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◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛r❡♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡ s✐st❡♠❛s ❞✐ss✐♣❛t✐✈♦s

❝♦♠ ❛♣❧✐❝❛çõ❡s à ♠♦❞❡❧❛❣❡♠ ❞❡ ♠❛t❡r✐❛✐s ❡❧ást✐❝♦s✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ❡st✉❞❛✲

s❡ ❛ ❡①✐stê♥❝✐❛✱ ✉♥✐❝✐❞❛❞❡ ❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡ ❞♦✐s s✐st❡♠❛s t✐♣♦✲

❇r❡ss❡✱ ✉♠ ❝♦♠ ❞✐ss✐♣❛çã♦ ❞❛❞❛ ♣❡❧♦ ❛tr✐t♦ ❡ ♦✉tr♦ ❝♦♠ ❡❢❡✐t♦s ❞✐ss✐♣❛t✐✈♦s

♥❛ ❢r♦♥t❡✐r❛✳ ❖ ♦❜❥❡t✐✈♦ é ❡st❛❜❡❧❡❝❡r ❝♦♥❞✐çõ❡s q✉❡ ❛ss❡❣✉r❡♠ ❛ ❡st❛❜✐❧✐❞❛❞❡

❡①♣♦♥❡♥❝✐❛❧ ❡ ❛ ♣♦❧✐♥♦♠✐❛❧ ❞♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦✳ P❛r❛ ✐ss♦✱ ✉s❛r❡♠♦s

❛ ❛❜♦r❞❛❣❡♠ ❞❛ t❡♦r✐❛ ❞❡ s❡♠✐❣r✉♣♦s ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❞❡ ❝❧❛ss❡ C0✱

♣r♦♣r✐❡❞❛❞❡s ❞♦ ❝♦♥❥✉♥t♦ r❡s♦❧✈❡♥t❡ ❡ ❞♦ ♦♣❡r❛❞♦r r❡s♦❧✈❡♥t❡ ❞♦ ❣❡r❛❞♦r

✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲s❡♠✐❣r✉♣♦ ❡ té❝♥✐❝❛s ♠✉❧t✐♣❧✐❝❛t✐✈❛s✳

✈✐✐



❆❜str❛❝t

▼❊❉❊■❘❖❙ ❆✳ ❍✳ ❙✳✱ ▼✳❙❝✳ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❋❡❜r✉❛r②✱ ✷✵✶✻✳
❆s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ ❇r❡ss❡ s②st❡♠s ✇✐t❤ ❢r✐❝t✐♦♥❛❧ ❞✐ss✐♣❛t✐♦♥ ❛♥❞
❞✐ss✐♣❛t✐♦♥ ♦♥ t❤❡ ❜♦r❞❡r✳ ❆❞✐✈✐s❡r✿ ▼❛r❣❛r❡t❤ ❞❛ ❙✐❧✈❛ ❆❧✈❡s✳ ❈♦✲❆❞✈✐s❡r✿
❆♥❞❡rs♦♥ ▲✉✐③ ❞❡ ❆❧❜✉q✉❡rq✉❡ ❆r❛✉❥♦✳

■♥ t❤✐s ♣❛♣❡r ✇❡ st✉❞② t❤❡ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ ❞✐ss✐♣❛t✐✈❡ s②st❡♠s ✇✐t❤

❛♣♣❧✐❝❛t✐♦♥s t♦ ♠♦❞❡❧✐♥❣ ♦❢ ❡❧❛st✐❝ ♠❛t❡r✐❛❧s✳ ▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ✐t ✐s st✉❞✐❡❞

❡①✐st❡♥❝❡✱ ✉♥✐q✉❡♥❡ss ❛♥❞ ❛s②♠♣t♦t✐❝ ❜❡❤❛✈✐♦r ♦❢ t✇♦ t②♣❡✲❇r❡ss❡ s②st❡♠s✱ ✇✐t❤

❞✐ss✐♣❛t✐♦♥ ❣✐✈❡♥ ❜② ❢r✐❝t✐♦♥ ❛♥❞ ♦♥❡ ✇✐t❤ ❞✐ss✐♣❛t✐✈❡ ❡✛❡❝ts ❛t t❤❡ ❜♦r❞❡r✳ ❚❤❡

❣♦❛❧ ✐s ❡st❛❜❧✐s❤ ❝♦♥❞✐t✐♦♥s t❤❛t ❡♥s✉r❡ t❤❡ ❡①♣♦♥❡♥t✐❛❧ st❛❜✐❧✐t② ❛♥❞ ♣♦❧②♥♦♠✐❛❧

t❤❡ s❡♠✐❣r♦✉♣ ❛ss♦❝✐❛t❡❞✳ ❋♦r t❤✐s✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❛♣♣r♦❛❝❤ ♦❢ s❡♠✐❣r♦✉♣

t❤❡♦r② ♦♣❡r❛t♦rs ❧✐♥❡❛r ❝❧❛ss C0 ✱ r❡s♦❧✈❡♥t s❡t ♣r♦♣❡rt② ❛♥❞ r❡s♦❧✈✐♥❣ ♦♣❡r❛t♦r

✐♥✜♥✐t❡s✐♠❛❧ ❣❡♥❡r❛t♦r ♦❢ ❛ C0 ✲s❡♠✐❣r✉♣♦ ❛♥❞ t❡❝❤♥✐❝❛❧ ♠✉❧t✐♣❧✐❝❛t✐✈❡✳

✈✐✐✐



■♥tr♦❞✉çã♦

❖ ❡st✉❞♦ ❞♦s ♠♦❞❡❧♦s ♣❛r❛ ✈✐❣❛s ❝♦♠ ❝❛r❣❛s ❛t✉❛♥t❡s ✐♥t❡r♥❛ ♦✉ ❡①t❡r♥❛♠❡♥t❡
é ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ❛❧t❛ ❡♥❣❡♥❤❛r✐❛✱ ❥á q✉❡ ❛
✈✐❣❛ é ✉♠ ♠♦❞❡❧♦ ❞❡ ❡str✉t✉r❛ ✢❡①í✈❡❧ ❛♠♣❧❛♠❡♥t❡ ✉t✐❧✐③❛❞♦ ❡♠ ♣r♦❥❡t♦s ❞❡
❡str✉t✉r❛ ❡ ♠❡❝â♥✐❝♦s✱ t❛✐s ❝♦♠♦ ♣r♦❥❡t♦s ❞❡ ♣♦♥t❡s✱ ❡❞✐❢í❝✐♦s✱ ❛✈✐õ❡s✱ ♣❧❛t❛❢♦r♠❛s
❞❡ ♣❡tró❧❡♦✱ ❞❡♥tr❡ ♦✉tr♦s ❬✶❪✳ ◆❛s ú❧t✐♠❛s ❞é❝❛❞❛s✱ ✐♠♣♦rt❛♥t❡s ♠❡❝❛♥✐s♠♦s
❞✐ss✐♣❛t✐✈♦s ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ♣❛r❛ ❡st❛❜✐❧✐③❛r ♠♦❞❡r♥❛s ❡str✉t✉r❛s ❡♠ ❡♥❣❡♥❤❛r✐❛
q✉❛♥❞♦ s✉❜♠❡t✐❞❛s ❛ ♦s❝✐❧❛çõ❡s ♥ã♦ ❞❡s❡❥á✈❡✐s✳ ❉❡ ♠♦❞♦ q✉❡ ❝♦♥❤❡❝❡r ❡ ❡♥t❡♥❞❡r
♦s ❡❢❡✐t♦s ❞❡ ❛❧❣✉♥s ♠❡❝❛♥✐s♠♦s ❞✐ss✐♣❛t✐✈♦s s❡ t♦r♥❛ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ❝♦♥tr♦❧❛r
♦ ♠♦✈✐♠❡♥t♦ ❞❡ ❣r❛♥❞❡s ❡str✉t✉r❛s ❝✉❥❛s ♦s❝✐❧❛çõ❡s sã♦ ♠♦❞❡❧❛❞❛s ♣♦r ❡q✉❛çõ❡s
❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s q✉❡ ❡✈♦❧✉✐ ❝♦♠ ♦ t❡♠♣♦✳

❖ ❡st✉❞♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❡ s✐st❡♠❛s ❞✐ss✐♣❛t✐✈♦s é ✉♠ r❛♠♦
❢ért✐❧ ♣❛r❛ ❛ ♣❡sq✉✐s❛ ❡♠ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s P❛r❝✐❛✐s✳ P❛r❛ s❡ ♦❜t❡r ❡ss❡
❝♦♠♣♦rt❛♠❡♥t♦✱ ❞✐❢❡r❡♥t❡s ♠ét♦❞♦s ❛♥❛❧ít✐❝♦s tê♠ s✐❞♦ ✉t✐❧✐③❛❞♦s ♣♦r ✈ár✐♦s
❛✉t♦r❡s✱ s❡♠♣r❡ ❛❞❡q✉❛❞♦s ❛♦s ♣r♦❜❧❡♠❛s ❡♠ q✉❡stã♦✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ✉s❛r❡♠♦s
♦ ♠ét♦❞♦ q✉❡ ❡①♣❧♦r❛ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛
❞✐ss✐♣❛t✐✈♦ ✭✈❡r ❬✷✻❪✱ ❬✷✼❪✮✳

