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Ficha catalográfica preparada pela Biblioteca Central da Universidade
Federal de Viçosa - Câmpus Viçosa

T
Queiróz, Dayane Andrade, 1990-

Q3c
2015

        Categorias Cluster / Dayane Andrade Queiróz. – Viçosa,
MG, 2015.
        v, 82f. : il. ; 29 cm.

        Orientador: Rogério Carvalho Picanço.
        Dissertação (mestrado) - Universidade Federal de Viçosa.
        Referências bibliográficas: f.81-82.

        1. Álgebras. 2. Álgebras Cluster. 3.   Teoria Tilting.
I. Universidade Federal de Viçosa. Departamento de
Matemática. Programa de Pós-graduação em Matemática.
II. Título.

CDD 22. ed. 512
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❆♦s ♠❡✉s ♣❛✐s✱ ▼❛r✐❛ ▲❡♦♥✐❝✐❛ ❡ ❊✈❛♥❣❡❧✐st❛✱ ♣❡❧♦ ❛♠♦r✱ ❝❛r✐♥❤♦✱ ❡❞✉❝❛çã♦ ❡ ✐♥❝❡♥✲
t✐✈♦ q✉❡ s❡♠♣r❡ ♠❡ ♣r♦♣♦r❝✐♦♥❛r❛♠ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ ❡✉ t✐✈❡ss❡ ❢♦rç❛s ♣❛r❛ ❛t✐♥❣✐r
♠❡✉s ♦❜❥❡t✐✈♦s✱ ♠❡s♠♦ ❡st❛♥❞♦ ❞✐st❛♥t❡✳
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➚ ♠❡✉ ♥❛♠♦r❛❞♦✱ ❘❛❢❛❡❧✱ ♣❡❧♦ ❛♠♦r✱ ❝♦♠♣❛♥❤❡✐r✐s♠♦ ❡ ❝♦♠♣r❡❡♥sã♦ q✉❡ t❡✈❡ ❝♦✲
♠✐❣♦ ❞✉r❛♥t❡ t♦❞♦ ❡st❡ t❡♠♣♦✳

❆♦s ♠❡✉s ❛♠✐❣♦s ❊r❛s♠♦✱ ●r❛③✐❡❧❧❡ ❡ ▲♦✉❣❤❛s q✉❡ ✐♥✐❝✐❛r❛♠ ❝♦♠✐❣♦ ❡st❛ ❝❛♠✐✲
♥❤❛❞❛✱ ♠❛s ♣♦r ✈♦♥t❛❞❡ ❞❡ ❉❡✉s tr✐❧❤❛r❛♠ ♦✉tr♦ ❝❛♠✐♥❤♦✱ ❡♠ ❡s♣❡❝✐❛❧ ❛ ♠❡✉
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❝❡❧♦ ❡ ❨❣♦r ♣❡❧♦s ❜♦♥s ♠♦♠❡♥t♦s q✉❡ ✈✐✈❡♠♦s ❥✉♥t♦s✳

❆♦ ♣r♦❢❡ss♦r✱ ❙❡❜❛st✐ã♦✱ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ▼♦♥t❡s ❈❧❛r♦s ❝♦♠ q✉❡♠
♠✉✐t♦ ❛♣r❡♥❞✐ ❡ ❢♦✐ q✉❡♠ ♣r✐♠❡✐r♦ ♠❡ ✐♥❝❡♥t✐✈♦✉ ❛ ❢❛③❡r ♠❡str❛❞♦✳
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q✉❡♠ t✐✈❡ ❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ♠✉✐t♦ ❛♣r❡♥❞❡r✳

❆♦s ♠❡♠❜r♦s ❞❛ ❜❛♥❝❛✱ ❊❞s♦♥ ❡ ❙ô♥✐❛✱ ♣❡❧♦ ✐♥t❡r❡ss❡ ❡ ❞✐s♣♦s✐çã♦ ❡♠ ♣❛rt✐❝✐♣❛r ❡
❝♦❧❛❜♦r❛r ❝♦♠ ❡st❡ tr❛❜❛❧❤♦✳
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◗❯❊■❘❖❩✱ ❉❛②❛♥❡ ❆♥❞r❛❞❡✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❥❛♥❡✐r♦ ❞❡
✷✵✶✺✳ ❈❛t❡❣♦r✐❛s ❈❧✉st❡r✳ ❖r✐❡♥t❛❞♦r✿ ❘♦❣ér✐♦ ❈❛r✈❛❧❤♦ P✐❝❛♥ç♦✳

◆❡st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛♠♦s ❛s ❝❛t❡❣♦r✐❛s ❝❧✉st❡r✱ q✉❡ ❢♦r❛♠ ✐♥tr♦❞✉③✐❞❛s ♣♦r ❆s❧❛❦

❇❛❦❦❡ ❇✉❛♥✱ ❘♦❜❡rt ▼❛rs❤✱ ▼❛r❦✉s ❘❡✐♥❡❦❡✱ ■❞✉♥ ❘❡✐t❡♥ ❡ ●♦r❞❛♥❛ ❚♦❞♦r♦✈✱ ❝♦♠

♦ ♦❜❥❡t✐✈♦ ❞❡ ❝❛t❡❣♦r✐✜❝❛r ❛s á❧❣❡❜r❛s ❝❧✉st❡r ❝r✐❛❞❛s ❡♠ ✷✵✵✷ ♣♦r ❙❡r❣❡② ❋♦♠✐♥ ❡

❆♥❞r❡✐ ❩❡❧❡✈✐♥s❦②✳ ❖s ❛✉t♦r❡s ❛❝✐♠❛✱ ❡♠ ❬✹❪✱ ♠♦str❛r❛♠ q✉❡ ❡①✐st❡ ✉♠❛ ❡str❡✐t❛

r❡❧❛çã♦ ❡♥tr❡ á❧❣❡❜r❛s ❝❧✉st❡r ❡ ❝❛t❡❣♦r✐❛s ❝❧✉st❡r ♣❛r❛ q✉✐✈❡rs ❝✉❥♦ ❣r❛❢♦ s✉❜❥❛❝❡♥t❡

é ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥✳ P❛r❛ ✐st♦ ❞❡s❡♥✈♦❧✈❡r❛♠ ✉♠❛ t❡♦r✐❛ t✐❧t✐♥❣ ♥❛ ❡str✉t✉r❛

tr✐❛♥❣✉❧❛❞❛ ❞❛s ❝❛t❡❣♦r✐❛s ❝❧✉st❡r✳ ❊st❡ r❡s✉❧t❛❞♦ ❢♦✐ ❣❡♥❡r❛❧✐③❛❞♦ ♠❛✐s t❛r❞❡ ♣♦r

P❤✐❧✐♣♣❡ ❈❛❧❞❡r♦ ❡ ❇❡r♥❤❛r❞ ❑❡❧❧❡r ❡♠ ❬✽❪ ♣❛r❛ q✉✐✈❡rs ❞♦ t✐♣♦ ❛❝í❝❧✐❝♦✳ ❖ ♦❜❥❡t✐✈♦

♣r✐♥❝✐♣❛❧ ❞❡st❛ ❞✐ss❡rt❛çã♦ é ❡st✉❞❛r ❝♦♠♦ ❛ t❡♦r✐❛ t✐❧t✐♥❣ s♦❜r❡ ❝❧✉st❡r ♣❡r♠✐t❡

❡st❛❜❡❧❡❝❡r ❛ r❡❧❛çã♦ ❡♥tr❡ ❡st❛s ❡str✉t✉r❛s ❡ ❛♣r❡s❡♥t❛r ❡①❡♠♣❧♦s✳

✐✈



❆❇❙❚❘❆❈❚

◗❯❊■❘❖❩✱ ❉❛②❛♥❡ ❆♥❞r❛❞❡✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❏❛♥✉❛r②✱ ✷✵✶✺✳
❈❧✉st❡r ❈❛t❡❣♦r✐❡s✳ ❆❞✈✐s❡r✿ ❘♦❣ér✐♦ ❈❛r✈❛❧❤♦ P✐❝❛♥ç♦✳

■♥ t❤✐s ✇♦r❦ ✇❡ ♣r❡s❡♥t t❤❡ ❝❧✉st❡r ❝❛t❡❣♦r✐❡s✱ ✇❤✐❝❤ ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ❜② ❆s❧❛❦

❇❛❦❦❡ ❇✉❛♥✱ ❘♦❜❡rt ▼❛rs❤✱ ▼❛r❦✉s ❘❡✐♥❡❦❡✱ ■❞✉♥ ❘❡✐t❡♥ ❛♥❞ ●♦r❞❛♥❛ ❚♦❞♦r♦✈✱

✇✐t❤ ♦❜❥❡❝t✐✈❡ ♦❢ ❝❛t❡❣♦r✐✜❝❛t✐♦♥ ❝❧✉st❡r ❛❧❣❡❜r❛s ❝r❡❛t❡❞ ✐♥ ✷✵✵✷ ❜② ❙❡r❣❡② ❋♦♠✐♥

❛♥❞ ❆♥❞r❡✐ ❩❡❧❡✈✐♥s❦②✳ ❚❤❡ ❛✉t❤♦rs ❛❜♦✈❡✱ ♦♥ ❬✹❪✱ s❤♦✇❡❞ t❤❛t t❤❡r❡ ✐s ❛ ❝❧♦s❡

r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ❝❧✉st❡r ❛❧❣❡❜r❛s ❛♥❞ ❝❧✉st❡r ❝❛t❡❣♦r✐❡s ❢♦r q✉✐✈❡rs ✇❤♦s❡ ✉♥✲

❞❡r❧②✐♥❣ ❣r❛♣❤ ✐s ❛ ❉②♥❦✐♥ ❞✐❛❣r❛♠✳ ❋♦r t❤✐s t❤❡② ❞❡✈❡❧♦♣❡❞ ❛ t✐❧t✐♥❣ t❤❡♦r② ✐♥ t❤❡

tr✐❛♥❣✉❧❛t❡❞ str✉❝t✉r❡ ♦❢ t❤❡ ❝❧✉st❡r ❝❛t❡❣♦r✐❡s✳ ❚❤✐s r❡s✉❧t ✇❛s ❧❛t❡r ❣❡♥❡r❛❧✐③❡❞ ❜②

P❤✐❧✐♣♣❡ ❈❛❧❞❡r♦ ❛♥❞ ❇❡r♥❤❛r❞ ❑❡❧❧❡r ♦♥ ❬✽❪ ❢♦r q✉✐✈❡rs ♦❢ t❤❡ ❛❝②❝❧✐❝ t②♣❡✳ ❚❤❡

♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s ❞✐ss❡rt❛t✐♦♥ ✐s t♦ st✉❞② ❤♦✇ t❤❡ t✐❧t✐♥❣ t❤❡♦r② ❛❜♦✉t ❝❧✉st❡r

❡♥❛❜❧❡s ❡st❛❜❧✐s❤ t❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡s❡ str✉❝t✉r❡s ❛♥❞ ♣r❡s❡♥t ❡①❛♠♣❧❡s✳

✈



■◆❚❘❖❉❯➬➹❖

➪❧❣❡❜r❛s ❝❧✉st❡r ❢♦r❛♠ ✐♥tr♦❞✉③✐❞❛s ♥♦ ❛♥♦ ❞❡ ✷✵✵✷ ♣♦r ❙❡r❣❡② ❋♦♠✐♥ ❡ ❆♥❞r❡✐
❩❡❧❡✈✐♥s❦② ❡♠ ❬✶✶❪ ❡ ❬✶✷❪✳ ❊st❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s s✉r❣✐✉ ❞❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ s❡ ♦❜t❡r
✉♠❛ ❢❡rr❛♠❡♥t❛ ❝♦♠❜✐♥❛tór✐❛ ♣❛r❛ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♣r♦✈❡♥✐❡♥t❡s ❞❛ t❡♦r✐❛ ❞❡ ▲✐❡✳
❉❡s❞❡ ❛ s✉❛ ❝r✐❛çã♦ ❛ t❡♦r✐❛ ❞❡ á❧❣❡❜r❛s ❝❧✉st❡r ❣❛♥❤♦✉ ❝❛❞❛ ✈❡③ ♠❛✐s ❡s♣❛ç♦ ♥♦
♠✉♥❞♦ ♠❛t❡♠át✐❝♦✱ ❣r❛ç❛s ❛ ❞❡s❝♦❜❡rt❛ ❞❛ s✉❛ ❧✐❣❛çã♦ ❝♦♠ ❞✐✈❡rs❛s ♦✉tr❛s ár❡❛s✱
❞❡♥tr❡ ❛s q✉❛✐s ♣♦❞❡♠♦s ❝✐t❛r✱ ❣❡♦♠❡tr✐❛ ❞❡ P♦✐ss♦♥✱ s✐st❡♠❛s ✐♥t❡❣rá✈❡✐s✱ ❣❡♦♠❡tr✐❛
❛❧❣é❜r✐❝❛ ❝♦♠✉t❛t✐✈❛ ❡ ♥ã♦ ❝♦♠✉t❛t✐✈❛✱ t❡♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ q✉✐✈❡r✱ á❧❣❡❜r❛s
❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ t❡♦r✐❛ ❞❡ ❚❡✐❝❤♠ü❧❧❡r✱ s✉♣❡r❢í❝✐❡s tr✐❛♥❣✉❧❛❞❛s✱ á❧❣❡❜r❛s ❈❛❧❛❜✐✲
❨❛✉✱ ❡t❝✳ ❆♣❡s❛r ❞❡ s❡r ✉♠❛ t❡♦r✐❛ ❜❛st❛♥t❡ r❡❝❡♥t❡✱ ♥♦ ❛♥♦ ❞❡ ✷✵✶✵✱ ♦ ❡st✉❞♦ ❞❡
á❧❣❡❜r❛s ❝❧✉st❡r r❡❝❡❜❡✉ ♦ ♥ú♠❡r♦ ✶✸❋✻✵ ❞❡ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ár❡❛ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦
♠❛t❡♠át✐❝♦✱ t♦r♥❛♥❞♦✲s❡ ❡❧❛ ♣ró♣r✐❛ ✉♠ ❝❛♠♣♦ ❞❡ ♣❡sq✉✐s❛✳

❆s ❝❛t❡❣♦r✐❛s ❝❧✉st❡r ❢♦r❛♠ ✐♥tr♦❞✉③✐❞❛s ❡♠ ❬✹❪ ♣♦r ❆s❧❛❦ ❇❛❦❦❡ ❇✉❛♥✱ ❘♦❜❡rt
▼❛rs❤✱ ▼❛r❦✉s ❘❡✐♥❡❦❡✱ ■❞✉♥ ❘❡✐t❡♥ ❡ ●♦r❞❛♥❛ ❚♦❞♦r♦✈ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❝r✐❛r
✉♠❛ ❡str✉t✉r❛ ❝❛t❡❣ór✐❝❛ ♣❛r❛ ❛s á❧❣❡❜r❛s ❝❧✉st❡r✳ ❈❛t❡❣♦r✐❛s ❝❧✉st❡r sã♦ ❞❡✜♥✐❞❛s
❝♦♠♦ ❝❛t❡❣♦r✐❛s ❞❡ ór❜✐t❛s ❞♦ ❣r✉♣♦ ❞❡ ✉♠ ❝♦♥✈❡♥✐❡♥t❡ ❛✉t♦❢✉♥t♦r ❞❛ ❝❛t❡❣♦r✐❛
❞❡r✐✈❛❞❛✳ ❚❛❧ ❝♦♠♦ ❛s ❝❛t❡❣♦r✐❛s ❞❡r✐✈❛❞❛s✱ ❛s ❝❛t❡❣♦r✐❛s ❝❧✉st❡r sã♦ ❝❛t❡❣♦r✐❛s tr✐✲
❛♥❣✉❧❛❞❛s✳ P❛r❛ ❡st❛❜❡❧❡❝❡r ✉♠❛ ❝♦♥❡①ã♦ ❝♦♠ ❛s á❧❣❡❜r❛s ❝❧✉st❡r✱ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛
✉♠❛ t❡♦r✐❛ t✐❧t✐♥❣ ❡♠ ❝❛t❡❣♦r✐❛s ❝❧✉st❡r✱ ❞❛♥❞♦ ♦r✐❣❡♠ ❛ ♥♦✈❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s
❝❧✉st❡r✲t✐❧t✐♥❣✳ Pr♦♣r✐❡❞❛❞❡s ❞❛s ❝❛t❡❣♦r✐❛s ❝❧✉st❡r✱ ❝♦♠♦ s❡r ✷✲❈❛❧❛❜✐✲❨❛✉ ❡♥tr❡
♦✉tr❛s✱ t❡♠ ♣❡r♠✐t✐❞♦ ♥♦s ❞✐❛s ❞❡ ❤♦❥❡ ♥♦✈❛s ❣❡♥❡r❛❧✐③❛çõ❡s ❞❡st❡s r❡s✉❧t❛❞♦s✱ ♣❡r✲
♠✐t✐♥❞♦ ❛♣❧✐❝❛çõ❡s ❡♠ ❞✐✈❡rs❛s ár❡❛s ❞❛ ▼❛t❡♠át✐❝❛✱ ❞❛ ❋ís✐❝❛ ❚❡ór✐❝❛ ❡t❝✳ ❆♣❡s❛r
❞❡ t❡r❡♠ s✐❞♦ ❝r✐❛❞❛s ♣❛r❛ ❝❛t❡❣♦r✐✜❝❛r ❛s á❧❣❡❜r❛s ❝❧✉st❡r✱ ❛s ❝❛t❡❣♦r✐❛s ❝❧✉st❡r s❡
t♦r♥❛r❛♠ ✉♠ ❝❛♠♣♦ ❞❡ ♣❡sq✉✐s❛ ✐♥❞❡♣❡♥❞❡♥t❡✳

◆♦ ❛rt✐❣♦ ✐♥✐❝✐❛❧ ❬✹❪✱ ♦s ❛✉t♦r❡s ♠♦str❛r❛♠ ❛ r❡❧❛çã♦ ❡♥tr❡ á❧❣❡❜r❛s ❝❧✉st❡r ❡ ❝❛t❡❣♦✲
r✐❛s ❝❧✉st❡r ♣❛r❛ q✉✐✈❡rs ❝✉❥♦ ❣r❛❢♦ s✉❜❥❛❝❡♥t❡ é ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥✱ r❡s✉❧t❛❞♦
❡st❡✱ ❣❡♥❡r❛❧✐③❛❞♦ ♠❛✐s t❛r❞❡✱ ♣♦r P❤✐❧✐♣♣❡ ❈❛❧❞❡r♦ ❡ ❇❡r♥❤❛r❞ ❑❡❧❧❡r ❡♠ ❬✽❪ ♣❛r❛
q✉✐✈❡rs ❛❝í❝❧✐❝♦s✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❡ tr❛❜❛❧❤♦ é ❡st✉❞❛r ❡st❛ r❡❧❛çã♦ ❡ ❛♣r❡s❡♥t❛r
♣♦r ♠❡✐♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❡①♣❧í❝✐t❛s✱ ❝♦♠♦ ❡st❛ r❡❧❛çã♦ ❞❡ ❢❛t♦ s❡ ❡❢❡t✐✈❛✳

❊st❛ ❞✐ss❡rt❛çã♦ ❡stá ❡str✉t✉r❛❞❛ ❡♠ q✉❛tr♦ ❝❛♣ít✉❧♦s✳ ❆♣r❡s❡♥t❛♠♦s à s❡❣✉✐r ✉♠❛
❞❡s❝r✐çã♦ s✉❝✐♥t❛ ❞❡ ❝❛❞❛ ❝❛♣ít✉❧♦✳

◆♦ ❝❛♣ít✉❧♦ ✶✱ sã♦ ❛♣r❡s❡♥t❛❞♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❡ ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s
♥❡❝❡ssár✐♦s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s
❝♦♥❝❡✐t♦s ❞❡ ◗✉✐✈❡rs✱ ❞❡ ➪❧❣❡❜r❛s ❞❡ ❈❛♠✐♥❤♦s✱ ❞❛ ❚❡♦r✐❛ ❞❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡
◗✉✐✈❡r✱ ❞❛ ❚❡♦r✐❛ ❞❡ ❈❛t❡❣♦r✐❛s ❡ ❞❛ ❚❡♦r✐❛ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥✳

✶



◆♦ ❝❛♣ít✉❧♦ ✷✱ ❞❡✜♥✐♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ♦s ✐♥❣r❡❞✐❡♥t❡s ♥❡❝❡ssár✐♦s ♣❛r❛ s❡ ❞❡✜♥✐r
á❧❣❡❜r❛s ❝❧✉st❡r ✭s❡♠ ❝♦❡✜❝✐❡♥t❡s✮✳ P♦st❡r✐♦r♠❡♥t❡✱ ❞❡✜♥✐♠♦s ❡ ❡st✉❞❛♠♦s ♦s ♣r✐♥✲
❝✐♣❛✐s r❡s✉❧t❛❞♦s ❡ ♣r♦♣r✐❡❞❛❞❡s ❞❛s á❧❣❡❜r❛s ❝❧✉st❡r✳ ❊✱ ✜♥❛❧✐③❛♠♦s ❡st❡ ❝❛♣ít✉❧♦
❛♣r❡s❡♥t❛♥❞♦ ❛ r❡❧❛çã♦ ❡♥tr❡ á❧❣❡❜r❛s ❝❧✉st❡r ❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ q✉✐✈❡r✳

◆♦ ❝❛♣ít✉❧♦ ✸✱ ❛♣r❡s❡♥t❛♠♦s ❛s s❦❡✇✲❝❛t❡❣♦r✐❛s✱ ❞❛s q✉❛✐s ❛s ❝❛t❡❣♦r✐❛s ór❜✐t❛s sã♦
❝❛s♦s ♣❛rt✐❝✉❧❛r❡s✳ ❯t✐❧✐③❛♥❞♦ ✉♠ ❝♦♥✈❡♥✐❡♥t❡ ❛✉t♦❢✉♥t♦r ❞❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛✱
❞❡✜♥✐♠♦s ❛s ❝❛t❡❣♦r✐❛s ❝❧✉st❡r ❝♦♠♦ ❝❛t❡❣♦r✐❛s ❞❡ ór❜✐t❛s ❞♦ ❣r✉♣♦ ❣❡r❛❞♦ ♣♦r ❡st❡
❛✉t♦❢✉♥t♦r✳ ❊st✉❞❛♠♦s ❡ ❞❡♠♦♥str❛♠♦s ❛❧❣✉♥s ❞♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❡ ♣r♦♣r✐✲
❡❞❛❞❡s✱ ❡♠ ❡s♣❡❝✐❛❧ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❤♦♠♦❧ó❣✐❝❛s✱ ❛ ❡str✉t✉r❛ tr✐❛♥❣✉❧❛❞❛ ❡
❛❧❣✉♥s ❛s♣❡❝t♦s ❞❛ t❡♦r✐❛ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❡♠ ❝❛t❡❣♦r✐❛s ❝❧✉st❡r✳ P♦st❡r✐♦r✲
♠❡♥t❡✱ ❛♣r❡s❡♥t❛♠♦s ❛ t❡♦r✐❛ t✐❧t✐♥❣ ❞❡s❡♥✈♦❧✈✐❞❛ ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r ❡ ❛ r❡❧❛çã♦
❡♥tr❡ ❝♦♥❥✉♥t♦s t✐❧t✐♥❣ ❡ ❊①t✲❝♦♥✜❣✉r❛çõ❡s✳ ◆❛ s❡çã♦ s❡❣✉✐♥t❡✱ ✐♥tr♦❞✉③✐♠♦s ♦s
❝♦♥❝❡✐t♦s ❞❡ ♦❜❥❡t♦s ❝❧✉st❡r✲t✐❧t✐♥❣ ❜ás✐❝♦s ❡ ❡st❛❜❡❧❡❝❡♠♦s ✉♠❛ r❡❧❛çã♦ ❞❡st❡s ❝♦♠
♠ó❞✉❧♦s t✐❧t✐♥❣ ❜ás✐❝♦s✳ ❋✐♥❛❧✐③❛♠♦s ❡st❡ ❝❛♣ít✉❧♦ ❞❡s❝r❡✈❡♥❞♦ ❛❧❣✉♠❛s ❝♦♥❡①õ❡s
❡♥tr❡ á❧❣❡❜r❛s ❝❧✉st❡r ❡ ❝❛t❡❣♦r✐❛s ❝❧✉st❡r✳

P♦r ✜♠✱ ♦ ❝❛♣ít✉❧♦ ✹ é ❞❡st✐♥❛❞♦ ❛ ❛♣r❡s❡♥t❛çã♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❞♦s r❡s✉❧t❛❞♦s ✈✐st♦s
♥♦ ❞❡❝♦rr❡r ❞♦ tr❛❜❛❧❤♦✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ t✐✈❡♠♦s ❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ❡①♣❧✐❝✐t❛r ❡
❝♦♠❡♥t❛r ♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s✳

❆♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦ ❛ ❝♦♠♣♦s✐çã♦ s❡rá ❡s❝r✐t❛ ❞❛ ❡sq✉❡r❞❛ ♣❛r❛ ❞✐r❡✐t❛✱ ✐st♦ é✱
❞❡♥♦t❛r❡♠♦s ♣♦r f ◦ g ♦✉ fg ❛ ❝♦♠♣♦s✐çã♦ ❞♦ ♠♦r✜s♠♦ f s❡❣✉✐❞♦ ❞♦ ♠♦r✜s♠♦ g✳

✷



❈❛♣ít✉❧♦ ✶

❈♦♥❝❡✐t♦s ❇ás✐❝♦s

◆❡st❡ ❝❛♣ít✉❧♦ ✐♥tr♦❞✉③✐r❡♠♦s ❛s ♣r✐♥❝✐♣❛✐s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ♥❡❝❡ssár✐♦s ♣❛r❛
❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✳ P❛r❛ ♠❛✐♦r❡s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♦s ❛ss✉♥t♦s ✐♥❞✐✲
❝❛♠♦s ❝♦♠♦ r❡❢❡rê♥❝✐❛s ❬✶✼❪✱ ❬✷✶❪✱ ❬✶✸❪✱ ❬✶✹❪✱ ❬✶✺❪ ❬✶✽❪✱ ❬✶✻❪ ❡ ❬✷✺❪✳

✶✳✶ ◗✉✐✈❡rs ❡ ➪❧❣❡❜r❛s ❞❡ ❈❛♠✐♥❤♦s

❯♠ ❞♦s ❝♦♥❝❡✐t♦s ❡ss❡♥❝✐❛✐s ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦ é ♦ ❞❡ ✉♠ q✉✐✈❡r✳ ■♥❢♦r♠❛❧♠❡♥t❡
✉♠ q✉✐✈❡r ♥❛❞❛ ♠❛✐s é ❞♦ q✉❡ ✉♠ ❣r❛❢♦ ♦r✐❡♥t❛❞♦✳ ❆ ❞❡♥♦♠✐♥❛çã♦ ✧q✉✐✈❡r✧ ❛♦ ✐♥✈és
❞❡ ❣r❛❢♦ ♦r✐❡♥t❛❞♦ s❡ ❥✉st✐✜❝❛ ♣❛r❛ ♥ã♦ ❝♦♥❢✉♥❞✐r ❛ t❡♦r✐❛ ❞❡ s✉❛s r❡♣r❡s❡♥t❛çõ❡s
❝♦♠ ❛ ❥á ❜❡♠ ❡st❛❜❡❧❡❝✐❞❛ ❚❡♦r✐❛ ❞❡ ●r❛❢♦s✳ ❱❛♠♦s ❛ ✉♠❛ ❞❡✜♥✐çã♦ ❢♦r♠❛❧✳

❯♠ q✉✐✈❡r Q = (Q0, Q1, s, t) é ❢♦r♠❛❞♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ Q0 ❝✉❥♦s ♦s ❡❧❡♠❡♥t♦s
sã♦ ✈ért✐❝❡s✱ ✉♠ ❝♦♥❥✉♥t♦ Q1 ❝✉❥♦s ❡❧❡♠❡♥t♦s sã♦ ✢❡❝❤❛s ❡ ❞✉❛s ❛♣❧✐❝❛çõ❡s s, t :
Q1 → Q0 q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ ✢❡❝❤❛ α ∈ Q1✱ ♦s ✈ért✐❝❡s s(α) ❡ t(α) q✉❡ sã♦ ❝❤❛♠❛❞♦s✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦ ✐♥í❝✐♦ ❡ ♦ ✜♠ ❞❛ ✢❡❝❤❛ α✳ ▼❛✐s ❛❞✐❛♥t❡ ✈❡r❡♠♦s q✉❡✱ ✉♠ q✉✐✈❡r
é ✉♠❛ ❝❛t❡❣♦r✐❛ ❝✉❥♦s ♦❜❥❡t♦s sã♦ ♦s ✈ért✐❝❡s ❡ ♦s ♠♦r✜s♠♦s sã♦ ♦s ❝❛♠✐♥❤♦s✳ ❊♠
❣❡r❛❧✱ ✉♠ q✉✐✈❡r é r❡♣r❡s❡♥t❛❞♦ ❣r❛✜❝❛♠❡♥t❡ ❛ss♦❝✐❛♥❞♦ ❝❛❞❛ ✈ért✐❝❡ ❛ ✉♠ ♣♦♥t♦
❡ ❝❛❞❛ ✢❡❝❤❛ α ❛ ✉♠❛ s❡t❛ ♣❛rt✐♥❞♦ ❞❡ s(α) ❡ ❝❤❡❣❛♥❞♦ ❡♠ t(α)✳ ❯s❛r❡♠♦s ❛s
s❡❣✉✐♥t❡s ♥♦t❛çõ❡s α : a → b ♦✉ a

α // b ♣❛r❛ ❞❡♥♦t❛r ✉♠❛ ✢❡❝❤❛ α ∈ Q1 ❝✉❥♦
✐♥í❝✐♦ é a ❡ ✜♠ b✳

❉✐③❡♠♦s q✉❡ ✉♠ q✉✐✈❡r Q é ✜♥✐t♦ s❡ ♦s ❝♦♥❥✉♥t♦s Q0 ❡ Q1 sã♦ ✜♥✐t♦s✳ ❆❧é♠ ❞✐ss♦✱ Q
é ❞✐t♦ ❝♦♥❡①♦ s❡✱ ❡sq✉❡❝❡♥❞♦ ❛ ♦r✐❡♥t❛çã♦ ❞❡ s✉❛s ✢❡❝❤❛s✱ ♦❜té♠✲s❡ ✉♠ ❣r❛❢♦ ❝♦♥❡①♦✱
♦✉ s❡❥❛✱ ♣❛r❛ q✉❛✐sq✉❡r ❞♦✐s ✈ért✐❝❡s ❡①✐st❡ ✉♠❛ ❛r❡st❛ ♦✉ s❡q✉ê♥❝✐❛ ❞❡ ❛r❡st❛s q✉❡
♦s ✉♥❡♠✳

❊①❡♠♣❧♦s ✶✳ Q ❡ Q′ ❞❛❞♦s ❛❜❛✐①♦ sã♦ ❡①❡♠♣❧♦s ❞❡ q✉✐✈❡rs ✜♥✐t♦s ❡ ❝♦♥❡①♦s✳

✭❛✮ Q : 1
β // 2
γ

oo
η // 3

✸



✭❜✮ 3
ǫ

��
Q′ : 1γ

%% α // 2

δ

@@

5

4
λ

@@

β

^^

❊♠ ❣❡r❛❧✱ ✈❛♠♦s r♦t✉❧❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s ❞❡ ✉♠ q✉✐✈❡r ♣♦r ♥ú♠❡r♦s ♥❛t✉r❛✐s
{1, 2, . . . , n} ❡ ❛s ✢❡❝❤❛s ♣♦r ❧❡tr❛s ❣r❡❣❛s✳

❙❡❥❛ Q ✉♠ q✉✐✈❡r ❡ i, j ∈ Q0✳ ❯♠ ❝❛♠✐♥❤♦ w ❞❡ ❝♦♠♣r✐♠❡♥t♦ l(w) = k > 0 ♥♦
q✉✐✈❡r Q ❝♦♠ ♦r✐❣❡♠ ♥♦ ✈ért✐❝❡ i ❡ ✜♠ ❡♠ j é ✉♠❛ s❡q✉ê♥❝✐❛ ✭♦✉ ❥✉st❛♣♦s✐çã♦✮
❞❡ ✢❡❝❤❛s (i|α1α2 . . . αk|j) ❡♠ q✉❡ αl ∈ Q1 ♣❛r❛ t♦❞♦ l ∈ {1, . . . , k}✱ s(α1) = i✱
t(αk) = j ❡✱ ♣❛r❛ ❝❛❞❛✱ 1 ≤ l < k✱ t❡♠♦s t(αl) = s(αl+1)✱ q✉❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r✿

i
α1 // s(α2)

α2 // s(α3)
α3 // · · ·

αk−1 // s(αk)
αk // j

❱❛♠♦s ❡st❡♥❞❡r ❛s ❛♣❧✐❝❛çõ❡s s, t ♣❛r❛ ❝❛♠✐♥❤♦s✳ ❙❡❥❛ w = (i|α1α2 . . . αk|j) ✉♠
❝❛♠✐♥❤♦ ♥♦ q✉✐✈❡r Q✱ ❝♦♠ s(α1) = i ❡ t(αk) = j✳ ❉❡✜♥✐♠♦s ♦ ✐♥í❝✐♦ ❡ ♦ ✜♠ ❞♦
❝❛♠✐♥❤♦ w✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦r s(w) = i ❡ t(w) = j✳

P❛r❛ ❝❛❞❛ ✈ért✐❝❡ i ∈ Q0 ❞❡✜♥✐♠♦s ❢♦r♠❛❧♠❡♥t❡ ♦ ❝❛♠✐♥❤♦ tr✐✈✐❛❧ ei q✉❡ t❡♠ ✐♥í❝✐♦
❡ ✜♠ ♥♦ ✈ért✐❝❡ i ❡ ❝♦♠♣r✐♠❡♥t♦ l(ei) = 0✳ ❯♠ ❝❛♠✐♥❤♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ l ≥ 1
é ❝❤❛♠❛❞♦ ❝✐❝❧♦ s❡ s❡✉ ✐♥í❝✐♦ ❝♦✐♥❝✐❞❡ ❝♦♠ s❡✉ ✜♠✳ ❈❤❛♠❛♠♦s ❞❡ ❧♦♦♣ ✉♠ ❝✐❝❧♦
❞❡ ❝♦♠♣r✐♠❡♥t♦ 1 ❡ ❞❡ ✷✲❝✐❝❧♦s ✉♠ ❝✐❝❧♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ 2✳ ❯♠ q✉✐✈❡r q✉❡ ♥ã♦
❝♦♥té♠ ❝✐❝❧♦s é ❞✐t♦ ❛❝í❝❧✐❝♦✳

❙❡❥❛ Q ✉♠ q✉✐✈❡r ❡ s❡❥❛ K ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✶✳ ❉❡♥♦t❡ ♣♦r C ♦
❝♦♥❥✉♥t♦ ❞❡ ❝❛♠✐♥❤♦s ❡♠ Q✳ ❈♦♥s✐❞❡r❡♠♦s ♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉❡ t❡♠ ❝♦♠♦
❜❛s❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❛♠✐♥❤♦s C✱ ❡ ♦ ❞❡♥♦t❡ ♣♦r KQ✱ ♦✉ s❡❥❛✱ KQ é ❢♦r♠❛❞♦ ♣♦r
❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❢♦r♠❛✐s ❞❡ ❝❛♠✐♥❤♦s ❡♠ Q ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ K✳ ❱❛♠♦s
❞❡✜♥✐r ✉♠❛ á❧❣❡❜r❛ ♥❡st❡ ❡s♣❛ç♦ ✈❡t♦r✐❛❧✳ ❉❛❞♦s w, v ∈ C ❞❡✜♥❛ ❛ s❡❣✉✐♥t❡ ♦♣❡r❛çã♦
❡♠ KQ ♣♦r✿

{
w.v = wv, s❡ t(w) = s(v)
w.v = 0, ❝❛s♦ ❝♦♥trár✐♦

♦♥❞❡ wv ❞❡♥♦t❛ ❛ ❥✉st❛♣♦s✐çã♦ ❞♦s ❝❛♠✐♥❤♦s w ❡ v✳

▼✉♥✐❞♦ ❝♦♠ ❡st❛ ♦♣❡r❛çã♦✱ ♦❜t❡♠♦s ✉♠❛ K✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✱ ❡♠ ❣❡r❛❧ ♥ã♦ ❝♦✲
♠✉t❛t✐✈❛✱ ❝❤❛♠❛❞❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s s♦❜r❡ Q✳ P♦❞❡✲s❡ ♠♦str❛r q✉❡ KQ t❡♠
✐❞❡♥t✐❞❛❞❡✱ ❛ s❛❜❡r✱

1 =
∑

i∈Q0

ei

✶◆❡st❡ tr❛❜❛❧❤♦✱ ♣❛r❛ s✐♠♣❧✐✜❝❛r ❛❧❣✉♠❛s ❞❡♠♦♥str❛çõ❡s✱ tr❛❜❛❧❤❛♠♦s ❛♣❡♥❛s ❝♦♠ ❝♦r♣♦s ❛❧✲
❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦s✳ ◆♦ ❡♥t❛♥t♦✱ ❛ ♠❛✐♦r ♣❛rt❡ ❞♦s r❡s✉❧t❛❞♦s ♥ã♦ ❞❡♣❡♥❞❡ ❞♦ ❝♦r♣♦✳

✹



s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Q0 é ✜♥✐t♦✳ ❆❧é♠ ❞✐ss♦✱ ❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s s♦❜r❡ Q ♣♦ss✉✐
❞✐♠❡♥sã♦ ✜♥✐t❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Q é ✜♥✐t♦ ❡ ❛❝í❝❧✐❝♦✳

❊①❡♠♣❧♦s ✷✳ ✭❛✮ ❙❡❥❛ Q ♦ q✉✐✈❡r

1α
%%

❖ ❝♦♥❥✉♥t♦ ❞♦s ❝❛♠✐♥❤♦s ❞❡ Q é C = {e1, α, α
2, . . . , αn, . . .} q✉❡ é ✉♠❛ ❜❛s❡

♣❛r❛ ♦ ❡s♣❛ç♦ ❞❡ ❝❛♠✐♥❤♦sKQ✳ P♦❞❡♠♦s ♠♦str❛r q✉❡✱ ♥❡st❡ ❝❛s♦✱ ❛ á❧❣❡❜r❛ ❞❡
❝❛♠✐♥❤♦sKQ é ✐s♦♠♦r❢❛ ❛ á❧❣❡❜r❛ ❞❡ ♣♦❧✐♥ô♠✐♦sK[x] ❡♠ ✉♠❛ ✐♥❞❡t❡r♠✐♥❛❞❛✳
❇❛st❛ ❞❡✜♥✐r ♦ ✐s♦♠♦r✜s♠♦ ❞❡ á❧❣❡❜r❛s ❧❡✈❛♥❞♦ e1 ❡♠ ✶ ❡ α ❡♠ x✳

✭❜✮ ❙❡❥❛ Q ♦ q✉✐✈❡r
1 2αoo

❖s ❝❛♠✐♥❤♦s ❡♠ Q sã♦ ❞❛❞♦s ♣❡❧♦ ❝♦♥❥✉♥t♦ C = {e1, e2, α} q✉❡ é ✉♠❛ ❜❛s❡
♣❛r❛ ♦ ❡s♣❛ç♦ ❞❡ ❝❛♠✐♥❤♦s KQ✳ ❚❡♠♦s ❛ s❡❣✉✐♥t❡ t❛❜❡❧❛ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦✿

· e1 e2 α

e1 e1 ✵ ✵
e2 ✵ e2 α
α α ✵ ✵

❱❡r✐✜❝❛✲s❡ q✉❡ ❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s KQ é ✐s♦♠♦r❢❛ ❛ á❧❣❡❜r❛ ❞❛s ♠❛tr✐③❡s
tr✐❛♥❣✉❧❛r❡s ✐♥❢❡r✐♦r❡s✱

A2(K) =

{[
a 0
b c

]
; a, b, c ∈ K

}
.

♣❡❧♦ ✐s♦♠♦r✜s♠♦
e1 7→ e11, e2 7→ e22, α 7→ e21.

❉❡ ❢♦r♠❛ ❣❡r❛❧✱ ❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s ❞❡ ✉♠ q✉✐✈❡r 1 2oo · · ·oo noo

é ✐s♦♠♦r❢❛ ❛ á❧❣❡❜r❛ ❞❡ ♠❛tr✐③❡s n× n tr✐❛♥❣✉❧❛r❡s ✐♥❢❡r✐♦r❡s✳

❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ ❡ ❝♦♥❡①♦✳ ❈❤❛♠❛♠♦s ❞❡ ✐❞❡❛❧ ❞❡ ✢❡❝❤❛s ❞❛ á❧❣❡❜r❛ ❞❡
❝❛♠✐♥❤♦sKQ✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r RQ✱ ♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧❛s ✢❡❝❤❛s ❞❡ Q✳ ❉❡♥♦t❛r❡♠♦s
♣♦r Rl

Q ♦ ✐❞❡❛❧ ❞❡ KQ ❣❡r❛❞♦✱ ❝♦♠♦ ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✱ ♣♦r t♦❞♦s ♦s ❝❛♠✐♥❤♦s
❞❡ ❝♦♠♣r✐♠❡♥t♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ l✳ ❯♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ I ❞❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s
KQ é ❝❤❛♠❛❞♦ ❛❞♠✐ssí✈❡❧ s❡ ❡①✐st❡ m ≥ 2 t❛❧ q✉❡ Rm

Q ⊂ I ⊂ R2
Q✳

❖ ✐❞❡❛❧ ♥✉❧♦ é ❛❞♠✐ssí✈❡❧ ❡♠ KQ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Q é ✉♠ q✉✐✈❡r ❛❝í❝❧✐❝♦✳ ❉❡ ❢❛t♦✱
♦ ✐❞❡❛❧ ♥✉❧♦ é ❛❞♠✐ssí✈❡❧ ❡♠ KQ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ m ≥ 2 t❛❧ q✉❡ Rm

Q = 0✱ ♦✉
s❡❥❛✱ ♦ ♣r♦❞✉t♦ ❞❡ m ✢❡❝❤❛s ❡♠ KQ é ✐❣✉❛❧ ❛ ③❡r♦✳ ■ss♦ ❛❝♦♥t❡❝❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱
♦ q✉✐✈❡r é ❛❝í❝❧✐❝♦✳

❯♠❛ K✲❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❝❛♠✐♥❤♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ ❞♦✐s ❝♦♠
♠❡s♠❛ ♦r✐❣❡♠ ❡ ✜♠ ❡♠Q é ❝❤❛♠❛❞❛ ✉♠❛ r❡❧❛çã♦✳ ❆ss✐♠✱ ❛ r❡❧❛çã♦ ρ é ✉♠ ❡❧❡♠❡♥t♦
❞❡ KQ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ρ =
m∑

i=1

λiwi

✺



❡♠ q✉❡ λi ∈ K✱ λi ♥ã♦ t♦❞♦s ♥✉❧♦s✱ wi sã♦ ❝❛♠✐♥❤♦s ❡♠ Q✱ ❝♦♠ l(wi) ≥ 2✱ t❛❧ q✉❡
s(wi) = s(wj) ❡ t(wi) = t(wj) ♣❛r❛ q✉❛✐sq✉❡r i, j ∈ {1, . . . ,m}✳ ❉✐③❡♠♦s q✉❡ ✉♠❛
r❡❧❛çã♦ é ♥✉❧❛ s❡ m = 1 ❡ ❝♦♠✉t❛t✐✈❛ s❡ é ❞❛ ❢♦r♠❛ ρ = w1 − w2✱ ❡♠ q✉❡ w1 ❡ w2

sã♦ ❞♦✐s ❝❛♠✐♥❤♦s✳

❙❡❥❛ I =< ρi/i ∈ J > ✉♠ ✐❞❡❛❧ ❛❞♠✐ssí✈❡❧ ❡♠ q✉❡ {ρi}j∈J sã♦ r❡❧❛çõ❡s✳ ❉✐③❡♠♦s
q✉❡ (Q, I) é ✉♠ q✉✐✈❡r ❝♦♠ r❡❧❛çõ❡s ♦✉ ❧✐♠✐t❛❞♦ ♣❡❧❛s r❡❧❛çõ❡s ρi = 0 ♣❛r❛ t♦❞♦
i ∈ J ✳ ❆ á❧❣❡❜r❛ q✉♦❝✐❡♥t❡ KQ/I é ❝❤❛♠❛❞❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s s♦❜r❡ ♦ q✉✐✈❡r
❝♦♠ r❡❧❛çõ❡s✳

❊①❡♠♣❧♦ ✸✳ ❈♦♥s✐❞❡r❡♠♦s Q ♦ q✉✐✈❡r 2
ǫ

��
1γ
%%

4

α

^^

β��
3

λ

^^

P♦❞❡✲s❡ ♠♦str❛r s❡♠ ❞✐✜❝✉❧❞❛❞❡s q✉❡ ♦ ✐❞❡❛❧ I =< αǫ− βλ, ǫγ, γ3 > é ❛❞♠✐ssí✈❡❧✳
P♦r ♦✉tr♦ ❧❛❞♦✱ J =< ǫγ, αǫ − βλ > ♥ã♦ é ❛❞♠✐ssí✈❡❧✱ ♣♦✐s ♣❛r❛ t♦❞♦ ♥❛t✉r❛❧ n
s❡❣✉❡ q✉❡ γn /∈ J ✳ ▲♦❣♦✱ ♥ã♦ ❡①✐st❡ n t❛❧ q✉❡ Rn

Q ⊂ J ✳ ✭❱❡❥❛ ❡①❡♠♣❧♦ ✷✳✷✱ ❝❛♣ít✉❧♦
■■✱ ❡♠ ❬✶✼❪✮✳

✶✳✶✳✶ ❖ q✉✐✈❡r ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛

❉❡✜♥✐çã♦ ✹✳ ❙❡❥❛A ✉♠❛K✲á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ ❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ s❡❥❛ {e1, . . . , en}
✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ✐❞❡♠♣♦t❡♥t❡s ♦rt♦❣♦♥❛✐s ♣r✐♠✐t✐✈♦s✳ ❉✐③❡♠♦s q✉❡ ❛ á❧❣❡✲
❜r❛ A é ❜ás✐❝❛ s❡ eiA ≇ ejA✱ ♣❛r❛ t♦❞♦ i 6= j✱ ❡♠ q✉❡ elA sã♦ A✲♠ó❞✉❧♦s à ❞✐r❡✐t❛
♣r♦❥❡t✐✈♦s✱ ❝♦♠ l ∈ {1, . . . , n}✳

➱ ❝♦♥❤❡❝✐❞♦ q✉❡ ❞❛❞❛ ✉♠❛ K✲á❧❣❡❜r❛ A ❛ss♦❝✐❛t✐✈❛ ❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ q✉❡ ❛❞♠✐t❡
❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ✐❞❡♠♣♦t❡♥t❡s ♦rt♦❣♦♥❛✐s ♣r✐♠✐t✐✈♦s {e1, . . . , en}✱ ❡①✐st❡ ✉♠❛
K✲á❧❣❡❜r❛ Ab t❛❧ q✉❡ ❛s ❝❛t❡❣♦r✐❛s ❞❡ A✲♠ó❞✉❧♦s ❡ Ab✲♠ó❞✉❧♦s sã♦ ❡q✉✐✈❛❧❡♥t❡s✱
♦✉ s❡❥❛✱ modA ∼= modAb✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ ❡st✉❞♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ á❧❣❡❜r❛s
❛ss♦❝✐❛t✐✈❛s ❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ♣♦❞❡✲s❡ r❡str✐♥❣✐r ❛s á❧❣❡❜r❛s ❜ás✐❝❛s✳

❉❡✜♥✐çã♦ ✺✳ ❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛ ❜ás✐❝❛✱ ❝♦♥❡①❛ ❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❈♦♥s✐❞❡✲
r❡♠♦s {e1, e2, . . . , en} ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ✐❞❡♠♣♦t❡♥t❡s ♦rt♦❣♦♥❛✐s ♣r✐♠✐t✐✈♦s
❞❡ A✳ ❉❡✜♥✐♠♦s ♦ q✉✐✈❡r ♦r❞✐♥ár✐♦ QA ❞❡ A ♣♦r✿

✭❛✮ ❖s ✈ért✐❝❡s ❞❡ QA sã♦ r♦t✉❧❛❞♦s ♣❡❧♦s ♥ú♠❡r♦s {1, 2, . . . , n} q✉❡ ❡stã♦ ❡♠
❜✐❥❡çã♦ ❝♦♠ ♦s ✐❞❡♠♣♦t❡♥t❡s e1, e2, . . . , en✳

✭❜✮ ❆s ✢❡❝❤❛s α : a→ b ❞❡ QA ❡stã♦ ❡♠ ❜✐❥❡çã♦ ❝♦♠ ♦s ✈❡t♦r❡s ❞❛ ❜❛s❡ ❞♦ ❡s♣❛ç♦
✈❡t♦r✐❛❧ ea

(
radA
rad2A

)
eb s♦❜r❡ ♦ ❝♦r♣♦ K✳

❚❡♦r❡♠❛ ✻✳ ❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛ ❜ás✐❝❛✱ ❝♦♥❡①❛ ❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❊♥tã♦
❡①✐st❡ ✉♠ ✐❞❡❛❧ ❛❞♠✐ssí✈❡❧ I ❞❡ KQA t❛❧ q✉❡ A ≃ KQA�I✳

P❡❧♦ ❚❡♦r❡♠❛ ✻ ♦ ❡st✉❞♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❞❡ ❞✐♠❡♥sã♦
✜♥✐t❛ ♣♦❞❡ s❡r ❢❡✐t♦ ♣❡❧♦ ❡st✉❞♦ ❞❛s á❧❣❡❜r❛s ❞❡ ❝❛♠✐♥❤♦s ❞❡ q✉✐✈❡rs ❝♦♠ r❡❧❛çõ❡s✱
✜♥✐t♦s ❡ ❝♦♥❡①♦s✳ ❊st❛ s❡rá ❛ ❛❜♦r❞❛❣❡♠ ❢❡✐t❛ ❛♦ ❧♦♥❣♦ ❞❡st❡ t❡①t♦✳

✻



✶✳✷ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ◗✉✐✈❡rs

❙❡❥❛ Q ✉♠ q✉✐✈❡r ❡ s❡❥❛ K ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✳ ❯♠❛ r❡♣r❡s❡♥t❛çã♦
V = (Vi, Tα)i∈Q0,α∈Q1 ❞♦ q✉✐✈❡rQ é ✉♠ ❢✉♥t♦r ❞❛ ❝❛t❡❣♦r✐❛Q ♥❛ ❝❛t❡❣♦r✐❛ ❞❡ ❡s♣❛ç♦s
✈❡t♦r✐❛✐s✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ V é ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❡s♣❛ç♦s
✈❡t♦r✐❛✐s ❝♦♠ ❛ ♠❡s♠❛ ❢♦r♠❛ ❞♦ q✉✐✈❡r Q✱ ❡♠ q✉❡ ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ i ❛ss♦❝✐❛✲s❡
✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Vi ❡✱ ♣❛r❛ ❝❛❞❛ ✢❡❝❤❛ α : i → j ❛ss♦❝✐❛✲s❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦
❧✐♥❡❛r Tα : Vi → Vj✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ é ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s❡
❝❛❞❛ Vi✱ ❝♦♠ i ∈ Q0✱ t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❙❡❥❛♠ V = (Vi, Tα) ❡ V ′ = (V ′

i , T
′
α)

❞✉❛s r❡♣r❡s❡♥t❛çõ❡s ❞♦ q✉✐✈❡r Q✳ ❯♠ ♠♦r✜s♠♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s φ : V → V ′

é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ♥❛t✉r❛❧ ❡♥tr❡ ♦s r❡s♣❡❝t✐✈♦s ❢✉♥t♦r❡s✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱
φ : V → V ′ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❧✐♥❡❛r❡s {φi : Vi → V ′

i }i∈Q0
✱ t❛❧ q✉❡ ♦

❞✐❛❣r❛♠❛

Vi
Tα //

φi

��

Vj

φj

��
V ′
i

T ′
α // V ′

j

é ❝♦♠✉t❛t✐✈♦ ♣❛r❛ ❝❛❞❛ ✢❡❝❤❛ α : i→ j ❡♠ Q1✳

❆ ❝♦♠♣♦s✐çã♦ φψ ❞❡ ❞♦✐s ♠♦r✜s♠♦s φ : V → V ′ ❡ ψ : V ′ → V ′′ é ❞❡✜♥✐❞♦ ♣♦♥t✉✲
❛❧♠❡♥t❡ ❡♠ ❝❛❞❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r✱ ♦✉ s❡❥❛✱ s❡ φ = {φi}i∈Q0

❡ ψ = {ψi}i∈Q0
❡♥tã♦

φψ = {φiψi}i∈Q0
✳ ❖❜t❡♠♦s ✉♠❛ ❝❛t❡❣♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞♦ q✉✐✈❡r Q ❡ ❛ ❞❡✲

♥♦t❛r❡♠♦s ♣♦r Rep(Q)✳ ❉❡♥♦t❛r❡♠♦s ♣♦r rep(Q) ❛ ❝❛t❡❣♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡
❞✐♠❡♥sã♦ ✜♥✐t❛ ❞❡ Q✳

❊①❡♠♣❧♦ ✼✳ ❙❡❥❛ Q ♦ q✉✐✈❡r

1 2oo 3oo

❡ s❡❥❛ K ✉♠ ❝♦r♣♦✳ ❊♥tã♦✱

K K
1oo K

1oo , K K
1oo 00oo ❡ K2 K3

(
1 0
0 1
0 0

)

oo 00oo

sã♦ r❡♣r❡s❡♥t❛çõ❡s ❞❡ Q✳

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❛s ❝❛t❡❣♦r✐❛s Rep(Q) ❡ rep(Q) sã♦ ❝❛t❡❣♦r✐❛s ❛❜❡❧✐❛♥❛s✳
◆ú❝❧❡♦ ❡ ❝♦♥ú❝❧❡♦ ❞❡ ♠♦r✜s♠♦s✱ s♦♠❛s ❞✐r❡t❛s✱ ♦❜❥❡t♦s ♥✉❧♦s sã♦ ❞❡✜♥✐❞♦s ❞❡ ❢♦r♠❛
♥❛t✉r❛❧✱ ♣♦♥t✉❛❧♠❡♥t❡ ❡♠ ❝❛❞❛ ✈ért✐❝❡✳

❉✐③❡♠♦s q✉❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ V é ✐♥❞❡❝♦♠♣♦♥í✈❡❧ s❡ é ♥ã♦✲♥✉❧❛ ❡✱ ❡♠ ❝❛❞❛ ❞❡✲
❝♦♠♣♦s✐çã♦ V = V ′⊕V ′′✱ t❡♠♦s V ′ = 0 ♦✉ V ′′ = 0✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❝❤❛♠❛♠♦s V ❞❡
❞❡❝♦♠♣♦♥í✈❡❧✳

❉❡✜♥✐♠♦s ♦ ✈❡t♦r ❞✐♠❡♥sã♦ ❞❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❱ ❝♦♠♦ ❛ ♥✲✉♣❧❛ dimV =
[dimVi]i∈Q0

❞❛s ❞✐♠❡♥sõ❡s ❞❡ Vi✱ ❝♦♠ i ∈ Q0✳

✼



❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ ❡ V = (Vi, Tα) ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ Q✳ ❆ ❛✈❛❧✐❛çã♦ ❞❡ V
s♦❜r❡ ✉♠ ❝❛♠✐♥❤♦ w = α1α2...αk : i→ j é ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r Tw : Vi → Vj ❞❡✜♥✐❞❛
♣♦r Tw = Tα1Tα2 ...Tαk

✳

❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ ❡ ❝♦♥s✐❞❡r❡♠♦s I ✉♠ ✐❞❡❛❧ ❛❞♠✐ssí✈❡❧ ❡♠ KQ✳ ❯♠❛ r❡♣r❡✲
s❡♥t❛çã♦ ❞♦ q✉✐✈❡r ❝♦♠ r❡❧❛çõ❡s (Q, I) é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ V = (Vi, Tα)i∈Q0,α∈Q1

❝✉❥❛ ❛✈❛❧✐❛çã♦ s♦❜r❡ q✉❛❧q✉❡r r❡❧❛çã♦ ❡♠ I é ♥✉❧❛✱ ♦✉ s❡❥❛✱

Tρ = 0, ♣❛r❛ t♦❞♦ ρ ∈ I.

