦s Lp sã♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦s ♣❛r❛ 1 < p < ∞✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✱ ♣✳ ✾✻✳

❚❡♦r❡♠❛ ✶✳✶✾ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ●❡♥❡r❛❧✐③❛❞❛✮✳ ❙❡❥❛♠ f1 ∈ Lp1(Ω), f2 ∈

Lp2(Ω), ..., fn ∈ Lpn(Ω), n ∈ N, com p1, ..., pn > 1 ❡
1

p1
+ ... +

1

pn
= 1✳ ❊♥tã♦

f1 · ... · fn ∈ L1(Ω) ❡

∫

Ω

|f1 · ... · fn| dx ≤ ||f1||Lp1 · ... · ||fn||Lpn .

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇ré③✐s ❬✹❪✱ ♣✳ ✾✷✳

❈♦♥s✐❞❡r❡ p > 1✱ ❡♥tã♦ p′ s❡rá ♦ ♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦ q✉❡ s❛t✐s❢❛③ 1
p
+ 1

p′
= 1✳

❘❡♣r❡s❡♥t❛r❡♠♦s ♣♦r V ♦ ❡s♣❛ç♦ ♥♦r♠❛❞♦ W 1,p
0 (Ω) ❝♦♠ ❛ ♥♦♠❛ ‖·‖ ❡ V ′ ♦ ❡s♣❛ç♦

W−1,p′(Ω) ❝♦♠ ♦ ♣❛r ❞❡ ❞✉❛❧✐❞❛❞❡ ❞❛❞♦ ♣♦r V ′ ❡ V ♣♦r 〈·, ·〉V ′,V ✳ ❉❡✜♥❛♠♦s ♣❛r❛
❝❛❞❛ u ∈ W 1,p

0 (Ω)✱ ❛ ❛♣❧✐❝❛çã♦ Au : V → R ❞❛❞❛ ♣♦r

〈Au, v〉 =

∫

Ω

|∇u|p−2∇u∇v dx = 〈−∆pu, v〉V ′,V .

❈♦♠♦ |∇u|p−2 ∈ L
p

p−2 (Ω) ❡ ∇u,∇v ∈ Lp(Ω)✱ ❡♥tã♦ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ Hölder
❣❡♥❡r❛❧✐③❛❞❛ t❡♠♦s q✉❡ |∇u|p−2∇u∇v ∈ L1(Ω)✱ ♣♦rt❛♥t♦ ❛ ❛♣❧✐❝❛çã♦ Au ❡stá
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❜❡♠ ❞❡✜♥✐❞❛✳ ❆❧é♠ ❞✐ss♦✱

|〈Au, v〉V ′,V | =

∣
∣
∣
∣

∫

Ω

|∇u|p−2∇u∇v dx

∣
∣
∣
∣
≤

∫

Ω

|∇u|p−1|v|dx

≤ ‖∇u‖p−1
Lp(Ω)‖∇v‖Lp(Ω) ≤ ‖u‖p−1

W 1,p
0 (Ω)

‖v‖W 1,p
0 (Ω),

✭✶✳✶✮

♦ q✉❡ ✐♠♣❧✐❝❛✱ Au ∈ V ′ ❝♦♠

‖Au‖V ′ ≤ C‖u‖p−1

W 1,p
0 (Ω)

. ✭✶✳✷✮

P♦rt❛♥t♦✱ A : V → V ′ ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡

〈Au, v〉V ′,V = 〈−∆pu, v〉, ∀ u, v ∈ V = W 1,p
0 (Ω).

❚r❛❜❛❧❤❛r❡♠♦s ♥♦ s❡❣✉✐♥t❡ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤

W = W 1,p
0 (Ω)×W 1,q

0 (Ω)

❡q✉✐♣❛❞♦ ❝♦♠ ❛ ♥♦r♠❛✿

‖(u, v)‖W =
√

‖u‖2
W 1,p

0 (Ω)
+ ‖v‖2W 1,q(Ω)

◆♦t❡ q✉❡ s❡ ❝♦♥s✐❞❡r❛r♠♦s (u∗, v∗) ∈ W−1,p′(Ω)
⊕

W−1,q′(Ω) ✈❡♠♦s q✉❡ (u∗, v∗) ∈
W ∗ ❡ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ s❡❣✉✐♥t❡ ❛♣❧✐❝❛çã♦

〈(u∗, v∗), (u, v)〉 = 〈u∗, u〉+ 〈v∗, v〉.

❊♥tã♦ t❡♠♦s W ∗ ∼= W−1,p′(Ω)
⊕

W−1,q′(Ω) ✭✐s♦♠♦r✜s♠♦ ✐s♦♠étr✐❝♦✮ ♦♥❞❡ ❛
♥♦r♠❛ ❡♠ W ∗ é ❞❛❞❛ ♣♦r✿

‖(u∗, v∗)‖W ∗ =
√

‖u∗‖2
W−1,p′ (Ω)

+ ‖v∗‖2
W−1,q′ (Ω)

.

❙❛❜❡♠♦s ❞❛ t❡♦r✐❛ ❞❡ ❢✉♥❝✐♦♥❛✐s ❧✐♥❡❛r❡s q✉❡

|〈(u∗, v∗), (u, v)〉| ≤ ‖(u∗, v∗)‖W ∗‖(u, v)‖W , ∀(u, v) ∈ W. ✭✶✳✸✮

❉❡✜♥✐çã♦ ✶✳✷✵✳ ❙❡❥❛♠ 1 ≤ p < ∞✳ ❉✐r❡♠♦s q✉❡ f : Ω → R é ❧♦❝❛❧♠❡♥t❡
✐♥t❡❣rá✈❡❧ ❡♠ Lp(Ω)✱ ❡ ❞❡♥♦t❛r❡♠♦s ♣♦r f ∈ Lp

loc(Ω)✱ s❡ f ❢♦r ✉♠❛ ❢✉♥çã♦
♠❡♥s✉rá✈❡❧ ❡ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ K ⊂ Ω t✐✈❡r♠♦s

∫

K

|f1(x)|
p dx < ∞.

❚❡♦r❡♠❛ ✶✳✷✶✳ ❙❡❥❛♠ I = (a, b)✱ −∞ ≤ a < b ≤ ∞ ❡ s❡❥❛ u ∈ L1
loc(I) t❛❧ q✉❡

∫

I

uϕx dx = 0 ∀ϕ ∈ C1
0(I).

❊♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡ u = C ❡♠ q✉❛s❡ t♦❞♦ ♣♦♥t♦ ❞❡ I✳
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❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✱ ♣✳ ✷✵✺✳

❉❡✜♥✐çã♦ ✶✳✷✷✳ ❙❡❥❛♠ I = (a, b)✱ −∞ ≤ a < b ≤ ∞✱ ❡ p ∈ R ❝♦♠ 1 ≤ p ≤ ∞✳
❖ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ W 1,p(I) é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

W 1,p(I) =

{

u ∈ Lp(I); ∃ux ∈ Lp(I) ;

∫ b

a

uϕx dx = −

∫ b

a

uxϕ dx ∀ϕ ∈ C1
0(I)

}

❖ ❡s♣❛ç♦ W 1,p(I) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛ ♥♦r♠❛

‖u‖W 1,p = (‖u‖pLp + ‖ux‖
p
Lp)

1
p .

◗✉❛♥❞♦ p = 2✱ ❞❡♥♦t❛♠♦s H1(I) = W 1,2(I)✳ ❖ ❡s♣❛ç♦ H1(I) é ✉♠ ❡s♣❛ç♦ ❞❡
❍✐❧❜❡rt ❡q✉✐♣❛❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈u, v〉H1 = 〈u, v〉L2 + 〈ux, vx〉L2 =

∫ b

a

(uv + uxvx) dx.

Pr♦♣♦s✐çã♦ ✶✳✷✸✳ ❖ ❡s♣❛ç♦ W 1,p(I) é r❡✢❡①✐✈♦ ♣❛r❛ 1 < p < ∞ ❡ s❡♣❛rá✈❡❧ ♣❛r❛
1 ≤ p < ∞✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✱ ♣✳ ✷✵✸✳

❉❡✜♥✐çã♦ ✶✳✷✹✳ ❉❛❞♦ ✉♠ ✐♥t❡✐r♦ m ≥ 2 ❡ ✉♠ ♥ú♠❡r♦ r❡❛❧ 1 ≤ p ≤ ∞ ❞❡✜♥✐♠♦s✱
♣♦r ✐♥❞✉çã♦✱ ♦ ❡s♣❛ç♦

Wm,p(I) =
{
u ∈ Wm−1,p(I);D1u ∈ Wm−1,p(I)

}
,

❝♦♠ ❛ ♥♦t❛çã♦ D1u = ux✱ ❡q✉✐♣❛❞♦ ❝♦♠ ❛ ♥♦r♠❛

‖u‖Wm,p = ‖u‖Lp +
m∑

i=1

‖Diu‖Lp .

❊ t❛♠❜é♠ ❞❡✜♥✐♠♦s

Hm(I) = Wm,2(I),

❡q✉✐♣❛❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r

〈u, v〉H2 = 〈u, v〉L2 +
m∑

i=1

〈Diu,Div〉L2 =

∫ b

a

uv dx+
m∑

i=1

∫ b

a

DiuDiv dx.

❚❡♦r❡♠❛ ✶✳✷✺✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C ✭q✉❡ ❞❡♣❡♥❞❡ s♦♠❡♥t❡ ❞❡
|I| ≤ ∞✮ t❛❧ q✉❡

‖u‖L∞ ≤ C‖u‖W 1,p , ∀u ∈ W 1,p(I), ∀1 ≤ p ≤ ∞.

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ W 1,p(I) →֒ L∞(I) ❝♦♥t✐♥✉❛♠❡♥t❡ ♣❛r❛ t♦❞♦ 1 ≤ p ≤ ∞✳

❆❧é♠ ❞✐ss♦✱ ❙❡ I é ✉♠ ✐♥t❡r✈❛❧♦ ❧✐♠✐t❛❞♦ ❡♥tã♦
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❆ ✐♠❡rsã♦ W 1,p(I) →֒ C(I) é ❝♦♠♣❛❝t❛ ♣❛r❛ t♦❞♦ 1 < p ≤ ∞✳

❆ ✐♠❡rsã♦ W 1,1(I) →֒ Lq(I) é ❝♦♠♣❛❝t❛ ♣❛r❛ t♦❞♦ 1 ≤ q < ∞✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✱ ♣✳ ✷✶✷✳

❈♦r♦❧ár✐♦ ✶✳✷✻✳ ❙❡❥❛♠ u✱ v ∈ W 1,p(I) ❝♦♠ 1 ≤ p ≤ ∞✳ ❊♥tã♦

uv ∈ W 1,p(I)

❡

(uv)x = ux v + u vx.

❆❞❡♠❛✐s✱ ✈❛❧❡ ❛ ❢♦r♠✉❧❛ ❞❡ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s

∫ z

y

uxv dx = u(z)v(z)− u(y)v(y)−

∫ z

y

uvx dx, ∀x, y ∈ I.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✱ ♣✳ ✷✶✺✳

❈♦r♦❧ár✐♦ ✶✳✷✼✳ ❙❡❥❛ G ∈ C1(R) t❛❧ q✉❡ G(0) = 0✱ ❡ s❡❥❛ u ∈ W 1,p(I) ❝♦♠
1 ≤ p ≤ ∞✳ ❊♥tã♦

G ◦ u ∈ W 1,p(I) ❡ (G ◦ u)x = (Gx ◦ u)ux.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✱ ♣✳ ✷✶✺✳

❚❡♦r❡♠❛ ✶✳✷✽✳ ✭❚❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛✮✳ ❙❡❥❛ (un) ✉♠❛
s✉❝❡ssã♦ ❞❡ ❢✉♥çõ❡s ✐♥t❡❣rá✈❡✐s ❡♠ Ω✱ ❝♦♥✈❡r❣❡♥t❡ q✉❛s❡ s❡♠♣r❡ ♣❛r❛ ❛ ❢✉♥çã♦
u✳ ❙❡ ❡①✐st✐r ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ u0 t❛❧ q✉❡ |un| ≤ u0 q✉❛s❡ s❡♠♣r❡ ♣❛r❛ t♦❞♦
n ∈ N✱ ❡♥tã♦ u é ✐♥t❡❣rá✈❡❧ ❡ t❡♠✲s❡

∫

Ω

u = lim
n−→∞

∫

Ω

un.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✳

❚❡♦r❡♠❛ ✶✳✷✾✳ ❙❡ K ⊂ R
n é ❝♦♠♣❛❝t♦✱ ❡♥tã♦ t♦❞❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ✐♥❥❡t✐✈❛

f : K −→ R
n é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ s♦❜r❡ s✉❛ ✐♠❛❣❡♠✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❊❧♦♥ ❬✶✵❪✱ ♣✳ ✷✹✳

❚❡♦r❡♠❛ ✶✳✸✵✳ ✭❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✮✳ ❉❛❞❛ f : U → R ❞✐❢❡r❡♥❝✐á✈❡❧
♥♦ ❛❜❡rt♦ U ⊂ R

n✱ s❡ ♦ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ❬❛✱❛✰✈❪ ❡st✐✈❡r ❝♦♥t✐❞♦ ❡♠ ❯ ❡♥tã♦
❡①✐st❡ θ ∈ (0, 1) t❛❧ q✉❡

f(a+ v)− f(a) =
∂f

∂v
(a+ θv) = 〈grad f(a+ θv), v〉

=
n∑

i=1

∂f

∂xi

(a+ θv).αi
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♦♥❞❡ v = (α1, · · · , αn)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❊❧♦♥ ❬✶✵❪✱ ♣✳ ✻✶✳

❈♦♥s✐❞❡r❡ X ❡ Y ❞♦✐s ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ♥♦r♠❛❞♦s✱ U ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠
♣♦♥t♦ x0 ❡♠ X ❡ F ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ U ❡♠ Y ✳

❉❡✜♥✐çã♦ ✶✳✸✶✳ ❉✐③❡♠♦s q✉❡ ❋ t❡♠ ✉♠❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝✐♦♥❛❧ ♥♦ ♣♦♥t♦ x0 ♥❛
❞✐r❡çã♦ ❤✱ s❡ ♦ ❧✐♠✐t❡

lim
ǫ→0−

F (x0 + ǫh)− F (x0)

ǫ

❡①✐st❡✳ ❉❡♥♦t❛r❡♠♦s ♣♦r DF (x0).h✳

❉❡✜♥✐çã♦ ✶✳✸✷✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ♣❛r❛ t♦❞♦ h ∈ X ❛ ❞❡r✐✈❛❞❛ DF (x0).h ♥❛
❞✐r❡çã♦ ❞❡ ❤ ❡①✐st❛✳ ❆ ❛♣❧✐❝❛çã♦ δ+F (x0, ·) : X → Y ❞❡✜♥✐❞❛ ♣♦r δ+F (x0, h) =
DF (x0).h é ❞❡♥♦♠✐♥❛❞❛ ❛ ♣r✐♠❡✐r❛ ✈❛r✐❛çã♦ ❞❛ ❛♣❧✐❝❛çã♦ ❋ ♥♦ ♣♦♥t♦ x0

❉❡✜♥✐çã♦ ✶✳✸✸✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❋ ♣♦ss✉✐ ✉♠❛ ♣r✐♠❡✐r❛ ✈❛r✐❛çã♦ ♥♦ ♣♦♥t♦ x0

❡ q✉❡ ❡①✐st❡ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❝♦♥tí♥✉♦ Λ ∈ L(X, Y ) t❛❧ q✉❡ δ+F (x0, h) = Λh✳
❊♥tã♦ ♦ ♦♣❡r❛❞♦r Λ é ❞❡♥♦♠✐♥❛❞♦ ❞❡r✐✈❛❞❛ ❞❡ ●ât❡❛✉① ❞❛ ❛♣❧✐❝❛çã♦ ❋ ♥♦
♣♦♥t♦ x0 ❡ ❞❡♥♦♠✐♥❛♠♦s ♣♦r DF (x0).(·)✳

❆ss✐♠ DF (x0).(·) é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ L(X, Y ) t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ h ∈ X t❡♠♦s
❛ r❡❧❛çã♦

F (x0 + ǫh) = F (x0) +DF (x0).h+ o(ǫ),

q✉❛♥❞♦ ǫ → 0+✳

✶✳✷ ❉❡s✐❣✉❛❧❞❛❞❡s ✐♠♣♦rt❛♥t❡s

Pr♦♣♦s✐çã♦ ✶✳✸✹✳ ❙❡❥❛♠ ♥ú♠❡r♦s r❡❛✐s a, b ≥ 0 ❡ p ≥ 1✳ ❊♥tã♦

(a+ b)p ≤ 2p(ap + bp).

❉❡♠♦♥str❛çã♦✳ ❯s❛♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ♠á①✐♠♦ ♦❜t❡♠♦s

(a+ b)p ≤ (2max{a, b})p

= 2p max{ap, bp}

≤ 2p(ap + bp).

Pr♦♣♦s✐çã♦ ✶✳✸✺ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✮✳ ❙❡ a, b ≥ 0 ❡ p, q > 1 sã♦ t❛✐s q✉❡
1

p
+

1

q
= 1 ❡♥tã♦

ab ≤
ap

p
+

bq

q
.
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❉❡♠♦♥str❛çã♦✳ ❱❡r ❘✳●✳ ❇❛rt❧❡ ❬✸❪✱ ♣✳ ✺✻✳

❯♠❛ ✈❛r✐❛çã♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ q✉❡ s❡rá ♠✉✐t♦ ✉t✐❧✐③❛❞♦ ♥❡st❡
tr❛❜❛❧❤♦ é ❞❛❞❛ ♣❡❧♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦✳

❈♦r♦❧ár✐♦ ✶✳✸✻✳ ❙❡❥❛♠ a, b ≥ 0 ❡ p, q > 1 t❛✐s q✉❡
1

p
+

1

q
= 1✳ P❛r❛ t♦❞♦ ε > 0

t❡♠✲s❡
ab ≤ c(ε)ap + εbq,

♦♥❞❡ c(ε) é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ ❞❡♣❡♥❞❡ ❞❡ ε, p ❡ q✳

❉❡♠♦♥str❛çã♦✳ ❚❡♠♦s

ab = (qε)
1
q

1

(qε)
1
q

ab

=

(

a

(qε)
1
q

)
(

(qε)
1
q b
)

.

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ s❡❣✉❡

ab ≤
1

p

(

a

(qε)
1
q

)p

+
1

q

(

(qε)
1
q b
)q

=
1

p(qε)
p

q

ap + εbq ∀ ε > 0.

❚♦♠❛♥❞♦ c(ε) =
1

p(qε)
p

q

t❡♠♦s✱

ab ≤ c(ε)ap + εbq ∀ ε > 0.

❚❡♦r❡♠❛ ✶✳✸✼ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✮✳ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧
❝♦♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ 〈·, ·〉V ✳ ❊♥tã♦ ♣❛r❛ t♦❞♦s u✱ v ∈ V t❡♠♦s

|〈u, v〉V | ≤ ‖u‖V ‖v‖V ;

❛ ✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ {u, v} é ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❖❧✐✈❡✐r❛ ❬✶✷❪✱ ♣✳ ✶✷✶✳

❉❡✜♥✐çã♦ ✶✳✸✽✳ ❉❛❞♦ 1 ≤ p < ∞✱ ❞❡♥♦t❛♠♦s ♣♦r W 1,p
0 (I) ♦ ❢❡❝❤♦ ❞❡ C1

0(I) ❡♠
W 1,p(I)✱ ❡q✉✐♣❛❞♦ ❝♦♠ ❛ ♥♦r♠❛ ❞❡ W 1,p(I)✳

❖ ❡s♣❛ç♦ H1
0 (I) = W 1,2

0 (I) é ❡q✉✐♣❛❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❞❡ H1(I)✳

❚❡♦r❡♠❛ ✶✳✸✾✳ ❙❡❥❛ u ∈ W 1,p(I)✳ ❊♥tã♦ u ∈ W 1,p
0 (I) s❡✱ s♦♠❡♥t❡ s❡✱ u = 0 ❡♠

∂I✳
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❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✱ ♣✳ ✷✶✼✳

❚❡♦r❡♠❛ ✶✳✹✵ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✮✳ ❙✉♣♦♥❤❛♠♦s I ✉♠ ✐♥t❡r✈❛❧♦
❧✐♠✐t❛❞♦✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Cp ≥ 0✱ q✉❡ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞♦
❝♦♠♣r✐♠❡♥t♦ ❞♦ ✐♥t❡r✈❛❧♦ I✱ t❛❧ q✉❡

‖u‖W 1,p ≤ Cp‖ux‖Lp ∀u ∈ W 1,p
0 (I).

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❡♠ W 1,p
0 (I)✱ ‖ux‖Lp é ✉♠❛ ♥♦r♠❛ ❡q✉✐✈❛❧❡♥t❡ à ♥♦r♠❛ ❞❡

W 1,p
0 (I)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✹❪✱ ♣✳ ✷✶✽✳

❚❡♦r❡♠❛ ✶✳✹✶✳ ❙❡❥❛ p > 1✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ cp > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦
s1, s2 ∈ R

n✱

〈
|s2|

p−2s2 − |s1|
p−2s1, s1 − s2

〉
≥







cp|s2 − s1|
p, s❡ p ≥ 2

cp|s2 − s1|
2

(|s2|+ |s1|)
2−p , s❡ p ≤ 2

♦♥❞❡ 〈·, ·〉 é ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ✉s✉❛❧ ❡♠ R
n✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ❞❡st❡ ❚❡♦r❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✺❪✳

Pr♦♣♦s✐çã♦ ✶✳✹✷✳ ❙❡❥❛♠ u1, u2 ∈ W 1,p
0 (Ω)✱ ♦♥❞❡ p > 1✱ ❡♥tã♦

∫

Ω

(|∇u2|
p−2∇u2−|∇u1|

p−2∇u1)∇(u2−u1)dx ≥







c̄p
∫

Ω
|∇(u2 − u1)|

pdx; p ≤ 2

c̄p(
∫
Ω |∇(u2−u1)|pdx)

2
p

(
∫
Ω(|∇u2|+|∇u1|)pdx)

2−p
p

; p ≥ 2.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✷❪✱ ♣✳ ✼✸✳

❖❜s❡r✈❛çã♦ ✶✳✹✸✳ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ♣♦❞❡ s❡ ❡s❝r✐t❛ ❡♠ t❡r♠♦s ❞❛ ♥♦r♠❛
❡♠ W 1,p

0 (Ω)✳ ❉❡ ❢❛t♦✱ ❝♦♠♦

(∫

Ω

(|∇u1|+ |∇u2|)
pdx

) 1
p

= ‖|∇u1|+ |∇u2|‖Lp(Ω)

≤ ‖u1‖W 1,p
0 (Ω) + ‖u2‖W 1,p

0 (Ω),

❡♥tã♦
1

(∫

Ω

(|∇u1|+ |∇u2|)
pdx

) 1
p

≥
1

‖u1‖W 1,p
0 (Ω) + ‖u2‖W 1,p

0 (Ω)

.

❆ss✐♠✱ s❡ p ≤ 2 ✈❛❧❡

∫

Ω

(
|∇u2|

p−2∇u2 − |∇u1|
p−2∇u1

)
∇(u2 − u1)dx ≥ c̄p‖u2 − u1‖

p

W 1,p
0 (Ω)

,
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❡ s❡ p ≥ 2 ✈❛❧❡

∫

Ω

(
|∇u2|

p−2∇u2 − |∇u1|
p−2∇u1

)
∇(u2 − u1)dx ≥

c̄p‖u2 − u1‖
2
W 1,p

0 (Ω)
(

‖u2‖W 1,p
0 (Ω) + ‖u1‖

)2−p .

❉❡✜♥❛ ❛ ❢✉♥çã♦ ϕp : R −→ R ♣♦r ϕp(s) = |s|p−2s✳ ❖❜s❡r✈❡ q✉❡ ϕp ◦ ϕq =
id ❡ ϕq ◦ ϕp = id✱ ♦♥❞❡ 1

p
+ 1

q
= 1✳

❚❡♦r❡♠❛ ✶✳✹✹✳ ❙❡❥❛ p > 1✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ cp > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦
t1, t2 ∈ R

n✱

|ϕp(t2)− ϕp(t1)| ≤







c̄p|t2 − t1|
p−1, s❡ p ≤ 2

c̄p|t2 − t1| (|t2|+ |t1|)
p−2 , s❡ p ≥ 2.