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ✐♥✈❡st✐❣❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛s
s♦❧✉çõ❡s ❞❡ s✐st❡♠❛s ❞❡ ❇r❡ss❡✱ t❛♠❜é♠ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♣r♦❜❧❡♠❛ ❞♦ ❛r❝♦ ❝✐r❝✉❧❛r
✭♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ✈❡❥❛ ▲❛❣♥❡s❡ ❡ ♦✉tr♦s ❬✶✺❪✮✳ ❈♦♥s✐❞❡r❛♠♦s ✉♠ ❛r❝♦ ❝✐r❝✉❧❛r
❞❡ r❛✐♦ R ❡ ❝♦♠♣r✐♠❡♥t♦ L ❡♠ s✉❛ ♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦✱ ❝♦♥st✐t✉í❞♦ ❞❡ ♠❛t❡r✐❛❧
❧✐♥❡❛r✱ ✐s♦tró♣✐❝♦ ❡ ❧✐♥❡❛r♠❡♥t❡ ❡❧ást✐❝♦❀ ♦ ♠♦✈✐♠❡♥t♦ ❞❛ ✈✐❣❛ é ♠♦❞❡❧❛❞♦ ♣❡❧❛s
s❡❣✉✐♥t❡s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦

ρ1ϕtt − Sx − lN = F1 ❡♠ (0, L)× (0,∞),

ρ2ψtt −Mx + S = F2 ❡♠ (0, L)× (0,∞),

ρ1wtt −Nx + lS = F3 ❡♠ (0, L)× (0,∞),

✭✶✮

♦♥❞❡ t ❞❡♥♦t❛ ❛ ✈❛r✐á✈❡❧ t❡♠♣♦r❛❧ ❡ x ❛ ✈❛r✐á✈❡❧ ❡s♣❛❝✐❛❧✳ ❆s ❢✉♥çõ❡s ω =
ω(x, t), ϕ = ϕ(x, t) ❡ ψ = ψ(x, t) sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦s ❞❡s❧♦❝❛♠❡♥t♦s
❧♦♥❣✐t✉❞✐♥❛✐s✱ ✈❡rt✐❝❛✐s ❡ ❞♦ â♥❣✉❧♦ ❞❡ ❝✐s❛❧❤❛♠❡♥t♦✳ ❆q✉✐✱

N = k0(ωx − lϕ), S = k(ϕx + ψ + lω) ❛♥❞ M = bψ ✭✷✮

sã♦ ❛s r❡❧❛çõ❡s t❡♥sã♦✲❞❡❢♦r♠❛çã♦ ♣❛r❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡❧ást✐❝♦✳ ❆❧é♠ ❞✐ss♦✱
ρ1 = ρA, ρ2 = ρI✱ k = k′GA✱ k0 = E A✱ b = E I✱ l = R−1✱ ρ é ❛ ❞❡♥s✐❞❛❞❡ ❞♦
♠❛t❡r✐❛❧✱ E é ♦ ♠ó❞✉❧♦ ❞❡ ❡❧❛st✐❝✐❞❛❞❡✱ G é ♦ ♠♦❞✉❧♦ ❞❡ ❝✐s❛❧❤❛♠❡♥t♦✱ k′ é ♦

✐①



①

❢❛t♦r ❞❡ ❝✐s❛❧❤❛♠❡♥t♦✱ A é ❛ ár❡❛ ❞❛ s❡çã♦ tr❛♥s✈❡rs❛❧✱ I é ♦ ♠♦♠❡♥t♦ ❞❡ ✐♥ér❝✐❛
❞❛ s❡çã♦ tr❛♥✈❡rs❛❧ ❡ R é ♦ r❛✐♦ ❞❡ ❝✉r✈❛t✉r❛ ✭✜❣✉r❛ ✶✮✳ ❋✐♥❛❧♠❡♥t❡✱ F1✱ F2 ❡ F3

sã♦ ❢♦rç❛s ❡①t❡r♥❛s✳

❋✐❣✉r❛ ✶✿ P❡❞r♦ ❘♦❜❡rt♦ ❞❡ ❧✐♠❛✱ ❙✐st❡♠❛ ❞❡ ❇r❡ss❡ t❡r♠♦❡❧ást✐❝♦ ♥ã♦ ❧✐♥❡❛r✿
❊①✐stê♥❝✐❛ ❣❧♦❜❛❧ ❡ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧✱ P●▼❆❈ ✷✵✶✺✳

❙✉❜st✐t✉✐♥❞♦ ✭✷✮ ❡♠ ✭✶✮ ❡♥❝♦♥tr❛♠♦s ♦ s✐st❡♠❛ ❞❡ ❇r❡ss❡ ❝❧áss✐❝♦

ρ1ϕtt − k(ϕx + ψ + lw)x − lk0(wx − lϕ) = F1 ❡♠ (0, L)× (0,∞),

ρ2ψtt − bψxx + k(ϕx + ψ + lω) = F2 ❡♠ (0, L)× (0,∞),

ρ1wtt − k0(ωx − lϕ)x + lk(ϕx + ψ + lω) = F3 ❡♠ (0, L)× (0,∞).

✭✸✮

❈♦♥s✐❞❡r❛♠♦s ❡st❡ ♠♦❞❡❧♦ ❝♦♠ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛s

ϕ(0, t) = ϕ(L, t) = ψ(0, t) = ψ(L, t) = ω(0, t) = ω(L, t) = 0, t ∈ (0,∞), ✭✹✮

♦✉

ϕ(0, t) = ϕ(L, t) = ψx(0, t) = ψx(L, t) = ωx(0, t) = ωx(L, t) = 0, t ∈ (0,∞), ✭✺✮

❡ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s

ϕ(·, 0) = ϕ0, ϕt(·, 0) = ϕ1, ψ(·, 0) = ψ0, ψt(·, 0) = ψ1, ω(·, 0) = ω0, ωt(·, 0) = ω1

✭✻✮

❙❡❥❛ (ϕ, ψ, ω) ✉♠❛ s♦❧✉çã♦ r❡❣✉❧❛r ❞♦ s✐st❡♠❛ ❞❡ ❇r❡ss❡ ✭✸✮✲✭✻✮✱ ♣❛r❛
F1 = F2 = F3 = 0✳ ❆ ❡♥❡r❣✐❛ t♦t❛❧ ❛ss♦❝✐❛❞❛ é ❞❛❞❛ ♣♦r

E(t) =
1

2

∫ L

0

(
ρ1|ϕt|2 + ρ2|ψt|2 + ρ1|ωt|2

)
dx

+

∫ L

0

(
k|ϕx + ψ + lω|2 + b|ψx|2 + k0|ωx − lϕ|2

)
dx.

❈♦♠ ❛❧❣✉♥s ❝á❧❝✉❧♦s s✐♠♣❧❡s ✈❡♠♦s q✉❡

d

dt
E(t) = 0.
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■st♦ s✐❣♥✐✜❝❛ q✉❡ ❛ ❡♥❡r❣✐❛ s❡ ♠❛♥té♠ ❝♦♥st❛♥t❡ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦ ✭♦ s✐st❡♠❛
✭✶✮ ✲ ✭✻✮ é ❝♦♥s❡r✈❛t✐✈♦✮ ❡✱ ♣♦rt❛♥t♦✱ ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ♥ã♦ ❞❡❝❛✐✳ ❊♥tr❡t❛♥t♦✱
❛❝r❡s❝❡♥t❛♥❞♦ t❡r♠♦s ❞✐ss✐♣❛t✐✈♦s ❛♦ s✐st❡♠❛✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ❛❧❣✉♠ t✐♣♦
❞❡ ❞❡❝❛✐♠❡♥t♦ ❞❛s s♦❧✉çõ❡s✳ ❯♠❛ q✉❡stã♦ ✐♠♣♦rt❛♥t❡ ♥♦ s✐st❡♠❛ ❞❡ ❇r❡ss❡
é ❡♥❝♦♥tr❛r ✉♠❛ ❞✐ss✐♣❛çã♦ ♠í♥✐♠❛✱ ❛tr❛✈és ❞❛ q✉❛❧ ❛s s✉❛s s♦❧✉çõ❡s ❞❡❝❛❡♠
✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ ③❡r♦ ❝♦♠ ♦ t❡♠♣♦✳ ❘❡❝❡♥t❡♠❡♥t❡✱ ♣❡sq✉✐s❛❞♦r❡s ❞❛ ár❡❛
tê♠ s❡ ❞❡❞✐❝❛❞♦ ❛ ✐♥✈❡st✐❣❛r ❡ss❡s ♣r♦❜❧❡♠❛s✳

❉✐❢❡r❡♥t❡s t✐♣♦s ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦ ✭❞❛♠♣✐♥❣✮ ❢♦r❛♠ ✐♥tr♦❞✉③✐❞♦s ♥♦ s✐st❡♠❛
❞❡ ❇r❡ss❡ ❡ ✈ár✐♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ❡ ♣♦❧✐♥♦♠✐❛❧ ❢♦r❛♠
♦❜t✐❞♦s✳ ◆❛ ♠❛✐♦r✐❛ ❞❡ss❡s tr❛❜❛❧❤♦s✱ q✉❛♥❞♦ s♦♠❡♥t❡ ✉♠❛ ❞✐ss✐♣❛çã♦ é ❡❢❡t✐✈❛
s♦❜r❡ ♦ s✐st❡♠❛✱ ❛ ❝♦♥❝❧✉sã♦ é q✉❡ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ é ✈á❧✐❞❛ s❡✱ ❡ s♦♠❡♥t❡
s❡✱ ❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡ ♣r♦♣❛❣❛çã♦ ❞❡ ♦♥❞❛s sã♦ ❛s ♠❡s♠❛s✱ ✐st♦ é✱

k

ρ1
=

b

ρ2
❡ k = k0. ✭✼✮

❆ s❡❣✉✐r✱ r❡❝♦r❞❛♠♦s ❛❧❣✉♥s ❞❡ss❡s tr❛❜❛❧❤♦s✳

❊♠ ❋❛t♦r✐ ❡ ❘✐✈❡r❛ ❬✶✻❪✱ ♦s ❛✉t♦r❡s ❛♥❛❧✐s❛r❛♠ ♦ s✐st❡♠❛ t❡r♠♦❡❧ást✐❝♦ ❞❡
❇r❡ss❡ ❝♦♠ F1 = F2 = F3 = 0 ❡ ❧❡✐s ❝♦♥st✐t✉t✐✈❛s ❞❛❞❛s ♣♦r