❊①❡♠♣❧♦ ✽✳ ❙❡❥❛ Q ♦ q✉✐✈❡r

3
β

��
1 2λoo 5

α

^^

γ
��

4
δ

^^

❧✐♠✐t❛❞♦ ♣❡❧❛ r❡❧❛çã♦ ❝♦♠✉t❛t✐✈❛ αβ = γδ✳ ❈♦♥s✐❞❡r❡♠♦s ❛s r❡♣r❡s❡♥t❛çõ❡s V ❡ V ′

❞❡ Q ❞❛❞❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦r

K2(
1
0

)

||
K2 K

( 1 1 )oo K

( 1 0 )
bb

( 0 1 )||
K2

(
0
1

)

bb

0
0

||
K K

1oo K

0

bb

1||
K

1

bb

❆ ♣r✐♠❡✐r❛ é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ (Q, I)✱ ♣♦ré♠ ❛ s❡❣✉♥❞❛ ♥ã♦ ♦ é✳

❈♦♠♦ ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡ ♦ ❡st✉❞♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ á❧❣❡❜r❛s✱ ♦✉ ❞❡ s❡✉s ♠ó✲
❞✉❧♦s✱ s❡ r❡str✐♥❣❡ ❛♦ ❡st✉❞♦ ❞❡ á❧❣❡❜r❛s ❞❡ ❝❛♠✐♥❤♦s s♦❜r❡ q✉✐✈❡rs ❝♦♠ r❡❧❛çõ❡s✳
❯♠❛ r❡❧❛çã♦ s✐♠✐❧❛r é ❞❛❞❛ ♥♦ ♣ró①✐♠♦ t❡♦r❡♠❛ ❡♠ q✉❡ ♦ ❡st✉❞♦ ❞❡ ♠ó❞✉❧♦s é ❡q✉✐✲
✈❛❧❡♥t❡ ❛♦ ❡st✉❞♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ q✉✐✈❡rs✳ ◆❡st❡ tr❛❜❛❧❤♦ ✉t✐❧✐③❛♠♦s ♠ó❞✉❧♦s
à ❞✐r❡✐t❛✳

❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛ ❜ás✐❝❛✱ ❝♦♥❡①❛ ❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❚❡♦r❡♠❛ ✾✳ ❙❡❥❛ A = KQ�I✱ ♦♥❞❡ Q é ✉♠ q✉✐✈❡r ❝♦♥❡①♦✱ ✜♥✐t♦ ❡ I é ✉♠ ✐❞❡❛❧
❛❞♠✐ssí✈❡❧ ❞❡ KQ✳ ❊①✐st❡ ✉♠❛ K✲❡q✉✐✈❛❧ê♥❝✐❛ ❧✐♥❡❛r ❞❡ ❝❛t❡❣♦r✐❛s

F : ModA ≃ // Rep(Q)

q✉❡ s❡ r❡str✐♥❣❡ ❛ ❡q✉✐✈❛❧ê♥❝✐❛

F : modA ≃ // rep(Q) .

✽



❉❡♠♦♥str❛çã♦✿ ❚❡♦r❡♠❛ ✶✳✻✱ ❝❛♣ít✉❧♦ ■■■ ❡♠ ❬✶✼❪✳ �

❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✾✱ ❡st✉❞❛r ❛ ❝❛t❡❣♦r✐❛ ❞❡ A✲♠ó❞✉❧♦s s♦❜r❡ ✉♠❛ á❧❣❡❜r❛ A
❛ss♦❝✐❛t✐✈❛ ❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❡st✉❞❛r ❛ ❝❛t❡❣♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛✲
çõ❡s ❞❡ ✉♠ q✉✐✈❡r ❝♦♠ r❡❧❛çõ❡s✳ ❊ss❡ r❡s✉❧t❛❞♦ é ♠✉✐t♦ út✐❧✱ ♣♦✐s ❡st❛ ❡q✉✐✈❛❧ê♥❝✐❛
♥♦s ♣❡r♠✐t❡ ❡①tr❛✐r ✐♥❢♦r♠❛çõ❡s ❞❡ ❝❛t❡❣♦r✐❛s ❞❡ A✲♠ó❞✉❧♦s ♥❛ ❝❛t❡❣♦r✐❛ ❞❡ r❡✲
♣r❡s❡♥t❛çõ❡s ❞❡ q✉✐✈❡rs✱ q✉❡ ❡♥✈♦❧✈❡♠ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❡ tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s✳

❆ ♣❛rt✐r ❞♦s r❡s✉❧t❛❞♦s ❞❡st❛ s❡çã♦✱ ♣❛ss❛r❡♠♦s ❛ ❝♦♥s✐❞❡r❛r á❧❣❡❜r❛s s❡♥❞♦ á❧❣❡❜r❛s
❞❡ ❝❛♠✐♥❤♦s s♦❜r❡ ✉♠ q✉✐✈❡r Q ❝♦♥❡①♦ ❡ ✜♥✐t♦ ❡ ♠ó❞✉❧♦s ❝♦♠♦ s✉❛s r❡♣r❡s❡♥t❛çõ❡s✳

✶✳✷✳✶ ▼ó❞✉❧♦s s✐♠♣❧❡s✱ ♣r♦❥❡t✐✈♦s ❡ ✐♥❥❡t✐✈♦s

❆ ♣❛rt✐r ❞❛s ❡q✉✐✈❛❧ê♥❝✐❛s ❝✐t❛❞❛s ♥❛ s❡çã♦ ❛♥t❡r✐♦r é ✐♥t❡r❡ss❛♥t❡ ♦❜t❡r♠♦s ✉♠❛
❝❛r❛❝t❡r✐③❛çã♦ ❞♦s A✲♠ó❞✉❧♦s s✐♠♣❧❡s✱ ♣r♦❥❡t✐✈♦s ❡ ✐♥❥❡t✐✈♦s ❞❡ ✉♠❛ á❧❣❡❜r❛ A ♥❛
❧✐♥❣✉❛❣❡♠ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ q✉✐✈❡rs✳

❙❡❥❛ (Q, I) ✉♠ q✉✐✈❡r ❝♦♠ n ✈ért✐❝❡s ❧✐♠✐t❛❞♦ ♣❡❧♦ ✐❞❡❛❧ ❛❞♠✐ssí✈❡❧ I ❞❡ KQ✳ ❈♦♥✲
s✐❞❡r❡♠♦s A = KQ/I ❛ r❡s♣❡❝t✐✈❛ K✲á❧❣❡❜r❛✳ P❛r❛ ❝❛❞❛ ✈ért✐❝❡ i ∈ Q0✱ ❞❡✜♥✐♠♦s
♦ A✲♠ó❞✉❧♦ s✐♠♣❧❡s Si ♣❡❧❛ r❡♣r❡s❡♥t❛çã♦ Si = ((Si)j, (Ti)α)j∈Q0,α∈Q1 ❞❛❞❛ ♣♦r✿

(Si)j =

{
K, s❡ i = j
0, ❝❛s♦ ❝♦♥trár✐♦✱

(Ti)α = 0, ∀ α ∈ Q1.

Pr♦✈❛✲s❡ q✉❡ s❡ Q é ✉♠ q✉✐✈❡r ❛❝í❝❧✐❝♦✱ ❡st❡s sã♦ t♦❞♦s ♦s A✲♠ó❞✉❧♦s s✐♠♣❧❡s✳ ✭❱❡❥❛
s❡çã♦ ■■■✳✷✱ ❝❛♣ít✉❧♦ ■■■✱ ❡♠ ❬✶✼❪✮✳

❙❡❥❛ {e1, e2, . . . , en} ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ✐❞❡♠♣♦t❡♥t❡s ♦rt♦❣♦♥❛✐s ♣r✐♠✐t✐✈♦s✳
❖s A✲♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s Pi = eiA✱ ❝♦♠ i ∈ Q0✱ sã♦ ❞❛❞♦s ♣❡❧❛s
r❡♣r❡s❡♥t❛çõ❡s Pi = ((Pi)j, (Ti)α)j∈Q0,α∈Q1 ✱ ❡♠ q✉❡✱

• ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ j✱ (Pi)j é ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝✉❥❛ ❜❛s❡ é ♦ ❝♦♥❥✉♥t♦
{w = w + I � w : i→ j}✱ ❡♠ q✉❡ w é ✉♠ ❝❛♠✐♥❤♦✱ ❡❀

• ♣❛r❛ ❝❛❞❛ ✢❡❝❤❛ α : j → k t❡♠♦s ❛ K✲❛♣❧✐❝❛çã♦ ❧✐♥❡❛r (Ti)α : (Pi)j → (Pi)k
❞❡✜♥✐❞❛ ♣❡❧❛ ♠✉❧t✐♣❧✐❝❛çã♦ à ❞✐r❡✐t❛ ♣♦r α✱ ♦✉ s❡❥❛✱ ♣❛r❛ ❝❛❞❛ x ∈ (Pi)j✱
(Ti)α(x) = xα✳

❉❡ ❢♦r♠❛ ❞✉❛❧✱ ❞❡✜♥✐♠♦s ♦ A✲♠ó❞✉❧♦ ✐♥❥❡t✐✈♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ Ii✱ ❝♦♠ i ∈ Q0✱ ♣❡❧❛
r❡♣r❡s❡♥t❛çã♦ Ii = ((Ii)j, (Ti)α)j∈Q0,α∈Q1 ✱ ❡♠ q✉❡✱

• ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ j✱ (Ii)j é ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❜❛s❡
{w = w + I � w : j → i}✱ ♦♥❞❡ w é ✉♠ ❝❛♠✐♥❤♦✱ ❡❀

• ♣❛r❛ ❝❛❞❛ ✢❡❝❤❛ α : j → k t❡♠♦s ❛ K✲❛♣❧✐❝❛çã♦ ❧✐♥❡❛r (Ti)α : (Ii)j → (Ii)k
❞❡✜♥✐❞❛ ♣❡❧❛ ♠✉❧t✐♣❧✐❝❛çã♦ à ❡sq✉❡r❞❛ ♣♦r α✱ ♦✉ s❡❥❛✱ (Ti)α(x) = αx✱ ♣❛r❛
t♦❞♦ x ∈ (Ii)j✳

✾



❊①❡♠♣❧♦ ✶✵✳ ✭❛✮ ❙❡❥❛Q ♦ q✉✐✈❡r ❞❡ ❑r♦♥❡❝❦❡r 1 2
αoo

β
oo ✳ ❚❡♠♦s ♦sKQ✲♠ó❞✉❧♦s

s✐♠♣❧❡s ❞❛❞♦s ♣❡❧❛s s❡❣✉✐♥t❡s r❡♣r❡s❡♥t❛çõ❡s S1 = K 0
0oo

0
oo ❡ S2 = 0 K

0oo

0
oo .

◆♦t❡ q✉❡ S1 = P1 é ♣r♦❥❡t✐✈♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧✳

✭❜✮ ❙❡❥❛ Q ♦ q✉✐✈❡r 1 2
αoo

β
oo 3

δoo
γ

oo ❧✐♠✐t❛❞♦ ♣❡❧❛s r❡❧❛çõ❡s δα = 0 ❡ γβ = 0✳

❆s r❡♣r❡s❡♥t❛çõ❡s ♣r♦❥❡t✐✈❛s ❞❡ Q sã♦ ❛s s❡❣✉✐♥t❡s P1 = K 0
0oo

0
oo 0

0oo

0
oo ✱

P2 = K2 K
( 1 0 )oo

( 0 1 )
oo 0

0oo

0
oo ❡ P3 = K2 K2

(
0 0
0 1

)

oo
(

1 0
0 0

)oo K
( 1 0 )oo

( 0 1 )
oo .

✭❝✮ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ♠❡s♠♦ q✉✐✈❡r ❞♦ ✐t❡♠ ❛♥t❡r✐♦r t❡♠♦s ❛s s❡❣✉✐♥t❡s r❡♣r❡✲

s❡♥t❛çõ❡s ✐♥❥❡t✐✈❛s I1 = K K2

(
1
0

)

oo
(

0
1

)oo K2

(
0 1
0 0

)

oo
(

0 0
1 0

)oo ✱ I2 = 0 K
0oo

0
oo K2

(
1
0

)

oo
(

0
1

)oo ❡

I3 = 0 0
0oo

0
oo K

0oo

0
oo ✳

✶✳✸ ❈❧❛ss✐✜❝❛çã♦ ❞❡ ◗✉✐✈❡rs ❝♦♠ ❋✐♥✐t❛s ❘❡♣r❡s❡♥✲
t❛çõ❡s ■♥❞❡❝♦♠♣♦♥í✈❡✐s

❆ ❝❛t❡❣♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ q✉✐✈❡rs✱ s❡♥❞♦ ❡q✉✐✈❛❧❡♥t❡ ❛ ❞❡ ♠ó❞✉❧♦s s♦❜r❡
á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s✱ s❛t✐s❢❛③ ♦ ❚❡♦r❡♠❛ ❞❡ ❑r✉❧❧✲❙❝❤♠✐❞t✱ ♦✉ s❡❥❛✱ t♦❞❛ r❡♣r❡✲
s❡♥t❛çã♦ ♣♦❞❡ s❡r ❡s❝r✐t❛✱ ❞❡ ❢♦r♠❛ ú♥✐❝❛ ❛ ♠❡♥♦s ❞❡ ♣❡r♠✉t❛çã♦ ❞❡ í♥❞✐❝❡s ❡
✐s♦♠♦r✜s♠♦✱ ❝♦♠♦ s♦♠❛ ❞✐r❡t❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✳ ❊♠ ✈✐st❛ ❞✐st♦✱
é ♥❛t✉r❛❧ ♦❜t❡r ✉♠❛ ❝❧❛ss✐✜❝❛çã♦ ❞♦s q✉✐✈❡rs ❝✉❥♦ ♥ú♠❡r♦ ❞❡ ❝❧❛ss❡s ❞❡ r❡♣r❡s❡♥t❛✲
çõ❡s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s é ✜♥✐t♦✳ P❛r❛ q✉✐✈❡rs s❡♠ r❡❧❛çõ❡s✱ ❡st❛ ❝❧❛ss✐✜❝❛çã♦ é ❞❛❞❛
♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ●❛❜r✐❡❧ ❡ ♣❛r❛ t❛❧ sã♦ ✐♠♣♦rt❛♥t❡s ♦s ❣r❛❢♦s ❞❡ ❉②♥❦✐♥✱ ❛ s❡❣✉✐r
r❡❧❛❝✐♦♥❛❞♦s✳

❖s ❣r❛❢♦s ❞❡s❝r✐t♦s ❛❜❛✐①♦✱ sã♦ ❝❤❛♠❛❞♦s ❣r❛❢♦s ❞❡ ❉②♥❦✐♥ s✐♠♣❧❡s✳

An (n ≥ 1) : ◦ ◦ ◦ · · · ◦ ◦

1 2 3 n− 1 n
◦

n− 1

Dn (n ≥ 4) : ◦ ◦ ◦ · · · ◦

1 2 3 n− 2
◦
n

2
◦

E6 : ◦ ◦ ◦ ◦ ◦

1 3 4 5 6

✶✵



2
◦

E7 : ◦ ◦ ◦ ◦ ◦ ◦

1 3 4 5 6 7

2
◦

E8 : ◦ ◦ ◦ ◦ ◦ ◦ ◦

1 3 4 5 6 7 8

❙❡❥❛ Q ✉♠ q✉✐✈❡r ❝♦♠ ✈ért✐❝❡s {1, . . . , n}✱ ❝♦♥❡①♦ ❡ ❛❝í❝❧✐❝♦ ❡ s❡❥❛ Zn ♦ ❣r✉♣♦
❛❜❡❧✐❛♥♦ ❧✐✈r❡ ❝✉❥❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ é ❞❛❞❛ ♣♦r {e1, . . . , en}✱ ❡♠ q✉❡ ei t❡♠ ❝♦♦r❞❡♥❛❞❛s
♥✉❧❛s ❝♦♠ ❡①❡❝❡çã♦ ❞❛ i✲és✐♠❛ q✉❡ é ✐❣✉❛❧ ❛ ✶✳ ❉❡♥♦t❛r❡♠♦s ♦s ❡❧❡♠❡♥t♦s ❞❡ Zn

❝♦♠♦ ♥✲✉♣❧❛s✳

❆ ❢♦r♠❛ q✉❛❞rát✐❝❛ qQ : Zn → Z q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ ♥✲✉♣❧❛ v = [v1, . . . , vn] ∈ Zn ✉♠
♥ú♠❡r♦ ✐♥t❡✐r♦✱ ❞❡✜♥✐❞❛ ♣♦r✿

qQ(v) =
∑

i∈Q0

v
2
i −

∑

α∈Q1

vs(α)vt(α)

é ❝❤❛♠❛❞❛ ❢♦r♠❛ ❞❡ ❚✐ts✳

P♦r ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡♠♦s ♦ q✉✐✈❡r ❞❡ ❑r♦♥❡❝❦❡r Q : 1 2
αoo

β
oo ✳ ❆ ❢♦r♠❛ ❞❡ ❚✐ts ❞❡

Q é ❞❛❞❛ ♣♦r✿
qQ(v) = v21 + v22 − 2v1v2

❈♦♥s✐❞❡r❛♥❞♦ ♦ ✈❡t♦r v = [−7, 4] ∈ Z2 ✱ t❡♠♦s✿

qQ(v) = (−7)2 + 42 − 2(−7)4 = 121.

❯♠❛ ♥✲✉♣❧❛ v = [v1, . . . , vn] ∈ Zn é ❞✐t❛ ♣♦s✐t✐✈❛ s❡ é ♥ã♦ ♥✉❧❛ ❡ t❡♠ ❝♦♦r❞❡♥❛❞❛s
vi ≥ 0 ♣❛r❛ t♦❞♦ 1 ≤ i ≤ n✳ ❙✐♠✐❧❛r♠❡♥t❡✱ ✉♠❛ ♥✲✉♣❧❛ v = [v1, . . . , vn] ∈ Zn é ❞✐t❛
♥❡❣❛t✐✈❛ s❡ é ♥ã♦ ♥✉❧❛ ❡ t❡♠ ❝♦♦r❞❡♥❛❞❛s vi ≤ 0 ♣❛r❛ t♦❞♦ 1 ≤ i ≤ n✳

❆ ❢♦r♠❛ ❞❡ ❚✐ts qQ é ❝❤❛♠❛❞❛ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛ s❡ ♣❛r❛ t♦❞❛ ♥✲✉♣❧❛ ♥ã♦ ♥✉❧❛
v ∈ Zn t❡♠♦s qQ(v) > 0✳ ❙❡ qQ(v) = 1 ❞✐③❡♠♦s q✉❡ ❛ ♥✲✉♣❧❛ v é ✉♠❛ r❛✐③ ❞❡ qQ✳
❉❡♥♦t❛r❡♠♦s ♣♦r Φ✱ Φ+ ❡ Φ−✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s r❛í③❡s✱ ♦
❝♦♥❥✉♥t♦ ❞❛s r❛í③❡s ♣♦s✐t✐✈❛s ❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s r❛í③❡s ♥❡❣❛t✐✈❛s✳

❈❧❛r❛♠❡♥t❡ t♦❞❛s ❛s ♥✲✉♣❧❛s ❞❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ sã♦ r❛í③❡s ♣♦s✐t✐✈❛s ❞❡ qQ✳

❖❜s❡r✈❡ q✉❡ ❛ ❢♦r♠❛ ❞❡ ❚✐ts ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ ❣r❛❢♦ s✉❜❥❛❝❡♥t❡ ∆ ❞♦ q✉✐✈❡r Q✱
✐♥❞❡♣❡♥❞❡♥❞♦ ❞❛ ♦r✐❡♥t❛çã♦ ❞❛s ✢❡❝❤❛s ❞❡ Q✳

❈♦♠ ❡st❛s ❞❡✜♥✐çõ❡s t❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛ q✉❡ t❡♠ ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ♥❛
❝❧❛ss✐✜❝❛çã♦ ❞♦s q✉✐✈❡rs ❝♦♠ r❡♣r❡s❡♥t❛çã♦ ❞❡ t✐♣♦ ✜♥✐t❛✳

✶✶



❚❡♦r❡♠❛ ✶✶ ✭●❛❜r✐❡❧ ❬✶✽❪✮✳ ❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ ❝♦♥❡①♦ ❡ K ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐✲
❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✳ ❙ã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✭✐✮ Q t❡♠ ✜♥✐t❛s r❡♣r❡s❡♥t❛çõ❡s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦❀

✭✐✐✮ qQ é ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛❀

✭✐✐✐✮ ❖ ❣r❛❢♦ s✉❜❥❛❝❡♥t❡ ❞❡ Q é ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥ ∆ s✐♠♣❧❡s✳

❆❧é♠ ❞✐ss♦✱ ♥❡st❡ ❝❛s♦✱ ❛ ❛♣❧✐❝❛çã♦ ❧❡✈❛♥❞♦ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❡♠ s❡✉ ✈❡t♦r ❞✐✲
♠❡♥sã♦ é ✉♠❛ ❜✐❥❡çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦ ❞❡ r❡♣r❡s❡♥t❛çõ❡s
✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❛♦ ❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s ♣♦s✐t✐✈❛s ❞❛ ❢♦r♠❛ ❞❡ ❚✐ts qQ✳

❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ A é ❤❡r❡❞✐tár✐❛ s❡ t♦❞♦ s✉❜♠ó❞✉❧♦ ❞❡ ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦
✐♥❞❡❝♦♠♣♦♥í✈❡❧ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ é ❛✐♥❞❛ ♣r♦❥❡t✐✈♦✳ ❯♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡st❛s
á❧❣❡❜r❛s é ❞❛❞❛ ♣❡❧❛s á❧❣❡❜r❛s ❞❡ ❝❛♠✐♥❤♦s ❞❡ ✉♠ q✉✐✈❡r ✜♥✐t♦✱ ❝♦♥❡①♦ ❡ ❛❝í❝❧✐❝♦✳

❖ ❚❡♦r❡♠❛ ❞❡ ●❛❜r✐❡❧ ❛❝✐♠❛ ❝❧❛ss✐✜❝❛ ❛✐♥❞❛ ❛s á❧❣❡❜r❛s ❤❡r❡❞✐tár✐❛s q✉❡ t❡♠ ✜♥✐t❛s
r❡♣r❡s❡♥t❛çõ❡s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✳

❖❜s❡r✈❛çã♦ ✶✷✳ P♦❞❡✲s❡ ♠♦str❛r q✉❡ s❡ Q é ✉♠ q✉✐✈❡r ❝♦♥❡①♦ ❝✉❥♦ ❣r❛❢♦ s✉❜❥❛✲
❝❡♥t❡ ∆ é ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥ s✐♠♣❧❡s ❡♥tã♦ ❛s r❛í③❡s ♣♦s✐t✐✈❛s ❞❡ qQ ❡stã♦ ❡♠
❜✐❥❡çã♦ ❝♦♠ ❛s r❛í③❡s ♣♦s✐t✐✈❛s ❞♦ s✐st❡♠❛ ❞❡ r❛í③❡s Φ ❛ss♦❝✐❛❞♦ ❝♦♠ ∆ ❞❛❞❛ ♣❡❧❛
❛♣❧✐❝❛çã♦ q✉❡ ❧❡✈❛ ✉♠❛ r❛✐③ ♣♦s✐t✐✈❛ v ❞❡ qQ ♥♦ ❡❧❡♠❡♥t♦

∑

i∈Q0

viαi

❞♦ r❡t✐❝✉❧❛❞♦ ❞❡ r❛í③❡s ❞❡ Φ✳

✶✳✹ ❈❛t❡❣♦r✐❛s ❡ ❋✉♥t♦r❡s

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s s✉❝✐♥t❛♠❡♥t❡ ❛s ♣r✐♥❝✐♣❛✐s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s s♦❜r❡
❝❛t❡❣♦r✐❛s✳ P❛r❛ ♠❛✐♦r❡s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♦ ❛ss✉♥t♦ ❝♦♥s✉❧t❛r ❬✷✶❪✱ ❬✶✼❪ ❡ ❬✶✻❪✳

◆❛ t❡♦r✐❛ ✭✐♥❣ê♥✉❛✮ ❞❡ ❝♦♥❥✉♥t♦s✱ ❡st❡s sã♦ ❞❡✜♥✐❞♦s ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s q✉❡ s❡✉s
❡❧❡♠❡♥t♦s s❛t✐s❢❛③❡♠✳ ❇r❡✈❡♠❡♥t❡ ❢❛❧❛♥❞♦✱ ♥❛ ❧✐♥❣✉❛❣❡♠ ❞❛s ❝❛t❡❣♦r✐❛s✱ ♦❜❥❡t♦s
sã♦ ❞❡✜♥✐❞♦s ♣❡❧❛ ❢♦r♠❛ ❝♦♠ q✉❡ s❡ r❡❧❛❝✐♦♥❛♠ ❝♦♠ ♦✉tr♦s✱ s❡♠ ♣r❡❝✐s❛r♠♦s ♦❧❤❛r
✧❞❡♥tr♦✧ ❞❡❧❡s✳ ❊st❛ ❧✐♥❣✉❛❣❡♠✱ ✐♥tr♦❞✉③✐❞❛ ❡♠ ✶✾✹✷✱ ♣♦r ❙❛✉♥❞❡rs ▼❛❝ ▲❛♥❡✱
❣❛♥❤❛ ❝❛❞❛ ✈❡③ ♠❛✐s ❡s♣❛ç♦ ♥❛ ▼❛t❡♠át✐❝❛ ❝♦♠t❡♠♣♦râ♥❡❛✳

❉❡✜♥✐çã♦ ✶✸✳ ❯♠❛ ❝❛t❡❣♦r✐❛ C ❝♦♥s✐st❡ ❞❡✿

✭❈✶✮ ✉♠❛ ❝❧❛ss❡ ❞❡ ♦❜❥❡t♦s Ob C✷✱ t❛♠❜é♠ ❞❡♥♦t❛❞♦s s✐♠♣❧❡s♠❡♥t❡ ♣♦r C❀

✭❈✷✮ ♣❛r❛ ❝❛❞❛ ♣❛r (X, Y ) ❞❡ ♦❜❥❡t♦s ❡♠ C✱ t❡♠♦s ✉♠ ❝♦♥❥✉♥t♦ HomC (X, Y )✱ ❝✉❥♦s
❡❧❡♠❡♥t♦s sã♦ ❝❤❛♠❛❞♦s ♠♦r✜s♠♦s✱ t❛❧ q✉❡ s❡ (X, Y ) 6= (Z, W )✱ ❡♥tã♦ ♦s
❝♦♥❥✉♥t♦s HomC (X, Y ) ❡ HomC (Z,W ) sã♦ ❞✐s❥✉♥t♦s✱ ♦✉ s❡❥❛✱ ❝❛❞❛ ♠♦r✜s♠♦
t❡♠ ✧✐♥í❝✐♦✧ ❡ ✧✜♠✧ ❜❡♠ ❞❡✜♥✐❞♦s❀

✷P❛r❛ ❡✈✐t❛r♠♦s ♣r♦❜❧❡♠❛s ❝♦♠ ❛ ❚❡♦r✐❛ ❞❡ ❈♦♥❥✉♥t♦s✱ t❛✐s ❝♦♠♦✱ ♣❛r❛❞♦①♦ ❞❡ ❘✉ss❡❧❧✱ ♥❡st❡
tr❛❜❛❧❤♦ ❛ss✉♠✐r❡♠♦s s❡♠♣r❡ q✉❡ Ob C s❡rá ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥t✐❞♦ ♥✉♠ ❝♦♥❥✉♥t♦ ✉♥✐✈❡rs♦✳

✶✷



✭❈✸✮ ♣❛r❛ ❝❛❞❛ tr✐♣❧❛ X, Y, Z ∈ Ob C ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦✿

◦ : HomC (X, Y )× HomC (Y, Z) −→ HomC (X,Z)
(f, g) 7−→ f ◦ g = fg

❝❤❛♠❛❞❛ ❝♦♠♣♦s✐çã♦ s❛t✐s❢❛③❡♥❞♦ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭✐✮ s❡ f ∈ HomC (X, Y )✱ g ∈ HomC (Y, Z) ❡ h ∈ HomC (Z,W )✱ ❡♥tã♦
(f ◦ g) ◦ h = f ◦ (g ◦ h)✱ ♦✉ s❡❥❛✱ ❛ ❝♦♠♣♦s✐çã♦ é ✧❛ss♦❝✐❛t✐✈❛✧✳

✭✐✐✮ ♣❛r❛ ❝❛❞❛ X ∈ Ob C✱ ❡①✐st❡ 1X ∈ HomC (X,X) ❝❤❛♠❛❞♦ ♠♦r✜s♠♦ ✐❞❡♥✲
t✐❞❛❞❡ ❡♠X✱ t❛❧ q✉❡ 1Xf = f ❡ g1X = g ♣❛r❛ q✉❛✐sq✉❡r f ∈ HomC (X, Y )
❡ g ∈ HomC (Z,X)✳

❉❡♥♦t❛r❡♠♦s ✉♠ ♠♦r✜s♠♦ f ∈ HomC (X, Y )✱ ♣♦r f : X → Y ✳

❊①❡♠♣❧♦s ✶✹✳ ✭❛✮ ❆ ❝❛t❡❣♦r✐❛ ❙❡ts ❝✉❥♦s ♦❜❥❡t♦s sã♦ ❝♦♥❥✉♥t♦s✱ ♦s ♠♦r✜s♠♦s
sã♦ ❛s ❢✉♥çõ❡s ❡♥tr❡ ❝♦♥❥✉♥t♦s ❡ ❛ ❝♦♠♣♦s✐çã♦ é ❛ ❝♦♠♣♦s✐çã♦ ♦r❞✐♥ár✐❛ ❞❡
❢✉♥çõ❡s✳

✭❜✮ ❆ ❝❛t❡❣♦r✐❛ ●r♣ ❝✉❥♦s ♦❜❥❡t♦s sã♦ ♦s ❣r✉♣♦s✱ ♦s ♠♦r✜s♠♦s sã♦ ❞❛❞♦s ♣❡❧♦s
❤♦♠♦♠♦r✜s♠♦s ❞❡ ❣r✉♣♦s ❡ ❛ ❝♦♠♣♦s✐çã♦ é ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ❤♦♠♦♠♦r✜s♠♦s✳
❆❜ é ✉♠ ♦✉tr♦ ❡①❡♠♣❧♦ ❞❡ ❝❛t❡❣♦r✐❛ ❝✉❥♦s ♦❜❥❡t♦s sã♦ ♦s ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✳
❊♠ ❜r❡✈❡ ✈❡r❡♠♦s q✉❡✱ ♥❡st❡ ❝❛s♦✱ ❆❜ é ✉♠❛ s✉❜❝❛t❡❣♦r✐❛ ❞❡ ●r♣✳

✭❝✮ ❆ ❝❛t❡❣♦r✐❛ ❱❡❝tK ✱ ❡♠ q✉❡ K é ✉♠ ❝♦r♣♦✳ ❖s ♦❜❥❡t♦s ❞❡ ❱❡❝tK sã♦ ♦s K✲
❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❡ ♦s ♠♦r✜s♠♦s sã♦ ❛s tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s✳ ❆ ❝♦♠♣♦s✐çã♦
é ❞❡✜♥✐❞❛ ♣❡❧❛ ❝♦♠♣♦s✐çã♦ ✉s✉❛❧ ❞❡ ❛♣❧✐❝❛çõ❡s✳

❈❤❛♠❛♠♦s ❞❡ ❝❛t❡❣♦r✐❛ ♦♣♦st❛ ❞❡ ✉♠❛ ❝❛t❡❣♦r✐❛ C ❡✱ ❞❡♥♦t❛♠♦s ♣♦r Cop✱ ❛ ❝❛t❡❣♦r✐❛
❝✉❥♦s ♦s ♦❜❥❡t♦s sã♦ ♦s ♦❜❥❡t♦s ❞❡ C✱ ♠♦r✜s♠♦s sã♦ ❞❛❞♦s ♣♦r✿

HomCop (X, Y ) = HomC (Y,X) ,

❡ ❛ ❝♦♠♣♦s✐çã♦ é ❞❡✜♥✐❞❛ ❞❡ ♠❛♥❡✐r❛ ó❜✈✐❛✳

❈♦♥❝❡✐t♦s ❞❡✜♥✐❞♦s ♥❛ ❝❛t❡❣♦r✐❛ ♦♣♦st❛ Cop ♣r♦❞✉③❡♠ ✉♠ ❝♦♥❝❡✐t♦ ❞✉❛❧ ❡♠ C✳

❉❡✜♥✐çã♦ ✶✺✳ ❙❡❥❛ C ✉♠❛ ❝❛t❡❣♦r✐❛✳ ❯♠❛ ❝❛t❡❣♦r✐❛ C ′ é ❝❤❛♠❛❞❛ ✉♠❛ s✉❜❝❛t❡❣♦r✐❛
❞❡ C s❡ sã♦ ✈á❧✐❞❛s ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭❛✮ ❛ ❝❧❛ss❡ Ob C ′ é ✉♠❛ s✉❜❝❧❛ss❡ ❞❡ Ob C❀

✭❜✮ s❡ X, Y ∈ Ob C ′✱ ❡♥tã♦ HomC′ (X, Y ) ⊆ HomC (X, Y )❀

✭❝✮ ❛ ❝♦♠♣♦s✐çã♦ ❡♠ C ′ é ❛ r❡str✐çã♦ ❞❛ ❝♦♠♣♦s✐çã♦ ❡♠ C❀

✭❞✮ ♣❛r❛ ❝❛❞❛ X ∈ Ob C ′ ♦ ♠♦r✜s♠♦ ✐❞❡♥t✐❞❛❞❡ 1′X ∈ HomC′ (X,X) é ♦ ♠❡s♠♦
♠♦r✜s♠♦ ✐❞❡♥t✐❞❛❞❡ 1X ∈ HomC (X,X)✳

✶✸



❯♠❛ s✉❜❝❛t❡❣♦r✐❛ C ′ ❞❡ C é ❞✐t❛ ❝♦♠♣❧❡t❛✱ s❡ ❡♠ ✭❜✮ t❡♠♦s
HomC′ (X, Y ) = HomC (X, Y ) ♣❛r❛ q✉❛✐sq✉❡r ♦❜❥❡t♦s X, Y ❡♠ C ′✳

❙❡❥❛ C ✉♠❛ ❝❛t❡❣♦r✐❛✳ ❯♠ ♠♦r✜s♠♦ f ∈ HomC (X, Y ) é ❞✐t♦ ✉♠ ♠♦♥♦♠♦r✜s♠♦
✭♠♦♥♦✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ gf = hf ✐♠♣❧✐❝❛ g = h✱ ♣❛r❛ q✉❛✐sq✉❡r g, h ∈ HomC (Z,X)✳
❉✉❛❧♠❡♥t❡✱ f ∈ HomC (X, Y ) é ❞✐t♦ ✉♠ ❡♣✐♠♦r✜s♠♦ ✭❡♣✐✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ fg = fh
✐♠♣❧✐❝❛ g = h ♣❛r❛ g, h ∈ HomC (Y, Z)✳ ❉✐③❡♠♦s q✉❡ f : X → Y é ✉♠ ✐s♦♠♦r✜s♠♦
s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ g ∈ HomC (Y,X) t❛❧ q✉❡ fg = 1X ❡ gf = 1Y ✳ ➱ ❢á❝✐❧ ✈❡r
q✉❡ t♦❞♦ ✐s♦♠♦r✜s♠♦ é ♠♦♥♦ ❡ ❡♣✐✳ ❆ r❡❝í♣r♦❝❛✱ ❡♠ ❣❡r❛❧✱ ♥ã♦ é ✈❡r❞❛❞❡✐r❛✳

❙❡❥❛ C ✉♠❛ ❝❛t❡❣♦r✐❛ ❡ ❝♦♥s✐❞❡r❡ X1, X2 ♦❜❥❡t♦s ❡♠ C✳ ❈❤❛♠❛♠♦s ❞❡ ♣r♦❞✉t♦
❞♦s ♦❜❥❡t♦s X1, X2 ❡♠ C ❛ tr✐♣❧❛ (X1 × X2, π1, π2)✱ ❡♠ q✉❡✱ X1 × X2 ∈ Ob C ❡
πj : X1 × X2 → Xj✱ ♣❛r❛ j = 1, 2✱ s❛t✐s❢❛③❡♥❞♦ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✳
P❛r❛ ❝❛❞❛ ♦❜❥❡t♦ W ∈ Ob C ❡ ♠♦r✜s♠♦s fj : W → Xj✱ ♣❛r❛ j = 1, 2✱ ❡①✐st❡ ✉♠
ú♥✐❝♦ ♠♦r✜s♠♦ f : W → X1 ×X2 t❛❧ q✉❡ fπj = fj ♣❛r❛ t♦❞♦ j ∈ {1, 2}✱ ♦✉ s❡❥❛✱ ♦
s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛

W
f1

xx

f2

&&
f
��

X1 X1 ×X2π1

oo
π2

// X2

é ❝♦♠✉t❛t✐✈♦✳ ❖ ❝♦♥❝❡✐t♦ ❞✉❛❧ ❞❡ ♣r♦❞✉t♦ ❞♦s ♦❜❥❡t♦s X1, X2 ❡♠ C é ❝❤❛♠❛❞♦
❝♦♣r♦❞✉t♦ ❡✱ ❞❡♥♦t❛❞♦ ♣♦r✱ (X1⊔X2, i1, i2)✱ ❡♠ q✉❡ ij : Xj → X1⊔X2 ♣❛r❛ j = 1, 2✳
P♦❞❡♠♦s ❡st❡♥❞❡r ♦ ❝♦♥❝❡✐t♦ ❞❡ ♣r♦❞✉t♦ ❡ ❝♦♣r♦❞✉t♦ ♣❛r❛ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♦❜❥❡t♦s
❡♠ C✳ ❙❡❥❛ {Xj}j∈F ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♦❜❥❡t♦s ❡♠ C✳ ❖ ❝♦♣r♦❞✉t♦

⊔
j∈F

Xj ❞❛ ❢❛♠í❧✐❛

{Xj}j∈F ❡♠ C é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♠♦r✜s♠♦s ij : Xj →
⊔
j∈F

Xj✱ ❝♦♠ j ∈ F ✱ q✉❡

s❛t✐s❢❛③❡♠ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✳ P❛r❛ ❝❛❞❛ ♦❜❥❡t♦ Z ∈ Ob C ❡ ❝❛❞❛
❢❛♠í❧✐❛ ❞❡ ♠♦r✜s♠♦s {fj : Xj → Z}j∈F ❡①✐st❡ ✉♠ ú♥✐❝♦ ♠♦r✜s♠♦ f :

⊔
j∈F

Xj → Z

t❛❧ q✉❡ ijf = fj ♣❛r❛ t♦❞♦ j ∈ F ✱ ♦✉ s❡❥❛✱ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛

Xj

ij //

fj
""

⊔
j∈F

Xj

f

��
Z

é ❝♦♠✉t❛t✐✈♦✳ ❖ ♣r♦❞✉t♦ é ❞❡✜♥✐❞♦ ❞❡ ♠❛♥❡✐r❛ ❞✉❛❧✳ ❈♦♠♦ ♦❜❥❡t♦s ✉♥✐✈❡rs❛✐s✱ s❡
♦ ♣r♦❞✉t♦ ❡ ♦ ❝♦♣r♦❞✉t♦ ❡①✐st❡♠✱ ❡♥tã♦ ❡❧❡s sã♦ ú♥✐❝♦s✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✳

❉❡✜♥✐çã♦ ✶✻✳ ❯♠❛ ❝❛t❡❣♦r✐❛ C é ❞✐t❛ ✉♠❛ ❆❜✲❈❛t❡❣♦r✐❛ s❡ ♣❛r❛ t♦❞♦ ♣❛r ❞❡
♦❜❥❡t♦s X, Y ∈ C ♦ ❝♦♥❥✉♥t♦ HomC (X, Y ) é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❡ ❛ ❝♦♠♣♦s✐çã♦ ❞❡
♠♦r✜s♠♦s ❡♠ C

◦ : HomC (X, Y )× HomC (Y, Z) −→ HomC (X,Z)

é ❜✐❧✐♥❡❛r ❝♦♠ ❛ ♦♣❡r❛çã♦ ❞❡st❡ ❣r✉♣♦✱ ♦✉ s❡❥❛✱ f(g+h) = fg+fh ❡ (f+t)h = fh+th✱
♣❛r❛ q✉❛✐sq✉❡r f, t ∈ HomC (X, Y ) ❡ g, h ∈ HomC (Y, Z)✳ ◆❡st❡ ❝❛s♦✱ ❞❡♥♦t❛♠♦s
♣♦r 0 : X → Y ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞♦ ❣r✉♣♦ HomC (X, Y )✳

✶✹



❙❡❥❛ C ✉♠❛ ❆❜✲❝❛t❡❣♦r✐❛ q✉❡ ♣♦ss✉✐ ♣r♦❞✉t♦ ❡ ❝♦♣r♦❞✉t♦ ✜♥✐t♦✳ ❉❛❞♦s X, Y ∈
Ob C✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ♣r♦❞✉t♦ (X × Y, π1, π2) ❞❡st❡s ♦❜❥❡t♦s ❡♠ C✳ ❚❡♠♦s ♦s s❡✲
❣✉✐♥t❡s ❞✐❛❣r❛♠❛s✿

X
1X

yy

0

%%
h1

��
X X × Yπ1

oo
π2

// Y

Y
0

yy

1Y

%%
h2

��
X X × Yπ1

oo
π2

// Y

❞❛í✱ ❡①✐st❡♠ ú♥✐❝♦s ♠♦r✜s♠♦s h1 : X → X × Y ❡ h2 : Y → X × Y t❛✐s q✉❡
h1π1 = 1X ✱ h1π2 = 0 ♥♦ ♣r✐♠❡✐r♦ ❞✐❛❣r❛♠❛ ❡ h2π1 = 0 ❡ h2π2 = 1Y ♥♦ s❡❣✉♥❞♦✳
❉❡ss❛ ❢♦r♠❛✱ ♦❜t❡♠♦s ♦ ❞✐❛❣r❛♠❛✿

X
i1 //

h1 %%

X ⊔ Y

h
��

Y
i2oo

h2yy
X × Y

P❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧ ❞♦ ❝♦♣r♦❞✉t♦✱ ❡①✐st❡ ú♥✐❝♦ ♠♦r✜s♠♦ h : X ⊔ Y →
X × Y t❛❧ q✉❡ ♦ ❞✐❛❣r❛♠❛ ❛❝✐♠❛ é ❝♦♠✉t❛t✐✈♦✳ ❉✐③❡♠♦s q✉❡ ♦s ♦❜❥❡t♦s X, Y
❡♠ C ♣♦ss✉❡♠ ❜✐♣r♦❞✉t♦ s❡ h é ✉♠ ✐s♦♠♦r✜s♠♦✳ ❖ ❜✐♣r♦❞✉t♦ ❞❡ X, Y ❡♠ C
s❡rá ❞❡♥♦t❛❞♦ ♣♦r X ⊕ Y ✳ ❖ ❜✐♣r♦❞✉t♦✱ s❡ ❡①✐st❡✱ é ❝❛r❛❝t❡r✐③❛❞♦ ♣❡❧♦s ♠♦r✜s♠♦s

X
i1 // X ⊕ Y
π1

oo
π2

// Y
i2oo s❛t✐s❢❛③❡♥❞♦ i1π1 = 1X ✱ i2π2 = 1Y ❡ π1i1 + π2i2 = 1X⊕Y ✳

❉❡✜♥✐çã♦ ✶✼✳ ❙❡❥❛ A ✉♠❛ ❆❜✲❝❛t❡❣♦r✐❛✳ ❉✐③❡♠♦s q✉❡ A é ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❞✐t✐✈❛
s❡ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ s❛t✐s❢❡✐t❛s✿

✭❆✶✮ ❛ ❝❛t❡❣♦r✐❛A ♣♦ss✉✐ ♦❜❥❡t♦ ♥✉❧♦✱ ❞❡♥♦t❛❞♦ ♣♦r ✵✱ ✐st♦ é✱ ♦s ❝♦♥❥✉♥t♦sHomA (X, 0)
❡ HomA (0, X)✱ ♣❛r❛ q✉❛❧q✉❡r ♦❜❥❡t♦ X ∈ Ob A✱ ♣♦ss✉❡♠ ❛♣❡♥❛s ✉♠ ♠♦r✲
✜s♠♦❀

✭❆✷✮ ❛ ❝❛t❡❣♦r✐❛ A ♣♦ss✉✐ ❜✐♣r♦❞✉t♦✳

❉❡✜♥✐çã♦ ✶✽✳ ❙❡❥❛ C ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❞✐t✐✈❛✳ ❯♠ ♦❜❥❡t♦ X ❡♠ C é ❞✐t♦ ✐♥❞❡❝♦♠✲
♣♦♥í✈❡❧ s❡ X é ♥ã♦ ♥✉❧♦ ❡✱ ❡♠ ❝❛❞❛ ❞❡❝♦♠♣♦s✐çã♦ X = X ′ ⊕X ′′ t❡♠♦s X ′ = 0 ♦✉
X ′′ = 0✳ ❈❛s♦ ❝♦♥trár✐♦✱ ♦ ♦❜❥❡t♦ X é ❞✐t♦ ❞❡❝♦♠♣♦♥í✈❡❧✳

❉❡✜♥✐çã♦ ✶✾✳ ❯♠❛ ❝❛t❡❣♦r✐❛ ❛❞✐t✐✈❛ C é ❞✐t❛ ❑r✉❧❧✲❙❝❤♠✐❞t s❡ ♣❛r❛ ❝❛❞❛ ♦❜❥❡t♦
X ❡♠ C ❡①✐st❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦

X = X1 ⊕X2 ⊕ · · · ⊕Xn,

ú♥✐❝❛✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦ ❡ ♣❡r♠✉t❛çã♦ ❞❡ í♥❞✐❝❡s✱ ❡♠ q✉❡ ❝❛❞❛Xi é ✉♠ ♦❜❥❡t♦
✐♥❞❡❝♦♠♣♦♥í✈❡❧ ❡♠ C✳

❙❡❥❛ C ✉♠❛ ❝❛t❡❣♦r✐❛ ❞❡ ❑r✉❧❧✲❙❝❤♠✐❞t✱ ❞❡♥♦t❛r❡♠♦s ♣♦r indC ❛ s✉❜❝❛t❡❣♦r✐❛ ❞❡
r❡♣r❡s❡♥t❛♥t❡s ❞❡ ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦s ❞❡ ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❡♠ C✳

✶✺



❙❡❥❛ C ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❞✐t✐✈❛✳ ❈♦♥s✐❞❡r❡ f : X → Y ✉♠ ♠♦r✜s♠♦ ❡♠ C✳ ❈❤❛♠❛♠♦s
❞❡ ♥ú❝❧❡♦ ❞❡ f ❛♦ ♣❛r (Ker f, u) ❢♦r♠❛❞♦ ♣♦r ✉♠ ♦❜❥❡t♦ Ker f ❥✉♥t❛♠❡♥t❡ ❝♦♠ ✉♠
♠♦r✜s♠♦ u : Ker f → X t❛✐s q✉❡ uf = 0 ❡ s❛t✐s❢❛③❡♥❞♦ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡
✉♥✐✈❡rs❛❧✳ ❉❛❞♦ q✉❛❧q✉❡r ♠♦r✜s♠♦ h : Z → X ❡♠ C ❞❡ t❛❧ ❢♦r♠❛ q✉❡ hf = 0✱
❡①✐st❡ ✉♠ ú♥✐❝♦ ♠♦r✜s♠♦ h′ : Z → Ker f t❛❧ q✉❡ h = h′u✳

Ker f u // X
f // Y

Z
h

<<

h′

OO

❉❡ ❢♦r♠❛ ❞✉❛❧✱ ♦ ❝♦♥ú❝❧❡♦ ❞❡ f é ♦ ♣❛r (Coker f, c) ❢♦r♠❛❞♦ ♣♦r ✉♠ ♦❜❥❡t♦ Coker f
❥✉♥t❛♠❡♥t❡ ❝♦♠ ✉♠ ♠♦r✜s♠♦ c : Y → Coker f t❛✐s q✉❡ fc = 0 ❡ s❛t✐s❢❛③❡♥❞♦ ❛
s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✳ P❛r❛ q✉❛❧q✉❡r ♠♦r✜s♠♦ g : Y → Z ❡♠ C ❞❡ t❛❧
❢♦r♠❛ q✉❡ fg = 0✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♠♦r✜s♠♦ g′ : Coker f → Z t❛❧ q✉❡ g = cg′✳

X
f // Y c //

g
$$

Coker f

g′

��
Z

P♦❞❡♠♦s ♠♦str❛r q✉❡ ♦ ♠♦r✜s♠♦ u : Ker f → X✱ ❞❡✜♥✐❞♦ ❛❝✐♠❛✱ é ✉♠ ♠♦♥♦♠♦r✲
✜s♠♦ ❡ c : Y → Coker f é ✉♠ ❡♣✐♠♦r✜s♠♦✳

❉❡✜♥✐çã♦ ✷✵✳ ❙❡❥❛ C ✉♠❛ ❝❛t❡❣♦r✐❛✳ ❉✐③❡♠♦s q✉❡ C é ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❜❡❧✐❛♥❛ s❡
❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ s❛t✐s❢❡✐t❛s✿

✭❛✮ C é ❛❞✐t✐✈❛❀

✭❜✮ ❝❛❞❛ ♠♦r✜s♠♦ f : X → Y ♣♦ss✉✐ ♥ú❝❧❡♦ ❡ ❝♦♥ú❝❧❡♦ ❡ ♦ ♠♦r✜s♠♦ f :
Coker u → Ker c ♦❜t✐❞♦ ♥♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ ♣❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ✉♥✐✈❡rs❛✐s
❞❡ Ker ❡ Coker é ✉♠ ✐s♦♠♦r✜s♠♦✳

Ker f u // X
f //

��

Y c // Coker f

Coker u
f

// Ker c

OO

Ker c é ❝❤❛♠❛❞♦ ✐♠❛❣❡♠ ❞❡ f ✳

❊①❡♠♣❧♦ ✷✶✳ ❆s ❝❛t❡❣♦r✐❛s ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✱ ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s✱ ❡ ❞❡ ♠ó❞✉❧♦s
sã♦ ❡①❡♠♣❧♦s ❞❡ ❝❛t❡❣♦r✐❛s ❛❜❡❧✐❛♥❛s✳ ❖ ✐s♦♠♦r✜s♠♦ ❞❛ ❧❡tr❛ ✭❜✮ ♥❛ ❉❡✜♥✐çã♦ ✷✵
♥❡st❛s ❝❛t❡❣♦r✐❛s é ✉s✉❛❧♠❡♥t❡ ❝❤❛♠❛❞♦ ❞❡ ✧❚❡♦r❡♠❛ ❞♦ ■s♦♠♦r✜s♠♦✧✳

❉❡✜♥✐çã♦ ✷✷✳ ❙❡❥❛♠ C ❡ D ❞✉❛s ❝❛t❡❣♦r✐❛s✳ ❯♠ ❢✉♥t♦r ❝♦✈❛r✐❛♥t❡ F : C → D é
✉♠❛ ❛♣❧✐❝❛çã♦ q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ ♦❜❥❡t♦ X ∈ C ✉♠ ♦❜❥❡t♦ F (X) ∈ D ❡ ♣❛r❛ ❝❛❞❛
♠♦r✜s♠♦ f : X → Y ❡♠ C ✉♠ ♠♦r✜s♠♦ F (f) : F (X)→ F (Y ) ❡♠ D ❞❡ ♠♦❞♦ q✉❡
✈❛❧❡♠ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✶✻



✭❛✮ ♣❛r❛ ❝❛❞❛ X ∈ Ob C✱ F (1X) = 1F (X)✳

✭❜✮ ♣❛r❛ ❝❛❞❛ ♣❛r ❞❡ ♠♦r✜s♠♦s f : X → Y ❡ g : Y → Z ❡♠ C✱ t❡♠♦s F (fg) =
F (f)F (g)✳

❯♠ ❢✉♥t♦r ❝♦♥tr❛✈❛r✐❛♥t❡ é ✉♠ ❢✉♥t♦r ❝♦✈❛r✐❛♥t❡ ❞❡ Cop ❡♠ D✳

❊①❡♠♣❧♦s ✷✸✳ ✭❛✮ ❙❡❥❛ Q ✉♠ q✉✐✈❡r✱ Q ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ✉♠❛ ❝❛t❡❣♦r✐❛ ❡♠
q✉❡ ♦s ♦❜❥❡t♦s sã♦ ♦s ✈ért✐❝❡s ❡ ♦s ♠♦r✜s♠♦s sã♦ ♦s ❝❛♠✐♥❤♦s ❡♠ Q✳ ❯♠❛
r❡♣r❡s❡♥t❛çã♦ ❞♦ q✉✐✈❡r Q é ✉♠ ❢✉♥t♦r ❝♦✈❛r✐❛♥t❡ ❞❛ ❝❛t❡❣♦r✐❛ Q ♥❛ ❝❛t❡❣♦r✐❛
❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s VectK✱ ❡♠ q✉❡ K é ✉♠ ❝♦r♣♦✳ ❊st❡ ❢✉♥t♦r ❛ss♦❝✐❛ ❝❛❞❛
✈ért✐❝❡ i ❞❡ Q ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Vi ❡ ❝❛❞❛ ✢❡❝❤❛ α : i→ j ✉♠❛ tr❛♥s❢♦r♠❛çã♦
❧✐♥❡❛r Tα : Vi → Vj✳

✭❜✮ ❙❡❥❛ C ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❞✐t✐✈❛ ❡ ❝♦♥s✐❞❡r❡ X ∈ C✳ ❖ ❢✉♥t♦r HomC (X, −) : C →
Ab é ✉♠ ❢✉♥t♦r ❝♦✈❛r✐❛♥t❡ q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ ♦❜❥❡t♦ Y ∈ C ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦
HomC (X, Y ) ❡ ♣❛r❛ ❝❛❞❛ ♠♦r✜s♠♦ f : Y → Z ♦ ♠♦r✜s♠♦ HomC (X, f) :
HomC (X, Y )→ HomC (X, Z)✳ ❖ ❢✉♥t♦r HomC (−, X) : C → Ab é ✉♠ ❢✉♥t♦r
❝♦♥tr❛✈❛r✐❛♥t❡✳

✶✳✹✳✶ ❈❛t❡❣♦r✐❛ ❉❡r✐✈❛❞❛

❈❛t❡❣♦r✐❛s ❞❡r✐✈❛❞❛s ❢♦r❛♠ ✐♥tr♦❞✉③✐❞❛s ❡♠ ❬✷✽❪ ♣♦r ❱❡r❞✐❡r ♥♦ ✐♥í❝✐♦ ❞❛ ❞é❝❛❞❛
❞❡ ✶✾✻✵✳ ❯♠ ❞❡ s❡✉s ♦❜❥❡t✐✈♦s ❢♦✐ ❝r✐❛r ✉♠❛ ❛♠❜✐❡♥t❡ ❞❡ tr❛❜❛❧❤♦ ❛♣r♦♣r✐❛❞♦
♣❛r❛ ♦ ❡st✉❞♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❤♦♠♦❧ó❣✐❝❛s ❞❡ ❝❛t❡❣♦r✐❛s ❛❜❡❧✐❛♥❛s✳ ◆❡st❛ s❡çã♦✱
❢❛r❡♠♦s ✉♠❛ ❞❡s❝r✐çã♦ ❜❛st❛♥t❡ s✉❝✐♥t❛ ❞❡ ❝❛t❡❣♦r✐❛s ❞❡r✐✈❛❞❛s✱ ❝♦♥t❡♥❞♦ ❛♣❡♥❛s
♦ s✉✜❝✐❡♥t❡ ♣❛r❛ ♦ q✉❡ s❡rá ♥❡❝❡ssár✐♦ ♥♦s ❝❛♣ít✉❧♦s s❡❣✉✐♥t❡s✳ P❛r❛ ✉♠❛ ❡①♣♦s✐çã♦
♠❛✐s ❞❡t❛❧❤❛❞❛ ❞❡✐①❛♠♦s ❝♦♠♦ r❡❢❡rê♥❝✐❛s ❬✶✸❪✱ ❬✶✹❪✱ ❬✶✺❪ ❡ ❬✶✻❪✳

❙❡❥❛ A ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❜❡❧✐❛♥❛✳ ❯♠ ❝♦♠♣❧❡①♦ X• = (Xi, d
i
X)i∈Z s♦❜r❡ ❛ ❝❛t❡❣♦r✐❛

A é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♦❜❥❡t♦s Xi ∈ A ❥✉♥t❛♠❡♥t❡ ❝♦♠ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♠♦r✜s♠♦s
diX : Xi → Xi+1 t❛✐s q✉❡✱ ♣❛r❛ t♦❞♦ i ∈ Z✱ diXd

i+1
X = 0✳ ●❡r❛❧♠❡♥t❡✱ ❡s❝r❡✈❡♠♦s ✉♠

❝♦♠♣❧❡①♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

X• : · · · // Xi−1

di−1
X // Xi

diX // Xi+1

di+1
X // Xi+2

di+2
X // Xi+3

// · · · .