♦♥❞❡ c̄p = min
{

1
cp
, 1

cp−1
p

}

✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✷❪✱ ♣✳ ✼✺✳

✶✳✸ ●ê♥❡r♦

❆s ❞❡♠♦♥str❛çõ❡s ❞♦s r❡s✉❧t❛❞♦s ❞❡st❛ s❡çã♦ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✶✹❪✳
◆❡st❛ s❡çã♦ ❝♦♥s✐❞❡r❛r❡♠♦s E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❉❡✜♥✐çã♦ ✶✳✹✺✳ ❉❡♥♦t❛r❡♠♦s ♣♦r Υ ❛ ❢❛♠í❧✐❛ ❞❡ ❝♦♥❥✉♥t♦s A ⊂ E \ {0} t❛❧ q✉❡
A é ❢❡❝❤❛❞♦ ❡♠ E ❡ é s✐♠étr✐❝♦✱ ♦✉ s❡❥❛ A = −A✳ P❛r❛ A ∈ Υ✱ ❞❡✜♥✐♠♦s
♦ ❣ê♥❡r♦ ❞❡ A ❝♦♠♦ ♦ ♠❡♥♦r ♥❛t✉r❛❧ ♥ t❛❧ q✉❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ í♠♣❛r
ϕ ∈ C(A,Rn \ {0})✳ ◆❡ss❡ ❝❛s♦✱ ❞❡♥♦t❛r❡♠♦s ♣♦r gen(A) = n✳ ◗✉❛♥❞♦ ♥ã♦
❡①✐st❡ ♥✱ ❡s❝r❡✈❡♠♦s gen(A) = ∞ ❡ gen(∅) = 0

❊①❡♠♣❧♦ ✶✳✹✻✳ ❙❡❥❛ A = B ∪ (−B)✱ ♦♥❞❡ B ⊂ E é ❢❡❝❤❛❞♦ ❡ B ∩ (−B) = ∅✳
❊♥tã♦✱ gen(A) = 1✱ ♣♦✐s ❛ ❢✉♥çã♦

ϕ : A −→ R \ {0}

x 7−→







1 s❡ x ∈ B

−1 s❡ x 6∈ B

♣❡rt❡♥❝❡ ❛ C1(A,R \ {0})✳

❉❡ ❢❛t♦✱ s❡❥❛♠ x ∈ B ❡ (xn) ⊂ A ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ A t❛❧ q✉❡ xn → x✳
❈♦♠♦ −B t❛♠❜é♠ é ❢❡❝❤❛❞♦ ❡ t♦❞❛s ❛s s✉❜s❡q✉ê♥❝✐❛s ❞❡ (xn) ❝♦♥✈❡r❣❡♠ ♣❛r❛
x✱ ♦ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ss❛ s❡q✉ê♥❝✐❛ ❡♠ −B é ✜♥✐t♦✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦
t❡rí❛♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ −B q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛ x✱ q✉❡ ❡stá ❡♠ B✳ ❆ss✐♠
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ϕ(xn) = 1 = ϕ(x) ❛ ♣❛rt✐r ❞❡ ✉♠ ❝❡rt♦ í♥❞✐❝❡ ❡✱ ❡♥tã♦ ϕ(xn) → ϕ(x)✳ ▲♦❣♦ ϕ é
❝♦♥tí♥✉❛ ❡♠ x✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♣❛r❛ x ∈ −B✳ P♦rt❛♥t♦✱ ϕ é ❝♦♥tí♥✉❛✳

❖❜s❡r✈❛çã♦ ✶✳✹✼✳ ❙❡ A ∈ Υ ❡ gen(A) > 1 ❡♥tã♦ ❆ ❝♦♥té♠ ✐♥✜♥✐t♦s ♣♦♥t♦s✳

❈♦♠ ❡❢❡✐t♦✱ s❡ ❢♦ss❡ ✜♥✐t♦✱ ❝♦♠♦ ❆ é s✐♠étr✐❝♦ ❡ A ⊂ E \ {0}✱ ♣♦❞❡♠♦s
❡s❝r❡✈❡r A = B ∪ (−B)✱ ♦♥❞❡ ❇ é ❢❡❝❤❛❞♦ ✭♣♦✐s é ✜♥✐t♦✮ ❡ B ∩ (−B) = ∅✳ ▼❛s
♣❡❧♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r t❡rí❛♠♦s gen(A) = 1✳

Pr♦♣♦s✐çã♦ ✶✳✹✽✳ ❙❡❥❛♠ A,B ∈ Υ ❡♥tã♦✿

✶✳ ❙❡ x 6= 0, gen({x} ∪ {−x}) = 1✳

✷✳ ❙❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ í♠♣❛r f ∈ C(A,B) ❡♥tã♦ gen(A) ≤ gen(B)✳

✸✳ ❙❡ A ⊂ B, gen(A) ≤ gen(B)✳

✹✳ gen(A ∪ B) ≤ gen(A) + gen(B)✳

❖❜s❡r✈❛çã♦ ✶✳✹✾✳ ❙❡ gen(B) < ∞, gen(A \B) ≥ gen(A)− gen(B)✳

❉❡ ❢❛t♦✱ ❝♦♠♦ A ⊂ A \B ∪ B✱ t❡♠♦s

gen(A) ≤ gen(A \B ∪B), ♣♦r (3)

≤ gen(A \B) + gen(B), ♣♦r (4),

♦✉ s❡❥❛
gen(A \B) ≥ gen(A)− gen(B).

Pr♦♣♦s✐çã♦ ✶✳✺✵✳ ❙❡ A ⊂ E,Ω é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❧✐♠✐t❛❞❛ ❞❡ 0 ∈ R
k ❡ ❡①✐st❡

✉♠ ❤♦♠❡♦♠♦r✜s♠♦ í♠♣❛r h ∈ C(A, ∂Ω) ❡♥tã♦ gen(A) = k✳

❉❡✜♥✐çã♦ ✶✳✺✶✳ ❉❡✜♥✐♠♦s ♣♦r Ck✱ ❛ ❝❧❛ss❡ ❞♦s ❝♦♥❥✉♥t♦s s✐♠étr✐❝♦s q✉❡ t❡♠
❣ê♥❡r♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ k✳ ▲❡♠❜r❛♥❞♦ q✉❡ ✉♠ ❝♦♥❥✉♥t♦ C é s✐♠étr✐❝♦ s❡ C = −C✳

✶✳✹ ❯♠❛ ❈❛r❛❝t❡r✐③❛çã♦ ❱❛r✐❛❝✐♦♥❛❧

❈♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ✉♥✐❞✐♠❡♥❝✐♦♥❛❧ ❡♠ Ω = (0, L)✱

−(|u′|s−2u′)′ = Λ|u|s−2u ✭✶✳✹✮

❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ❉✐r✐❝❤❧❡t✱

u(0) = u(L) = 0.

❙❛❜❡♠♦s q✉❡ ❛✉t♦✈❛❧♦r❡s ❞❡st❡ ♣r♦❜❧❡♠❛ sã♦ ❞❛❞♦s ♣♦r❀

Λk(s) = inf
C∈Ck

sup
u∈C

∫ L

0

|u′|sdx

∫ L

0

|u|sdx

,
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♦♥❞❡ u ∈ W 1,s
0 (0, L) ❡ Ck s❡ r❡❢❡r❡ ❛ ❉❡✜♥✐çã♦ ✭✶✳✺✶✮✳ ❆ss✐♠ t♦❞♦s ♦s s❡✉s

❛✉t♦✈❛❧♦r❡s ❡ ❛s ❛✉t♦❢✉♥çõ❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡①♣❧✐❝✐t❛♠❡♥t❡✱ ❡ ❡st❡
r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ✈✐st♦ ❡♠ ❬✺❪ ❡ ❬✾❪✭ ✈❡❥❛ q✉❡ ❛ ♥♦t❛çã♦ é ❞✐❢❡r❡♥t❡ ❡♠ ❛♠❜❛s ❛s
r❡❢❡rê♥❝✐❛s✮✳ ❈❤❛♠❛r❡♠♦s ❞❡ sins(x) ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧

−(|u′|s−2u′)′ = (s− 1)|u|s−2u

u(0) = 0 , u′(0) = 1

❡ ♣♦r ✐♥t❡❣r❛çã♦ ♣♦❞❡♠♦s ✈❡r q✉❡ ❡st❛ s♦❧✉çã♦ ❡stá ❞❡✜♥✐❞❛ ✐♠♣❧✐❝✐t❛♠❡♥t❡ ❝♦♠♦

x =

∫ sins(x)

0

dt

(1− ts)
1
s

.

❉❡♥♦t❡ ♣♦r πs ♦ ♣r✐♠❡✐r♦ ③❡r♦ ❞❡ sins(x)✱ ❞❛❞♦ ♣♦r

πs = 2

∫ 1

0

dt

(1− ts)
1
s

.

❖❜s❡r✈❡ q✉❡ sins(x) ❡ sin′
s(x) s❛t✐s❢❛③❡♠

|sins(x)| ≤ 1 , |sin′
s(x)| ≤ 1

❡ t❛♠❜é♠ t❡♠♦s ♣❡❧❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ P✐tá❣♦r❛s q✉❡

|sins(x)|
s + |sin′

s(x)|
s = 1.

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ é ♦ s❡❣✉✐♥t❡ ❚❡♦r❡♠❛❀

❚❡♦r❡♠❛ ✶✳✺✷✳ ❖s ❛✉t♦✈❛❧♦r❡s Λk(s) ❡ ❛s ❛✉t♦❢✉♥çõ❡s us,k ❞♦ ♣r♦❜❧❡♠❛ ❞❡
❉✐r✐❝❤❧❡t ✭✶✳✹✮ ♥♦ ✐♥t❡r✈❛❧♦ [0, L] sã♦ ❞❛❞♦s ♣♦r

Λk(s) = (s− 1)
πs
sk

s

Ls

us,k(s) = sins

(
πskx

L

)

❉❡♠♦♥str❛çã♦✳ ❱❡r ❉❡❧ P✐♥♦✱ ❉r❛❜❡❦ ❡ ▼❛♥ás❡✈✐❝❤✱ ❬✺❪✳

❖❜s❡r✈❛çã♦ ✶✳✺✸✳ ◆♦t❡♠♦s q✉❡ ♦ ❦✲és✐♠♦ ❛✉t♦✈❛❧♦r é s✐♠♣❧❡s✱ ❡ ❛ss♦❝✐❛❞♦ ❛
❛✉t♦❢✉♥çã♦ us,k t❡♠ ❦ ❞♦♠í♥✐♦s ♥♦❞❛✐s✳ ❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ us,k t❡♠ ❦✰✶ ③❡r♦s
s✐♠♣❧❡s ❡♠ [0, L]✳ ▼❛✐s ❛✐♥❞❛✱ ♦❜s❡r✈❛♠♦s q✉❡

Ks =

∫ πs

0

sins
s(t)dt

é ✉♠❛ ❝♦♥st❛♥t❡ ✜①❛❞❛ ❞❡♣❡♥❞❡♥❞♦ ❛♣❡♥❛s ❞❡ s✳

❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ❛✉t♦✈❛❧♦r ♣❛r❛ ♦ ♣✲▲❛♣❧❛❝✐❛♥♦ ❡♠ (a, b)✿

−(|u′|p−2u′)′ = λw(x)|u|p−2u, ✭✶✳✺✮
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❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ❉✐r✐❝❤❧❡t

u(a) = u(b) = 0, ✭✶✳✻✮

♦♥❞❡ ♦ ♣❡s♦ w(x) ∈ L1(a, b) é ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛✱ ❡ ♦ ♣❛r❛♠❡tr♦ λ ∈ R é ♦
❛✉t♦✈❛❧♦r✳

P❛r❛ ❡st❡ ♣r♦❜❧❡♠❛ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✶✳✺✹✳ ❙❡❥❛ {λk}k ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❛✉t♦✈❛❧♦r❡s ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✺✮❝♦♠
❛ ❝♦♥❞✐çã♦ ✭✶✳✻✮✳ ❊♥tã♦✿

✶✳ ❚♦❞❛ ❛✉t♦❢✉♥çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ❦✲❛✉t♦✈❛❧♦r λk t❡♠ ❡①❛t❛♠❡♥t❡ ❦✰✶
③❡r♦s ❡♠ [a, b]✳

✷✳ P❛r❛ ❝❛❞❛ ❦✱ λk é s✐♠♣❧❡s✳

✸✳ ❙❡ λk < λ < λk+1✱ ❛ ú♥✐❝❛ s♦❧✉ç❛♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✺✮ ❝♦♠ ❛ ❝♦♥❞✐çã♦ ✭✶✳✻✮
é u ≡ 0✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦r s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✽❪✳



❈❛♣ít✉❧♦ ✷

❊①✐stê♥❝✐❛ ❞❡ ❆✉t♦✈❛❧♦r❡s

●❡♥❡r❛❧✐③❛❞♦s

❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❡❧í♣t✐❝♦ q✉❛s❡ ❧✐♥❡❛r ❞♦ t✐♣♦ r❡ss♦♥❛♥t❡✱






−∆pu = λαr(x)|u|α−2u|v|β; ❡♠ Ω

−∆qv = µβr(x)|u|αv|v|β−2; ❡♠ Ω
✭✷✳✶✮

♦♥❞❡ ❛s ❢✉♥çõ❡s u ❡ v s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ❉✐r✐❝❤❧❡t

u(x) = v(x) = 0 para x ∈ ∂Ω,

1 < p, q < ∞ s❛t✐s❢❛③❡♠
α

p
+

β

q
= 1, ✭✷✳✷✮

❡ r ∈ L∞(Ω)✳

◆❡st❡ ❝❛♣ít✉❧♦ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞♦s ❛✉t♦✈❛❧♦r❡s ❣❡♥❡r❛❧✐③❛❞♦s ❞♦
s✐st❡♠❛ ✭✷✳✶✮ s♦❜r❡ ❛ r❡t❛ µ = tλ✱ ❡ t❛♠❜é♠ ❡①✐❜✐r❡♠♦s ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦
♣❛r❛ ❡st❡s ❛✉t♦✈❛❧♦r❡s✳

✷✳✶ ❊①✐stê♥❝✐❛ ❞❡ ❆✉t♦✈❛❧♦r❡s ●❡♥❡r❛❧✐③❛❞♦s

❘❡❧❡♠❜r❛♥❞♦ q✉❡ ♣❛r❛ C ∈ Ck ♦ ❣ê♥❡r♦ ❑r❛s♥♦s❡❧s❦✐✐ gen(C) é ❞❡✜♥✐❞♦ ❝♦♠♦
♦ ♥ú♠❡r♦ ✐♥t❡✐r♦ n ♠í♥✐♠♦ ❞❡ t❛❧ ♠♦❞♦ q✉❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ϕ : C −→ R

n \{0}
❝♦♥tí♥✉❛ í♠♣❛r✳ ◆♦ ❡♥t❛♥t♦ q✉❛♥❞♦ ❝♦♥s✐❞❡r❛♠♦s µ = tλ ♥ã♦ s❛❜❡♠♦s s❡ ❡st❡
❝♦♥❥✉♥t♦ ❞❡ ❛✉t♦✈❛❧♦r❡s ❡s❣♦t❛ ♦ ❡s♣❡❝tr♦✳

❆♣r❡s❡♥t❛r❡♠♦s ❛❣♦r❛ ✉♠ ❚❡♦r❡♠❛ q✉❡ s❡rá ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♠♦str❛r
❛ ❡①✐stê♥❝✐❛ ❞♦s ❛✉t♦✈❛❧♦r❡s ❛ss✐♠ ❝♦♠♦ ❛s ❛✉t♦❢✉♥çõ❡s✳

❚❡♦r❡♠❛ ✷✳✶✳ ❙✉♣♦♥❤❛ q✉❡ ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s sã♦ s❛t✐s❢❡✐t❛s✿
✭✐✮ ❳ é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ r❡❛❧ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦✳

✶✽
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✭✐✐✮A : X −→ X∗ é ✉♠ ♦♣❡r❛❞♦r ♣♦t❡♥❝✐❛❧ í♠♣❛r✭✐st♦ é ❆ é✱ ❛ ❞❡r✐✈❛❞❛ ❞❡
●❛t❡❛✉① ❞❡ A : X −→ R) q✉❡ é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉❛ ❡♠ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s
❡ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦
(S)1 : ❙❡ uj −→ u✭ ❢r❛❝❛♠❡♥t❡ ❡♠ ❳✮ ❡ A(uj) −→ v✱ ❡♥tã♦ uj −→ u✭❢♦rt❡♠❡♥t❡
❡♠ ❳✮✳
✭✐✐✐✮P❛r❛ ✉♠❛ ❞❛❞❛ ❝♦♥st❛♥t❡ m > 0 ♦ ❝♦♥❥✉♥t♦ ❞❡ ♥í✈❡❧

Mm = {u ∈ X / A(u) = m}

é ❧✐♠✐t❛❞♦ ❡ ❝❛❞❛ r❛✐♦ q✉❡ ♣❛ss❛ ♣❡❧❛ ♦r✐❣❡♠ ❝r✉③❛ Mm✳ ❆❧é♠ ❞✐ss♦ ♣❛r❛ ❝❛❞❛
u 6= 0, 〈A(u), u〉 > 0 ❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ρm > 0 t❛❧ q✉❡

〈A(u), u〉 ≥ ρm em Mm.

✭✐✈✮❆ ❢✉♥çã♦ B : X −→ X∗ é ✉♠ ♦♣❡r❛❞♦r ♣♦t❡♥❝✐❛❧ í♠♣❛r ❢♦rt❡♠❡♥t❡ s❡q✉❡♥❝✐❛❧
❝♦♥tí♥✉❛✭❝♦♠ ♣♦t❡♥❝✐❛❧ B✱ ❞❡ ♠♦❞♦ q✉❡ B(u) 6= 0 ✐♠♣❧✐❝❛ q✉❡ B(u) 6= 0✳ ❙❡❥❛

βk = sup
C∈Ck
C⊂Mm

inf
u∈C

B(u)

♦♥❞❡ Ck é ❛ ❝❧❛ss❡ ❞♦s ❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s s✐♠étr✐❝♦s (C = −C) ❞❡ s✉❜❝♦♥❥✉♥t♦s
❞♦ ❡s♣❛ç♦ W 1,p

0 (Ω)×W 1,q
0 (Ω) ❞❡ ❣ê♥❡r♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ ❦✳

❙❡ βk > 0✱ ❡①✐st❡ ✉♠❛ ❛✉t♦❢✉♥çã♦ uk ∈ Mm ❝♦♠

B(uk) = βk =
m

λk

.

❉✐③❡♠♦s q✉❡ {λk}k∈N é ♦ ❝♦♥❥✉♥t♦ ❞❡ ❛✉t♦✈❛❧♦r❡s ✈❛r✐❛❝✐♦♥❛✐s✳

▼❛✐s ❛✐♥❞❛✱ s❡
γ({u ∈ Mm / B(u) 6= 0}) = ∞ ✭✷✳✸✮

♦♥❞❡ ♦ ❣ê♥❡r♦ s♦❜r❡ ❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s é ❞❡✜♥✐❞♦ ♣♦r

γ(S) = sup{gen(C) : C ⊂ S;C ∈ C;C compacto},

❡♠ q✉❡ C é ❛ ❝❧❛ss❡ ❞♦s ❝♦♥❥✉♥t♦s s✐♠étr✐❝♦s✱ ♦✉ s❡❥❛ C = −C✳ ❊♥tã♦ ❡①✐st❡♠
✉♠❛ ✐♥✜♥✐❞❛❞❡ ❞❡ ❛✉t♦❢✉♥çõ❡s✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳❆♠❛♥♥ ❬✶❪✳

❘❡❧❡♠❜r❛♥❞♦✱ ❡st❛♠♦s tr❛❜❛❧❤❛♥❞♦ ♥♦ s❡❣✉✐♥t❡ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤

W = W 1,p
0 (Ω)×W 1,q

0 (Ω)

❡q✉✐♣❛❞♦ ❝♦♠ ❛ ♥♦r♠❛✿

‖(u, v)‖W =
√

‖u‖2
W 1,p

0 (Ω)
+ ‖v‖2

W 1,q
0 (Ω)

❉❛❞♦ (u∗, v∗) ∈ W−1,p′(Ω)
⊕

W−1,q′(Ω) ♣♦❞❡♠♦s ♣❡♥sá✲❧♦ ❝♦♠♦ ✉♠ ❡❧❡♠❡♥t♦ ❞❡
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W ∗✿
〈(u∗, v∗), (u, v)〉 = 〈u∗, u〉+ 〈v∗, v〉.

❊♥tã♦ t❡♠♦s W ∗ ∼= W−1,p′(Ω)
⊕

W−1,q′(Ω) ✭✐s♦♠♦r✜s♠♦ ✐s♦♠étr✐❝♦✮ ♦♥❞❡ ❛
♥♦r♠❛ ❡♠ W ∗ é ❞❛❞❛ ♣♦r✿

‖(u∗, v∗)‖W ∗ =
√

‖u∗‖2
W−1,p′ (Ω)

+ ‖v∗‖2
W−1,q′ (Ω)

.

❈♦♠ ❛ ♥♦t❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✱ ❝♦♥s✐❞❡r❡ ♦s s❡❣✉✐♥t❡s ❢✉♥❝✐♦♥❛✐s

At(u, v) =
1

p

∫

Ω

|∇u|p +
1

tq

∫

Ω

|∇v|q,

At(u, v) = (−∆pu,−
1

t
∆qv),

B(u, v) =

∫

Ω

r(x)|u|α|v|β,

B(u, v) = (r(x)α|u|α−2u|v|β, r(x)|u|ββ|v|β−2v).

✭✷✳✹✮

❖ ♣r✐♥❝✐♣❛❧ t❡♦r❡♠❛ ❞❡st❡ ❝❛♣ít✉❧♦ é ♦ s❡❣✉✐♥t❡✱

❚❡♦r❡♠❛ ✷✳✷✳ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❛✉t♦✈❛❧♦r ✭✷✳✶✮ s♦❜r❡ ❛ r❡t❛ µ = tλ ❝♦♠
r ∈ L∞(Ω)✳ ❙❡❥❛

βk = sup
C∈Ck
C⊂Mm

inf
(u,v)∈C

∫

Ω

r(x)|u|α|v|β,

❡♠ q✉❡ ❛ ❝❧❛ss❡ ❞♦s ❝♦♥❥✉♥t♦s Ck ❢♦✐ ♠❡♥❝✐♦♥❛❞♦ ❉❡✜♥✐çã♦ ✶✳✺✶✱ ❡ Mm é ❞❛❞♦
♣♦r

Mm =

{

(u, v) ∈ W ;
1

p

∫

Ω

|∇u|p +
1

tq

∫

Ω

|∇v|q = m

}

.

❖ ♣r♦❜❧❡♠❛ ✭✷✳✶✮ t❡♠ ✐♥✜♥✐t♦s ❛✉t♦✈❛❧♦r❡s ✈❛r✐❛❝✐♦♥❛✐s ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r

λk =
m

βk

.

❊ ♠❛✐s✱ q✉❛♥❞♦ Ω = (a, b) ❝❛❞❛ ❛✉t♦✈❛❧♦r λk t❡♠ ✐♥✜♥✐t❛s ❛✉t♦❢✉♥çõ❡s ❛ss♦❝✐❛❞❛s✳

❉❡♠♦♥str❛çã♦✳ ❉✐✈✐❞✐r❡♠♦s ❛ ♣r♦✈❛ ❡♠ ✈ár✐❛s ❡t❛♣❛s✳ ❖❜s❡r✈❡ q✉❡ W é ✉♠
❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✽ ❣❛r❛♥t✐♠♦s q✉❡
W é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦✳ ❱❡r✐✜❝❛r❡♠♦s ❛❣♦r❛ q✉❡ ❡st❛s ❢✉♥çõ❡s ❡stã♦ ♥❛s
❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳

❊t❛♣❛ ✶

Pr✐♠❡✐r❛♠❡♥t❡✱ ♠♦str❛r❡♠♦s q✉❡ ❛ ❞❡r✐✈❛❞❛ ❞❡ ●❛t❡❛✉① ❞❡

At(u, v) =
1

p

∫

Ω

|∇u|p +
1

tq

∫

Ω

|∇v|q,
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é ♦ ♦♣❡r❛❞♦r ❞❛❞♦ ♣♦r

At(u, v) = (−∆pu,−
1

t
∆qv).

P❛r❛ ✐ss♦ ❢❛r❡♠♦s ❛❧❣✉♥s ❝á❧❝✉❧♦s ❡ ♦❜s❡r✈❛çõ❡s✳

❖❜s❡r✈❛çã♦ ✷✳✸✳ ❆ ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ |u|p ❡ ❞❛❞❛ ♣♦r

d

du
|u|p = p|u|p−2u.