S = κ(ϕx + ψ + lw), M = bψx − δθ, N = κ0(wx − lϕ). ✭✽✮

❊♠ ❛❞✐çã♦✱ ❡❧❡s ✉s❛r❛♠ ❛ ▲❡✐ ❞❡ ❋♦✉r✐❡r ♣❛r❛ ♦ ✢✉①♦ ❞♦ ❝❛❧♦r

q = κθx (q ✢✉①♦✱ θ ❞✐❢❡r❡♥ç❛ ❞❡ t❡♠♣❡r❛t✉r❛)

❡ ❛ ❡q✉❛çã♦ ❞♦ ❜❛❧❛♥ç♦ ❞❛ ❡♥❡r❣✐❛ é ❞❛❞❛ ♣♦r

cθt − kθxx +mψxt = 0. ✭✾✮

❙✉❜st✐t✉✐♥❞♦ ✭✽✮ ❡♠ ✭✶✮ t❡♠♦s ♦ s✐st❡♠❛

ρ1ϕtt − k(ϕx + ψ + lw)x − lk0(wx − lϕ) = 0 ❡♠ (0, L)× (0,∞),

ρ2ψtt − bψxx + k(ϕx + ψ + lω) + γψt = 0 ❡♠ (0, L)× (0,∞),

ρ1wtt − k0(ωx − lϕ)x + lk(ϕx + ψ + lω) = 0 ❡♠ (0, L)× (0,∞),

cθt − kθxx +mψxt = 0 ❡♠ (0, L)× (0,∞),

❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ✭✹✮ ❡

θ(0, ·) = θ(0, ·) = 0, t ≥ 0

♦✉ ✭✺✮ ❡

θx(0, ·) = θx(0, ·) = 0, t ≥ 0.

❋♦✐ ♠♦str❛❞♦ q✉❡ ♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧
s❡✱ ❡ só s❡✱ ❛ ❝♦♥❞✐çã♦ ✭✼✮ é ✈á❧✐❞❛ ❡ q✉❡ ♦♥❞❡ ❤á ❢❛❧t❛ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧✱
❡①✐st❡ ❡st❛❜✐❧✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❝♦♠ t❛①❛s q✉❡ ❞❡♣❡♥❞❡♠ ❞❛s ✈❡❧♦❝✐❞❛❞❡s ❞❡
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♣r♦♣❛❣❛çã♦ ❞❡ ♦♥❞❛ ❡ ❞❛ r❡❣✉❧❛r✐❞❛❞❡ ❞♦s ❞❛❞♦s ✐♥✐❝✐❛✐s✳ ❆❧é♠ ❞✐ss♦✱ ❡❧❡s
✐♥tr♦❞✉③✐r❛♠ ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ♣❛r❛ q✉❡ ✉♠ s❡♠✐❣r✉♣♦ ❞✐ss✐♣❛t✐✈♦ ❞❡❝❛✐❛
♣♦❧✐♥♦♠✐❛❧♠❡♥t❡✳ ❊st❡ r❡s✉❧t❛❞♦ ♣❡r♠✐t✐✉✲❧❤❡s ♠♦str❛r ❛❧❣✉♠❛ ♦t✐♠❛❧✐❞❛❞❡ ♣❛r❛
❛ t❛①❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧✳ ❊st❡ tr❛❜❛❧❤♦ ♠❡❧❤♦r❛ ♦s r❡s✉❧t❛❞♦s ❞❡ ▲✐✉ ❡
❘❛♦ ❬✶✾❪✳

❖ s✐st❡♠❛ ❞❡ ❇r❡ss❡ ✭✶✮ ❝♦♠ ❞✐ss✐♣❛çã♦ ❞❛❞❛ ♣❡❧♦ ❛tr✐t♦ ❛❣✐♥❞♦ s♦❜r❡ ♦ â♥❣✉❧♦
❞❡ ❝✐s❛❧❤❛♠❡♥t♦✱ ✐st♦ é✱ q✉❛♥❞♦

S = κ(ϕx + ψ + lw), M = bψx, N = κ0(wx − lϕ),
F1 = F3 = 0 ❡ F2 = −γψt, ✭✶✵✮

γ > 0✱ ❢♦✐ ❝♦♥s✐❞❡r❛❞♦ ❡♠ ❆❧❛❜❛✉✲❇♦✉ss♦✉✐r❛ ❬✶✵❪✳ ❙✉❜st✐t✉✐♥❞♦ ✭✶✵✮ ❡♠ ✭✶✮
❡♥❝♦♥tr❛♠♦s ♦ s✐st❡♠❛ ❇r❡ss❡ ❝♦♥s✐❞❡r❛❞♦

ρ1ϕtt − k(ϕx + ψ + lw)x − lk0(wx − lϕ) = 0,

ρ2ψtt − bψxx + k(ϕx + ψ + lω) + γψt = 0,

ρ1wtt − k0(ωx − lϕ)x + lk(ϕx + ψ + lω) = 0,

✭✶✶✮

(x, t) ∈ (0, L) × (0,∞)✱ s✉❥❡✐t♦ às ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ✭✹✮ ♦✉ ✭✺✮ ❡ ❝♦♥❞✐çõ❡s
✐♥✐❝✐❛✐s ✭✻✮✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ♦s ❛✉t♦r❡s ♠♦str❛r❛♠ q✉❡ ❡ss❡ ♠❡❝❛♥✐s♠♦ ❞✐ss✐♣❛t✐✈♦
é s✉✜❝✐❡♥t❡♠❡♥t❡ ❢♦rt❡ ♣❛r❛ ❡st❛❜✐❧✐③❛r ♦ s✐st❡♠❛ ❞❡s❞❡ q✉❡ ❛ ❝♦♥❞✐çã♦ ✭✼✮ s❡❥❛
❛ss❡❣✉r❛❞❛✳ ◗✉❛♥❞♦ ✭✼✮ ♥ã♦ é ✈á❧✐❞❛✱ ❡❧❡s ♠♦str❛r❛♠ ❛ ❢❛❧t❛ ❞❡ ❡st❛❜✐❧✐❞❛❞❡
❡①♣♦♥❡♥❝✐❛❧ ❞♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ✭✺✮
❞♦ t✐♣♦ ❉✐r✐❝❧❡t✲◆❡✉♠❛♥♥✲◆❡✉♠❛♥♥❀ s✉♣♦♥❞♦ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ✭✹✮ ♦✉ ✭✺✮
❡♥❝♦♥tr❛r❛♠ ❛ t❛①❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ t−6+ǫ ♣❛r❛ ǫ ♣❡q✉❡♥♦ ❡ q✉❡ ❛ t❛①❛ ♣♦❞❡
s❡r ♠❡❧❤♦r❛❞❛ t♦♠❛♥❞♦ ❞❛❞♦s ✐♥✐❝✐❛✐s ♠❛✐s r❡❣✉❧❛r❡s✳ ❖ tr❛❜❛❧❤♦ ❞❡ ❋❛t♦r✐ ❬✾❪
♠❡❧❤♦r❛ ♦ r❡s✉❧t❛❞♦ ❞❡ ❞❡❝❛✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧ ❡♥❝♦♥tr❛❞♦ ❡♠ ❆❧❛❜❛✉✲❇♦✉ss♦✉✐r❛
❬✶✵❪✳ ❊♠ ❬✾❪✱ ♦s ❛✉t♦r❡s ♣r♦✈❛r❛♠ q✉❡ ♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ ❞❡❝❛✐
❝♦♠ t❛①❛ t−1/2 ♦✉ t−1/4✱ ❞❡♣❡♥❞❡♥❞♦ ❞❛ r❡❧❛çã♦ ❡♥tr❡ ♦s ❝♦❡✜❝✐❡♥t❡s✳ ❊♠ ✉♠ ❝❛s♦
♣❛rt✐❝✉❧❛r✱ ❡❧❡s ♠♦str❛r❛♠ q✉❡ ❛ t❛①❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ ♦❜t✐❞❛ é ót✐♠❛✳