❙❡❥❛♠ X• = (Xi, d
i
X)i∈Z ❡ Y • = (Yi, d

i
Y )i∈Z ❝♦♠♣❧❡①♦s s♦❜r❡ A✳ ❯♠ ♠♦r✜s♠♦ ❞❡

❝♦♠♣❧❡①♦s f • : X• → Y • é ✉♠❛ ❝♦❧❡çã♦ ❞❡ ♠♦r✜s♠♦s {f i : Xi → Yi / i ∈ Z} t❛✐s
q✉❡ diXf

i+1 = f idiY ✱ ♣❛r❛ t♦❞♦ i ∈ Z✱ ♦✉ s❡❥❛✱ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦✳

X• :

f•

��

· · · // Xi−1

f i−1

��

di−1
X // Xi

f i

��

diX // Xi+1

di+1
X //

f i+1

��

Xi+2

di+2
X //

f i+2

��

Xi+3

f i+3

��

// · · ·

Y • : · · · // Yi−1

di−1
Y // Yi

diY // Yi+1

di+1
Y // Yi+2

di+2
Y // Yi+3

// · · ·

✶✼



P♦❞❡♠♦s ♠♦str❛r q✉❡ ❡st❡s ♦❜❥❡t♦s ❡ ♠♦r✜s♠♦s ❞❡✜♥❡♠ ✉♠❛ ❝❛t❡❣♦r✐❛✱ ❝❤❛♠❛❞❛
❝❛t❡❣♦r✐❛ ❞♦s ❝♦♠♣❧❡①♦s s♦❜r❡ A ❡✱ ❞❡♥♦t❛❞❛ ♣♦r✱ C(A)✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❝♦♠✲
♣❧❡①♦ X• = (Xi, d

i
X)i∈Z é ❧✐♠✐t❛❞♦ s✉♣❡r✐♦r♠❡♥t❡ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❧✐♠✐t❛❞♦ ✐♥❢❡r✐✲

♦r♠❡♥t❡✮ s❡ ❡①✐st❡ ❛❧❣✉♠ n ∈ Z t❛❧ q✉❡ Xi = 0 ♣❛r❛ t♦❞♦ i > n ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱
i < n✮✳ ❙❡ X• é ❧✐♠✐t❛❞♦ s✉♣❡r✐♦r♠❡♥t❡ ❡ ✐♥❢❡r✐♦r♠❡♥t❡✱ ❞✐③❡♠♦s q✉❡ X• é ❧✐♠✐✲
t❛❞♦✳ ❉❡♥♦t❛r❡♠♦s ♣♦r C+(A)✱ C−(A) ❡ Cb(A)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛s s✉❜❝❛t❡❣♦r✐❛s
❞❡ ❝♦♠♣❧❡①♦s ❧✐♠✐t❛❞♦s s✉♣❡r✐♦r♠❡♥t❡✱ ✐♥❢❡r✐♦r♠❡♥t❡ ❡ ❧✐♠✐t❛❞♦s✳

Pr♦♣♦s✐çã♦ ✷✹✳ ❆ ❝❛t❡❣♦r✐❛ ❞❡ ❝♦♠♣❧❡①♦s C(A) ❞❡ ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❜❡❧✐❛♥❛ A é
❛❜❡❧✐❛♥❛✳

❉❡♠♦♥str❛çã♦✿ Pr♦♣♦s✐çã♦ ✷✳✺✱ ❡♠ ❬✶✻❪✳ �

❙❡❥❛ A = modA ❛ ❝❛t❡❣♦r✐❛ ❞❡ ♠ó❞✉❧♦s s♦❜r❡ ✉♠❛ K✲á❧❣❡❜r❛ A ❡ s❡❥❛ X• =
(Xi, d

i
X)i∈Z ✉♠ ❝♦♠♣❧❡①♦ ❡♠ C(A)✳ P❛r❛ t♦❞♦ i ∈ Z✱ t❡♠♦s Im di−1

X ⊂ Ker diX ✱ ✉♠❛
✈❡③ q✉❡ di−1

X diX = 0✳ ❆ss✐♠ ❢❛③ s❡♥t✐❞♦ ❞❡✜♥✐r ♦ s❡❣✉✐♥t❡ q✉♦❝✐❡♥t❡ ❞❡ A✲♠ó❞✉❧♦s
❡♠ A✿

H i(X•) = Ker diX/Im di−1
X .

❖ A✲♠ó❞✉❧♦ H i(X•) é ❝❤❛♠❛❞♦ ❛ ✐✲és✐♠❛ ❝♦❤♦♠♦❧♦❣✐❛ ❞♦ ❝♦♠♣❧❡①♦ X•✳ P♦rt❛♥t♦✱
♣❛r❛ ❝❛❞❛ i ∈ Z✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ s❡❣✉✐♥t❡ ❢✉♥t♦r✿

H i(·) : C(A) −→ A

q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ ❝♦♠♣❧❡①♦ X• ❛ s✉❛ ✐✲és✐♠❛ ❝♦❤♦♠♦❧♦❣✐❛ H i(X•) ❡✱ ♣❛r❛ ❝❛❞❛ ♠♦r✲
✜s♠♦ f • : X• → Y •✱ ❞❡✜♥✐♠♦s H i(f •) : H i(X•) → H i(Y •) ❞❛❞♦ ♣♦r H i(f •)(x) =
f i(x)✳ P♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ H i é✱ ❞❡ ❢❛t♦✱ ✉♠ ❢✉♥t♦r✳

❉❡✜♥✐çã♦ ✷✺✳ ❉✐③❡♠♦s q✉❡ ✉♠ ♠♦r✜s♠♦ f • : X• → Y • ♥❛ ❝❛t❡❣♦r✐❛ C(A) é ✉♠
q✉❛s✐✲✐s♦♠♦r✜s♠♦ s❡ H i(f •) é ✉♠ ✐s♦♠♦r✜s♠♦ ❡♠ A✱ ♣❛r❛ t♦❞♦ i ∈ Z✳

❉❡✜♥✐çã♦ ✷✻✳ ❯♠ ♠♦r✜s♠♦ f • : X• → Y • é ❞✐t♦ ❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ♥✉❧♦ f • ∼ 0✱ s❡
❡①✐st❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♠♦r✜s♠♦s {hi : Xi → Yi−1}i∈Z t❛✐s q✉❡ f i = hidi−1

Y + diXh
i+1✱

♣❛r❛ t♦❞♦ i ∈ Z✳

X• :

f•

��

· · · // Xi−1

f i−1

��

di−1
X //

}}

Xi

f i

��

diX //

hi

}}

Xi+1

di+1
X //

hi+1

}}
f i+1

��

Xi+2

di+2
X //

hi+2

{{
f i+2

��

Xi+3

f i+3

��

//

hi+3

{{

· · ·

}}
Y • : · · · // Yi−1

di−1
Y

// Yi
diY

// Yi+1
di+1
Y

// Yi+2
di+2
Y

// Yi+3
// · · ·

❙❡❥❛♠ X•, Y • ∈ C(A)✳ ❈♦♥s✐❞❡r❡♠♦s I(X•, Y •) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♠♦r✜s♠♦s
❞❡ X• ♣❛r❛ Y • ❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ♥✉❧♦s✱ ♦✉ s❡❥❛✱ I(X•, Y •) = {f • : X• → Y •/f • ∼
0}✳ P♦❞❡♠♦s ♣r♦✈❛r q✉❡ I(X•, Y •) é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ♥❛ ❝❛t❡❣♦r✐❛ ❞❡ ❝♦♠♣❧❡①♦s✳
❉❡ss❛ ❢♦r♠❛✱ ♦❜t❡♠♦s ❛ ❝❛t❡❣♦r✐❛ ❤♦♠♦tó♣✐❝❛ K(A) ❝✉❥♦s ♦❜❥❡t♦s sã♦ ♦s ♠❡s♠♦s
♦❜❥❡t♦s ❞❡ C(A)✱ ♦✉ s❡❥❛✱ ❝♦♠♣❧❡①♦s ❡ ♦s ♠♦r✜s♠♦s sã♦ ❞❛❞♦s ♣♦r✿

HomK(A) (X
•, Y •) = HomC(A) (X

•, Y •)�I(X•, Y •).

✶✽



➱ ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r q✉❡ ❛ ❝❛t❡❣♦r✐❛ K(A)✱ ❡♠ ❣❡r❛❧✱ ♥ã♦ é ❛❜❡❧✐❛♥❛✱ ♠❡s♠♦
❝♦♠ A ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❜❡❧✐❛♥❛✳ ❊①✐st❡♠ ❡①❡♠♣❧♦s ❞❡ ♠♦r✜s♠♦s ❡♠ K(A) q✉❡ ♥ã♦
♣♦ss✉❡♠ ❝♦♥ú❝❧❡♦s✱ ❡♥tr❡ ♦✉tr♦s ♣r♦❜❧❡♠❛s✳ ❯♠❛ ❢♦r♠❛ ❞❡ ❝♦♥tr♦❧❛r ❡st❛ s✐t✉❛çã♦
é ✐♥tr♦❞✉③✐r ✉♠❛ ❡str✉t✉r❛ tr✐❛♥❣✉❧❛❞❛ ❡♠ K(A)✱ ❛ss✉♥t♦ q✉❡ ✐♥tr♦❞✉③✐r❡♠♦s ♠❛✐s
❛❞✐❛♥t❡✳

❙❡❥❛♠ f • ❡ g• ♠♦r✜s♠♦s ♥❛ ❝❛t❡❣♦r✐❛ ❞❡ ❝♦♠♣❧❡①♦s C(A)✱ s❡ ❛ ❞✐❢❡r❡♥ç❛ f •−g• ∼ 0
é ❤♦♠♦t♦♣✐❝❛♠❡♥t❡ ♥✉❧❛ ❞✐③❡♠♦s q✉❡ f • ❡ g• sã♦ ❤♦♠♦tó♣✐❝♦s✳

Pr♦♣♦s✐çã♦ ✷✼✳ ❙❡ f • ❡ g• sã♦ ❤♦♠♦tó♣✐❝♦s✱ ❡♥tã♦ H i(f •) = H i(g•) ♣❛r❛ t♦❞♦
i ∈ Z✳

❉❡♠♦♥str❛çã♦✿ ▲❡♠❛ ✷✱ ❝❛♣ít✉❧♦ ■■■ ❡♠ ❬✶✸❪✳ �

❆ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ ♥♦s ♣❡r♠✐t❡ ❡st❡♥❞❡r ♦ ❝♦♥❝❡✐t♦ ❞❡ q✉❛s✐✲✐s♦♠♦r✜s♠♦ ❡♠ C(A)
♣❛r❛ ❛ ❝❛t❡❣♦r✐❛K(A)✳ ❆ss✐♠✱ ✉♠ ♠♦r✜s♠♦ f • ❡♠ K(A) é ✉♠ q✉❛s✐✲✐s♦♠♦r✜s♠♦ s❡✱
❡ s♦♠❡♥t❡ s❡✱ f • é ✉♠ q✉❛s✐✲✐s♦♠♦r✜s♠♦ ❡♠ C(A)✳ ❆ ♣r♦♣♦s✐çã♦ ✷✼ ♥♦s ❣❛r❛♥t❡ q✉❡
❡st❛ ❞❡✜♥✐çã♦ ✐♥❞❡♣❡♥❞❡ ❞♦ r❡♣r❡s❡♥t❛♥t❡✳ P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦ ❞❡♥♦t❛r❡♠♦s
♦s ♠♦r✜s♠♦s f • ❡♠ K(A) s✐♠♣❧❡s♠❡♥t❡ ♣♦r f •✳

P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❞❡✜♥✐♠♦s ♦s ❝♦♥❝❡✐t♦s ❛♥t❡r✐♦r❡s s♦❜r❡ ❛ ❝❛t❡❣♦r✐❛ ❞❡ A✲♠ó❞✉❧♦s
s♦❜r❡ ✉♠❛K✲á❧❣❡❜r❛ A✳ ◆♦ ❡♥t❛♥t♦✱ ❡♠ ❧✐♥❣✉❛❣❡♠ ❝❛t❡❣ór✐❝❛✱ t♦❞♦s ❡st❡s ❝♦♥❝❡✐t♦s
♣♦❞❡♠ s❡r ❞❡✜♥✐❞♦s s♦❜r❡ ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❜❡❧✐❛♥❛ A✳ ❱❡❥❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❬✶✸❪✳

❙❡❥❛ A ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❜❡❧✐❛♥❛✳ ❆ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ ❞❡ A✱ ❞❡♥♦t❛❞❛ ♣♦r D(A)✱
é ✉♠❛ ❝❛t❡❣♦r✐❛ t❛❧ q✉❡ ❡①✐st❡ ✉♠ ❢✉♥t♦r Q : K(A) → D(A)✱ ❝❤❛♠❛❞♦ ❢✉♥t♦r
❞❡ ❧♦❝❛❧✐③❛çã♦✱ q✉❡ ❧❡✈❛ t♦❞♦ q✉❛s✐✲✐s♦♠♦r✜s♠♦ f • ❡♠ K(A) ❛ ✐s♦♠♦r✜s♠♦s Q(f •)
❡♠ D(A) ❡✱ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡ ✉♥✐✈❡rs❛❧✳ P❛r❛ q✉❛❧q✉❡r ❢✉♥t♦r F :
K(A) → E✱ q✉❡ ❧❡✈❛ q✉❛s✐✲✐s♦♠♦r✜s♠♦ ❡♠ ✐s♦♠♦r✜s♠♦✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❢✉♥t♦r
G : D(A)→ E t❛❧ q✉❡ ♦ ❞✐❛❣r❛♠❛

K(A)
Q //

F
$$

D(A)

G
��
E

é ❝♦♠✉t❛t✐✈♦✳

P♦r s❡r ✉♥✐✈❡rs❛❧✱ ❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ D(A) é ú♥✐❝❛✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦ ✭❞❡
❝❛t❡❣♦r✐❛s✮✳ ❙✉❛ ❡①✐stê♥❝✐❛ ❢♦✐ ♣r♦✈❛❞❛ ♣♦r ❱❡r❞✐❡r ❡♠ ❬✷✽❪ ❡ ✉♠❛ ❝♦♥str✉çã♦ ❞❡
D(A) ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠ ❞❡t❛❧❤❡s ❡♠ ❬✶✸❪✳

❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ❛ ❝❛t❡❣♦r✐❛ ❤♦♠♦tó♣✐❝❛ ❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ D(A) ♥ã♦ é
❛❜❡❧✐❛♥❛✱ ♣♦ré♠ é ❞❡ ❑r✉❧❧✲❙❝❤♠✐❞t✳ ❊♠ ❜r❡✈❡✱ ✈❡r❡♠♦s q✉❡ ❡❧❛ t❛♠❜é♠ ♣♦ss✉✐
✉♠❛ ❡str✉t✉r❛ tr✐❛♥❣✉❧❛❞❛✳

❉❡✜♥✐çã♦ ✷✽✳ ❙❡❥❛ C(A) ❛ ❝❛t❡❣♦r✐❛ ❞❡ ❝♦♠♣❧❡①♦s ❞❡ ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❜❡❧✐❛♥❛ A✳
❉❡✜♥✐♠♦s ♦ ❢✉♥t♦r [n] : C(A) → C(A)✱ ❝♦♠ n ∈ Z✱ ❝❤❛♠❛❞♦ ❢✉♥t♦r s❤✐❢t✱ q✉❡

✶✾



❛ss♦❝✐❛ ❝❛❞❛ ❝♦♠♣❧❡①♦ X• = (Xi, d
i
X)i∈Z ♦ ❝♦♠♣❧❡①♦ X•[n] = (Xi+n, (−1)

ndi+n
X )i∈Z✱

♦✉ s❡❥❛✱ ♣❛r❛ n > 0 ♦ ❝♦♠♣❧❡①♦

X• : · · · // X−n

d−n
X // · · · // X−1

d−1
X // X0

d0X // X1

d1X // · · ·

é ❛ss♦❝✐❛❞❛ ❛♦ ❝♦♠♣❧❡①♦

X•[n] : · · · // X0

(−1)nd0X// · · · // Xn−1

(−1)ndn−1
X // Xn

(−1)ndnX// Xn+1

(−1)ndn+1
X // · · ·

❡ ❝❛❞❛ ♠♦r✜s♠♦ f • = {f i : Xi → Yi / i ∈ Z} ♦ ♠♦r✜s♠♦ f •[n] = {f i+n : Xi+n →
Yi+n / i ∈ Z}✳

❙❡❥❛ modA ❛ ❝❛t❡❣♦r✐❛ ❞❡ ♠ó❞✉❧♦s à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s s♦❜r❡ ✉♠❛ K✲
á❧❣❡❜r❛ A✳ ❈❤❛♠❛♠♦s ❞❡ ❝♦♠♣❧❡①♦ ❝♦♥❝❡♥tr❛❞♦ ❞❡ ❣r❛✉ ✵ ♦ s❡❣✉✐♥t❡ ❝♦♠♣❧❡①♦✿

M• : · · · // 0 //M // 0 // · · · ,

❡♠ q✉❡ M é ✉♠ A✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✳ ❖ ❢✉♥t♦r q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ A✲♠ó❞✉❧♦ M ❛♦
❝♦♠♣❧❡①♦ ❝♦♥❝❡♥tr❛❞♦ M• ♣r♦❞✉③ ✉♠❛ ✐♠❡rsã♦✱ ❝♦♠♦ s✉❜❝❛t❡❣♦r✐❛ ❝♦♠♣❧❡t❛✱ ❞❡
modA ❡♠ D(A)✳

❊♠❜♦r❛ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ t❡ór✐❝❛✱ ♣❛r❛ ♠✉✐t♦ ♣♦✉❝❛s ❝❧❛ss❡s ❞❡ á❧❣❡❜r❛s é
❝♦♥❤❡❝✐❞❛ ❡①♣❧✐❝✐t❛♠❡♥t❡ s✉❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛✳ ❯♠❛ ❞❡st❛s ♣♦✉❝❛s ❝❧❛ss❡s ❡♠
q✉❡ ❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ é t♦t❛❧♠❡♥t❡ ❝♦♥❤❡❝✐❞❛✱ ❡ q✉❡ s❡rá ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛
♥❡st❡ tr❛❜❛❧❤♦✱ é ❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❤❡r❡❞✐tár✐❛s✳

❙❡❥❛ A ✉♠❛ á❧❣❡❜r❛ ❤❡r❡❞✐tár✐❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ♦✉ s❡❥❛✱ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s
s♦❜r❡ ✉♠ q✉✐✈❡r s❡♠ r❡❧❛çõ❡s✳ ❈♦♥s✐❞❡r❡♠♦s modA ❛ ❝❛t❡❣♦r✐❛ ❞♦s A✲♠ó❞✉❧♦s à
❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✳ ◆❡st❡ ❝❛s♦✱ ❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ ❧✐♠✐t❛❞❛ ❞❡ modA✱
❞❡♥♦t❛❞❛ ♣♦r Db(A)✱ é ❝♦♥❤❡❝✐❞❛ ❡①♣❧✐❝✐t❛♠❡♥t❡✳ ❖s ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❞❡
Db(A) sã♦ ♦s ❝♦♠♣❧❡①♦s ❝♦♥❝❡♥tr❛❞♦s ❞❛ ❢♦r♠❛ M [n]✱ ♦♥❞❡ M é ✉♠ A✲♠ó❞✉❧♦ ❡
n ∈ Z é ♦ ❢✉♥t♦r s❤✐❢t ❡♠ Db(A) ❡ ♦s ♠♦r✜s♠♦s sã♦ ❞❛❞♦s ♣♦r✿

HomDb(A) (M [i], N [j]) = Extj−i
A (M,N) =




HomA (M,N) , s❡ j = i
Ext1A (M,N) , s❡ j = i+ 1
0, ❝❛s♦ ❝♦♥trár✐♦

✭✶✳✶✮

✶✳✺ ❚❡♦r✐❛ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥

❯♠❛ ✈❡③ q✉❡ ❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ ❞❡ ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❜❡❧✐❛♥❛ é ❞❡ ❑r✉❧❧✲❙❝❤♠✐❞t✱ é
✐♥t❡r❡ss❛♥t❡ ♦❜t❡r ✉♠❛ t❡♦r✐❛ q✉❡ ♣❡r♠✐t❡ ✐❞❡♥t✐✜❝❛r s❡✉s ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✳
❯♠❛ ❞❡❧❛s é ❛ ❚❡♦r✐❛ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥✳

◆❡st❛ s❡çã♦✱ A ❞❡♥♦t❛rá ❛ ❝❛t❡❣♦r✐❛ ❞❡ A✲♠ó❞✉❧♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s A = modA
♦✉ ❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ ❧✐♠✐t❛❞❛ A = Db(A)✱ ❡♠ q✉❡ A é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦
✜♥✐t❛ s♦❜r❡ ✉♠ ❝♦r♣♦ K✳ ❯♠ ♠♦r✜s♠♦ s :M → N ❡♠ A é ❞✐t♦ s❡çã♦ s❡ ❡①✐st❡ ✉♠
♠♦r✜s♠♦ h : N → M t❛❧ q✉❡ sh = 1M ✳ ❙✐♠✐❧❛r♠❡♥t❡✱ ✉♠ ♠♦r✜s♠♦ r : M → N
❡♠ A é ❞✐t♦ ✉♠❛ r❡tr❛çã♦ s❡ ❡①✐st❡ g : N →M t❛❧ q✉❡ gr = 1N ✳

❯♠ ♠♦r✜s♠♦ f : X → Y ❡♠ A é ❞✐t♦ ✐rr❡❞✉tí✈❡❧✱ s❡✿

✷✵



✭✐✮ f ♥ã♦ é s❡çã♦ ♥❡♠ r❡tr❛çã♦❀

✭✐✐✮ ❙❡ ♦ ❞✐❛❣r❛♠❛

X
f //

g ��

Y

Z
h

AA

é ❝♦♠✉t❛t✐✈♦✱ ♦✉ s❡❥❛✱ s❡ f = gh✱ ❡♥tã♦ g é s❡çã♦ ♦✉ h é r❡tr❛çã♦✳

❯♠❛ ❜♦❛ ❞❡s❝r✐çã♦✱ ❡♠❜♦r❛ ♥ã♦ ❝♦♠♣❧❡t❛✱ ❞❛ ❝❛t❡❣♦r✐❛ A é ❢❡✐t❛ ❞❡s❝r❡✈❡♥❞♦ s❡✉s
♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❡ s❡✉s ♠♦r✜s♠♦s ✐rr❡❞✉tí✈❡✐s✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❑r✉❧❧✲
❙❝❤♠✐❞t✱ ❛ ♣❛rt✐r ❞♦s ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♦❜t❡♠♦s ♦s ❞❡♠❛✐s ♣♦r s♦♠❛s ❞✐r❡t❛s
✭✜♥✐t❛s✮✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣♦r ❝♦♠♣♦s✐çã♦✱ ♦❜t❡♠♦s t♦❞♦s ♦s ♠♦r✜s♠♦s q✉❡ sã♦ ❝♦♠✲
♣♦s✐çõ❡s ✜♥✐t❛s ❞❡ ♠♦r✜s♠♦s ✐rr❡❞✉tí✈❡✐s✳ ◆❡st❛ ❞❡s❝r✐çã♦ ✜❝❛♠ ❢❛❧t❛♥❞♦ ❛♣❡♥❛s ♦s
♠♦r✜s♠♦s q✉❡ sã♦ ❝♦♠♣♦s✐çõ❡s ✐♥✜♥✐t❛s ❞❡ ✐rr❡❞✉tí✈❡✐s✳ ❊①✐st❡♠ r❡s✉❧t❛❞♦s✱ t❛♥t♦
♣❛r❛ A✲♠ó❞✉❧♦s q✉❛♥t♦ ♣❛r❛ ❝❛t❡❣♦r✐❛s ❞❡r✐✈❛❞❛s✱ q✉❡ ❣❛r❛♥t❡♠ q✉❡ ♦ ♥ú♠❡r♦ ❞❡
♠♦r✜s♠♦s q✉❡ sã♦ ❞❡st❛ ❢♦r♠❛ sã♦ ♠✉✐t♦ ♣♦✉❝♦s✳ ❯♠❛ ❢♦r♠❛ ❞❡ ♦❜t❡r ♦❜❥❡t♦s
✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♥❛ ❝❛t❡❣♦r✐❛ ❞❡ ♠ó❞✉❧♦s ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛✮
sã♦ ♣❡❧❛s s❡q✉ê♥❝✐❛s ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ tr✐â♥❣✉❧♦s✮ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥✳

❉❡✜♥✐çã♦ ✷✾✳ ❯♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ A✲♠ó❞✉❧♦s q✉❡ ♥ã♦ ❝✐♥❞❡✿

0 // X
f // Y

g // Z // 0 ✭✶✳✷✮

é ❝❤❛♠❛❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ s❡✱ ❡ s♦♠❡♥t❡ s❡✿

✭❆❘✶✮ X ❡ Z sã♦ ✐♥❞❡❝♦♠♣♦♥í✈❡✐s❀

✭❆❘✷✮ f ♥ã♦ é s❡çã♦ ❡ ♣❛r❛ ❝❛❞❛ ♠♦r✜s♠♦ u : X → U ♥ã♦ s❡çã♦✱ ❡①✐st❡ u′ : Y → U
t❛❧ q✉❡ fu′ = u✱ ♥❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ f é q✉❛s❡ ❝✐♥❞✐❞❛ à ❡sq✉❡r❞❛✳

❙❡ ❛ ❝♦♥❞✐çã♦ ✭❆❘✶✮ é s❛t✐s❢❡✐t❛ ♣♦❞❡♠♦s tr♦❝❛r ❛ ❝♦♥❞✐çã♦ ✭❆❘✷✮ ♣❡❧❛ s❡❣✉✐♥t❡
❝♦♥❞✐çã♦ ❡q✉✐✈❛❧❡♥t❡✿

✭❆❘✷✮✬ g ♥ã♦ é r❡tr❛çã♦ ❡ ♣❛r❛ ❝❛❞❛ ♠♦r✜s♠♦ v : V → Z ♥ã♦ r❡tr❛çã♦✱ ❡①✐st❡ v′ :
V → Y t❛❧ q✉❡ v′g = v✱ ♥❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ g é q✉❛s❡ ❝✐♥❞✐❞❛ à ❞✐r❡✐t❛✳

Pr♦♣♦s✐çã♦ ✸✵✳ ❯♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ A✲♠ó❞✉❧♦s✿

0 // X
f // Y

g // Z // 0

é s❡q✉ê♥❝✐❛ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ s❡✱ ❡ s♦♠❡♥t❡ s❡✿

✭✐✮ X ❡ Z sã♦ ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✱ ❡❀

✭✐✐✮ f ❡ g sã♦ ✐rr❡❞✉tí✈❡✐s✳

❉❡♠♦♥str❛çã♦✿ ❚❡♦r❡♠❛ ✶✳✶✸✱ ❝❛♣ít✉❧♦ ■❱ ❡♠ ❬✶✼❪✳ �

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ♥♦s ❞✐③ s♦❜ q✉❛✐s ❝♦♥❞✐çõ❡s ❡①✐st❡♠ s❡q✉ê♥❝✐❛s ❞❡ ❆✉s❧❛♥❞❡r✲
❘❡✐t❡♥✳

✷✶



❚❡♦r❡♠❛ ✸✶✳ ❙❡ Z é ✉♠ A✲♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ ♥ã♦ ♣r♦❥❡t✐✈♦ ✭r❡s♣✳ X ♥ã♦
✐♥❥❡t✐✈♦✮✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ q✉❡ t❡r♠✐♥❛ ❡♠ Z ✭r❡s♣✳
❝♦♠❡ç❛ ❡♠ X✮✳

❉❡♠♦♥str❛çã♦✿ ❚❡♦r❡♠❛ ✸✳✶✱ ❝❛♣ít✉❧♦ ■❱ ❡♠ ❬✶✼❪✳ �

❖ t❡r♠♦ ✐♥✐❝✐❛❧ ❞❛s s❡q✉ê♥❝✐❛s ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❝✉❥♦ t❡r❝❡✐r♦ t❡r♠♦ é M é
❝❤❛♠❛❞♦ tr❛♥s❧❛çã♦ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❞❡ M ❡✱ ❞❡♥♦t❛❞♦ ♣♦r✱ τM ✳

◆♦ ❝❛s♦ ❞❡ ❝❛t❡❣♦r✐❛s ❞❡r✐✈❛❞❛s✱ ❝♦♠♦ ❡❧❛s ♥ã♦ sã♦ ❛❜❡❧✐❛♥❛s ❬✶✸❪ ✭❧♦❣♦ ♥ã♦ ❢❛③
s❡♥t✐❞♦ ❢❛❧❛r ❡♠ s❡q✉ê♥❝✐❛s ❡①❛t❛s✮✱ t❡♠♦s ✉♠❛ ❡str✉t✉r❛ ❛❧t❡r♥❛t✐✈❛✱ ❛s ❝❛t❡❣♦r✐❛s
tr✐❛♥❣✉❧❛❞❛s✳

✶✳✻ ❈❛t❡❣♦r✐❛s ❚r✐❛♥❣✉❧❛❞❛s

❈♦♠♦ ❝✐t❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡ ❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ Db(A) ♥ã♦ é ❛❜❡❧✐❛♥❛✳ ❈♦♥s❡✲
q✉❡♥t❡♠❡♥t❡✱ ♥ã♦ t❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ s❡q✉ê♥❝✐❛ ❡①❛t❛✳ ❉❡ss❛ ❢♦r♠❛✱ ❢❛③✲s❡ ♥❡✲
❝❡ssár✐♦ ✐♥tr♦❞✉③✐r ✉♠❛ t❡♦r✐❛ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ s✉♣r✐r ❡st❡s ❝♦♥❝❡✐t♦s ❛✉s❡♥t❡s
♥❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛✱ ❡ss❡ é ♦ ❛ss✉♥t♦ q✉❡ ✐♥tr♦❞✉③✐r❡♠♦s ❛ s❡❣✉✐r✳ P❛r❛ ♠❛✐♦r❡s
❞❡t❛❧❤❡s s♦❜r❡ ♦ ❛ss✉♥t♦ ✜❝❛♠ ❝♦♠♦ r❡❢❡rê♥❝✐❛s ❬✶✹❪✱ ❬✶✺❪ ❡ ❬✶✻❪✳

❙❡❥❛ T ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❞✐t✐✈❛ ❡ s❡❥❛ T : T → T ✉♠ ❛✉t♦♠♦r✜s♠♦✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦
❢✉♥t♦r s✉s♣❡♥sã♦✳ ❯♠ tr✐â♥❣✉❧♦ ❡♠ T é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♠♦r✜s♠♦s (f, g, h) ❞❛
❢♦r♠❛

X
f // Y

g // Z h // TX .

◆❛ ❧✐t❡r❛t✉r❛✱ ♦ ♥♦♠❡ tr✐â♥❣✉❧♦ s❡ ❥✉st✐✜❝❛ ♣❡❧♦ ❢❛t♦ ❞❡ ❡s❝r❡✈❡r♠♦s ❛ s❡q✉ê♥❝✐❛ ❞❡
♠♦r✜s♠♦s ❛❝✐♠❛ ♥❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

Z
h

~~
X

f
// Y

g
__

❡♠ q✉❡✱ ❞❡♥♦t❛♠♦s ♣♦r h ♦ ♠♦r✜s♠♦ h : Z → TX✳

❯♠ ♠♦r✜s♠♦ ❡♥tr❡ ❞♦✐s tr✐â♥❣✉❧♦s (f, g, h) ❡ (f ′, g′, h′) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♠♦r✜s✲
♠♦s (φ1, φ2, φ3) t❛❧ q✉❡ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦ é ❝♦♠✉t❛t✐✈♦✳

X
f //

φ1

��

Y
g //

φ2

��

Z
h //

φ3

��

TX

T (φ1)
��

X ′

f ′
// Y ′

g′
// Z ′

h′
// TX ′

❆ ❝❛t❡❣♦r✐❛ T é ❝❤❛♠❛❞❛ tr✐❛♥❣✉❧❛❞❛ s❡ ❝♦♥té♠ ✉♠❛ ❝❧❛ss❡ ❞❡ tr✐â♥❣✉❧♦s✱ ❝❤❛♠❛❞♦s
tr✐â♥❣✉❧♦s ❡①❛t♦s ✭❛❧❣✉♥s t❡①t♦s ❝❤❛♠❛♠ ✧tr✐â♥❣✉❧♦s ❞✐st✐♥❣✉✐❞♦s✧✮✱ q✉❡ s❛t✐s❢❛③❡♠

✷✷



✹ ❛①✐♦♠❛s✱ ♣❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s s♦❜r❡ ❝❛t❡❣♦r✐❛s tr✐â♥❣✉❧❛❞❛s ✐♥❞✐❝❛♠♦s ❝♦♠♦
r❡❢❡rê♥❝✐❛ ❬✶✹❪✳

❯♠ ❡①❡♠♣❧♦ ❝❧áss✐❝♦ ❞❡ ❝❛t❡❣♦r✐❛ tr✐❛♥❣✉❧❛❞❛ é ❛ ❝❛t❡❣♦r✐❛ ❤♦♠♦tó♣✐❝❛✳ ❙❡❥❛ A
✉♠❛ ❝❛t❡❣♦r✐❛ ❛❜❡❧✐❛♥❛ ❡ s❡❥❛ K(A) ❛ ❝❛t❡❣♦r✐❛ ❤♦♠♦tó♣✐❝❛ ❞❡ A✳ ❖ ❢✉♥t♦r s❤✐❢t
[1] q✉❡ ❧❡✈❛ ❝❛❞❛ ❝♦♠♣❧❡①♦ X• = (Xi, d

i
X)i∈Z ♥♦ ❝♦♠♣❧❡①♦ X•[1] = (Xi+1,−d

i+1
X )i∈Z

❡ ❝❛❞❛ ♠♦r✜s♠♦ f • = {f i : Xi → Yi / i ∈ Z} ♥♦ ♠♦r✜s♠♦ f •[1] = {f i+1 : Xi+1 →
Yi+1 / i ∈ Z} é ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ K(A)✳

❉❛❞♦ f • : X• → Y • ❡♠ C(A)✳ ❈❤❛♠❛♠♦s ❞❡ ❝♦♥❡ ❞❡ f • ♦ ❝♦♠♣❧❡①♦ Cf• =

((Cf•)i, d
i
Cf•

)i∈Z✱ ❡♠ q✉❡ (Cf•)i = X i+1 ⊕ Y i ❡ diCf•
=

(
−di+1

X f i+1

0 diY

)
✳

➱ ❢á❝✐❧ ✈❡r q✉❡✱ ❞❡ ❢❛t♦✱ ♦ ❝♦♥❡ Cf• é ✉♠ ❝♦♠♣❧❡①♦✳

P❛r❛ ❝❛❞❛ ♠♦r✜s♠♦ f • : X• → Y • ❡♠ A✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ tr✐â♥❣✉❧♦✿

X• f•
// Y • i• // Cf•

π•
// TX• ,

❡♠ q✉❡ i• ❡ π• sã♦ ✐♠❡rsõ❡s ❡ ♣r♦❥❡çõ❡s ✉s✉❛✐s✳ ❱❡❥❛ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦✿

X i−1
di−1
X //

f i−1

��

X i
diX //

f i

��

X i+1

f i+1

��
Y i−1

di−1
Y //

( 0 1 )
��

Y i
diY //

( 0 1 )
��

Y i+1

( 0 1 )
��

X i ⊕ Y i−1
di−1
Cf• //

(
1
0

)

��

X i+1 ⊕ Y i
diCf• //

(
1
0

)

��

X i+2 ⊕ Y i+1

(
1
0

)

��
X i

−diX // X i+1
−di+1

X // X i+2

❈♦♥s✐❞❡r❛♥❞♦ T ❛ ❝❧❛ss❡ ❞❡ t♦❞♦s ♦s tr✐â♥❣✉❧♦s ❞❛ ❢♦r♠❛ ❛❝✐♠❛✱ ❡ s❡✉s ✐s♦♠♦r❢♦s✱
♣♦❞❡♠♦s ♠♦str❛r q✉❡ T s❛t✐s❢❛③ ♦s q✉❛tr♦ ❛①✐♦♠❛s ✭✈❡r ❬✶✹❪✮ ❡ ♣♦rt❛♥t♦ K(A) é
✉♠❛ ❝❛t❡❣♦r✐❛ tr✐â♥❣✉❧❛❞❛✱ ❝✉❥♦s tr✐â♥❣✉❧♦s ❡①❛t♦s sã♦ ❛q✉❡❧❡s ❡♠ T ✳ ❆❧é♠ ❞✐ss♦✱
❡st❛ tr✐❛♥❣✉❧❛çã♦ é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ♦ ❢✉♥t♦r ❞❡ ❧♦❝❛❧✐③❛çã♦✱ ♦✉ s❡❥❛✱ ❡❧❛ ❞❡✜♥❡ ✉♠❛
tr✐❛♥❣✉❧❛çã♦ ♥❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ ❧✐♠✐t❛❞❛ Db(A) ❝✉❥♦s tr✐â♥❣✉❧♦s ❡①❛t♦s sã♦ ✐♠❛✲
❣❡♥s ❞❡ tr✐â♥❣✉❧♦s ❡♠ K(A) ♣❡❧♦ ❢✉♥t♦r ❧♦❝❛❧✐③❛çã♦ Q : K(A) → Db(A)✳ ❉❡st❛
❢♦r♠❛✱ ❡st❡s tr✐â♥❣✉❧♦s ❞❡s❡♠♣❡♥❤❛♠ ♣❛♣❡❧ s✐♠✐❧❛r ❛♦ ❞❛s s❡q✉ê♥❝✐❛s ❡①❛t❛s ❡♠
❝❛t❡❣♦r✐❛s ❛❜❡❧✐❛♥❛s ♦ q✉❡ ♥♦s ❧❡✈❛ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❙❡❥❛ Db(A) ❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ ❧✐♠✐t❛❞❛ ❞❡ A✲♠ó❞✉❧♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✳ ❯♠
tr✐â♥❣✉❧♦

X
f // Y

g // Z
h // TX ,

é ❞✐t♦ tr✐â♥❣✉❧♦ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ✭❆❘✶✮
❡ ✭❆❘✷✮ ❞❛ ❉❡✜♥✐çã♦ ✷✾ ❡ h 6= 0✳

❖ t❡r♠♦ ✐♥✐❝✐❛❧ ❞♦s tr✐â♥❣✉❧♦s ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❝✉❥♦ t❡r❝❡✐r♦ t❡r♠♦ é Z é ❝❤❛✲
♠❛❞♦ tr❛♥s❧❛çã♦ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❞❡ Z ❡✱ ❞❡♥♦t❛❞♦ ♣♦r✱ τZ✳

✷✸



Pr♦✈❛✲s❡ q✉❡ ✉♠ tr✐â♥❣✉❧♦ ❝✐♥❞❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ h = 0✳ ❆ss✐♠✱ ❛ ❝♦♥❞✐çã♦ ❞❛
s❡q✉ê♥❝✐❛ ♥ã♦ ❝✐♥❞✐r ❛q✉✐ é s✉❜st✐t✉í❞❛ ♣♦r h 6= 0✳ ❯♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦s tr✐â♥✲
❣✉❧♦s ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ é ❞❛❞❛ ♣❡❧❛ ♣r♦♣♦s✐çã♦ ❛❜❛✐①♦✿

Pr♦♣♦s✐çã♦ ✸✷✳ ❯♠ tr✐â♥❣✉❧♦

X
f // Y

g // Z h // TX ,

é ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ s❡✱ ❡ s♦♠❡♥t❡ s❡✿

✭✐✮ X ❡ Z sã♦ ✐♥❞❡❝♦♠♣♦♥í✈❡✐s❀

✭✐✐✮ f ❡ g sã♦ ✐rr❡❞✉tí✈❡✐s❀

✭✐✐✮ h 6= 0✳

P♦✉❝❛s ❝❧❛ss❡s ❞❡ á❧❣❡❜r❛s ♣♦ss✉❡♠ ✉♠❛ ❞❡s❝r✐çã♦ ❡①♣❧í❝✐t❛ ❞♦s tr✐â♥❣✉❧♦s ❞❡ ❆✉s✲
❧❛♥❞❡r✲❘❡✐t❡♥ ❡♠ Db(A)✳ ❯♠❛ ❞❡st❛s ❝❧❛ss❡s é ❛ ❝❧❛ss❡ ❞❛s á❧❣❡❜r❛s ❤❡r❡❞✐tár✐❛s✱
q✉❡ s❡rá ❞❡ ❜❛st❛♥t❡ ✉t✐❧✐❞❛❞❡ ♥♦s ❝❛♣ít✉❧♦s s❡❣✉✐♥t❡s✳

❙❡❥❛ A ❛ ❝❛t❡❣♦r✐❛ ❞❡ A✲♠ó❞✉❧♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s A = modA ♦✉ ❛ ❝❛t❡❣♦r✐❛
❞❡r✐✈❛❞❛ ❧✐♠✐t❛❞❛ A = Db(A)✱ ❡♠ q✉❡ A é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡
✉♠ ❝♦r♣♦ K✳ ❯♠❛ ♠❛♥❡✐r❛ ❡✜❝✐❡♥t❡ ❞❡ r❡✉♥✐r t♦❞❛s ❛s ✐♥❢♦r♠❛çõ❡s ✐♠♣♦rt❛♥t❡s
❞❛ ❝❛t❡❣♦r✐❛ A é ❞❡s❝r❡✈ê✲❧❛s ♣♦r ♠❡✐♦ ❞❡ ✉♠ q✉✐✈❡r✳ ❈♦♠♦ ❛ ❝❛t❡❣♦r✐❛ A é ❞❡
❑r✉❧❧✲❙❝❤♠✐❞t t♦❞♦s ♦s ♦❜❥❡t♦s s❡ ❞❡❝♦♠♣õ❡ ❝♦♠♦ s♦♠❛ ❞✐r❡t❛ ❞❡ ♦❜❥❡t♦s ✐♥❞❡❝♦♠✲
♣♦♥í✈❡✐s✱ ❛ss✐♠ é ♥❛t✉r❛❧ ❞❡s❡❥❛r q✉❡ ♦s ✈ért✐❝❡s r❡♣r❡s❡♥t❛♠ ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦s
❞❡ ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❞❡ A ❡ ❛s ✢❡❝❤❛s ♠♦r✜s♠♦s ❡♠ A q✉❡ ♥ã♦ ♣♦❞❡♠ s❡r
❢❛t♦r❛❞♦s✳ ■ss♦ ♠♦t✐✈❛ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✸✸✳ ❖ q✉✐✈❡r ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❞❡ A é ✉♠ q✉✐✈❡r ❝✉❥♦s ✈ért✐❝❡s sã♦
❛s ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦ [X] ❞❡ ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s X ❡♠ A ❡ ❛s ✢❡❝❤❛s sã♦
♠♦r✜s♠♦s ✐rr❡❞✉tí✈❡✐s✳

❆s s❡q✉ê♥❝✐❛s ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦s tr✐â♥❣✉❧♦s✮ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❞❡ ✉♠❛ á❧❣❡✲
❜r❛ A ✭r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❞❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ Db(A)✮ sã♦ ❞❡s❝r✐t❛s ♥♦ q✉✐✈❡r ❞❡
❆✉s❧❛♥❞❡r✲❘❡✐t❡♥✳

❊①❡♠♣❧♦ ✸✹✳ ❙❡❥❛ Q ♦ q✉✐✈❡r

1 2oo 3oo

❖ q✉✐✈❡r ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❞❛ ❝❛t❡❣♦r✐❛ modKQ é ❞❛❞♦ ♣♦r✿

P3

��
P2

>>

  

I2

��
P1

>>

S2

??

I3

✷✹



❖ s❡❣✉✐♥t❡ q✉✐✈❡r é ♦ q✉✐✈❡r ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❞❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ ❧✐♠✐t❛❞❛
Db(KQ)✿

P1[−1]

��

S2[−1]

��

I3[−1]

��

P3

��

P1[1]

��

S2[1]

��

I3[1]

· · · P2[−1]

AA

��

I2[−1]

��

BB

P2

DD

��

I2

��

CC

P2[1]

BB

��

I2[1]

CC

· · ·

P3[−1]

BB

P1

CC

S2

DD

I3

BB

P3[1]

BB

❖❜s❡r✈❡ q✉❡ ❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s ❞♦ q✉✐✈❡r Q é ❤❡r❡❞✐tár✐❛✱ ❛ss✐♠ ♦s tr✐â♥❣✉❧♦s
❞❡ ❆✉s❧❛♥❞❡r ❘❡✐t❡♥ ♣♦ss✉❡♠ ✉♠❛ ❞❡s❝r✐çã♦ ❡①♣❧í❝✐t❛✳ P♦r ❡①❡♠♣❧♦ ❝♦♥s✐❞❡r❡♠♦s
♦ ♠♦r✜s♠♦ f • : P •

1 → P •
2 ❡♠ Db(KQ)✱ ✈❛♠♦s ❡♥❝♦♥tr❛r ♦ ❝♦♥❡ ❞❡ f •✳ Pr♦❝❡❞❡♠♦s

❞❡ ❢♦r♠❛ s✐♠✐❧❛r ❞❛ ❞❡s❝r✐t❛ ♣❛r❛ ❛ ❝❛t❡❣♦r✐❛ ❞❡ ❝♦♠♣❧❡①♦s✱ ♦✉ s❡❥❛✿

P •
1 :

f•

��

· · · // 0 //

��

0 //

��

P1
//

f

��

0

��

// · · ·

P •
2 :

i
��

· · · // 0 //

��

0 //

��

P2
//

1
��

0

��

// · · ·

Cf• : · · · // 0 // P1
f // P2

// 0 // · · ·

❚❡♠♦s ♦ s❡❣✉✐♥t❡✿

Cf•

��

· · · // 0 //

0

��

P1
f //

0

��

P2
//

��

0 //

0

��

· · ·

S•
2 : · · · // 0 // 0

f // S2
// 0 // · · ·

❉❛í✱ Cf• ❡ S•
2 sã♦ q✉❛s✐✲✐s♦♠♦r❢♦s ❡♠ K(A)✱ ❧♦❣♦ ✐s♦♠♦r✜s♠♦ ♥❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛

❧✐♠✐t❛❞❛ Db(KQ)✳ ❆ss✐♠✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ tr✐â♥❣✉❧♦✿

P •
1

f•
// P •

2

g• // S•
2

// P •
1 [1] ,

❡♠ q✉❡ S•
2 é ❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ Cf• ✳ ❖s ♠♦r✜s♠♦s f • ❡ g• sã♦ ✐rr❡❞✉tí✈❡✐s

✭t❛♥t♦ ❡♠ modKQ q✉❛♥t♦ ❡♠ Db(KQ)✮✳
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❈❛♣ít✉❧♦ ✷

➪❧❣❡❜r❛s ❈❧✉st❡r

➪❧❣❡❜r❛s ❝❧✉st❡r ❢♦r❛♠ ✐♥tr♦❞✉③✐❞❛s ♣♦r ❙✳ ❋♦♠✐♥ ✭✶✾✺✽✱✲✮ ❡ ❆✳ ❩❡❧❡✈✐♥s❦② ✭✶✾✺✸✲
✷✵✶✸✮ ❡♠ ❬✶✶❪ ❡ ❬✶✷❪ ♥♦ ❛♥♦ ❞❡ ✷✵✵✷✳ ❖ ♦❜❥❡t✐✈♦ ✐♥✐❝✐❛❧ ❞❛ ❝r✐❛çã♦ ❞❡st❛s á❧❣❡❜r❛s ❡r❛
❝r✐❛r ✉♠❛ ❢❡rr❛♠❡♥t❛ ❝♦♠❜✐♥❛tór✐❛ ♣❛r❛ r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣♦r ●✳ ▲✉s③t✐❣ ♥♦ ❡st✉❞♦
s♦❜r❡ ❛ ♣♦s✐t✐✈✐❞❛❞❡ t♦t❛❧ ♣❛r❛ ❣r✉♣♦s ❛❧❣é❜r✐❝♦s ❡ ❜❛s❡s ❝❛♥ô♥✐❝❛s ❡♠ ❣r✉♣♦s ❛❧❣é✲
❜r✐❝♦s s❡♠✐ss✐♠♣❧❡s✱ q✉❡ ❢♦r❛♠ ❞❡s❝♦❜❡rt❛s ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ♣♦r ▼✳ ❑❛s❤✐✇❛r❛✳
❆ t❡♦r✐❛ ❞❡ á❧❣❡❜r❛s ❝❧✉st❡r ❞❡s❞❡ ❛ s✉❛ ❝r✐❛çã♦ t❡✈❡ ✉♠ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡s♣❡t❛✲
❝✉❧❛r ❣r❛ç❛s à ❞❡s❝♦❜❡rt❛ ❞❡ ✈ár✐♦s ❛ss✉♥t♦s r❡❧❛❝✐♦♥❛❞♦s ❡ ❛♣❧✐❝❛çõ❡s ✐♠♣♦rt❛♥t❡s✳
❖ ❞✐❛❣r❛♠❛ ❛ s❡❣✉✐r✱ r❡t✐r❛❞♦ ❞❡ ❬✷✼❪✱ ❛♣r❡s❡♥t❛ ❛❧❣✉♠❛s ❞❛s ár❡❛s q✉❡ t❡♠ ❧✐❣❛çã♦
❝♦♠ ❡st❛ t❡♦r✐❛✳

❚❡♦r✐❛ ❞❡ ▲✐❡ ✭❜❛s❡s ❝❛♥ô♥✐❝❛s✮
▲✉s③t✐❣✱ ❑❛s❤✐✇❛r❛ ✶✾✾✵

��
●❡♦♠❡tr✐❛
❞❡ P♦✐ss♦♥

➪❧❣❡❜r❛s ❈❧✉st❡r
❋♦♠✐♥✲❩❡❧❡✈✐♥s❦② ✷✵✵✷

●❡♦♠❡tr✐❛
❆❧❣é❜r✐❝❛

❚❡♦r✐❛
❚❡✐❝❤♠ü❧❧❡r

❚❡♦r✐❛ ❞❡
❘❡♣r❡s❡♥t❛çã♦ ❈♦♠❜✐♥❛tór✐❛s

❙✉♣❡r❢í❝✐❡s
❚r✐❛♥❣✉❧❛❞❛s

❈❛t❡❣♦r✐❛s ❈❧✉st❡r
❇▼❘❘❚✱ ❈❈❙ ✷✵✵✻

➪❧❣❡❜r❛s Pr❡♣r♦❥❡t✐✈❛s
●▲❙ ✵✻

➪❧❣❡❜r❛s ❈❧✉st❡r✲❚✐❧t❡❞
❇▼❘ ✵✼✱ ❈❈❙ ✷✵✵✻

❆ t❡♦r✐❛ ❞❡ á❧❣❡❜r❛s ❝❧✉st❡r ♠♦t✐✈♦✉ ❛ ❝r✐❛çã♦ ❞❛ t❡♦r✐❛ ❞❡ ❝❛t❡❣♦r✐❛s ❝❧✉st❡r✱ ❛s✲
s✉♥t♦ ❞♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✱ ❡ ♠❛✐s r❡❝❡♥t❡♠❡♥t❡ ❞❡ á❧❣❡❜r❛s ❝❧✉st❡r✲t✐❧t❡❞✳ ❆♣❡s❛r
❞❡ r❡❝❡♥t❡✱ ❞✐✈❡rs♦s s♦❢t✇❛r❡s ❡ ❛♣❧✐❝❛t✐✈♦s ❧✐✈r❡s ❬✷✵❪ ❞❡ ❢á❝✐❧ ♠❛♥✉s❡✐♦✱ t❡♠ s✐❞♦
❞❡s❡♥✈♦❧✈✐❞♦s✱ ♦ q✉❡ trás ♥♦✈❛s ♣❡rs♣❡❝t✐✈❛s ♣❛r❛ ♦ tr❛❜❛❧❤♦ ♣❡❧❛s ❢❛❝✐❧✐❞❛❞❡s q✉❡
♣r♦♣♦r❝✐♦♥❛♠ ❛♦s ❝á❧❝✉❧♦s✳ P❛r❛ ❞❡✜♥✐çã♦ ❞❡ á❧❣❡❜r❛s ❝❧✉st❡r✱ ♣r❡❝✐s❛r❡♠♦s ♣r✐✲
♠❡✐r♦ ❞❡✜♥✐r ♦s ❝♦♥❝❡✐t♦s ❞❡ ♠✉t❛çã♦ ❡ s❡♠❡♥t❡s✳