❈♦♠ ❡❢❡✐t♦✱ s❡ u ≥ 0 t❡♠♦s q✉❡ |u|p = up ❞❛í

d

du
|u|p = pup−1 = pup−2u = p|u|p−2u.

❆❣♦r❛ s❡ u ≤ 0 t❡♠♦s q✉❡ |u|p = (−u)p✱ ❧♦❣♦

d

du
|u|p = −p(−u)p−1 = −p(−u)p−2(−u) = p(−u)p−2u = p|u|p−2u.

P♦rt❛♥t♦
d

du
|u|p = p|u|p−2u.

❖❜s❡r✈❛çã♦ ✷✳✹✳ ❉❡✜♥❛ ❛ ❛♣❧✐❝❛çã♦ φ : R+ ∪ {0} → R ❞❛❞❛ ♣♦r✿

φ(s) = |∇u+ s∇z|p.

P♦❞❡♠♦s r❡❡s❝r❡✈❡r ❡st❛ ❛♣❧✐❝❛çã♦ ❞❡ ❢♦r♠❛ ❝♦♥✈❡♥✐❡♥t❡ ♣❛r❛ ♦❜t❡r♠♦s ❛ s✉❛
❞❡r✐✈❛❞❛✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

φ(s) = |∇u+ s∇z|p

= (|∇u+ s∇z|2)
p

2

= (|∇u|2 + 2s〈∇u,∇z〉+ s2|∇z|2)
p

2 .

❊♥tã♦ ❝❛❧❝✉❧❛♥❞♦ s✉❛ ❞❡r✐✈❛❞❛ t❡r❡♠♦s

φ′(s) =
p

2
(|∇u+ s∇z|2)

p

2
−1

. (2〈∇u,∇z〉+ 2s|∇z|2)

=
p

2
|∇u+ s∇z|p−2.2〈∇u+ s∇z,∇z〉

= p|∇u+ s∇z|p−2.〈∇u+ s∇z,∇z〉.

❙❛❜❡♠♦s q✉❡ ❛ ❞❡r✐✈❛❞❛ ❞❡ ●❛t❡❛✉① ❞❡ At(u, v) ♥❛ ❞✐r❡çã♦ ❞❡ (z, w) ∈
W 1,p(Ω)×W 1,q(Ω) ♣❡❧❛ ❞❡✜♥✐çã♦ é ♦ s❡❣✉✐♥t❡ ❧✐♠✐t❡

DAt(u, v).(z, w) = lim
s→0+

At((u, v) + s(z, w))−At(u, v)

s
.
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❆❣♦r❛ ✉s❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ At t❡♠♦s q✉❡

DAt(u, v).(z, w) =

= lim
s→0

1
p
.

∫

Ω

(|∇(u+ sz)|p − |∇u|p) +
1

tq
.

∫

Ω

(|∇(v + sw)|q − |∇v|q)

s

= lim
s→0

(
1

p

∫

Ω

|∇(u+ sz)|p − |∇u|p

s
+

1

tq

∫

Ω

|∇(v + sw)|q − |∇v|q

s

)

.

◆♦t❡ q✉❡ ♣♦❞❡♠♦s ♣❛ss❛r ♦ ❧✐♠✐t❡ ♣❛r❛ ❞❡♥tr♦ ❞❛s ✐♥t❡❣r❛✐s✳ ❉❡ ❢❛t♦✱ ♦s
✐♥t❡❣r❛♥❞♦s ❡stã♦ ♥❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✶✳✷✽ ♣♦✐s✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✸✵
♣❛r❛ ❛ ❢✉♥çã♦ φ ❞❡✜♥✐❞❛ ♥❛ ❖❜s❡r✈❛çã♦ ✷✳✹ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ θ ∈ [0, 1] ❞❡
♠♦❞♦ q✉❡ ♣❛r❛ s > 0 ✈❛❧❡

|∇(u+ sz)|p − |∇u|p

s
=

φ(s)− φ(0)

s

=
φ′(0 + θs).s

s

= φ′(θs).

▲♦❣♦✱
|∇(u+ sz)|p − |∇u|p

s
= p|∇(u+ sθz)|p−2〈∇(u+ sθz),∇z〉.

❆ss✐♠✱ s❡ s −→ 0+ t❡♠♦s q✉❡

|∇(u+ sz)|p − |∇u|p

s
−→ p|∇u|p−2∇u.∇z, q.t.p ❡♠ Ω.

❖s ♠❡s♠♦s ❝á❧❝✉❧♦s ♣♦❞❡♠ s❡r ❢❡✐t♦s ♣❛r❛ ♦ q✉♦❝✐❡♥t❡ ❞❛ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧
♣❡r♠✐t✐♥❞♦ ❝♦♥❝❧✉✐r q✉❡

|∇(v + sw)|q − |∇v|q

s
−→ q|∇v|q−2∇v.∇w, q.t.p ❡♠ Ω,

q✉❛♥❞♦ s −→ 0+✳

❆❣♦r❛ ♦❜s❡r✈❡ q✉❡
∣
∣
∣
∣

|∇(u+ sz)|p − |∇u|p

s

∣
∣
∣
∣

≤ p|∇(u+ sθz)|p−2|∇(u+ sθz)||∇z|

= p|∇u+ θs∇z|p−1|∇z|

≤ p (|∇u|+ θs|∇z|)p−1 |∇z|,

❝♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s q✉❛♥❞♦ s −→ 0+✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ s é
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s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ❞❡ ♠♦❞♦ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ c0 > 0 t❛❧ q✉❡

|s| ≤ c0.

❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s ✉s❛r ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✶✳✸✹✮ ❡ ❝♦♥❝❧✉✐r q✉❡
∣
∣
∣
∣

|∇(u+ sz)|p − |∇u|p

s

∣
∣
∣
∣

≤ p (|∇u|+ θs|∇z|)p−1 |∇z|

≤ 2p−1p (|∇u|p−1 + θp−1sp−1|∇z|p−1) |∇z|

≤ 2p−1p
(
|∇u|p−1 + cp−1

0 |∇z|p−1
)
|∇z|

= 2p−1p
(
|∇u|p−1|∇z|+ cp−1

0 |∇z|p
)
.

❈♦♠♦ |∇u|p−1 ∈ L
p

p−1 (Ω)✱ |∇z| ∈ Lp(Ω)✱ |∇z|p ∈ L1(Ω) ❡ ❛✐♥❞❛

p− 1

p
+

1

p
= 1,

❝♦♥❝❧✉✐♠♦s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✾✱ q✉❡

2p−1p
(
|∇u|p−1|∇z|+ cp−1

0 |∇z|p
)
∈ L1(Ω).

▲♦❣♦ ♦❜t❡♠♦s q✉❡ ♦ q✉♦❝✐❡♥t❡

|∇(u+ sz)|p − |∇u|p

s

é ❧✐♠✐t❛❞♦ ♣♦r ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧✱ ❛♦ q✉❛❧ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ s✳ ❖s ♠❡s♠♦s
❝á❧❝✉❧♦s ♣♦❞❡♠ s❡r ❢❡✐t♦s ♣❛r❛ ♦ s❡❣✉♥❞♦ q✉♦❝✐❡♥t❡ q✉❡ ❛♣❛r❡❝❡ ♥♦ ❧✐♠✐t❡✱ ❡
❝♦♥❝❧✉✐r❡♠♦s q✉❡ ❡st❡ t❛♠❜é♠ é ❧✐♠✐t❛❞♦ ♣♦r ✉♠❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ q✉❡ ♥ã♦
❞❡♣❡♥❞❡ ❞❡ s✳ P♦rt❛♥t♦✱ ♣♦❞❡♠♦s ♣❛ss❛r ♦ ❧✐♠✐t❡ ♣❛r❛ ❞❡♥tr♦ ❞❛s ✐♥t❡❣r❛✐s ✉s❛♥❞♦
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♦ ❚❡♦r❡♠❛ ✶✳✷✽✱ ❞❛í

DAt(u, v).(z, w) = 1
p

∫

Ω

lim
s→0

|∇(u+ sz)|p − |∇u|p

s
+

+ 1
tq

∫

Ω

lim
s→0

|∇(v + sw)|q − |∇v|q

s

= 1
p

∫

Ω

p|∇u|p−2∇u∇z +
1

tq

∫

Ω

q|∇v|q−2∇v∇w

=

∫

Ω

|∇u|p−2∇u∇z +
1

t

∫

Ω

|∇v|q−2∇v∇w

= 〈−∆pu, z〉+

〈

−
1

t
∆qv, w

〉

=

〈(

−∆pu,−
1

t
∆qv

)

, (z, w)

〉

.

❆ss✐♠ ♦❜t❡♠♦s

DAt(u, v).(·, ·) =

〈(

−∆pu,−
1

t
∆qv

)

, (·, ·)

〉

.

❆❣♦r❛ ♠♦str❛r❡♠♦s q✉❡ ♦ ♦♣❡r❛❞♦r

At(u, v) =

(

−∆pu,−
1

t
∆qv

)

,

é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉♦ ❡♠ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s✳ ❈♦♠ ❡❢❡✐t♦✱ ♦❜s❡r✈❡ q✉❡

|〈−∆pw − (−∆pu), v〉| =

∣
∣
∣
∣

∫

Ω

(|∇w|p−2∇w − |∇u|p−2∇u)∇vdx

∣
∣
∣
∣

≤

∫

Ω

∣
∣|∇w|p−2∇w − |∇u|p−2∇u

∣
∣ |∇v|dx,

❡ s❡ 1 < p ≤ 2✱ ♦ ❚❡♦r❡♠❛ ✶✳✹✹ ♥♦s ❣❛r❛♥t❡ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ c̃p t❛❧ q✉❡

|〈−∆pw − (−∆pu), v〉| ≤

∫

Ω

∣
∣|∇w|p−2∇w − |∇u|p−2∇u

∣
∣ |∇v|dx

≤ c̃p

∫

Ω

|∇w −∇u|p−1 |∇v|dx.
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❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✶✾ ♣❛r❛ |∇w −∇u|p−1 ∈ L
p

p−1 ❡ ∇v ∈ Lp ♦❜t❡r❡♠♦s✿

|〈−∆pw − (−∆pu), v〉| ≤ c̃p

∫

Ω

|∇w −∇u|p−1 |∇v|dx

≤ c̃p

(∫

Ω

(
|∇w −∇u|p−1)

p

p−1 dx

) p−1
p

.

(∫

Ω

|∇v|pdx

) 1
p

= c̃p‖w − u‖p−1

W 1,p
0 (Ω)

.‖v‖W 1,p
0 (Ω).

❉❛í ❡♥tã♦ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡

‖ −∆pw − (−∆pu)‖W−1,q(Ω) ≤ c̃p‖w − u‖p−1

W 1,p
0 (Ω)

.

P♦rt❛♥t♦✱ ❝❤❡❣❛♠♦s q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ −∆p : W 1,p
0 (Ω) → W−1,q(Ω) é Hölder

❝♦♥tí♥✉♦ ❡✱ ❧♦❣♦ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉♦✳

❙❡ p > 2✱ t❛♠❜é♠ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹✹ ❣❛r❛♥t✐♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❝♦♥st❛♥t❡
c̃p t❛❧ q✉❡

|〈−∆pw − (−∆pu), v〉| ≤

∫

Ω

∣
∣|∇w|p−2∇w − |∇u|p−2∇u

∣
∣ |∇v|dx

≤ c̃p

∫

Ω

|∇w −∇u| (|∇w|+ |∇u|)p−2 |∇v|dx.

❈♦♠♦ |∇w −∇u| ∈ Lp(Ω), (|∇w|+ |∇u|)p−2 ∈ L
p

p−2 (Ω), |∇v| ∈ Lp(Ω) ❡

1

p
+

p− 2

p
+

1

p
= 1

♣♦❞❡♠♦s ✉s❛r ♦ ❚❡♦r❡♠❛ ✶✳✶✾ ❡ ❝♦♥❝❧✉✐r

|〈−∆pw − (−∆pu), v〉| ≤ c̃p

∫

Ω

|∇w −∇u| (|∇w|+ |∇u|)p−2 |∇v|dx

≤ c̃p

(∫

Ω

|∇w −∇u|pdx

) 1
p
(∫

Ω

(|∇w|+ |∇u|)
(p−2)p
p−2 dx

) p−2
p
(∫

Ω

|∇v|pdx

) 1
p

= c̃p‖w − u‖W 1,p
0 (Ω

(∫

Ω

(|∇w|+ |∇u|)pdx

) p−2
p

‖v‖W 1,p
0 (Ω)

≤ c̃p.2
p−2‖w − u‖W 1,p

0 (Ω

(∫

Ω

(|∇w|p + |∇u|p)dx

) p−2
p

‖v‖W 1,p
0 (Ω)

= c̃p.2
p−2‖w − u‖W 1,p

0 (Ω

(

‖w‖p
W 1,p

0 (Ω)
+ ‖u‖p

W 1,p
0 (Ω)

) p−2
p

‖v‖W 1,p
0 (Ω).
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❉❡♥♦t❛♥❞♦ c = c̃p.2
p−2✱ ♦❜t❡♠♦s

‖ −∆pw − (−∆pu)‖W−1,q(Ω) ≤ c‖w − u‖W 1,p
0 (Ω)

(

‖w‖p
W 1,p

0 (Ω)
+ ‖u‖p

W 1,p
0 (Ω)

) p−2
p

,

q✉❡ r❡str✐t♦ ❛ ✉♠ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦✱ A ⊂ W 1,p
0 (Ω)✱ ♦✉ s❡❥❛✱ s❡ ❡①✐st❡ M > 0 t❛❧

q✉❡
‖w‖W 1,p

0 (Ω) ≤ M ❡ ‖u‖W 1,p
0 (Ω) ≤ M, ∀ w, u ∈ A

t❡♠♦s❀
‖ −∆pw − (−∆pu)‖W−1,q(Ω) ≤ c(2Mp)

p−2
p ‖w − u‖W 1,p

0 (Ω),

♦✉ s❡❥❛✱ r❡str✐t♦ ❛♦ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ A✱ ♦ ♦♣❡r❛❞♦r −∆p : A ⊂ W 1,p
0 (Ω) →

W−1,q(Ω) é ❧✐♣s❝❤✐t③✱ ♣♦rt❛♥t♦✱ é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉♦✳ ▼♦str❛♠♦s ❡♥tã♦ q✉❡
♦ ♦♣❡r❛❞♦r ♣✲▲❛♣❧❛❝✐❛♥♦ é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉♦ ❡♠ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s✳

❊t❛♣❛ ✷✿

❆❣♦r❛ ♠♦str❛r❡♠♦s q✉❡ ♦ ♦♣❡r❛❞♦r At(u, v) s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ (S1)✱ ✐st♦ é✱
s❛t✐s❢❛③

• ❙❡ (uj, vj) ⇀ (u, v) ❡♠ W ❡ At(uj, vj) −→ (z, w) ❡♠ W ❡♥tã♦ (uj, vj) −→
(u, v) ❡♠ W ✱ ♦♥❞❡ W = W 1,p

0 (Ω)×W 1,q
0 (Ω).

❉❡ ❢❛t♦✱ s❡ (uj, vj) ⇀ (u, v) ❡♠ W ✱ ❡♥tã♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✻ ❛ s❡q✉ê♥❝✐❛
{(uj, vj)}j∈N é ❧✐♠✐t❛❞❛ ❡♠ W ✱ ❡ s❡ At(uj, vj) −→ (z, w) ❡♠ W ✱ t❡♠♦s q✉❡
At(uj, vj) é ❞❡ ❈❛✉❝❤② ❡♠ W ✳ ◆♦t❡ q✉❡✱

〈At(uj, vj)− At(uk, vk), (uj, vj)− (uk, vk)〉W ∗,W =

= 〈−∆puj − (−∆puk), uj − uk〉+
1

t
〈−∆qvj − (−∆qvk), vj − vk〉

=

∫

Ω

(
|∇uj|

p−2∇uj − |∇uk|
p−2∇uk

)
.∇(uj − uk)dx

+
1

t

∫

Ω

(
|∇vj|

q−2∇vj − |∇vk|
q−2∇vk

)
.∇(vj − vk)dx.

❆❣♦r❛ t❡r❡♠♦s q✉❡ ❝♦♥s✐❞❡r❛r ❞♦✐s ❝❛s♦s✿

1 < p ≤ 2

❡
p ≥ 2.



✷✼ ✷✳✶✳ ❊❳■❙❚✃◆❈■❆ ❉❊ ❆❯❚❖❱❆▲❖❘❊❙ ●❊◆❊❘❆▲■❩❆❉❖❙

P❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✹✸ ❣❛r❛♥t✐♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦♥st❛♥t❡s cp ❡ cq t❛✐s q✉❡

〈At(uj, vj)− At(uk, vk), (uj, vj)− (uk, vk)〉W ∗,W =

=

∫

Ω

(
|∇uj|

p−2∇uj − |∇uk|
p−2∇uk

)
.∇(uj − uk)dx

+
1

t

∫

Ω

(
|∇vj|

q−2∇vj − |∇vk|
q−2∇vk

)
.∇(vj − vk)dx

≥







cp‖uj − uk‖
p

W 1,p
0 (Ω)

+
cq
t
‖vj − vk‖

q

W 1,q
0 (Ω)

, p ≥ 2

cp‖uj − uk‖
2
W 1,p

0 (Ω)

(‖uj‖W 1,p
0 (Ω) + ‖uk‖W 1,p

0 (Ω))
2−p

+
cq‖vj − vk‖

2
W 1,q

0 (Ω)

t(‖vj‖W 1,q
0 (Ω) + ‖vk‖W 1,q

0 (Ω))
2−q

, p ≤ 2.

▲♦❣♦✱ ❝♦♥s✐❞❡r❛♥❞♦ p ≥ 2 ❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✶✳✸✮ t❡r❡♠♦s

cp‖uj − uk‖
p

W 1,p
0 (Ω)

+
cq‖vj − vk‖

q

W 1,q
0 (Ω)

t

≤ 〈At(uj, vj)− At(uk, vk), (uj − uk, vj − vk)〉W ∗,W

≤ ‖At(uj, vj)− At(uk, vk)‖W ∗‖(uj − uk, vj − vk)‖W .

❈♦♠♦ (At(un, vn))n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤②✱ ❡ (un, vn)n∈N é ❧✐♠✐t❛❞❛
♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

lim
j,k→∞

cp‖uj − uk‖
p

W 1,p
0 (Ω)

+
1

t
cq‖vj − vk‖

q

W 1,q
0 (Ω)

= 0.

❈♦♠♦ t❡♠♦s q✉❡ ❛s ❝♦♥st❛♥t❡s cp ❡ cq sã♦ ♣♦s✐t✐✈❛s ❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ t > 0✱
❝♦♥❝❧✉í♠♦s q✉❡

lim
j,k→∞

‖uj − uk‖W 1,p
0 (Ω) = 0,

❡
lim

j,k→∞
‖vj − vk‖W 1,q

0 (Ω) = 0.

❖✉ s❡❥❛✱ ❛s s❡q✉ê♥❝✐❛s (un)n∈N ❡ (vn)n∈N sã♦ ❞❡ ❝❛✉❝❤② ❡♠ W 1,p
0 (Ω) ❡ W 1,q

0 (Ω)
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ ❝♦♠♦ ❡st❡s ❡s♣❛ç♦s sã♦ ❝♦♠♣❧❡t♦s t❡♠✲s❡ q✉❡ ❛ s❡q✉ê♥❝✐❛
(un, vn)n∈N ❝♦♥✈❡r❣❡ ❢♦rt❡ ❡♠ W ✱ ♠❛s ❥á t❡♠♦s q✉❡ ❡st❛ s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡ ❢r❛❝♦
❡♠ W ❝♦♠ ❧✐♠✐t❡ ❢r❛❝♦ (u, v) ∈ W ✳ P❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡ ❝♦♥❝❧✉í♠♦s q✉❡

(un, vn) −→ (u, v) ❡♠ W

❝♦♠♦ q✉❡rí❛♠♦s✳
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❙❡ 1 < p ≤ 2 t❡r❡♠♦s✿

〈At(uj, vj)− At(uk, vk), (uj, vj)− (uk, vk)〉W ∗,W =

=

∫

Ω

(
|∇uj|

p−2∇uj − |∇uk|
p−2∇uk

)
.∇(uj − uk)dx

+
1

t

∫

Ω

(
|∇vj|

q−2∇vj − |∇vk|
q−2∇vk

)
.∇(vj − vk)dx

≥ cp
‖uj − uk‖

2
W 1,p

0 (Ω)

(‖uj‖W 1,p
0 (Ω) + ‖uk‖W 1,p

0 (Ω))
2−p

+
1

t
cq

‖vj − vk‖
2
W 1,q

0 (Ω)

(‖vj‖W 1,q
0 (Ω) + ‖vk‖W 1,q

0 (Ω))
2−q

❝♦♠♦ ❛ s❡q✉ê♥❝✐❛ (un, vn)n∈N é ❧✐♠✐t❛❞❛ ❡♠ W ✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡
M > 0 t❛❧ q✉❡

‖uj‖W 1,p
0 (Ω) ≤ M ❡

‖vj‖W 1,q
0 (Ω) ≤ M

♣❛r❛ t♦❞♦ j ∈ N✳ ❉❛í

(‖uj‖W 1,p
0 (Ω) + ‖uk‖W 1,p

0 (Ω))
2−p ≤ (2M)2−p

❡
(‖vj‖W 1,q

0 (Ω) + ‖vk‖W 1,q
0 (Ω))

2−q ≤ (2M)2−p.

P♦rt❛♥t♦

〈At(uj, vj)− At(uk, vk), (uj, vj)− (uk, vk)〉W ∗,W =

=

∫

Ω

(
|∇uj|

p−2∇uj − |∇uk|
p−2∇uk

)
.∇(uj − uk)dx

+
1

t

∫

Ω

(
|∇vj|

q−2∇vj − |∇vk|
q−2∇vk

)
.∇(vj − vk)dx

≥ cp
‖uj − uk‖

2
W 1,p

0 (Ω)

(2M)2−p
+

1

t
cq
‖vj − vk‖

2
W 1,q

0 (Ω)

(2M)2−p
,

❛ss✐♠ r❡❡s❝r❡✈❡♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✶✳✸✮ t❡r❡♠♦s

cp‖uj − uk‖
2
W 1,p

0 (Ω)

(2M)2−p
+

cq‖vj − vk‖
2
W 1,q

0 (Ω)

t(2M)2−p

≤ 〈At(uj, vj)− At(uk, vk), (uj, vj)− (uk, vk)〉W ∗,W

≤ ‖At(uj, vj)− At(uk, vk)‖W ∗‖(uj − uk, vj − vk)‖W ,

❡✱ ♥♦✈❛♠❡♥t❡ ♣♦r (At(un, vn))n∈N s❡r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤②✱ ❡ (un, vn)n∈N s❡r
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❧✐♠✐t❛❞❛ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡

lim
j,k−→∞

cp
‖uj − uk‖

2
W 1,p

0 (Ω)

(2M)2−p
+

1

t
cq
‖vj − vk‖

2
W 1,q

0 (Ω)

(2M)2−p
= 0.