◆♦✉♥ ❡ ❲❡❤❜❡ ❬✷✸❪ ❡st❡♥❞❡r❛♠ ♦ tr❛❜❛❧❤♦ ❞❡ ❆❧❛❜❛✉✲❇♦✉ss♦✉✐r❛ ❬✶✵❪ ❡
❝♦♥s✐❞❡r❛r❛♠ ♦ ✐♠♣♦rt❛♥t❡ ❝❛s♦ ❡♠ q✉❡ ❛ ❞✐ss✐♣❛çã♦ é ❧♦❝❛❧♠❡♥t❡ ❞✐str✐❜✉í❞❛✱
♦✉ s❡❥❛✱ γ ∈ L∞(0, L)✱ γ(x) ≤ 0 q✳t✳♣✱ ❡ ❡❧❡s ❛ss✉♠✐r❛♠ q✉❡ ❡①✐st❡♠ a, b t❛✐s
q✉❡ 0 ≤ a < b ≤ L ❡ γ ≥ γ0 > 0 ❡♠ ]a, b[✳ ❖s ❛✉t♦r❡s ❡♥❝♦♥tr❛r❛♠ ♣❛r❛
❛ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ r❡s✉❧t❛❞♦s ❛♥á❧♦❣♦s ❛♦s ❞❡ ❬✶✵❪✱ ♠❛s ♠❡❧❤♦r❛r❛♠ ❛s
t❛①❛s ❞❡ ❞❡❝❛✐♠❡♥t♦ ♣♦❧✐♥♦♠✐❛❧✳ ❊♠ ❬✷✽❪✱ ❙♦r✐❛♥♦ ❡ ♦✉tr♦s ♣r♦✈❛♠ ❛ ❡st❛❜✐❧✐❞❛❞❡
❞♦ ♠❡s♠♦ s✐st❡♠❛ ♥♦ ❝❛s♦ ❡♠ q✉❡ γ ♣♦❞❡ ♠✉❞❛r ❞❡ s✐♥❛❧ ✭♦ s✐st❡♠❛ ♣♦❞❡ s❡r
♥ã♦✲❞✐ss✐♣❛t✐✈♦✮ ❡ γ = 1

L

∫ L
0
γ(s)ds > 0✱ ❞❡s❞❡ q✉❡ ❛ ❝♦♥❞✐çã♦ ✭✼✮ s❡❥❛ ✈❡r✐✜❝❛❞❛

❡ ✐♠♣♦♥❞♦ ❛❧❣✉♠❛s ❤✐♣ót❡s❡s s♦❜r❡ γ ❡ γ✳

❙❛♥t♦s ❡ ♦✉tr♦s ❬✶✼❪ ❝♦♥s✐❞❡r❛r❛♠ ♦ s✐st❡♠❛ ❞❡ ❇r❡ss❡ ❝♦♠ ❤✐stór✐❛

ρ1ϕtt − k(ϕx + ψ + lw)x − lk0(wx − lϕ) = 0,

ρ2ψtt − bψxx +

∫ ∞

0

g(s)ψxx(t− s)ds+ k(ϕx + ψ + lω) = 0,

ρ1wtt − k0(ωx − lϕ)x + lk(ϕx + ψ + lω) = 0,



①✐✐✐

♣❛r❛ (x, t) ∈ (0, L)× (0,∞)✱ ❝♦♠ ♦ ♥ú❝❧❡♦ g s❛t✐s❢❛③❡♥❞♦

g ∈ C1(R+) ∩ L1(R+), g(t) > 0, q0, q1 > 0 : −q0g(t) ≤ g′(t) ≤ −q1g(t), ∀ t ≥ 0.

❊❧❡s t❛♠❜é♠ ♦❜t✐✈❡r❛♠ ✭✼✮ ❝♦♠♦ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ❛
❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ❞♦ s❡♠✐❣r✉♣♦ ❝♦rr❡s♣♦♥❞❡♥t❡✳ ❊♠ ❝❛s♦ ❝♦♥trár✐♦✱ ❡❧❡s
♣r♦✈❛r❛♠ q✉❡ ♦ s✐st❡♠❛ ❞❡ ❇r❡ss❡ é ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❡stá✈❡❧ ❝♦♠ t❛①❛ ót✐♠❛ ❞❡
❞❡❝❛✐♠❡♥t♦✳

◆❛❥❞✐ ❡ ❲❡❤❜❡ ❬✷✷❪ ❝♦♥s✐❞❡r❛♠ ♦ s✐st❡♠❛ ❞❡ ❇r❡ss❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❞✐ss✐♣❛çã♦
t❡r♠❛❧ é ❧♦❝❛❧♠❡♥t❡ ❞✐str✐❜✉í❞❛ ♥♦ â♥❣✉❧♦ ❞❡ ✜❧❛♠❡♥t♦✱ ❞❛❞♦ ♣♦r

ρ1ϕtt − k(ϕx + ψ + lw)x − lk0(wx − lϕ) = 0 ❡♠ (0, L)× (0,∞),

ρ2ψtt − bψxx + k(ϕx + ψ + lω) + α(x)θx = 0 ❡♠ (0, L)× (0,∞),

ρ1wtt − k0(ωx − lϕ)x + lk(ϕx + ψ + lω) = 0 ❡♠ (0, L)× (0,∞),

ρ3θt − θxx + T0(αψx)t = 0 ❡♠ (0, L)× (0,∞).

❖s ❛✉t♦r❡s ❣❡♥❡r❛❧✐③❛r❛♠ ♦s r❡s✉❧t❛❞♦s ❞❡ ❋❛t♦r✐ ❡ ❘✐✈❡r❛ ❬✶✻❪✱ ♣♦✐s ♦ ❝♦❡✜❝✐❡♥t❡
❞❡ ❞❛♠♣✐♥❣ α ♥ã♦ é ❝♦♥st❛♥t❡✱ ♠❛s ❡❧❡ é ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛ ❡♠ W 2,∞(0, L) ❡
❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈❛ ♥♦ ✐♥t❡r✈❛❧♦ ]a, b[⊂]0, L[ ✭♦s ❝❛s♦s a = 0 ♦✉ b = L ♥ã♦ sã♦
❡①❝❧✉í❞♦s✮ ❡ t❛♠❜é♠ ♠❡❧❤♦r❛r❛♠ ❛ t❛①❛ ❞❡ ❞❡❝❛✐♠❡♥t♦✳

❘❡❝❡♥t❡♠❡♥t❡✱ ●❛r❜✉❣✐♦ ❬✶✷❪ ❡♠ s✉❛ t❡s❡ ❞❡ ❉♦✉t♦r❛❞♦ ❡st✉❞♦✉ ❛s
♣r♦♣r✐❡❞❛❞❡s q✉❛❧✐t❛t✐✈❛s ❡ ❛ss✐♥tót✐❝❛s ♣❛r❛ s✐st❡♠❛s t❡r♠♦❡❧ást✐❝♦s ❞❡ ❇r❡ss❡✱
♦♥❞❡ ♦ ✢✉①♦ ❞❡ ❝❛❧♦r s❡❣✉❡ ❛ ❧❡✐ ❞❡ ❋♦✉r✐❡r✱ ❛ ❧❡✐ ❞❡ ❈❛tt❛♥❡♦ ❡ ❛ t❡r♠♦❡❧❛st✐❝✐❞❛❞❡
❞♦ t✐♣♦ ■■■✳ ◆♦ ❈❛♣ít✉❧♦ ✷ ❞❡ s❡✉ tr❛❜❛❧❤♦✱ ❆ ♠♦❞❡❧❛❣❡♠ ❞❛ ✈✐❣❛ ❞❡ ❇r❡ss❡✱ ❡❧❡
❛♣r❡s❡♥t❛ ❛ ❞❡❞✉çã♦ ❞❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ✭✶✮✳ ◆ã♦ ❛♣r❡s❡♥t❛♠♦s ♥❡st❛
❞✐ss❡rt❛çã♦ ♦ ❡st✉❞♦ ❞❡ss❛ ♠♦❞❡❧❛❣❡♠✱ ♠❛s ♥♦s r❡❢❡r✐♠♦s ❛♦ tr❛❜❛❧❤♦ ❬✶✷❪ ♣❛r❛
♦s ✐♥t❡r❡ss❛❞♦s✳

P❛r❛ ♠♦❞❡❧♦s ❞❡ s✐st❡♠❛ ❞❡ ❇r❡ss❡ ❝♦♠ ❞✐ss✐♣❛çõ❡s ♥❛ ❢r♦♥t❡✐r❛ só ❝♦♥❤❡❝❡♠♦s
♦ tr❛❜❛❧❤♦ ❞❡ ❆❧✈❡s ❡t ❛❧❧ ❬✷✵❪ ✱ ♥♦ q✉❛❧ ♦s ❛✉t♦r❡s ♠♦str❛r❛♠ ❛ ❡st❛❜✐❧✐❞❛❞❡
❡①♣♦♥❡♥❝✐❛❧ ❞♦ s✐st❡♠❛

ρ1ϕtt − k(ϕx + ψ + lw)x − lk0(wx − lϕ) + kθx = 0,

ρ2ψtt − bψxx + k(ϕx + ψ + lω) = 0,

ρ1wtt − k0(ωx − lϕ)x + lk(ϕx + ψ + lω) = 0,

✭✶✷✮

(x, t) ∈ (0, L)× (0,∞)✱ ❝♦♠ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ✭✻✮ ❡ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛

k(ϕx + ψ + lω)(0, t) = γ1 ϕt(0, t), t ∈ (0,∞),

bψx(0, t) = γ2 ψt(0, t), t ∈ (0,∞),

k0(ωx − lϕ)(0, t) = γ3 ωt(0, t), t ∈ (0,∞),

✭✶✸✮

♦♥❞❡ γi > 0✱ ♣❛r❛ i = 1, 2 ❡ 3✱ ❡

ϕ(L, t) = ψ(L, t) = ω(L, t) = 0, t ∈ (0,∞). ✭✶✹✮

◆❡st❡ ❝❛s♦✱ ♥ã♦ ❤á r❡str✐çõ❡s s♦❜r❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞♦ s✐st❡♠❛✳
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❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❡st❛ ❞✐ss❡rt❛çã♦ é ❡st✉❞❛r ❛ ❜♦❛ ❝♦❧♦❝❛çã♦ ❡ ♦❜t❡r
❛s ♣r♦♣r✐❡❞❛❞❡s ❛ss✐♥tót✐❝❛s ✭❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ❡ ❡st❛❜✐❧✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧✮
♣❛r❛ ♦s ♠♦❞❡❧♦s ❡st✉❞❛❞♦s ❡♠ ❆❧❛❜❛✉✲❇♦✉ss♦✉✐r❛ ❬✶✵❪✱ ❋❛t♦r✐ ❬✾❪ ❡ ❆❧✈❡s ❡t ❛❧❧
❬✷✵❪✳