✷✻



✷✳✶ ▼✉t❛çã♦ ❡ ❙❡♠❡♥t❡s

◆❡st❛ s❡çã♦ ❢❛r❡♠♦s ✉♠ ❡st✉❞♦ ❞♦s ♣ré✲r❡q✉✐s✐t♦s ♥❡❝❡ssár✐♦s ♣❛r❛ s❡ ❞❡✜♥✐r á❧❣❡❜r❛s
❝❧✉st❡r✳ ❆ ❞❡✜♥✐çã♦ ♠❛✐s ❣❡r❛❧ ❞❡ á❧❣❡❜r❛s ❝❧✉st❡r✱ ❞❛❞❛ ♥♦ ❛rt✐❣♦ ✐♥✐❝✐❛❧ ❬✶✶❪✱ ❡♥✈♦❧✈❡
❝❡rt♦s ❝♦❡✜❝✐❡♥t❡s q✉❡ ♥ã♦ s❡rã♦ ♥❡❝❡ssár✐♦s ♣❛r❛ ♦s ♦❜❥❡t✐✈♦s ❞❡st❡ tr❛❜❛❧❤♦✳ ❆❧é♠
❞✐ss♦✱ ❡st❛ ❞❡✜♥✐çã♦ é ❢❡✐t❛ ❝♦♠ ❜❛s❡ ❡♠ ♠❛tr✐③❡s ❛♥t✐ss✐♠❡tr✐③á✈❡✐s✳ ◆♦ ❡♥t❛♥t♦✱
♠❛tr✐③❡s ❛♥t✐ss✐♠étr✐❝❛s ♣♦❞❡♠ s❡r ❛ss♦❝✐❛❞❛s ❛ q✉✐✈❡rs ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ♣❛r❛
❝❛❞❛ ♠❛tr✐③ ✐♥t❡✐r❛ ❛♥t✐ss✐♠étr✐❝❛ A = [aij]n×n ❞❡ ♦r❞❡♠ n× n ♣♦❞❡♠♦s ❛ss♦❝✐❛r ❛
✉♠ q✉✐✈❡r ❝♦♠ n ✈ért✐❝❡s ❡ aij ✢❡❝❤❛s ❞❡ i → j s❡ aij > 0 ✭♦✉ j → i s❡ aij < 0✮✳
P♦r ❡①❡♠♣❧♦✱ ❛ ♠❛tr✐③ ❛❜❛✐①♦✿

A =




0 1 0 −2
−1 0 −1 0
0 1 0 0
2 0 0 0




❝♦rr❡s♣♦♥❞❡ ❛♦ q✉✐✈❡r 4 //
// 1 // 2 3oo ✳ ◆♦t❡ q✉❡ ❛s ❡♥tr❛❞❛s aij ❞❛ ♠❛tr✐③

A ✐♥❞✐❝❛♠ ♦ ♥ú♠❡r♦ ❞❡ ✢❡❝❤❛s ❞❡ i → j ♠❡♥♦s ♦ ♥ú♠❡r♦ ❞❡ ✢❡❝❤❛s ❞❡ j →
i✱ ❛ss✐♠ ♦s q✉✐✈❡rs ❝♦rr❡s♣♦♥❞❡♥t❡s à ♠❛tr✐③❡s ❛♥t✐ss✐♠étr✐❝❛s ♥ã♦ t❡♠ ✷✲❝✐❝❧♦s ❡✱
❛❧é♠ ❞✐ss♦✱ ♥ã♦ ♣♦ss✉❡♠ ❧♦♦♣s✱ ♣♦✐s aii = 0✳ ❯t✐❧✐③❛♥❞♦ ❡st❛ ❛ss♦❝✐❛çã♦ ❡♥tr❡
♠❛tr✐③❡s ❛♥t✐ss✐♠étr✐❝❛s ❡ q✉✐✈❡rs✱ ❑❡❧❧❡r ❬✶✽❪ ❛♣r❡s❡♥t♦✉ ✉♠❛ ❞❡✜♥✐çã♦ ❡q✉✐✈❛❧❡♥t❡
♣❛r❛ á❧❣❡❜r❛s ❝❧✉st❡r ✉t✐❧✐③❛♥❞♦ q✉✐✈❡rs✱ q✉❡ s❡rá ❛ q✉❡ ✉t✐❧✐③❛r❡♠♦s✳ ◆❡st❛ s❡çã♦
✉t✐❧✐③❛♠♦s ❝♦♠♦ r❡❢❡rê♥❝✐❛ ♦s tr❛❜❛❧❤♦s ❬✶✽❪✱ ❬✷✼❪ ❡ ❬✷✹❪✳

✷✳✶✳✶ ▼✉t❛çã♦ ❞❡ ✉♠ q✉✐✈❡r

❉❡✜♥✐çã♦ ✸✺✳ ❙❡❥❛ Q ✉♠ q✉✐✈❡r s❡♠ ❧♦♦♣s ❡ ✷✲❝✐❝❧♦s ❝♦♠ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s
{1, . . . , n} ❡ s❡❥❛ k ✉♠ ✈ért✐❝❡ ❞❡ Q✳ ❯♠❛ ♠✉t❛çã♦ µk ❞❡ Q é ✉♠ ♥♦✈♦ q✉✐✈❡r Q′

♦❜t✐❞♦ ♣❡❧❛s s❡❣✉✐♥t❡s ♦♣❡r❛çõ❡s✱ s❡♥❞♦ r❡s♣❡✐t❛❞❛ ❛ ♦r❞❡♠ ❡♠ q✉❡ sã♦ ❛♣r❡s❡♥t❛✲
❞❛s✿

✭✐✮ P❛r❛ ❝❛❞❛ s❡q✉ê♥❝✐❛ i → k → j✱ ❝♦♠ ♦ ✈ért✐❝❡ k ♥♦ ❝❡♥tr♦✱ ❛❝r❡s❝❡♥t❛♠♦s
✉♠❛ ✢❡❝❤❛ i→ j❀

✭✐✐✮ ■♥✈❡rt❡♠♦s ♦ s❡♥t✐❞♦ ❞❛s ✢❡❝❤❛s ❝♦♠ ✐♥í❝✐♦ ♦✉ ✜♠ ♥♦ ✈ért✐❝❡ k❀

✭✐✐✐✮ ❊①❝❧✉í♠♦s ✷✲❝✐❝❧♦s✳

❖❜s❡r✈❡ q✉❡ ♦ q✉✐✈❡r Q′ = µk(Q) ♥❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ t❛♠❜é♠ ♥ã♦ ♣♦ss✉✐ ❧♦♦♣s ❡
♥❡♠ ✷✲❝✐❝❧♦s ♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ❛♣❧✐❝❛r ♠✉t❛çõ❡s s♦❜r❡ ❡st❡ q✉✐✈❡r✳ ❉♦✐s q✉✐✈❡rs Q
❡ Q′ sã♦ ❞✐t♦s ♠✉t❛çã♦ ❡q✉✐✈❛❧❡♥t❡s s❡ ✉♠ é ♦❜t✐❞♦ ❞♦ ♦✉tr♦ ✉s❛♥❞♦ ✉♠ ♥ú♠❡r♦
✜♥✐t♦ ❞❡ ♠✉t❛çõ❡s✳

❊①❡♠♣❧♦s ✸✻✳ ✭❛✮ ❙❡❥❛ Q ♦ q✉✐✈❡r 1 // 2 // 3 ✳ ❆♣❧✐❝❛♥❞♦ ❛ ♠✉t❛çã♦ µ2

❡♠ Q ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ q✉✐✈❡r 1 772oo 3oo ✳

✭❜✮ ❙❡❥❛ Q ♦ q✉✐✈❡r
4

��
1 2oo 3oo

✷✼



❋❛③❡♥❞♦ ❛ ♠✉t❛çã♦ µ2 ♦❜t❡♠♦s✿

4

��
1 // 2 //

OO

3gg

✭❝✮ ❈♦♥s✐❞❡r❡ ♦ q✉✐✈❡r Q
2

��
1 // 4

��

^^^^

5oo

3

^^^^^^

❆♣❧✐❝❛♥❞♦ ❛ ♠✉t❛çã♦ µ1 t❡♠♦s✿

2

1

@@

�� �� ��

4

^^

oo 5oo

3

@@@@

❆ ♦♣❡r❛çã♦ ❞❡ ♠✉t❛çã♦ é ✉♠❛ ✐♥✈♦❧✉çã♦✱ ❝♦♠♦ ♠♦str❛ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

▲❡♠❛ ✸✼✳ ❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ s❡♠ ❧♦♦♣s ❡ ✷✲❝✐❝❧♦s ❡ s❡❥❛ ❦ ✉♠ ✈ért✐❝❡ ❞❡ Q✱
❡♥tã♦ µ2

k(Q) = Q✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ s❡♠ ❧♦♦♣s ❡ ✷✲❝✐❝❧♦s✳ ❆♣❧✐❝❛♥❞♦ µk ❡♠
Q ♦❜t❡♠♦s ✉♠ ♥♦✈♦ q✉✐✈❡r q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r Q′✳ ❆❣♦r❛ ❛♦ ❛♣❧✐❝❛r♠♦s µk ❡♠
Q′ ♦ q✉✐✈❡r ♦❜t✐❞♦ s❡rá ❞❡♥♦t❛❞♦ ♣♦r Q′′✳ P❛r❛ ♣r♦✈❛r q✉❡ µ2

k(Q) = Q ♠♦str❛r❡♠♦s
q✉❡ ❝❛❞❛ ♦♣❡r❛çã♦ ❞❛ ❞❡✜♥✐çã♦ ✸✺ é ✉♠❛ ✐♥✈♦❧✉çã♦✳

✶✳ ❙❡❥❛ ✉♠❛ ✢❡❝❤❛ α : i → j ❝r✐❛❞❛ ♣♦r (i) ❡♠ Q′ ♣❡❧❛ ❝♦♠♣♦st❛ ab : i → j ❡♠
Q✳

i

α

''
a

// k
b

// j

❆ ♦♣❡r❛çã♦ (ii) ❞á ♦r✐❣❡♠ ♦ ❝❛♠✐♥❤♦ ❝♦♠♣♦st♦ ba : j → i ❡♠ Q′✱ q✉❡ ♣r♦❞✉③
✉♠❛ ✢❡❝❤❛ β : j → i ❡♠ Q′′✱ ♣❡❧❛ ♦♣❡r❛çã♦ (i)✳

i

α

''
ka

oo j
b

oo

β

ff

❆ ♦♣❡r❛çã♦ ✭✐✐✮ r❡✈❡rt❡ ♦ s❡♥t✐❞♦ ❞❛s ✢❡❝❤❛s ❝♦♠ ✐♥í❝✐♦ ❡ ✜♠ ♥♦ ✈ért✐❝❡ ❦✳
❖❜s❡r✈❡ q✉❡ ❡st❛ ♦♣❡r❛çã♦ ♥ã♦ ♠♦❞✐✜❝❛ ♦ ✷✲❝✐❝❧♦s ❢♦r♠❛❞♦ ♣❡❧❛s ✢❡❝❤❛s α ❡
β✳ ❆ss✐♠✱ ❛ ♦♣❡r❛çã♦ (iii) ❝❛♥❝❡❧❛ α ❡ β✳ P♦rt❛♥t♦✱ ❛ ♦♣❡r❛çã♦ (i) é ✐♥✈♦❧✉t✐✈❛✳

✷✽



✷✳ ❆ ♦♣❡r❛çã♦ (ii) é ❝❧❛r❛♠❡♥t❡ ✐♥✈♦❧✉t✐✈❛✳

✸✳ ❙❡❥❛ α : j → i ✉♠❛ ✢❡❝❤❛ ❡♠ Q t❛❧ q✉❡ ❡①✐st❡ ♦ ❝❛♠✐♥❤♦ ❝♦♠♣♦st♦ ab : i→ j
❡♠ Q✳

i a
// k

b
// j

α

xx

❆ ♦♣❡r❛çã♦ (i) ♣r♦❞✉③ ✉♠❛ ✢❡❝❤❛ β : i → j ❡♠ Q′ ❝r✐❛❞❛ ♣❡❧♦ ❝❛♠✐♥❤♦
❝♦♠♣♦st♦ ab : i→ j ❡♠ Q✱

i a
//

β

77k
b

// j

α

xx

❢♦r♠❛♥❞♦ ❛ss✐♠ ✉♠ ✷✲❝✐❝❧♦s ❡♠ Q′ ❡✱ ❞❛í ❛ ♦♣❡r❛çã♦ (iii) ❝❛♥❝❡❧❛ α ❡ β✳ P❡❧❛
♦♣❡r❛çã♦ (ii) t❡♠♦s ♦ ❝❛♠✐♥❤♦ ❝♦♠♣♦st♦ ba : j → i ❡♠ Q′ q✉❡ ♣r♦❞✉③✱ ♣❡❧❛
♦♣❡r❛çã♦ (i)✱ ✉♠❛ ✢❡❝❤❛ j → i ❡♠ Q′′✳ ❆❧é♠ ❞✐ss♦✱ ♦❜t❡♠♦s ♣❡❧❛ ♦♣❡r❛çã♦
(ii)✱ ♦ ❝❛♠✐♥❤♦ ❝♦♠♣♦st♦ ab : i → j ❡♠ Q′′ r❡s✉❧t❛♥t❡ ❞♦ ❝❛♠✐♥❤♦ ❝♦♠♣♦st♦
ba : j → i ❡♠ Q′✳ ▲♦❣♦✱ ✈♦❧t❛♠♦s ❛ s✐t✉❛çã♦ ✐♥✐❝✐❛❧✳ P♦rt❛♥t♦✱ ❛ ♦♣❡r❛çã♦
(iii) é ✐♥✈♦❧✉t✐✈❛✳

�

✷✳✶✳✷ ❙❡♠❡♥t❡s

❉❡✜♥✐çã♦ ✸✽✳ ❯♠❛ s❡♠❡♥t❡ é ✉♠ ♣❛r (u,Q) ❢♦r♠❛❞♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ u ❡ ✉♠
q✉✐✈❡r Q ❡♠ q✉❡✿

✭✐✮ u = {u1, . . . , un} é ✉♠❛ ❜❛s❡ tr❛♥s❝❡♥❞❡♥t❡ s♦❜r❡ ♦ ❝♦r♣♦ Q✱ ❝♦♠ ❝❛❞❛ ui ♥♦
❝♦r♣♦ Q(x1, . . . , xn) ❡♠ n ✐♥❞❡t❡r♠✐♥❛❞❛s❀

✭✐✐✮ Q é ✉♠ q✉✐✈❡r ✜♥✐t♦ ❝♦♠ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s Q0 = {1, . . . , n}✱ s❡♠ ❧♦♦♣s ❡
✷✲❝✐❝❧♦s✳

◆♦t❡ q✉❡ ♦ q✉✐✈❡r ❞❡ ✉♠❛ s❡♠❡♥t❡ q✉❛❧q✉❡r✱ ♣♦r ❞❡✜♥✐çã♦✱ é ✜♥✐t♦✱ s❡♠ ❧♦♦♣s ❡
✷✲❝✐❝❧♦s✱ ✐ss♦ ♥♦s ♣❡r♠✐t❡ ❛♣❧✐❝❛r s♦❜r❡ ❡st❡ q✉✐✈❡r ❛s ♠✉t❛çõ❡s ❞❛ ❞❡✜♥✐çã♦ ✸✺ q✉❡✱
❝♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♦r✐❣✐♥❛ ✉♠ ♥♦✈♦ q✉✐✈❡r s❛t✐s❢❛③❡♥❞♦ ❡st❛s ♠❡s♠❛s
❝♦♥❞✐çõ❡s✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♠✉t❛çõ❡s ❞❡ s❡♠❡♥t❡s ❞❛❞❛ ❛❜❛✐①♦✿

❉❡✜♥✐çã♦ ✸✾✳ ❙❡❥❛ (u = {u1, . . . , un} , Q) ✉♠❛ s❡♠❡♥t❡✳ ❯♠❛♠✉t❛çã♦ µk ❞❡ (u,Q)
é ✉♠❛ ♥♦✈❛ s❡♠❡♥t❡ (u′, Q′) = µk(u,Q) ❡♠ q✉❡✿

✭✐✮ u′ = (u−{uk})∪ {u
′
k}✱ ♦✉ s❡❥❛✱ u′ é ♦❜t✐❞♦ ❞❡ u ♣❡❧❛ s✉❜st✐t✉✐çã♦ ❞❛ ✈❛r✐á✈❡❧

uk ♣♦r u′k ❞❛❞♦ ♣❡❧❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❞❡ tr♦❝❛✿

u′k =
1

uk

(
∏

α:i→k

ui +
∏

β:k→j

uj

)

❡♠ q✉❡✱ i é ✐♥í❝✐♦ ❞❡ ✢❡❝❤❛s q✉❡ t❡r♠✐♥❛♠ ♥♦ ✈ért✐❝❡ k ❡ j é ♦ ✜♠ ❞❡ ✢❡❝❤❛s
q✉❡ ❝♦♠❡ç❛♠ ♥♦ ✈ért✐❝❡ k✳ ❈❛s♦ ✉♠ ❞❡st❡s ❝♦♥❥✉♥t♦s s❡❥❛ ✈❛③✐♦✱ ♦✉ s❡❥❛✱ s❡
♥ã♦ ❡①✐st✐r❡♠ ✢❡❝❤❛s i→ k ♦✉ ✢❡❝❤❛s k → j✱ ♦ ♣r♦❞✉t♦ s❡rá ❝♦♥s✐❞❡r❛❞♦ ✐❣✉❛❧
❛ ✶✳

✷✾



✭✐✐✮ Q′ = µk(Q)✳

❖❜s❡r✈❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ u′ ❞❡♣❡♥❞❡ ❞♦ ❝♦♥❥✉♥t♦ u ❡ ❞♦ q✉✐✈❡r Q✱ ❡♥q✉❛♥t♦ q✉❡✱ ♦
q✉✐✈❡r Q′ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞♦ q✉✐✈❡r Q✳ P♦❞❡✲s❡ ♠♦str❛r q✉❡ (u′, Q′) = µk(u,Q)✱ ❞❡
❢❛t♦✱ é ✉♠❛ s❡♠❡♥t❡✳ ✭❱❡❥❛✱ s❡çã♦ ✸✳✷✱ ❡♠ ❬✶✽❪✮✳

◆♦t❡ q✉❡ ❛♦ ❢❛③❡r ❛ ♠✉t❛çã♦ ♥♦ ✈ért✐❝❡ k s✉❜st✐t✉í♠♦s ♦ ❡❧❡♠❡♥t♦ uk ♣♦r u′k✳ P❛r❛
q✉❡ ♥ã♦ ❤❛❥❛ ❝♦♥❢✉sã♦ ✈❛♠♦s s❡♠♣r❡ ♦r❞❡♥❛r ♦s ❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦ u ❞❛ s❡❣✉✐♥t❡
❢♦r♠❛ u = {u1, . . . , un}✱ ❡♠ q✉❡✱ uk ❡stá ❛ss♦❝✐❛❞♦ ❛♦ ✈ért✐❝❡ k ❞♦ q✉✐✈❡r Q✳

❊①❡♠♣❧♦ ✹✵✳ ❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ s❡♠❡♥t❡ (x,Q) = ({x1, x2, x3} , 1 2oo 3oo )✳
❆♣❧✐❝❛♥❞♦ µ2 ❡♠ (x,Q) ♦❜t❡♠♦s ❛ s❡♠❡♥t❡ (x′, Q′) =

(
{x1, u

′
2, x3} , 1 // 2 // 3ss )

✱
❡♠ q✉❡✱ u′2 =

x1+x3

x2
✳ ❖❜s❡r✈❡ q✉❡ ❝♦♥s✐❞❡r❛♥❞♦ ❛ s❡♠❡♥t❡ (x′, Q′) ❡ ❛♣❧✐❝❛♥❞♦ ♥♦✈❛✲

♠❡♥t❡ µ2 ♦❜t❡r❡♠♦s ✉♠❛ ♥♦✈❛ s❡♠❡♥t❡ (x′′, Q′′) = ({x1, u
′′
2, x3} , 1 2oo 3oo )✱

❡♠ q✉❡✱

u′′2 =
x1 + x3
u′2

=
x1 + x3
x1+x3

x2

= x2,

♦✉ s❡❥❛✱ ♦❜t❡♠♦s ❡①❛t❛♠❡♥t❡ ❛ s❡♠❡♥t❡ ✐♥✐❝✐❛❧✳ P♦rt❛♥t♦✱ µ2
2(x,Q) = (x,Q)✳ ❖ ❧❡♠❛

❛❜❛✐①♦ ♥♦s ♠♦str❛ q✉❡ ❡st❡ ♥ã♦ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡ ♦❝♦rr❡ ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ ❦
❞♦ q✉✐✈❡r Q✳

▲❡♠❛ ✹✶✳ ❙❡❥❛ (u,Q) ✉♠❛ s❡♠❡♥t❡✳ P❛r❛ ❝❛❞❛ ✈ért✐❝❡ k ❞♦ q✉✐✈❡r Q✱ t❡♠♦s
µ2
k(u,Q) = (u,Q)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ (u = {u1, . . . , un} , Q) ✉♠❛ s❡♠❡♥t❡✳ P❡❧♦ ▲❡♠❛ ✸✼ t❡♠♦s
µ2
k(Q) = Q ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ k ❞♦ q✉✐✈❡r Q✱ ❛ss✐♠ ❢❛❧t❛ ♠♦str❛r ❛♣❡♥❛s q✉❡ ♦

♠❡s♠♦ ♦❝♦rr❡ ♣❛r❛ ❛ ❜❛s❡ u✳ P♦r ❞❡✜♥✐çã♦✱ µk(u,Q) = (u′, Q′) ❡♠ q✉❡✱ u′ =
{u1, . . . , u

′
k, . . . , un} ❝♦♠

u′k =
1

uk

(
∏

i→k

ui +
∏

k→j

uj

)

❡♠ q✉❡✱ i é ✐♥í❝✐♦ ❞❡ ✢❡❝❤❛s q✉❡ t❡r♠✐♥❛♠ ♥♦ ✈ért✐❝❡ k ❡ j é ♦ ✜♠ ❞❡ ✢❡❝❤❛s q✉❡
❝♦♠❡ç❛♠ ♥♦ ✈ért✐❝❡ k✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ u′ ❡ ❛♣❧✐❝❛♥❞♦ ♥♦✈❛♠❡♥t❡ µk ❡♠ u′

♦❜t❡♠♦s ✉♠❛ ♥♦✈❛ ❜❛s❡ u′′ = {u1, . . . , u′′k, . . . , un} ❡♠ q✉❡✱

u′′k =
1

u′k

(
∏

j′→k′

uj′ +
∏

k′→i′

ui′

)
=

1

u′k

(
∏

k→j

uj +
∏

i→k

ui

)

♦♥❞❡ j′ é ✐♥í❝✐♦ ❞❡ ✢❡❝❤❛s q✉❡ t❡r♠✐♥❛♠ ♥♦ ✈ért✐❝❡ k′ ❡ i′ é ♦ ✜♠ ❞❡ ✢❡❝❤❛s q✉❡
❝♦♠❡ç❛♠ ♥♦ ✈ért✐❝❡ k′✱ ♥♦ q✉✐✈❡r Q′✱ ♣♦✐s u′ ❞❡♣❡♥❞❡ ❞♦ q✉✐✈❡r Q′ ❡ ❡♠ Q′ t❡♠♦s
❛ ♦r✐❡♥t❛çã♦ ❞❛s ✢❡❝❤❛s q✉❡ t❡r♠✐♥❛♠ ♦✉ ❝♦♠❡ç❛♠ ♥♦ ✈ért✐❝❡ k r❡✈❡rt✐❞❛s ❝♦♠
r❡❧❛çã♦ ❛s ❞❡ Q✳ ❆ss✐♠✱

u′′k =
1

1
uk

(
∏
i→k

ui +
∏
k→j

uj

)
(
∏

k→j

uj +
∏

i→k

ui

)
=

uk

(
∏
k→j

uj +
∏
i→k

ui

)

(
∏
i→k

ui +
∏
k→j

uj

) = uk

✸✵



▲♦❣♦✱ u′′ = {u1, . . . , uk, . . . , un} = u✳ P♦rt❛♥t♦✱ ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ k ❡♠Q✱ µ2
k(u,Q) =

(u,Q)✳ �

❙❡❥❛ (u,Q) ✉♠❛ s❡♠❡♥t❡✳ ❆♣❧✐❝❛♥❞♦ µk ❡♠ (u,Q)✱ ♣❛r❛ ❝❛❞❛ k ∈ Q0✱ ♦❜t❡♠♦s
n ♥♦✈❛s s❡♠❡♥t❡s✳ ❆❣♦r❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ❝❛❞❛ ✉♠❛ ❞❡ss❛s ♥♦✈❛s s❡♠❡♥t❡s ❡♥❝♦♥✲
tr❛❞❛s ❡ ❛♣❧✐❝❛♥❞♦ ♥♦✈❛♠❡♥t❡ t♦❞❛s ❛s ♠✉t❛çõ❡s ❡♥❝♦♥tr❛♠♦s ♦✉tr❛s n − 1 ♥♦✲
✈❛s s❡♠❡♥t❡s✱ ✉♠❛ ✈❡③ q✉❡✱ ♣❡❧♦ ▲❡♠❛ ✹✶ µ2

k(u,Q) = (u,Q)✳ ✭P♦❞❡ ♦❝♦rr❡r ❞❡
❡♥tr❡ ❡st❛s n − 1 ♥♦✈❛s s❡♠❡♥t❡s ❡♥❝♦♥tr❛r♠♦s s❡♠❡♥t❡s q✉❡ ❥á t❡♥❤❛♠ ❛♣❛r❡✲
❝✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡✮✳ ❊st❡ ♣r♦❝❡❞✐♠❡♥t♦ é ❝❤❛♠❛❞♦ ♣r♦❝❡ss♦ ❞❡ ✐t❡r❛çã♦ ❡ ❛ s❡✲
♠❡♥t❡ (u,Q) é ❝❤❛♠❛❞❛ s❡♠❡♥t❡ ✐♥✐❝✐❛❧✳ ❙❡rá ❝♦♥✈❡♥✐❡♥t❡ ❝♦♥s✐❞❡r❛r♠♦s✱ ♥❛ s❡✲
♠❡♥t❡ ✐♥✐❝✐❛❧ ♦ ❝♦♥❥✉♥t♦ x = {x1, . . . , xn}✳ P♦r ❡①❡♠♣❧♦✱ s❡❥❛ ❛ s❡♠❡♥t❡ ✐♥✐❝✐❛❧
(x = {x1, x2, x3} , Q1 : 2 // 1 3oo )✱ ❡sq✉❡♠❛t✐③❛♠♦s ❛❜❛✐①♦ ♦s ♣r✐♠❡✐r♦s ♣❛s✲
s♦s ❞♦ ♣r♦❝❡ss♦ ❞❡ ♠✉t❛çã♦ ✐t❡r❛❞❛ ❛ ♣❛rt✐r ❞❡st❛ s❡♠❡♥t❡ ✐♥✐❝✐❛❧✳

({
1+x2x3

x1
, 1+x1+x2x3

x1x2
, x3

}
,
−→
Q3

)

({
1+x2x3

x1
, x2, x3

}
, Q2

)
µ2 33

µ3

++({
1+x2x3

x1
, x2,

1+x1+x2x3
x1x3

}
, Q3

)

({
1+x1+x2x3

x1x2
, 1+x1

x2
, x3

}
, Q4

)

({x1, x2, x3} , Q1)

µ1

==

µ2 //

µ3

!!

({
x1,

1+x1
x2

, x3

}
, Q3

)
µ1 33

µ3

++({
x1,

1+x1
x2

, 1+x1
x3

}
, Q2

)

({
1+x1+x2x3

x1x3
, x2,

1+x1
x3

}
,
←−
Q4

)

({
x1, x2,

1+x1
x3

}
,
−→
Q3

)
µ1 33

µ2

++({
x1,

1+x1
x2

, 1+x1
x3

}
, Q2

)

❊♠ q✉❡✱ Q2 : 2 1oo // 3 ✱ Q3 : 2 1oo 3oo ✱
−→
Q3 : 2 // 1 // 3 ✱ Q4 :

2 // 1 // 3kk ❡
←−
Q4 : 2 331oo 3oo ✳ ❖❜s❡r✈❡ q✉❡ ♦❜t✐✈❡♠♦s s❡♠❡♥t❡s ✐❣✉❛✐s

❛♣❧✐❝❛♥❞♦ ♠✉t❛çõ❡s ✐t❡r❛❞❛s ❞✐st✐♥t❛s✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ s❡♠❡♥t❡
({
x1,

1+x1

x2
, 1+x1

x3

}
, Q2

)

❢♦✐ ♦❜t✐❞❛ ❛tr❛✈és ❞❛s ♠✉t❛çõ❡s µ2µ3 ❡ µ3µ2 ❞❛ s❡♠❡♥t❡ ✐♥✐❝✐❛❧✳

❖s ❝♦♥❥✉♥t♦s u′ ❞❛s s❡♠❡♥t❡s (u′, Q′) ♦❜t✐❞♦s ❞❡ ♠✉t❛çõ❡s ✐t❡r❛❞❛s ❛ ♣❛rt✐r ❞❡ ✉♠❛
s❡♠❡♥t❡ ✐♥✐❝✐❛❧ sã♦ ❝❤❛♠❛❞♦s ❝❧✉st❡r ❡ ♦s ❡❧❡♠❡♥t♦s u′i ❞❛s ❝❧✉st❡r sã♦ ❝❤❛♠❛❞♦s
✈❛r✐á✈❡✐s ❝❧✉st❡r✳

✸✶



✷✳✶✳✸ ➪❧❣❡❜r❛s ❈❧✉st❡r

❉❡✜♥✐çã♦ ✹✷✳ ❙❡❥❛ ❛ s❡♠❡♥t❡ ✐♥✐❝✐❛❧ (x = {x1, . . . , xn} , Q)✳ ❆ á❧❣❡❜r❛ ❝❧✉st❡r
AQ ❛ss♦❝✐❛❞❛ ❛♦ q✉✐✈❡r Q é ❛ Q✲s✉❜á❧❣❡❜r❛ ❞♦ ❝♦r♣♦ Q(x1, . . . , xn) ❣❡r❛❞❛ ♣❡❧❛s
✈❛r✐á✈❡✐s ❝❧✉st❡r ❝♦♥t✐❞❛s ♥❛ ✉♥✐ã♦ ❞❛s ❝❧✉st❡r✳

❖❜s❡r✈❡ q✉❡ ❛ á❧❣❡❜r❛ ❝❧✉st❡r AQ é ♦❜t✐❞❛ ❛tr❛✈és ❞❡ ✉♠ ♣r♦❝❡ss♦ r❡❝✉rs✐✈♦ ❛ ♣❛rt✐r
❞❛ s❡♠❡♥t❡ ✐♥✐❝✐❛❧✱ ❞❡ ❝❡rt❛ ❢♦r♠❛✱ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❞✐s❝r❡t♦✳

❊①❡♠♣❧♦ ✹✸✳ ❙❡❥❛ ♦ q✉✐✈❡r

Q1 : 2 // 1 3oo

❱❛♠♦s ♦❜t❡r ❛ á❧❣❡❜r❛ ❝❧✉st❡r AQ1 ❛ss♦❝✐❛❞❛ ❛♦ q✉✐✈❡r Q1✳ ❈♦♥s✐❞❡r❡♠♦s ❛ s❡♠❡♥t❡
✐♥✐❝✐❛❧ (x = {x1, x2, x3} , Q1)✳ ❆♣❧✐❝❛♥❞♦ ❛ ♠✉t❛çã♦ µ1 ❡♠ (x,Q1) ♦❜t❡♠♦s ✉♠❛ ♥♦✈❛

s❡♠❡♥t❡ ❞❛❞❛ ♣♦r
({

1+x2x3

x1
, x2, x3

}
, Q2 : 2 1oo // 3

)
✳ ❆❣♦r❛ ❛♣❧✐❝❛♥❞♦ ❛ ♠✉✲

t❛çã♦ µ2 ❡♠ (x,Q1) ♦❜t❡♠♦s ✉♠❛ ♦✉tr❛ s❡♠❡♥t❡({
x1,

1+x1

x2
, x3

}
, Q3 : 2 1oo 3oo

)
✳ ❆♣❧✐❝❛♥❞♦ ❛ ♠✉t❛çã♦ µ3 ❡♠ (x,Q1) ❡♥❝♦♥✲

tr❛♠♦s ❛ s❡♠❡♥t❡
({
x1, x2,

1+x1

x3

}
,
−→
Q3 : 2 // 1 // 3

)
✳ P❛r❛ ❝❛❞❛ ✉♠❛ ❞❡st❛s

♥♦✈❛s s❡♠❡♥t❡s ❛♣❧✐❝❛♠♦s ♥♦✈❛♠❡♥t❡ t♦❞❛s ❛s ♠✉t❛çõ❡s ❡ ❡♥❝♦♥tr❛r❡♠♦s ♠❛✐s ❞✉❛s
s❡♠❡♥t❡s✱ ✉♠❛ ✈❡③ q✉❡ µ2

k(x,Q1) = (x,Q1)✱ ♣❡❧♦ ▲❡♠❛ ✹✶✳ ❉❛♥❞♦ ❝♦♥t✐♥✉✐❞❛❞❡ ❛♦
♣r♦❝❡ss♦ ❡♥❝♦♥tr❛r❡♠♦s ✶✹ s❡♠❡♥t❡s ❞✐st✐♥t❛s ❧✐st❛❞❛s ♥♦ t❛❜❡❧❛ ❛❜❛✐①♦✿

{Cluster} ◗✉✐✈❡r

x1, x2, x3 2 // 1 3oo

1+x2x3
x1

, x2, x3 2 1oo // 3

x1,
1+x1
x2

, x3 2 1oo 3oo

x1, x2,
1+x1
x3

2 // 1 // 3
1+x2x3

x1
, 1+x1+x2x3

x1x2
, x3 2 // 1 // 3

1+x2x3
x1

, x2,
1+x1+x2x3

x1x3
2 1oo 3oo

1+x1+x2x3
x1x2

, 1+x1
x2

, x3 2 // 1 // 3kk

x1,
1+x1
x2

, 1+x1
x3

2 1oo // 3
1+x1+x2x3

x1x3
, x2,

1+x1
x3

2 331oo 3oo

1+x2x3
x1

, 1+x1+x2x3
x1x2

, 1+x1+x2x3
x1x3

2 // 1 3oo

1+x1+x2x3
x1x2

, 1+x1
x2

,
1+2x1+x2

1+x2x3

x1x2x3
2 // 3 // 1

1+2x1+x2
1+x2x3

x1x2x3
, 1+x1

x2
, 1+x1

x3
2 // 1 3oo

1+2x1+x2
1+x2x3

x1x2x3
, 1+x1+x2x3

x1x2
, 1+x1+x2x3

x1x3
2 1oo // 3

1+x1
x3

,
1+2x1+x2

1+x2x3

x1x2x3
, 1+x1+x2x3

x1x3
1 // 2 // 3

❉❛ t❛❜❡❧❛ ❛❝✐♠❛✱ ♦❜t❡♠♦s q✉❡ ❛ á❧❣❡❜r❛ ❝❧✉st❡r ❛ss♦❝✐❛❞❛ ❛♦ q✉✐✈❡r Q1 é ❣❡r❛❞❛
♣♦r ✾ ✈❛r✐á✈❡✐s ❝❧✉st❡r sã♦ ❡❧❛s✿

x1, x2, x3,
1 + x2x3

x1
,

1 + x1
x2

,
1 + x1
x3

,
1 + x1 + x2x3

x1x2
,

✸✷



1 + x1 + x2x3
x1x3

,
1 + 2x1 + x21 + x2x3

x1x2x3
.

❖✉ s❡❥❛✱ ♦s ❡❧❡♠❡♥t♦s ❞❛ á❧❣❡❜r❛ ❝❧✉st❡r AQ1 sã♦ s♦♠❛s ✜♥✐t❛s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

∑
αd1d2...d9u

d1
1 u

d2
2 · · · u

d9
9

❡♠ q✉❡✱ ui sã♦ ✈❛r✐á✈❡✐s ❝❧✉st❡r✱ di ∈ Z ❡ αd1d2...d9 ∈ Q.

◆♦t❡ q✉❡ ♥♦ ❡①❡♠♣❧♦ ❛❝✐♠❛ t♦❞❛s ❛s ✈ár✐❛✈❡✐s ❝❧✉st❡r ♣♦ss✉❡♠ ♠♦♥ô♠✐♦s ♥♦s ❞❡✲
♥♦♠✐♥❛❞♦r❡s✳ ■st♦ ❝❤❛♠❛ ❛t❡♥çã♦ ♣♦r s❡r ✉♠ ❢❛t♦✱ ❛ ♣r✐♥❝í♣✐♦✱ ✐♥❡s♣❡r❛❞♦ ✉♠❛ ✈❡③
q✉❡✱ ❛♦ r❡❛❧✐③❛r ✉♠❛ ♠✉t❛çã♦ ❡♠ ✉♠❛ s❡♠❡♥t❡ ❛ r❡❧❛çã♦ ❞❡ tr♦❝❛ ❞❛ ✈❛r✐á✈❡❧✱

u′k =
1

uk

(
∏

α:i→k

ui +
∏

β:k→j

uj

)

♣♦r ❞❡✜♥✐çã♦✱ t❡♠ ❝♦♠♦ ❞❡♥♦♠✐♥❛❞♦r ✉♠❛ ✈❛r✐á✈❡❧ ❝❧✉st❡r q✉❡✱ ❝♦♠♦ ✈✐♠♦s ❛♥t❡r✐✲
♦r♠❡♥t❡✱ sã♦ ❡❧❡♠❡♥t♦s ❞♦ ❝♦r♣♦ Q(x1, . . . , xn)✳ P♦r ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡ ❛ s❡♠❡♥t❡({

1+2x1+x2
1+x2x3

x1x2x3
, 1+x1+x2x3

x1x2
, 1+x1+x2x3

x1x3

}
, 2 1oo // 3

)
❧✐st❛❞❛ ♥❛ t❛❜❡❧❛ ❞♦ ❡①❡♠✲

♣❧♦ ❛❝✐♠❛✳ ❆♣❧✐❝❛♥❞♦ ❛ ♠✉t❛çã♦ µ3 ♥❡st❛ s❡♠❡♥t❡✱ ✈❛♠♦s s✉❜st✐t✉✐r u3 = 1+x1+x2x3

x1x3

♣❡❧❛ s❡❣✉✐♥t❡ ✈❛r✐á✈❡❧✿

u′3 =
u1 + 1

u3
=

1+2x1+x2
1+x2x3

x1x2x3
+ 1

1+x1+x2x3

x1x3

=

1+2x1+x2
1+x2x3+x1x2x3

x1x2x3

1+x1+x2x3

x1x3

=

=
(1 + x1)(1 + x1 ++x2x3)

x2(1 + x1 ++x2x3)
=

1 + x1
x2

q✉❡ ♣♦ss✉✐ ♥♦✈❛♠❡♥t❡ ✉♠ ♠♦♥ô♠✐♦ ♥♦ ❞❡♥♦♠✐♥❛❞♦r✳

❖✉tr♦ ❢❛t♦ q✉❡ ❞❡s❡❥❛♠♦s ❝❤❛♠❛r ❛t❡♥çã♦ ♥♦ ❡①❡♠♣❧♦ ✹✸ é q✉❡ ♦❜t✐✈❡♠♦s ✻ ✈❛r✐á✈❡✐s
❝❧✉st❡r ♥ã♦ ✐♥✐❝✐❛✐s q✉❡ é ❡①❛t❛♠❡♥t❡ ♦ ♥ú♠❡r♦ ❞❡ r❛í③❡s ♣♦s✐t✐✈❛s ❞♦ s✐st❡♠❛ ❞❡
r❛í③❡s ❞♦ ❣r❛❢♦ A3 s✉❜❥❛❝❡♥t❡ ❞♦ q✉✐✈❡r Q✳ ❊st❡ ❝❛s♦ ♣❛rt✐❝✉❧❛r é ❣❡♥❡r❛❧✐③❛❞♦ ♥♦
❚❡♦r❡♠❛ s❡❣✉✐♥t❡✿

❚❡♦r❡♠❛ ✹✹ ✭❋♦♠✐♥✲❩❡❧❡✈✐♥s❦② ❬✶✽❪✮✳ ❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦✱ ❝♦♥❡①♦✱ s❡♠ ❧♦♦♣s
❡ ✷✲❝✐❝❧♦s✱ ❝♦♠ Q0 = {1, . . . , n}✳ ❙❡❥❛ AQ ❛ á❧❣❡❜r❛ ❝❧✉st❡r ❛ss♦❝✐❛❞❛✱ ❡♥tã♦✿

✭❛✮ ❚♦❞♦s ♦s ❞❡♥♦♠✐♥❛❞♦r❡s ❞❛s ✈❛r✐á✈❡✐s ❝❧✉st❡r sã♦ ♠♦♥ô♠✐♦s✳

✭❜✮ ❖ ♥ú♠❡r♦ ❞❡ ✈❛r✐á✈❡✐s ❝❧✉st❡r é ✜♥✐t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Q é ♠✉t❛çã♦ ❡q✉✐✈❛✲
❧❡♥t❡ ♣❛r❛ ✉♠❛ ♦r✐❡♥t❛çã♦ ❞❡ ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥ ∆ s✐♠♣❧❡s✳ ◆❡st❡ ❝❛s♦✱
∆ é ú♥✐❝♦ ❡ ❛s ✈❛r✐á✈❡✐s ❝❧✉st❡r ♥ã♦ ✐♥✐❝✐❛✐s ❡stã♦ ❡♠ ❜✐❥❡çã♦ ❝♦♠ ❛s r❛í③❡s
♣♦s✐t✐✈❛s ❞❡ ∆✱ ✐st♦ é✱ s❡ ❞❡♥♦t❛♠♦s ❛s r❛í③❡s s✐♠♣❧❡s ♣♦r α1, . . . , αn✱ ❡♥tã♦

♣❛r❛ ❝❛❞❛ r❛✐③ ♣♦s✐t✐✈❛
n∑

i=1

diαi ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ✈❛r✐á✈❡❧ ❝❧✉st❡r ♥ã♦ ✐♥✐❝✐❛❧

❝✉❥♦ ❞❡♥♦♠✐♥❛❞♦r é xd11 · · · x
dn
n ✳

✸✸



❉✐③❡♠♦s q✉❡ ✉♠❛ á❧❣❡❜r❛ ❝❧✉st❡r é ❞❡ t✐♣♦ ✜♥✐t♦ s❡ ♦ ♥ú♠❡r♦ ❞❡ s✉❛s ✈❛r✐á✈❡✐s
❝❧✉st❡r é ✜♥✐t♦✳ ❖ t❡♦r❡♠❛ ❛❜❛✐①♦✱ ♠♦str❛❞♦ ❡♠ ❬✶✷❪✱ ♥♦s ❣❛r❛♥t❡ ✉♠❛ r❡❧❛çã♦
❡♥tr❡ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✈❛r✐á✈❡✐s ❝❧✉st❡r ❡ s❡♠❡♥t❡s ✜♥✐t❛s✿

❚❡♦r❡♠❛ ✹✺✳ ❙❡❥❛ AQ ✉♠❛ á❧❣❡❜r❛ ❝❧✉st❡r ❞❡ t✐♣♦ ✜♥✐t♦ ❛ss♦❝✐❛❞❛ ❛ ✉♠ q✉✐✈❡r Q✳
❈❛❞❛ s❡♠❡♥t❡ (u′, Q′) ❡♠ AQ é ✉♥✐❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r s✉❛ ❝❧✉st❡r u′✳

❉❡♠♦♥str❛çã♦✿ ❚❡♦r❡♠❛ ✶✳✶✷✱ ❡♠ ❬✶✷❪✳ �

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❡st❡ r❡s✉❧t❛❞♦ ♥♦s ❣❛r❛♥t❡ q✉❡✱ s❡ ❝♦♥❤❡❝❡♠♦s ❛ ❝❧✉st❡r u′

❡♥tã♦ t❛♠❜é♠ ❝♦♥❤❡❝❡♠♦s Q′✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s❡ t❡♠♦s ✉♠❛ á❧❣❡❜r❛ ❝❧✉st❡r
❝♦♠ ✜♥✐t❛s ✈❛r✐á✈❡✐s ❝❧✉st❡r ❡♥tã♦ t❛♠❜é♠ t❡♠♦s ✜♥✐t❛s s❡♠❡♥t❡s✳ ❆ r❡❧❛çã♦ ❡♥tr❡
u′ ❡ Q′ s❡rá ❡st✉❞❛❞❛ ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳

❉✐③❡♠♦s q✉❡ ❞✉❛s s❡♠❡♥t❡s (u,Q) ❡ (u′, Q′) sã♦ ❡q✉✐✈❛❧❡♥t❡s s❡ ✉♠❛ ♣♦❞❡ s❡r ♦❜t✐❞❛
❞❛ ♦✉tr❛ ♣♦r r❡♦r❞❡♥❛çã♦ s✐♠✉❧tâ♥❡❛ ❞♦s ✈ért✐❝❡s ❡ ❞❛s ✈❛r✐á✈❡✐s ❝❧✉st❡r ❛ss♦❝✐❛❞❛s✳

❊①❡♠♣❧♦ ✹✻✳ ❈♦♥s✐❞❡r❡ ❛s s❡❣✉✐♥t❡s s❡♠❡♥t❡s ❧✐st❛❞❛s ♥❛ t❛❜❡❧❛ ❞♦ ❡①❡♠♣❧♦ ✹✸✿

({
x1,

1 + x1
x2

, x3

}
, 2 1oo 3oo

)

({
1 + x2x3

x1
,
1 + x1 + x2x3

x1x2
, x3

}
, 2 // 1 // 3

)

❆♣❧✐❝❛♥❞♦ ❛ ♠✉t❛çã♦ µ1 ♥❛s ❞✉❛s s❡♠❡♥t❡s ♦❜t❡♠♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✿

({
1 + x1 + x2x3

x1x2
,
1 + x1
x2

, x3

}
, 2 // 1 // 3ss

)

({
1 + x1
x2

,
1 + x1 + x2x3

x1x2
, x3

}
, 2 ++1oo 3oo

)

❈♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❞❡st❛s s❡♠❡♥t❡s ♦❜t✐❞❛s✱ ❡ r❡♦r❞❡♥❛♥❞♦ ❛s ✈❛r✐á✈❡✐s ❝❧✉st❡r ❡
♦s ✈ért✐❝❡s ❛ss♦❝✐❛❞♦s ❡♥❝♦♥tr❛♠♦s ❛ ♦✉tr❛ s❡♠❡♥t❡✱ ♦✉ s❡❥❛✱ ❡st❛s s❡♠❡♥t❡s sã♦
❡q✉✐✈❛❧❡♥t❡s✳

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ s❡♠❡♥t❡s ♣♦❞❡♠♦s ❡①♣❧✐❝✐t❛r ♦ ♣r♦❝❡ss♦ ✐t❡r❛t✐✈♦
❞❡ ❝♦♥str✉çã♦ ❞❛s ✈❛r✐á✈❡✐s ❝❧✉st❡r ♥❛ ❢♦r♠❛ ❞❡ ✉♠ ❣r❛❢♦✳

❉❡✜♥✐çã♦ ✹✼✳ ❙❡❥❛ ❛ s❡♠❡♥t❡ ✐♥✐❝✐❛❧ (x = {x1, . . . , xn} , Q)✳ ❖ ❣r❛❢♦ ❞❡ tr♦❝❛
❛ss♦❝✐❛❞♦ ❛ Q é ♦ ❣r❛❢♦ q✉❡ t❡♠ ❝♦♠♦ ✈ért✐❝❡s s❡♠❡♥t❡s✱ ❛ ♠❡♥♦s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✱
❡ ❝✉❥❛s ❛r❡st❛s ❝♦rr❡s♣♦♥❞❡♠ ❛s ♠✉t❛çõ❡s✳

✸✹



❊①❡♠♣❧♦ ✹✽✳ ❙❡❥❛ Q1 : 2 // 1 3oo ♦ ♠❡s♠♦ q✉✐✈❡r ❞♦ ❡①❡♠♣❧♦ ❛♥t❡r✐♦r✳
❱✐♠♦s q✉❡ ❛ ❝❧❛ss❡ ❞❡ ♠✉t❛çã♦ ❡q✉✐✈❛❧❡♥t❡ ❞❡ Q1 t❡♠✱ ❛❧é♠ ❞❡❧❡ ♣ró♣r✐♦✱ ♦s q✉✐✈❡rs
Q2 : 2 1oo // 3 ✱ Q3 : 2 1oo 3oo ❡ Q4 : 2 // 1 // 3kk ✳ ■❞❡♥t✐✜❝❛♥❞♦
❛s s❡♠❡♥t❡s ❡q✉✐✈❛❧❡♥t❡s ♦❜t❡♠♦s ♦ ❣r❛❢♦ ❞❡ tr♦❝❛ ❞❛❞♦ ♣❡❧❛ ❋✐❣✉r❛ ✷✳✶✳ ❆q✉✐ ❛s
❛r❡st❛s tr❛❝❡❥❛❞❛s ✐♥❞✐❝❛♠ q✉❡ ❛s s❡♠❡♥t❡s ♥ã♦ sã♦ ❛q✉❡❧❛s ♦❜t✐❞❛s ❡①❛t❛♠❡♥t❡ ❞❛
♠✉t❛çã♦ ❡✱ s✐♠✱ s❡♠❡♥t❡s ❡q✉✐✈❛❧❡♥t❡s✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❝❤❛♠❛♠♦s a = 1+x1+x2x3

x1x2
✱

b = 1+x1+x2x3

x1x3
❡ c = 1+2x1+x2

1+x2x3

x1x2x3
✳

❖❜s❡r✈❡ ♥♦ ❡①❡♠♣❧♦ ✹✽ q✉❡ ♣❛r❛ t♦❞❛ ❝❧✉st❡r u ❡ ♣❛r❛ t♦❞❛ ✈❛r✐á✈❡❧ ui ∈ u✱ ❡①✐st❡
✉♠❛ ú♥✐❝❛ ✈❛r✐á✈❡❧ ❝❧✉st❡r u′i q✉❡ s✉❜st✐t✉✐ ui ❞❡ t❛❧ ♠♦❞♦ q✉❡ ❡st❡ ♥♦✈♦ ❝♦♥❥✉♥t♦
s❡❥❛ ✉♠❛ ❝❧✉st❡r✳ ■ss♦ é ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❣❡r❛❧✿

❚❡♦r❡♠❛ ✹✾✳ ❙❡❥❛ AQ ❛ á❧❣❡❜r❛ ❝❧✉st❡r ❛ss♦❝✐❛❞❛ ❛ ✉♠ q✉✐✈❡r ❛❝í❝❧✐❝♦ Q✳ P❛r❛
t♦❞❛ ❝❧✉st❡r u ❡ ♣❛r❛ t♦❞❛ ✈❛r✐á✈❡❧ ui ∈ u✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ✈❛r✐á✈❡❧ ❝❧✉st❡r u′i t❛❧
q✉❡ (u− {ui}) ∪ {u

′
i} é ✉♠❛ ❝❧✉st❡r✳

❉❡♠♦♥str❛çã♦✿ ❈♦r♦❧ár✐♦ ❆✳✸✱ ❡♠ ❬✺❪✳ �

✷✳✷ ➪❧❣❡❜r❛s ❈❧✉st❡r ❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ◗✉✐✈❡r

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é ❞❡s❝r❡✈❡r ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ á❧❣❡❜r❛s ❝❧✉st❡r ❡ ❘❡♣r❡s❡♥✲
t❛çõ❡s ❞❡ ◗✉✐✈❡r✳ ❊st❛ s❡çã♦ t❡♠ ❝♦♠♦ r❡❢❡rê♥❝✐❛ ♦ ❛rt✐❣♦ ❬✶✽❪✳

❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ ❝♦♠ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s Q0 = {1, . . . , n} ❝✉❥♦ ❣r❛❢♦ s✉❜✲
❥❛❝❡♥t❡ ∆ é ✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥ s✐♠♣❧❡s✳ ➱ ❝♦♥❤❡❝✐❞♦ q✉❡ ❡①✐st❡ ✉♠❛ ❜✐❥❡çã♦
❡♥tr❡ r❡♣r❡s❡♥t❛çõ❡s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s V ❞❡ Q ❡ s❡✉s r❡s♣❡❝t✐✈♦s ✈❡t♦r❡s ❞✐♠❡♥sã♦
dimV = [di]i∈Q0

✱ ❝♦♠ di = dimVi✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✶ ❡ ♦❜s❡r✈❛çã♦ ✶✷ ♥❛ ♣á❣✐♥❛ ✶✷
t❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦s ❞❡ r❡♣r❡s❡♥t❛çõ❡s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s
❡stá ❡♠ ❜✐❥❡çã♦ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❡ r❛í③❡s ♣♦s✐t✐✈❛s ❞♦ s✐st❡♠❛ ❞❡ r❛í③❡s Φ ❛ss♦❝✐❛❞♦
❝♦♠ ∆✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛ ♣❛rt❡ (b) ❞♦ ❚❡♦r❡♠❛ ✹✹✱ ♣á❣✐♥❛ ✸✸✱ ♣❛r❛ ❝❛❞❛ r❛✐③
♣♦s✐t✐✈❛

α =
n∑

i=1

diαi

❡♠ Φ✱ ♦♥❞❡ αi = (0, . . . , 1, . . . , 0)✱ ♦✉ s❡❥❛✱ t❡♠ ✶ ♥❛ ✐✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛ ❡ ✵ ♥❛s
❞❡♠❛✐s✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ✈❛r✐á✈❡❧ ❝❧✉st❡r ♥ã♦ ✐♥✐❝✐❛❧ uα ❝♦♠ ❞❡♥♦♠✐♥❛❞♦r

xd11 x
d2
2 · · · x

dn
n .