❉❛í ♦❜t❡♠♦s q✉❡
lim

j,k−→∞
‖uj − uk‖W 1,p

0 (Ω) = 0

❡
lim

j,k−→∞
‖vj − vk‖W 1,q

0 (Ω) = 0,

♦✉ s❡❥❛ ❛ s❡q✉ê♥❝✐❛ (un, vn)n∈N é ❞❡ ❈❛✉❝❤② ❡♠W ✱ q✉❡ é ✉♠ ❡s♣❛ç♦ ❝♦♠♣❧❡t♦✱ ❧♦❣♦
❝♦♥✈❡r❣❡ ❡♠ W ✳ P♦r ❡st❛ s❡q✉ê♥❝✐❛ ❥á ♣♦ss✉✐r ❧✐♠✐t❡ ❢r❛❝♦ (u, v) ∈ W ❝♦♥❝❧✉í♠♦s
♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞♦ ❧✐♠✐t❡ q✉❡

(uj, vj) −→ (u, v) ❡♠ W

❝♦♠♦ q✉❡rí❛♠♦s✳

❊t❛♣❛ ✸✿

▼♦str❛r❡♠♦s ❛❣♦r❛ ❛ t❡r❝❡✐r❛ ❝♦♥❞✐çã♦✱ q✉❡ é ❛ s❡❣✉✐♥t❡❀

• ❉❛❞♦ ✉♠❛ ❝♦♥st❛♥t❡ m > 0 ♦ ❝♦♥❥✉♥t♦

Mm = {(u, v) ∈ W/At(u, v) = m}

é ❧✐♠✐t❛❞♦✱ ❡ ❝❛❞❛ r❛✐♦ q✉❡ ♣❛ss❛ ♣❡❧❛ ♦r✐❣❡♠ ✐♥t❡rs❡❝t❛ Mm✳ ▼❛✐s ❛✐♥❞❛✱
♣❛r❛ t♦❞♦ (u, v) 6= 0 t❡♠♦s q✉❡ 〈At(u, v), (u, v)〉 > 0 ❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡
ρm > 0 t❛❧ q✉❡ 〈At(u, v), (u, v)〉 ≥ ρm✳

▲❡♠❜r❡♠♦s q✉❡

‖(u, v)‖W =
(

‖u‖2
W 1,p

0 (Ω)
+ ‖v‖2

W 1,q
0 (Ω)

) 1
2
,

❡ s❡ (u, v) ∈ Mm✱ ❡♥tã♦

1

p

∫

Ω

|∇u|p +
1

tq

∫

Ω

|∇v|q = m

♦✉ s❡❥❛✱
1

p
‖u‖pW 1,p(Ω) +

1

tq
‖v‖qW 1,q(Ω) = m,

❧♦❣♦

‖u‖pW 1,p(Ω) = p

(

m−
1

tq
‖v‖qW 1,q(Ω)

)

≤ pm.

P♦rt❛♥t♦
‖u‖2W 1,q(Ω) ≤ (pm)

2
p ,
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❝♦♠ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❝♦♥s❡❣✉✐♠♦s ❧✐♠✐t❛r ‖u‖2W 1,q(Ω)✱ ♣♦✐s

‖v‖qW 1,q(Ω) = tq

(

m−
1

p
‖u‖pW 1,p(Ω)

)

≤ tqm.

❉❛í✱
‖v‖2W 1,q(Ω) ≤ (tqm)

2
q .

P♦rt❛♥t♦

‖(u, v)‖W =
(

‖u‖2W 1,p(Ω) + ‖v‖2W 1,q(Ω)

) 1
2

≤
(

(pm)
2
p + (tqm)

2
q

) 1
2
= C(t).

❈♦♠♦ ❡st❛♠♦s ✜①❛♥❞♦ t > 0 s❡❣✉❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ Mm é ❧✐♠✐t❛❞♦✳

▼♦str❡♠♦s ❛❣♦r❛ q✉❡ t♦❞♦ r❛✐♦ c(u, v), c ∈ R ❝♦♠ (u, v) 6= 0 ✐♥t❡rs❡❝t❛ Mm✳
❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ (u, v) ∈ W \ {(0, 0)} ❡ ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦

f : R+ ∪ {0} −→ R

c 7−→ At(c(u, v)),

♦❜s❡r✈❡ q✉❡ f(0) = 0 ❡

f(c) =
cp

p

∫

Ω

|∇u|p +
cq

tq

∫

Ω

|∇v|q.

❆ss✐♠✱ s❡ t é ✜①❛❞♦ ❡ ❢❛③❡♠♦s c → +∞ ✈❡♠♦s q✉❡ f(c) → +∞✳ P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡
❞❡ f s❡❣✉❡ q✉❡ ❡①✐st❡ d ∈ R t❛❧ q✉❡ f(d) = m✱ ♣♦rt❛♥t♦ ♦ r❛✐♦ c(u, v) ✐♥t❡rs❡❝t❛
Mm✳

❆❣♦r❛ ❝♦♥s✐❞❡r❡ (u, v) ∈ W \ {(0, 0)}✳ ❉❛í t❡♠♦s

〈At(u, v), (u, v)〉 = 〈(−∆pu,−
1

t
∆qv), (u, v)〉

= 〈−∆pu, u〉+
1

t
〈−∆q, v〉

=

∫

Ω

|∇u|p−2∇u.∇u+
1

t

∫

Ω

|∇v|q−2∇v.∇v

=

∫

Ω

|∇u|p +
1

t

∫

Ω

|∇v|q

= ‖u‖p
W 1,p

0 (Ω)
+

1

t
‖v‖q

W 1,q
0 (Ω)

> 0.
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◆♦t❡ q✉❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ p, q > 1 ❡ s❡ (u, v) ∈ Mm ♦❜t❡♠♦s q✉❡

〈At(u, v), (u, v)〉 = p
1

p
‖u‖p

W 1,p
0 (Ω)

+ q
1

qt
‖v‖q

W 1,q
0 (Ω)

≥ min{p, q}

(
1

p
‖u‖p

W 1,p
0 (Ω)

+
1

qt
‖v‖q

W 1,q
0 (Ω)

)

= min{p, q}At(u, v)

= min{p, q}m

P♦rt❛♥t♦✱
〈At(u, v), (u, v)〉 ≥ ρm

t❛❧ q✉❡ ρm = min{p, q}m > 0✳ ▲♦❣♦ ❝♦♥❝❧✉✐♠♦s ❛ t❡r❝❡✐r❛ ❝♦♥❞✐çã♦ ❞♦ ❚❡♦r❡♠❛✳

❊t❛♣❛ ✹✿

P♦r ✜♠✱ ♠♦str❡♠♦s ❛ ú❧t✐♠❛ ❝♦♥❞✐çã♦✱ q✉❡ é ❛ s❡❣✉✐♥t❡❀

• ❆ ❢✉♥çã♦ B : W −→ W ∗ é ✉♠ ♦♣❡r❛❞♦r ♣♦t❡♥❝✐❛❧ í♠♣❛r ✭❝♦♠ ♣♦t❡♥❝✐❛❧
B✮ ❝♦♥tí♥✉♦ ♥♦ s❡♥t✐❞♦ ❞❛ ♥♦r♠❛ ✭❢♦rt❡♠❡♥t❡✮✱ t❛❧ q✉❡ B(u, v) 6= 0 ✐♠♣❧✐❝❛
B(u, v) 6= 0✳

❉❡ ❢❛t♦✱ ♣♦r ❞❡✜♥✐çã♦✱ ❛ ❞❡r✐✈❛❞❛ ❞❡ ●❛t❡❛✉① ❞❡ B ♥❛ ❞✐r❡çã♦ ❞❡ (z, w) ∈ W é ♦
❧✐♠✐t❡✿

DB(u, v).(z, w) = lim
s−→0+

B((u, v) + s(z, w))− B(u, v)

s

= lim
s−→0+

∫

Ω

r(x)|u+ sz|α|v + sw|β −

∫

Ω

r(x)|u|α|v|β

s

= lim
s−→0+

∫

Ω

r(x)

[
|u+ sz|α|v + sw|β − |u|α|v|β

s

]

.

◆♦t❡ q✉❡ ♣♦❞❡♠♦s tr♦❝❛r ♦ ❧✐♠✐t❡ ❞❡ ❧✉❣❛r ❝♦♠ ❛ ✐♥t❡❣r❛❧✳ ❈♦♠ ❡❢❡✐t♦✱ ❞❡✜♥❛ ❛
❢✉♥çã♦✿

ϕ : R+ ∪ {0} −→ R

s 7−→ |u+ sz|α|v + sw|β.

❖❜s❡r✈❡ q✉❡ ϕ é ❞❡r✐✈á✈❡❧✱ ❞❛í ✉s❛♥❞♦ ✭✷✳✸✮ ❡ ❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ ♦❜t❡♠♦s q✉❡❀

ϕ′(s) = α|u+ sz|α−2(u+ sz)z|v + sw|β + |u+ sz|αβ|v + sw|β−2(v + sw)w,

❛ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✵✱ ❡①✐st❡ θ ∈ (0, 1) t❛❧ q✉❡❀

ϕ(s)− ϕ(0) = ϕ′(θs)s
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♦✉ s❡❥❛✱ ♣❛r❛ s > 0 t❡♠♦s✿

|u+ sz|α|v + sw|β − |u|α|v|β

s
= α|u+ θsz|α−2(u+ θsz)z|v + θsw|β+

+ |u+ θsz|αβ|v + θsw|β−2(v + θsw)w.

✭✷✳✺✮

▲♦❣♦ ♦❜t❡♠♦s q✉❡

lim
s−→0+

|u+ sz|α|v + sw|β − |u|α|v|β

s
= α|u|α−2u|v|βz + |u|αβ|v|β−2vw. ✭✷✳✻✮

❱♦❧t❛♥❞♦ ❡♠ ✭✷✳✺✮ ♦❜s❡r✈❛♠♦s q✉❡
∣
∣
∣
∣

|u+ sz|α|v + sw|β − |u|α|v|β

s

∣
∣
∣
∣

≤ α|u+ θsz|α−1|v + θsw|β|z|+

+ |u+ θsz|αβ|v + θsw|β−1|w|,

❡ ✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✭✶✳✸✹✮ t❡♠♦s✿
∣
∣
∣
∣

|u+ sz|α|v + sw|β − |u|α|v|β

s

∣
∣
∣
∣

≤ α2α+β−1 (|u|α−1 + (sθ)α−1|z|α−1)
(
|v|β + (θs)β|w|β

)
|z|+

+ β2α+β−1 (|u|α + (θs)α|z|α)
(
|v|β−1 + (θs)β−1|w|β−1

)
|w|.

❈♦♠♦ θ ∈ (0, 1) ❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s q✉❛♥❞♦ s −→ 0+ ♣♦❞❡♠♦s t♦♠❛r ✉♠❛
❝♦♥st❛♥t❡ c > 0 t❛❧ q✉❡ |s| ≤ c ❡✱ ♣♦rt❛♥t♦ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡

θs ≤ c.

❆ss✐♠✱

r(x)

[
|u+ sz|α|v + sw|β − |u|α|v|β

s

]

≤ r(x)
[
α2α+β−1 (|u|α−1 + cα−1|z|α−1)

(
|v|β + cβ|w|β

)
|z|+

+ β2α+β−1 (|u|α + cα|z|α)
(
|v|β−1 + cβ−1|w|β−1

)
|w|
]
.

❖❜s❡r✈❡ q✉❡ (|u|α−1 + cα−1|z|α−1) ∈ L
p

α−1 (Ω),
(
|v|β + cβ|w|β

)
∈ L

q

β (Ω), |z| ∈

Lp(Ω), (|u|α + cα|z|α) ∈ L
p

α (Ω),
(
|v|β−1 + cβ−1|w|β−1

)
∈ L

q

β−1 (Ω), |w| ∈ Lq(Ω)✱
❡ ❞❡ ✭✹✮ ♦❜t❡♠♦s

α− 1

p
+

β

q
+

1

p
= 1

❡
α

p
+

β − 1

q
+

1

q
= 1.
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❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✾ ❝♦♥❝❧✉✐♠♦s q✉❡ ❛ s♦♠❛ ❡♥tr❡ ❝♦❧❝❤❡t❡s é ✉♠❛ ❢✉♥çã♦
✐♥t❡❣rá✈❡❧✳ ❈♦♠♦ r ∈ L∞(Ω)✱ s❡ M = sup essx∈Ω |r(x)| t❡♠♦s q✉❡

r(x) ≤ M, q✳t✳♣ ❡♠ Ω,

❧♦❣♦

r(x)

[
|u+ sz|α|v + sw|β − |u|α|v|β

s

]

≤ M
[
α2α+β−1 (|u|α−1 + cα−1|z|α−1)

(
|v|β + cβ|w|β

)
|z|+

+ β2α+β−1 (|u|α + cα|z|α)
(
|v|β−1 + cβ−1|w|β−1

)
|w|
]
, q✳t✳♣ ❡♠Ω,

♣♦rt❛♥t♦ r(x)

[
|u+ sz|α|v + sw|β − |u|α|v|β

s

]

é ❧✐♠✐t❛❞♦ ♣♦r ✉♠❛ ❢✉♥çã♦

✐♥t❡❣rá✈❡❧ ❡♠ q✉❛s❡ t♦❞♦ ♣♦♥t♦ ❞❡ Ω✱ ❛ss✐♠ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✽ ♣♦❞❡♠♦s tr♦❝❛r ♦
❧✐♠✐t❡ ❞❡ ❧✉❣❛r ❝♦♠ ❛ ✐♥t❡❣r❛❧✱ ♦✉ s❡❥❛

DB(u, v).(z, w) = lim
s−→0+

∫

Ω

r(x)

[
|u+ sz|α|v + sw|β − |u|α|v|β

s

]

=

∫

Ω

lim
s−→0+

r(x)

[
|u+ sz|α|v + sw|β − |u|α|v|β

s

]

❡ ♣♦r ✭✷✳✻✮ ❝♦♥❝❧✉✐♠♦s q✉❡

DB(u, v).(z, w) =

∫

Ω

r(x)
[
α|u|α−2u|v|βz + |u|αβ|v|β−2vw

]

=

∫

Ω

r(x)α|u|α−2u|v|βz +

∫

Ω

r(x)|u|αβ|v|β−2vw.

❆ss✐♠✱

DB(u, v).(z, w) =

∫

Ω

r(x)α|u|α−2u|v|βz +

∫

Ω

r(x)|u|αβ|v|β−2vw

= 〈r(x)α|u|α−2u|v|β, z〉+ 〈r(x)|u|αβ|v|β−2v, w〉

= 〈(r(x)α|u|α−2u|v|β, r(x)|u|αβ|v|β−2v), (z, w)〉,

♦✉ s❡❥❛

DB(u, v).(·, ·) = 〈(r(x)α|u|α−2u|v|β, r(x)|u|αβ|v|β−2v), (·, ·)〉

❝♦♠ q✉❡rí❛♠♦s✳

❆❣♦r❛ ♦❜s❡r✈❡ q✉❡ ♦ ♦♣❡r❛❞♦r B é ❝♦♥tí♥✉♦ ♣♦✐s s✉❛s ❢✉♥çõ❡s ❝♦♦r❞❡♥❛❞❛s sã♦
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❝♦♥tí♥✉❛s✱ ❡ ❛✐♥❞❛ s❡ t❡♠♦s B(u, v) = (0, 0) ❡♥tã♦✱

(r(x)α|u|α−2u|v|β, r(x)|u|αβ|v|β−2v) = (0, 0),

❞❛í 





|u|α−1|v|β = 0

|u|α|v|β−1 = 0

❡ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ♣♦r |u| ❡ ❛ s❡❣✉♥❞❛ ♣♦r |v| ♦❜t❡r❡♠♦s

|u|α|v|β = 0 ∀ x ∈ Ω

♣♦rt❛♥t♦ s❡❣✉❡ q✉❡

B(u, v) =

∫

Ω

r(x)|u|α|v|βdx = 0.

❆ss✐♠ ❝♦♥❝❧✉✐♠♦s ❛ ❛✜r♠❛çã♦✱ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✶✱ s❡ βk > 0✱ ❡①✐st❡ ✉♠❛
❛✉t♦❢✉♥çã♦ (uk, vk) ∈ Mm ❝♦♠

B(uk, vk) = βk.

❊t❛♣❛ ✺

❙✉♣♦♥❞♦ Ω = (a, b) ❞❡♠♦♥str❛r❡♠♦s q✉❡

• γ({(u, v) ∈ Mm/B(u, v) 6= 0}) = ∞.

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ ❡♠ R
k ❛ ♥♦r♠❛

|x|p =

(
k∑

i=1

|xi|
p

) 1
p

,

❡ ❞❡✜♥❛ ♦ ❝♦♥❥✉♥t♦ Sk−1 = {x ∈ R
k/ |x|p = 1}✳ ❆❣♦r❛ ❝♦♥s✐❞❡r❡ φk ❛ ❛✉t♦❢✉♥çã♦

❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ❛✉t♦✈❛❧♦r λk ❞♦ ♣r♦❜❧❡♠❛






(|φ′|p−2φ′)′ = λ|φ|p−2φ, ❡♠ (a, b)

φ(a) = φ(b) = 0.

P❡❧♦ ❚❡♦r❡♠❛ ✶✳✺✷ ❡ ❛ ❖❜s❡r✈❛çã♦ ✶✳✺✸✱ ❛ ❛✉t♦❢✉♥çã♦ φk t❡♠ k + 1 ③❡r♦s ❡♠
{si}

k
i=0, a = s0 < s1 < · · · < sk = b✳ ❉❡✜♥❛ ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦

wi(s) =







φk(s) s❡ s ∈ (si−1, si)

0 ❝❛s♦ ❝♦♥trár✐♦

❡♠ q✉❡ i ∈ {1, · · · k}✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ♣♦❞❡♠♦s s✉♣♦r q✉❡
‖wi‖W 1,p(a,b) = 1✱ i = 1, · · · , k − 1 ❡ ‖wk‖W 1,q(a,b) = 1✱ ♦♥❞❡ ✉s❛♠♦s q✉❡
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W 1,p(a, b) ⊂ W 1,q(a, b)✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

B =

{(
k−1∑

i=1

ciwi, ckwk

)

∈ W

}

= [w1, · · · , wk−1, wk].

❉❡✜♥❛ ❛ ❢✉♥çã♦

h : Sk−1 → B

(x1, · · · xk) 7→

(

(pα)
1
p

k−1∑

i=1

xiwi(s) , (qsα)
1
q |xk|

p

q
−1xkwk(s)

)

.

❆✜r♠❛çã♦ ✷✳✺✳ h(Sk−1) ⊂ Mm

❘❡❧❡♠❜r❛♥❞♦✱ Mm = {(u, v) ∈ W/At(u, v) = m} ♦♥❞❡

At(u, v) =
1

p

∫ b

a

|u′|p +
1

qt

∫ b

a

|v′|q,

❡♠ q✉❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♦♥❞❡ Ω = (a, b)✳ P❛r❛
(x1, · · · , xk) ∈ Sk−1 ❛r❜✐trár✐♦ t❡♠♦s❀

At(h(x1, · · · , xk−1) = At

(

(pm)
1
p

k−1∑

i=1

xiwi(s), (qtm)
1
q |xk|

1
q
−1xkwk(s)

)

=
1

p

∥
∥
∥
∥
∥
(pm)

1
p

k−1∑

i=1

xiwi(·)

∥
∥
∥
∥
∥

p

W 1,p
0 (a,b)

+
1

qt

∥
∥
∥(qtm)

1
q |xk|

1
q
−1xkwk(·)

∥
∥
∥

q

W 1,q
0 (a,b)

= m

∫ b

a

∣
∣
∣
∣
∣

k−1∑

i=1

xiw
′
i(s)

∣
∣
∣
∣
∣

p

ds+m

∫ b

a

|xk|
p|w′

k(s)|
qds

= m

[
k−1∑

i=1

∫ si−1

si

|xi|
p|w′

i(s)|
pds+ |xk|

p‖wk(·)‖
q

W 1,q
0 (a,b)

]

= m

[
k−1∑

i=1

|xi|
p

∫ b

a

|w′
i(s)|

pds+ |xk|
p

]

= m

[
k−1∑

i=1

|xi|
p‖wi(·)‖

p

W 1,p
0 (a,b)

+ |xk|
p

]

= m

[
k−1∑

i=1

|xi|
p + |xk|

p

]

= m

[
k∑

i=1

|xi|
p

]

= m|x|p = m.

P♦rt❛♥t♦✱ h(Sk−1) ⊂ Mm✱ ❡ ❝♦♥❝❧✉í♠♦s ❛ ❛✜r♠❛çã♦✳

❆❣♦r❛ ♦❜s❡r✈❡ q✉❡ h é ❝♦♥tí♥✉❛ ❡ ✐♥❥❡t♦r❛✳ ❈♦♠ ❡❢❡✐t♦✱ h é ❝♦♥tí♥✉❛✱ ♣♦✐s s✉❛s
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❢✉♥çõ❡s ❝♦♦r❞❡♥❛❞❛s sã♦ ❝♦♥tí♥✉❛s ❡ s❡

h(x1, · · · , xk) = h(x̄1, · · · , x̄k),

s❛❜❡♠♦s q✉❡ ♣❛r❛ s ∈ (si−1, si), i = 1, · · · , k t❡♠✲s❡

wi(s) 6= 0 ❡ wj(s) = 0, ∀ j 6= i.

▲♦❣♦✱ s❡
h(x1, · · · , xk)(s) = h(x̄1, · · · , x̄k)(s),

t❡♠♦s q✉❡
(pm)

1
pxiwi(s) = (pm)

1
p x̄iwi(s), i = 1, · · · , k − 1

❡
(qtm)

1
q |xk|

1
q
−1xkwk(s) = (qtm)

1
q |x̄k|

1
q
−1x̄kwk(s).

P♦rt❛♥t♦✱
xi = x̄i, i = 1, · · · , k − 1

❡
|xk|

p

q
−1xk = |x̄k|

p

q
−1x̄k,

♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱
|xk|

p = |x̄k|
p

❡ ❛ss✐♠ t❡♠♦s
xk = x̄k.

❈♦♥❝❧✉í♠♦s ❡♥tã♦ q✉❡ (x1, · · · , xk) = (x̄1, · · · , x̄k)✱ ♣♦rt❛♥t♦ h é ✐♥❥❡t♦r❛✳

❖❜s❡r✈❡ q✉❡ h é ✉♠❛ ❢✉♥çã♦ í♠♣❛r ❡ Sk−1 é ❝♦♠♣❛❝t♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✾
♦❜t❡♠♦s q✉❡ h : Sk−1 → h(Sk−1) ⊂ Mm é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ í♠♣❛r✱ ♦✉ s❡❥❛ s❡
g = h−1✱ ❡♥tã♦ g : h(Sk−1) → Sk−1 é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ í♠♣❛r✱ ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦
✶✳✺✵ ❝♦♥❝❧✉✐♠♦s q✉❡

gen(h(Sk−1)) = k.

❈♦♠♦ h(Sk−1) ⊂ Mm s❡❣✉❡ q✉❡

gen(Mm) ≥ k.

❱✐st♦ q✉❡ k é ✉♠ ♥❛t✉r❛❧ ❛r❜✐trár✐♦ ❝❤❡❣❛♠♦s q✉❡

γ({(u, v) ∈ Mm/B(u, v) 6= 0}) = ∞,

♣♦✐s h(Sk−1) ⊂ S = {(u, v) ∈ Mm/B(u, v) 6= 0} = Mm \ {(0, 0)} ❡ t❡♠♦s q✉❡
h(Sk−1) é ❝♦♠♣❛❝t♦✱ ✈✐st♦ q✉❡ Sk−1 é ❝♦♠♣❛❝t♦ ❡ h é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✳ ❆❧é♠
❞✐ss♦✱ ❝♦♠♦ ❛ ❢✉♥çã♦ h é í♠♣❛r ❡ Sk−1 é ✉♠ ❝♦♥❥✉♥t♦ s✐♠étr✐❝♦ s❡❣✉❡ q✉❡

−
(
h(Sk−1)

)
= h(−Sk−1) = h(Sk−1).

❆ss✐♠ ❝♦♥❝❧✉✐♠♦s q✉❡ h(Sk−1) é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❡ s✐♠étr✐❝♦✳ ❈♦♠♦
gen(h(Sk−1)) = k s❡❣✉❡ q✉❡

γ(S) = sup{gen(C)/ C ⊂ S,C ∈ C, C ❝♦♠♣❛❝t♦} ≥ k, ∀ k ∈ N,
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♦✉ s❡❥❛✱
γ(S) = +∞.

▼♦str❛♠♦s ❡♥tã♦ q✉❡ ♦s ❢✉♥❝✐♦♥❛✐s ❛♣r❡s❡♥t❛❞♦s ♣❛r❛ ♥♦ss♦ ♣r♦❜❧❡♠❛ ❡stã♦ ♥❛s
❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✶✱ ❧♦❣♦ ❣❛r❛♥t✐♠♦s ❡①✐stê♥❝✐❛ ❡ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s
❛✉t♦✈❛❧♦r❡s ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮ s♦❜r❡ ❛ r❡t❛ µ = tλ✳ ▼❛✐s ❛✐♥❞❛✱ ❣❛r❛♥t✐♠♦s
q✉❡ ❡①✐st❡ ✉♠❛ ✐♥✜♥✐❞❛❞❡ ❞❡ ❛✉t♦❢✉♥çõ❡s ❛ss♦❝✐❛❞❛s ❛ ❝❛❞❛ ❛✉t♦✈❛❧♦r q✉❛♥❞♦
Ω = (a, b)✳

❉♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r ❣❛r❛♥t✐♠♦s ♣❛r❛ ❝❛❞❛ t ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s❡q✉ê♥❝✐❛
βk(t) ❞❛❞❛ ♣♦r✿

βk(t) = sup
C∈Ck

C∈Mm(t)

inf
(u,v)∈C

B(u, v)

♦♥❞❡
Mm(t) = {(u, v) ∈ W / At(u, v) = m}

❡ ♦ k✲és✐♠♦ ❛✉t♦✈❛❧♦r ✈❛r✐❛❝✐♦♥❛❧ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮ s♦❜r❡ ❛ r❛t❛ µ = tλ é ❞❛❞♦
♣♦r

λk(t) =
m

βk(t)
.