❊st❡ tr❛❜❛❧❤♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❡♠ ❝✐♥❝♦ ❝❛♣ít✉❧♦s✳ ◆♦ ❈❛♣ít✉❧♦ ✶ ❛♣r❡s❡♥t❛♠♦s
❛s ♣r✐♥❝✐♣❛✐s ❢❡rr❛♠❡♥t❛s ❞❛ t❡♦r✐❛ ❞❛ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✱ ❞❡ ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈
♥❛ r❡t❛✱ ❞❡ s❡♠✐❣r✉♣♦s ❞❡ ❝❧❛ss❡ C0 ❡ r❡s✉❧t❛❞♦s s♦❜r❡ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ❡
❡st❛❜✐❧✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧✳ ❊st❡s r❡s✉❧t❛❞♦s s❡rã♦ ✉t✐❧✐③❛❞♦s ❡♠ t♦❞♦ ♦ tr❛❜❛❧❤♦✳

◆♦ ❈❛♣ít✉❧♦ ✷ ♣r♦✈❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ s✐st❡♠❛
✭✶✶✮ ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ✭✹✮ ♦✉ ❞♦ t✐♣♦ ✭✺✮ ❡ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s
✭✻✮✳ ◆♦ss❛ ♣r✐♥❝✐♣❛❧ ❢❡rr❛♠❡♥t❛ é ❛ t❡♦r✐❛ ❞❡ s❡♠✐❣r✉♣♦s ❧✐♥❡❛r❡s ❞❡ ❝❧❛ss❡ C0✱
❡s♣❡❝✐✜❝❛♠❡♥t❡ ♦ ❚❡♦r❡♠❛ ✶✳✺✻ ✭▲✉♠♠❡r✲P❤✐❧❧✐♣s✮ ❡ ♦ ❚❡♦r❡♠❛ ✶✳✺✽✳

◆♦ ❈❛♣ít✉❧♦ ✸ ♠♦str❛♠♦s q✉❡ ♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ ✭✶✶✮ ❝♦♠ ❛s
❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ✭✹✮ ♦✉ ✭✺✮ é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧ q✉❛♥❞♦ ❛ ❤✐♣ót❡s❡ ✭✼✮
é ✈á❧✐❞❛✳ ▼♦str❛♠♦s t❛♠❜é♠ q✉❡ ♣❛r❛ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ✭✺✮ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t✲
◆❡✉♠❛♥♥✲◆❡✉♠❛♥♥ ❛ ❝♦♥❞✐çã♦ ✭✼✮ é s✉✜❝✐❡♥t❡ ♣❛r❛ ❣❛r❛♥t✐r ❛ ❡st❛❜✐❧✐❞❛❞❡
❡①♣♦♥❡♥❝✐❛❧✳ ❱❛❧❡ r❡ss❛❧t❛r q✉❡ ❛ ♣r✐♥❝✐♣❛❧ ❢❡rr❛♠❡♥t❛ ✉s❛❞❛ ♥❡st❡ ❝❛♣ít✉❧♦ é
♦ ❚❡♦r❡♠❛ ✶✳✻✺ ❞❡✈✐❞♦ à Prüss ❬✷✻❪✳

◆♦ ❈❛♣ít✉❧♦ ✹ ♠♦str❛♠♦s q✉❡ ♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ ✭✶✶✮ ❝♦♠ ❛s
❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t✲◆❡✉♠❛♥♥✲◆❡✉♠❛♥♥ é ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡
❡stá✈❡❧ q✉❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ✭✼✮ ♥ã♦ é ✈á❧✐❞❛✱ ♦✉ s❡❥❛✱ k

ρ1
6= b

ρ2
♦✉ k 6= k0✳ ◗✉❛♥❞♦

k
ρ1

6= b
ρ2

❡ k = k0 ❡♥❝♦♥tr❛♠♦s ❛ t❛①❛ ❞❡ ❞❡❝❛✐♠❡♥t♦ t−1/2 ❡ q✉❛♥❞♦ k 6= k0

❡♥❝♦♥tr❛♠♦s ❛ t❛①❛ t−1/4✳ ❆ ♣r✐♥❝✐♣❛❧ ❢❡rr❛♠❡♥t❛ ✉s❛❞❛ ♥❡st❡ ❝❛♣ít✉❧♦ é ♦
❚❡♦r❡♠❛ ✶✳✻✼ ❞❡✈✐❞♦ à ❇♦r✐❝❤❡✈ ❡ ❚♦♠✐❧♦✈ ❬✹❪✳

◆♦ ❈❛♣ít✉❧♦ ✺ ♠♦str❛♠♦s q✉❡ ♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ ✭✶✷✮✲✭✶✹✮
❝♦♠ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ✭✻✮ é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧✳ ◆♦✈❛♠❡♥t❡ ❛ ♣r✐♥❝✐♣❛❧
❢❡rr❛♠❡♥t❛ ✉t✐❧✐③❛❞❛ é ♦ ❚❡♦r❡♠❛ ✶✳✻✺ ❞❡✈✐❞♦ à Prüss ❬✷✻❪✳

❋✐♥❛❧♠❡♥t❡✱ ♦❜s❡r✈❛♠♦s q✉❡ ❡♠ t♦❞❛ ❛ ❞✐ss❡rt❛çã♦✱ C r❡♣r❡s❡♥t❛ ✉♠❛
❝♦♥st❛♥t❡ ❣❡♥ér✐❝❛✱ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❛ ♠❡s♠❛ ❡♠ ❝❛❞❛ ♦❝❛s✐ã♦❀ ❡❧❛ ♣♦❞❡rá
♠✉❞❛r ❞❡ ❧✐♥❤❛ ♣❛r❛ ❧✐♥❤❛✳



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s r❡✈❡r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦
❡st✉❞♦ ❞♦s ❝❛♣ít✉❧♦s s❡❣✉✐♥t❡s✳

✶✳✶ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧

◆❡st❛ s❡çã♦ ✈❛♠♦s ❞❡✜♥✐r ❡ ❛♣r❡s❡♥t❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✳
P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s✱ ❝♦♥s✉❧t❛r ❈❛✈❛❧❝❛♥t✐ ❬✽❪✱ ❇r❡③✐s ❬✻❪ ❡ ❖❧✐✈❡✐r❛ ❬✷✹❪✳

❉❡✜♥✐çã♦ ✶✳✶✳ ❯♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ X q✉❡ é t❛♠❜é♠ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦
❝♦♠♣❧❡t♦ ❝♦♠ ❛ ♠étr✐❝❛ ✐♥❞✉③✐❞❛ ♣❡❧❛ ♥♦r♠❛ é ❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❉❡✜♥✐çã♦ ✶✳✷ ✭❋♦r♠❛ ❙❡sq✉✐❧✐♥❡❛r✮✳ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦✳ ❯♠❛
❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r ❞❡ V ✱ é ✉♠❛ ❛♣❧✐❝❛çã♦ a : V × V → C✱ (u, v) → a(u, v)✱
q✉❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭✐✮ a(u+ v, w) = a(u, w) + a(v, w) ♣❛r❛ t♦❞♦ u✱ v✱ w ∈ V ✳

✭✐✐✮ a(λu, w) = λa(u, w) ♣❛r❛ t♦❞♦ u✱ v ∈ V ❡ λ ∈ C✳

✭✐✐✐✮ a(u, v + w) = a(u, v) + a(u, w) ♣❛r❛ t♦❞♦ u✱ v ❡ w ∈ V ✳

✭✐✈✮ a(u, λw) = λa(u, w) ♣❛r❛ t♦❞♦ u✱ w ∈ V ❡ λ ∈ C✳

❉❡✜♥✐çã♦ ✶✳✸✳ ❯♠❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r s♦❜r❡ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ N ✱ a(·, ·)✱ é
❞❡♥♦♠✐♥❞❛ ❧✐♠✐t❛❞❛ ♦✉ ❝♦♥tí♥✉❛ s❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

|a(u, v)| ≤ C‖u‖N‖v‖N , ♣❛r❛ t♦❞♦ u, v ∈ N .

❉❡✜♥✐çã♦ ✶✳✹✳ ❯♠❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r s♦❜r❡ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ N ✱ a(·, ·)✱ é
❞✐t❛ ❝♦❡r❝✐✈❛ s❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ β > 0 t❛❧ q✉❡

|a(v, v)| ≥ β‖v‖2N , ♣❛r❛ t♦❞♦ v ∈ N .