❊♠ r❡s✉♠♦✱ t❡♠♦s ❛s ❜✐❥❡çõ❡s s❡❣✉✐♥t❡s✿

❈♦♥❥✉♥t♦ ❞❛s ❝❧❛ss❡s
❞❡ ✐s♦♠♦r✜s♠♦s ❞❡
r❡♣r❡s❡♥t❛çõ❡s
✐♥❞❡❝♦♠♣♦♥í✈❡✐s

oo //
❈♦♥❥✉♥t♦ ❞❡ r❛í③❡s

♣♦s✐t✐✈❛s ❞♦
s✐st❡♠❛ ❞❡ r❛í③❡s Φ ❞❡ ∆

oo //

❱❛r✐á✈❡✐s ❝❧✉st❡r
♥ã♦ ✐♥✐❝✐❛✐s uα

❝♦♠ ❞❡♥♦♠✐♥❛❞♦r
xd11 · · · x

dn
n

✸✺



({
1+x2x3

x1
, x2, x3

}
, Q2

)

µ3

ss
µ2

��

({x1, x2, x3} , Q1)
µ1oo

µ2

��

µ3

,,({
1+x2x3

x1
, x2, b

}
, Q3

)

µ2

��

µ1

++

({
x1,

1+x1

x3
, x2

}
, Q3

)

({
1+x2x3

x1
, x3, a

}
, Q3

)

µ1

**

({
x1,

1+x1

x2
, x3

}
, Q3

)

µ1

uu
µ3

))

({
a, 1+x1

x2
, x3

}
, Q4

)

({
1+x2x3

x1
, a, b

}
, Q1

)

µ1

$$

({
1+x1

x3
, x2, b

}
, Q4

) ({
x1,

1+x1

x2
, 1+x1

x3

}
, Q2

)

µ1

xx

({
c, a, 1+x1

x2

}
, Q3

)

({c, a, b} , Q2)

µ3

22

({
c, 1+x1

x2
, 1+x1

x3

}
, Q1

)

µ3

kk

µ2ss({
c, b, 1+x1

x3

}
, Q3

)

❋✐❣✉r❛ ✷✳✶✿ ❊①❡♠♣❧♦ ✹✽✿ ❖ ❣r❛❢♦ ❞❡ tr♦❝❛ ❞♦ q✉✐✈❡r Q1✳
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♦✉ s❡❥❛✱ ❛♣❧✐❝❛çã♦ q✉❡ ❧❡✈❛ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ V ❝♦♠ ✈❡t♦r ❞✐✲
♠❡♥sã♦ dimV = [di]i∈Q0

❞❡ Q ♣❛r❛ ❛ ú♥✐❝❛ ✈❛r✐á✈❡❧ ❝❧✉st❡r ♥ã♦ ✐♥✐❝✐❛❧ uV ❝✉❥♦
❞❡♥♦♠✐♥❛❞♦r é xd11 · · · x

dn
n ✐♥❞✉③ ✉♠❛ ❜✐❥❡çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s✲

♠♦s ❞❡ r❡♣r❡s❡♥t❛çõ❡s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ✈❛r✐á✈❡✐s ❝❧✉st❡r ♥ã♦
✐♥✐❝✐❛✐s✳ ❙❡❣✉❡ ❞❛í ❛ ♣r✐♠❡✐r❛ ❧✐❣❛çã♦ ❡str❡✐t❛ ❡♥tr❡ á❧❣❡❜r❛s ❝❧✉st❡r ❡ ❛ t❡♦r✐❛ ❞❡
r❡♣r❡s❡♥t❛çõ❡s ❞❡ q✉✐✈❡r✳

❖❜s❡r✈❡ q✉❡ ❛s n ✈❛r✐á✈❡✐s ❝❧✉st❡r ✐♥✐❝✐❛✐s x1, . . . , xn ♥ã♦ ❛♣❛r❡❝❡♠ ♥❛ ❜✐❥❡çã♦ ❛❝✐♠❛✳
◆♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦ ✈❡r❡♠♦s ♦ ♣❛♣❡❧ q✉❡ ❡❧❛s ❞❡s❡♠♣❡♥❤❛♠✳

❊①❡♠♣❧♦ ✺✵✳ ❙❡❥❛ Q1 ♦ q✉✐✈❡r

2 // 1 3oo

♦ ♠❡s♠♦ q✉❡ tr❛❜❛❧❤❛♠♦s ♥♦s ❡①❡♠♣❧♦s ❛♥t❡r✐♦r❡s✳ ❈♦♠♦ ✈✐♠♦s✱ ❛s ✈❛r✐á✈❡✐s ❝❧✉st❡r
♥ã♦ ✐♥✐❝✐❛✐s ❞❛ á❧❣❡❜r❛ ❝❧✉st❡r AQ1 ❛ss♦❝✐❛❞❛ ❛ Q1 sã♦✿

1 + x2x3
x1

,
1 + x1
x2

,
1 + x1
x3

,
1 + x1 + x2x3

x1x2
,

1 + x1 + x2x3
x1x3

,
1 + 2x1 + x21 + x2x3

x1x2x3
.

❉❛í✱ ♣❡❧❛s ❜✐❥❡çõ❡s ❛❝✐♠❛✱ ❛ ✈❛r✐á✈❡❧ ❝❧✉st❡r 1+x2x3

x1
é ❧❡✈❛❞❛ ♥♦ ✈❡t♦r ❞✐♠❡♥sã♦

[100] q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ r❡♣r❡s❡♥t❛çã♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ P1✳ ❆ ✈❛r✐á✈❡❧ ❝❧✉st❡r 1+x1

x2

é ❧❡✈❛❞❛ ♥♦ ✈❡t♦r ❞✐♠❡♥sã♦ [010] q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ r❡♣r❡s❡♥t❛çã♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧
I2✳ ❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱ ❛s ❞❡♠❛✐s ✈❛r✐á✈❡✐s ❝❧✉st❡r ♣♦ss✉❡♠ ❝♦rr❡s♣♦♥❞❡♥t❡s ✈❡t♦r❡s
❞✐♠❡♥sã♦ q✉❡✱ ♣♦r s✉❛ ✈❡③✱ ❝♦rr❡s♣♦♥❞❡♠ ❛ r❡♣r❡s❡♥t❛çõ❡s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✱ ✈❡❥❛ ❛
t❛❜❡❧❛ ❛❜❛✐①♦✳

❱❛r✐á✈❡❧ ❝❧✉st❡r ❱❡t♦r ❞✐♠❡♥sã♦ ❘❡♣r❡s❡♥t❛çã♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧
1+x2x3

x1
❬✶✵✵❪ P1

1+x1

x2
❬✵✶✵❪ I2

1+x1

x3
❬✵✵✶❪ I3

1+x1+x2x3

x1x2
❬✶✶✵❪ P2

1+x1+x2x3

x1x3
❬✶✵✶❪ P3

1+2x1+x2
1+x2x3

x1x2x3
❬✶✶✶❪ I1
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❈❛♣ít✉❧♦ ✸

❈❛t❡❣♦r✐❛s ❈❧✉st❡r

◆❡st❡ ❝❛♣ít✉❧♦ ✐♥tr♦❞✉③✐r❡♠♦s ❛s ❝❛t❡❣♦r✐❛s ❝❧✉st❡r q✉❡ ❢♦r❛♠ ❝r✐❛❞❛s ❡♠ ❬✹❪ ♣♦r
❆s❧❛❦ ❇❛❦❦❡ ❇✉❛♥✱ ❘♦❜❡rt ▼❛rs❤✱ ▼❛r❦✉s ❘❡✐♥❡❦❡✱ ■❞✉♥ ❘❡✐t❡♥ ❡ ●♦r❞❛♥❛ ❚♦❞♦r♦✈
♥♦ ❛♥♦ ❞❡ ✷✵✵✹✱ ❝♦♠ ♦❜❥❡t✐✈♦ ❞❡ ♦❜t❡r ✉♠❛ ❡str✉t✉r❛ ❝❛t❡❣ór✐❝❛ ♣❛r❛ ❛s á❧❣❡❜r❛s
❝❧✉st❡r✳ ❆ ✜♠ ❞❡ ❛❧❝❛♥ç❛r ❡st❡ ♦❜❥❡t✐✈♦ ✉♠❛ t❡♦r✐❛ t✐❧t✐♥❣ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ♥❛
❝❛t❡❣♦r✐❛ ❝❧✉st❡r q✉❡✱ ♣♦st❡r✐♦r♠❡♥t❡✱ ♠♦t✐✈♦✉ ❛ ❝r✐❛çã♦ ❞❡ ✉♠❛ ♦✉tr❛ t❡♦r✐❛✱ ❛s
á❧❣❡❜r❛s ❝❧✉st❡r✲t✐❧t✐♥❣✱ ✐♥✐❝✐❛❞❛ ❡♠ ❬✷❪✳ ❊st❡ ❝❛♣ít✉❧♦ ❢♦✐ ❡❧❛❜♦r❛❞♦ ❝♦♠ ❜❛s❡ ♥❛s
r❡❢❡rê♥❝✐❛s ❬✹❪✱ ❬✷✹❪ ❡ ❬✷✺❪✳

✸✳✶ ❈❛t❡❣♦r✐✜❝❛çã♦ ❞❛s á❧❣❡❜r❛s ❝❧✉st❡r

❙❡❥❛ Q ✉♠ q✉✐✈❡r ❛❝í❝❧✐❝♦ s❡♠ ❧♦♦♣s ♦✉ ✷✲❝✐❝❧♦s✳ ◆❡st❛ s❡çã♦✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s
❡♠ ♦❜t❡r ✉♠❛ ❝❛t❡❣♦r✐❛ ❛ ♣❛rt✐r ❞❡ Q q✉❡ r❡✢✐t❛ ♦s ♣r✐♥❝✐♣❛✐s ✐♥❣r❡❞✐❡♥t❡s ❞❛s
á❧❣❡❜r❛s ❝❧✉st❡r AQ✳ Pr❡❝✐s❛♠♦s ❞❡ ✉♠❛ ❝❛t❡❣♦r✐❛ q✉❡ ❝♦♥t❡♥❤❛✿

• ❯♠❛ ❝❧❛ss❡ ❞❡ ♦❜❥❡t♦s ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❝❛❞❛ ♦❜❥❡t♦ T ♥❡st❛ ❝❧❛ss❡ s❡❥❛ ❞❡❝♦♠✲
♣♦st♦ ♥✉♠ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ s♦♠❛♥❞♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♥ã♦ ✐s♦♠♦r❢♦s✱ ✐st♦ é✱
T = T1⊕· · ·⊕Tn✱ ♦♥❞❡ n é ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❞♦ q✉✐✈❡r Q✳ ◆❡st❡ ❝♦♥t❡①t♦✱
T s❡r✐❛ ✉♠ ❛♥á❧♦❣♦ ♣❛r❛ ❛s ❝❧✉st❡r ❡ ♦s s♦♠❛♥❞♦s às ✈❛r✐á✈❡✐s ❝❧✉st❡r✳

• ❯♠ ♠♦❞❡❧♦ ♣❛r❛ ❛s ♠✉t❛çõ❡s ❞❡ ❝❧✉st❡r✱ ♦✉ s❡❥❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ ♦❜❥❡t♦
T = T1 ⊕ · · · ⊕ Ti ⊕ · · · ⊕ Tn ♥❛ ❝❧❛ss❡ ❞❡s❝r✐t❛ ❛❝✐♠❛ q✉❡r❡♠♦s q✉❡ ❝❛❞❛
s♦♠❛♥❞♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ Ti ♣♦ss❛ s❡r s✉❜st✐t✉í❞♦ ♣♦r ✉♠ ú♥✐❝♦ s♦♠❛♥❞♦ ✐♥✲
❞❡❝♦♠♣♦♥í✈❡❧ ♥ã♦ ✐s♦♠♦r❢♦ T ′

i t❛❧ q✉❡ T
′ = T1 ⊕ · · · ⊕ T

′
i ⊕ · · · ⊕ Tn ♣❡rt❡♥ç❛

❛ ❡st❛ ❝❧❛ss❡✳

• P❛r❛ ❝❛❞❛ ♦❜❥❡t♦ T ♥❡st❛ ❝❧❛ss❡ ♣r❡❝✐s❛♠♦s ❛ss♦❝✐❛r ✉♠ q✉✐✈❡r QT ❞❡ ❢♦r♠❛
q✉❡ ❝❛❞❛ s❡♠❡♥t❡ (u,Q) ♥❛ á❧❣❡❜r❛ ❝❧✉st❡r ❝♦rr❡s♣♦♥❞❛ ❛♦ ♣❛r (T,QT ) ♥❛
❝❛t❡❣♦r✐❛ ♣r♦❝✉r❛❞❛ ❡ ❛✐♥❞❛ q✉❡ ❛s ♠✉t❛çõ❡s ❞❡ s❡♠❡♥t❡s s❡❥❛♠ ❝♦♠♣❛tí✈❡✐s
❝♦♠ ❡st❛s ❛ss♦❝✐❛çõ❡s✳

❙❡❥❛ Q ✉♠ q✉✐✈❡r ❛❝í❝❧✐❝♦ ❡ s❡❥❛ AQ ❛ á❧❣❡❜r❛ ❝❧✉st❡r ❛ss♦❝✐❛❞❛ ❛♦ q✉✐✈❡r Q✳ P❡❧♦
❝❛♣ít✉❧♦ ✶✱ ❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦ s♦❜r❡ Q é ❤❡r❡❞✐tár✐❛ ❡ t❡♠ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❯♠❛
♣r✐♠❡✐r❛ t❡♥t❛t✐✈❛ ❞❡ ❝❛t❡❣♦r✐✜❝❛çã♦ ❞❛s á❧❣❡❜r❛s ❝❧✉st❡r s❡r✐❛ ❝♦♥s✐❞❡r❛r ❛ ❝❛t❡❣♦r✐❛
❞❡ KQ✲♠ó❞✉❧♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s ❝♦♠♦ ❛ ❝❛t❡❣♦r✐❛ q✉❡ ❡st❛♠♦s ♣r♦❝✉r❛♥❞♦✳
◆❡st❡ ❝❛s♦✱ ♣♦❞❡rí❛♠♦s ✉t✐❧✐③❛r ❛ ❜❡♠ ❝♦♥❤❡❝✐❞❛ t❡♦r✐❛ t✐❧t✐♥❣ ♣❛r❛ ♠ó❞✉❧♦s ❡ ❞❛í
✉♠❛ ♥❛t✉r❛❧ ❡s❝♦❧❤❛ ❞❛ ❝❧❛ss❡ ❞❡ ♦❜❥❡t♦s ❛♥á❧♦❣♦s às ❝❧✉st❡r s❡r✐❛ ❛ ❝❧❛ss❡ ❞♦s KQ✲
♠ó❞✉❧♦s t✐❧t✐♥❣ ❜ás✐❝♦s✳
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✸✳✶✳✶ ❚❡♦r✐❛ ❚✐❧t✐♥❣ ♣❛r❛ ♠ó❞✉❧♦s

◆❡st❛ s✉❜s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❜r❡✈❡♠❡♥t❡ ❛s ♣r✐♥❝✐♣❛✐s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ❞❛
❚❡♦r✐❛ ❚✐❧t✐♥❣ ♣❛r❛ ♠ó❞✉❧♦s✳ P❛r❛ ♠❛✐♦r❡s ✐♥❢♦r♠❛çõ❡s ❛ r❡s♣❡✐t♦ ❞❡st❡ ❛ss✉♥t♦
✐♥❞✐❝❛♠♦s ❛s r❡❢❡rê♥❝✐❛s ❬✶✼❪✱ ❬✷✺❪✳

❉❡✜♥✐çã♦ ✺✶✳ ❙❡❥❛ A ✉♠❛ ❑✲á❧❣❡❜r❛✳ ❯♠ A✲♠ó❞✉❧♦ T é ❝❤❛♠❛❞♦ ♠ó❞✉❧♦ t✐❧t✐♥❣
s❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭✐✮ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ ❞❡ ❚ é ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ ✶❀

✭✐✐✮ Ext1A (T, T ) = 0❀

✭✐✐✐✮ T = T1 ⊕ · · · ⊕ Tn✱ ❡♠ q✉❡ n é ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❞♦ q✉✐✈❡r ❛ss♦❝✐❛❞♦ ❛
á❧❣❡❜r❛ A ❡ ❝❛❞❛ Ti é ✉♠ A✲♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧✳

❉❡✜♥✐çã♦ ✺✷✳ ❙❡❥❛ T ✉♠ A✲♠ó❞✉❧♦ t✐❧t✐♥❣✳ ❉✐③❡♠♦s q✉❡ T é ✉♠ ♠ó❞✉❧♦ t✐❧t✐♥❣
❜ás✐❝♦ s❡ t♦❞♦s ♦s s❡✉s s♦♠❛♥❞♦s ❞✐r❡t♦s sã♦ ♥ã♦ ✐s♦♠♦r❢♦s✳

❉❡✜♥✐çã♦ ✺✸✳ ❯♠ A✲♠ó❞✉❧♦ T ✱ ❝✉❥❛ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ é ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ ✶✱ q✉❡
♣♦ss✉✐ n− 1 s♦♠❛♥❞♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♥ã♦ ✐s♦♠♦r❢♦s✱ ❡ é t❛❧ q✉❡ Ext1A

(
T , T

)
= 0

é ❝❤❛♠❛❞♦ ✉♠ A✲♠ó❞✉❧♦ t✐❧t✐♥❣ q✉❛s❡ ❝♦♠♣❧❡t♦✳ ❖ ♠ó❞✉❧♦ M é ❞✐t♦ ❝♦♠♣❧❡♠❡♥t♦
❞❡ T s❡ T = T ⊕M é ✉♠ ♠ó❞✉❧♦ t✐❧t✐♥❣✳

❊①❡♠♣❧♦ ✺✹✳ ❙❡❥❛ Q ✉♠ q✉✐✈❡r ❛❝í❝❧✐❝♦ ❝♦♠ Q0 = {1, . . . , n} ❡ s❡❥❛ ♦ KQ✲♠ó❞✉❧♦
t✐❧t✐♥❣ T = P1 ⊕ · · · ⊕ Pn✱ ❡♠ q✉❡ Pj sã♦ KQ✲♠ó❞✉❧♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♣r♦❥❡t✐✈♦s
❛ss♦❝✐❛❞♦s ❝♦♠ ♦ ✈ért✐❝❡ j ❡ P1 é s✐♠♣❧❡s✱ ♣r♦❥❡t✐✈♦✳ ❊♥tã♦ T ′ = τ−1P1⊕P2⊕· · ·⊕Pn

é ✉♠ KQ✲♠ó❞✉❧♦ t✐❧t✐♥❣✱ ❝❤❛♠❛❞♦ ❆P❘✲♠ó❞✉❧♦ t✐❧t✐♥❣✳

❆ ♠♦t✐✈❛çã♦ ❞❡ ✉t✐❧✐③❛r ❛ t❡♦r✐❛ t✐❧t✐♥❣ s❡❣✉❡ ❞♦s s❡❣✉✐♥t❡s ❢❛t♦s✿

✭■✮ ♦s KQ✲♠ó❞✉❧♦s t✐❧t✐♥❣ ❜ás✐❝♦s ♣♦ss✉❡♠ n s♦♠❛♥❞♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♥ã♦ ✐s♦✲
♠♦r❢♦s✱ ♦♥❞❡ n é ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❞❡ Q❀

✭■■✮ ♣❛r❛ ❝❛❞❛ KQ✲♠ó❞✉❧♦ t✐❧t✐♥❣ ❜ás✐❝♦ T = T1 ⊕ · · · ⊕ Ti ⊕ · · · ⊕ Tn ❡①✐st❡ ♥♦
♠á①✐♠♦ ✉♠KQ✲♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ T ′

i t❛❧ q✉❡ T
′ = T1⊕· · ·⊕T

′
i⊕· · ·⊕Tn

é ✉♠ ♥♦✈♦ KQ✲♠ó❞✉❧♦ t✐❧t✐♥❣ ❜ás✐❝♦❀

✭■■■✮ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ❛ ❝❛❞❛ KQ✲♠ó❞✉❧♦ t✐❧t✐♥❣ ❜ás✐❝♦ T ♦ q✉✐✈❡r QT ❞❛ á❧❣❡❜r❛
(EndT )op ❡ ♦❜t❡r ✉♠ ♣❛r (T,QT )❀

✭■❱✮ ❝♦♠♦ ✈✐♠♦s ♥♦ ❡①❡♠♣❧♦ ✺✹✱ ❛ s✉❜st✐t✉✐çã♦ ❞❡ ✉♠ s♦♠❛♥❞♦ ♥✉♠ ❆P❘✲♠ó❞✉❧♦
t✐❧t✐♥❣ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ♠✉t❛çã♦ ♥✉♠ ♣♦ç♦✳

❱❛♠♦s ✈❡r✐✜❝❛r✱ ♥✉♠ ❡①❡♠♣❧♦ s✐♠♣❧❡s✱ s❡ ❡st❡ é ✉♠ ❜♦♠♠♦❞❡❧♦ ♣❛r❛ ❝❛t❡❣♦r✐✜❝❛çã♦
❞❡ á❧❣❡❜r❛ ❝❧✉st❡r✳ ◆❡st❛ s❡çã♦✱ ♣❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ q✉❛♥❞♦ ❡s❝r❡✈❡♠♦s
♠ó❞✉❧♦s ❡st❛♠♦s r❡❢❡r✐♥❞♦ ❛ ♠ó❞✉❧♦s s♦❜r❡ ❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s KQ✳
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❊①❡♠♣❧♦ ✺✺✳ ❙❡❥❛ Q ♦ q✉✐✈❡r

1 2oo 3oo .

❖ q✉✐✈❡r ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❞❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s KQ é✿

P3

��
P2

>>

  

I2

��
P1

>>

S2

??

I3

❈♦♥s✐❞❡r❡♠♦s ❛ s❡♠❡♥t❡ ✐♥✐❝✐❛❧ (x = {x1, x2, x3} , Q)✳ Pr❡❝✐s❛♠♦s ❞❡ ✉♠ ♠ó❞✉❧♦
t✐❧t✐♥❣ ❜ás✐❝♦ T ❝✉❥♦ q✉✐✈❡r ❞❛ á❧❣❡❜r❛ (EndT )op s❡❥❛ Q✳ ❈❧❛r❛♠❡♥t❡ ❡st❡ ♠ó❞✉❧♦ é
♦ ♠ó❞✉❧♦ t✐❧t✐♥❣ T = P1 ⊕ P2 ⊕ P3✳ ❱❡❥❛♠♦s ♦ q✉❡ ♦❝♦rr❡ ❝♦♠ ❛s ♠✉t❛çõ❡s✳ P❛r❛
❝❛❞❛ ✈ért✐❝❡ j ∈ Q0✱ q✉❡r❡♠♦s s✉❜st✐t✉✐r Pj✱ j ∈ Q0✱ ❡♠ T = T ⊕ Pj✱ ♣♦r ✉♠ ♦✉tr♦
♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ T ′

j ❞❡ t❛❧ ❢♦r♠❛ q✉❡ T ′ = T ⊕ T ′
j s❡❥❛ ✉♠ ♠ó❞✉❧♦ t✐❧t✐♥❣

❜ás✐❝♦ ❡ ❝✉❥♦ q✉✐✈❡r ❞❛ á❧❣❡❜r❛ (EndT ′)op s❡❥❛ ✐s♦♠♦r❢♦ ❛ µj(Q)✳

❱❛♠♦s ❛♥❛❧✐s❛r ♦ q✉❡ ♦❝♦rr❡ q✉❛♥❞♦ ❢❛③❡♠♦s ❛ ♠✉t❛çã♦ ♥❛ s❡♠❡♥t❡ ✐♥✐❝✐❛❧ ❡ ❜✉s✲
❝❛♠♦s ✉♠ ❛ss♦❝✐❛❞♦ ♠ó❞✉❧♦ t✐❧t✐♥❣ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ♥♦✈❛ ❝❧✉st❡r ♦❜t✐❞❛✳

✭❛✮ ❱❛♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ❝♦♥s✐❞❡r❛r ♦ ✈ért✐❝❡ ✶ ♥♦ q✉✐✈❡r Q q✉❡ é ✉♠ ♣♦ç♦✳ ❆♣❧✐✲
❝❛♥❞♦ ❛ ♠✉t❛çã♦ µ1 ❡♠ (x,Q) ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ s❡♠❡♥t❡({

1+x2

x1
, x2, x3

}
, Q1 : 1 // 2 3oo

)
✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ T =

P1⊕P2⊕P3✱ ✈❛♠♦s s✉❜st✐t✉✐r ♦ ♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ P1✳ ❖❜s❡r✈❡ q✉❡ P1 =
S1 é ✉♠ ♠ó❞✉❧♦ s✐♠♣❧❡s✱ ♣r♦❥❡t✐✈♦ ❡ ♥ã♦ ✐♥❥❡t✐✈♦✱ ❡♥tã♦ T ′ = τ−1P1⊕P2⊕P3

é ✉♠ ❆P❘✲♠ó❞✉❧♦ t✐❧t✐♥❣✳ ▲♦❣♦✱ T ′ = S2 ⊕ P2 ⊕ P3 ❡ ❞❛í ♣♦❞❡♠♦s ♠♦str❛r
q✉❡✱ ❞❡ ❢❛t♦✱ ♦ q✉✐✈❡r ❞❡ (EndT )op é Q1✱ ✉♠❛ ✈❡③ q✉❡✱ ❆P❘✲♠ó❞✉❧♦s t✐❧t✐♥❣
❡stã♦ ❛ss♦❝✐❛❞♦s ❛ ❢✉♥t♦r❡s ❞❡ r❡✢❡①ã♦ ♣❛r❛ ✈ért✐❝❡s ❡♠ ♣♦ç♦✳

✭❜✮ ❆❣♦r❛ ❛♣❧✐❝❛♥❞♦ ❛ ♠✉t❛çã♦ µ2 ❡♠ (x,Q) ♦❜t❡♠♦s({
x1,

x1+x3

x2
, x3

}
, Q2 : 1 // 2 // 3uu

)
✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❡✈❡♠♦s s✉❜st✐t✉✐r

♦ ♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ P2 ❡♠ T ✳ ❱❛♠♦s ✈❡r✐✜❝❛r ♣❛r❛ q✉❛❧ ♠ó❞✉❧♦ T ′
2 t❡✲

♠♦s T ′ = P1⊕T
′
2⊕P3 ✉♠ ♠ó❞✉❧♦ t✐❧t✐♥❣ ❜ás✐❝♦✳ P❛r❛ ✐ss♦ T ′ ♣r❡❝✐s❛ s❛t✐s❢❛③❡r

❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦✿

Ext1KQ(T
′, T ′) = 0.

❚❡♠♦s✱

Ext1KQ(T
′, T ′) = Ext1KQ(T

′
2, P1 ⊕ T

′
2) ⋍ DHomKQ(P1 ⊕ T

′
2, τT

′
2).

❞❛í✱
DHomKQ(P1 ⊕ T

′
2, τT

′
2) = 0⇐⇒ T ′

2 = I3.

▲♦❣♦✱ T ′ = P1 ⊕ I3 ⊕ P3 ❡ ♦ q✉✐✈❡r ❞❡ (EndT )op é 1 2 // 3uu ✳ P❛r❛ ♦
❞❡s❡❥❛❞♦ ❡stá ❢❛❧t❛♥❞♦ ✉♠❛ ✢❡❝❤❛ 1→ 2✳ ■st♦ ✐♥❞✐❝❛ q✉❡✱ ♣❛r❛ ♦ ♠♦❞❡❧♦ q✉❡
♣r♦❝✉r❛♠♦s✱ ❢❛❧t❛♠ ♠♦r✜s♠♦s ♥❛ ❝❛t❡❣♦r✐❛ modKQ✳

◆♦ss❛ t❡♥t❛t✐✈❛ ❞❡ ✉s❛r ♠ó❞✉❧♦s ❡ t❡♦r✐❛ t✐❧t✐♥❣ ♥ã♦ ❢✉♥❝✐♦♥♦✉ ❝♦♠♦ ✉♠ ♠♦✲
❞❡❧♦ ♣❛r❛ ❛s ♠✉t❛çõ❡s✱ ♠❛s ♥ã♦ ❡st❛♠♦s ♠✉✐t♦ ❧♦♥❣❡✳

✹✵



✭❝✮ ❱❛♠♦s ❛♥❛❧✐s❛r ♦ q✉❡ ♦❝♦rr❡ q✉❛♥❞♦ tr❛❜❛❧❤❛♠♦s ❝♦♠ ♦ ✈ért✐❝❡ ✸✳ ❆♣❧✐❝❛♥❞♦ ❛
♠✉t❛çã♦ µ3 ❡♠ (x,Q) t❡♠♦s ❛ s❡❣✉✐♥t❡ s❡♠❡♥t❡({
x1, x2,

1+x2

x3

}
, Q2 : 1 2oo // 3

)
✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ T ♣r❡✲

❝✐s❛♠♦s ❞❡ ✉♠ ♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ T ′
3 q✉❡ s✉❜st✐t✉❛ ♦ ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ ❡

✐♥❥❡t✐✈♦ P3 ❞❡ t❛❧ ❢♦r♠❛ q✉❡ T ′ = P1⊕P2⊕T
′
3 é t✐❧t✐♥❣ ❜ás✐❝♦✳ ◆♦ ❡♥t❛♥t♦✱ ✉♠

r❡s✉❧t❛❞♦ ❝♦♥❤❡❝✐❞♦ ❞❛ t❡♦r✐❛ t✐❧t✐♥❣ ❛✜r♠❛ q✉❡ ✉♠ ♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧
♣r♦❥❡t✐✈♦ ❡ ✐♥❥❡t✐✈♦ é s♦♠❛♥❞♦ ❞❡ ♥♦ ♠á①✐♠♦ ✉♠ ♠ó❞✉❧♦ t✐❧t✐♥❣✱ ♦✉ s❡❥❛✱ ♥ã♦
❡①✐st❡ ♠ó❞✉❧♦ T ′

3 ♥❛ ❝❛t❡❣♦r✐❛ modKQ q✉❡ s✉❜st✐t✉✐ P3✳ ❊♠ ♦✉tr❛s ♣❛❧❛✲
✈r❛s✱ ♣❛r❛ ♦ ♥♦ss♦ ♠♦❞❡❧♦ ❛ ❝❛t❡❣♦r✐❛ modKQ ❛♣r❡s❡♥t❛ ✉♠❛ ❞❡✜❝✐ê♥❝✐❛ ❞❡
♠ó❞✉❧♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✳

P❡❧♦ ❡①❡♠♣❧♦ ♣❡r❝❡❜❡♠♦s q✉❡ ❡①✐st❡♠ ❞♦✐s ♣r♦❜❧❡♠❛s q✉❛♥❞♦ t❡♥t❛♠♦s ❝❛t❡❣♦r✐✜❝❛r
❛s á❧❣❡❜r❛s ❝❧✉st❡r ✉t✐❧✐③❛♥❞♦ ❛ ❝❛t❡❣♦r✐❛ modKQ ❡ ❛ ❝❧❛ss❡ ❞❡ ♠ó❞✉❧♦s t✐❧t✐♥❣✳ ❖
♣r✐♠❡✐r♦ é q✉❡ s❡ T é ✉♠ ♠ó❞✉❧♦ t✐❧t✐♥❣ q✉❛s❡ ❝♦♠♣❧❡t♦ ♥❡♠ s❡♠♣r❡ ❡①✐st❡♠ ❞♦✐s
❝♦♠♣❧❡♠❡♥t♦s ❞❡ T ✱ ♦✉ s❡❥❛✱ ♥ã♦ ❡①✐st❡♠ ♠ó❞✉❧♦s s✉✜❝✐❡♥t❡s ♥❛ ❝❛t❡❣♦r✐❛ modKQ
♣❛r❛ r❡❛❧✐③❛r ♠✉t❛çõ❡s✳ ❖ s❡❣✉♥❞♦ é q✉❡ ♥❡st❛ ❝❛t❡❣♦r✐❛ t❛♠❜é♠ ❢❛❧t❛♠ ♠♦r✜s♠♦s✱
✐st♦ é✱ q✉❛♥❞♦ ❝♦♥s❡❣✉✐♠♦s ❞♦✐s ♠ó❞✉❧♦s t✐❧t✐♥❣ T ❡ T ′ q✉❡ ❞✐❢❡r❡♠ ♣♦r ✉♠ ú♥✐❝♦
s♦♠❛♥❞♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧✱ ♥❡♠ s❡♠♣r❡ ♦s q✉✐✈❡rs QT ❡ QT ′ ❞❛s r❡s♣❡❝t✐✈❛s á❧❣❡❜r❛s
❞❡ ❡♥❞♦♠♦r✜s♠♦s ♦♣♦st❛s ❝♦rr❡s♣♦♥❞❡♠ ❛s r❡s♣❡❝t✐✈❛s ♠✉t❛çõ❡s✳

❖ ❡①❡♠♣❧♦ ♠♦str❛ q✉❡ ♣r❡❝✐s❛♠♦s ❞❡ ✉♠❛ ❝❛t❡❣♦r✐❛ ✧♠❛✐♦r✧ q✉❡ ❛ ❝❛t❡❣♦r✐❛modKQ✱
✐st♦ é✱ ✉♠❛ ❝❛t❡❣♦r✐❛ ❝♦♠ ♠❛✐s ♦❜❥❡t♦s ❡ ♠❛✐s ♠♦r✜s♠♦s✳ ❯♠❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛
r❡s♦❧✈❡r ❡st❡s ♣r♦❜❧❡♠❛s s❡r✐❛ ✉t✐❧✐③❛r ❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ ❧✐♠✐t❛❞❛ Db(KQ) ❞♦s
KQ✲♠ó❞✉❧♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✱ ✉♠❛ ✈❡③ q✉❡✱ ❛ ❝❛t❡❣♦r✐❛ modKQ ❡stá ✐♠❡rs❛
❡♠ Db(KQ)✳ ◆❛ ✈❡r❞❛❞❡✱ ❛ s♦❧✉çã♦ s❡rá ✉♠ q✉♦❝✐❡♥t❡ ❞❛ ❝❛t❡❣♦r✐❛ Db(KQ) ❝♦♠♦
✈❡r❡♠♦s ❡♠ s❡❣✉✐❞❛✳ ❊♠ ❣❡r❛❧✱ q✉♦❝✐❡♥t❡s ❡♠ ❝❛t❡❣♦r✐❛s sã♦ r❡str✐t♦s à q✉♦❝✐❡♥✲
t❡s ❞❡ ♠♦r✜s♠♦s✱ ♣r❡s❡r✈❛♥❞♦ ♦❜❥❡t♦s✳ ❯♠❛ ❢♦r♠❛ ❞❡ ❢❛③❡r q✉♦❝✐❡♥t❡ t❛♠❜é♠ ♥❛
❝❧❛ss❡ ❞❡ ♦❜❥❡t♦s é ✉t✐❧✐③❛r ❛s ❝❛t❡❣♦r✐❛s ór❜✐t❛s ❞❡✜♥✐❞❛s ♣♦r ❑❡❧❧❡r✱ ❡♠ ❬✶✾❪ q✉❡
♥❛ ✈❡r❞❛❞❡ sã♦ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛s ❝❤❛♠❛❞❛s ❙❦❡✇✲❝❛t❡❣♦r✐❛s✱ ✐♥tr♦❞✉③✐❞❛s ♣♦r
❈❧❛✉❞❡ ❈✐❜✐❧s ❡ ❊❞✉❛r❞♦ ◆✳ ▼❛r❝♦s ❡♠ ❬✾❪✳

✸✳✷ ❙❦❡✇✲❈❛t❡❣♦r✐❛s

❙❡❣✉♥❞♦ ❑❡❧❧❡r ❡♠ ❬✶✾❪ ❛s ❝❛t❡❣♦r✐❛s ór❜✐t❛s sã♦ ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ ❙❦❡✇✲❝❛t❡❣♦r✐❛s✳
❊♠ ✈✐rt✉❞❡ ❞✐st♦✱ ♥❡st❛ s❡çã♦✱ ❢❛r❡♠♦s ✉♠❛ ❜r❡✈❡ ❡①♣♦s✐çã♦ s♦❜r❡ ❛s ❙❦❡✇✲❝❛t❡❣♦r✐❛s✳
◆♦ss♦ ♦❜❥❡t✐✈♦ ❛q✉✐ é r❡ss❛❧t❛r ❡st❡ ❢❛t♦ ❞❡ q✉❡✱ t❛♥t♦ ❛s ❝❛t❡❣♦r✐❛s ór❜✐t❛s q✉❛♥t♦
❛s ❝❛t❡❣♦r✐❛s ❝❧✉st❡r q✉❡ s❡rã♦ tr❛t❛❞❛s ♥❛s s❡çõ❡s s❡❣✉✐♥t❡s✱ tr❛t❛♠✲s❡ ♥❛ ✈❡r❞❛❞❡
❞❡ ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ s❦❡✇✲❝❛t❡❣♦r✐❛s✳ ▼❛✐s ❞❡t❛❧❤❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠
❬✾❪✳

❙❡❥❛ C ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❞✐t✐✈❛ ❡ s❡❥❛ G ✉♠ ❣r✉♣♦✳ ❉✐③❡♠♦s q✉❡ C é ✉♠❛ ●✲❝❛t❡❣♦r✐❛
s❡ ❡①✐st❡ ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ϕ : G → Aut(C)✱ ♦✉ s❡❥❛✱ ♣❛r❛ ❝❛❞❛ s ∈ G
t❡♠♦s ✉♠ ❛✉t♦❢✉♥t♦r ϕs : C → C q✉❡ ❧❡✈❛ ❝❛❞❛ ♦❜❥❡t♦ x ∈ C ❡♠ ♦✉tr♦ ♦❜❥❡t♦ sx ∈ C
❡ ❝❛❞❛ ♠♦r✜s♠♦ f : x→ y ♥✉♠ ♠♦r✜s♠♦ sf : sx→ sy✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ t❡♠♦s
✉♠❛ ❛çã♦ ❞♦ ❣r✉♣♦ G s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♦❜❥❡t♦s G × C → C ❡✱ ♣❛r❛ ❝❛❞❛ ♣❛r
❞❡ ♦❜❥❡t♦s x, y ∈ C ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s ϕs : HomC(x, y) →
HomC(sx, sy)✱ ♣❛r❛ t♦❞♦ s ∈ G✳
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❙❡❥❛ C ✉♠❛ G✲❝❛t❡❣♦r✐❛✳ ❆ ❙❦❡✇✲❝❛t❡❣♦r✐❛ C[G] t❡♠ ❝♦♠♦ ♦❜❥❡t♦s ♦s ♠❡s♠♦s
♦❜❥❡t♦s ❞❡ C ❡✱ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ♦❜❥❡t♦s x, y ∈ C[G] ❞❡✜♥✐♠♦s✿

HomC[G](x, y) =
⊔

s∈G

HomC(x, sy)

❆ ❝♦♠♣♦s✐çã♦ ❞❡ ♠♦r✜s♠♦s HomC[G](x, y) × HomC[G](y, z) → HomC[G](x, z) é ❞❡✲
✜♥✐❞❛✱ ❡♠ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞♦ ❝♦♣r♦❞✉t♦✱ ❝♦♠ ♦s ❞❡✈✐❞♦s ❛❥✉st❡s✱ ✉t✐❧✐③❛♥❞♦ ❛
❛çã♦ ❞❡ G✱ ♦✉ s❡❥❛✱ ♣❛r❛ ❝❛❞❛ u ∈ G✱ ❛ ❝♦♠♣♦st❛ ♥❛ ❝♦♠♣♦♥❡♥t❡ HomC(x, uz) ❡♠
HomC[G](x, z) é ✐♥❞✉③✐❞❛ ♣❡❧❛s ❝♦♠♣♦st❛s HomC(x, sy) × HomC(sy, s(s

−1uz)) →
HomC(x, uz)✱ ♣❛r❛ t♦❞♦ s ∈ G✳

❙❡ G = {e = s0, s1, s2, . . . , sn} é ✉♠ ❣r✉♣♦ ✜♥✐t♦✱ ❛ ❝♦♠♣♦s✐çã♦ ♣♦❞❡ s❡r ❡s✲
❝r✐t❛ ♥❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✳ ❉❛❞♦ f = (f0, f1, . . . , fn) ∈ HomC[G](x, y) =

HomC(x,
n⊕

i=0

siy)✱ ❡ ❞❡♥♦t❛♥❞♦ gij : siy → sisjz ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ❝♦♠♣♦st❛

fg ∈ HomC[G](x, z) ❝♦♠♦ ♦ ♣r♦❞✉t♦ ♠❛tr✐❝✐❛❧✿

(fi)1×(n+1) · (sigi−1j)(n+1)×(n+1)
.

P❛r❛ ❝❛❞❛ ♦❜❥❡t♦ x ∈ C ❝♦♥s✐❞❡r❡ ❛ ór❜✐t❛ x̃ ❞❛ ❛çã♦ ❞❡ G✱ ✐st♦ é✱ x̃ = {sx; s ∈ G}✳
❙❡ y ∈ x̃ ❡♥tã♦ t❡♠♦s ✉♠ ✐s♦♠♦r✜s♠♦ x ∼= y ❡♠ C[G]✳ ❘❡❛❧♠❡♥t❡✱ s❡ y = tx✱ ♣❛r❛
❛❧❣✉♠ t ∈ G✱ ❡♥tã♦

HomC[G](x, y) =
⊔

s∈G

HomC(x, stx) =
⊔

g∈G

HomC(x, gx) = HomC[G](x, x).

❆ss✐♠✱ 1x ∈ HomC[G](x, y) ❡✱ ❞❡ ❢♦r♠❛ s✐♠✐❧❛r✱ 1y ∈ HomC[G](y, x)✳ ❊st❡s ♠♦r✜s♠♦s
sã♦ ✐♥✈❡rs♦s ✉♠ ❞♦ ♦✉tr♦✳

❉❡st❛ ❢♦r♠❛✱ ❛ ♠❡♥♦s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❝❛t❡❣♦r✐❛s✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ♦❜✲
❥❡t♦s ❡♠ C[G] sã♦ ❛s ór❜✐t❛s x̃✱ ❝♦♠ x ∈ C ❡ ♠♦r✜s♠♦s sã♦ HomC[G](x̃, ỹ) =⊔
s∈G

HomC(x, sy)✱ ♦♥❞❡ x ❡ y sã♦ r❡♣r❡s❡♥t❛♥t❡s ❞❛s ór❜✐t❛s✳ ❱❡❥❛ q✉❡ ❡♠ ❙❦❡✇✲

❝❛t❡❣♦r✐❛s t❡♠♦s q✉♦❝✐❡♥t❡ ❞❡ ♦❜❥❡t♦s✳

✸✳✸ ❈❛t❡❣♦r✐❛s Ór❜✐t❛s

❙❡❥❛ T ✉♠❛ ❝❛t❡❣♦r✐❛ tr✐❛♥❣✉❧❛❞❛ ❡ s❡❥❛ G : T → T ✉♠ ❛✉t♦♠♦r✜s♠♦✳ ❈♦♥s✐❞❡r❡
GZ ♦ ❣r✉♣♦ ❞❡ ❛✉t♦♠♦r✜s♠♦s ❣❡r❛❞♦ ♣♦r G✳ ❆ ❝❛t❡❣♦r✐❛ ór❜✐t❛ T /GZ t❡♠ ❝♦♠♦
♦❜❥❡t♦s ❛s G✲ór❜✐t❛s ❞❡ ♦❜❥❡t♦s ❡♠ T ✱ ♦✉ s❡❥❛✱ ♣❛r❛ ❝❛❞❛ X ∈ T ✱ ❛ G✲ór❜✐t❛
X̃ = {GiX / i ∈ Z} é ✉♠ ♦❜❥❡t♦ ♥❛ ❝❛t❡❣♦r✐❛ ór❜✐t❛ ❡ ♦s ♠♦r✜s♠♦s sã♦ ❞❛❞♦s ♣♦r✿

HomT /GZ

(
X̃, Ỹ

)
=
⊔

i∈Z

HomT

(
X,GiY

)
,

❡♠ q✉❡✱ X ❡ Y sã♦ ♦❜❥❡t♦s ❡♠ T ❡✱ X̃ ❡ Ỹ sã♦ ♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ♦❜❥❡t♦s ❡♠ T /GZ✳
P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❞❡♥♦t❛r❡♠♦s T /GZ ♣♦r T /G✳ ❊♠ ❣❡r❛❧✱ ❝❛t❡❣♦r✐❛s ór❜✐t❛s T /G
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♥ã♦ sã♦ tr✐❛♥❣✉❧❛❞❛s✱ ♠❡s♠♦ ❝♦♠ T ✉♠❛ ❝❛t❡❣♦r✐❛ tr✐❛♥❣✉❧❛❞❛✳ ❊♠ ❬✶✾❪ ❑❡❧❧❡r
❡st❛❜❡❧❡❝❡✉ ❝♦♥❞✐çõ❡s s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ✐ss♦ ♦❝♦rr❡ss❡✱ ❡♠ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r✱
❞❛❞❛s ♣❡❧♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✺✻✳ ❙❡❥❛ D = Db(H) ❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ ❧✐♠✐t❛❞❛ ❞❡ H✱ ❡♠ q✉❡ H é
✉♠❛ K✲❝❛t❡❣♦r✐❛ ❛❜❡❧✐❛♥❛ ❤❡r❡❞✐tár✐❛✳ ❙✉♣♦♥❤❛ G : D → D ✉♠ ❛✉t♦♠♦r✜s♠♦ q✉❡
s❛t✐s❢❛ç❛✿

✭✐✮ P❛r❛ ❝❛❞❛ U ❡♠ indH✱ ❛♣❡♥❛s ✉♠ ♥ú♠❡r♦ ✜♥✐t♦s ♦❜❥❡t♦s GiU ✱ i ∈ Z✱ ❡stã♦
❡♠ indH✳

✭✐✐✮ ❊①✐st❡ ❛❧❣✉♠ ✐♥t❡✐r♦ N ∈ N t❛❧ q✉❡ {U [n]; U ∈ indH, n ∈ [−N,N ]} ❝♦♥té♠
✉♠ s✐st❡♠❛ ❞❡ r❡♣r❡s❡♥t❛♥t❡s ❞❛s ór❜✐t❛s ❞❡ G s♦❜r❡ indD.

❊♥tã♦ ❡①✐st❡ ✉♠❛ tr✐❛♥❣✉❧❛çã♦ ❞❛ ❝❛t❡❣♦r✐❛ ór❜✐t❛ D/G t❛❧ q✉❡ ♦ ❢✉♥t♦r ♣r♦❥❡çã♦
π : D → D/G é tr✐❛♥❣✉❧❛r✳

❉❡♠♦♥str❛çã♦✿ ❚❡♦r❡♠❛ ✶✱ ❡♠ ❬✶✾❪✳ �

❈❛❜❡ s❛❧✐❡♥t❛r q✉❡ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛ ♥ã♦ ❛♣r❡s❡♥t❛✱ ❞❡ ❢♦r♠❛
❡①♣❧í❝✐t❛✱ ♦s tr✐â♥❣✉❧♦s ♥❛ ❝❛t❡❣♦r✐❛ ór❜✐t❛ D/G✳

❙❡❥❛♠ Q ✉♠ q✉✐✈❡r ✜♥✐t♦✱ ❝♦♥❡①♦ ❡ s❡♠ ❝✐❝❧♦s ♦r✐❡♥t❛❞♦s✱ K ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛✲
♠❡♥t❡ ❢❡❝❤❛❞♦ ❡ s❡❥❛ KQ ❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s ❞♦ q✉✐✈❡r Q✳ ❈♦♥s✐❞❡r❡♠♦s T ❛
❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ ❧✐♠✐t❛❞❛ Db(KQ) ❞❡ KQ✲♠ó❞✉❧♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s ❝♦♠ ❢✉♥✲
t♦r s❤✐❢t [1]✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❞❡♥♦t❛r❡♠♦s Db(KQ) ♣♦r DQ✳ ❙❡❥❛ F : DQ → DQ

♦ ❢✉♥t♦r tr✐â♥❣✉❧♦ F = τ−1[1]✱ ❡♠ q✉❡ τ ❞❡♥♦t❛ ❛ tr❛♥s❧❛çã♦ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥✳
❈♦♠♦ ❝♦♠♣♦s✐çã♦ ❞❡ ❞♦✐s ❛✉t♦♠♦r✜s♠♦s✱ τ ❡ [1]✱ s❡❣✉❡ q✉❡ F é ✉♠ ❛✉t♦♠♦r✜s♠♦
❞❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ ❧✐♠✐t❛❞❛ DQ✳

▲❡♠❛ ✺✼✳ ❙❡❥❛ {1, . . . , n} ✈ért✐❝❡s ❞♦ q✉✐✈❡r Q✳ ❈♦♥s✐❞❡r❡♠♦s ❛s ♠❡s♠❛s ♥♦t❛çõ❡s
❛❝✐♠❛✱ ❡♥tã♦ S = ind (modKQ)

⋃
{Pi[1] � 1 ≤ i ≤ n} é ✉♠ s✐st❡♠❛ ❞❡ r❡♣r❡s❡♥✲

t❛♥t❡s ❞❛s ór❜✐t❛s ❞❡ F s♦❜r❡ indDQ✱ ♦♥❞❡ Pi é ✉♠ ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧✳

❉❡♠♦♥str❛çã♦✿ ❉❡ ❢❛t♦✱ s❡❥❛ M ∈ ind (modKQ)✱ s✉♣♦♥❤❛ ♣r✐♠❡✐r❛♠❡♥t❡ M
✉♠ ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦✱ ❡♥tã♦ τ−1M ♥ã♦ é ♣r♦❥❡t✐✈♦ ✭♣♦✐s KQ é ❤❡r❡❞✐tár✐❛✮ ❡✱ ❞❛í
FM = τ−1M [1] ♥ã♦ ♣❡rt❡♥❝❡ ❛ ind (modKQ) ✭♣♦r s❡r tr❛♥s❧❛çã♦✮ ❡ ♥❡♠ ❛♦ ❝♦♥✲
❥✉♥t♦ {Pi[1] � 1 ≤ i ≤ n}✳ ▲♦❣♦✱ FM /∈ S✳ ❙✉♣♦♥❤❛ ❛❣♦r❛M ♥ã♦ ♣r♦❥❡t✐✈♦✱ ❡♥tã♦
M [1] /∈ S✳ ▲♦❣♦✱ FM = τ−1M [1] /∈ S✳ ❋✐♥❛❧♠❡♥t❡✱ s❡ M ∈ {Pi[1] � 1 ≤ i ≤ n}✱
❡♥tã♦ M = Pi[1] ♣❛r❛ ❛❧❣✉♠ i✳ ❆ss✐♠✱ FM = FPi[1] = τ−1Pi[2] ❡✱ ❝❧❛r❛♠❡♥t❡✱
τ−1Pi[2] /∈ S✳ P♦rt❛♥t♦✱ S ♣♦ss✉✐ s♦♠❡♥t❡ ✉♠ r❡♣r❡s❡♥t❛♥t❡ ❞❡ ❝❛❞❛ F ✲ór❜✐t❛✳
❆❧é♠ ❞✐ss♦✱ ❡st❡s sã♦ t♦❞♦s ♦s r❡♣r❡s❡♥t❛♥t❡s ❞❛s ór❜✐t❛s ❞❡ F s♦❜r❡ indDQ✳ ❉❡
❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ♦✉tr♦ r❡♣r❡s❡♥t❛♥t❡ U q✉❡ ♥ã♦ ❡stá ❡♠ S✳ ❆ss✐♠✱ U é
❞❛ ❢♦r♠❛ M [i] ♣❛r❛ ❛❧❣✉♠ KQ✲♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ M ✱ ❝♦♠ i ∈ Z∗ − {1} ♦✉
é ❞❛ ❢♦r♠❛ M [1] ♣❛r❛ ❛❧❣✉♠ KQ✲♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ M ♥ã♦ ♣r♦❥❡t✐✈♦✳ ◆♦t❡
q✉❡ ❜❛st❛ ♣r♦✈❛r ♣❛r❛ U = M [1]✳ ❈♦♠♦ M é ♥ã♦ ♣r♦❥❡t✐✈♦ τM ∈ ind (modKQ)

❡✱ F (τM) = τ−1[1](τM) = M [1] = U ✱ ❞❛í Ũ = τ̃M ∈ S✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♥♦ss❛
❤✐♣ót❡s❡✳ �

Pr♦♣♦s✐çã♦ ✺✽✳ ❙❡❥❛♠ X, Y ∈ S✱ t❡♠♦s HomDQ
(X,F iY ) = 0✱ ♣❛r❛ t♦❞♦ i 6= 0, 1✳

✹✸



❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ F = τ−1[1] t❡♠♦s q✉❡ HomDQ
(X,F iY ) =

= HomDQ
(X, τ−iY [i])✳ P❡❧♦ ❢❛t♦ ❞❡ KQ s❡r ❤❡r❡❞✐tár✐❛✱ s❡❣✉❡ ❞❡ ✭✶✳✶✮✱ ♣á❣✐♥❛

✷✵✱ q✉❡✿

HomDQ

(
X,F iY

)
= HomDQ

(
X, τ−iY [i]

)
= ExtiKQ

(
X, τ−iY

)
= 0,

♣❛r❛ i < 0 ❡ i ≥ 2✳ �

✸✳✹ ❈❛t❡❣♦r✐❛s ❈❧✉st❡r

❉❡✜♥✐çã♦ ✺✾✳ ❙❡❥❛♠ Q ✉♠ q✉✐✈❡r ✜♥✐t♦✱ ❝♦♥❡①♦ ❡ ❛❝í❝❧✐❝♦✱ KQ ❛ á❧❣❡❜r❛ ❞❡
❝❛♠✐♥❤♦s ❞♦ q✉✐✈❡r Q✱ ❡♠ q✉❡ K é ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✱ ❡ DQ ❛
❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ ❧✐♠✐t❛❞❛ ❞❡ KQ✲♠ó❞✉❧♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s ❝♦♠ ❢✉♥t♦r s❤✐❢t
❬✶❪✳ ❈♦♥s✐❞❡r❡ F : DQ → DQ ♦ ❢✉♥t♦r tr✐â♥❣✉❧♦ F = τ−1[1]✱ ❡♠ q✉❡ τ ❞❡♥♦t❛ ❛
tr❛♥s❧❛çã♦ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥✳ ❉❡✜♥✐♠♦s ❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ ❝♦♠♦ ❛ ❝❛t❡❣♦r✐❛
ór❜✐t❛ DQ/F ❝✉❥♦s ♦❜❥❡t♦s sã♦ ❛s F ✲ór❜✐t❛s ❞❡ ♦❜❥❡t♦s ❡♠ DQ✱ ♦✉ s❡❥❛✱ ♣❛r❛ ❝❛❞❛
X ∈ DQ✱ ❛ F ✲ór❜✐t❛ X̃ = {F iX / i ∈ Z} é ✉♠ ♦❜❥❡t♦ ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r ❡ ♦s
♠♦r✜s♠♦s sã♦ ❞❛❞♦s ♣♦r✿

HomCQ

(
X̃, Ỹ

)
=
⊔

i∈Z

HomDQ

(
X,F iY

)
,

❡♠ q✉❡✱ X ❡ Y sã♦ ♦❜❥❡t♦s ❡♠ DQ ❡✱ X̃ ❡ Ỹ sã♦ ♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ♦❜❥❡t♦s ❡♠ CQ✳

▲❡♠❛ ✻✵✳ ❈♦♥s✐❞❡r❡ ❛s ♠❡s♠❛s ♥♦t❛çõ❡s ❞❛ ❞❡✜♥✐çã♦ ❛❝✐♠❛ ❡♥tã♦ F s❛t✐s❢❛③ ❛s
❝♦♥❞✐çõ❡s (i) ❡ (ii) ❞♦ ❚❡♦r❡♠❛ ✺✻✳

❉❡♠♦♥str❛çã♦✿ ❉❡ ❢❛t♦✱ ♣❡❧❛ ❞❡s❝r✐çã♦ ♥♦ ❡①❡♠♣❧♦ ✸✹ é s✉✜❝✐❡♥t❡ ❛♥❛❧✐s❛r ♦s
KQ✲♠ó❞✉❧♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✳ ❙❡❥❛M ✉♠ KQ✲♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ é ❝❧❛r♦ q✉❡
s♦♠❡♥t❡ F 0M ∈ ind(modKQ)✱ s❛t✐s❢❛③❡♥❞♦ ♦ ✐t❡♠ (i)✳ ❖ ✐t❡♠ (ii) ❢♦✐ ❞❡♠♦♥str❛❞♦
♥♦ ▲❡♠❛ ✺✼✳ �

◗✉❛♥❞♦ X, Y ∈ S✱ ❛ Pr♦♣♦s✐çã♦ ✺✽ ♥♦s ❣❛r❛♥t❡ q✉❡✿

HomCQ

(
X̃, Ỹ

)
= HomDQ

(X, Y ) ⊔ HomDQ
(X,FY )

= HomDQ
(X, Y )⊕ HomDQ

(X,FY ) ,
✭✸✳✶✮

♣♦✐s ❝♦♠♦ ❛♣❡♥❛s ♣❛r❛ ❞♦✐s ✈❛❧♦r❡s ❞❡ i t❡♠♦sHomDQ
(X,F iY ) 6= 0✱ ❡♥tã♦ ♦ ♣r♦❞✉t♦

♥❛ ❝❛t❡❣♦r✐❛ DQ é ✐s♦♠♦r❢♦ ❛♦ ❝♦✲♣r♦❞✉t♦✳ ❉❡st❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❞❡♥♦t❛r ✉♠

♠♦r✜s♠♦ f̃ ∈ HomCQ

(
X̃, Ỹ

)
♣♦r f̃ =

[
f0 f1

]
✱ ❝♦♠ f0 ∈ HomDQ

(X, Y ) ❡ f1 ∈

HomDQ
(X,FY )✳ ◗✉❛♥❞♦ ♥ã♦ ❤♦✉✈❡r r✐s❝♦ ❞❡ ❛♠❜✐❣✉✐❞❛❞❡✱ ❞❡♥♦t❛r❡♠♦s ♦s ♦❜❥❡t♦s

X̃ ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ s✐♠♣❧❡s♠❡♥t❡ ♣♦r X✳

❈♦♠♦ F é ✉♠ ❛✉t♦♠♦r✜s♠♦ s❡❣✉❡ ❞♦ ❧❡♠❛ ❛❝✐♠❛ ❡ ❞♦ ❚❡♦r❡♠❛ ✺✻ q✉❡ ❛ ❝❛t❡❣♦r✐❛
❝❧✉st❡r CQ = DQ/F é ✉♠❛ ❝❛t❡❣♦r✐❛ tr✐❛♥❣✉❧❛❞❛ ❝✉❥♦ ❢✉♥t♦r ♣r♦❥❡çã♦ π : DQ →

DQ/F ✱ q✉❡ ❛ss♦❝✐❛ ❝❛❞❛ X ❡♠ DQ à s✉❛ F ✲ór❜✐t❛ X̃✱ ❡ ❝❛❞❛ ♠♦r✜s♠♦ f ∈ DQ✱

✹✹



♦ ♠♦r✜s♠♦ f̃ ∈ CQ✱ ♣r♦❥❡çã♦ ❞❡ f ✱ ❞❛❞♦ ♣♦r f̃ =
[
f 0

]
✱ é tr✐❛♥❣✉❧❛r✳ ❈♦♠♦

❝♦♥s❡q✉ê♥❝✐❛ ❞✐st♦✱ ♦ ❢✉♥t♦r s✉s♣❡♥sã♦ [1]CQ ❡♠ CQ é ✐♥❞✉③✐❞♦ ♣❡❧♦ ❢✉♥t♦r s✉s♣❡♥sã♦

[1]DQ
❡♠ DQ✱ ♦✉ s❡❥❛✱ X̃[1]CQ = X̃[1]DQ

✳

❙❡❥❛ A ✉♠❛ K✲á❧❣❡❜r❛ ❡ ❝♦♥s✐❞❡r❡ modA ❛ ❝❛t❡❣♦r✐❛ ❞❡ A✲♠ó❞✉❧♦s✳ ➱ ❝♦♥❤❡❝✐❞♦
q✉❡ ❞❛❞♦s M,N ∈ modA t❡♠♦s Ext1A(M,N) ∼= HomDb(A) (M,N [1])✳ ❊st❡ r❡s✉❧✲
t❛❞♦ ♠♦t✐✈❛ ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦ ❞❡ Ext1T (X, Y ) ♥✉♠❛ ❝❛t❡❣♦r✐❛ tr✐❛♥❣✉❧❛❞❛ T ❝♦♠
❢✉♥t♦r s✉s♣❡♥sã♦ ❬✶❪✳ P❛r❛ q✉❛✐sq✉❡r ♦❜❥❡t♦s X, Y ∈ T t❡♠♦s✿

Ext1T (X, Y ) := HomT (X, Y [1])

❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ q✉❡✱ ♣❛r❛ q✉❛✐sq✉❡r ❝♦♠♣❧❡①♦s X, Y ∈ DQ ❡ ♦❜❥❡t♦s X̃, Ỹ ∈ CQ
✿

Ext1DQ
(X, Y ) := HomDQ

(X, Y [1]) ❡ Ext1CQ

(
X̃, Ỹ

)
:= HomCQ

(
X̃, Ỹ [1]

)
,

♥❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ DQ ❡ ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❛í t❡♠♦s
q✉❡✿

Ext1CQ

(
X̃, Ỹ

)
= HomCQ

(
X̃, Ỹ [1]

)

=
⊕
i∈Z

HomDQ
(X,F iY [1])

=
⊕
i∈Z

Ext1DQ
(X,F iY ) .