◆♦ ❡♥t❛♥t♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞✐❢❡r❡♥t❡ ❞♦s ❛✉t♦✈❛❧♦r❡s✱ ❝♦♠
♦s ❝♦♥❥✉♥t♦s ❞❡ ♥í✈❡❧ ❞♦ ❢✉♥❝✐♦♥❛❧ B ❡♠ ✈❡③ ❞♦ ❢✉♥❝✐♦♥❛❧ At✳ ❆ss✐♠✱ ❞❡✜♥✐r❡♠♦s
✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❛✉t♦✈❛❧♦r❡s λ̂k(t) ♣❡❧♦ q✉♦❝✐❡♥t❡ ❞❡ ❘❛②❧❡✐❣❤✱

λ̂k(t) = inf
C∈Ck

sup
(u,v)∈C

1

p

∫

Ω

|∇u|p +
1

tq

∫

Ω

|∇v|q

∫

Ω

r(x)|u|α|v|β
.

▲❡♠❛ ✷✳✻✳ λ̂k(t) = λk(t).

❉❡♠♦♥str❛çã♦✳ ▼str❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ q✉❡

βk

m
≤ sup

C∈Ck
C⊂W\{0}

inf
(u,v)∈C

B(u, v)

At(u, v)
.

❙❡ C ⊂ W \ {(0, 0)}✱ ❝♦♥str✉✐♠♦s ✉♠ ❝♦♥❥✉♥t♦ C̃ ❡♠ Mm t♦♠❛♥❞♦ ❛ ✐♠❛❣❡♠ ❞❡
C ♣❡❧❛ r❡tr❛çã♦✿

h : C −→ C̃

(u, v) 7−→

(

um1/p

A
1/p
t (u, v)

,
vm1/q

A
1/q
t (u, v)

)

.

P♦r h s❡r ✉♠❛ ❢✉♥çã♦ í♠♣❛r ♦❜t❡♠♦s ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✽ q✉❡ gen(C) ≤ gen(C̃)✳
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❙❡ ❞❡✜♥✐r♠♦s ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦

h̃ : C̃ −→ C

(

um1/p

A
1/p
t (u, v)

,
vm1/q

A
1/q
t (u, v)

)

7−→ (u, v),

✈❡♠♦s q✉❡ h̃ t❛♠❜é♠ é í♠♣❛r✱ ❧♦❣♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✽✱ ♦❜t❡♠♦s q✉❡ gen(C̃) ≤
gen(C)✳ ❆ss✐♠ ❝♦♥❝❧✉í♠♦s q✉❡ gen(C) = gen(C̃)✳ ❆❣♦r❛ ♦❜s❡r✈❡ q✉❡

At

(

um1/p

A
1/p
t (u, v)

,
vm1/q

A
1/q
t (u, v)

)

=
1

p

∫

Ω

∣
∣
∣
∣
∣
∇

(

u.m1/p

A
1/p
t (u, v)

)∣
∣
∣
∣
∣

p

+

+
1

tq

∫

Ω

∣
∣
∣
∣
∣
∇

(

v.m1/q

A
1/q
t (u, v)

)∣
∣
∣
∣
∣

q

=
m

p.At(u, v)

∫

Ω

|∇(u)|p +
m

qt.At(u, v)

∫

Ω

|∇v|q

=
m

At(u, v)








1

p

∫

Ω

|∇u|p +
1

tq

∫

Ω

|∇v|q

︸ ︷︷ ︸

At(u,v)








= m.

P♦rt❛♥t♦ t❡♠♦s q✉❡ C̃ ⊂ Mm✳ ❙❡❥❛ (u, v) ∈ C✱ ♣❡❧❛ ❝♦♥❞✐çã♦ ✭✷✳✷✮ t❡r❡♠♦s

B(u, v)

At(u, v)
=

∫

Ω

r(x)|u|α|v|βdx

At(u, v)

=
m

α
p
+β

q

m

∫

Ω

r(x)|u|α|v|β

(At(u, v))
α
p
+β

q

dx

=
1

m

∫

Ω

r(x)

∣
∣
∣
∣

um1/p

(At(u, v))1/p

∣
∣
∣
∣

α ∣
∣
∣
∣

vm1/q

(At(u, v))1/q

∣
∣
∣
∣

β

dx

≥
1

m
inf

(u,v)∈C̃
B(u, v), ∀ (u, v) ∈ C,

♣♦✐s
(

um1/p

(At(u, v))1/p
,

vm1/q

(At(u, v))1/q

)

∈ C̃, ∀ (u, v) ∈ C.

❆ss✐♠✱

inf
(u,v)∈C

B(u, v)

At(u, v)
≥

1

m
inf

(u,v)∈C̃
B(u, v). ✭✷✳✼✮



✸✾ ✷✳✶✳ ❊❳■❙❚✃◆❈■❆ ❉❊ ❆❯❚❖❱❆▲❖❘❊❙ ●❊◆❊❘❆▲■❩❆❉❖❙

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ (ũ, ṽ) ∈ C̃✱ s❛❜❡♠♦s q✉❡ At(ũ, ṽ) = m✳ ❈♦♠♦ C̃ é ❛ ✐♠❛❣❡♠
❞✐r❡t❛ ❞❡ C ♣❡❧❛ r❡tr❛çã♦ h✱ s❡❣✉❡ ❞❛ s♦❜r❡❥❡t✐✈✐❞❛❞❡ ❞❡ h q✉❡ ❡①✐st❡ (u, v) ∈ C
t❛❧ q✉❡

(ũ, ṽ) =

(
um1/p

(At(u, v))1/p
,

vm1/q

(At(u, v))1/q

)

.

P♦rt❛♥t♦

B(ũ, ṽ)

m
=

1

m

∫

Ω

r(x)

∣
∣
∣
∣

um1/p

(At(u, v))1/p

∣
∣
∣
∣

α ∣
∣
∣
∣

vm1/q

(At(u, v))1/q

∣
∣
∣
∣

β

dx

=
B(u, v)

At(u, v)
, ♣❛r❛ ❛❧❣✉♠ (u, v) ∈ C.

▲♦❣♦

inf
(u,v)∈C

B(u, v)

At(u, v)
≤

B(ũ, ṽ)

m
, ∀ (ũ, ṽ) ∈ C̃,

❞❛í s❡❣✉❡ q✉❡

inf
(u,v)∈C

B(u, v)

At(u, v)
≤

1

m
inf

(u,v)∈C̃
B(u, v). ✭✷✳✽✮

❆ss✐♠✱ ❞❡ ✭✷✳✼✮ ❡ ✭✷✳✽✮ t❡♠♦s ❛ ✐❣✉❛❧❞❛❞❡

inf
(u,v)∈C

B(u, v)

At(u, v)
=

1

m
inf

(u,v)∈C̃
B(u, v).

❆❣♦r❛ ♥♦t❡ q✉❡

sup
C∈Ck

C⊂W\{0}

inf
(u,v)∈C

B(u, v)

At(u, v)
=

1

m
. sup

C̃∈Ck
C̃⊂W\{0}

inf
(u,v)∈C̃

B(u, v)

≥
1

m
. sup

C̃∈Ck
C̃⊂Mm

inf
(u,v)∈C̃

B(u, v) =
βk

m
.

P♦r ♦✉tr♦ ❧❛❞♦

inf
(u,v)∈C

B(u, v)

At(u, v)
≤

1

m
. sup

C̃∈Ck
C̃⊂Mm

inf
(u,v)∈C̃

B(u, v) =
βk

m
, ∀ C ∈ W \ {(0, 0)},

♦✉ s❡❥❛✱
βk

m
≥ sup

C∈Ck
C⊂W\{0}

inf
(u,v)∈C

B(u, v)

At(u, v)
.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡

βk(t)

m
= sup

C∈Ck
C⊂W\{0}

inf
(u,v)∈C

B(u, v)

At(u, v)
.

❊ s❡❣✉❡ q✉❡
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m

βk(t)
= inf

C∈Ck
C⊂W\{0}

sup
(u,v)∈C

At(u, v)

B(u, v)
.

❊♥✜♠ ❝♦♥❝❧✉í♠♦s q✉❡

λk(t) = λ̂k(t)

❚❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛

❚❡♦r❡♠❛ ✷✳✼✳ ❊①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❝✉r✈❛s ❝♦♥tí♥✉❛s (λk(t), µk(t)) q✉❡
❡♠❛♥❛♠ ❞❡ (λk, λk)✱ ♦♥❞❡ λk é ♦ ❦✲❛✉t♦✈❛❧♦r ✈❛r✐❛❝✐♦♥❛❧ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮
q✉❛♥❞♦ µ = tλ✱ ❡ é ❞❛❞♦ ♣♦r

λk = inf
C∈Ck

sup
(u,v)∈C

1

p

∫

Ω

|∇u|p +
1

q

∫

Ω

|∇v|q

∫

Ω

r(x)|u|α|v|β
.

❈❧❛r❛♠❡♥t❡ ❥á ♠♦str❛♠♦s ❛ ❡①✐stê♥❝✐❛ ♣♦✐s ♦s ❢✉♥❝✐♦♥❛✐s q✉❡ ❛♣❛r❡❝❡♠ ♥♦
s✐st❡♠❛ ❝♦♥s✐❞❡r❛❞♦ s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✶✳ ▼♦str❡♠♦s ❛❣♦r❛ ❛
❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ❛✉t♦✈❛❧♦r ❝♦♠ r❡s♣❡✐t♦ ❛ ❝✉r✈❛ ❡♠ t✱ ❛✜♠ ❞❡ ❝♦♥❝❧✉✐r ❛ ♣r♦✈❛ ❞♦
❚❡♦r❡♠❛ ✷✳✼✳

▲❡♠❛ ✷✳✽✳ ❆ ❝✉r✈❛ (λk(t), µk(t)) é ❝♦♥tí♥✉❛✳ ▼❛✐s ❛✐♥❞❛ λk(t) ✭ r❡s♣❡❝t✐✈❛♠❡♥t❡
µk(t)✮ é ♥ã♦ ❝r❡s❝❡♥t❡ ✭ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♥ã♦ ❞❡❝r❡s❝❡♥t❡✮ ❡♠ t✳

❉❡♠♦♥str❛çã♦✳ ❉❡s❞❡ q✉❡

λk(t) = inf
C∈Ck

sup
(u,v)∈C

1

p

∫

Ω

|∇u|p +
1

tq

∫

Ω

|∇v|q

∫

Ω

r(x)|u|α|v|β

❡ 1/qt é ❞❡❝r❡s❝❡♥t❡✱ t❡♠♦s q✉❡ λk(t) é ♥ã♦ ❝r❡s❝❡♥t❡✳ ❆❣♦r❛ ♠♦str❡♠♦s ❛
❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ λk(t)✳ ❋✐①❡♠♦s t0✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ í♥✜♠♦ t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛
ε > 0✱ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ s✐♠étr✐❝♦ q✉❡ ❞❡♣❡♥❞❡ ❞❡st❡ ε✱ ❞✐❣❛♠♦s Cε

t❛❧ q✉❡✿

sup
(u,v)∈Cε

At0(u, v)

B(u, v)
≤ λk(t0) + ε ✭✷✳✾✮
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❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ t1✱ ❧♦❣♦

λk(t1) ≤ sup
(u,v)∈Cε

At1(u, v)

B(u, v)

= sup
(u,v)∈Cε

∣
∣
∣
∣

At1(u, v)

B(u, v)
−

At0(u, v)

B(u, v)
+

At0(u, v)

B(u, v)

∣
∣
∣
∣

≤ sup
(u,v)∈Cε

(∣
∣
∣
∣

At1(u, v)

B(u, v)
−

At0(u, v)

B(u, v)

∣
∣
∣
∣
+

∣
∣
∣
∣

At0(u, v)

B(u, v)

∣
∣
∣
∣

)

≤ sup
(u,v)∈Cε

∣
∣
∣
∣

At1(u, v)

B(u, v)
−

At0(u, v)

B(u, v)

∣
∣
∣
∣
+ sup

(u,v)∈Cε

At0(u, v)

B(u, v)

≤ sup
(u,v)∈Cε

∣
∣
∣
∣

At1(u, v)

B(u, v)
−

At0(u, v)

B(u, v)

∣
∣
∣
∣
+ λk(t0) + ε, ♣♦r (2.9)

✭✷✳✶✵✮

❊ ❧❡♠❜r❛♥❞♦ q✉❡

sup
(u,v)∈Cε

At0(u, v)

B(u, v)
= sup

(u,v)∈Cε

(
1

p

∫

Ω

|∇u|p +
1

t0q

∫

Ω

|∇v|q
)

B(u, v)

≥ sup
(u,v)∈Cε

1

t0q

∫

Ω

|∇v|q

B(u, v)

≥

1

t0q

∫

Ω

|∇vε|
q

B(uε, vε)
,

♦♥❞❡ (uε, vε) ∈ Cε é ♦ ♣♦♥t♦ ♦❝♦rr❡ ♦ ♠á①✐♠♦ ❞❛ ❢✉♥çã♦

(u, v) 7−→

1

t0q

∫

Ω

|∇v|q

B(u, v)

q✉❡ é ❛t✐♥❣✐❞♦ ❞❡✈✐❞♦ ❡st❛ ❢✉♥çã♦ s❡r ❝♦♥tí♥✉❛ ❡ ❡st❛♠♦s s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦
❝♦♠♣❛❝t♦ Cε✳ ❙♦♠❛♥❞♦✲s❡ ✐st♦ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✾✮ t❡♠♦s q✉❡

1

t0q

∫

Ω

|∇vε|
q

B(uε, vε)
≤ λk(t0) + ε. ✭✷✳✶✶✮

❯s❛♥❞♦ ❛s ❞❡✜♥✐çõ❡s ❞❡ At0 ❡ At1 t❡r❡♠♦s

∣
∣
∣
∣

At1(u, v)

B(u, v)
−

At0(u, v)

B(u, v)

∣
∣
∣
∣
=

|t1 − t0|

t1t0q

∫

Ω

|∇vε|
q

B(uε, vε)
.
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❉✐st♦ ❡ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✷✳✶✵✮ ❡ ✭✷✳✶✶✮ ♦❜t❡♠♦s

λk(t1) ≤
|t1 − t0|

t1
(λk(t0) + ε) + λk(t0) + ε. ✭✷✳✶✷✮

▲♦❣♦✱

λk(t1)− λk(t0) ≤
|t1 − t0|

t1
(λk(t0) + ε) + ε.

❚r♦❝❛♥❞♦ t0 ♣♦r t1✱ ❡ ✈✐❝❡✲✈❡rs❛ t❡r❡♠♦s

λk(t0)− λk(t1) ≤
|t0 − t1|

t0
(λk(t1) + ε) + ε

❆ss✐♠

|λk(t0)− λk(t1)| ≤ max

{
|t0 − t1|

t1
(λk(t0) + ε) + ε,

|t0 − t1|

t0
(λk(t1) + ε) + ε

}

.

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✶✷✮ t❡♠♦s✿

|λk(t0)− λk(t1)|

≤ max

{
|t0 − t1|

t1
(λk(t0) + ε) + ε,

|t0 − t1|

t0
(λk(t0) + ε)

[

1 + ε+
|t0 − t1|

t1

]}

.

❋❛③❡♥❞♦ t1 −→ t0 ❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❝♦♥❝❧✉✐♠♦s q✉❡✿

lim
t1−→t0

|λk(t0)− λk(t1)| ≤ ε, ∀ε > 0.

❖✉ s❡❥❛

lim
t1−→t0

|λk(t0)− λk(t1)| = 0.

P♦rt❛♥t♦ t❡♠♦s q✉❡ λk(t) é ❝♦♥tí♥✉❛✳



❈❛♣ít✉❧♦ ✸

❊st✐♠❛t✐✈❛s ♣❛r❛ ❛✉t♦✈❛❧♦r❡s ❞❡

s✐st❡♠❛s ❡❧í♣t✐❝♦s q✉❛s❡ ❧✐♥❡❛r❡s ♥❛

r❡t❛

◆❡st❡ ❝❛♣ít✉❧♦ ♦❜t❡r❡♠♦s ❡st✐♠❛t✐✈❛s ♣❛r❛ ❛✉t♦✈❛❧♦r❡s ❞♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛






−(|u′(x)|p−2u′(x))′ = λαr(x)|u|α−2u|v|β, x ∈ (a, b),

−(|v′(x)|q−2v′(x))′ = µβr(x)|u|αv|v|β−2, x ∈ (a, b),
✭✸✳✶✮

♦♥❞❡ ❛s ❢✉♥çõ❡s u ❡ v s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ❤♦♠❡❣ê♥❡❛ ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ❉✐r✐❝❤❧❡t

u(a) = v(b) = 0,

♦s ❡①♣♦❡♥t❡s s❛t✐s❢❛③❡♠ 1 < p, q < ∞✱ ❝♦♠

α

p
+

β

q
= 1, ✭✸✳✷✮

❡ r ∈ L∞(Ω)✳

❖s r❡s✉❧t❛❞♦s ❞❡st❡ ❝❛♣ít✉❧♦ s❡❣✉❡♠ ❞♦ ❛rt✐❣♦ ❬✻❪ ♣✉❜❧✐❝❛❞♦ ❡♠ ✷✵✵✻✳

❆♦ ✜①❛r ✉♠❛ r❡t❛ µ = tλ✱ ❝♦♠♦ ♣r♦✈❛❞♦ ♥❛ ❙❡çã♦ ✷✳✶✱ ❡♥❝♦♥tr❛♠♦s ✉♠
❝♦♥❥✉♥t♦ ❞❡ ❛✉t♦✈❛❧♦r❡s ✈❛r✐❛❝✐♦♥❛✐s {λk(t), µk(t)}k ❞♦ ❡s♣❡❝tr♦ ❣❡♥❡r❛❧✐③❛❞♦✱ ❡ ❛
❝♦♥t✐♥✉✐❞❛❞❡ ✈❛r✐❛♥❞♦ ♦ ♣❛râ♠❡tr♦ t ❢♦✐ ♣r♦✈❛❞♦ ♥♦ ❚❡♦r❡♠❛ ✷✳✼✳

✸✳✶ ▲✐♠✐t❡s ♠á①✐♠♦s ♣❛r❛ ❛✉t♦✈❛❧♦r❡s

❣❡♥❡r❛❧✐③❛❞♦s

◆❡st❛ s❡çã♦✱ ♦❜t❡r❡♠♦s ❧✐♠✐t❛♥t❡s s✉♣❡r✐♦r❡s ♣❛r❛ t♦❞♦s ♦s ❛✉t♦✈❛❧♦r❡s
✈❛r✐❛❝✐♦♥❛✐s ❞♦ ❡s♣❡❝tr♦ S ♥♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ✐st♦ é✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦
s✐st❡♠❛ ✭✸✳✶✮ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ (a, b) ❝♦♠ ❝♦♥❞✐çã♦ ♥❛ ❢r♦♥t❡✐r❛ ❞❡ ❉✐r✐❝❤❧❡t

✹✸



✹✹ ✸✳✶✳ ▲■▼■❚❊❙ ▼➪❳■▼❖❙ P❆❘❆ ❆❯❚❖❱❆▲❖❘❊❙ ●❊◆❊❘❆▲■❩❆❉❖❙

♦❜t❡r❡♠♦s ❧✐♠✐t❛♥t❡s s✉♣❡r✐♦r❡s ♣❛r❛ t♦❞♦s ♦s s❡✉s ❛✉t♦✈❛❧♦r❡s ✈❛r✐❛❝✐♦♥❛✐s✳ ❊st❛
❣❡♥❡r❛❧✐③❛çã♦ é ♣♦ss✐✈❡❧ ❞❡✈✐❞♦ à ❡str✉t✉r❛ ❞❡ ❞♦♠í♥✐♦ ♥♦❞❛❧ ❞❡ ✉♠ k✲és✐♠♦
❛✉t♦✈❛❧♦r ❞❡ ✉♠❛ ❡q✉❛çã♦✳

❚❡♦r❡♠❛ ✸✳✶✳ ❙❡❥❛♠ p > q ❡ r ∈ L∞(a, b) t❛❧ q✉❡ r(x) ≥ m > 0✳ ❊♥tã♦ ♦
❦✲és✐♠♦ ❛✉t♦✈❛❧♦r ✈❛r✐❛❝✐♦♥❛❧ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✶✮ s♦❜r❡ ❛ r❡t❛ µ = tλ s❛t✐s❢❛③

λk(t) ≤
Λk

p
+

m−1+q/p

qt

(
p

q

)q

Λ
q/p
k ,

♦♥❞❡ Λk é ♦ ❦✲és✐♠♦ ❛✉t♦✈❛❧♦r ✈❛r✐❛❝✐♦♥❛❧ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t

−(|u′(x)|p−2u′(x))′ = λr(x)|u|p−2u ✭✸✳✸✮

❡♠ ❛❧❣✉♠ ✐♥t❡r✈❛❧♦ (a, b)✳

❉❡♠♦♥str❛çã♦✳ ❆♣r❡s❡♥t❛r❡♠♦s ✉♠ ❧✐♠✐t❛♥t❡ s✉♣❡r✐♦r ♣❛r❛ ♦ k✲❛✉t♦✈❛❧♦r
✈❛r✐❛❝✐♦♥❛❧ (λk(t), tλk(t)) s♦❜r❡ ✉♠❛ r❡t❛ ✜①❛ µ = tλ✳
❉❡ ❢❛t♦✱ s❡❥❛♠ Λk ♦ k ❛✉t♦✈❛❧♦r ✈❛r✐❛❝✐♦♥❛❧ ❞❡

−
(
|u′(x)|p−2u′(x)

)′
= λr(x)|u|p−2u,

❡ ϕk ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛✉t♦❢✉♥çã♦✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ ♣❛r❛
♦ ♣✲▲❛♣❧❛❝✐❛♥♦ ❬✶✻❪✱ ϕk t❡♠ k + 1 ③❡r♦s ❡♠ {xj}

k
j=0, a = x0 < x1 < · · · < xk = b✳

❙❡❥❛ wi(x) = ϕk(x) s❡ x ∈ (xi−1, xi) ❡ wi(x) = 0 ❝❛s♦ ❝♦♥trár✐♦✳ ❆❣♦r❛ ❝♦♥s✐❞❡r❡
Sm ❛ ❡s❢❡r❛ ❡♠ W 1,p(Ω) ❞❡ r❛✐♦ m✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦

Ck =
{
(u, |u|p/q−1u) /u ∈ span{w1, · · · , wk} ∩ Sm

}

t❡♠ ❣ê♥❡r♦ k✱ ✭❛ ❞❡♠♦♥str❛çã♦ ❞❡st❛ ❛✜r♠❛çã♦ s❡❣✉❡ ❛s ♠❡s♠❛s ❧✐♥❤❛s ❞❛
❞❡♠♦♥str❛çã♦ ❞❡ ❡t❛♣❛ ✺ ❞❛ ❙❡çã♦ ✷✳✶✮ ❡ é ❛❞♠✐ssí✈❡❧ ♥❛ ❝❛r❛❝t❡r✐③❛çã♦ ✈❛r✐❛❝✐♦♥❛❧
❞❡ (λk(t), tλk(t))✳ P♦r ❡st❛ ❝❛r❛❝t❡r✐③❛çã♦ ✈❛r✐❛❝✐♦♥❛❧ t❡♠♦s✿

λk(t) = inf
C∈Ck

sup
(u,v)∈C

1

p

∫ b

a

|u′|p +
1

tq

∫ b

a

|v′|q

∫ b

a

r(x)|u|α|v|β

≤ sup
(u,v)∈Ck

1

p

∫ b

a

|u′|p +
1

tq

∫ b

a

|v′|q

∫ b

a

r(x)|u|α|v|β
.