✶
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❉❡✜♥✐çã♦ ✶✳✺✳ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦✳ ❯♠ ❢✉♥❝✐♦♥❛❧ T : V → C

é ❞✐t♦ ❧✐♥❡❛r s❡

✭✐✮ T (u+ v) = T (u) + T (v) ♣❛r❛ t♦❞♦ u ❡ v ∈ V ✳

✭✐✐✮ T (λu) = λT (u) ♣❛r❛ t♦❞♦ u ∈ V ❡ λ ∈ C✳

❡ é ❞✐t♦ ❛♥t✐❧✐♥❡❛r s❡

✭✐✮ T (u+ v) = T (u) + T (v) ♣❛r❛ t♦❞♦ u ❡ v ∈ V ✳

✭✐✐✮ T (λu) = λT (u) ♣❛r❛ t♦❞♦ u ∈ V ❡ λ ∈ C✳

❉❡✜♥✐çã♦ ✶✳✻✳ ❯♠ ❢✉♥❝✐♦♥❛❧ T : N → C✱ s♦❜r❡ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ N ✱ é ❞✐t♦
❧✐♠✐t❛❞♦ s❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

|T (u)| ≤ C‖u‖N , ♣❛r❛ t♦❞♦ u ∈ N .

❚❡♦r❡♠❛ ✶✳✼✳ ❙❡ N é ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❡ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ ❡♥tã♦
L(N , X) = {f : N → X; ❢ é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❧✐♠✐t❛❞♦} ❝♦♠ ❛ ♥♦r♠❛
||f ||L(N ,X) = sup{|f(x)| ; ||x||N = 1} é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❖❧✐✈❡✐r❛ ❬✷✹❪✱ ♣✳ ✷✼✳

❉❡✜♥✐çã♦ ✶✳✽✳ ❙❡ N é ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♥♦r♠❛❞♦✱ ❡♥tã♦ ♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤
L(N ,C) s❡rá ❞❡♥♦t❛❞♦ ♣♦r N ′ ❡ ❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ N ✳

❚❡♦r❡♠❛ ✶✳✾ ✭❍❛❤♥✲❇❛♥❛❝❤✮✳ ❙❡❥❛♠ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠♣❧❡①♦ ❡ ✉♠❛
❛♣❧✐❝❛çã♦ p : V → [0,∞) s❛t✐s❢❛③❡♥❞♦

p(u+ v) ≤ p(u) + p(v), ∀ u, v ∈ V,

p(αu) = |α|p(u), ∀ u ∈ V, α ∈ C.

❙❡ f : Z → C é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❞❡✜♥✐❞♦ ♥♦ s✉❜❡s♣❛ç♦ Z ⊂ V ❝♦♠
|f(w)| ≤ p(w)✱ ❡♥tã♦ f ♣♦ss✉✐ ✉♠❛ ❡①t❡♥sã♦ ❧✐♥❡❛r F : V → C ❞♦♠✐♥❛❞❛ ♣♦r p✱
♦✉ s❡❥❛✱

|F (u)| ≤ p(u), ∀ u ∈ V.

F é ❝❤❛♠❛❞❛ ❞❡ ❡①t❡♥sã♦ ❞❡ ❍❛❤♥✲❇❛♥❛❝❤ ❞❡ f ✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❇♦t❡❧❤♦ ❡t ❛❧✳ ❬✺❪✱ ♣✳ ✺✽✳

❚❡♦r❡♠❛ ✶✳✶✵ ✭▲❛①✲▼✐❧❣r❛♥✮✳ ❙❡❥❛♠ H é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ a : H×H → C

✉♠❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r ❧✐♠✐t❛❞❛ ❡ ❝♦❡r❝✐✈❛✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ ❢✉♥❝✐♦♥❛❧ T : H →
C ❛♥t✐❧✐♥❡❛r ❧✐♠✐t❛❞♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ u ∈ H t❛❧ q✉❡

a(u, v) = T (v) ♣❛r❛ t♦❞♦ v ∈ H.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❈❛✈❛❧❝❛♥t✐✱ ▼✳ ▼ ❡ ❈❛✈❛❧❝❛♥t✐✱ ❱✳ ◆✳ ❉✳✱ ❬✽❪✱ ♣✳ ✶✻✼✳
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Pr♦♣♦s✐çã♦ ✶✳✶✶✳ ❙❡❥❛♠ ♥ú♠❡r♦s r❡❛✐s a, b ≥ 0 ❡ p ≥ 1✳ ❊♥tã♦

(a+ b)p ≤ 2p(ap + bp).

❉❡♠♦♥str❛çã♦✳ ❯s❛♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ♠á①✐♠♦ ♦❜t❡♠♦s

(a+ b)p ≤ (2max{a, b})p
= 2pmax{ap, bp}
≤ 2p(ap + bp).

Pr♦♣♦s✐çã♦ ✶✳✶✷ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✮✳ ❙❡ a, b ≥ 0 ❡ p, q > 1 sã♦ t❛✐s q✉❡
1

p
+

1

q
= 1 ❡♥tã♦

ab ≤ ap

p
+
bq

q
.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❘✳●✳ ❇❛rt❧❡ ❬✸❪✱ ♣✳ ✺✻✳

❯♠❛ ✈❛r✐❛çã♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ q✉❡ s❡rá ♠✉✐t♦ ✉t✐❧✐③❛❞♦ ♥❡st❡
tr❛❜❛❧❤♦ é ❞❛❞❛ ♣❡❧♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦✳

❈♦r♦❧ár✐♦ ✶✳✶✸✳ ❙❡❥❛♠ a, b ≥ 0 ❡ p, q > 1 t❛✐s q✉❡
1

p
+

1

q
= 1✳ P❛r❛ t♦❞♦ ε > 0

t❡♠✲s❡
ab ≤ c(ε)ap + εbq.

❉❡♠♦♥str❛çã♦✳ ❚❡♠♦s

ab = (qε)
1

q

1

(qε)
1

q

ab

=

(
a

(qε)
1

q

)(
(qε)

1

q b
)
.

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ s❡❣✉❡ q✉❡

ab ≤ 1

p

(
a

(qε)
1

q

)p

+
1

q

(
(qε)

1

q b
)q

=
1

p(qε)
p

q

ap + εbq ∀ ε > 0.

❚♦♠❛♥❞♦ c(ε) =
1

p(qε)
p

q

t❡♠♦s✱

ab ≤ c(ε)ap + εbq ∀ ε > 0.
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❚❡♦r❡♠❛ ✶✳✶✹ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❈❛✉❝❤②✲❙❝❤✇❛r③✮✳ ❙❡❥❛ V ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧
❝♦♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ 〈·, ·〉V ✳ ❊♥tã♦ ♣❛r❛ t♦❞♦s u✱ v ∈ V t❡♠♦s

|〈u, v〉V | ≤ ‖u‖V ‖v‖V ;

❛ ✐❣✉❛❧❞❛❞❡ ♦❝♦rr❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ {u, v} é ❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❖❧✐✈❡✐r❛ ❬✷✹❪✱ ♣✳ ✶✷✶✳

❚❡♦r❡♠❛ ✶✳✶✺✳ ❙❡ M é ✉♠ s✉❜❡s♣❛ç♦ ❢❡❝❤❛❞♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H✱ ❡♥tã♦
H =M ⊕M⊥✱ ✐st♦ é✱ ❝❛❞❛ u ∈ H ❛❞♠✐t❡ ✉♠❛ ú♥✐❝❛ r❡♣r❡s❡♥t❛çã♦ ♥❛ ❢♦r♠❛

u = p+ q ❝♦♠ p ∈M ❡ q ∈M⊥,

♦♥❞❡ M⊥ = {q ∈ H : 〈p, q〉H = 0 ♣❛r❛ t♦❞♦ p ∈M }✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❇♦t❡❧❤♦ ❡t ❛❧✳ ❬✺❪✱ ♣✳ ✶✶✶✳

❉❡✜♥✐çã♦ ✶✳✶✻ ✭❘❡s♦❧✈❡♥t❡✮✳ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ A : D(A) ⊂
X → X✳ ❉✐③❡♠♦s q✉❡ λ ∈ C ❡stá ♥♦ ❝♦♥❥✉♥t♦ r❡s♦❧✈❡♥t❡ ❞❡ A✱ ♦ q✉❛❧ s❡rá
❞❡♥♦t❛❞♦ ♣♦r ̺(A)✱ s❡ ♦ ♦♣❡r❛❞♦r

R(λ,A) = (λI −A)−1

❡①✐st❡✱ ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡♠ X ❡ é ❧✐♠✐t❛❞♦✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱

̺(A) = {λ ∈ C; (λI −A)−1❡①✐st❡, D
(
(λI −A)−1

)
é ❞❡♥s♦ ❡♠ ❳ ❡

(λI −A)−1é ❧✐♠✐t❛❞♦}.