❧♦❣♦✱
Ext1CQ

(
X̃, Ỹ

)
=
⊕

i∈Z

Ext1DQ

(
X,F iY

)
, ✭✸✳✷✮

P❡❧❛ Pr♦♣♦s✐çã♦ ✺✽ ♣❛r❛ X, Y ❡♠ S✱ t❡♠♦s✿

Ext1CQ

(
X̃, Ỹ

)
= Ext1DQ

(X, Y )⊕ Ext1DQ
(X,FY ) ✭✸✳✸✮

❊①❡♠♣❧♦ ✻✶✳ ❙❡❥❛ Q ♦ q✉✐✈❡r

2 // 1 3oo

♦ q✉✐✈❡r ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❞❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s KQ✱ é✿

P2

��

I3

P1

>>

  

I1

??

��
P3

??

I2

✹✺



P❡❧♦ ❢❛t♦ ❞❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦sKQ s❡r ❤❡r❡❞✐tár✐❛✱ ♣♦❞❡♠♦s ❞❡s❝r❡✈❡r ❛ ❝❛t❡❣♦r✐❛
❞❡r✐✈❛❞❛ DQ ❞❛❞❛ ♣♦r✿

· · ·

��

P2

��

I3

��

P3[1]

��

I2[1]

��

P2[2]

��
P1

CC

��

I1

��

DD

P1[1]

AA

��

I1[1]

��

BB

P1[2]

AA

��

· · ·

· · ·

DD

P3

CC

I2

BB

P2[1]

AA

I3[1]

AA

P3[2]

CC

❱❛♠♦s ✐❞❡♥t✐✜❝❛r ♦s ♦❜❥❡t♦s q✉❡ ❡stã♦ ♥❛ ♠❡s♠❛ F ✲ór❜✐t❛ ♣❛r❛ ❝♦♥str✉ír♠♦s ❛
❝❛t❡❣♦r✐❛ ❝❧✉st❡r✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ♠ó❞✉❧♦ P1✱ t❡♠♦s✿

FP1 = τ−1P1[1] = I1[1],

❛ss✐♠ P1 ❡♥❝♦♥tr❛✲s❡ ♥❛ ♠❡s♠❛ F ✲ór❜✐t❛ q✉❡ I1[1]✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ ♦ ♠ó❞✉❧♦
P2✱ t❡♠♦s q✉❡ P2 ❡stá ♥❛ ♠❡s♠❛ F ✲ór❜✐t❛ q✉❡ I3[1]✱ ♣♦✐s✿

FP2 = τ−1P2[1] = I3[1].

❋❛③❡♥❞♦ ♦ ♠❡s♠♦ ♣r♦❝❡ss♦ ♣❛r❛ ♦ ♠ó❞✉❧♦ P3 ♦❜t❡♠♦s✿

FP3 = τ−1P3[1] = I2[1],

✐st♦ é✱ P3 ❡stá ♥❛ ♠❡s♠❛ F ✲ór❜✐t❛ q✉❡ I2[1]✳ ❉❡ss❛ ❢♦r♠❛✱ ✐❞❡♥t✐✜❝❛♠♦s ♥♦ q✉✐✈❡r
❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ♦s r❡♣r❡s❡♥t❛♥t❡s ❞❛s F ✲ór❜✐t❛s✱ ♦✉ s❡❥❛✱

· · ·

��

P2

��

I3

��

P3[1]

��

P3

��

I2

��
P1

CC

��

I1

��

DD

P1[1]

AA

��

P1

��

CC

I1

DD

��

· · ·

· · ·

DD

P3

CC

I2

BB

P2[1]

BB

P2

DD

I3

DD

P♦rt❛♥t♦✱ r❡str✐♥❣✐♥❞♦ às ór❜✐t❛s✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ✿

P̃2

��

Ĩ3

��

P̃3[1]

P̃1

DD

��

Ĩ1

��

EE

P̃1[1]

BB

��

P̃3

DD

Ĩ2

DD

P̃2[1]

❖❜s❡r✈❡ q✉❡✱ ❛s ✢❡❝❤❛s ♥❛ ✜❣✉r❛ ❛❝✐♠❛ sã♦ s♦♠❛s ❞✐r❡t❛s ❞❡ ♠♦r✜s♠♦s✳ P♦r ❡①❡♠✲
♣❧♦✱ ❛ ✢❡❝❤❛ P̃2 → Ĩ1 ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ♠♦r✜s♠♦ f̃ ∈ HomCQ

(
P̃2, Ĩ1

)
✳ ❈♦♠♦

P2, I1 ∈ S✱ ❡♥tã♦ ♣♦r ✭✸✳✶✮✱ HomCQ

(
P̃2, Ĩ1

)
= HomDQ

(P2, I1) ⊕ HomDQ
(P2, F I1)✳

❆ss✐♠✱ f̃ =
[
f0 f1

]
✱ ❡♠ q✉❡ f0 ∈ HomDQ

(P2, I1) é ❛ ✢❡❝❤❛ ♥♦ q✉✐✈❡r ❞❡
❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❞❡ modKQ ❡ f1 ∈ HomDQ

(P2, F (I1)) = HomDQ
(P2, P1[2])) = 0✱

♦✉ s❡❥❛✱ f1 = 0✳

✹✻



Pr♦♣♦s✐çã♦ ✻✷✳ ❙❡❥❛ DQ ❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ ❧✐♠✐t❛❞❛ ❞❡ KQ✲♠ó❞✉❧♦s ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦s ❡ s❡❥❛ F : DQ → DQ ♦ ❢✉♥t♦r tr✐â♥❣✉❧♦ F = τ−1[1]✳ ❊♥tã♦ ❛ ❝❛t❡❣♦r✐❛
tr✐❛♥❣✉❧❛❞❛ CQ é ✉♠❛ ❝❛t❡❣♦r✐❛ ❞❡ ❑r✉❧❧✲❙❝❤♠✐❞t✳

❉❡♠♦♥str❛çã♦✿ Pr♦♣♦s✐çã♦ ✶✳✷ ❡♠ ❬✹❪✳ �

❯t✐❧✐③❛♥❞♦ ❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ ❡ s✉❛ ❞❡♠♦♥str❛çã♦ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ ♦s ♦❜✲
❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❡♠ CQ sã♦ ❡①❛t❛♠❡♥t❡ ❞❛ ❢♦r♠❛ X̃ ♣❛r❛ X ✉♠ ♦❜❥❡t♦ ❡♠
S = ind (modKQ)

⋃
{Pi[1] � 1 ≤ i ≤ n}✱ ❛ ❣r♦ss♦ ♠♦❞♦✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ♦s

♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ sã♦ ♦s ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❡♠
modKQ ♠❛✐s n ♦❜❥❡t♦s ❡①tr❛s q✉❡ sã♦ ♦s n ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♣r♦❥❡t✐✈♦s Pi[1]✳ ❉❛í
♣❛r❛ X̃ ❡ Ỹ ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❡♠ CQ t❡♠♦s ❛ ✐❣✉❛❧❞❛❞❡ ✭✸✳✶✮✱ ♦✉ s❡❥❛✱

HomCQ

(
X̃, Ỹ

)
= HomDQ

(X, Y )⊕ HomDQ
(X,FY ) .

❆✐♥❞❛ ♣❡❧♦ ❢❛t♦ ❞❡ CQ s❡r ❞❡ ❑r✉❧❧✲❙❝❤♠✐❞t✱ ❛❧é♠ ❞❡ ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✱ t❡♠♦s
♦s ❝♦♥❝❡✐t♦s ❞❡ ♠♦r✜s♠♦s ✐rr❡❞✉tí✈❡✐s ♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ❝♦♥str✉✐r ✉♠❛ ❚❡♦r✐❛ ❞❡
❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ s♦❜r❡ CQ✳ ❖s tr✐â♥❣✉❧♦s ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❡♠ CQ sã♦ ✐♥❞✉③✐❞♦s
♣❡❧♦s tr✐â♥❣✉❧♦s ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❡♠ DQ✱ ❝♦♠♦ ♠♦str❛ ❛ ♣r♦♣♦s✐çã♦ ❛❜❛✐①♦✿

Pr♦♣♦s✐çã♦ ✻✸✳ ❙❡❥❛ Q ✉♠ q✉✐✈❡r ❛❝í❝❧✐❝♦ ❡ s❡❥❛ DQ ❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ ❧✐♠✐t❛❞❛
❞❡ KQ✲♠ó❞✉❧♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✳ ❈♦♥s✐❞❡r❡ F : DQ → DQ ♦ ❢✉♥t♦r tr✐â♥❣✉❧♦
F = τ−1[1]✳ ❊♥tã♦ CQ ♣♦ss✉✐ tr✐â♥❣✉❧♦s ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❡ t♦❞♦ tr✐â♥❣✉❧♦ ❞❡
❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❡♠ CQ é ♣r♦❥❡çã♦ ❞❡ ✉♠ tr✐â♥❣✉❧♦ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❡♠ DQ✳
❆❧é♠ ❞✐ss♦✱ ♦ q✉✐✈❡r ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❞❡ CQ é Q(DQ)�F ✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ X̃ ✉♠ ♦❜❥❡t♦ ❡♠ indCQ✳ ❈♦♠♦ ❛ ❝❛t❡❣♦r✐❛ DQ é ❤❡r❡❞✐tár✐❛
❡ X é ✉♠ ♦❜❥❡t♦ ❡♠ S ⊆ indDQ ❡①✐st❡ ♦ tr✐â♥❣✉❧♦

τX
f // E

g // X
s // τX[1] ✭✸✳✹✮

❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❡♠ DQ✳ P❡❧♦ ❢❛t♦ ❞❡ π : DQ → DQ/F s❡r ✉♠ ❢✉♥t♦r tr✐â♥❣✉❧♦
t❡♠♦s q✉❡ ❡①✐st❡ ♦ tr✐â♥❣✉❧♦ ✐♥❞✉③✐❞♦

τ̃X
f̃ // Ẽ

g̃ // X̃ s̃ // τ̃X[1] ✭✸✳✺✮

❡♠ CQ✳ ◗✉❡r❡♠♦s ♠♦str❛r q✉❡ ♦ tr✐â♥❣✉❧♦ ✸✳✺ é ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥✱ ♦✉ s❡❥❛✱ f̃
é q✉❛s❡ ❝✐♥❞✐❞❛ à ❡sq✉❡r❞❛✱ g̃ é q✉❛s❡ ❝✐♥❞✐❞❛ à ❞✐r❡✐t❛ ❡ s̃ 6= 0✳ ❊♠ r❛③ã♦ ❞❡
s̃ s❡r ♣r♦❥❡çã♦ ❞❡ s t❡♠♦s s̃ =

[
s 0

]
✳ ❈♦♠♦ ♦ tr✐â♥❣✉❧♦ ✸✳✹ é ❞❡ ❆✉s❧❛♥❞❡r✲

❘❡✐t❡♥ t❡♠♦s s 6= 0✳ ❆ss✐♠✱ s̃ 6= 0✳ ❙❡❥❛ Z̃ ❡♠ indCQ✱ ❝♦♠ τ̃X ≇ Z̃ ❡ s❡❥❛
h̃ : τ̃X → Z̃ ✉♠ ♠♦r✜s♠♦ ♥ã♦ s❡çã♦✳ ❈♦♠♦ τ̃X✱ Z̃ ∈ indCQ✱ ❡♥tã♦ h̃ =

[
h0 h1

]

❝♦♠ h0 ∈ HomDQ
(τX, Z) ❡ h1 ∈ HomDQ

(τX, FZ)✳ ❊♠ ✈✐rt✉❞❡ ❞❡ τ̃X ≇ Z̃✱ s❡❣✉❡
q✉❡ τX /∈ Z̃✱ ❧♦❣♦ τX ≇ F iZ ❡ hi ♥ã♦ é s❡çã♦✱ ♣❛r❛ i = 0, 1✳ ❆ss✐♠✱ ❡①✐st❡♠
t0 : E → Z ❡ t1 : E → FZ t❛✐s q✉❡ ft0 = h0 ❡ ft1 = h1✱ ♦✉ s❡❥❛✱ ♦ s❡❣✉✐♥t❡
❞✐❛❣r❛♠❛✿

τX
f //

hi
��

E

ti}}
F iZ

✹✼



é ❝♦♠✉t❛t✐✈♦✳ ▲♦❣♦✱ t♦♠❡ t̃ =
[
t0 t1

]
, ❝♦♠ t0 ∈ HomDQ

(E,Z) ❡
t1 ∈ HomDQ

(E,FZ)✳ P❡❧♦ ❢❛t♦ ❞❡ f̃ s❡r ♣r♦❥❡çã♦ ❞❡ f t❡♠♦s f̃ =
[
f 0

]
✱ ❞❛í

f̃ t̃ =
[
f 0

]
·

[
t0 t1
F 1t1 F 1t0

]
=
[
ft0 ft1

]
=
[
h0 h1

]
= h̃

P♦rt❛♥t♦✱ f̃ é q✉❛s❡ ❝✐♥❞✐❞❛ à ❡sq✉❡r❞❛✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♠♦str❛♠♦s q✉❡ g̃ é q✉❛s❡
❝✐♥❞✐❞❛ à ❞✐r❡✐t❛ ❡✱ ❞❛í ✸✳✺ é ✉♠ tr✐â♥❣✉❧♦ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥✳

❈♦♠♦ ♦ tr✐â♥❣✉❧♦ ✸✳✺ é ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ s❡❣✉❡ q✉❡ τ̃DQ
X = τCQX̃✳ ❆❧é♠ ❞✐ss♦✱

Q(DQ)/F é ♦ q✉✐✈❡r ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❞❡ CQ✳ �

❆ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ ❝❛r❛❝t❡r✐③❛ ♦s tr✐â♥❣✉❧♦s ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉s✲
t❡r CQ✱ ❡♠❜♦r❛ ♦s tr✐â♥❣✉❧♦s ❡①❛t♦s ❡♠ CQ ♥ã♦ s❡❥❛♠✱ ❞❡ ❢♦r♠❛ ❣❡r❛❧✱ ♣r♦❥❡çõ❡s ❞❡
tr✐â♥❣✉❧♦s ❡♠ DQ✳ ◆❛ ✈❡r❞❛❞❡ ♥ã♦ ❡①✐st❡ ✉♠❛ ❞❡s❝r✐çã♦ ❡①♣❧í❝✐t❛ ❞♦s tr✐â♥❣✉❧♦s
❡①❛t♦s ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ✶✳

❯♠ r❡s✉❧t❛❞♦ ✐♥t❡r❡ss❛♥t❡ ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r é q✉❡ ♦ ❢✉♥t♦r s✉s♣❡♥sã♦ é ✐❣✉❛❧ ❛
tr❛♥s❧❛çã♦ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥✱ ❝♦♠♦ ♠♦str❛ ♦ ❝♦r♦❧ár✐♦ ❛❜❛✐①♦✿

❈♦r♦❧ár✐♦ ✻✹✳ τCQ = [1]CQ✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ M̃ ✉♠ ♦❜❥❡t♦ ❡♠ CQ✱ ❡♥tã♦

τCQM̃ = τ̃M = τ̃FM = ˜ττ−1M [1] = M̃ [1] = M̃ [1]CQ ,

❛ ♣r✐♠❡✐r❛ ✐❣✉❛❧❞❛❞❡ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✻✸✳ �

❖ r❡s✉❧t❛❞♦ ❛❝✐♠❛ ♥♦s ❣❛r❛♥t❡ ✉♠ ❢❛t♦ ♠✉✐t♦ ✐♥t❡r❡ss❛♥t❡✳ ❱❡❥❛ ♦ ❡①❡♠♣❧♦ ❛❜❛✐①♦✳

❈♦♥s✐❞❡r❡ ♦ ♠♦r✜s♠♦ f : I1 → I2 ⊕ I3 ❡♠ DQ ♥♦ ❡①❡♠♣❧♦ ✻✶✳ ❈♦♥str✉✐♥❞♦ ♦
tr✐â♥❣✉❧♦ ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥✱ ♦❜t❡♠♦s✿

I1
f // I2 ⊕ I3

g // P1[1] // I1[1]

P❡❧❛ ♣r♦♣♦s✐çã♦ ✻✸✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ tr✐â♥❣✉❧♦ ❡♠ CQ✿

Ĩ1
f // Ĩ2 ⊕ Ĩ3

g // P̃1[1] // Ĩ1[1] .

❙❡❣✉❡ q✉❡✿

Ĩ1
f // Ĩ2 ⊕ Ĩ3

g // P̃1[1] // Ĩ1[1]CQ .

P❡❧♦ ❈♦r♦❧ár✐♦ ✻✹✱ t❡♠♦s✿

Ĩ1
f // Ĩ2 ⊕ Ĩ3

g // P̃1[1] // τCQ Ĩ1 ,

✶❆ ❞❡♠♦♥str❛çã♦ ❞❛ tr✐❛♥❣✉❧❛çã♦ ❞❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r✱ ❡ ♠❛✐s ❣❡r❛❧♠❡♥t❡ ❞❛s ❝❛t❡❣♦r✐❛s ór❜✐t❛s
❝✉❥♦s ❛✉t♦♠♦r✜s♠♦s s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✺✻ é ❢❡✐t❛ ♣♦r ❑❡❧❧❡r✱ ❡♠ ❬✶✾❪✱ ♣♦r ✉♠❛
✐♠❡rsã♦ ❡①❛t❛ ❡♠ ✉♠❛ ❉● ❝❛t❡❣♦r✐❛ tr✐❛♥❣✉❧❛❞❛ ❞❡ ❋r♦❜❡♥✐✉s✳ ❖s ❡❧❡♠❡♥t♦s ♥❛ ✐♠❛❣❡♠ ❞❡st❛
✐♠❡rsã♦ ♥ã♦ ❡stã♦ ❡①♣❧í❝✐t♦s✳

✹✽



❞❛í t❡♠♦s✿

Ĩ1
f // Ĩ2 ⊕ Ĩ3

g // P̃1[1] // P̃1 .

P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ tr✐â♥❣✉❧♦ ❡♠ CQ✿

P̃1
h // P̃2 ⊕ P̃3

t // Ĩ1 // P̃1[1] .

P♦rt❛♥t♦✱

Ĩ1
f // Ĩ2 ⊕ Ĩ3

g // P̃1[1] // P̃1
h // P̃2 ⊕ P̃3

t // Ĩ1 // P̃1[1] ,

♦✉ s❡❥❛✱ ♦s tr✐â♥❣✉❧♦s ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r ❢♦r♠❛♠ ✉♠ ❝✐❝❧♦✳

❙❡❥❛ D = HomK (−, K) ♦ ❢✉♥t♦r ❝♦♥tr❛✈❛r✐❛♥t❡ q✉❡ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❞✉❛❧✐❞❛❞❡
❙t❛♥❞❛r❞✳ ◆❛ ❝❛t❡❣♦r✐❛ DQ é ❝♦♥❤❡❝✐❞❛ ❛ s❡❣✉✐♥t❡ ❞✉❛❧✐❞❛❞❡ ❞❡ ❙❡rr❡✿

Ext1DQ
(M,N) ≃ DHomDQ

(N, τM) , ✭✸✳✻✮

❡♠ q✉❡✱ M,N ∈ DQ✳ ❆ ♣r♦♣♦s✐çã♦ ❛❜❛✐①♦ ✐♥❞✉③ ✉♠❛ ❢ór♠✉❧❛ ❛♥á❧♦❣❛ ♣❛r❛ CQ✳

Pr♦♣♦s✐çã♦ ✻✺ ✭❉✉❛❧✐❞❛❞❡ ❞❡ ❙❡rr❡✮✳ ❙❡❥❛♠ X̃, Ỹ ♦❜❥❡t♦s ❡♠ CQ ❡ s❡❥❛
D = HomK (−, K)✳ ❆ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ t❡♠ ❞✉❛❧✐❞❛❞❡ ❞❡ ❙❡rr❡✱ ♦✉ s❡❥❛✱

Ext1CQ

(
X̃, Ỹ

)
≃ DHomCQ

(
Ỹ , τCQX̃

)
,

❢✉♥t♦r✐❛❧ ❡♠ ❛♠❜♦s X̃ ❡ Ỹ ✳

❉❡♠♦♥str❛çã♦✿ ❙❡❣✉❡ ❞♦s ✐s♦♠♦r✜s♠♦s s❡❣✉✐♥t❡s✿

Ext1CQ

(
X̃, Ỹ

)
= HomCQ

(
X̃, Ỹ [1]

)

=
⊕
i∈Z

HomDQ
(X, F iY [1])

≃
⊕
i∈Z

DHomDQ
(F iY, τX) s❡❣✉❡ ❞❡ ✭✸✳✻✮

=
⊕
i∈Z

DHomDQ
(Y, F iτX) F i é ❡q✉✐✈❛❧ê♥❝✐❛

= DHomCQ

(
Ỹ , τ̃X

)

= DHomCQ

(
Ỹ , τCQX̃

)

�

❯♠❛ ❝❛t❡❣♦r✐❛ tr✐❛♥❣✉❧❛❞❛ T é ❞✐t❛ ♥✲❈❛❧❛❜✐✲❨❛✉ s❡ ♣❛r❛ M, N ∈ T t❡♠♦s✿

HomT (M, N) ≃ DHomT (N, M [n]) .

❆ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ t❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡r ✷✲❈❛❧❛❜✐✲❨❛✉ ❣r❛ç❛s ❛ ♣r♦♣♦s✐çã♦
❛♥t❡r✐♦r q✉❡ ♥♦s ❣❛r❛♥t❡ ❛ ❞✉❛❧✐❞❛❞❡ ❞❡ ❙❡rr❡ ❡♠ CQ✱ ✈❡❥❛ ❛ ♣r♦♣♦s✐çã♦ ❛❜❛✐①♦✿

✹✾



Pr♦♣♦s✐çã♦ ✻✻✳ ❆ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ é ✷✲❈❛❧❛❜✐✲❨❛✉✱ ♦✉ s❡❥❛✱

HomCQ

(
X̃, Ỹ

)
≃ DHomCQ

(
Ỹ , X̃[2]

)
,

♣❛r❛ X̃, Ỹ ∈ CQ✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ X̃, Ỹ ∈ CQ✳ ➱ s✉✜❝✐❡♥t❡ ♠♦str❛r ❛ s❡❣✉✐♥t❡ ✧s✐♠❡tr✐❛✧
❞♦ ❢✉♥t♦r Ext1CQ ✿

Ext1CQ

(
X̃, Ỹ

)
≃ DExt1CQ

(
Ỹ , X̃

)
, ✭✸✳✼✮

♣♦✐s✱

HomCQ

(
X̃, Ỹ

)
= Ext1CQ

(
X̃, Ỹ [−1]

)

≃ DExt1CQ

(
Ỹ [−1], X̃

)
s❡❣✉❡ ❞❡ ✭✸✳✼✮

= DHomCQ

(
Ỹ [−1], X̃[1]

)

= DHomCQ

(
Ỹ , X̃[2]

)

❆❣♦r❛ ♠♦str❛r❡♠♦s q✉❡ ✭✸✳✼✮ ❞❡ ❢❛t♦ s❡ ✈❡r✐✜❝❛✳

Ext1CQ

(
X̃, Ỹ

)
≃ DHomCQ

(
Ỹ , τ̃X

)
= DHomCQ

(
Ỹ , X̃[1]

)
= DExt1CQ

(
Ỹ , X̃

)

❖ ✐s♦♠♦r✜s♠♦ s❡❣✉❡ ❞❛ ❞✉❛❧✐❞❛❞❡ ❞❡ ❙❡rr❡ ❡♠ CQ ❡ ❛ ♣r✐♠❡✐r❛ ✐❣✉❛❧❞❛❞❡ ❞❡
τCQ = [1]CQ ✳ �

Pr♦♣♦s✐çã♦ ✻✼✳ ❙❡❥❛ KQ ❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s ❞❡ ✉♠ q✉✐✈❡r Q ❛❝í❝❧✐❝♦✳

✭❛✮ ❙❡ X, Y ∈ DQ✱ ❡♥tã♦

Ext1DQ
(X, Y ) ≃ DExt1DQ

(
Y, F−1X

)
.

✭❜✮ ❙❡ X ❡ Y sã♦ KQ✲♠ó❞✉❧♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✱ ❡♥tã♦

Ext1CQ

(
X̃, Ỹ

)
≃ Ext1KQ (X, Y )⊕DExt1KQ (Y,X) .

✭❝✮ ❙❡ X ❡ Y sã♦ KQ✲♠ó❞✉❧♦s ❡ X é ♣r♦❥❡t✐✈♦✱ ❡♥tã♦

HomCQ

(
X̃, Ỹ

)
≃ HomKQ (X, Y ) .

❉❡♠♦♥str❛çã♦✿

✭❛✮
Ext1DQ

(X, Y ) ≃ DHomDQ
(Y, τX)

= DHomDQ
(Y [1], τX[1])

= DExt1DQ
(Y [1], τX)

= DExt1DQ
(Y, τX[−1])

= DExt1DQ
(Y, F−1X)

P♦rt❛♥t♦✱ Ext1DQ
(X, Y ) ≃ DExt1DQ

(Y, F−1X)✱ ❝♦♠♦ q✉❡rí❛♠♦s✳

✺✵



✭❜✮ ❙❡❥❛♠ X ❡ Y KQ✲♠ó❞✉❧♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✱ ❡♥tã♦

Ext1CQ

(
X̃, Ỹ

)
=
⊕
i∈Z

Ext1DQ
(X,F iY ) s❡❣✉❡ ❞❡ ✭✸✳✷✮

=
⊕
i∈Z

HomDQ
(X[−1], F iY )

=
⊕
i∈Z

HomDQ
(τ−1τX[−1], F iY )

=
⊕
i∈Z

HomDQ
(τ−1F−1X,F iY )

=
⊕
i∈Z

HomDQ
(τ−1X,F i+1Y )

❈♦♠♦ X ∈ ind (modKQ)✱ ❡♥tã♦ τ−1X ♣❡rt❡♥❝❡ ❛ S✳ ❉❛í✱ ♣❡❧❛ Pr♦♣♦s✐çã♦
✺✽✱ t❡♠♦s✿

Ext1CQ

(
X̃, Ỹ

)
= HomDQ

(τ−1X, Y )⊕ HomDQ
(τ−1X,FY )

= HomDQ
(τ−1X[1], Y [1])⊕ HomDQ

(X, τFY )

≃ Ext1DQ
(FX, Y )⊕DExt1DQ

(FY,X)

≃ DExt1KQ (Y,X)⊕ Ext1KQ (X, Y )

❊♠ q✉❡✱ ♦ ú❧t✐♠♦ ✐s♦♠♦r✜s♠♦ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❛s s❡❣✉✐♥t❡s ♦❜s❡r✈❛çõ❡s✳ P❡❧♦
✐t❡♠ (a) ❡ ♣❡❧♦ ❢❛t♦ ❞❡ X, Y s❡r❡♠ KQ✲♠ó❞✉❧♦s✱ t❡♠♦s✿

DExt1DQ

(
Y, F−1X

)
≃ Ext1DQ

(X, Y ) ≃ Ext1KQ (X, Y ) .

❆❧é♠ ❞✐ss♦✱

Ext1DQ
(FX, Y ) = Ext1DQ

(
X,F−1Y

)
= DExt1DQ

(Y,X) ≃ DExt1KQ (Y,X) .

✭❝✮ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ s✉♣♦♥❤❛ X, Y ∈ ind (modKQ)✱ s❡❣✉❡ ❞❛ Pr♦♣♦✲
s✐çã♦ ✺✽ q✉❡✿

HomCQ

(
X̃, Ỹ

)
= HomDQ

(X, Y )⊕ HomDQ
(X,FY ) . ✭✸✳✽✮

❆❣♦r❛✱ ♥♦t❡ q✉❡✿

DHomDQ
(X, FY ) = DHomDQ

(X, τ−1Y [1])
≃ DHomDQ

(τX, Y [1])
= Ext1DQ

(τX, Y ) .

❈♦♠♦ X é ♣r♦❥❡t✐✈♦ ♣♦r ❤✐♣ót❡s❡✱ ❡♥tã♦ τX = I[−1]✱ ♣❛r❛ ❛❧❣✉♠ ♠ó❞✉❧♦
✐♥❥❡t✐✈♦ I✱ ❛ss✐♠✿

DHomDQ
(X,FY ) ≃ Ext1DQ

(τX, Y ) = Ext1DQ
(I[−1], Y ) ≃ Ext2KQ (I, Y ) = 0,

♣♦✐s KQ é ❤❡r❡❞✐tár✐❛✳ ▲♦❣♦✱ HomDQ
(X,FY ) = 0 ❞❛í s✉❜st✐t✉✐♥❞♦ ❡st❡

r❡s✉❧t❛❞♦ ❡♠ ✭✸✳✽✮ t❡♠♦s✿

HomCQ

(
X̃, Ỹ

)
= HomDQ

(X, Y ) ≃ HomKQ (X, Y ) .

�

✺✶



✸✳✺ ❚❡♦r✐❛ ❚✐❧t✐♥❣ ❡♠ ❝❛t❡❣♦r✐❛s ❝❧✉st❡r

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛ t❡♦r✐❛ t✐❧t✐♥❣ ❡♠ ❝❛t❡❣♦r✐❛s ❝❧✉st❡r t❡♥❞♦ ❝♦♠♦ r❡❢❡✲
rê♥❝✐❛ ❬✹❪✳ ❘♦❜❡rt ▼❛rs❤✱ ▼❛r❦✉s ❘❡✐♥❡❦❡ ❡ ❆♥❞r❡✐ ❩❡❧❡✈✐♥s❦② ❡♠ ✷✵✵✸ ♠♦str❛r❛♠
q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥❡①ã♦ ❡♥tr❡ á❧❣❡❜r❛s ❝❧✉st❡r ❡ t❡♦r✐❛ t✐❧t✐♥❣ ♣❛r❛ á❧❣❡❜r❛s ❤❡r❡❞✐✲
tár✐❛s ❡♠ ❬✷✷❪✱ ♠♦t✐✈❛♥❞♦ ❛ss✐♠ ❛ ❝r✐❛çã♦ ❞❡st❛ t❡♦r✐❛✳ ◆❡st❡ tr❛❜❛❧❤♦ ❡st❛ t❡♦r✐❛
s❡rá ✉t✐❧✐③❛❞❛ ♣❛r❛ ❢❛③❡r ❝♦♥❡①ã♦ ❡♥tr❡ á❧❣❡❜r❛s ❝❧✉st❡r ❡ ❝❛t❡❣♦r✐❛s ❝❧✉st❡r✳ ❆♦
❧♦♥❣♦ ❞❡st❛ s❡çã♦ KQ é ❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s ❤❡r❡❞✐tár✐❛ ❞❡ ✉♠ q✉✐✈❡r Q ❛❝í❝❧✐❝♦✳

❉❡✜♥✐çã♦ ✻✽✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ T ❞❡ ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♥ã♦✲✐s♦♠♦r❢♦s ❡♠
DQ ♦✉ ❡♠ CQ é ❞✐t♦ ✉♠❛ Ext✲❝♦♥✜❣✉r❛çã♦✱ s❡✿

✭❊✶✮ Ext1• (X, Y ) = 0 ♣❛r❛ t♦❞♦ X✱ Y ❡♠ T ✱ ❡❀

✭❊✷✮ P❛r❛ q✉❛❧q✉❡r ✐♥❞❡❝♦♠♣♦♥í✈❡❧ Z /∈ T ❡①✐st❡ ❛❧❣✉♠X ∈ T t❛❧ q✉❡ Ext1• (X,Z) 6=
0✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ♠♦str❛ q✉❡ ✉♠❛ Ext✲❝♦♥✜❣✉r❛çã♦ ❡♠ DQ é ❡stá✈❡❧ s♦❜
❛ ❛çã♦ ❞♦ ❢✉♥t♦r F = τ−1[1]✳ ❊st❡ s❡rá ♠❛✐s ✉♠ ❞♦s ♠♦t✐✈♦s ❞❛ ❝♦♥✈❡♥✐ê♥❝✐❛
♥❛ ❞❡✜♥✐çã♦ ❞♦ ❢✉♥t♦r F ❡ t❡rá ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ q✉❡ ❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r é ✉♠
❛♠❜✐❡♥t❡ ♠❛✐s ❛❞❡q✉❛❞♦ ♣❛r❛ ❛ t❡♦r✐❛ t✐❧t✐♥❣✱ ❡❧✐♠✐♥❛♥❞♦ ❛❧❣✉♠❛s ❞❡✜❝✐ê♥❝✐❛s q✉❡
❡①✐st❡♠ ♥❛ ❝❛t❡❣♦r✐❛ ❞❡ ♠ó❞✉❧♦s✳

Pr♦♣♦s✐çã♦ ✻✾✳ ❙❡❥❛ T ✉♠❛ Ext✲❝♦♥✜❣✉r❛çã♦ ❡♠ DQ ❡ s❡❥❛ M ∈ indDQ✳ ❊♥tã♦
M ∈ T s❡✱ ❡ s♦♠❡♥t❡ s❡✱ FM ∈ T ✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ M ∈ T ✳ ➱ s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ FM ❡ F−1M ❡stã♦
❡♠ T ✳ ➱ ❝❧❛r♦ q✉❡ FM, F−1M ∈ indDQ✳ ▼♦str❛r❡♠♦s ♣r✐♠❡✐r♦ q✉❡ F−1M ∈ T ✳
❙✉♣♦♥❤❛ ♦ ❝♦♥trár✐♦✱ ♦✉ s❡❥❛✱ F−1M /∈ T ✳ ❈♦♠♦ T é ✉♠❛ Ext✲❝♦♥✜❣✉r❛çã♦✱ ♣♦r
✭❊✷✮ ❡①✐st❡ X ∈ T t❛❧ q✉❡ Ext1DQ

(X,F−1M) 6= 0✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✻✼✭❛✮✱ t❡♠♦s✿

DExt1DQ
(M,X) ≃ Ext1DQ

(
X,F−1M

)
6= 0.

❉❛í✱ Ext1DQ
(M,X) 6= 0 ♦ q✉❡ ❝♦♥tr❛❞✐③ ✭❊✶✮✱ ♣♦✐s X, M ∈ T ✳ ▲♦❣♦✱ F−1M ∈ T ✳

❆♥❛❧♦❣❛♠❡♥t❡✱ s✉♣♦♥❤❛ q✉❡ FM /∈ T ✳ ❆ss✐♠✱ ♣♦r ✭❊✷✮✱ ❡①✐st❡ ❛❧❣✉♠ X ∈ T t❛❧
q✉❡ Ext1DQ

(X,FM) 6= 0✳ ❈♦♠♦ X ∈ T ✱ ♣❡❧♦ q✉❡ ♣r♦✈❛♠♦s ❛❝✐♠❛ F−1X ∈ T ✱ ❞❛í

Ext1DQ

(
F−1X,M

)
≃ Ext1DQ

(X,FM) 6= 0

♦ q✉❡ ❝♦♥tr❛❞✐③ ✭❊✶✮✳ P♦rt❛♥t♦✱ FM ∈ T ✳ �

Ext✲❝♦♥✜❣✉r❛çõ❡s ❡♠ DQ ❡ ❡♠ CQ ♣♦ss✉❡♠ ✉♠ ❧✐❣❛çã♦ ❞❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐✲
çã♦✿

Pr♦♣♦s✐çã♦ ✼✵✳ ✭❛✮ ❙❡ T̃ é ✉♠❛ Ext✲❝♦♥✜❣✉r❛çã♦ ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ✱ ❡♥tã♦

T =
{
X ∈ DQ / X̃ ∈ T̃

}

é ✉♠❛ Ext✲❝♦♥✜❣✉r❛çã♦ ❡♠ DQ✳

✺✷



✭❜✮ ❙❡ T é ✉♠❛ Ext✲❝♦♥✜❣✉r❛çã♦ ❡♠ DQ✱ ❡♥tã♦

T̃ =
{
X̃ / X ∈ T

}

é ✉♠❛ Ext✲❝♦♥✜❣✉r❛çã♦ ❡♠ CQ✳

❉❡♠♦♥str❛çã♦✿

✭❛✮ ◗✉❡r❡♠♦s ♠♦str❛r q✉❡ T =
{
X ∈ DQ / X̃ ∈ T̃

}
s❛t✐s❢❛③ ✭❊✶✮ ❡ ✭❊✷✮✳ ❙❡❥❛♠

X ❡ Y ❡♠ T ✱ ❡♥tã♦ X̃, Ỹ ∈ T̃ ✳ ❈♦♠♦ T̃ é ✉♠❛ Ext✲❝♦♥✜❣✉r❛çã♦ ❡♠ CQ✱

❡♥tã♦ Ext1CQ

(
X̃, Ỹ

)
= 0✳ ❆ss✐♠✱ Ext1DQ

(X,F iY ) = 0✱ ♣❛r❛ t♦❞♦ i ∈ Z✱

❡♠ ♣❛rt✐❝✉❧❛r✱ Ext1DQ
(X, Y ) = 0✱ ❧♦❣♦ ❛ ❝♦♥❞✐çã♦ ✭❊✶✮ é s❛t✐s❢❡✐t❛✳ ❙❡❥❛

Z ∈ indDQ t❛❧ q✉❡ Z /∈ T ✳ ❊♥tã♦ Z̃ é ✐♥❞❡❝♦♠♣♦♥í✈❡❧ ❡♠ CQ✱ ❝♦♠ Z̃ /∈ T̃ ✳

❆ss✐♠✱ ♣♦r ✭❊✷✮ ❡①✐st❡ X̃ ∈ T̃ t❛❧ q✉❡ Ext1CQ

(
X̃, Z̃

)
6= 0 ♥❛ ❝❛t❡❣♦r✐❛ CQ✳

▲♦❣♦✱
0 6= Ext1CQ

(
X̃, Z̃

)
=
⊕

i∈Z

Ext1DQ

(
X,F iZ

)
,

♦✉ s❡❥❛✱ ♣❛r❛ ♣❡❧♦ ♠❡♥♦s ❛❧❣✉♠ i ∈ Z✱ t❡♠♦s Ext1DQ
(X,F iZ) 6= 0✱ ❛ss✐♠

Ext1DQ
(F iX,Z) 6= 0✳ ❙❛❜❡♠♦s q✉❡ X̃ = F̃ iX✱ ❝♦♠♦ X̃ ∈ T̃ ✱ ❡♥tã♦ F̃ iX ∈ T̃ ✱

s❡❣✉❡ ❞❛í q✉❡ F iX ∈ T ✳ ▲♦❣♦✱ ❛ ❝♦♥❞✐çã♦ ✭❊✷✮ é s❛t✐s❢❡✐t❛✳ P♦rt❛♥t♦✱ T é
✉♠❛ Ext✲❝♦♥✜❣✉r❛çã♦ ❡♠ DQ✳

✭❜✮ ❱❛♠♦s ♠♦str❛r ❛❣♦r❛ q✉❡ T̃ =
{
X̃/X ∈ T

}
é ✉♠❛ Ext✲❝♦♥✜❣✉r❛çã♦✳ ❙❡❥❛♠

X̃, Ỹ ∈ T̃ ❡ s✉♣♦♥❤❛ Ext1CQ

(
X̃, Ỹ

)
6= 0✳ P❡❧❛ ❝♦♥str✉çã♦ ❞❡ T̃ t❡♠♦s q✉❡

X, Y ∈ T ✳ ❈♦♠♦

Ext1CQ

(
X̃, Ỹ

)
=
⊕

i∈Z

Ext1DQ

(
X,F iY

)
,

❡♥tã♦ ❡①✐st❡ ❛❧❣✉♠ i ✐♥t❡✐r♦ t❛❧ q✉❡ Ext1DQ
(X,F iY ) 6= 0✳ P❡❧❛ Pr♦♣♦s✐çã♦

✻✾✱ F iY ∈ T ✱ ♣♦✐s Y ∈ T ✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ♣❛r❛ ✭❊✶✮ ❡♠ T ✳ ▲♦❣♦✱

Ext1CQ

(
X̃, Ỹ

)
= 0✱ s❛t✐s❢❛③❡♥❞♦ ✭❊✶✮✳ ❙❡❥❛ Z̃ /∈ T̃ t❛❧ q✉❡ Z ∈ indDQ✳ ❊♥tã♦✱

Z /∈ T ✱ ❛ss✐♠ ❡①✐st❡ ❛❧❣✉♠ X ∈ T t❛❧ q✉❡ Ext1DQ
(X,Z) 6= 0✱ ♣♦r ✭❊✷✮ ❡♠

T ✳ ❙❡❣✉❡ q✉❡ Ext1CQ

(
X̃, Z̃

)
6= 0✳ ❈♦♠♦ X̃ ∈ T̃ t❡♠♦s q✉❡ T̃ s❛t✐s❢❛③ ✭❊✷✮✳

P♦rt❛♥t♦✱ T̃ é ✉♠❛ Ext✲❝♦♥✜❣✉r❛çã♦ ❡♠ CQ✳

�

❯♠ ❝♦♥❝❡✐t♦ ✐♠♣♦rt❛♥t❡ ♥❛ t❡♦r✐❛ t✐❧t✐♥❣ é ♦ ❞❡ ❝♦♥❥✉♥t♦ t✐❧t✐♥❣✱ ❞❛❞♦ ♣❡❧❛ ❞❡✜♥✐çã♦
❛❜❛✐①♦✳

❉❡✜♥✐çã♦ ✼✶✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❝♦♥❥✉♥t♦ T ❞❡ ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♥ã♦✲✐s♦♠♦r❢♦s
❡♠ DQ ♦✉ ❡♠ CQ é ✉♠ ❝♦♥❥✉♥t♦ t✐❧t✐♥❣✱ s❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭❈✶✮ Ext1 (T, T ′) = 0✱ ♣❛r❛ t♦❞♦ T, T ′ ∈ T ✱ ♥❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ T é ✉♠
❝♦♥❥✉♥t♦ rí❣✐❞♦✱ ❡❀

✺✸



✭❈✷✮ T é ♠❛①✐♠❛❧ ❝♦♠ r❡s♣❡✐t♦ ❛ ❡st❛ ♣r♦♣r✐❡❞❛❞❡✳

❆ ❝♦♥❞✐çã♦ ✭❈✷✮ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐③❡r q✉❡✱ ♣❛r❛ t♦❞♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧M /∈ T ❡①✐st❡
❛❧❣✉♠ T ∈ T t❛❧ q✉❡ Ext1 (T,M) 6= 0 ♦✉ Ext1 (M,T ) 6= 0✳

❖s ❝♦♥❝❡✐t♦s ❞❡ ❝♦♥❥✉♥t♦ t✐❧t✐♥❣ ❡ Ext✲❝♦♥✜❣✉r❛çõ❡s sã♦ ❝♦✐♥❝✐❞❡♥t❡s ❡♠ ❝❛t❡❣♦r✐❛s
❝❧✉st❡r✳ ❱❡r❡♠♦s q✉❡ ♦ ♠❡s♠♦ ♥ã♦ ♦❝♦rr❡ ♥❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛✳

Pr♦♣♦s✐çã♦ ✼✷✳ ❙❡❥❛ T̃ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♥ã♦✲✐s♦♠♦r❢♦s ❡♠
CQ✳ T̃ é ✉♠ ❝♦♥❥✉♥t♦ t✐❧t✐♥❣ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ é ✉♠❛ Ext✲❝♦♥✜❣✉r❛çã♦✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ T̃ ✉♠ ❝♦♥❥✉♥t♦ t✐❧t✐♥❣ ❡♠ CQ✳ ❆ss✐♠✱ ♣♦r ❞❡✜♥✐çã♦✱
Ext1CQ (X, Y ) = 0✱ ♣❛r❛ t♦❞♦ X, Y ∈ T̃ ✱ s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ✭❊✶✮✳ ❙❡❥❛ M ∈

indCQ t❛❧ q✉❡ M /∈ T̃ ✳ ❙❡ Ext1CQ (X,M) = 0✱ ♣❛r❛ t♦❞♦ X ∈ T̃ ✱ ♣❡❧❛ s✐♠❡tr✐❛

❞♦ ❢✉♥t♦r Ext1CQ ✭✸✳✼✮✱ ♣á❣✐♥❛ ✺✵✱ s❡❣✉❡ q✉❡ Ext1CQ (M,X) = 0✱ ♣❛r❛ t♦❞♦ X ∈ T̃ ✳

❆ss✐♠✱ T̃ ∪ {M} é ✉♠ ❝♦♥❥✉♥t♦ rí❣✐❞♦✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ♠❛①✐♠❛❧✐❞❛❞❡ ❞❡ T̃ ✳
▲♦❣♦✱ ❡①✐st❡ ❛❧❣✉♠ X ∈ T̃ t❛❧ q✉❡ Ext1CQ (X,M) 6= 0✱ ❛ss✐♠ ✭❊✷✮ é s❛t✐s❢❡✐t♦✳

P♦rt❛♥t♦✱ T̃ é ✉♠❛ Ext✲❝♦♥✜❣✉r❛çã♦ ❡♠ CQ✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛ T̃ ✉♠❛ Ext✲
❝♦♥✜❣✉r❛çã♦ ❡♠ CQ✳ ◗✉❡r❡♠♦s ♠♦str❛r q✉❡ T̃ é ✉♠ ❝♦♥❥✉♥t♦ t✐❧t✐♥❣✳ P♦r ❞❡✜♥✐çã♦✱
Ext1CQ (X, Y ) = 0✱ ♣❛r❛ t♦❞♦ X, Y ∈ T̃ ✱ ❛ss✐♠ ❛ ❝♦♥❞✐çã♦ ✭❈✶✮ é s❛t✐s❢❡✐t❛✳ ❈♦♠♦

T̃ ✉♠❛ Ext✲❝♦♥✜❣✉r❛çã♦✱ ♣♦r ✭❊✷✮✱ ♣❛r❛ t♦❞♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ M /∈ T̃ ❡①✐st❡ ❛❧❣✉♠
X ∈ T̃ t❛❧ q✉❡ Ext1CQ (X,M) 6= 0✱ ♦✉ s❡❥❛✱ T̃ é ♠❛①✐♠❛❧ ❝♦♠ r❡s♣❡✐t♦ ❛ ♣r♦♣r✐❡❞❛❞❡

✭❈✶✮✳ P♦rt❛♥t♦✱ T̃ é ✉♠ ❝♦♥❥✉♥t♦ t✐❧t✐♥❣✳ �

❖❜s❡r✈❡ q✉❡ ♣❛r❛ ♣r♦✈❛r♠♦s ❛ ♣r✐♠❡✐r❛ ✐♠♣❧✐❝❛çã♦ ♥❛ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ ✉s❛♠♦s ❛
s❡❣✉✐♥t❡ s✐♠❡tr✐❛ ❞♦ ❢✉♥t♦r Ext1 ✈á❧✐❞❛ ❡♠ CQ✿

Ext1CQ

(
X̃, Ỹ

)
≃ DExt1CQ

(
Ỹ , X̃

)
.

P♦ré♠✱ ❡st❛ s✐♠❡tr✐❛ ♥ã♦ ♦❝♦rr❡✱ ❡♠ ❣❡r❛❧✱ ♥❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ DQ✳ ❙❡❣✉❡ ❞❛í
q✉❡ ❡♠ DQ ❡①✐st❡♠ ❝♦♥❥✉♥t♦s t✐❧t✐♥❣ q✉❡ ♥ã♦ sã♦ Ext✲❝♦♥✜❣✉r❛çõ❡s ❝♦♠♦ ♠♦str❛
♦ ♣ró①✐♠♦ ❡①❡♠♣❧♦✳ ❊st❡ é ✉♠ ❞♦s ❢❛t♦s q✉❡ ♠♦str❛ q✉❡ ❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r é ✉♠
❜♦♠ ❛♠❜✐❡♥t❡ ♣❛r❛ ❛ t❡♦r✐❛ t✐❧t✐♥❣✱ ❡♥q✉❛♥t♦ q✉❡✱ ♥❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ DQ ❡①✐st❡♠
❛❧❣✉♥s ♣r♦❜❧❡♠❛s✳

❊①❡♠♣❧♦ ✼✸✳ ❙✉♣♦♥❤❛ KQ ❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s ❞❡ ✉♠ q✉✐✈❡r Q ❝✉❥♦ ❣r❛❢♦
s✉❜❥❛❝❡♥t❡ é ❞♦ t✐♣♦ A3✳ ◆❛ ✜❣✉r❛ ❛❜❛✐①♦ ✐❧✉str❛♠♦s ♦ q✉✐✈❡r ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥
❞❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ DQ✳ ❆s ✢❡❝❤❛s ❢♦r❛♠ ♦♠✐t✐❞❛s ♣❛r❛ ❢❛❝✐❧✐t❛r ❛ ✈✐s✉❛❧✐③❛çã♦✳

• ◦ ◦ ◦ • ◦ • ◦ ◦ ◦ • ◦ ◦ • ◦ ◦ • ◦ ◦ • ◦ ◦ • ◦

· · · • ◦ ◦ • ◦ ◦ • ◦ ◦ • ◦ ◦ • ◦ ◦ • ◦ ◦ • ◦ ◦ • ◦ ◦ · · ·

• ◦ • ◦ ◦ ◦ • ◦ • ◦ ◦ ◦ • ◦ ◦ • ◦ ◦ • ◦ ◦ • ◦ ◦

❙❡❥❛ ♦ ❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦ T ❢♦r♠❛❞♦ ♣❡❧♦s ♦❜❥❡t♦s q✉❡ s❡❣✉❡♠ ♦ ♣❛❞rã♦ ❞♦s ❝ír❝✉❧♦s
♣r❡❡♥❝❤✐❞♦s✳ P❡❧❛ ❞✉❛❧✐❞❛❞❡ ❞❡ ❙❡rr❡ ♥❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛✱ t❡♠♦s✿

✺✹



Ext1DQ
(X, Y ) ≃ DHomDQ

(Y, τX) .