✭✸✳✹✮

❆❣♦r❛ r❡st❛ ❡❝♦❧❤❡r♠♦s ❛❞❡q✉❛❞❛♠❡♥t❡ ♦ ♣❛r ❞❡ ❢✉♥çõ❡s (u, v) ∈ Ck ♣❛r❛
♦❜t❡r♠♦s ❛ ❝♦t❛ ❞❡s❡❥❛❞❛✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡♠♦s ❛s ❢✉♥çõ❡s

v = |u|p/q−1u

❡
u = t1w1 + t2w2 + · · ·+ tkwk.
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❆❣♦r❛ ❢❛r❡♠♦s ❛❧❣✉♥s ❝á❧❝✉❧♦s✳ ❈♦♠ ❡st❛s ❡s❝♦❧❤❛s t❡♠♦s q✉❡

∫ b

a

r(x)|u|α|v|βdx =

∫ b

a

r(x)

∣
∣
∣
∣
∣

k∑

i=1

tiwi

∣
∣
∣
∣
∣

α
∣
∣|u|p/q−1u

∣
∣
β
dx

=

∫ b

a

r(x)

∣
∣
∣
∣
∣

k∑

i=1

tiwi

∣
∣
∣
∣
∣

α

|u|
pβ

q dx

=

∫ b

a

r(x)

∣
∣
∣
∣
∣

k∑

i=1

tiwi

∣
∣
∣
∣
∣

α ∣
∣
∣
∣
∣

k∑

j=1

tjwj

∣
∣
∣
∣
∣

pβ

q

dx

=

∫ b

a

r(x)
k∑

i=1

|ti|
α|wi|

α

k∑

j=1

|tj|
pβ

q |wj|
pβ

q dx

=
k∑

i=1

∫ xi

xi−1

r(x) |ti|
α+ pβ

q |wi|
α+ pβ

q dx

=
k∑

i=1

∫ xi

xi−1

r(x) |ti|
p |wi|

p dx

=

∫ b

a

r(x)
k∑

i=1

|ti|
p |wi|

p dx

=

∫ b

a

r(x)|u|pdx.

❊♥tã♦ ❝♦♠ ❡st❛s ❡s❝♦❧❤❛s ❝♦♥❝❧✉í♠♦s q✉❡

∫ b

a

r(x)|u|α|v|βdx =

∫ b

a

r(x)|u|pdx. ✭✸✳✺✮

❆❣♦r❛ ♦❜s❡r✈❡ q✉❡ s❡ v = |u|p/q−1u ❡♥tã♦ v′ =
p

q
|u|p/q−1u′✳ ❙♦♠❛♥❞♦✲s❡ ✐st♦ ❛



✹✻ ✸✳✶✳ ▲■▼■❚❊❙ ▼➪❳■▼❖❙ P❆❘❆ ❆❯❚❖❱❆▲❖❘❊❙ ●❊◆❊❘❆▲■❩❆❉❖❙

❡q✉❛çã♦ ✭✸✳✺✮ ❡ ♦ ❚❡♦r❡♠❛ ✶✳✶✾ ♦❜t❡♠♦s✱

1

p

∫ b

a

|u′|p +
1

tq

∫ b

a

|v′|q

∫ b

a

r(x)|u|α|v|βdx

=

1

p

∫ b

a

|u′|p +
1

tq

(
p

q

)q ∫ b

a

|u|p−q|u′|q

∫ b

a

r(x)|u|α|v|βdx

≤

1

p

∫ b

a

|u′|p

∫ b

a

r(x)|u|pdx

+
1

tq

(
p

q

)q

(∫ b

a

|u|p
)1− q

p

∫ b

a

r(x)|u|pdx

(∫ b

a

|u′|p
) q

p

.

✭✸✳✻✮

❆❣♦r❛✱ s❡ Λk e ϕk sã♦ ♦ k ❛✉t♦✈❛❧♦r ❡ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛✉t♦❢✉♥çã♦ ❞♦ ♣r♦❜❧❡♠❛

−
(
|w(x)′|p−2w′(x)

)′
= Λr(x)|w(x)|p−2w(x) ❝♦♠ x ∈ (a, b)

❡ s❛❜❡♠♦s q✉❡ ♣❛r❛ x ∈ (xi−1, xi)✱ ϕk = wi t❡♠♦s q✉❡✿

−
(
|wi(x)

′|p−2w′
i(x)

)′
= Λkr(x)|wi(x)|

p−2wi(x); x ∈ (xi−1, xi).

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♣♦r wi ❡ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❞❡ xi−1 ❛té xi

♦❜t❡♠♦s✿ ∫ xi

xi−1

|w′
i|
pdx = Λk

∫ xi

xi−1

r(x)|wi|
pdx; ∀i ∈ {1, · · · , k}.

▼✉❧t✐♣❧✐❝❛♥❞♦ ❡st❛ ú❧t✐♠❛ ❡q✉❛çã♦ ♣♦r |ti|p ♦❜t❡♠♦s✿
∫ xi

xi−1

|tiw
′
i|
pdx = Λk

∫ xi

xi−1

r(x)|tiwi|
pdx; ∀i ∈ {1, · · · , k}.

❉❛í t❡♠♦s
k∑

i=1

∫ xi

xi−1

|tiw
′
i|
pdx = Λk

k∑

i=1

∫ xi

xi−1

r(x)|tiwi|
pdx.

P❡❧❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ❢✉♥çã♦ wi✱ ❝♦♥❝❧✉í♠♦s ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ q✉❡✿

∫ b

a

∣
∣
∣
∣
∣

k∑

i=1

tiw
′
i

∣
∣
∣
∣
∣

p

dx = Λk

∫ b

a

r(x)

∣
∣
∣
∣
∣

k∑

i=1

tiwi

∣
∣
∣
∣
∣

p

dx.

❉❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ❢✉♥çã♦ u ❡s❝♦❧❤✐❞❛✱ ❡ ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ ❝❤❡❣❛♠♦s ♥❛ s❡❣✉✐♥t❡
❡q✉❛çã♦✿

∫ b

a

|u′|
p
dx = Λk

∫ b

a

r(x) |u|p dx. ✭✸✳✼✮

❈♦♠♦ ♣♦r ❤✐♣ót❡s❡ t❡♠♦s q✉❡ r(x) ≥ m > 0✱ ✉s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✼✮ ♦❜t❡♠♦s✿

∫ b

a

|u′|
p
dx ≥ Λkm

∫ b

a

|u|p dx,
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♦✉ s❡❥❛✱
∫ b

a

|u|p dx ≤ (Λkm)−1

∫ b

a

|u′|
p
dx. ✭✸✳✽✮

❱♦❧t❛♥❞♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✻✮ ❡ ✉s❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✸✳✼✮ ❡ ✭✸✳✽✮ ♦❜t❡♠♦s✿

1

p

∫ b

a

|u′|p +
1

tq

∫ b

a

|v′|q

∫ b

a

r(x)|u|α|v|βdx

=

1

p

∫ b

a

|u′|p +
1

tq

(
p

q

)q ∫ b

a

|u|p−q|u′|q

∫ b

a

r(x)|u|α|v|βdx

≤

1

p

∫ b

a

|u′|p

∫ b

a

r(x)|u|pdx

+
1

tq

(
p

q

)q

(∫ b

a

|u|p
)1− q

p

∫ b

a

r(x)|u|pdx

(∫ b

a

|u′|p
) q

p

≤
1

p
Λk +

1

tq

(
p

q

)q

(

(Λkm)−1

∫ b

a

|u′|p
)1− q

p

∫ b

a

r(x)|u|pdx

(∫ b

a

|u′|p
) q

p

=
1

p
Λk +

1

tq

(
p

q

)q

m−1+q/pΛ
−1+q/p
k







∫ b

a

|u′|p

∫ b

a

r(x)|u|pdx







=
1

p
Λk +

1

tq

(
p

q

)q

m−1+q/pΛ
q/p
k .

❖❜s❡r✈❛çã♦ ✸✳✷✳ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ ♦ r❡s✉❧t❛❞♦ é ✈❡r❞❛❞❡✐r♦ q✉❛♥❞♦
p = q ❡ ♥❡st❡ ❝❛s♦✱ ✈❛❧❡ ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡✱

λk(t) ≤
Λk

p
+

Λk

tp
=

Λk

p

(

1 +
1

t

)

.

✸✳✷ ❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲②❛♣✉♥♦✈ ❡ ❧✐♠✐t❡s

✐♥❢❡r✐♦r❡s

❯♠❛ ✈❡③ q✉❡ ♦s ✈❛❧♦r❡s ♣ró♣r✐♦s ❞❡ ✭✸✳✸✮ ❢♦r❛♠ ❝❛❧❝✉❧❛❞♦s ♣♦r ❉r❛❜❡❦ ❡
❡①♣❧✐❝✐t❛❞♦s ♣♦r ▼❛♥ás❡✈✐❝❤ ❬✾❪ q✉❛♥❞♦ r(x) = 1✱

Λk =

(
kπp

b− a

)p

,
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♦❜t❡♠♦s ✉♠ ❧✐♠✐t❡ s✉♣❡r✐♦r ❡①♣❧í❝✐t♦ ♥♦ ❝❛s♦ ❞♦ s✐st❡♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ q✉❛♥❞♦
r(x) ≥ m > 0. ❋✐♥❛❧♠❡♥t❡ ❡♠ ❬✻❪ ❢♦✐ ❡st❡♥❞✐❞♦ ♦s r❡s✉❧t❛❞♦s ❞❡ Pr♦tt❡r ❬✶✸❪ ♣❛r❛ ♦
s✐st❡♠❛ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ✭✸✳✶✮✱ ❡ ♠❡❧❤♦r❛r❛♥❞♦ ♦s ❧✐♠✐t❡s ✐♥❢❡r✐♦r❡s ❞♦s ❛✉t♦✈❛❧♦r❡s✳
❊♠ ✈❡③ ❞❡ ✉♠❛ ❜♦❧❛✱ ❢♦✐ ❡♥❝♦♥tr❛❞❛ ✉♠❛ ❝✉r✈❛ ❡♥✈♦❧✈❡♥t❡ t✐♣♦ ❤✐♣ér❜♦❧❡ ❡ q✉❡
❝♦♥té♠ ♦s ❛✉t♦✈❛❧♦r❡s ♥❛ r❡❣✐ã♦✳

❆❣♦r❛ ♠♦str❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲②❛♣✉♥♦✈✱ q✉❡ s❡rá út✐❧ ♣❛r❛
❡♥❝♦♥tr❛r ❛ ❝✉r✈❛ q✉❡ ❧✐♠✐t❛ ♦s ❛✉t♦✈❛❧♦r❡s✳

❚❡♦r❡♠❛ ✸✳✸✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ♣❛r❛ ♦ s✐st❡♠❛







−(|u′(x)|p−2u′(x))′ = f(x)|u|α−2u|v|β, x ∈ (a, b)

−(|v′(x)|q−2v′(x))′ = g(x)|u|αv|v|β−2, x ∈ (a, b)

❡♠ ✉♠ ✐♥t❡r✈❛❧♦ (a, b)✱ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❤♦♠♦❣ê♥❡❛ ❞❡ ❉✐r✐❝❤❧❡t✳ ❊♥tã♦
t❡♠♦s q✉❡

2α+β ≤ (b− a)α/p
′+β/q′

(∫ b

a

f(x)dx

)α/p

.

(∫ b

a

g(x)dx

)β/q

. ✭✸✳✾✮

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡♠♦s ♦ s✐st❡♠❛✿






−(|u′(x)|p−2u′(x))′ = f(x)|u|α−2u|v|β, x ∈ (a, b)

−(|v′(x)|q−2v′(x))′ = g(x)|u|αv|v|β−2, x ∈ (a, b)

❝♦♠ ❝♦♥❞✐çã♦ ❤♦♠♦❣ê♥❡❛ ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ❉✐r✐❝❤❧❡t

u(a) = u(b) = v(a) = v(b) = 0

❡
α

p
+

β

q
= 1. ✭✸✳✶✵✮

❖❜s❡r✈❡ q✉❡ ♣❛r❛ q✉❛❧q✉❡r c ∈ [a, b]✱ t❡♠♦s✿

2|u(c)| =

∣
∣
∣
∣

∫ c

a

u′(x)dx

∣
∣
∣
∣
+

∣
∣
∣
∣

∫ b

c

u′(x)dx

∣
∣
∣
∣

≤

∫ c

a

|u′(x)|dx+

∫ b

c

|u′(x)|dx

=

∫ b

a

|u′(x)|dx.

❆❣♦r❛✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ Höldder ♦❜t❡♠♦s✿

2|u(c)| ≤ (b− a)1/p
′

(∫ b

a

|u′(x)|pdx

)1/p

,
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♦♥❞❡
1

p
+

1

p′
= 1✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞♦ s✐st❡♠❛ ♣♦r u ❡ ✐♥t❡❣r❛♥❞♦

♣♦r ♣❛rt❡s ♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❡ a ❛té b ♦❜t❡♠♦s q✉❡✿

∫ b

a

|u′(x)|pdx =

∫ b

a

f(x)|u(x)|α|v(x)|βdx.

❊s❝♦❧❤❡♥❞♦ ✉♠ ♣♦♥t♦ c ∈ [a, b] ♦♥❞❡ |u(x)| é ♠á①✐♠♦✱ ❡ d ∈ [a, b] ❝♦♠♦ ✉♠ ♣♦♥t♦
♦♥❞❡ |v(x)| é ♠á①✐♠♦✱ t❡r❡♠♦s✿

2|u(c)| ≤ (b− a)1/p
′

(∫ b

a

f(x)|u(x)|α|v(x)|βdx

)1/p

≤ (b− a)1/p
′

|u(c)|α/p|v(d)|β/p
(∫ b

a

f(x)dx

)1/p

. ✭✸✳✶✶✮

❋❛③❡♥❞♦ ♦s ♠❡s♠♦s ❝á❧❝✉❧♦s ♠❛s ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❢✉♥çã♦ v ♣r✐♠❡✐r♦ ♦❜t❡r❡♠♦s✿

2|v(d)| ≤ (b− a)1/q
′

(∫ b

a

f(x)|u(x)|α|v(x)|βdx

)1/p

≤ (b− a)1/q
′

|u(c)|α/q|v(d)|β/q
(∫ b

a

g(x)dx

)1/q

. ✭✸✳✶✷✮

❙❡❥❛♠ e1 ❡ e2 ❝♦♥st❛♥t❡s ❛ s❡r❡♠ ❡♥❝♦♥tr❛❞❛s✳ ❊❧❡✈❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✸✳✶✶✮ ❡
✭✸✳✶✷✮ ♣♦r ❡st❛s ❝♦♥st❛♥t❡s e1 ❡ e2 r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦❜t❡r❡♠♦s✿

2e1 ≤ (b− a)e1/p
′

|u(c)|(α/p−1)e1 |v(d)|(β/p)e1
(∫ b

a

f(x)dx

)e1/p

❡

2e2 ≤ (b− a)e2/q
′

|u(c)|(α/q)e2 |v(d)|(β/q−1)e2

(∫ b

a

g(x)dx

)e2/q

.

❆❣♦r❛ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❡st❛s ❡q✉❛çõ❡s ♦❜t❡r❡♠♦s✿

2e1+e2 ≤ (b− a)
e1
p′

+
e2
q′ |u(c)|(

α
p
−1)e1+

α
q
e2 |v(d)|(

β

p
)e1+(β

q
−1)e2×

×

(∫ b

a

f(x)dx

) e1
p
(∫ b

a

g(x)dx

) e2
p

.

P❛r❛ ♦❜t❡r ♦ r❡s✉❧t❛❞♦ ♥♦s r❡st❛ ❛❝❤❛r♠♦s ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ♦s ❡①♣♦❡♥t❡s ❞❡
|u(c)| ❡ |v(d)| s❡ ❛♥✉❧❡♠✱ ✐st♦ é✱ e1 ❡ e2 sã♦ s♦❧✉çõ❡s ❞♦ s✐st❡♠❛ ❧✐♥❡❛r ❤♦♠♦❣ê♥❡♦✿







(
α

p
− 1

)

e1 +
α

q
e2 = 0

β

p
e1 +

(
β

q
− 1

)

e2 = 0.

❯s❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ✭✸✳✶✵✮ ✈❡♠♦s q✉❡ ❡st❡ s✐st❡♠❛ ♣♦ss✉✐ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧✱ ❛♦
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q✉❛❧ s❡ r❡s✉♠❡♠ ❛ ❡q✉❛çã♦✿
e1β = e2α.

P♦rt❛♥t♦✱ t♦♠❛♥❞♦ e1 = α ❡ e2 = β t❡r❡♠♦s✿

2α+β ≤ (b− a)
α

p′
+ β

q′

(∫ b

a

f(x)dx

)α
p
(∫ b

a

g(x)dx

)β

p

,

♦ q✉❡ ♣r♦✈❛ ♦ ❚❡♦r❡♠❛✳

❆❣♦r❛ ✉s❛r❡♠♦s ❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣❛r❛ ♣r♦✈❛r ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✸✳✹✳ ❊①✐st❡ ✉♠❛ ❢✉♥çã♦ h(λ) t❛❧ q✉❡ µ ≥ h(λ) ♣❛r❛ ❝❛❞❛ ❛✉t♦✈❛❧♦r
❣❡♥❡r❛❧✐③❛❞♦ (λ, µ) ❞♦ ♣r♦❜❧❡♠❛ ✸✳✶✱ ♦♥❞❡ h(λ) é ❞❛❞❛ ♣♦r

h(λ) =
1

β

(

C

λα/p
∫ b

a
r(x)dx

)q/β

,

♦♥❞❡ ❛ ❝♦♥st❛♥t❡ C é ❞❛❞❛ ♣♦r

C =
2α+β

αα/p(b− a)α/p′+β/q′
.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (λ, µ) ♦ ♣❛r ❞❡ ❛✉t♦✈❛❧♦r❡s ❣❡♥❡r❛❧✐③❛❞♦s ❡ (u, v) ♦ ♣❛r
❝♦rr❡s♣♦♥❞❡♥t❡ q✉❡ é s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ❞♦ s✐st❡♠❛✿







−(|u′(x)|p−2u′(x))′ = λαr(x)|u|α−2u|v|β, x ∈ (a, b)

−(|v′(x)|q−2v′(x))′ = µβr(x)|u|αv|v|β−2, x ∈ (a, b).

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ❛ ❝♦♥st❛♥t❡✿

M =
2α+β

(b− a)
α

p′
+ β

q′

.

❆ss✐♠✱ s✉❜st✐t✉✐♥❞♦ ❛s ❢✉♥çõ❡s ❛ s❡❣✉✐r✱ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▲②❛♣✉♥♦✈ ✭✸✳✾✮✱

f(x) = λαr(x), g(x) = µβr(x)

t❡r❡♠♦s✿

M ≤

(∫ b

a

λαr(x)dx

)α
p

.

(∫ b

a

µβr(x)dx

)β

q

.

❘❡❛rr❛♥❥❛♥❞♦ ♦s t❡r♠♦s ❡ ✉s❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ✸✳✶✵✱ ♦❜t❡♠♦s✿

M ≤ (λα)α/p(µβ)β/q
∫ b

a

r(x)dx,
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q✉❡ ♥♦s ❞á✿






M

(λα)α/p
∫ b

a

r(x)dx







q/β

≤ µβ.

P♦rt❛♥t♦✱

µ ≥
1

β







C

λα/p

∫ b

a

r(x)dx







q/β

,

♦♥❞❡ C =
M

αα/p
✱ ❡ ✐st♦ t❡r♠✐♥❛ ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛✳



❈❛♣ít✉❧♦ ✹

❊st✐♠❛t✐✈❛s ♣❛r❛ ❛✉t♦✈❛❧♦r❡s ❞❡

s✐st❡♠❛s ❡❧í♣t✐❝♦s q✉❛s❡ ❧✐♥❡❛r❡s ♥♦

R
n

❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❡❧í♣t✐❝♦ q✉❛s❡ ❧✐♥❡❛r






−∆pu = λαr(x)|u|α−2u|v|β, x ∈ Ω

−∆qv = µβr(x)|u|αv|v|β−2, x ∈ Ω,
✭✹✳✶✮

♦♥❞❡ ❛s ❢✉♥çõ❡s u ❡ v s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ❉✐r✐❝❤❧❡t

u(x) = v(x) = 0 ♣❛r❛ x ∈ ∂Ω,

♦s ❡①♣♦❡♥t❡s s❛t✐s❢❛③❡♠ 1 < p, q < ∞✱

α

p
+

β

q
= 1, ✭✹✳✷✮

❡ r ∈ L∞(Ω)✳

◆❡st❡ ❝❛♣ít✉❧♦ ❞❛r❡♠♦s ✉♠❛ ❝♦t❛ s✉♣❡r✐♦r ♣❛r❛ ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r
✈❛r✐❛❝✐♦♥❛❧ {λ1(t), µ1(t)} ❞♦ s✐st❡♠❛ ✭✹✳✶✮✳ ◗✉❛♥❞♦ Ω é ❛r❜✐trár✐♦✱ ❡st❡ r❡s✉❧t❛❞♦
❢♦✐ ♣r♦✈❛❞♦ ❡♠ ❬✻❪✳

▼❛s ✉♠ ❞♦s ♦❜❥❡t✐✈♦s ♣r✐♥❝✐♣❛✐s ❞❡st❡ ❝❛♣ít✉❧♦ é ♠♦str❛r q✉❡✱ ❡♠ ❞♦♠í♥✐♦s
❡s♣❡❝✐❛✐s✱ ♥❡st❡ ❝❛s♦ ❛♥é✐s ❡♠ R

n✱ é ♣♦ssí✈❡❧ ❡st❡♥❞❡r ♦ r❡s✉❧t❛❞♦ ❞❡ ❬✻❪ ♣❛r❛ t♦❞♦s
♦s ❛✉t♦✈❛❧♦r❡s ❣❡♥❡r❛❧✐③❛❞♦s✱ s♦❜r❡ ❛ r❡t❛ µ = tλ✱ ♠❛s ❝♦♥s✐❞❡r❛♥❞♦ p = q✱ ❡ ❞❡st❛
❢♦r♠❛ ♣♦❞❡♠♦s ♦❜t❡r r❡s✉❧t❛❞♦s s❡♠❡❧❤❛♥t❡s ❛♦s ♦❜t✐❞♦s ♥♦ ❈❛♣ít✉❧♦ ✸✱ ❢❛t♦ ❡st❡
q✉❡ ❢♦✐ ❝♦♥❥❡❝t✉r❛❞♦ ♣❡❧♦s ❛✉t♦r❡s ❡♠ ❬✻❪✳

❉❡st❛ ❢♦r♠❛✱ ♦s r❡s✉❧t❛❞♦s ❞❛ ❙❡çã♦ ✹✳✸ ❞❡st❡ ❝❛♣ít✉❧♦ sã♦ ♥♦✈♦s ❡ ♦r✐❣✐♥❛✐s✱
♣♦✐s ♥ã♦ ♦s ❡♥❝♦♥tr❛♠♦s ❛✐♥❞❛ ♥❛ ❧✐t❡r❛t✉r❛ ✈✐❣❡♥t❡✳

✺✷
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✹✳✶ ❊st✐♠❛t✐✈❛s ♣❛r❛ ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❡♠ R
n

◆❡st❛ s❡çã♦ ❞❛r❡♠♦s ✉♠❛ ❝♦t❛ s✉♣❡r✐♦r ♣❛r❛ ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ✈❛r✐❛❝✐♦♥❛❧
{λ1(t), µ1(t)} ❞♦ s✐st❡♠❛ ✭✹✳✶✮✱ q✉❛♥❞♦ Ω é ❛r❜✐trár✐♦✱ ❡st❡ r❡s✉❧t❛❞♦ ❢♦✐ ♣r♦✈❛❞♦
♣♦r ❬✻❪✳

❚❡♦r❡♠❛ ✹✳✶✳ [◆á♣♦❧✐ ❡ P✐♥❛s❝♦ [✻]]. ❙❡❥❛ p > q, r(x) ≥ m > 0✳ ❊♥tã♦✱ ♦
♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ✈❛r✐❛❝✐♦♥❛❧ ❞♦ ♣r♦❜❧❡♠❛ ✭✹✳✶✮ s♦❜r❡ ❛ r❡t❛ µ = tλ s❛t✐s❢❛③

λ1 ≤
Λ1

p
+

m−1+q/p

qt

(
p

q

)q

Λ
q/p
1

♦♥❞❡ Λ1 é ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ✈❛r✐❛❝✐♦♥❛❧ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t

−∆pu = λr(x)|u|p−2u

❡♠ ❛❧❣✉♠ ❞♦♠í♥✐♦ Ω✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ A = {(u, v)}∪{−(u, v)} ♣❛r❛ t♦❞♦ (u, v) 6=
(0, 0)✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✽ t❡♠♦s q✉❡ gen(A) = 1✱ ❛❧é♠ ❞✐ss♦ A é ✉♠ ❝♦♥❥✉♥t♦
❝♦♠♣❛❝t♦ s✐♠étr✐❝♦✱ ♦✉ s❡❥❛ A é ✉♠ ❝♦♥❥✉♥t♦ ❛❞♠✐ssí✈❡❧ ♥❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s
❛✉t♦✈❛❧♦r❡s✱ ❞❛í t❡♠♦s✱

λ1(t) = inf
C∈C1

sup
(u,v)∈C

1

p

∫

Ω

|∇u|p +
1

qt

∫

Ω

|∇v|q

∫

Ω

r(x)|u|α|v|β

≤ sup
(u,v)∈A

1

p

∫

Ω

|∇u|p +
1

qt

∫

Ω

|∇v|q

∫

Ω

r(x)|u|α|v|β

=

1

p

∫

Ω

|∇u|p +
1

qt

∫

Ω

|∇v|q

∫

Ω

r(x)|u|α|v|β
.