◆❡st❡ ❝❛s♦✱ R(λ,A) ❞❡♥♦♠✐♥❛✲s❡ ♦ ♦♣❡r❛❞♦r r❡s♦❧✈❡♥t❡ ❞❡ A✳

❉❡✜♥✐çã♦ ✶✳✶✼ ✭❊s♣❡❝tr♦✮✳ ❖ ❡s♣❡❝tr♦ ❞❡ A é ♦ ❝♦♥❥✉♥t♦

σ(A) = C\̺(A)

❢♦r♠❛❞♦ ♣♦r três s✉❜❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s

✭✐✮ ❖ ❡s♣❡❝tr♦ ♣♦♥t✉❛❧ ❞❡ A é ♦ ❝♦♥❥✉♥t♦ ❞❡ s❡✉s ❛✉t♦✈❛❧♦r❡s✱ ❞❡♥♦t❛❞♦ ♣♦r
σp(A)❀

✭✐✐✮ ❖ ❡s♣❡❝tr♦ ❝♦♥tí♥✉♦ ❞❡ A✱ ❞❡♥♦t❛❞♦ ♣♦r σc(A)✱ é ♦ ❝♦♥❥✉♥t♦ ❞♦s λ ∈ C

t❛✐s q✉❡ λI − A é ✉♠ ♦♣❡r❛❞♦r ✐♥❥❡t✐✈♦✱ t❡♠ ✐♠❛❣❡♠ ❞❡♥s❛ ❡♠ X✱ ♠❛s
(λI −A)−1 : R(λI −A) → X é ♥ã♦ ❧✐♠✐t❛❞♦❀

✭✐✐✐✮ ❖ ❡s♣❡❝tr♦ r❡s✐❞✉❛❧ ❞❡ A✱ ❞❡♥♦t❛❞♦ ♣♦r σr(A)✱ é ♦ ❝♦♥❥✉♥t♦ ❞♦s λ ∈ C

t❛✐s q✉❡ λI − A é ✉♠ ♦♣❡r❛❞♦r ✐♥❥❡t✐✈♦ ♠❛s s✉❛ ✐♠❛❣❡♠ ♥ã♦ é ❞❡♥s❛ ❡♠
X✳

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❯♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r T : D(T ) ⊂ N1 → N2 é ❢❡❝❤❛❞♦ s❡ ♣❛r❛
t♦❞❛ s❡q✉ê♥❝✐❛ (vn) ⊂ D(T ) t❛❧ q✉❡ vn → v ∈ N1 ❛♥❞ Tvn → w ∈ N2 t❡♠✲s❡
v ∈ D(T ) ❡ Tv = w✳
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▲❡♠❛ ✶✳✶✾✳ ❙❡❥❛♠ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ S : X → X ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r
❝♦♥tí♥✉♦ ❝♦♠ ✐♥✈❡rs♦ ❝♦♥tí♥✉♦✳ ❙❡ B ∈ L(X) s❛t✐s❢❛③

‖B‖L(X) <
1

‖S−1‖L(X)

,

❡♥tã♦ S +B é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ✐♥✈❡rsí✈❡❧✱ ❝♦♠ ✐♥✈❡rs❛ ❝♦♥tí♥✉❛✳

❉❡♠♦♥str❛çã♦✳ ❚❡♠♦s q✉❡ S + B é ❜✐❥❡t✐✈♦✳ ❉❡ ❢❛t♦✱ s❡❥❛ w ∈ X ❡ ❞❡♥♦t❡♠♦s
♣♦r P ♦ ♦♣❡r❛❞♦r

P (x) = S−1(w)− S−1B(x).

◆♦t❡ q✉❡ P é ✉♠❛ ❝♦♥tr❛çã♦✱ ♣♦✐s

‖P (x)− P (y)‖X = ‖ − S−1B(x) + S−1B(y)‖X
≤ ‖S−1‖L(X)‖B‖L(X)‖x− y‖X
≤ ‖x− y‖X .

P❡❧♦ ❚❡♦r❡♠❛ ❞♦ P♦♥t♦ ❋✐①♦ ❞❡ ❇❛♥❛❝❤✱ s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ z ∈ X t❛❧
q✉❡ P (z) = z✱ ♦✉ s❡❥❛✱ ❡①✐st❡ ✉♠ ú♥✐❝♦ z ∈ X ❞❡ ♠♦❞♦ q✉❡

z = S−1(w)− S−1B(z) ⇔ (S +B) (z) = w.

▲♦❣♦✱ t❡♠♦s q✉❡ S +B é ✉♠ ♦♣❡r❛❞♦r ❜✐❥❡t✐✈♦ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✐♥✈❡rsí✈❡❧✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ S +B é ✉♠ ♦♣❡r❛❞♦r ❝♦♥tí♥✉♦✱ s❡❣✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦
●rá✜❝♦ ❋❡❝❤❛❞♦✱ q✉❡ (S +B)−1 t❛♠❜é♠ é ✉♠ ♦♣❡r❛❞♦r ❝♦♥tí♥✉♦✳

❚❡♦r❡♠❛ ✶✳✷✵✳ ❙❡❥❛ A ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❢❡❝❤❛❞♦ ❡♠ ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H
t❛❧ q✉❡ ♦ ♦♣❡r❛❞♦r r❡s♦❧✈❡♥t❡ (λ0I − A)−1 ❡①✐st❡ ❡ é ❝♦♠♣❛❝t♦ ♣❛r❛ ❛❧❣✉♠ λ0✳
❊♥tã♦ ♦ ❡s♣❡❝tr♦ σ(A) = C\ρ(A) é ❝♦♥st✐t✉í❞♦ ❛♣❡♥❛s ❞❡ ❛✉t♦✈❛❧♦r❡s ❞❡ A ❝♦♠
♠✉❧t✐♣❧✐❝✐❞❛❞❡ ✜♥✐t❛✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❑❛t♦ ❚✱ ❬✸✶❪✱ ♣✳ ✶✽✼✳

✶✳✷ ❊s♣❛ç♦s ❢✉♥❝✐♦♥❛✐s ❡ ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈

◆❡st❛ s❡çã♦ ✈❛♠♦s ❞❡s❝r❡✈❡r ❛s ♥♦t❛çõ❡s ❡ ❞❡✜♥✐çõ❡s ❞❡ ❡s♣❛ç♦s ❢✉♥❝✐♦♥❛✐s
q✉❡ s❡rã♦ ✉s❛❞♦s ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❝♦♥s✉❧t❛r ❇ré③✐s
❬✻❪✳

❉❡✜♥✐r❡♠♦s ❛ s❡❣✉✐r ♦s ❡s♣❛ç♦s ❢✉♥❝✐♦♥❛✐s ♥❡❝❡ssár✐♦s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦
❞❡st❡ tr❛❜❛❧❤♦✳ ◆❡st❛s ❞❡✜♥✐çõ❡s✱ Ω ⊂ R

n é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✳

❉❡✜♥✐çã♦ ✶✳✷✶✳ ❙❡❥❛ u : Ω → R ❝♦♥tí♥✉❛✳ ❖ s✉♣♦rt❡ ❞❡ u✱ q✉❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r
supp(u)✱ é ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ ❢❡❝❤♦ ❡♠ Ω ❞♦ ❝♦♥❥✉♥t♦ {x ∈ Ω; u(x) 6= 0}. ❙❡ supp(u)
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❢♦r ✉♠ ❝♦♠♣❛❝t♦ ❞♦ Ω ❡♥tã♦ ❞✐③❡♠♦s q✉❡ u ♣♦ss✉✐ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✳ ❉❡♥♦t❛♠♦s
♣♦r C0(Ω) ❛♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡♠ Ω ❝♦♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✳

❉❡✜♥✐çã♦ ✶✳✷✷✳ Cm(Ω) é ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♠ t♦❞❛s ❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s
❞❡ ♦r❞❡♠ ≤ m ❝♦♥tí♥✉❛s ❡♠ Ω ✭m ✐♥t❡✐r♦ ♥ã♦✲♥❡❣❛t✐✈♦ ♦✉ m = ∞✮✳
❉❡♥♦t❛r❡♠♦s ♣♦r C0(Ω) = C(Ω).

❉❡✜♥✐çã♦ ✶✳✷✸✳ ❖ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ϕ : Ω → R q✉❡ ♣♦ss✉❡♠ t♦❞❛s ❛s
❞❡r✐✈❛❞❛s ❛té ❛ ♦r❞❡♠ m ❝♦♥tí♥✉❛s ❡♠ Ω ❡ q✉❡ tê♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✱ s❡♥❞♦ q✉❡
❡ss❡ s✉♣♦rt❡ ❞❡♣❡♥❞❡ ❞❡ ϕ✱ é ❞❡♥♦t❛❞♦ ♣♦r Cm

0 (Ω) ✭♦✉ C∞
0 s❡ m = ∞✮✳

❉❡✜♥✐çã♦ ✶✳✷✹✳ ❯♠❛ s✉❝❡ssã♦ (ϕν)ν∈N ❞❡ ❢✉♥çõ❡s ❞❡ C∞
0 (Ω) ❝♦♥✈❡r❣❡ ♣❛r❛ ③❡r♦

q✉❛♥❞♦ ❡①✐st❡ K ⊂ Ω ❝♦♠♣❛❝t♦ t❛❧ q✉❡✿

∗ suppϕν ⊂ K, ∀ ν ∈ N;

∗ P❛r❛ ❝❛❞❛ α ∈ N
n

Dαϕν → 0 ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ K,

♦♥❞❡ Dα ❞❡♥♦t❛ ♦ ♦♣❡r❛❞♦r ❞❡r✐✈❛çã♦ ❞❡ ♦r❞❡♠ α ❞❡✜♥✐❞♦ ♣♦r

∂|α|

∂xα1

1 ∂x
α2

2 ...∂x
αn

n

,

❝♦♠ α = (α1, α2, ..., αn) ∈ N
n ❡ |α| = α1 + α2 + ...+ αn✳

❉❡✜♥✐çã♦ ✶✳✷✺✳ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ C∞
0 (Ω) ❝♦♠ ❛ ♥♦çã♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡✜♥✐❞❛

❛❝✐♠❛ é r❡♣r❡s❡♥t❛❞♦ ♣♦r D(Ω) ❡ ❞❡♥♦♠✐♥❛❞♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s t❡st❡s ❡♠ Ω.