❈♦♥s✐❞❡r❛♥❞♦ q✉❛✐sq✉❡r ❞♦✐s ♦❜❥❡t♦s X, Y ❡♠ T ❡✱ ❧❡♠❜r❛♥❞♦ q✉❡ ♣❛r❛ q✉❛❧✲
q✉❡r ♦❜❥❡t♦ X✱ ❛ tr❛♥s❧❛çã♦ τX é ♦ ♦❜❥❡t♦ ✐♠❡❞✐❛t❛♠❡♥t❡ à ❡sq✉❡r❞❛✱ t❡♠♦s
HomDQ

(Y, τX) = 0 ❞❛í Ext1DQ
(X, Y ) = 0✱ s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ✭❈✶✮ ❞❛ ❞❡✲

✜♥✐çã♦ ✼✶✳ P♦❞❡♠♦s ♦❜s❡r✈❛r ❛✐♥❞❛ ♥❛ ✜❣✉r❛ q✉❡ ♣❛r❛ q✉❛❧q✉❡r ♦❜❥❡t♦ M t❛❧ q✉❡
M /∈ T ✱ ❡①✐st❡ ❛❧❣✉♠ X ∈ T t❛❧ q✉❡✿

Ext1DQ
(X,M) ≃ DHomDQ

(M, τX) 6= 0,

♦✉

Ext1DQ
(M,X) ≃ DHomDQ

(X, τM) 6= 0,

✐st♦ é✱ T é ♠❛①✐♠❛❧ ❝♦♠ r❡s♣❡✐t♦ ❛ ❝♦♥❞✐çã♦ ✭❈✶✮✳ P♦rt❛♥t♦✱ T é ✉♠ ❝♦♥❥✉♥t♦
t✐❧t✐♥❣✳ ❈♦♥s✐❞❡r❡ ❛❣♦r❛ ♦ ♦❜❥❡t♦ Z ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ✈ért✐❝❡ ❞❡st❛❝❛❞♦ ♥❛ ✜❣✉r❛
❝♦♠ ✉♠ ♣♦♥t✐❧❤❛❞♦ ❡♠ ✈♦❧t❛✳ ❚❡♠♦s q✉❡✱ Z /∈ T ❡ ♣❛r❛ t♦❞♦ X ∈ T ✱

Ext1DQ
(X,Z) ≃ DHomDQ

(Z, τX) = 0,

♣♦rt❛♥t♦✱ T ♥ã♦ s❛t✐s❢❛③ ✭❊✷✮✱ ❧♦❣♦ ♥ã♦ é ✉♠❛ Ext✲❝♦♥✜❣✉r❛çã♦✳ ◆♦t❡ ❛✐♥❞❛ q✉❡ T
♥ã♦ é F ✲✐♥✈❛r✐❛♥t❡✱ ❛ss✐♠ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✻✾ ♥ã♦ ♣♦❞❡r✐❛ s❡r ✉♠❛ Ext✲❝♦♥✜❣✉r❛çã♦✳

✸✳✻ ❖❜❥❡t♦s ❚✐❧t✐♥❣ ❡ ▼ó❞✉❧♦s ❚✐❧t✐♥❣

◆❛ s❡çã♦ ❛♥t❡r✐♦r ❞❡✜♥✐♠♦s ❡ ❡st✉❞❛♠♦s ❛ r❡❧❛çã♦ ❡♥tr❡ ❝♦♥❥✉♥t♦s t✐❧t✐♥❣ ❡ Ext✲
❝♦♥✜❣✉r❛çõ❡s✳ ❱❛♠♦s ✐♥tr♦❞✉③✐r ❛q✉✐ ♦s ❝♦♥❝❡✐t♦s ❞❡ ♦❜❥❡t♦s t✐❧t✐♥❣ ❜ás✐❝♦ ❡♠
CQ ❡ ❡st❛❜❡❧❡❝❡r ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ❡st❡s ❡ ♦s ♠ó❞✉❧♦s t✐❧t✐♥❣ ❜ás✐❝♦s s♦❜r❡ KQ
✐♥tr♦❞✉③✐❞♦s ♥❛ s✉❜s❡çã♦ ✸✳✶✳✶✳

❉❡✜♥✐çã♦ ✼✹✳ ❯♠ ♦❜❥❡t♦ T ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ é ❝❤❛♠❛❞♦ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦✱
s❡✿

✭✐✮ Ext1CQ (T, T ) = 0✱ ♦✉ s❡❥❛✱ T é rí❣✐❞♦✱ ❡❀

✭✐✐✮ T t❡♠ ✉♠ ♥ú♠❡r♦ ♠á①✐♠♦ ❞❡ s♦♠❛♥❞♦s ❞✐r❡t♦s ♥ã♦✲✐s♦♠♦r❢♦s s❛t✐s❢❛③❡♥❞♦ ❛
❝♦♥❞✐çã♦ ✭✐✮✳

❖❜s❡r✈❛çã♦ ✼✺✳ ❯♠ ♦❜❥❡t♦ ❡♠ CQ é ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ é ❛
s♦♠❛ ❞✐r❡t❛ ❞❡ t♦❞♦s ♦s ♦❜❥❡t♦s ❡♠ ✉♠ ❝♦♥❥✉♥t♦ t✐❧t✐♥❣ T ✳

▼❛✐s ❛❞✐❛♥t❡ ✈❡r❡♠♦s q✉❡ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ t✐❧t✐♥❣ ❡♠ CQ é ✜♥✐t♦ ❞❡ t❛❧ ❢♦r♠❛ q✉❡
s❡♠♣r❡ ❡①✐st✐rá ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ ❝♦rr❡s♣♦♥❞❡♥t❡✳

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ♣❡r♠✐t❡ ❡st❡♥❞❡r ✉♠ ♦❜❥❡t♦ rí❣✐❞♦ ❜ás✐❝♦ ❡♠ CQ à ✉♠
♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦✳

Pr♦♣♦s✐çã♦ ✼✻✳ ❙❡❥❛ Q ✉♠ q✉✐✈❡r ❛❝í❝❧✐❝♦ ❝♦♠ n ✈ért✐❝❡s ❡ ❝♦♥s✐❞❡r❡ KQ ❛ á❧❣❡❜r❛
❞❡ ❝❛♠✐♥❤♦s s♦❜r❡ Q✳ ❙❡❥❛ CQ ❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r ❛ss♦❝✐❛❞❛ ❛♦ q✉✐✈❡r Q✳ ❙❡ T é ✉♠
♦❜❥❡t♦ rí❣✐❞♦ ❜ás✐❝♦ ❡♠ CQ✱ ❡♥tã♦ T ♣♦❞❡ s❡r ❡st❡♥❞✐❞♦ ❛ ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦✳

✺✺



❉❡♠♦♥str❛çã♦✿ P❛r❛ ♣r♦✈❛r♠♦s ♦ t❡♦r❡♠❛ ♣r✐♠❡✐r♦ ♠♦str❛r❡♠♦s ❛ s❡❣✉✐♥t❡
❛✜r♠❛çã♦✿

❆✜r♠❛çã♦✿ ◗✉❛❧q✉❡r ♦❜❥❡t♦ rí❣✐❞♦ ❜ás✐❝♦ T ′ ❡♠ CQ t❡♠ ♥♦ ♠á①✐♠♦ 2n s♦♠❛♥❞♦s
✐♥❞❡❝♦♠♣♦♥í✈❡✐s✳

❙❡❥❛ T ′ ✉♠ ♦❜❥❡t♦ rí❣✐❞♦ ❜ás✐❝♦ ❡♠ CQ✳ ❙✉♣♦♥❤❛ T1, . . . , Tr, Tr+1, . . . , Tt ♦❜❥❡t♦s
✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❡♠ S t❛❧ q✉❡ T1 ⊕ . . . ⊕ Tr ⊕ Tr+1 ⊕ . . . ⊕ Tt ❞❡t❡r♠✐♥❛ T ′✱ ❡♠
q✉❡ {T1, . . . , Tr} ⊂ ind(mod KQ) ❡ {Tr+1, . . . , Tt} ⊂ {Pi[1] / 1 ≤ i ≤ n}✳ P❡❧❛
Pr♦♣♦s✐çã♦ ✻✼ ✭❜✮ t❡♠♦s q✉❡✿

Ext1CQ (X, Y ) = Ext1KQ (X, Y )⊕DExt1KQ (Y, X) ,

❡♠ q✉❡✱ X✱ Y sã♦ KQ✲♠ó❞✉❧♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✳ ❈♦♠♦ T ′ é ✉♠ ♦❜❥❡t♦ rí❣✐❞♦
❜ás✐❝♦✱ s❡❣✉❡ q✉❡ Ext1KQ (T1 ⊕ . . .⊕ Tr, T1 ⊕ . . .⊕ Tr) = 0✳ ❊♥tã♦✱ T1 ⊕ . . .⊕ Tr é
✉♠ ♠ó❞✉❧♦ rí❣✐❞♦ ❜ás✐❝♦✳ ▲♦❣♦✱ r ≤ n ❡ ❞❛í t ≤ 2n✳ ❖ q✉❡ ♠♦str❛ ❛ ❛✜r♠❛çã♦✳

❊♠ ♣❛rt✐❝✉❧❛r q✉❛❧q✉❡r ♦❜❥❡t♦ rí❣✐❞♦ ❜ás✐❝♦ t❡♥❞♦ T ❝♦♠♦ ✉♠ s♦♠❛♥❞♦ ❞✐r❡t♦ t❡♠
♥♦ ♠á①✐♠♦ 2n s♦♠❛♥❞♦s ❞✐r❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❡ ❞❛í T ♣♦❞❡ s❡r ❡st❡♥❞✐❞♦ ❛ ✉♠
♦❜❥❡t♦ rí❣✐❞♦ ♠❛①✐♠❛❧ ❡♠ CQ✱ q✉❡ é ❡♥tã♦✱ ♣♦r ❞❡✜♥✐çã♦✱ ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦✳
�

❱❡❥❛ q✉❡ ❛ ❞❡✜♥✐çã♦ ❞❡ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ é ♠✉✐t♦ ♣❛r❡❝✐❞❛ ❝♦♠ ❛ ❞❡ ♠ó❞✉❧♦
t✐❧t✐♥❣ ❜ás✐❝♦✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ ❛ ❝❛t❡❣♦r✐❛ ❞❡ ♠ó❞✉❧♦s modKQ ♣♦❞❡ s❡r ✐♠❡rs❛ ♥❛
❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ é ♥❛t✉r❛❧ ❞❡s❡❥❛r q✉❡ ♦s KQ✲♠ó❞✉❧♦s t✐❧t✐♥❣ ❜ás✐❝♦s✱ q✉❛♥❞♦
✈✐st♦ ❡♠ CQ✱ ♣❡rt❡♥ç❛♠ ❛ ❝❧❛ss❡ ❞♦s ♦❜❥❡t♦s t✐❧t✐♥❣ ❜ás✐❝♦s✳ ■ss♦ s❡❣✉❡ ❞♦ s❡❣✉✐♥t❡
r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✼✼✳ ❙❡❥❛ Q ✉♠ q✉✐✈❡r ❛❝í❝❧✐❝♦ ❝♦♠ n ✈ért✐❝❡s✳ ❈♦♥s✐❞❡r❡ ❛ ❝❛t❡❣♦r✐❛
❝❧✉st❡r CQ ❛ss♦❝✐❛❞❛ ❛ Q✳

✭❛✮ ❖s ♦❜❥❡t♦s t✐❧t✐♥❣ ❜ás✐❝♦s ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ sã♦ ❡①❛t❛♠❡♥t❡ ❛q✉❡❧❡s ✈✐♥✲
❞♦s ❞❡ ♠ó❞✉❧♦s t✐❧t✐♥❣ ❜ás✐❝♦s s♦❜r❡ ❛❧❣✉♠❛ á❧❣❡❜r❛ ❤❡r❡❞✐tár✐❛ H ❞❡r✐✈❛❞❛✲
♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ à KQ✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞✐st♦✱ ❡st❡s ♣♦ss✉✐ n s♦♠❛♥❞♦s
❞✐r❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♥ã♦ ✐s♦♠♦r❢♦s✳

✭❜✮ ❙❡❥❛ H ✉♠❛ á❧❣❡❜r❛ ❤❡r❡❞✐tár✐❛ ❞❡r✐✈❛❞❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ à KQ✳ ◗✉❛❧q✉❡r
H✲♠ó❞✉❧♦ t✐❧t✐♥❣ ❜ás✐❝♦ ✐♥❞✉③ ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ ❡♠ CQ✳

❉❡♠♦♥str❛çã♦✿

✭❛✮ ❙❡❥❛ T ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ ❡♠ CQ✳ ❙✉♣♦♥❤❛ T1, T2, . . . , Tr ♦❜❥❡t♦s ❡♠
S ✐♥❞✉③✐♥❞♦ T ✳

❈❛s♦ ✶ ❙❡ Ti ♥ã♦ é s♦♠❛♥❞♦ ❞❡ {Pi[1] / 1 ≤ i ≤ n}✱ ♦✉ s❡❥❛✱ T1, T2, . . . , Tr ∈
modKQ✱ ❡♥tã♦ T = T1 ⊕ T2 ⊕ · · · ⊕ Tr é ✉♠ KQ✲♠ó❞✉❧♦ rí❣✐❞♦ ❜ás✐❝♦✳
❙✉♣♦♥❤❛ q✉❡ T1 ⊕ T2 ⊕ · · · ⊕ Tr ♥ã♦ é ♠ó❞✉❧♦ t✐❧t✐♥❣✳ P❡❧♦ ❚❡♦r❡♠❛
❞❡ ❇♦♥❣❛rt③✱ ❡①✐st❡ ✉♠ KQ✲♠ó❞✉❧♦ T ′ ♥ã♦ ♥✉❧♦ t❛❧ q✉❡ T = T ⊕ T ′

é ✉♠ ♠ó❞✉❧♦ t✐❧t✐♥❣ ❜ás✐❝♦ s♦❜r❡ KQ✳ ❆ss✐♠✱ T é ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣
❜ás✐❝♦ ❡♠ CQ q✉❡ ❝♦♥té♠ ♣r♦♣r✐❛♠❡♥t❡ T ❝♦♠♦ ✉♠ s♦♠❛♥❞♦ ❞✐r❡t♦✱ ♦
q✉❡ ❝♦♥tr❛❞✐③ ❛ ♠❛①✐♠❛❧✐❞❛❞❡ ❞❡ T ✳ ▲♦❣♦✱ T ′ = 0 ❡ ❞❛í T é ✉♠ ♠ó❞✉❧♦
t✐❧t✐♥❣ ❜ás✐❝♦ s♦❜r❡ KQ✳

✺✻



❈❛s♦ ✷ ❙✉♣♦♥❤❛ ❛❧❣✉♠ ♦❜❥❡t♦ Tj ∈ {Pi[1] / 1 ≤ i ≤ n}✳

❙✉❜❝❛s♦ ✷✳✶ ❙❡ T1, T2, . . . , Tr ♥ã♦ sã♦ ♣r♦❥❡t✐✈♦s✱ ❧❡♠❜r❛♥❞♦ q✉❡ ❛❧✲
❣✉♠ Tj ∈ {Pi[1] / 1 ≤ i ≤ n}✳ ◆❡st❡ s✉❜❝❛s♦✱ t❡♠♦s
{T1, T2, . . . , Tr} ⊂ τ−1

DQ
(modKQ)✱ ❡ ❡♥tã♦ T = T1⊕ T2⊕ · · · ⊕ Tr é

♠ó❞✉❧♦ t✐❧t✐♥❣ ❜ás✐❝♦ s♦❜r❡ ✉♠❛ á❧❣❡❜r❛ ❤❡r❡❞✐tár✐❛ ❞❡r✐✈❛❞❛♠❡♥t❡
❡q✉✐✈❛❧❡♥t❡ àKQ✱ ♥❛ ✈❡r❞❛❞❡ ✐s♦♠♦r❢❛ àKQ✱ ♣♦ré♠ ❝♦♠ ✉♠❛ ✐♠❡r✲
sã♦ ❞✐❢❡r❡♥t❡ ❡♠ DQ✳

❙✉❜❝❛s♦ ✷✳✷ ❙❡ ❛❧❣✉♠ Ti é ♣r♦❥❡t✐✈♦✳
✭✷✳✷✳✶✮ ❙✉♣♦♥❤❛ KQ ❞♦ t✐♣♦ ❞❡ r❡♣r❡s❡♥t❛çã♦ ✐♥✜♥✐t❛✳ ▲❡♠❜r❡✲s❡ q✉❡

❛❧❣✉♠ Tj ∈ {Pi[1] / 1 ≤ i ≤ n}✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❥á ♣r♦✈❛♠♦s ♥♦
❝❛s♦ ✶✳ ❙❡ T ♥ã♦ t❡♠ s♦♠❛♥❞♦ ❞✐r❡t♦ ✐♥❥❡t✐✈♦✱ ❡♥tã♦ τ−1

CQ
T ⊂

modKQ✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ Ti é ♣r♦❥❡t✐✈♦✱ τ−1Ti ∈ modKQ✳ P♦r
♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ Tj ∈ {Pi[1] / 1 ≤ i ≤ n}✱ ♣❛r❛ ❛❧❣✉♠ j ∈
{1, . . . , n}✱ t❡♠♦s Tj = Pj[1]✱ ❞❛í✿

τ−1
CQ
Tj = τ−1

CQ
Pj[1] = FPj,

❧♦❣♦✱ τ−1
CQ
Tj ∈ modKQ✳ ❆ss✐♠✱ ❝♦♠♦ ♥♦ s✉❜❝❛s♦ ✷✳✶✱

T ∈ τ−1
DQ

(modKQ)✳ ❙❡ T ♣♦ss✉✐ ❛❧❣✉♠ s♦♠❛♥❞♦ ❞✐r❡t♦ ✐♥❥❡t✐✈♦
Tk t❛❧ q✉❡ τ−1

CQ
T t❡♠ ✉♠ s♦♠❛♥❞♦ ❞✐r❡t♦ ❡♠ {Pi[1] / 1 ≤ i ≤ n}✳

❉❛í ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♥♦✈❛♠❡♥t❡ τ−1
CQ

✳ ❈♦♠♦ ❛ r❡♣r❡s❡♥t❛çã♦ é
✐♥✜♥✐t❛ ♥ã♦ ❤á r✐s❝♦ ❞❡ q✉❡ τ−1

CQ
(τ−1

CQ
Tj) s❡❥❛ ✐♥❥❡t✐✈♦✱ ❧♦❣♦ ❝❛í♠♦s

♥♦ ❝❛s♦ q✉❡ ❛❝❛❜❛♠♦s ❞❡ ♣r♦✈❛r✳ ❙❡ ♠❡s♠♦ ❞❡♣♦✐s ❞❡ ❛♣❧✐❝❛r✲
♠♦s τ−2

CQ
T t✐✈❡r♠♦s ♠❛✐s ♠ó❞✉❧♦s ✐♥❥❡t✐✈♦s✱ ❛♣❧✐❝❛♠♦s τ−1

CQ
❛té

❡❧✐♠✐♥á✲❧♦s✳ ▲❡♠❜r❛♥❞♦ q✉❡✱ ♥❡st❡ ❝❛s♦✱ ♥ã♦ t❡♠♦s r✐s❝♦ ❞❡ ❛❧✲
❣✉♠ ♠ó❞✉❧♦ ♥ã♦ ✐♥❥❡t✐✈♦ ♣r♦❞✉③✐r ✉♠ ♠ó❞✉❧♦ ✐♥❥❡t✐✈♦ ❛♣ós ❛♣❧✐✲
❝❛r τ−1

CQ
✱ ♣♦✐s ❛ r❡♣r❡s❡♥t❛çã♦ é ✐♥✜♥✐t❛✳ ❈♦♠♦ ❛ á❧❣❡❜r❛ KQ é

❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ♣❛r❛ ❛❧❣✉♠ t✱ t❡♠♦s τ−t
CQ
T ∈ modKQ✳ ▲♦❣♦✱

t♦♠❡ H á❧❣❡❜r❛ ❤❡r❡❞✐tár✐❛ ❞❡r✐✈❛❞❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ à KQ
✐♠❡rs❛ ❝♦♠♦ τ−t(modKQ) ❡ ❞❛í T é ✉♠ ♠ó❞✉❧♦ t✐❧t✐♥❣ ❜ás✐❝♦
s♦❜r❡ H✳

✭✷✳✷✳✷✮ ❙✉♣♦♥❤❛KQ ❞♦ t✐♣♦ ❞❡ r❡♣r❡s❡♥t❛çã♦ ✜♥✐t❛✳ ❖❜s❡r✈❡ q✉❡✱ ♥❡st❡
❝❛s♦✱ ♦ ♣r♦❝❡ss♦ ❛♥t❡r✐♦r ♥ã♦ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞♦✱ ✉♠❛ ✈❡③ q✉❡✱ ❛s
r❡♣❡t✐❞❛s ❛♣❧✐❝❛çõ❡s ❞❡ τ−1

CQ
♣♦❞❡♠ ♣r♦❞✉③✐r ♥♦✈♦s ♠ó❞✉❧♦s ✐♥❥❡✲

t✐✈♦s✳ P❛r❛ ♠♦str❛r♠♦s ❡st❡ ❝❛s♦✱ ❢❛③❡♠♦s ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦✿

❆✜r♠❛çã♦ ✶✿ ❙❡ T é ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦✱ ♣❛r❛ t♦❞♦ KQ✲
♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ s✐♠♣❧❡s S q✉❡ ♥ã♦ é s♦♠❛♥❞♦ ❞❡ T ✱ ❡①✐st❡ ✉♠
❝❛♠✐♥❤♦ ♣❛r❛ ❛❧❣✉♠ Ti✳

❉❡ ❢❛t♦✱ s❡ S /∈ addT ✱ ❡♥tã♦ Ext1CQ (T, S) 6= 0✳ P❡❧❛ ❞✉❛❧✐❞❛❞❡
❞❡ ❙❡rr❡✱ s❡❣✉❡ q✉❡ HomCQ (S, τT ) 6= 0✳ ❉❛í✱ ♣❡❧❛ Pr♦♣♦s✐çã♦
✺✽✱ t❡♠♦s✿

0 6= HomCQ (S, τT ) = HomDQ
(S, τT )⊕ HomDQ

(S, FτT ) =

= HomDQ
(S, τT )⊕ HomDQ

(S, T [1]) .

✺✼



❈♦♠♦ S é ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ s✐♠♣❧❡s✱ t❡♠♦s HomDQ
(S, T [1]) = 0

❡ ❞❛í HomDQ
(S, τT ) 6= 0✳ ▲♦❣♦✱ ❡①✐st❡ ✉♠❛ ❝❛♠✐♥❤♦ ❞♦ ♠ó❞✉❧♦

S ♣❛r❛ ❛❧❣✉♠ s♦♠❛♥❞♦ Ti ❞❡ T ✳

❈♦♥s✐❞❡r❡♠♦s α(KQ) ❛ s♦♠❛ ❞♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ t♦❞♦s ♦s ❝❛✲
♠✐♥❤♦s✱ ❡♠ q✉❡ ❝❛♠✐♥❤♦s ❛tr❛✈és ❞❛ ♠❡s♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✈ért✐✲
❝❡s sã♦ ❝♦♥t❛❞♦s ❛♣❡♥❛s ✉♠❛ ✈❡③✱ ❞❡ ✉♠ KQ✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦
s✐♠♣❧❡s q✉❡ ♥ã♦ ❡stá ❡♠ add T ✱ ♣❛r❛ ❛❧❣✉♠ s♦♠❛♥❞♦ Ti ❞❡ T ✱
♦✉ s❡❥❛✱

α(KQ) =
∑

S

l(S, Ti),

❡♠ q✉❡ S é ✉♠ KQ✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ s✐♠♣❧❡s ❡ ♥ã♦ ❡stá ❡♠
add T ✳ ❙✉❜st✐t✉✐♥❞♦ KQ ♣♦r ✉♠❛ á❧❣❡❜r❛ ❤❡r❡❞✐tár✐❛ H ❞❡r✐✲
✈❛❞❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ à KQ✱ s❡ ♥❡❝❡ssár✐♦✱ ❝♦♥s✐❞❡r❡ α(KQ) ♦
♠❡♥♦r ✈❛❧♦r ♣♦ssí✈❡❧✳ ❙✉♣♦♥❤❛ α(KQ) > 0✳ ❊♥tã♦ ❡①✐st❡ ❛❧✲
❣✉♠ KQ✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ s✐♠♣❧❡s Si t❛❧ q✉❡ Si /∈ add T ✱ ♦✉
s❡❥❛✱ ♣❡❧♦ ♠❡♥♦s ✉♠ ❝❛♠✐♥❤♦ é ♥ã♦ ♥✉❧♦✳ ❈♦♠♦ Si é ♣r♦❥❡t✐✈♦
s✐♠♣❧❡s ✭❡ KQ é ❤❡r❡❞✐tár✐❛✮✱ ❡♥tã♦ ♦ ✈ért✐❝❡ i é ✉♠ ♣♦ç♦✳ ❙❡❥❛
H = (EndM)op✱ ❡♠ q✉❡ M = τ−1Si ⊕ P é ✉♠ ❆P❘✲♠ó❞✉❧♦
t✐❧t✐♥❣✱ ❝♦♠ P s♦♠❛ ❞✐r❡t❛ ❞♦s ♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s ❝♦♠ ❡①❡✲
❝❡çã♦ ❞♦ ♣r♦❥❡t✐✈♦ Pi ❛ss♦❝✐❛❞♦ ❛♦ ✈ért✐❝❡ i✳ ❙❡❣✉❡ ❞❛í q✉❡
α(H) < α(KQ)✱ ♠❛s é ❝♦♥❤❡❝✐❞♦ q✉❡ ❛ á❧❣❡❜r❛ ❞❡ ❡♥❞♦♠♦r✜s♠♦
♦♣♦st❛ ❞❡ ✉♠ ❆P❘✲♠ó❞✉❧♦ t✐❧t✐♥❣ é ❞❡r✐✈❛❞❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ à
á❧❣❡❜r❛ ❞❡st❡ r❡s♣❡❝t✐✈♦ ♠ó❞✉❧♦✱ ❝♦♥tr❛❞✐③❡♥❞♦ ❛ ♠✐♥✐♠❛❧✐❞❛❞❡
❞❡ α(KQ)✳ ❆ss✐♠✱ α(KQ) = 0✳ P♦rt❛♥t♦✱ ❡①✐st❡ H á❧❣❡❜r❛ ❤❡✲
r❡❞✐tár✐❛ ❞❡r✐✈❛❞❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ à KQ✱ t❛❧ q✉❡ t♦❞♦ ♠ó❞✉❧♦
♣r♦❥❡t✐✈♦ s✐♠♣❧❡s é s♦♠❛♥❞♦ ❞✐r❡t♦ ❞❡ T ✳

❆✜r♠❛çã♦ ✷✿ ◆❡♥❤✉♠ s♦♠❛♥❞♦ ❞❡ T ❡stá ❡♠ τ−1
DQ
KQ✳

❙✉♣♦♥❤❛ Ti = τ−1P ✱ ❡♠ q✉❡ P é ✉♠ KQ✲♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✲
✈❡❧ ♣r♦❥❡t✐✈♦✳ ❊♥tã♦✱ ❝♦♠♦ ❥á ✈✐♠♦s✱ ❡①✐st❡ ❛❧❣✉♠ KQ✲♠ó❞✉❧♦
✐♥❞❡❝♦♠♣♦♥í✈❡❧ ♣r♦❥❡t✐✈♦ s✐♠♣❧❡s S✱ ❝♦♠ HomDQ

(S, P ) 6= 0✱
❞❛í HomDQ

(S, τTi) 6= 0✳ P❡❧❛ ❞✉❛❧✐❞❛❞❡ ❞❡ ❙❡rr❡✱ t❡♠♦s✿

Ext1DQ
(Ti, S) ≃ DHomDQ

(S, τTi) 6= 0.

▲♦❣♦✱ Ext1DQ
(Ti, S) 6= 0✱ ♠❛s S ∈ add T ✱ ♣♦✐s é ✉♠ KQ✲

♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ ♣r♦❥❡t✐✈♦ s✐♠♣❧❡s✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ r✐✲
❣✐❞❡③ ❞❡ T ✳ P♦rt❛♥t♦✱ T ♥ã♦ ♣♦ss✉✐ s♦♠❛♥❞♦s ❞✐r❡t♦s ❡♠ τ−1

DQ
KQ✳

❊s❝♦❧❤❛ H ❞❡r✐✈❛❞❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ à KQ✱ s❡ ♥❡❝❡ssár✐♦✱ t❛❧
q✉❡ τ−2

DQ
(modKQ

⋃
{Pi[1] / 1 ≤ i ≤ n}) é ✐❣✉❛❧ ❛

(mod H
⋃
{Pi[1] / 1 ≤ i ≤ n})✱ ❡♠ q✉❡ Pi ❡♠ ❛♠❜♦s ♦s ❝❛✲

s♦s r❡♣r❡s❡♥t❛♠ ♦s ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♣r♦❥❡t✐✈♦s s♦❜r❡ ❛s
r❡s♣❡❝t✐✈❛s á❧❣❡❜r❛s✳ ❈♦♠♦ Ti ♥ã♦ é ✉♠ s♦♠❛♥❞♦ ❞❡ τ−1

DQ
KQ✱

❡♥tã♦ Ti ♥ã♦ é s♦♠❛♥❞♦ ❞❡ {Pi[1] / 1 ≤ i ≤ n} s♦❜r❡ ❛ á❧❣❡❜r❛
H✳ P♦rt❛♥t♦✱ T é ✉♠ ♠ó❞✉❧♦ t✐❧t✐♥❣ ❜ás✐❝♦ s♦❜r❡ H✳

✺✽



✭❜✮ ❙❡❥❛ T ✉♠ ♦❜❥❡t♦ rí❣✐❞♦ ❜ás✐❝♦ ❡♠ CQ ✐♥❞✉③✐❞♦ ♣♦r ✉♠ H✲♠ó❞✉❧♦ t✐❧t✐♥❣
❜ás✐❝♦✳ ❊♥tã♦ T t❡♠ n s♦♠❛♥❞♦s ❞✐r❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✳ P❡❧❛ Pr♦♣♦s✐çã♦
✼✻✱ T ♣♦❞❡ s❡r ❡st❡♥❞✐❞♦ à ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ ❡♠ CQ✱ ✜♥❛❧✐③❛♥❞♦ ❛ss✐♠
❛ ❞❡♠♦♥str❛çã♦✳

�

❙❡❣✉❡ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛ ❡ ❞❛ ♦❜s❡r✈❛çã♦ ✼✺✱ ♣á❣✐♥❛ ✺✺✱ q✉❡ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ t✐❧t✐♥❣
❡♠ CQ é ✐♥❞✉③✐❞♦ ♣♦r ✉♠ ♠ó❞✉❧♦ t✐❧t✐♥❣ ❜ás✐❝♦ s♦❜r❡ ❛❧❣✉♠❛ á❧❣❡❜r❛ ❤❡r❡❞✐tár✐❛
H ❞❡r✐✈❛❞❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ à KQ✳ ▲♦❣♦✱ q✉❛❧q✉❡r Ext✲❝♦♥✜❣✉r❛çã♦ ❡♠ CQ é
✐♥❞✉③✐❞♦ ♣♦r t❛❧ ♠ó❞✉❧♦ t✐❧t✐♥❣ ❜ás✐❝♦✳ ❆❧é♠ ❞✐ss♦✱ s❡❣✉❡ q✉❡ t♦❞♦s ♦s ♦❜❥❡t♦s
t✐❧t✐♥❣ ❜ás✐❝♦s ❡♠ CQ t❡♠ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ s♦♠❛♥❞♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♥ã♦✲
✐s♦♠♦r❢♦s q✉❛♥t♦ ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❞♦ q✉✐✈❡r Q✳

❊①❡♠♣❧♦ ✼✽✳ ❙❡❥❛ Q ♦ q✉✐✈❡r 2 // 1 3oo ✳ ❙❡❥❛ CQ ❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r ❛ss♦✲
❝✐❛❞❛ ❛ Q ❡ ❝♦♥s✐❞❡r❡ ♦ ♦❜❥❡t♦ T = P1[1]⊕ I2⊕ I3 ❡♠ CQ✳ ❈♦♠♦ ✈✐♠♦s ♥♦ ❡①❡♠♣❧♦
✻✶✱ ♣á❣✐♥❛ ✹✺✱ ❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ é ❞❛❞❛ ♣♦r✿

P2

��

I3

��

P3[1]

P1

CC

��

I1

��

DD

P1[1]

AA

��
P3

CC

I2

BB

P2[1]

◆♦ q✉✐✈❡r ❛❝✐♠❛ ♦s ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❞❡st❛❝❛❞♦s ❢♦r♠❛♠ ♦ ♦❜❥❡t♦ T ✳ ▼♦s✲
tr❛r❡♠♦s q✉❡ T é ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ ❡♠ CQ✳ ❉❡ ❢❛t♦✱ s❡❣✉❡ ❞❡ ✭✸✳✸✮ q✉❡✿

Ext1CQ (T, T ) = Ext1DQ
(T, T )⊕ Ext1DQ

(T, FT )

≃ DHomDQ
(T, τT )⊕DHomDQ

(FT, τT )

= DHomDQ
(P1[1]⊕ I2 ⊕ I3, I1 ⊕ P3 ⊕ P2)⊕

⊕DHomDQ
( I1[2]⊕ P2[2]⊕ P3[2], I1 ⊕ P3 ⊕ P2)

= 0

❆ss✐♠✱ T s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭✐✮ ❞❛ ❉❡✜♥✐çã♦ ✼✹✳ ❆ ❝♦♥❞✐çã♦ ✭✐✐✮ é ❝❧❛r❛♠❡♥t❡
s❛t✐s❢❡✐t❛✳

P❡❧♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ T é ✐♥❞✉③✐❞♦ ♣♦r ✉♠♠ó❞✉❧♦ t✐❧t✐♥❣ ❜ás✐❝♦ s♦❜r❡ ❛❧❣✉♠❛ á❧❣❡❜r❛
❤❡r❡❞✐tár✐❛ ❞❡r✐✈❛❞❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ à KQ✳ ◗✉❡r❡♠♦s ❡♥❝♦♥tr❛r ❡ss❡ t❛❧ ♠ó❞✉❧♦
t✐❧t✐♥❣✳ ❱❛♠♦s ❡♥❝♦♥tr❛r ❛ á❧❣❡❜r❛ ❞❡ ❡♥❞♦♠♦r✜s♠♦ ♦♣♦st❛ ❞♦ ♦❜❥❡t♦ T ✱ ♣❛r❛ ✐ss♦
♣r❡❝✐s❛♠♦s ❝❛❧❝✉❧❛r ♦s ♠♦r✜s♠♦s ❡♥tr❡ ❝❛❞❛ s♦♠❛♥❞♦ ❞♦ ♦❜❥❡t♦ T ✳ P❡❧❛ ❡q✉❛çã♦
✸✳✶✱ t❡♠♦s✿

HomCQ (P1[1], I2) = HomDQ
(P1[1], I2)⊕ HomDQ

(P1[1], F I2)
= HomDQ

(P1[1], I2)⊕ HomDQ
(P1[1], P2[2])

= 0.

✺✾



HomCQ (P1[1], I3) = HomDQ
(P1[1], I3)⊕ HomDQ

(P1[1], F I3)
= HomDQ

(P1[1], I3)⊕ HomDQ
(P1[1], P3[2])

= 0.

HomCQ (I2, P1[1]) = HomDQ
(I2, P1[1])⊕ HomDQ

(I2, FP1[1])
= HomDQ

(I2, P1[1])⊕ HomDQ
(I1, I1[2])

= HomDQ
(I2, P1[1])

≃ K.

HomCQ (I2, I3) = HomDQ
(I2, I3)⊕ HomDQ

(I2, F I3)
= HomDQ

(I2, I3)⊕ HomDQ
(I2, P3[2])

= 0.

HomCQ (I3, P1[1]) = HomDQ
(I3, P1[1])⊕ HomDQ

(I3, I1[2])
= HomDQ

(I3, P1[1])
≃ K.

HomCQ (I2, I3) = HomDQ
(I2, I3)⊕ HomDQ

(I2, P2[2])
= 0.

❉❛í✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ ✭♦♠✐t✐♥❞♦ ❛s ✐❞❡♥t✐❞❛❞❡s✮✿

EndCQT : T // T

P1[1] P1[1]

I2

66

I2

I3

==

I3

▲♦❣♦✱ (EndCQT )
op é ✐s♦♠♦r❢♦ ❛♦ q✉✐✈❡r

Q1 : 2 1 //oo 3

❈♦♥s✐❞❡r❡♠♦s ❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s s♦❜r❡ Q1✳ ❖ q✉✐✈❡r ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❞❛
á❧❣❡❜r❛ KQ1 é✿

P2

  

I3

��
P1

??

��

I1

P3

>>

I2

??

P♦❞❡♠♦s ❝♦♥str✉✐r ❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ DQ1 ✱ ❡♠ ✈✐rt✉❞❡ ❞❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s
KQ1 s❡r ❤❡r❡❞✐tár✐❛✱ ♦❜t❡♥❞♦✿

✻✵



P2

��

I3

��

P3[1]

��

I2[1]

��

P2[2]

��

· · ·

· · ·

CC

��

P1

CC

��

I1

��

AA

P1[1]

AA

��

I1[1]

��

AA

P1[2]

CC

��P3

CC

I2

DD

P2[1]

@@

I3[1]

BB

P3[2]

AA

❖❜s❡r✈❡ q✉❡ ❛s ❝❛t❡❣♦r✐❛s ❞❡r✐✈❛❞❛s ❞❛s á❧❣❡❜r❛s ❞❡ ❝❛♠✐♥❤♦s KQ ❡ KQ1 sã♦
❡q✉✐✈❛❧❡♥t❡s ✭✈❡❥❛ ❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛ ❞❡ KQ ♥♦ ❡①❡♠♣❧♦ ✻✶✮✳ ❆❣♦r❛ ❝♦♥str✉✐♥❞♦
❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ1 ♦❜t❡♠♦s✿

P2

��

I3

��

P3[1]

��
P1

CC

��

I1

��

BB

P1[1]

P3

CC

I2

DD

P2[1]

@@

P♦❞❡♠♦s ❡s❝♦❧❤❡r ♦✉tr♦s r❡♣r❡s❡♥t❛♥t❡s ❞❛s F ✲ór❜✐t❛s Ĩ1✱ P̃2[1]✱ P̃3[1] ❡ P̃1[1] ♣❛r❛
q✉❡ ♦s q✉✐✈❡rs ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❞❛s ❝❛t❡❣♦r✐❛s ❝❧✉st❡r CQ ❡ CQ1 s❡❥❛♠ ❡q✉✐✈❛✲
❧❡♥t❡s✳ ❉❛í t❡♠♦s✿

I2[−1]

  

P2

��

I3

P1[−1]

>>

  

I1[−1]

??

��

P1

��

@@

I3[−1]

>>

P3

@@

I2

◆❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s KQ1 t❡♠♦s q✉❡ ♦ ♠ó❞✉❧♦ M = P1 ⊕ P2 ⊕ P3 é ✉♠ ♠ó✲
❞✉❧♦ t✐❧t✐♥❣ ❜ás✐❝♦✳ ■❞❡♥t✐✜❝❛♥❞♦ M ♥♦ q✉✐✈❡r ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❞❡ CQ1 ♦❜s❡r✈❡
❛❜❛✐①♦✱ t❡♠♦s q✉❡ ❞❡ ❢❛t♦ M ✐♥❞✉③ ♦ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ T ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r
CQ✳

I2[−1]

  

P2

��

I3

P1[−1]

>>

  

I1[−1]

??

��

P1

��

@@

I3[−1]

>>

P3

@@

I2

➱ ❝♦♥❤❡❝✐❞♦ q✉❡ ♦ q✉♦❝✐❡♥t❡ ❞❡ ✉♠❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r ♣♦r ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦
r❡s✉❧t❛ ❡♠ ✉♠❛ ❝❛t❡❣♦r✐❛ ❞❡ ♠ó❞✉❧♦s q✉❡ é ❛❜❡❧✐❛♥❛✳ ✭P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ✈❡❥❛✱
s❡çã♦ ✹✳✶ ♥♦ ❝❛♣ít✉❧♦ ✹✮✳

✻✶



❙❡❥❛ KQ ❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s ❞❡ ✉♠ q✉✐✈❡r Q ❝♦♠ ✈ért✐❝❡s {1, ..., n}✳ ❘❡❧❡♠✲
❜r❛♥❞♦ q✉❡ ♥❛ ❝❛t❡❣♦r✐❛ ❞❡ ♠ó❞✉❧♦s modKQ ✉♠ KQ✲♠ó❞✉❧♦ T é ❝❤❛♠❛❞♦ t✐❧t✐♥❣
q✉❛s❡ ❝♦♠♣❧❡t♦ s❡✱ s✉❛ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ é ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ ✶✱ ♣♦ss✉✐ n − 1 s♦✲
♠❛♥❞♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♥ã♦ ✐s♦♠♦r❢♦s ❡ é t❛❧ q✉❡ Ext1KQ

(
T , T

)
= 0✳ ❖ ♠ó❞✉❧♦

M é ❞✐t♦ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ T s❡ T = T ⊕M é ✉♠ ♠ó❞✉❧♦ t✐❧t✐♥❣✳ ◆❛s ❝❛t❡❣♦r✐❛s
❝❧✉st❡r CQ t❡♠♦s ✉♠ ❝♦♥❝❡✐t♦ s✐♠✐❧❛r✱ ❞❛❞♦ ♣❡❧❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿

❉❡✜♥✐çã♦ ✼✾✳ ❯♠ ♦❜❥❡t♦ T ❡♠ CQ é ❝❤❛♠❛❞♦ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ q✉❛s❡ ❝♦♠♣❧❡t♦✱
s❡✿

✭✐✮ Ext1CQ
(
T , T

)
= 0❀

✭✐✐✮ T ♣♦ss✉✐ n− 1 s♦♠❛♥❞♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♥ã♦✲✐s♦♠♦r❢♦s✱ ♦♥❞❡ n é ♦ ♥ú♠❡r♦
❞❡ ✈ért✐❝❡s ❞♦ q✉✐✈❡r Q✳

❙❡ ❡①✐st❡ ❛❧❣✉♠ ♦❜❥❡t♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ M t❛❧ q✉❡ T = T ⊕M é ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣
❜ás✐❝♦✱ ❞✐③❡♠♦s q✉❡ M é ✉♠ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ T ✳

❙❡❥❛ H ✉♠❛ á❧❣❡❜r❛ ❤❡r❡❞✐tár✐❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ➱ ❝♦♥❤❡❝✐❞♦ q✉❡ ❞❛❞♦ ✉♠ H✲
♠ó❞✉❧♦ t✐❧t✐♥❣ q✉❛s❡ ❝♦♠♣❧❡t♦M ❡①✐st❡ ♥♦ ♠á①✐♠♦ ❞♦✐s ❝♦♠♣❧❡♠❡♥t♦s ❞❡M ✱ ♦ q✉❡
♥ã♦ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❡①❛t❛♠❡♥t❡ ❞♦✐s ❝♦♠♣❧❡♠❡♥t♦s✳ ◆♦ ❝❛s♦ ❞❛s ❝❛t❡❣♦r✐❛s
❝❧✉st❡r✱ ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ❣❛r❛♥t❡ q✉❛♥t♦s ❝♦♠♣❧❡♠❡♥t♦s ❡①❛t❛♠❡♥t❡ ✉♠
♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ q✉❛s❡ ❝♦♠♣❧❡t♦ ♣♦ss✉✐✳

❚❡♦r❡♠❛ ✽✵✳ ❙❡❥❛ T ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ q✉❛s❡ ❝♦♠♣❧❡t♦ ❡♠ CQ✳ ❊♥tã♦ T
♣♦ss✉✐ ❡①❛t❛♠❡♥t❡ ❞♦✐s ❝♦♠♣❧❡♠❡♥t♦s ♥ã♦ ✐s♦♠♦r❢♦s ❡♠ CQ✳

❉❡♠♦♥str❛çã♦✿ ❚❡♦r❡♠❛ ✷✳✼✱ ❡♠ ❬✷✹❪ ♦✉ ❚❡♦r❡♠❛ ✺✳✶✱ ❡♠ ❬✹❪✳ �

❙❡❥❛ T ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ ❡♠ CQ✱ ❡♥tã♦ ❡①✐st❡ ✉♠ q✉✐✈❡r QT ❛ss♦❝✐❛❞♦ ❛ T q✉❡
é ♦ q✉✐✈❡r ❞❛ á❧❣❡❜r❛ ❞❡ ❡♥❞♦♠♦r✜s♠♦ ♦♣♦st❛ ❞♦ ♦❜❥❡t♦ T ✱ ♦✉ s❡❥❛✱ (EndCQT )

op✳
❆ss✐♠✱ ♦❜t❡♠♦s ✉♠ ♣❛r (T, QT ) ♦ q✉❛❧ ❝❤❛♠❛r❡♠♦s ❞❡ s❡♠❡♥t❡ t✐❧t✐♥❣✳ ❉❡ss❛
❢♦r♠❛✱ ♦ ❚❡♦r❡♠❛ ✽✵ ♥♦s ♣❡r♠✐t❡ ❞❡✜♥✐r ✉♠❛ ♠✉t❛çã♦ ❞❡ ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦
T ✱ ♣❛r❛ ❝❛❞❛ k = 1, . . . , n✱ ♣♦r✿

µk(T ) = µk(T ⊕ Tk) = T ⊕ T ′
k = T ′,

❡♠ q✉❡ T é ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ q✉❛s❡ ❝♦♠♣❧❡t♦ ❡♠ CQ ❡ s❡✉s ❝♦♠♣❧❡♠❡♥t♦s
sã♦ Tk ❡ T ′

k✳

❆ss✐♠✱ ♣♦❞❡♠♦s ❞❡✜♥✐r t❛♠❜é♠ ✉♠❛ ♠✉t❛çã♦ ♥❛s s❡♠❡♥t❡s t✐❧t✐♥❣ ❞❛ s❡❣✉✐♥t❡
❢♦r♠❛✳ ❉❛❞❛ ✉♠❛ s❡♠❡♥t❡ t✐❧t✐♥❣ (T, (EndCQT )

op)✱ ❞❡✜♥✐♠♦s✿

µk(T, (EndCQT )
op) = (T ′, (EndCQT

′)op),

♦♥❞❡ T ′ = µk(T )✳

❉❡ ❢♦r♠❛ s✐♠✐❧❛r ❛ q✉❡ ❢❛③❡♠♦s ♥♦ ❝❛♣ít✉❧♦ ✷✱ ❞❡✜♥✐♠♦s ♦ ❣r❛❢♦ t✐❧t✐♥❣✱ ❝✉❥♦s ✈ért✐❝❡s
❝♦rr❡s♣♦♥❞❡♠ ❛s s❡♠❡♥t❡s t✐❧t✐♥❣ ❡ ❛s ❛r❡st❛s sã♦ ❛s ♠✉t❛çõ❡s✳

❚❡♦r❡♠❛ ✽✶✳ ❖ ❣r❛❢♦ t✐❧t✐♥❣ ❞❡ ✉♠❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ ❛ss♦❝✐❛❞❛ ❛ ✉♠ q✉✐✈❡r Q
❛❝í❝❧✐❝♦ é ❝♦♥❡①♦✳

❉❡♠♦♥str❛çã♦✿ Pr♦♣♦s✐çã♦ ✸✳✺✱ ❡♠ ❬✹❪✳ �

✻✷



✸✳✼ ❘❡❧❛çã♦ ❡♥tr❡ ➪❧❣❡❜r❛s ❝❧✉st❡r ❡ ❈❛t❡❣♦r✐❛s ❝❧✉s✲
t❡r

❈♦♠♦ ✈✐♠♦s ♥♦ ❝❛♣ít✉❧♦ ✷✱ ♣❛r❛ q✉✐✈❡rs ❉②♥❦✐♥ ❡①✐st❡ ✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ ✈❛r✐á✈❡✐s
❝❧✉st❡r ♥ã♦ ✐♥✐❝✐❛✐s ❡ r❛í③❡s ♣♦s✐t✐✈❛s ❞♦ ❛ss♦❝✐❛❞♦ s✐st❡♠❛ ❞❡ r❛í③❡s ❡✱ ❝♦♥s❡q✉❡♥t❡✲
♠❡♥t❡✱ ✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ ✈❛r✐á✈❡✐s ❝❧✉st❡r ♥ã♦ ✐♥✐❝✐❛✐s ❡ ♠ó❞✉❧♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✳
❈♦♠♣❧❡t❛♥❞♦ ❡st❡ r❡s✉❧t❛❞♦✱ ♣♦❞❡♠♦s ♦❜t❡r ✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ ✈❛r✐á✈❡✐s ❝❧✉st❡r ✭✐♥✐✲
❝✐❛✐s ❡ ✐t❡r❛❞❛s✮ ❡ ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r ❞♦ r❡s♣❡❝t✐✈♦ q✉✐✈❡r
Q✱ ❡♠ q✉❡ ❛s n ✈❛r✐á✈❡✐s ❝❧✉st❡r ✐♥✐❝✐❛✐s q✉❡ ♥ã♦ ♣♦ss✉í❛♠ ❝♦rr❡s♣♦♥❞❡♥t❡s ❝♦♠
♠ó❞✉❧♦s ❡stã♦ ❡♠ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❝♦♠ ♦s n ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s P̃i[1]✱ ❝♦♠
i ∈ {1, . . . , n}✱ ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r✱ q✉❡ ❡stã♦ ❛ss♦❝✐❛❞♦s ❛ ❝♦♠♣❧❡①♦s tr❛♥s❧❛❞❛❞♦s
♥❛ ❝❛t❡❣♦r✐❛ ❞❡r✐✈❛❞❛✳ ➱ ♦ q✉❡ ❡st✉❞❛r❡♠♦s ♥❡st❛ s❡çã♦✳

❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ ❝♦♠ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s Q0 = {1, . . . , n}✱ ❝♦♥❡①♦ ❡ ❛❝í❝❧✐❝♦✳
❈♦♥s✐❞❡r❡♠♦s ❛ s❡♠❡♥t❡ ✐♥✐❝✐❛❧ (x, Q) = ({x1, . . . , xn} , Q)✳ ❱❛♠♦s ❝♦♥str✉✐r
✉♠❛ ❛♣❧✐❝❛çã♦ α q✉❡ ❛ss♦❝✐❛ ✈❛r✐á✈❡✐s ❝❧✉st❡r à ♦❜❥❡t♦s rí❣✐❞♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❡
❝❧✉st❡r à ♦❜❥❡t♦s t✐❧t✐♥❣ ❜ás✐❝♦s ❡♠ CQ✳ ❉❡✜♥✐♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ α(xi) = Pi[1]
♣❛r❛ i = 1, . . . , n✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ ❝❧✉st❡r {x1, . . . , xn} ❡stá ❡♠ ❝♦rr❡s♣♦♥❞ê♥❝✐❛
❝♦♠ ♦ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ P1[1] ⊕ · · · ⊕ Pn[1]✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛❣♦r❛ ❛ s❡♠❡♥t❡
✐♥✐❝✐❛❧ ❡ ❛♣❧✐❝❛♥❞♦ ❛ ♠✉t❛çã♦ µi ❡♠ (x, Q)✱ ♦❜t❡♠♦s ✉♠❛ ♥♦✈❛ ✈❛r✐á✈❡❧ ❝❧✉st❡r
u′i ❝✉❥♦ ❞❡♥♦♠✐♥❛❞♦r ❞❡t❡r♠✐♥❛ ✉♠ ✈❡t♦r ❞✐♠❡♥sã♦ ❛ss♦❝✐❛❞♦ ❛ ✉♠ ú♥✐❝♦ KQ✲
♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ rí❣✐❞♦ T ′

i ✱ ❡♠ q✉❡ T ′
i ≇ Pi[1] ❡ P1[1]⊕ · · · ⊕ T

′
i ⊕ · · · ⊕Pn[1]

é ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ ❡♠ CQ✳ ▲♦❣♦✱ ❛ ❝❧✉st❡r {x1, · · · , u′i, · · · , xn} ❡stá ❡♠
❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❝♦♠ ♦ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ P1[1]⊕· · ·⊕T

′
i⊕· · ·⊕Pn[1]✳ Pr♦ss❡❣✉✐♥❞♦

❞❡ ❢♦r♠❛ ✐t❡r❛❞❛✱ ✈❡r✐✜❝❛✲s❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ α ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❯t✐❧✐③❛♥❞♦ ♦
❚❡♦r❡♠❛ ✽✶✱ ♠♦str❛✲s❡ ❛ s♦❜r❡❥❡t✐✈✐❞❛❞❡ ❞❛ ❛♣❧✐❝❛çã♦ α✳

❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✽✷✳ ❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ ❛❝í❝❧✐❝♦ ❡ ❝♦♥s✐❞❡r❡ AQ ❡ CQ✱ r❡s♣❡❝t✐✈❛✲
♠❡♥t❡✱ ❛ á❧❣❡❜r❛ ❝❧✉st❡r ❡ ❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r ❛ss♦❝✐❛❞❛s ❛♦ q✉✐✈❡r Q✳ ❆ ❛♣❧✐❝❛çã♦

α :
{
✈❛r✐á✈❡✐s ❝❧✉st❡r ❡♠ AQ

}
−→

{
♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s rí❣✐❞♦s ❡♠ CQ

}

é s♦❜r❡❥❡t✐✈❛ ❡ ✐♥❞✉③ ❛♣❧✐❝❛çõ❡s α̃ q✉❡ ❛ss♦❝✐❛ ❝❧✉st❡r ❡♠ AQ ❡ ♦❜❥❡t♦s t✐❧t✐♥❣ ❜ás✐❝♦s
❡♠ CQ ❡ α q✉❡ ❛ss♦❝✐❛ s❡♠❡♥t❡s ❡♠ AQ ❡ s❡♠❡♥t❡s t✐❧t✐♥❣ ❡♠ CQ s❡♥❞♦ q✉❡ α
♣r❡s❡r✈❛ ♠✉t❛çõ❡s✳

❉❡♠♦♥str❛çã♦✿ ❚❡♦r❡♠❛ ✷✳✸✱ ❡♠ ❬✺❪✳ �

❊①❡♠♣❧♦ ✽✸✳ ❙❡❥❛ Q1 ♦ q✉✐✈❡r

2 // 1 3oo .

❈♦♠♦ ✈✐♠♦s ♥♦ ❊①❡♠♣❧♦ ✺✵✱ ♣á❣✐♥❛ ✸✼✱ ❝❛❞❛ ✈❛r✐á✈❡❧ ❝❧✉st❡r ♥ã♦ ✐♥✐❝✐❛❧ ❞❛ á❧❣❡✲
❜r❛ ❝❧✉st❡r AQ1 ♣♦ss✉✐ ✉♠ ❝♦rr❡s♣♦♥❞❡♥t❡ ♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧✳ ❈♦♠♦ ✈✐♠♦s
❛❝✐♠❛✱ ❛s ✈❛r✐á✈❡✐s ❝❧✉st❡r ✐♥✐❝✐❛✐s t❛♠❜é♠ ♣♦ss✉❡♠ ❝♦rr❡s♣♦♥❞❡♥t❡s ♦❜❥❡t♦s ✐♥❞❡✲
❝♦♠♣♦♥í✈❡✐s✱ ❛ s❛❜❡r✱ ❝❛❞❛ ✈❛r✐á✈❡❧ ❝❧✉st❡r xi ❡stá ❡♠ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❝♦♠ ♦ ♦❜❥❡t♦
✐♥❞❡❝♦♠♣♦♥í✈❡❧ rí❣✐❞♦ Pi[1]✱ ❝♦♠ i = 1, 2, 3✳

✻✸



❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ ❝♦♥❡①♦ ❡ ❛❝í❝❧✐❝♦✳ ❱❛♠♦s ❛❣♦r❛ ❞❡✜♥✐r ✉♠❛ ❛♣❧✐❝❛çã♦ ψ
q✉❡ ❧❡✈❛ ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s rí❣✐❞♦s ❡♠ ✈❛r✐á✈❡✐s ❝❧✉st❡r ♥❛ ❛ss♦❝✐❛❞❛ á❧❣❡❜r❛
❝❧✉st❡r AQ✳

❙❡❥❛ M ∈ modKQ ❝♦♠ ✈❡t♦r ❞✐♠❡♥sã♦ dimM = m ❡ s❡❥❛ Gre(M) ♦ ❝♦♥❥✉♥t♦ ❞❡
t♦❞♦s ♦s s✉❜♠ó❞✉❧♦s ❞❡ M ❝♦♠ ✈❡t♦r ❞✐♠❡♥sã♦ e✱ ♦✉ s❡❥❛✱

Gre(M) = {N ∈ modKQ; N ⊂M, dimN = e} .

❆ ❢ór♠✉❧❛ s❡❣✉✐♥t❡ é ❝❤❛♠❛❞❛ ❢ór♠✉❧❛ ❞❡ ❈❛❧❞❡r♦✲❈❤❛♣♦t♦♥ ✿

XM =
∑

e

χ(Gre(M))
∏

i

u−<e,αi>−<αi,m−e>
i ,

❡♠ q✉❡✱ χ é ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r✲P♦✐♥❝❛ré ❞♦ q✉✐✈❡r ●r❛ss♠❛♥✐❛♥♦ ✭✈❡❥❛ ❬✻❪✮ ❡
♣❛r❛ M, N ∈ modKQ ❞❡✜♥✐♠♦s

< dimM, dimN >= dimKHomKQ (M, N)− dimKExt
1
KQ (M, N) ,

❡ αi ❞❡♥♦t❛ ♦ ✈❡t♦r ❞✐♠❡♥sã♦ q✉❡ t❡♠ ✶ ♥❛ ✐✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛ ❡ ✵ ♥❛s ❞❡♠❛✐s✳

◆ã♦ ❞❛r❡♠♦s ❛q✉✐ ❛ ❞❡✜♥✐çã♦ ❢♦r♠❛❧ ❞❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r✲P♦✐♥❝❛ré ❞♦ q✉✐✈❡r
●r❛ss♠❛♥✐❛♥♦✱ ✉♠❛ ✈❡③ q✉❡ ❛ ♠❡s♠❛ ♥ã♦ s❡rá ♥❡❝❡ssár✐❛ ♥♦ ❝❛s♦ ❣❡r❛❧✱ ♥❡st❡ tr❛✲
❜❛❧❤♦✳ ◆♦s ❝❛s♦s q✉❡ ♥❡❝❡ss✐t❛♠♦s✱ ❡♠ q✉❡ ♦ q✉✐✈❡r é ❉②♥❦✐♥✱ ♣♦❞❡✲s❡ ♠♦str❛r q✉❡
♦ ❝♦❡✜❝✐❡♥t❡ χ(Gre(M)) = 1✳

P♦r ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡ Q ♦ q✉✐✈❡r✿

2 // 1 3oo .