❱✐st♦ q✉❡ (u, v) 6= (0, 0) é ❛r❜✐trár✐♦✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ✈❛❧❡ ♣❛r❛ t♦❞♦
(u, v) ∈ W \ {(0, 0)}✳ ❆❣♦r❛ ❝♦♥s✐❞❡r❡ u = ϕ1 ❡ v = ϕ

p/q
1 ✱ ♦♥❞❡ ϕ1 ❞❡♥♦t❛ ❛

♣r✐♠❡✐r❛ ❛✉t♦❢✉♥çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t

−∆pw = Λr(x)|w|p−2w

❡♠ Ω✳

❖❜s❡r✈❡ q✉❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r
∫

Ω

r(x)|ϕ1|
p = 1,
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♣♦✐s ❝❛s♦
∫

Ω

r(x)|ϕ1|
p 6= 1 ❝♦♥s✐❞❡r❛♠♦s ❛ ❢✉♥çã♦

ϕ̃1 =
ϕ1

(∫

Ω

r(x)|ϕ1|
p

)1/p
.

❆ss✐♠ ♦❜t❡r❡♠♦s✿
∫

Ω

r(x)|ϕ̃1|
p = 1.

❈♦♠ ✐ss♦✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ −∆pw = Λr(x)|w|p−2w ♣♦r w ❡ ✐♥t❡❣r❛♥❞♦
♣♦r ♣❛rt❡s t❡r❡♠♦s✿

∫

Ω

|w′|p−2(w′)2 = Λ

∫

Ω

r(x)|w|p.

❆ss✐♠✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ♥♦r♠❛❧✐③❛çã♦✱ ♦❜t❡r❡♠♦s q✉❡ ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞♦
♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤✐❧❡t é ❞❛❞♦ ♣♦r✿

Λ1 =

∫

Ω

|ϕ′
1|

p. ✭✹✳✸✮

❆❣♦r❛ ♦❜s❡r✈❡ q✉❡✿

v′ = (ϕ′
1)

p/q =
p

q
ϕ
p/q−1
1 ϕ′

1,

❞❛í ∫

Ω

r(x)|u|α.|v|β =

∫

Ω

r(x)|ϕ1|
α.|ϕ

p/q
1 |β =

∫

Ω

r(x)|ϕ1|
α+βp

q .

❈♦♠♦
α

p
+

β

q
= 1 t❡♠♦s q✉❡ α +

βp

q
= p✱ ❞❛í✿

∫

Ω

r(x)|u|α.|v|β =

∫

Ω

r(x)|ϕ1|
p = 1.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ Hölder t❡♠♦s✿
∫

Ω

|v′|q =

∫

Ω

(
p

q

)q

|ϕp/q−1.ϕ′
1|

q

=

∫

Ω

(
p

q

)p

|ϕ1|
p−q.|ϕ′

1|
q

≤

(
p

q

)p(∫

Ω

|ϕ′
1|

p

)1/s(∫

Ω

|ϕ1|
p

)1/s′

,

✭✹✳✹✮

♦♥❞❡ s =
p

q
❡ s′ =

p

p− q
✳ ❈♦♠♦

∫

Ω

r(x)|ϕ1|
p = 1 ❡ ♣♦r ❤✐♣ót❡s❡ t❡♠♦s q✉❡
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r(x) ≥ m > 0 s❡❣✉❡ q✉❡✿

1 =

∫

Ω

r(x)|ϕ1|
p ≥

∫

Ω

m|ϕ1|
p = m

∫

Ω

|ϕ1|
p.

❆ss✐♠ ∫

Ω

|ϕ1|
p ≤

1

m
. ✭✹✳✺✮

▲♦❣♦ ❞❛s ❡q✉❛çõ❡s ✭✹✳✸✮✱ ✭✹✳✹✮ ❡ ✭✹✳✺✮ ❝♦♥❝❧✉✐♠♦s q✉❡✿

λ1(t) ≤
Λ1

p
+

m−1+q/p

qt

(
p

q

)q

Λ
q/p
1 .

✹✳✷ ❚r❛♥s❢♦r♠❛çã♦ r❛❞✐❛❧ ❞♦ ♣✲▲❛♣❧❛❝✐❛♥♦

❙❡❥❛ r(x) = r(|x|)✱ ♦✉ s❡❥❛✱ r é ✉♠❛ ❢✉♥çã♦ r❛❞✐❛❧✳ ▼♦str❡♠♦s q✉❡ ❛ ♠✉❞❛♥ç❛
❞❡ ✈❛r✐á✈❡❧ ρ = |x| =

√

x2
1 + · · ·+ x2

n tr❛♥s❢♦r♠❛ ❛ ❡q✉❛çã♦

−∆pu = λr(x)|u|p−2u; x ∈ Ω = {x ∈ R
n;R < |x| < R̄}

♥❛ ❡q✉❛çã♦
(
ρn−1|v′(ρ)|p−1v′(ρ)

)′
= −λr(ρ)ρn−1|v(ρ)|p−2v(ρ)

♦♥❞❡ v(ρ) = u(|x|) = u(ρ); ρ ∈ (R, R̄)✳ ❊st❛ é ❝❤❛♠❛❞❛ tr❛♥s❢♦r♠❛çã♦ r❛❞✐❛❧ ❞♦
p✲▲❛♣❧❛❝✐❛♥♦✳ ❉❡ ❢❛t♦✱ ❧❡♠❜r❡♠♦s q✉❡

−∆pu = −div(|∇u|p−2∇u)

❡✱ s❡ v(ρ) = u(x)✱ t❡r❡♠♦s✿

∂u(x)

∂xi

=
∂v(ρ)

∂xi

=
d

dρ
v(ρ).

∂ρ

∂xi

= v′(ρ).
∂ρ

∂xi

❡ ❝♦♠♦ ρ =
√

x2
1 + · · ·+ x2

n t❡♠♦s✿

∂ρ

∂xi

=
1

2
√

x2
1 + · · ·+ x2

n

.2xi =
xi

√

x2
1 + · · ·+ x2

n

=
xi

|x|
=

xi

ρ
.

P♦rt❛♥t♦
∂u(x)

∂xi

= v′(ρ)
xi

ρ
✱ ❞❛í t❡♠♦s✿

∇u(x) = v′(ρ).
x

|x|
.

❆ss✐♠✱
|∇u(x)|p−2 = |v′(ρ)|p−2,
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❡ ❡♥tã♦

−∆pu = −div(|∇u|p−2∇u) = −div

(

|v′(ρ)|p−2.v′(ρ).
x

ρ

)

.

❈♦♠♦

−div

(

|v′(ρ)|p−2.v′(ρ).
x

ρ

)

= −
n∑

i=1

∂

∂xi

(

|v′(ρ)|p−2.v′(ρ).
xi

ρ

)

❡
∂

∂xi

(

|v′(ρ)|p−2.v′(ρ).
xi

ρ

)

=

=
∂

∂xi

(|v′(ρ)|p−2.v′(ρ)) .
xi

ρ
+ |v′(ρ)|p−2.v′(ρ).

∂

∂xi

(
xi

ρ

)

= (|v′(ρ)|p−2.v′(ρ))
′
.
∂ρ

∂xi

.
xi

ρ
+ |v′(ρ)|p−2.v′(ρ)






ρ− xi
xi

ρ

ρ2






= (|v′(ρ)|p−2.v′(ρ))
′
.
x2
i

ρ2
+ |v′(ρ)|p−2.v′(ρ)

[
1

ρ
−

x2
i

ρ3

]

,

t❡♠♦s

div
(
|∇u|p−2.∇u

)
=
(
|v′(ρ)|p−2.v′(ρ)

)′
.

n∑

i=1

x2
i

ρ2
+
(
|v′(ρ)|p−2.v′(ρ)

)
n∑

i=1

[
1

ρ
−

x2
i

ρ3

]

❡✱ ❝♦♠♦
n∑

i=1

x2
i = ρ2✱ ❛ s❡❣✉♥❞❛ s♦♠❛ ♥♦s r❡st❛

n− 1

ρ
✱ ❡ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❡ ❞✐✈✐❞✐♥❞♦

♣♦r ρn−1 ♦❜t❡r❡♠♦s✿

div (|∇u|p−2.∇u) =

[

(|v′(ρ)|p−2.v′(ρ))
′
+ |v′(ρ)|p−2.v′(ρ)

(
n− 1

ρ

)]

.
ρn−1

ρn−1

= (ρn−1.|v′(ρ)|p−2.v′(ρ))
′
.ρ1−n.

P♦rt❛♥t♦✱ ♥♦ss❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ ♥♦s ❞á ❛ ❡q✉❛çã♦✿

(
ρn−1.|v′(ρ)|p−2.v′(ρ)

)′
= −λr(ρ)ρn−1|v(ρ)|p−2v(ρ).

✹✳✸ ❊st✐♠❛t✐✈❛s ♣❛r❛ ❆✉t♦✈❛❧♦r❡s ❡♠ ❆♥é✐s

◆❡st❛ s❡çã♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s Ω = {x ∈ R
n;R < |x| < R̄} ❡ p = q✳
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❈♦♠ ♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❞❛ s❡çã♦ ❛♥t❡r✐♦r ♣♦❞❡♠♦s ♠♦str❛r q✉❡ ♦ s✐st❡♠❛






−∆pu = λαr(x)|u|α−2u|v|β, x ∈ Ω

−∆pv = µβr(x)|u|αv|v|β−2, x ∈ Ω

u(x) = v(x) = 0; x ∈ ∂Ω,

✭✹✳✻✮

♣♦❞❡ s❡r tr❛♥s❢♦r♠❛❞♦ ❡♠✿






(ρn−1.|u′(ρ)|p−2.u′(ρ))
′

= −λαρn−1r(ρ)|u(ρ)|α−2u(ρ)|v(ρ)|β, ρ ∈ (R, R̄)

(ρn−1.|v′(ρ)|p−2.v′(ρ))
′

= −µβρn−1r(ρ)|u(ρ)|α|v(ρ)|β−2v(ρ), ρ ∈ (R, R̄)

u(R) = u(R̄) = v(R) = v(R̄) = 0.

✭✹✳✼✮

❖❜s❡r✈❡ q✉❡ ❝♦♥s✐❞❡r❛♠♦s ❛s ♠❡s♠❛s ❢✉♥çõ❡s u ❡ v✱ ♠❛s ♥ã♦ ❤á ♣❡r✐❣♦ ❞❡
❝♦♥❢✉sã♦✱ ♣♦✐s ❥á ♠♦str❛♠♦s ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ q✉❡ tr❛♥s❢♦r♠❛ ♦ s✐st❡♠❛
✐♥✐❝✐❛❧ ♥❡st❡ ú❧t✐♠♦✳ ❙♦❜r❡ ❡st❡ ú❧t✐♠♦ s✐st❡♠❛ ✈❛♠♦s ❢❛③❡r ✉♠❛ ♥♦✈❛ ♠✉❞❛♥ç❛ ❞❡
✈❛r✐á✈❡❧✳ ◆♦t❡ q✉❡ n ❡ q sã♦ ♥ú♠❡r♦s ❡ ♣♦❞❡♠ s❡r ❝♦♠♣❛r❛❞♦s✳ ❊st❛ ❝♦♠♣❛r❛çã♦
❡stá ❞✐r❡t❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ ❡s❝♦❧❤✐❞❛✳ ❆ ♥♦ss❛
♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ ❢✉♥❝✐♦♥❛ ❡♠ ✉♠ ú♥✐❝♦ ❝❛s♦ q✉❡ é ♦ s❡❣✉✐♥t❡✿

n > p. ✭✹✳✽✮

❆♥t❡s ❞❡ ❡♥✉♥❝✐❛r ♦ t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧ ❢❛r❡♠♦s ❛❧❣✉♠❛s ♠✉❞❛♥ç❛s ♥♦ s✐st❡♠❛
✭✹✳✼✮ q✉❡ s❡rã♦ ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦✳

◆❛s ❡q✉❛çõ❡s ❞♦ s✐st❡♠❛ ✭✹✳✼✮ ❢❛ç❛ ❛ ♠✉❞❛♥ç❛✿

ρ = ρp =

(
Ap

Bp − s

) p−1
n−p

, t❛❧ q✉❡ ū(s) = u(ρp) ❡ v̄(s) = v(ρp)

♦♥❞❡

Ap =

(
RR̄
)n−p

p−1

R̄
n−p

p−1 −R
n−p

p−1

❡ Bp =

(
R̄
)n−p

p−1

R̄
n−p

p−1 −R
n−p

p−1

. ✭✹✳✾✮

❖❜s❡r✈❡ q✉❡ ♣♦❞❡♠♦s ♦❜t❡r s ❡♠ ❢✉♥çã♦ ❞❡ ρp ♣♦r

s =
−Ap

ρ
n−p

p−1
p

+Bp

❈♦♠ ❡st❛s ♠✉❞❛♥ç❛s ♠♦str❛r❡♠♦s q✉❡ ♣♦❞❡♠♦s ❝❤❡❣❛r ♥♦ s❡❣✉✐♥t❡ s✐st❡♠❛✿






− (|ū′(s)|p−2.ū′(s))
′

= λαr(ρp)q1(s)|ū(s)|
α−2ū(s)|v̄(s)|β, s ∈ (0, 1)

− (|v̄′(s)|p−2.v̄′(s))
′

= µβr(ρp)q1(s)|ū(s)|
α|v̄(s)|β−2v̄(s), s ∈ (0, 1)

ū(0) = ū(1) = v̄(0) = v̄(1) = 0,

✭✹✳✶✵✮
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♦♥❞❡

q1(s) =

(
p− 1

n− p

)p

.
A

(p−1)p
n−p

p

(Bp − s)
(n−1)p
n−p

, ✭✹✳✶✶✮

❡

ρp(s) =

(
Ap

Bp − s

) p−1
n−p

. ✭✹✳✶✷✮

◆♦t❡♠♦s q✉❡ s é ✉♠❛ ❢✉♥çã♦ ❞❡ ρp ❞❡r✐✈á✈❡❧ ❡

s′(ρp) =

(
n− p

p− 1

)

Apρ
−n−p

p−1
−1

p > 0, ∀ρp ∈ [R, R̄],

♣♦rt❛♥t♦ s é ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡✱ ❧♦❣♦ ♦ ♠í♥✐♠♦ ❡ ♦ ♠á①✐♠♦ ❞❡ s ♦❝♦rr❡♠
q✉❛♥❞♦ ρp = R ❡ ρp = R̄✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦

s(R) =
−Ap

R
n−p

p−1

+Bp =

(
RR̄
)n−p

p−1

(

R̄
n−p

p−1 −R
n−p

p−1

)

R
n−p

p−1

+

(
R̄
)n−p

p−1

R̄
n−p

p−1 −R
n−p

p−1

= 0

s(R̄) =

(
RR̄
)n−p

p−1

(

R̄
n−p

p−1 − R̄
n−p

p−1

)

R
n−p

p−1

+

(
R̄
)n−p

p−1

R̄
n−p

p−1 −R
n−p

p−1

= 1

❝♦♥❝❧✉í♠♦s q✉❡ s ∈ [0, 1]✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ❛ ♠✉❞❛♥ç❛ ❛♣r❡s❡♥t❛❞❛✳ ❈♦♠♦ ū(s) = u(ρp) t❡♠♦s q✉❡✱

ū′(s) = u′(ρp)
dρp
ds

,

♠❛s ❞❡ ✭✹✳✶✷✮ t❡♠♦s

dρ

ds
=

d

ds

((
Ap

Bp − s

) p−1
n−p

)

= A
p−1
n−p
p .

d

ds

(

(Bp − s)
−(p−1)
n−p

)

= A
p−1
n−p
p

(
p− 1

n− p

)

(Bp − s)
−(p−1)
n−p

−1

= A
p−1
n−p
p .

(
p− 1

n− p

)

. (Bp − s)
−p+1−(n−p)

n−p

= A
p−1
n−p
p .

(
p− 1

n− p

)

(Bp − s)
1−n
n−p .

❖❜s❡r✈❡ q✉❡ s ∈ [0, 1]✱ p > 1✱ R̄ > R > 0✱ n > p ❡ Bp > 1✳ ❈♦♠ ✐ss♦ ♣♦❞❡♠♦s
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❝♦♥❝❧✉✐r q✉❡
dρp
ds

> 0✱ ❞❛í

(|ū′(s)|p−2.ū′(s))
′

=

(∣
∣
∣
∣
u′(ρp).

dρp
ds

∣
∣
∣
∣

p−2

.u′(ρp).
dρp
ds

)′

=

(

|u′(ρp)|
p−2.u′(ρp).

∣
∣
∣
∣

dρp
ds

∣
∣
∣
∣

p−2

.
dρp
ds

)′

=

(

ρn−1
p |u′(ρp)|

p−2u′(ρp).
1

ρn−1
p

.

(
dρp
ds

)p−1
)′

.

✭✹✳✶✸✮

❆♥t❡s ❞❡ ❞❡r✐✈❛r♠♦s✱ ✈❛♠♦s s✐♠♣❧✐✜❝❛r ♦ t❡r♠♦
1

ρn−1
p

.

(
dρp
ds

)p−1

❡ ✈❡r q✉❡ ❡st❡

♥ã♦ ❞❡♣❡♥❞❡ ❞❡ s✳ ❉❡ ❢❛t♦✱ ♣❡❧❛s ❞❡✜♥✐çõ❡s ❞❡ ρp ❡
dρp
ds

t❡♠♦s✿

1

ρn−1
p

.

(
dρp
ds

)p−1

=

(
Ap

Bp − s

) (p−1)(1−n)
n−p

.

(

A
p−1
n−p
p .

(
p− 1

n− p

)

(Bp − s)
1−n
n−p

)p−1

=

(
p− 1

n− p

)p−1

.A
(p−1)(1−n)

n−p
+

(p−1)2

n−p
p . (Bp − s)

(1−n)(p−1)
n−p

−
(p−1)(1−n)

n−p

=

(
p− 1

n− p

)p−1

.A1−p
p .

❆ss✐♠✱ ✈♦❧t❛♥❞♦ ♥❛ ❡q✉❛çã♦ ✭✹✳✶✸✮ t❡r❡♠♦s

(|ū′(s)|p−2.ū′(s))
′

=
d

ds

[

ρn−1
p |u′(ρp)|

p−2u′(ρp).

(
p− 1

n− p

)p−1

.A1−p
p

]

=

(
p− 1

n− p

)p−1

.A1−p
p

(
ρn−1
p |u′(ρp)|

p−2u′(ρp)
)′
.
dρp
ds

=

(
p− 1

n− p

)p−1

.A1−p
p .

dρp
ds

(
ρn−1
p |u′(ρp)|

p−2u′(ρp)
)′
.

❙✉❜st✐t✉✐♥❞♦ ❛ ❡①♣r❡ssã♦ ❞❡
dρp
ds

❡ ♥♦t❛♥❞♦ q✉❡ ♥♦ s✐st❡♠❛ ❝♦♥s✐❞❡r❛❞♦
(
ρn−1
p .|u′(ρp)|

p−2.u′(ρp)
)′
= −λαρn−1

p r(ρp)|u(ρp)|
α−2u(ρp)|v(ρp)|

β t❡r❡♠♦s✿
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(|ū′(s)|p−2.ū′(s))
′
=

= −
(

p−1
n−p

)p−1

A1−p
p A

p−1
n−p
p

p−1
n−p

(Bp − s)
1−n
n−p λαρn−1

p r(ρp)|u(ρp)|
α−2u(ρp)|v(ρp)|

β

= −
(

p−1
n−p

)p−1

A
1−p+ p−1

n−p
p ρn−1

p
p−1
n−p

(Bp − s)
1−n
n−p λαr(ρp)|u(ρp)|

α−2u(ρp)|v(ρp)|
β.

◆♦t❡ q✉❡

(
p−1
n−p

)p−1

A
1−p+ p−1

n−p
p ρn−1

p
p−1
n−p

(Bp − s)
1−n
n−p =

=
(

p−1
n−p

)p

A
(p−1)(−n+p+1)

n−p
p

(
Ap

Bp−s

) (p−1)(n−1)
n−p

(Bp − s)
1−n
n−p

=
(

p−1
n−p

)p

A
(p−1)(−n+p+1)

n−p
+

(p−1)(n−1)
n−p

p (Bp − s)
1−n
n−p

−
(p−1)(n−1)

n−p

=
(

p−1
n−p

)p

A
(p−1)p
n−p

p (Bp − s)
(1−n)p
n−p

=
(

p−1
n−p

)p A
(p−1)p
n−p

p

(Bp − s)
(n−1)p
n−p

,

❡ ❡st❛ ❡①♣r❡ssã♦ é ❛ q✉❡ ❝❤❛♠❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡ ❞❡ q1(s)✳ ❆ss✐♠ ♦❜t❡♠♦s✿

(
|ū′(s)|p−2.ū′(s)

)′
= −q1(s)λαr(ρp)|u(ρp)|

α−2u(ρp)|v(ρp)|
β

❡✱ ❝♦♠♦ ✜③❡♠♦s ❛ s✉❜st✐t✉✐çã♦ u(ρp) = ū(s) ❡ v(ρp) = v̄(s) ❝♦♥❝❧✉í♠♦s q✉❡✿

(
|ū′(s)|p−2.ū′(s)

)′
= −λαr(ρp)q1(s)|ū(s)|

α−2ū(s)|v̄(s)|β,

q✉❡ é ❛ ❡q✉❛çã♦ q✉❡ q✉❡rí❛♠♦s ❝❤❡❣❛r✳

❖❜s❡r✈❡ q✉❡ ♣❛r❛ ❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ♦s ❝á❧❝✉❧♦s s❡❣✉❡♠ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦
❛♦s ❞❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦✳ P♦rt❛♥t♦ ❝♦♥s✐❞❡r❛♥❞♦ ❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞♦ s✐st❡♠❛ ❡
❢❛③❡♥❞♦ ❛ s✉❜st✐t✉✐çã♦ t❡r❡♠♦s

(
|v̄′(s)|q−2.v̄′(s)

)′
= −µβr(ρq)q2(s)|ū(s)|

αv̄(s)|v̄(s)|β−2.

❉❛r❡♠♦s ✉♠ ❡♥❢♦q✉❡ ❛❣♦r❛ ♥❛ ❢✉♥çã♦ q1(s)✳ Pr✐♠❡✐r❛♠❡♥t❡ ♥♦t❡ q✉❡

q′1(s) =

(
p− 1

n− p

)p

A
(p−1)p
n−p

p
(n− 1)p

n− p
(Bp − s)−

(n−1)p
n−p

−1,

❝♦♠♦ Bp > 1 ❡ t❡♠♦s q✉❡ s ∈ [0, 1]✱ s❡❣✉❡ q✉❡ Bp − s > 0✳ ▲♦❣♦ q′1(s) > 0 ❞❛í
❝♦♥❝❧✉í♠♦s q✉❡ q1(s) é ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡ ❡ ♣♦rt❛♥t♦ ♦❜t❡♠♦s

q1(s) ≥ q1(0) ∀s ∈ [0, 1].
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P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ q1(s) t❡♠♦s✱

q1(0) =

(
p− 1

n− p

)p
A

(p−1)p
n−p

p

B
(n−1)p
n−p

p

.

P♦r s✐♠♣❧✐❝✐❞❛❞❡ ❝❤❛♠❛r❡♠♦s ❞❡ D ♦ ♥ú♠❡r♦ t❛❧ q✉❡

D =

(
p− 1

n− p

)p

.

◗✉❡r❡♠♦s ❡♥❝♦♥tr❛r ❝♦♥❞✐çõ❡s s♦❜r❡ R ❡ R̄ ❞❡ t❛❧ q✉❡ ❢♦r♠❛ q✉❡

q1(0) ≥ 1,

♣♦✐s ❛ss✐♠ ❡st❛r❡♠♦s ♥❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✸✳✶ q✉❛♥❞♦ p = q✳

❈♦♠♦ Ap = R
n−p

p−1 .Bp t❡♠♦s q✉❡✱

q1(0) = D.

(

R
n−p

p−1 .Bp

) (p−1)p
n−p

B
(n−1)p
n−p

p

= DRpB
(p−1)p
n−p

−
(n−1)p
n−p

p = DRpB−p
p = D

(
R

Bp

)p

.

❙✉❜st✐t✉✐♥❞♦ ❛ ❡①♣r❡ssã♦ ❞❡ Bp ♦❜t❡♠♦s q✉❡

q1(0) = D

[

R
(R̄

n−p

p−1 −R
n−p

p−1 )

R̄
n−p

p−1

]p

.

❆ss✐♠✱ q1(0) ≥ 1 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ✈❛❧❡

D
1
p .R

(

R̄
n−p

p−1 −R
n−p

p−1

)

≥ R̄
n−p

p−1 ⇔ R̄
n−p

p−1

(

D
1
p .R− 1

)

≥ D
1
p .R

n−p

p−1
+1.

❊♥tã♦ ✉♠❛ ♣r✐♠❡✐r❛ ❝♦♥❞✐çã♦ ❛♣❛r❡❝❡ s♦❜r❡ R✱ ✈✐st♦ q✉❡ ♦ t❡r♠♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦
❞❛ ú❧t✐♠❛ ❞❡s✐❣✉❛❧❞❛❞❡ é ♣♦s✐t✐✈♦ ❡ R̄ t❛♠❜é♠ é✱ ♦❜r✐❣❛r❡♠♦s q✉❡ ♦ t❡r♠♦
(D

1
p .R− 1) s❡❥❛ ♣♦s✐t✐✈♦✱ ♦✉ s❡❥❛✿

R >
1

D
1
p

. ✭✹✳✶✹✮

❈♦♥s✐❞❡r❛♥❞♦ ✐st♦✱ ❛❝❤❛r❡♠♦s ✉♠❛ ❝♦♥❞✐çã♦ ♣❛r❛ R̄ ❡♥✈♦❧✈❡♥❞♦ R✳ ❉❡ ❢❛t♦
✈♦❧t❛♥❞♦ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡ ✐s♦❧❛♥❞♦ R̄ t❡r❡♠♦s

R̄
n−p

p−1 ≥
D

1
p .R

n−p

p−1
+1

D
1
p .R− 1

⇔ R̄ ≥

[

D
1
p .R

n−p

p−1
+1

D
1
p .R− 1

] p−1
n−p

. ✭✹✳✶✺✮

P♦rt❛♥t♦ ♣❛r❛ q✉❡ t❡♥❤❛♠♦s q1(t) ≥ 1 ❞❡✈❡♠♦s t♦♠❛r

R >
1

D
1
p
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❡

R̄ > max






R,

[

D
1
p .R

n−p

p−1
+1

D
1
p .R− 1

] p−1
n−p






. ✭✹✳✶✻✮

❈♦♠♦ ❥á ✈✐♠♦s✱ à ❡q✉❛çã♦

−∆pu = λr(x)|u|p−2u ✭✹✳✶✼✮

é ❡q✉✐✈❛❧❡♥t❡ ❛ ❡q✉❛çã♦

(
ρn−1
p |v′(ρp)|

p−1v′(ρp)
)′
= −λr(ρp)ρ

n−1|v(ρp)|
p−2v(ρp)

♣♦r ♠❡✐♦ ❞❛ tr❛♥s❢♦r♠❛çã♦ r❛❞✐❛❧✳ ❙♦❜r❡ ❡st❛ ❡q✉❛çã♦ ❢❛③❡♥❞♦✱ ❛s ♠❡s♠❛s
♠✉❞❛♥ç❛s ❛♣r❡s❡♥t❛❞❛s ❛❝✐♠❛ ♦❜t❡♠♦s ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❡q✉✐✈❛❧❡♥t❡ ❞❛❞❛
♣♦r

−
(
|ū′(s)|p−2.ū′(s)

)′
= λr(ρp)q1(s)|ū(s)|

p−2ū(s), s ∈ [0, 1]. ✭✹✳✶✽✮

❆❣♦r❛ ♣♦❞❡♠♦s ❡♥✉♥❝✐❛r ♦ ♣r✐♥❝✐♣❛❧ t❡♦r❡♠❛ ❞❡st❛ s❡çã♦✿

❚❡♦r❡♠❛ ✹✳✷✳ ❈♦♥s✐❞❡r❡ r ∈ L∞(Ω) t❛❧ q✉❡ r(x) ≥ m > 0 ❡ r(x) = r(|x|)✱ ♦✉
s❡❥❛✱ r é ✉♠❛ ❢✉♥çã♦ r❛❞✐❛❧✳ ❈♦♥s✐❞❡r❡ R ❡ R̄ s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s ✭✹✳✶✹✮
❡ ✭✹✳✶✻✮ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦✱ ♦ ❦✲és✐♠♦ ❛✉t♦✈❛❧♦r ✈❛r✐❛❝✐♦♥❛❧ ❞♦ ♣r♦❜❧❡♠❛
✭✹✳✻✮ s♦❜r❡ ❛ r❡t❛

µ = tλ,

s❛t✐s❢❛③

λk(t) ≤
Λk

p
+

Λk

pt
,

♦♥❞❡ Λk é ♦ ❦✲és✐♠♦ ❛✉t♦✈❛❧♦r ✈❛r✐❛❝✐♦♥❛❧ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❉✐r✐❝❤❧❡t

−∆pu = λr(x)|u|p−2u; x ∈ Ω ⊂ R
n,

❡
Ω = {x ∈ R

n/R ≤ |x| ≤ R̄}.

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ s❡❣✉❡ ♣♦r ♠❡✐♦ ❞❛s ♠✉❞❛♥ç❛s ❞❡ ✈❛r✐á✈❡✐s ❥á
❛♣r❡s❡♥t❛❞❛s✳ ❉❡ ❢❛t♦✱ ❥á ✈✐♠♦s ♣♦r ♠✉❞❛♥ç❛s ❞❡ ✈❛r✐á✈❡✐s q✉❡ ♦ s❡❣✉✐♥t❡ s✐st❡♠❛







−∆pu = λαr(x)|u|α−2u|v|β, x ∈ Ω

−∆pv = µβr(x)|u|αv|v|β−2, x ∈ Ω

u(x) = v(x) = 0, x ∈ ∂Ω
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é ❡q✉✐✈❛❧❡♥t❡ ❛♦ s✐st❡♠❛






− (|ū′(s)|p−2.ū′(s))
′

= λαr(ρp)q1(s)|ū(s)|
α−2ū(s)|v̄(s)|β, s ∈ (0, 1)

− (|v̄′(s)|p−2.v̄′(s))
′

= µβr(ρp)q1(s)|ū(s)|
α|v̄(s)|β−2v̄(s), s ∈ (0, 1)

ū(0) = ū(1) = v̄(0) = v̄(1) = 0.

P♦rt❛♥t♦✱ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡st❡s s✐st❡♠❛s sã♦ ♦s ♠❡s♠♦s✳ ❏á ✈✐♠♦s t❛♠❜é♠ q✉❡ ❛
❡q✉❛çã♦

−∆pu = λr(x)|u|p−2u, x ∈ Ω ⊂ R
n,

é ❡q✉✐✈❛❧❡♥t❡ ❛ ❡q✉❛çã♦

−
(
|ū′(s)|p−2.ū′(s)

)′
= λr(ρp)q1(s)|ū(s)|

p−2ū(s), s ∈ [0, 1].

P♦rt❛♥t♦ ♥♦ss♦ t❡♦r❡♠❛ ❡stá ♥❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✸✳✶ q✉❛♥❞♦ p = q✳ ❉❡
❢❛t♦✱ ❝♦♥s✐❞❡r❡

µ = tλ,

❡
r̄(s) = r(ρp)q1(s),

❛ss✐♠ t❡♠♦s ♦ s✐st❡♠❛






− (|ū′(s)|p−2.ū′(s))
′

= λαr̄(s)|ū(s)|α−2ū(s)|v̄(s)|β, s ∈ (0, 1)

− (|v̄′(s)|p−2.v̄′(s))
′

= µβr̄(s)|ū(s)|α|v̄(s)|β−2v̄(s), s ∈ (0, 1)

ū(0) = ū(1) = v̄(0) = v̄(1) = 0.

♦♥❞❡ ρp = |x|, s =
−Ap

ρ
n−p

p−1
p

+Bp✱ ❡ q1(s) é ❞❛❞❛ ♣♦r ✭✹✳✶✶✮✳ ❖❜s❡r✈❡ q✉❡

r̄(s) = r(ρ)q1(s) ≥ r(ρ) ≥ m,

♣♦✐s ❥á ♠♦str❛♠♦s q✉❡ q1(s) ≥ 1 ♥❛s ❝♦♥❞✐çõ❡s ❞❡ R ❡ R̄✳ ▲♦❣♦✱ s♦❜ ❡st❛s
❝♦♥❞✐çõ❡s✱ ♥♦ss♦ s✐st❡♠❛ ❝♦♥s✐❞❡r❛❞♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠ s✐st❡♠❛ ❞♦ t✐♣♦







−(|u′(x)|p−2u′(x))′ = λαr(x)|u|α−2u|v|β, ❡♠ Ω,

−(|v′(x)|p−2v′(x))′ = µβr(x)|u|αv|v|β−2, ❡♠ Ω,

❡ ❛ ❡q✉❛çã♦
−∆pu = λr(x)|u|p−2u; x ∈ Ω ⊂ R

n,

é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ ❡q✉❛çã♦ ❞♦ t✐♣♦

−(|u′(x)|p−2u′(x))′ = λr(x)|u|p−2u.
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❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✱ q✉❛♥❞♦ p = q✱ ❝♦♥❝❧✉í♠♦s ♦ r❡s✉❧t❛❞♦✱ ♦✉ s❡❥❛✿

λk(t) ≤
Λk

p
+

m−1+q/p

qt

(
p

q

)q

Λ
q/p
k =

Λk

p
+

Λk

pt
.

❖❜s❡r✈❛çã♦ ✹✳✸✳ ❖ ❝❛s♦ q✉❛♥❞♦ p > q✱ ❝♦♥t✐♥✉❛ ❡♠ ❛❜❡rt♦✳

❚❛♠❜é♠ ❝♦♥s❡❣✉✐♠♦s ✉♠❛ ❧✐♠✐t❛çã♦ ❞♦s ❛✉t♦✈❛❧♦r❡s ♣♦r ✉♠❛ ❝✉r✈❛ q✉❡ é ♦
s❡❣✉✐♥t❡ ❚❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✹✳✹✳ ❊①✐st❡ ✉♠❛ ❢✉♥çã♦ h(λ) t❛❧ q✉❡ µ ≥ h(λ) ♣❛r❛ ❝❛❞❛ ❛✉t♦✈❛❧♦r
❣❡♥❡r❛❧✐③❛❞♦ (λ, µ) ❞♦ ♣r♦❜❧❡♠❛ ✭✹✳✻✮✱ ♦♥❞❡ h(λ) é ❞❛❞❛ ♣♦r

h(λ) =
1

β







C

λ
α
p

∫ 1

0

r(ρp(s))ds,







p

β

,

♦♥❞❡

C =
2p

αα/pq1(1)
,

q1(1) =

(
p− 1

n− p

)p

.
A

(p−1)p
n−p

p

(Bp − 1)
(n−1)p
n−p

,

Ap ❡ Bp sã♦ ❞❛❞❛s ♣♦r ✭✹✳✾✮ ❡ ρp(s) é ❞❛❞❛ ♣♦r ✭✹✳✶✷✮✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ ❥❛ ♠♦str❛♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✹✳✻✮ é ❡q✉✐✈❛❧❡♥t❡
❛♦ ♣r♦❜❧❡♠❛







− (|ū′(s)|p−2.ū′(s))
′

= λαr(ρp)q1(s)|ū(s)|
α−2ū(s)|v̄(s)|β, s ∈ (0, 1)

− (|v̄′(s)|p−2.v̄′(s))
′

= µβr(ρp)q1(s)|ū(s)|
α|v̄(t)|β−2v̄(s), s ∈ (0, 1)

ū(0) = ū(1) = v̄(0) = v̄(1) = 0.

P♦❞❡♠♦s ✉s❛r ♦ ❚❡♦r❡♠❛ ✸✳✸ ♣❛r❛ ❛s ❢✉♥çõ❡s

f(s) = λαr(ρp)q1(s) ❡ g(s) = µβr(ρp)q1(s).

❈♦♠♦ s ∈ [0, 1] ❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ p = q s❡❣✉❡ q✉❡

2α+β = 2p.
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❆ss✐♠

2p ≤

(∫ 1

0

λαr(ρp(s))q1(s)ds

)α
p
(∫ 1

0

µβr(ρp(s))q1(s)ds

)β

p

≤ (λαq1(1))
α
p

(∫ 1

0

r(ρp(s))ds

)α
p

(µβq1(1))
β

p

(∫ 1

0

r(ρp(s))ds

)β

p

= (λα)
α
p (µβ)

β

p (q1(1))
α
p
+β

p

(∫ 1

0

r(ρp(s))ds

)α
p
+β

p

= (λα)
α
p (µβ)

β

p q1(1)

∫ 1

0

r(ρp(s))ds.

P♦rt❛♥t♦✱

µβ ≥







2p

(λα)
α
p q1(1)

∫ 1

0

r(ρp(s))ds







p

β

=







C

λ
α
p

∫ 1

0

r(ρp(s))ds







p

β

,

♦♥❞❡ C =
2p

α
α
p q1(1)

✳

❈♦♥❝❧✉sã♦✱

µ ≥
1

β







C

λ
α
p

∫ 1

0

r(ρp(s))ds







q

β

.

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✲



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

◆❡st❡ tr❛❜❛❧❤♦ ❝♦♥s✐❞❡r❛♠♦s ✉♠ s✐st❡♠❛ ❡❧í♣t✐❝♦ q✉❛s❡ ❧✐♥❡❛r✱ ❛ ♣r✐♥❝í♣✐♦ ♥♦
R

n✳ P❛r❛ ♦ s✐st❡♠❛ ❡♠ R ♦❜t❡♠♦s ✉♠❛ ❡st✐♠❛t✐✈❛ ♣❛r❛ t♦❞♦s ♦s s❡✉s ❛✉t♦✈❛❧♦r❡s✱
❡♠ q✉❡ Ω ⊂ R é q✉❛❧q✉❡r ❡ ❡st❛♠♦s s♦❜r❡ ❛ r❡t❛ µ = tλ✳ ❆✐♥❞❛ ❝♦♥s❡❣✉✐♠♦s
✉♠❛ ❝✉r✈❛ ❞♦ t✐♣♦ ❤✐♣ér❜♦❧❡ q✉❡ ❧✐♠✐t❛ ♦s ❛✉t♦✈❛❧♦r❡s ♣♦r ❜❛✐①♦✳ P❛r❛ ♦ s✐st❡♠❛
❡♠ R

n ❛ ♠❡s♠❛ ❡st✐♠❛t✐✈❛ é ✈á❧✐❞❛ s♦♠❡♥t❡ ♣❛r❛ ✉♠❛ ❝❧❛ss❡ s❡ ❝♦♥❥✉♥t♦s ❡♠ R
n✱

✐st♦ q✉❛♥❞♦ ❡st❛♠♦s s♦❜r❡ ✉♠❛ r❡t❛ µ = tλ✱ ❡ t❛♠❜é♠ ❡♥❝♦♥tr❛♠♦s ✉♠❛ ❝✉r✈❛
❞♦ t✐♣♦ ❤✐♣ér❜♦❧❡ q✉❡ ❧✐♠✐t❛ ♣♦r ❜❛✐①♦ ♦s ❛✉t♦✈❛❧♦r❡s✳ ❊st❛s ❝♦♥❝❧✉sõ❡s s❡ ❞❡r❛♠
♣♦r ♠❡✐♦ ❞❡ ♠✉❞❛♥ç❛s ❞❡ ✈❛r✐á✈❡✐s ♥♦ s✐st❡♠❛ ❝♦♥s✐❞❡r❛❞♦ ❡ ♦ ✉s♦ ❞❡ ♠ét♦❞♦s
✈❛r✐❛❝✐♦♥❛✐s ♣❛r❛ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s ❛✉t♦✈❛❧♦r❡s ✈❛r✐❛❝✐♦♥❛✐s ❞♦ s✐st❡♠❛✳

◆❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✶✳✸ ❞❡ ❬✻❪ ❢♦✐ ❡♥❝♦♥tr❛❞♦ ✉♠ ❡rr♦ ❞❡ ❣r❛✜❛✳ ❉❡st❛ ❢♦r♠❛✱
❣♦st❛rí❛♠♦s ❞❡ ❢❛③❡r ✉♠ ❛❣r❛❞❡❝✐♠❡♥t♦ ❛♦ Pr♦❢❡ss♦r ❏✉❛♥ P❛❜❧♦ P✐♥❛s❝♦ ♣♦r t❡r
r❡s♣♦♥❞✐❞♦ ♥♦ss❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ s♦❜r❡ t❛❧ ❡rr♦ ❡ s✉❣❡r✐✉ ❛ ❝♦rr❡çã♦ ♥❛ ❡s❝♦❧❤❛
❞♦ ❝♦♥❥✉♥t♦ Ck✱ ✉s❛❞♦ ♥❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✶ ❞❡st❛ ❞✐ss❡rt❛çã♦✳

✻✻
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❬✷❪ ❆rrà③♦❧❛ ■r✐❛rt❡✱ ❊✳ ❆✳ ❙♦❜r❡ ✉♠ ♣❛r ❞❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ♣❛r❛
✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s ❡♥✈♦❧✈❡♥❞♦ ♦ ♣✲▲❛♣❧❛❝✐❛♥♦✳
❚❡s❡ ❞❡ ❉♦✉t♦r❛❞♦✱ ❈❛♠♣✐♥❛s ❬❙✳P✳✿s✳♥✳❪✱ ✷✵✵✹

❬✸❪ ❇❆❘❚▲❊✱ ❘✳ ●✳ ❚❤❡ ❊❧❡♠❡♥ts ♦❢ ■♥t❡❣r❛t✐♦♥ ❛♥❞ ▲❡❜❡s❣✉❡
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❬✹❪ ❇❘❊❩■❙✱ ❍✳ ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s✱ ❙♦❜♦❧❡✈ ❙♣❛❝❡s ❛♥❞ P❛rt✐❛❧
❉✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ P❛r✐s✿ ❙♣✐♥❣❡r✱ ✷✵✶✶✳

❬✺❪ ❉❡❧ P✐♥♦✱ ▼✳❀ ❉r❛❜❡❦✱ P✱❀ ▼❛♥ás❡✈✐❝❤✱ ❘✳ ❚❤❡ ❋r❡❞❤♦❧♠ ❛❧t❡r♥❛t✐✈❡
❛t t❤❡ ✜rst ❡✐❣❡♥✈❛❧✉❡ ❢♦r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣✲▲❛♣❧❛❝✐❛♥✳ ❏✳
❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✱ ✶✺✶✭✷✮✱ ✭✶✾✾✾✮✱ ✸✽✻ ✲ ✹✶✾✳

❬✻❪ ❉❡ ◆á♣♦❧✐✱ P✳▲✳❀ P✐♥❛s❝♦✱ ❏✳P✳ ❊st✐♠❛t❡s ❢♦r ❡✐❣❡♥✈❛❧✉❡s ♦❢
q✉❛s✐❧✐♥❡❛r ❡❧❧✐♣t✐❝ s②st❡♠s✳ ❏✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s ✷✷✼ ✭✷✵✵✻✮ ✶✵✷✲
✶✶✺

❬✼❪ ❉❡ ◆á♣♦❧✐✱ P✳❀ ▼❛r✐❛♥♥✐✱ ❈✳ ◗✉❛s✐❧✐♥❡❛r ❡❧❧✐♣t✐❝ s②st❡♠s ♦❢
r❡s♦♥❛♥t t②♣❡ ❛♥❞ ♥♦♥❧✐♥❡❛r ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s✳ ❆❜str✳ ❆♣♣❧✳
❆♥❛❧✳ ✼ ✭✸✮ ✭✷✵✵✷✮ ✶✺✺✲✶✻✼✳

❬✽❪ ❉♦s❧②✱ ❖✳❀ ❘❡❤❛❦✱ P✳ ❍❛❧❢✲▲✐♥❡❛r ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳ ❱♦❧✉♠❡
✷✵✷ ◆♦rt❤✲❍♦❧❧❛♥❞ ▼❛t❤❡♠❛t✐❝s ❙t✉❞✐❡s✳ ◆♦rt❤ ❍♦❧❧❛♥❞ ✭✷✵✵✺✮

❬✾❪ ❉r❛❜❡❦✱ P✳❀ ▼❛♥ás❡✈✐❝❤✱ ❘✳ ❖♥ t❤❡ ❝❧♦s❡❞ s♦❧✉t✐♦♥s t♦ s♦♠❡
♥♦♥❤♦♠❡❣❡♥❡♦✉s ❡✐❣❡♥✈❛❧✉❡ ♣r♦❜❧❡♠s ✇✐t❤ ♣✲ ▲❛♣❧❛❝✐❛♥✳
❉✐✛❡r❡♥t✐❛❧ ■♥t❡❣r❛❧ ❊q✉❛t✐♦♥s ✶✷ ✭✻✮ ✭✶✾✾✾✮ ✼✼✸✲✼✽✽✳

❬✶✵❪ ▲■▼❆✱ ❊✳ ▲✳ ❆♥á❧✐s❡ ❘❡❛❧✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ■▼P❆✱ ❱♦❧✳ ✷✱ ✷✵✵✻✳

❬✶✶❪ ▼❊❉❊■❘❖❙✱ ▲✳ ❆✳ ❞❛ ❏✳❀ ▼■❘❆◆❉❆✱ ▼✳ ❆✳ ▼✳ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ✿
■♥✐❝✐❛çã♦ ❛♦s ♣r♦❜❧❡♠❛s ❡❧ít✐❝♦s ♥ã♦ ❤♦♠♦❣ê♥❡♦s✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿
❯❋❘❏✴■▼✱ ✷✵✵✵

❬✶✷❪ ❖▲■❱❊■❘❆✱ ❈➱❙❆❘ ❘✳ ❉❊✳ ■♥tr♦❞✉çã♦ ➚ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✳ ❘✐♦
❞❡ ❏❛♥❡✐r♦✿ ■▼P❆✱ ✷✵✶✷✳
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❬✶✸❪ Pr♦tt❡r✱ ▼✳❚❤❡ ❣❡♥❡r❛❧✐③❡❞ s♣❡❝tr✉♠ ♦❢ s❡❝♦♥❞ ♦r❞❡r ❡❧❧✐♣t✐❝
s②st❡♠s✳ ❘♦❝❦② ▼♦✉♥t❛✐♥ ❏✳ ▼❛t❤✳ ✾ ✭✸✮ ✭✶✾✼✾✮ ✺✵✸✲✺✶✽✳

❬✶✹❪ ❘❛❜✐♥♦✇✐t③✱ P✳ ❍✳ ▼✐♥✐♠❛① ♠❡t❤♦❞s ✐♥ ❝r✐t✐❝❛❧ ♣♦✐♥t t❤❡♦r②
✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t♦ ❞✐❢❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ▼✐❛♠✐✿ ❈❇▼❙ ❘❡❣✐♦♥❛❧
❈♦♥❢❡r❡♥❝❡✱ ✶✾✽✹✳

❬✶✺❪ ❙■▼❖◆✱ ❏✳❘❡❣✉❧❛r✐té ❞❡ ❧❛ s♦❧✉t✐♦♥ ❞✬✉♥❡ éq✉❛t✐♦♥ ♥♦♥ ❧✐♥é❛✐r❡
❞❛♥s R

N ✳ ❏✳ ❞✬❆♥❛❧②s❡ ♥♦♥ ❧✐♥é❛r✐❡✳ Pr♦❝❡❡❞✐♥❣s✱ ❇❡s❛♥ç♦♥✱ ❋r❛♥❝❡✱
✶✾✼✼✱ ▲❡❝t✉r❡ ◆♦t❡s ✐♥ ▼❛t❤❡♠❛t✐❝s✱ ✻✻✺✱ ❙♣r✐♥❣❡r✲❱❡r❧❛♥❣✱ ❇❡r❧✐♥✳
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