❈♦♠♦ ✈✐♠♦s ♥♦ ❡①❡♠♣❧♦ ✻✶✱ ♣á❣✐♥❛ ✹✺✱ ❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ ❛ss♦❝✐❛❞❛ ❛ Q é ❞❛❞❛
♣♦r✿

P2

��

I3

��

P3[1]

P1

CC

��

I1

��

DD

P1[1]

AA

��
P3

CC

I2

BB

P2[1]

❈♦♥s✐❞❡r❡♠♦s P1 ∈ modKQ✱ ✈❛♠♦s ❝❛❧❝✉❧❛r XP1 ✉t✐❧✐③❛♥❞♦ ❛ ❢ór♠✉❧❛ ❞❡ ❈❛❧❞❡r♦✲
❈❤❛♣♦t♦♥✳ ❖ ✈❡t♦r ❞✐♠❡♥sã♦ ❞❡ P1 ém = [100]✱ ❛❧é♠ ❞✐ss♦✱ ♦s ú♥✐❝♦s s✉❜♠ó❞✉❧♦s ❞❡
P1 sã♦ ✵ ❡ ❡❧❡ ♣ró♣r✐♦✱ ❞❛í e = [000] ♦✉ e = [100]✱ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s χ(Gre(P1)) = 1✳
❆ss✐♠✱ t❡♠♦s✿

XP1 = u−<0,α1>−<α1,α1>
1 · u−<0,α2>−<α2,α1>

2 · u−<0,α3>−<α3,α1>
3 +

+ u−<α1,α1>−<α1,0>
1 · u−<α1,α2>−<α2,0>

2 · u−<α1,α3>−<α3,0>
3

= u−<α1,α1>
1 · u−<α2,α1>

2 · u−<α3,α1>
3 + u−<α1,α1>

1 · u−<α1,α2>
2 · u−<α1,α3>

3

= u2u3+1
u1

✻✹



♣♦✐s✱ Ext1KQ (S2, S1) ≃ K✱ Ext1KQ (S3, S1) ≃ K✳ ❖❜s❡r✈❡ q✉❡ XP1 = u2u3+1
u1

é
❡①❛t❛♠❡♥t❡ ❛ ✈❛r✐á✈❡❧ ❝❧✉st❡r q✉❡ ❝♦rr❡s♣♦♥❞❡ à P1 ♥♦ ❡①❡♠♣❧♦ ✺✵✱ ♣á❣✐♥❛ ✸✼ ♥♦
❝❛♣ít✉❧♦ ✷✳

❉❡ss❛ ❢♦r♠❛✱ ❞❡✜♥✐♠♦s ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♣❧✐❝❛çã♦ ψ ❞❡ ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s
rí❣✐❞♦s ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ ♣❛r❛ ❛s ✈❛r✐á✈❡✐s ❝❧✉st❡r ♥❛ ❛ss♦❝✐❛❞❛ á❧❣❡❜r❛ ❝❧✉st❡r
AQ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✱ ♣❛r❛ ❝❛❞❛ ♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ rí❣✐❞♦ M ❛ss♦❝✐❛✲s❡ à
✈❛r✐❛✁✈❡❧ ❝❧✉st❡r XM ❞❛❞❛ ♣❡❧❛ ❢ór♠✉❧❛ ❞❡ ❈❛❧❞❡r♦✲❈❤❛♣♦t♦♥ ❡ XPi[1] = ui✱ ♣❛r❛
i = 1, . . . , n✱ ❡♠ q✉❡ Pi sã♦ KQ✲♠ó❞✉❧♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♣r♦❥❡t✐✈♦s ❡ n é ♦ ♥ú♠❡r♦
❞❡ ✈ért✐❝❡s ❞♦ q✉✐✈❡r Q✳ P♦❞❡♠♦s ♠♦str❛r ❛ ✐♥❥❡t✐✈✐❞❛❞❡ ❡ ❛ s♦❜r❡❥❡t✐✈✐❞❛❞❡ ❞❛
❛♣❧✐❝❛çã♦ ψ✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ t❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✽✹✳ ❙❡❥❛ Q ✉♠ q✉✐✈❡r ❛❝í❝❧✐❝♦ ❝♦♠ ❝♦♥❥✉♥t♦ ❞❡ ✈ért✐❝❡s {1, . . . , n}✱ ❡ s❡❥❛
CQ ❡ AQ✱ ❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r ❡ ❛ á❧❣❡❜r❛ ❝❧✉st❡r ❛ss♦❝✐❛❞❛s ❛ Q✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❊♥tã♦ ❡①✐st❡♠ ❛s ❜✐❥❡çõ❡s✿

✶✳
{
♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s rí❣✐❞♦s ❡♠ CQ

}
−→

{
✈❛r✐á✈❡✐s ❝❧✉st❡r ❡♠ AQ

}

M 7−→ uM

✷✳ {
♦❜❥❡t♦s t✐❧t✐♥❣ ❜ás✐❝♦s ❡♠ CQ

}
−→

{
❝❧✉st❡r ❡♠ AQ

}

T = T1 ⊕ · · · ⊕ Tn 7−→ uT = {uT1 , . . . , uTn
}

❉❡♠♦♥str❛çã♦✿ ❚❡♦r❡♠❛ ✹✱ ❡♠ ❬✽❪✳ �

❖❜s❡r✈❡ q✉❡ ♦ t❡♦r❡♠❛ ❛❝✐♠❛ ♥♦s ❞á ✉♠❛ ❧✐❣❛çã♦ ❡str❡✐t❛ ❡♥tr❡ ♦❜❥❡t♦s t✐❧t✐♥❣
❜ás✐❝♦s ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ ❡ ❝❧✉st❡r ♥❛ á❧❣❡❜r❛ ❝❧✉st❡r AQ✱ ♣♦ré♠ ♥❛❞❛ é
❛✜r♠❛❞♦ ❛ r❡s♣❡✐t♦ ❞❡ ✉♠❛ ❧✐❣❛çã♦ ❡♥tr❡ ♦ q✉✐✈❡r ❞❛ á❧❣❡❜r❛ ❞❡ ❡♥❞♦♠♦r✜s♠♦
♦♣♦st❛ ❞❡st❡s ♦❜❥❡t♦s t✐❧t✐♥❣ ❜ás✐❝♦s ❝♦♠ ♦ q✉✐✈❡r q✉❡ ❛♣❛r❡❝❡ ♥❛ s❡♠❡♥t❡ ❞❛ ❝❧✉st❡r
❡♠ q✉❡stã♦✳ ❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ♠♦str❛ q✉❡ ❞❡ ❢❛t♦ ❡st❛ ❧✐❣❛çã♦ ❛❝♦♥t❡❝❡✳

❚❡♦r❡♠❛ ✽✺✳ ❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ ❡ ❛❝í❝❧✐❝♦✳ ❙❡❥❛ T ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦
q✉❛s❡ ❝♦♠♣❧❡t♦ ❡♠ CQ ❝♦♠ M ❡ M ′ s❡✉s ❞♦✐s ❝♦♠♣❧❡♠❡♥t♦s✳ ❈♦♥s✐❞❡r❡♠♦s T =
T⊕M ❡ T ′ = T⊕M ′ ❡ ❞❡♥♦t❡ ♣♦r QT = (EndCQT )

op ❡ QT ′ = (EndCQT
′)op✳ ❙✉♣♦♥❤❛

i ♦ ✈ért✐❝❡ ❡♠ QT t❛❧ q✉❡ µi(T ) = T ′✱ ❡♥tã♦ ♦ ❞✐❛❣r❛♠❛

T ✤

µi //
❴

��

T ′
❴

��
QT

✤

µi

// µi(QT ) = QT ′

é ❝♦♠✉t❛t✐✈♦✳

❉❡♠♦♥str❛çã♦✿ ❚❡♦r❡♠❛ ✺✳✶✱ ❡♠ ❬✶❪✳ �

❘✳ ❙❝❤✐✤❡r ❛♣r❡s❡♥t♦✉ ❡♠ ❬✷✻❪ ✉♠❛ ❞❡s❝r✐çã♦ ❣❡♦♠étr✐❝❛ ❞❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r ♣❛r❛
q✉✐✈❡rs ❞♦ t✐♣♦ Dn✳

✻✺



❈❛♣ít✉❧♦ ✹

❆♣❧✐❝❛çõ❡s ❞♦s r❡s✉❧t❛❞♦s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s q✉❡ ✐❧✉str❛♠ ♦s ❝♦♥❝❡✐t♦s ✐♥tr♦❞✉③✐❞♦s
♥♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s ❡✱ ❛✐♥❞❛✱ t❡r❡♠♦s ❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ❡✈✐❞❡♥❝✐❛r ❡ ❝♦♠❡♥t❛r
♦s r❡s✉❧t❛❞♦s q✉❡ ❛♣r❡s❡♥t❛♠♦s ❡ ❞❡♠♦♥str❛♠♦s✳

✹✳✶ ❈❛s♦ D4

❙❡❥❛ Q ♦ q✉✐✈❡r
4

��
1 // 2 3oo

q✉❡ é ❉②♥❦✐♥ ❞♦ t✐♣♦ D4✳

❱❛♠♦s ❡♥❝♦♥tr❛r ❛ á❧❣❡❜r❛ ❝❧✉st❡r AQ ❛ss♦❝✐❛❞❛ ❛ Q✳ ❆ ❝❧❛ss❡ ❞❡ ♠✉t❛çõ❡s ❡q✉✐✲
✈❛❧❡♥t❡s ❞♦ q✉✐✈❡r Q t❡♠✱ ❛❧é♠ ❞❡❧❡ ♣ró♣r✐♦✱ ♦s s❡❣✉✐♥t❡s q✉✐✈❡rs✿

4

��
Q1 : 1 2oo 3oo

4

��
Q2 : 1 2oo // 3

4

Q3 : 1 2oo

OO

// 3

4

��
Q4 : 1 // 2 //

OO

3kk

4

��
Q5 : 1 332

OO

3oo

❈♦♥s✐❞❡r❡♠♦s ❛ s❡♠❡♥t❡ ✐♥✐❝✐❛❧ ({x1, x2, x3, x4} , Q)✳ ◆❛ ✜❣✉r❛ ❛❜❛✐①♦ ❞❡s❝r❡✈❡♠♦s
❛s ♣r✐♠❡✐r❛s ✐t❡r❛çõ❡s ❞♦ ♣r♦❝❡ss♦ ❞❡ ♠✉t❛çã♦ ❞❡st❛ s❡♠❡♥t❡✳

✻✻



({
1+x2
x1

, 1+x2+x1x3x4
x1x2

, x3, x4

}
, Q4

)

({
1+x2
x1

, x2, x3, x4

}
, Q1

)
µ2 22

µ3 //
µ4

,,

({
1+x2
x1

, x2,
1+x2
x3

, x4

}
, Q2

)

({
1+x2
x1

, x2,
1+x2
x4

, x3

}
, Q2

)

({
x4,

1+x1x3x4
x2

, x3,
1+x2+x1x3x4

x1x2

}
, Q2

)

({
x1,

1+x1x3x4
x2

, x3, x4

}
, Q3

)
µ1 22

µ3 //
µ4

,,

({
x1,

1+x1x3x4
x2

, x4,
1+x2+x1x3x4

x2x3

}
, Q2

)

({
x1,

1+x1x3x4
x2

, x3,
1+x2+x1x3x4

x2x4

}
, Q2

)

({x1, x2, x3, x4} , Q)

µ1

BB

µ2

66

µ3

((

µ4

��

({
1+x2
x3

, 1+x2+x1x3x4
x2x3

, x1, x4

}
, Q4

)

({
1+x2
x3

, x2, x1, x4

}
, Q1

)
µ2 22

µ4

,,

µ3 //
({

1+x2
x3

, x2,
1+x2
x1

, x4

}
, Q2

)

({
1+x2
x3

, x2,
1+x2
x4

, x1

}
, Q2

)

({
1+x2
x4

, 1+x2+x1x3x4
x2x4

, x3, x1

}
, Q4

)

({
1+x2
x4

, x2, x3, x1

}
, Q1

)
µ2 22

µ4

,,

µ3 //
({

1+x2
x4

, x2,
1+x2
x3

, x1

}
, Q2

)

({
1+x2
x4

, x2,
1+x2
x1

, x3

}
, Q2

)

▲❡♠❜r❛♥❞♦ q✉❡ ❛s s❡t❛s tr❛❝❡❥❛❞❛s ✐♥❞✐❝❛♠ q✉❡ ❛s s❡♠❡♥t❡s ♥ã♦ sã♦ ❛q✉❡❧❛s ♦❜t✐❞❛s
❡①❛t❛♠❡♥t❡ ❞❛ ♠✉t❛çã♦ ❡✱ s✐♠✱ s❡♠❡♥t❡s ❡q✉✐✈❛❧❡♥t❡s✳

❉❛♥❞♦ ❝♦♥t✐♥✉✐❞❛❞❡ ❛♦ ♣r♦❝❡ss♦ ❞❡ ✐t❡r❛çã♦ ❢❡✐t♦ ❛❝✐♠❛ ❡♥❝♦♥tr❛♠♦s ✺✵ s❡♠❡♥t❡s
❞✐st✐♥t❛s✶✱ ❛ ♠❡♥♦s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✱ ❡ ✉♠ t♦t❛❧ ❞❡ ✶✻ ✈❛r✐á✈❡✐s ❝❧✉st❡r✱ sã♦ ❡❧❛s✿

x1, x2, x3, x4,
1 + x2
x1

,
1 + x1x3x4

x2
,

1 + x2
x3

,
1 + x2
x4

,

1 + x2 + x1x3x4
x1x2

,
1 + x2 + x1x3x4

x2x3
,

1 + x2 + x1x3x4
x2x4

,

1 + 2x2 + x22 + x1x3x4
x1x2x3

,
1 + 2x2 + x22 + x1x3x4

x1x2x4
,

1 + 2x2 + x22 + x1x3x4
x2x3x4

,
1 + 3x2 + 3x22 + x32 + x1x3x4

x1x2x3x4
,

1 + 3x2 + 3x22 + x32 + ((2x1 + 3x1x2)x3)x4 + x21x
2
3x

2
4

x1x22x3x4
.

✶❊st❡ ♥ú♠❡r♦ ❞❡ s❡♠❡♥t❡s ❢♦✐ ♦❜t✐❞♦ ❛tr❛✈és ❞♦ ♣❛❝♦t❡ ❙❛❣❡ ❬✷✸❪✳

✻✼



❉❛í ❛ á❧❣❡❜r❛ ❝❧✉st❡r ❛ss♦❝✐❛❞❛ ❛♦ q✉✐✈❡r Q é ❣❡r❛❞❛ ♣♦r ❡st❛s ✶✻ ✈❛r✐á✈❡✐s ❝❧✉st❡r✳

■❧✉str❛♠♦s ♥❛ ✜❣✉r❛ ✹✳✶ ❞❛ ♣á❣✐♥❛ ✻✾ ✉♠❛ ♣❛rt❡ ❞♦ ❣r❛❢♦ ❞❡ tr♦❝❛ ❛ss♦❝✐❛❞♦ ❝♦♠
♦ q✉✐✈❡r Q✱ ❛♣❡♥❛s ❝♦♠ ❛s ✶✹ s❡♠❡♥t❡s ❞✐st✐♥t❛s q✉❡ ❡♥❝♦♥tr❛♠♦s ♥♦ ♣r♦❝❡ss♦ ❞❡
✐t❡r❛çã♦✳ ❆s s❡t❛s tr❛❝❡❥❛❞❛s ✐♥❞✐❝❛♠ q✉❡ ❛♦ ❢❛③❡r ❛ ♠✉t❛çã♦ ♦❜t❡♠♦s ✉♠❛ s❡♠❡♥t❡
❡q✉✐✈❛❧❡♥t❡ à ❞❡s❝r✐t❛ ♥♦ ❣r❛❢♦✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❞❡♥♦t❛♠♦s ♣♦r a = 1+x2+x1x3x4

x1x2
✱

b = 1+x2+x1x3x4

x2x3
❡ c = 1+x2+x1x3x4

x2x4
✳

❱❛♠♦s ❡♥❝♦♥tr❛r ❛❣♦r❛ ❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ ❛ss♦❝✐❛❞❛ ❛♦ q✉✐✈❡r Q✳ ❖ q✉✐✈❡r ❞❡
❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❞❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s KQ é ❞❛❞♦ ♣♦r✿

1100

##

0111

##

1000

0100

;;

//

##

0110 // 1211

;;

//

##

1101 // 1111

;;

//

##

0010

0101

;;

1110

;;

0001

♦♥❞❡ ♦s ♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s ❡stã♦ ❞❡st❛❝❛❞♦s à ❡sq✉❡r❞❛ ❡ ♦s ♠ó❞✉❧♦s ✐♥❥❡t✐✈♦s
❞❡st❛❝❛❞♦s à ❞✐r❡✐t❛✳ ❉❡♥♦t❛r❡♠♦s E = 1211✱ M = 0111✱ N = 1101 ❡ L = 1110✳
❊♠ ✈✐rt✉❞❡ ❞❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s KQ s❡r ❤❡r❡❞✐tár✐❛✱ ❞❡s❝r❡✈❡♠♦s ❛ ❝❛t❡❣♦r✐❛
❞❡r✐✈❛❞❛ ❞❡ KQ✱ ❞❛❞❛ ♣❡❧♦ q✉✐✈❡r ❛❜❛✐①♦✿

· · ·

  

P1

��

M

��

I1

!!

P1[1]

""

· · ·

· · · // P2

>>

//

  

P3
// E

??

//

��

N // I2 //

??

//

��

I3 // P2[1]

<<

//

""

P3[1] // E[1]

==

//

!!

· · ·

· · ·

>>

P4

??

L

??

I4

==

P4[1]

<<

· · ·

❛s ❧✐♥❤❛s tr❛❝❡❥❛❞❛s ✐♥❞✐❝❛♠ ❛s tr❛♥s❧❛çã♦ T ✳

P♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r ♦s ♦❜❥❡t♦s q✉❡ ❡stã♦ ♥❛ ♠❡s♠❛ F ✲ór❜✐t❛ ♣❛r❛ ❡♥❝♦♥tr❛r♠♦s ❛
❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ ❛ss♦❝✐❛❞❛ ❛♦ q✉✐✈❡r Q✳ ❈♦♠♦ ✈✐♠♦s ♥♦ ❝❛♣ít✉❧♦ ✸ ♥❛ ♦❜s❡r✈❛çã♦
❢❡✐t❛ ❛♣ós ❛ Pr♦♣♦s✐çã♦ ✻✷✱ ♣á❣✐♥❛ ✹✼✱ ♦s ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❡♠ CQ sã♦ ❞❛
❢♦r♠❛ X̃ ♣❛r❛X ✉♠ ♦❜❥❡t♦ ❡♠ S✳ ❆ss✐♠✱ ♦ q✉✐✈❡r ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❞❛ ❝❛t❡❣♦r✐❛
❝❧✉st❡r CQ é ❞❛❞♦ ♣♦r✿

P̃1

��

M̃

��

Ĩ1

��

P̃1[1]

P̃2

@@

//

��

P̃3
// Ẽ

AA

//

��

Ñ // Ĩ2 //

AA

//

��

Ĩ3 // P̃2[1]

==

//

!!

P̃3[1]

P̃4

AA

L̃

AA

Ĩ4

??

P̃4[1]
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({x1, x2, x3, x4} , Q)

µ1

%%

µ2

qq
µ3

,,

µ4

yy

({

x1,
1+x1x3x4

x2
, x3, x4

}

, Q3

)

µ4

yy

µ3

��

µ1

��

({

1+x2
x3

, x2, x1, x4

}

, Q1

)

µ3

$$
µ4

��

µ2

��

({

1+x2
x4

, x2, x3, x1

}

, Q1

)

µ3

//

µ1

$$

µ2

��

({

1+x2
x1

, x2, x3, x4

}

, Q1

)

µ3

,,

µ4

zz

µ2

��

({

x1,
1+x1x3x4

x2
, x3, c

}

, Q2

) ({

1+x2
x1

, x2,
1+x2
x3

, x4

}

, Q2

)

({

1+x2
x4

, x2,
1+x2
x1

, x3

}

, Q2

)

({

x4,
1+x1x3x4

x2
, x3, a

}

, Q2

) ({

1+x2
x4

, x2,
1+x2
x3

, x1

}

, Q2

)

({

x1,
1+x1x3x4

x2
, x4, b

}

, Q2

) ({

1+x2
x3

, b, x1, x4

}

, Q4

)

({

1+x2
x4

, c, x3, x1

}

, Q4

) ({

1+x2
x1

, a, x3, x4

}

, Q4

)

❋✐❣✉r❛ ✹✳✶✿ P❛rt❡ ❞♦ ❣r❛❢♦ ❞❡ tr♦❝❛ ✭❝❛s♦ D4✮

✻✾



❆❧é♠ ❞✐ss♦✱ ♥❛ s❡çã♦ ✸✳✼ ❞♦ ❝❛♣ít✉❧♦ ✸ ✈✐♠♦s q✉❡ ❡①✐st❡ ✉♠❛ r❡❧❛çã♦ ♠✉✐t♦ ✐♥t❡r❡s✲
s❛♥t❡ ❡♥tr❡ á❧❣❡❜r❛s ❝❧✉st❡r ❡ ❝❛t❡❣♦r✐❛s ❝❧✉st❡r✳ ❱❛♠♦s ♠♦str❛r ❛❣♦r❛ ❝♦♠♦ ❡st❛
r❡❧❛çã♦ s❡ ❞á ♥❛ ♣rát✐❝❛ ♣♦r ♠❡✐♦ ❞❡st❡ ❡①❡♠♣❧♦✳ ❈♦♥s✐❞❡r❡♠♦s ❛ s❡♠❡♥t❡ ✐♥✐❝✐❛❧
({x1, x2, x3, x4} , Q)✳ ❆ ❛♣❧✐❝❛çã♦ q✉❡ ❛ss♦❝✐❛ ✈❛r✐á✈❡✐s ❝❧✉st❡r à ♦❜❥❡t♦s rí❣✐❞♦s
✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❡✱ ❝❧✉st❡r à ♦❜❥❡t♦s t✐❧t✐♥❣ ❜ás✐❝♦s✱ ❧❡✈❛ ❝❛❞❛ ✈❛r✐á✈❡❧ ❝❧✉st❡r ✐♥✐✲
❝✐❛❧ xi ♥❛ á❧❣❡❜r❛ ❝❧✉st❡r AQ ❡♠ Pi[1] ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ✱ ♣❛r❛ i = 1, 2, 3, 4✳
❉❛í✱ ❛ ❝❧✉st❡r {x1, x2, x3, x4} ❡stá ❡♠ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❝♦♠ ♦ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦
P1[1] ⊕ P2[1] ⊕ P3[1] ⊕ P4[1]✳ ❆♣❧✐❝❛♥❞♦ ❛ ♠✉t❛çã♦ µ1 ❡♠ ({x1, x2, x3, x4} , Q)✱
♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ s❡♠❡♥t❡✿

({
1 + x2
x1

, x2, x3, x4

}
, Q1

)
.

❈♦♠ ✐ss♦✱ ♦❜t❡♠♦s ✉♠❛ ♥♦✈❛ ✈❛r✐á✈❡❧ ❝❧✉st❡r ❝✉❥♦ ❞❡♥♦♠✐♥❛❞♦r ❞❡t❡r♠✐♥❛ ♦ ✈❡t♦r
❞✐♠❡♥sã♦ [1000]✱ ❡ss❡ ✈❡t♦r ❞✐♠❡♥sã♦ ♣♦r s✉❛ ✈❡③ ❝♦rr❡s♣♦♥❞❡ ❛♦ ú♥✐❝♦ KQ✲♠ó❞✉❧♦

✐♥❞❡❝♦♠♣♦♥í✈❡❧ I1✳ ❉❛í✱ ❛ ❝❧✉st❡r
{

1+x2

x1
, x2, x3, x4

}
❝♦rr❡s♣♦♥❞❡ ❛♦ ♦❜❥❡t♦ T =

I1 ⊕ P2[1] ⊕ P3[1] ⊕ P4[1] q✉❡ é t✐❧t✐♥❣ ❜ás✐❝♦✳ ❉❡ ❢❛t♦✱ ❝❧❛r❛♠❡♥t❡ T s❛t✐s❢❛③ ❛
❝♦♥❞✐çã♦ ✭✐✐✮ ❞❛ ❉❡✜♥✐çã♦ ✼✹✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❣✉❡ ❞❡ ✭✸✳✸✮ q✉❡✿

Ext1CQ (T, T ) = Ext1DQ
(T, T )⊕ Ext1DQ

(T, FT )

≃ DHomDQ
(T, τT )⊕DHomDQ

(FT, τT )

= DHomDQ
(I1 ⊕ P2[1]⊕ P3[1]⊕ P4[1], M ⊕ I2 ⊕ I3 ⊕ I4)⊕

⊕DHomDQ
( P1[2]⊕ E[2]⊕N [2]⊕ L[2], M ⊕ I2 ⊕ I3 ⊕ I4 )

= 0

❆ss✐♠✱ ❛ ❝♦♥❞✐çã♦ ✭✐✮ é s❛t✐s❢❡✐t❛✳

❆❣♦r❛ ✈❡r✐✜❝❛r❡♠♦s q✉❡ (EndCQT )
op ∼= Q1✳ P❛r❛ ❡♥❝♦♥tr❛r ❛ á❧❣❡❜r❛ ❞❡ ❡♥❞♦♠♦r✲

✜s♠♦ ❞♦ ♦❜❥❡t♦ T ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ♦s ♠♦r✜s♠♦s ❡♠ ❝❛❞❛ s♦♠❛♥❞♦ ❞♦ ♦❜❥❡t♦ T ✳
P❡❧❛ ❡q✉❛çã♦ ✸✳✶✱ ❝❛♣ít✉❧♦ ✸✱ ♣á❣✐♥❛ ✹✹✱ t❡♠♦s✿

HomCQ (I1, P2[1]) = HomDQ
(I1, P2[1])⊕ HomDQ

(I1, FP2[1])
= HomDQ

(I1, P2[1])⊕ HomDQ
(I1, E[2])

= HomDQ
(I1, P2[1])

≃ K.

HomCQ (I1, P3[1]) = HomDQ
(I1, P3[1])⊕ HomDQ

(I1, FP3[1])
= HomDQ

(I1, P3[1])⊕ HomDQ
(I1, N [2])

= HomDQ
(I1, P3[1])

≃ K.

HomCQ (I1, P4[1]) = HomDQ
(I1, P4[1])⊕ HomDQ

(I1, FP4[1])
= HomDQ

(I1, P4[1])⊕ HomDQ
(I1, L[2])

= HomDQ
(I1, P4[1])

≃ K.

HomCQ (P2[1], I1) = HomDQ
(P2[1], I1)⊕ HomDQ

(P2[1], F I1)
= HomDQ

(P2[1], P1[2])
= 0.

✼✵



HomCQ (P2[1], P3[1]) = HomDQ
(P2[1], P3[1])⊕ HomDQ

(P2[1], N [2])
= HomDQ

(P2[1], P3[1])
≃ K.

HomCQ (P2[1], P4[1]) = HomDQ
(P2[1], P4[1])⊕ HomDQ

(P2[1], L[2])
= HomDQ

(P2[1], P4[1])
≃ K.

HomCQ (P3[1], I1) = HomDQ
(P3[1], I1)⊕ HomDQ

(P3[1], P1[2])
= 0.

HomCQ (P3[1], P2[1]) = HomDQ
(P3[1], P2[1])⊕ HomDQ

(P3[1], E[2])
= 0.

HomCQ (P3[1], P4[1]) = HomDQ
(P3[1], P4[1])⊕ HomDQ

(P3[1], L[2])
= 0.

HomCQ (P4[1], I1) = HomDQ
(P4[1], I1)⊕ HomDQ

(P4[1], P1[2])
= 0.

HomCQ (P4[1], P2[1]) = HomDQ
(P4[1], P2[1])⊕ HomDQ

(P4[1], E[2])
= 0.

HomCQ (P4[1], P3[1]) = HomDQ
(P4[1], P3[1])⊕ HomDQ

(P4[1], N [2])
= 0.

❉❛í✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ ✭♦♠✐t✐♥❞♦ ❛s ✐❞❡♥t✐❞❛❞❡s✮✿

EndCQT : T // T

I1
((

  

��

I1

P2[1]

''

  

P2[1]

P3[1] P3[1]

P4[1] P4[1]

▲♦❣♦✱ (EndCQT )
op ∼= Q1 ❝♦♠♦ ❡s♣❡r❛❞♦✳ P♦rt❛♥t♦✱ ❛ s❡♠❡♥t❡

({
1+x2

x1
, x2, x3, x4

}
, Q1

)

❡stá ❡♠ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❝♦♠ ❛ s❡♠❡♥t❡ t✐❧t✐♥❣ (T,QT )✱ ❡♠ q✉❡ QT = (EndCQT )
op✳

✼✶



❆♣❧✐❝❛♥❞♦ ❛❣♦r❛ µ2 ❡♠ ({x1, x2, x3, x4} , Q)✱ ♦❜t❡♠♦s ❛ s❡♠❡♥t❡✿
({

x1,
1 + x1x3x4

x2
, x3, x4

}
, Q3

)
.

◆♦t❡ q✉❡ ♦ ❞❡♥♦♠✐♥❛❞♦r ❞❛ ✈❛r✐á✈❡❧ ❝❧✉st❡r 1+x1x3x4

x2
❡stá ❛ss♦❝✐❛❞♦ ❛♦ ✈❡t♦r ❞✐♠❡♥✲

sã♦ [0100]✳ ❖ KQ✲♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ rí❣✐❞♦ ❛ss♦❝✐❛❞♦ ❝♦♠ [0100] é P2✳ ▲♦❣♦✱ ❛

❝❧✉st❡r
{
x1,

1+x1x3x4

x2
, x3, x4

}
❡stá ❛ss♦❝✐❛❞❛ ❛♦ ♦❜❥❡t♦ T ′ = P1[1]⊕P2⊕P3[1]⊕P4[1]✱

q✉❡ é t✐❧t✐♥❣ ❜ás✐❝♦✱ ♣♦✐s

Ext1CQ (T ′, T ′) = Ext1DQ
(T ′, T ′)⊕ Ext1DQ

(T ′, FT ′)

≃ DHomDQ
(T ′, τT ′)⊕DHomDQ

(FT ′, τT ′)

= DHomDQ
(P1[1]⊕ P2 ⊕ P3[1]⊕ P4[1], I1 ⊕ I2[−1]⊕ I3 ⊕ I4)⊕

⊕DHomDQ
( M [2]⊕ E[1]⊕N [2]⊕ L[2], I1 ⊕ I2[−1]⊕ I3 ⊕ I4)

= 0

❧♦❣♦✱ T ′ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭✐✮ ❞❛ ❉❡✜♥✐çã♦ ✼✹ ❡ ❛ ❝♦♥❞✐çã♦ ✭✐✐✮ é ❝❧❛r❛♠❡♥t❡ s❛t✐s✲
❢❡✐t❛✳

❈❛❧❝✉❧❛♥❞♦ ❛ á❧❣❡❜r❛ ❞❡ ❡♥❞♦♠♦r✜s♠♦ ❞♦ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ T ′✱ ♦❜t❡♠♦s ♦ s❡✲
❣✉✐♥t❡ ✭♦♠✐t✐♥❞♦ ❛s ✐❞❡♥t✐❞❛❞❡s✮✿

EndCQT
′ : T ′ // T ′

P1[1]

((

P1[1]

P2 P2

P3[1]

66

P3[1]

P4[1]

>>

P4[1]

▲♦❣♦✱ (EndCQT
′)op é ✐s♦♠♦r❢♦ ❛♦ q✉✐✈❡r

4

1 2oo

OO

// 3

q✉❡ é Q3✳ P♦rt❛♥t♦✱ ❛ s❡♠❡♥t❡
({
x1,

1+x1x3x4

x2
, x3, x4

}
, Q3

)
❡stá ❡♠ ❝♦rr❡s♣♦♥❞ê♥✲

❝✐❛ ❝♦♠ ❛ s❡♠❡♥t❡ t✐❧t✐♥❣ (T ′, QT ′)✱ ❡♠ q✉❡ QT ′ = (EndCQT
′)op✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ❛ s❡♠❡♥t❡
({

1+x2

x1
, x2, x3, x4

}
, Q1

)
✳ ❱✐♠♦s ❛❝✐♠❛ q✉❡ ❡stá

s❡♠❡♥t❡ ❡stá ❡♠ ❝♦rr❡s♣♦❞ê♥❝✐❛ ❝♦♠ ❛ s❡❣✉✐♥t❡ s❡♠❡♥t❡ t✐❧t✐♥❣ (T,QT )✱ ❡♠ q✉❡
T = I1 ⊕ P2[1] ⊕ P3[1] ⊕ P4[1] ❡ QT = (EndCQT )

op✳ ❆♣❧✐❝❛♥❞♦ ❛ ♠✉t❛çã♦ µ2 ❡♠({
1+x2

x1
, x2, x3, x4

}
, Q1

)
✱ ♦❜t❡♠♦s✿

({
1 + x2
x1

,
1 + x2 + x1x3x4

x1x2
, x3, x4

}
, Q4

)
.
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❉❛í ♦❜t❡♠♦s ❛ ✈❛r✐á✈❡❧ ❝❧✉st❡r 1+x2+x1x3x4

x1x2
❝✉❥♦ ❞❡♥♦♠✐♥❛❞♦r ❡stá ❛ss♦❝✐❛❞♦ ❛♦ ✈❡t♦r

❞✐♠❡♥sã♦ [1100] q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ KQ✲♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ rí❣✐❞♦ P1✳ ▲♦❣♦✱

❛ ❝❧✉st❡r
{

1+x2

x1
, 1+x2+x1x3x4

x1x2
, x3, x4

}
é ❧❡✈❛❞❛ ♥♦ ♦❜❥❡t♦ T ′′ = I1 ⊕ P1 ⊕ P3[1] ⊕

P4[1]✳ P♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ ❞❡ ❢❛t♦ T ′′ é t✐❧t✐♥❣ ❜ás✐❝♦✳ ❈❛❧❝✉❧❛♥❞♦ ❛ á❧❣❡❜r❛ ❞❡
❡♥❞♦♠♦r✜s♠♦ ❞❡ T ′′✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ ✭♦♠✐t✐♥❞♦ ❛s ✐❞❡♥t✐❞❛❞❡s✮✿

EndCQT : T // T

I1

!!

��

I1

P1

66

P1

P3[1]

66

P3[1]

P4[1]

>>

P4[1]

P♦rt❛♥t♦✱ (EndCQT
′′)op ∼= Q4✳

❉❛♥❞♦ ❝♦♥t✐♥✉✐❞❛❞❡ ❛ ❡st❡ ♣r♦❝❡ss♦ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r ❞❡ ❢♦r♠❛ s✐♠✐❧❛r ❛♦ q✉❡ ❢♦✐
❢❡✐t♦ ❛❝✐♠❛ q✉❡ ❝❛❞❛ s❡♠❡♥t❡ ♥❛ á❧❣❡❜r❛ ❝❧✉st❡r ❡stá ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ s❡♠❡♥t❡ t✐❧t✐♥❣
♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r✳ ❉❡ss❛ ❢♦r♠❛✱ ♦❜t❡♠♦s ♦ ❣r❛❢♦ t✐❧t✐♥❣ ❞❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ
❞❛❞♦ ♣❡❧❛ ✜❣✉r❛ ✹✳✷✱ ♣á❣✐♥❛ ✼✹✳

❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s r❡❛❧✐③❛r ♦ ♣r♦❝❡ss♦ ✐♥✈❡rs♦✱ ♦✉ s❡❥❛✱ ❞❛❞♦ ✉♠ q✉✐✈❡r Q✱ ❛ ♣❛rt✐r
❞❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ❛s ✈❛r✐á✈❡✐s ❝❧✉st❡r ♥❛ á❧❣❡❜r❛ ❝❧✉st❡rAQ

❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s ♦❜❥❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s rí❣✐❞♦s ❡♠ CQ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛s
❝❧✉st❡r ❡♠ AQ ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s ♦❜❥❡t♦s t✐❧t✐♥❣ ❜ás✐❝♦s ❡♠ CQ✱ ❞❡✈✐❞♦ ♦ ❚❡♦r❡♠❛
✽✹✱ ♣á❣✐♥❛ ✻✺✳ ❖ ú♥✐❝♦ ♣r♦❜❧❡♠❛ é q✉❡ ❛ ú♥✐❝❛ ❢♦r♠❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r s❡ ✉♠ ♦❜❥❡t♦
♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r é t✐❧t✐♥❣ ❜ás✐❝♦ é ✈❡r✐✜❝❛r s❡ ♦ ♠❡s♠♦ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s
❞❛ ❉❡✜♥✐çã♦ ✼✹✳ ◆ã♦ é ❢á❝✐❧ ✐❞❡♥t✐✜❝❛r ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ ❛ ♣r✐♦r✐✳ ❉❛í✱
✉♠❛ ❞❛s ✐♠♣♦rtâ♥❝✐❛s ❞❛ ❧✐❣❛çã♦ ❡str❡✐t❛ ❡♥tr❡ ❝❧✉st❡r ♥❛ á❧❣❡❜r❛ ❝❧✉st❡r ❡ ♦❜❥❡t♦s
t✐❧t✐♥❣ ❜ás✐❝♦s ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r✱ ✉♠❛ ✈❡③ q✉❡ ❛s ✈❛r✐á✈❡✐s ❝❧✉st❡r ♣♦❞❡♠ s❡r
♦❜t✐❞❛s ❛tr❛✈és ❞❡ ✉♠ ♣r♦❝❡ss♦ ❝♦♠❜✐♥❛tór✐♦ ❡ ❛❧❣é❜r✐❝♦✱ ♣❡r❢❡✐t❛♠❡♥t❡ ❛❞❛♣tá✈❡❧
❛ ❝á❧❝✉❧♦s ♣♦r ♠❡✐♦ ❞❡ s♦❢t✇❛r❡s✳ P❡❧❛ ❡str❡✐t❛ r❡❧❛çã♦ ❡♥tr❡ ♦❜❥❡t♦s t✐❧t✐♥❣ ❜ás✐❝♦s
❡ ♠ó❞✉❧♦s t✐❧t✐♥❣ ♣♦❞❡♠♦s ❛✐♥❞❛ ♦❜t❡r ♦s ♠ó❞✉❧♦s t✐❧t✐♥❣ ❞❛ á❧❣❡❜r❛✳

P♦r ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡ ♦ KQ✲♠ó❞✉❧♦ ✐♥❞❡❝♦♠♦♣♦♥í✈❡❧ rí❣✐❞♦ P1✱ ✈❛♠♦s ❡♥❝♦♥tr❛r
♣♦r ♠❡✐♦ ❞❛ ❢ór♠✉❧❛ ❞❡ ❈❛❧❞❡r♦✲❈❤❛♣♦t♦♥✱ ❛♣r❡s❡♥t❛❞❛ ♥❛ ♣á❣✐♥❛ ✻✹✱ ❛ ✈❛r✐á✈❡❧
❝❧✉st❡r ❛ss♦❝✐❛❞❛ ❛ P1✳ ❖ ✈❡t♦r ❞✐♠❡♥sã♦ ❞❡ P1 é ❞❛❞♦ ♣♦r m = [1100] ❡ ♦s s❡✉s
ú♥✐❝♦s s✉❜♠ó❞✉❧♦s sã♦ 0✱ P2 ❡ ❡❧❡ ♣ró♣r✐♦✳ ▲♦❣♦✱ e = [0000] = 0 ♦✉ e = [1000] = α1

♦✉ e = [1100] = m✳ ❊♠ ✈✐rt✉❞❡ ❞❡ Q s❡r ❞♦ t✐♣♦ ❉②♥❦✐♥✱ ❡♠ t♦❞♦s ♦s ❝❛s♦s t❡♠♦s
χ(Gre(P1)) = 1✳ ❉❛í✱

XP1 =u
−<0,α1>−<α1,m>
1 · u−<0,α2>−<α2,m>

2 · u−<0,α3>−<α3,m>
3 · u−<0,α4>−<α4,m>

4 +

+ u−<α1,α1>−<α1,α2>
1 · u−<α1,α2>−<α2,α2>

2 · u−<α1,α3>−<α3,α2>
3 · u−<α1,α4>−<α4,α2>

4 +

+ u−<m,α1>−<α1,0>
1 · u−<m,α2>−<α2,0>

2 · u−<m,α3>−<α3,0>
3 · u−<m,α4>−<α4,0>

4

=u−1
2 · u3 · u4 + u−1

1 · u
−1
2 + u−1

= u1u3u4+1+u2

u1u2

✼✸



◦ ◦ ◦ •
◦ ◦ ◦ ◦ ◦ ◦ • •
◦ ◦ ◦ •

µ1

  

µ2

ss

µ3

++

µ4

~~

◦ ◦ ◦ •
• ◦ ◦ ◦ ◦ ◦ ◦ •
◦ ◦ ◦ •

µ4

~~

µ3

��

µ1

��

◦ ◦ ◦ •
◦ ◦ ◦ ◦ ◦ • • ◦
◦ ◦ ◦ •

µ3

  

µ4

��

µ2

��

◦ ◦ ◦ •
◦ ◦ ◦ ◦ ◦ ◦ • •
◦ ◦ • ◦

µ3

//

µ1

  

µ2

��

◦ ◦ • ◦
◦ ◦ ◦ ◦ ◦ ◦ • •
◦ ◦ ◦ •

µ3

++

µ4

~~

µ2

��

◦ ◦ ◦ •
• ◦ ◦ ◦ ◦ ◦ ◦ •
• ◦ ◦ ◦

◦ ◦ • ◦
◦ ◦ ◦ ◦ ◦ • • ◦
◦ ◦ ◦ •

◦ ◦ • ◦
◦ ◦ ◦ ◦ ◦ ◦ • •
◦ ◦ • ◦

• ◦ ◦ ◦
• ◦ ◦ ◦ ◦ ◦ ◦ •
◦ ◦ ◦ •

◦ ◦ ◦ •
◦ ◦ ◦ ◦ ◦ • • ◦
◦ ◦ • ◦

◦ ◦ ◦ •
• • ◦ ◦ ◦ ◦ ◦ ◦
◦ ◦ ◦ •

◦ ◦ ◦ •
◦ • ◦ ◦ ◦ • ◦ ◦
◦ ◦ ◦ •

◦ ◦ ◦ •
◦ ◦ ◦ ◦ ◦ ◦ ◦ •
• ◦ • ◦

• ◦ • ◦
◦ ◦ ◦ ◦ ◦ ◦ ◦ •
◦ ◦ ◦ •

❋✐❣✉r❛ ✹✳✷✿ P❛rt❡ ❞♦ ❣r❛❢♦ t✐❧t✐♥❣ ✭❝❛s♦ D4✮✳ ❈♦♠♣❛r❡ ❝♦♠ ♦ ❣r❛❢♦ ❞❡ tr♦❝❛ ❞❛ ✜❣✉r❛ ✹✳✶ ♥❛ ♣á❣✐♥❛ ✻✾✳

✼✹



q✉❡ é ❡①❛t❛♠❡♥t❡ ❛ ✈❛r✐á✈❡❧ ❝❧✉st❡r ❛ss♦❝✐❛❞❛ ❛ P1 q✉❡ ❡♥❝♦♥tr❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡✳

❈♦♠♦ ✈✐♠♦s ♣❡❧❛ Pr♦♣♦s✐çã♦ ✻✷✱ ♣á❣✐♥❛ ✹✼✱ ❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r ♣♦ss✉✐ ❡str✉t✉r❛
tr✐❛♥❣✉❧❛❞❛✳ ❖✉tr♦ ❢❛t♦ ❜❛st❛♥t❡ ✐♥t❡r❡ss❛♥t❡ é q✉❡ ♦ q✉♦❝✐❡♥t❡ ❞❡ ✉♠❛ ❝❛t❡❣♦r✐❛
❝❧✉st❡r ♣♦r ✉♠ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ r❡s✉❧t❛ ❡♠ ✉♠❛ ❝❛t❡❣♦r✐❛ ❞❡ ♠ó❞✉❧♦s q✉❡ t❡♠
❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ s❡r ❛❜❡❧✐❛♥❛✳ ❱❡❥❛♠♦s ♦ ❡①❡♠♣❧♦ ❛❜❛✐①♦✳

❈♦♥s✐❞❡r❡♠♦s ♦ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ T ∗ = I1⊕P2[1]⊕I3⊕P4[1]✳ ❈❛❧❝✉❧❛♠♦s ❛❜❛✐①♦
♦s ♠♦r✜s♠♦s ❡♥tr❡ ❝❛❞❛ s♦♠❛♥❞♦ ❞❡ T ∗✳

HomCQ (I1, P2[1]) ≃ K,

HomCQ (I1, I3) = HomDQ
(I1, I3)⊕ HomDQ

(I1, P3[2])
= 0,

HomCQ (I1, P4[1]) = HomDQ
(I1, P4[1])⊕ HomDQ

(I1, L[2])
= HomDQ

(I1, P4[1])
≃ K,

HomCQ (P2[1], I1) = HomDQ
(P2[1], I1)⊕ HomDQ

(P2[1], P1[2])
= 0,

HomCQ (P2[1], I3) = HomDQ
(P2[1], I3)⊕ HomDQ

(P2[1], P3[2])
= 0,

HomCQ (P2[1], P4[1]) = HomDQ
(P2[1], P4[1])⊕ HomDQ

(P2[1], L[2])
= HomDQ

(P2[1], P4[1])
≃ K,

HomCQ (I3, I1) = HomDQ
(I3, I1)⊕ HomDQ

(I3, P1[2])
= 0,

HomCQ (I3, P2[1]) = HomDQ
(I3, P2[1])⊕ HomDQ

(I3, E[2])
= HomDQ

(I3, P2[1])
≃ K,

HomCQ (I3, P4[1]) = HomDQ
(I3, P4[1])⊕ HomDQ

(I3, L[2])
= HomDQ

(I3, P4[1])
≃ K,

HomCQ (P4[1], I1) = HomDQ
(P4[1], I1)⊕ HomDQ

(P4[1], P1[2])
= 0,

HomCQ (P4[1], P2[1]) = HomDQ
(P4[1], P2[1])⊕ HomDQ

(P4[1], E[2])
= 0,

✼✺



HomCQ (P4[1], I3) = HomDQ
(P4[1], I3)⊕ HomDQ

(P4[1], P3[2])
= 0.

▲♦❣♦✱ ♦♠✐t✐♥❞♦ ❛s ✐❞❡♥t✐❞❛❞❡s✱ t❡♠♦s✿

EndCQT
∗ : T ∗ // T ∗

I1
((

��

I1

P2[1]

  

P2[1]

I3

66

((

I3

P4[1] P4[1]

P♦rt❛♥t♦✱ (EndT ∗)op ∼= Q2✳

❈♦♥str✉✐♥❞♦ ♦ q✉✐✈❡r ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❞❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s ❞♦ q✉✐✈❡r Q2
∼=

(EndT ∗)op✱ ♦❜t❡♠♦s✿

P1

  

0110

##

I1

!!
P2

<<

//

""

1111 // 1211

;;

//

##

0100 // I2 // I4

P3

>>

1100

;;

I3

==

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❡ ❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r ❛ss♦❝✐❛❞❛ ❛ Q✱ ❞❛❞❛ ♣♦r✿

P1

��

M

��

I1

!!

P1[1]

P2

??

//

��

P3
// E

??

//

��

N // I2 //

@@

//

��

I3 // P2[1]

;;

//

##

P3[1]

P4

??

L

??

I4

==

P4[1]

P❛r❛ ❢❛③❡r ♦ q✉♦❝✐❡♥t❡ ❞❡st❛ ❝❛t❡❣♦r✐❛ ♣❡❧♦ ♦❜❥❡t♦ T ∗ é ♣r❡❝✐s♦ ❡s❝♦❧❤❡r ♦✉tr♦s
r❡♣r❡s❡♥t❛♥t❡s ♣❛r❛ ❛s F ✲ór❜✐t❛s q✉❡ P1[1] ❡ P3[1] r❡♣r❡s❡♥t❛♠✱ ❛ss✐♠ ♦❜t❡♠♦s✿

I1[−1]

""

P1

��

M

��

I1

!!
P2

??

//

��

P3
// E

??

//

��

N // I2 //

@@

//

��

I3 // P2[1]

##
I3[−1]

<<

P4

??

L

??

I4

==

P4[1]

✼✻



▲♦❣♦✱ ♦ q✉♦❝✐❡♥t❡ ❞❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ ♣❡❧♦ ♦❜❥❡t♦ t✐❧t✐♥❣ ❜ás✐❝♦ T ∗ é ❛ s❡❣✉✐♥t❡
❝❛t❡❣♦r✐❛✿

I1[−1]

""

P1

��

M

��
P2

??

//

  

P3
// E

??

//

��

N // I2 // // I4

I3[−1]

<<

P4

??

L

??

q✉❡ é ✐s♦♠♦r❢❛ ❛ ❝❛t❡❣♦r✐❛ ❞❡ ♠ó❞✉❧♦s ❞❛ á❧❣❡❜r❛ ❞❡ ❡♥❞♦♠♦r✜s♠♦ ♦♣♦st❛ ❞❡ T ∗✳

❊st❡ ❢❛t♦ ♠♦str❛ q✉❡ ❝❛❞❛ ❝❧✉st❡r ❞❡t❡r♠✐♥❛ ♦ s❡✉ q✉✐✈❡r ❡ ✈✐❝❡✲✈❡rs❛✳ ❊st❡ ❢❛t♦
é ✐♠♣♦rt❛♥t❡ ♥♦ ❡st✉❞♦ ❞❛s á❧❣❡❜r❛s ❞❡ ❡♥❞♦♠♦r✜s♠♦s ❞❡ ♦❜❥❡t♦s t✐❧t✐♥❣ ❜ás✐❝♦s✱
❝❤❛♠❛❞❛s ➪❧❣❡❜r❛s ❈❧✉st❡r✲❚✐❧t❡❞✱ ❛ss✉♥t♦ ❞❡ ♠✉✐t❛s ♣❡sq✉✐s❛s ♥♦s ❞✐❛s ❛t✉❛✐s✳

✹✳✷ ❈❛s♦ q✉✐✈❡r ❛❝í❝❧✐❝♦ ♥ã♦ ❉②♥❦✐♥ s✐♠♣❧❡s

P❛r❛ ✜♥❛❧✐③❛r ❡st❡ ❝❛♣ít✉❧♦ ❢❛r❡♠♦s ♠❛✐s ✉♠ ❡①❡♠♣❧♦ ❞❡ á❧❣❡❜r❛ ❝❧✉st❡r ❡ ❝❛t❡❣♦r✐❛
❝❧✉st❡r ❞❡ ✉♠ q✉✐✈❡r ❛❝í❝❧✐❝♦ ❞♦ t✐♣♦ ✐♥✜♥✐t♦ ✭♥ã♦ ❉②♥❦✐♥✮✳ ❈♦♥s✐❞❡r❡ ♦ q✉✐✈❡r Q′
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✱ d′ = 1+x1+x2x3x4x5

x1x5
❡ ♦s s❡❣✉✐♥t❡s

q✉✐✈❡rs ♠✉t❛çã♦ ❡q✉✐✈❛❧❡♥t❡s✿
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➱ ✐♠♣♦rt❛♥t❡ s❛❧✐❡♥t❛r q✉❡ ❛ ❝❧❛ss❡ ❞❡ ♠✉t❛çã♦ ❡q✉✐✈❛❧❡♥t❡ ❞♦ q✉✐✈❡r Q′ t❡♠✱ ❡❧❡
♣ró♣r✐♦✱ ♦s q✉✐✈❡rs q✉❡ ❥á ♠❡♥❝✐♦♥❛♠♦s ❡ ❛✐♥❞❛ ♦s s❡❣✉✐♥t❡s q✉✐✈❡rs✿

4

��
Q′

6 : 2 331

��

OO

3oo

5

]]

4

��
Q′

7 : 2

AA

331oo

��

3oo

5

]]

4

��

��

Q′
8 : 2

AA

1

OO

3ookk

5

OO]]

4

��
Q′

9 : 2

AA

33

��

1oooo 3oo

5

OO

❖❜s❡r✈❡ q✉❡ ♦ q✉✐✈❡r Q′ é ✉♠ q✉✐✈❡r ❛❝í❝❧✐❝♦✱ ♣♦ré♠ s❡✉ ❣r❛❢♦ s✉❜❥❛❝❡♥t❡ ♥ã♦ é
✉♠ ❞✐❛❣r❛♠❛ ❞❡ ❉②♥❦✐♥ s✐♠♣❧❡s✳ ❉❛í✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✹ t❡♠♦s q✉❡ ♦ ♥ú♠❡r♦ ❞❡
✈❛r✐á✈❡✐s ❝❧✉st❡r ♥ã♦ é ✜♥✐t♦✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ á❧❣❡❜r❛ ❝❧✉st❡r AQ′ ❛ss♦❝✐❛❞❛ ❛ Q′

♣♦ss✉✐ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛ ❡ é ❣❡r❛❞❛ ♣♦r ✐♥✜♥✐t❛s ✈❛r✐á✈❡✐s ❝❧✉st❡r✳ ❆s ♣r✐♠❡✐r❛s
✈❛r✐á✈❡✐s ❝❧✉st❡r q✉❡ ♦❜t✐✈❡♠♦s sã♦ ❛s ❞❡s❝r✐t❛s ❛ s❡❣✉✐r✿
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❯♠❛ ❝♦♠♣♦♥❡♥t❡ ✭♣ré✲♣r♦❥❡t✐✈❛✮ ❞♦ q✉✐✈❡r ❞❡ ❆✉s❧❛♥❞❡r✲❘❡✐t❡♥ ❞❛ á❧❣❡❜r❛ ❞❡ ❝❛✲
♠✐♥❤♦s ❞♦ q✉✐✈❡r Q′ é ❞❛❞❛ ♣♦r✿
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P♦rt❛♥t♦✱ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ′ ❛ss♦❝✐❛❞❛ ❛ Q′ é ❞❛❞❛ ♣♦r✿

· · ·
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❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ✜③❡♠♦s ♥❛ s❡çã♦ ❛♥t❡r✐♦r ♣♦❞❡♠♦s r❡❧❛❝✐♦♥❛r ❝❛❞❛ s❡♠❡♥t❡
♥❛ á❧❣❡❜r❛ ❝❧✉st❡r AQ′ ❛ ✉♠❛ s❡♠❡♥t❡ t✐❧t✐♥❣ ♥❛ ❝❛t❡❣♦r✐❛ ❝❧✉st❡r CQ′ ✳
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