❉❡✜♥✐çã♦ ✶✳✷✻✳ ❙❡❥❛ 1 ≤ p ≤ +∞. ❉❡♥♦t❛♠♦s ♣♦r Lp(Ω) ♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤
❞❛s ✭❝❧❛ss❡s ❞❡✮ ❢✉♥çõ❡s ❞❡✜♥✐❞❛s ❡♠ Ω ❝♦♠ ✈❛❧♦r❡s ❡♠ R, t❛✐s q✉❡ |u|p é
✐♥t❡❣rá✈❡❧ ♥♦ s❡♥t✐❞♦ ❞❡ ▲❡❜❡s❣✉❡ ❡♠ Ω ❝♦♠ ♥♦r♠❛

||u||Lp =

(∫

Ω

|u(x)|pdx
) 1

p

♣❛r❛ 1 ≤ p < +∞.

P❛r❛ p = ∞✱ ❞❡♥♦t❛♠♦s ♣♦r L∞(Ω) ♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❞❛s ✭❝❧❛ss❡s ❞❡✮ ❢✉♥çõ❡s
♠❡♥s✉rá✈❡s ❞❡ u ❞❡✜♥✐❞❛s s♦❜r❡ Ω q✉❡ sã♦ ❡ss❡❝✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛s ❝♦♠ ❛ ♥♦r♠❛
❞❛❞❛ ♣♦r

||u||L∞ = sup ess
x∈Ω

|u(x)| = inf {C ∈ R; |u(x)| ≤ C q✳t✳♣✳ ❡♠ Ω} .

❉❡✜♥✐çã♦ ✶✳✷✼✳ ❙❡❥❛♠ 1 ≤ p < ∞✳ ❉✐r❡♠♦s q✉❡ f : Ω → R é ❧♦❝❛❧♠❡♥t❡
✐♥t❡❣rá✈❡❧ ❡♠ Lp(Ω)✱ ❡ ❞❡♥♦t❛r❡♠♦s ♣♦r f ∈ L

p
loc(Ω)✱ s❡ f ❢♦r ✉♠❛ ❢✉♥çã♦

♠❡♥s✉rá✈❡❧ ❡ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ K ⊂ Ω t✐✈❡r♠♦s
∫

K

|f1(x)|p dx <∞.
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❚❡♦r❡♠❛ ✶✳✷✽ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✮✳ ❙❡❥❛♠ f1 ∈ Lp1(Ω), f2 ∈
Lp2(Ω), · · · , fn ∈ Lpn(Ω)✱ n ∈ N✱ ❝♦♠ p1, · · · , pn > 1 ❡

1

p1
+ · · · + 1

pn
= 1✳

❊♥tã♦ f1 · ... · fn ∈ L1(Ω) ❡
∫

Ω

|f1 · ... · fn| dx ≤ ||f1||Lp1 · ... · ||fn||Lpn .

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇ré③✐s ❬✻❪✱ ♣✳ ✾✷✳

❚❡♦r❡♠❛ ✶✳✷✾✳ ❙❡❥❛♠ I = (a, b)✱ −∞ ≤ a < b ≤ ∞ ❡ s❡❥❛ u ∈ L1
loc(I) t❛❧ q✉❡

∫

I

uϕx dx = 0 ∀ϕ ∈ C1
0(I).

❊♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡ u = C ❡♠ q✉❛s❡ t♦❞♦ ♣♦♥t♦ ❞❡ I✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✻❪✱ ♣✳ ✷✵✺✳

❉❡✜♥✐çã♦ ✶✳✸✵✳ ❙❡❥❛♠ I = (a, b)✱ −∞ ≤ a < b ≤ ∞✱ ❡ p ∈ R ❝♦♠ 1 ≤ p ≤ ∞✳
❖ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ W 1,p(I) é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

W 1,p(I) =

{
u ∈ Lp(I); ∃ux ∈ Lp(I) ❝♦♠

∫ b

a

uϕx dx = −
∫ b

a

uxϕ dx ∀ϕ ∈ C1
0(I)

}

❖ ❡s♣❛ç♦ W 1,p(I) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛ ♥♦r♠❛

‖u‖W 1,p = (‖u‖pLp + ‖ux‖pLp)
1

p .

◗✉❛♥❞♦ p = 2✱ ❞❡♥♦t❛♠♦s H1(I) = W 1,2(I)✳ ❖ ❡s♣❛ç♦ H1(I) é ✉♠ ❡s♣❛ç♦ ❞❡
❍✐❧❜❡rt ❡q✉✐♣❛❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈u, v〉H1 = 〈u, v〉L2 + 〈ux, vx〉L2 =

∫ b

a

(uv + uxvx) dx.

❚❡♦r❡♠❛ ✶✳✸✶✳ ❙❡❥❛ u ∈ W 1,p(I) ❝♦♠ 1 ≤ p ≤ ∞ ❡ I ⊂ R ❧✐♠✐t❛❞♦ ♦✉ ✐❧✐♠✐t❛❞♦✳
❊♥tã♦ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ũ ∈ C(I) t❛❧ q✉❡

u = ũ q.t.p. ❡♠(0, L) ❡

ũ(y)− ũ(x) =

∫ y

x

ux(t)dt ∀x, y ∈ I.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✻❪✱ ♣✳ ✷✵✹✳

Pr♦♣♦s✐çã♦ ✶✳✸✷✳ ❖ ❡s♣❛ç♦ W 1,p(I) é r❡✢❡①✐✈♦ ♣❛r❛ 1 < p <∞ ❡ s❡♣❛rá✈❡❧ ♣❛r❛
1 ≤ p <∞✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✻❪✱ ♣✳ ✷✵✸✳
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❉❡✜♥✐çã♦ ✶✳✸✸✳ ❉❛❞♦ ✉♠ ✐♥t❡✐r♦ m ≥ 2 ❡ ✉♠ ♥ú♠❡r♦ r❡❛❧ 1 ≤ p ≤ ∞ ❞❡✜♥✐♠♦s✱
♣♦r r❡❝♦rrê♥❝✐❛✱ ♦ ❡s♣❛ç♦

Wm,p(I) =
{
u ∈ Wm−1,p(I);D1u ∈ Wm−1,p(I)

}
,

❝♦♠ ❛ ♥♦t❛çã♦ D1u = ux✱ ❡q✉✐♣❛❞♦ ❝♦♠ ❛ ♥♦r♠❛

‖u‖Wm,p = ‖u‖Lp +
m∑

i=1

‖Diu‖Lp .

❊ t❛♠❜é♠ ❞❡✜♥✐♠♦s

Hm(I) = Wm,2(I),

❡q✉✐♣❛❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r

〈u, v〉H2 = 〈u, v〉L2 +
m∑

i=1

〈Diu,Div〉L2 =

∫ b

a

uv dx+
m∑

i=1

∫ b

a

DiuDiv dx.

❆ s❡❣✉✐r ❡stã♦ ❛❧❣✉♥s r❡s✉❧t❛❞♦s✱ ❞❡♥tr❡ ❡❧❡s ♦s ❞❡ ✐♠❡rsõ❡s✱ q✉❡ s❡rã♦ ✉s❛❞♦s
♥♦s ❞❡♠❛✐s ❝❛♣ít✉❧♦s✳ ❉❡ ♠♦❞♦ ❣❡r❛❧✱ ♥ã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛s ❞❡♠♦♥str❛çõ❡s✱ ♠❛s
s❡rã♦ ✐♥❞✐❝❛❞❛s ❛s r❡s♣❡❝t✐✈❛s r❡❢❡rê♥❝✐❛s ❜✐❜❧✐♦❣rá✜❝❛s✳

❚❡♦r❡♠❛ ✶✳✸✹✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C ✭q✉❡ ❞❡♣❡♥❞❡ s♦♠❡♥t❡ ❞❡
|I| ≤ ∞✮ t❛❧ q✉❡

‖u‖L∞ ≤ C‖u‖W 1,p , ∀u ∈ W 1,p(I), ∀1 ≤ p ≤ ∞.

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ W 1,p(I) →֒ L∞(I) ❝♦♠ ❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ ♣❛r❛ t♦❞♦
1 ≤ p ≤ ∞✳

❆❧é♠ ❞✐ss♦✱ s❡ I é ✉♠ ✐♥t❡r✈❛❧♦ ❧✐♠✐t❛❞♦ ❡♥tã♦

❆ ✐♠❡rsã♦ W 1,p(I) →֒ C(I) é ❝♦♠♣❛❝t❛ ♣❛r❛ t♦❞♦ 1 < p ≤ ∞✳

❆ ✐♠❡rsã♦ W 1,1(I) →֒ Lq(I) é ❝♦♠♣❛❝t❛ ♣❛r❛ t♦❞♦ 1 ≤ q <∞✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✻❪✱ ♣✳ ✷✶✷✳

❈♦r♦❧ár✐♦ ✶✳✸✺✳ ❙✉♣♦♥❤❛ q✉❡ I s❡❥❛ ✉♠ ✐♥t❡r✈❛❧♦ ✐❧✐♠✐t❛❞♦ ❡ u ∈ W 1,p(I)✱ ❝♦♠
1 ≤ p <∞✳ ❊♥tã♦

lim
x ∈ I
|x|7→∞

u(x) = 0.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✻❪✱ ♣✳ ✷✶✹✳

❈♦r♦❧ár✐♦ ✶✳✸✻✳ ❙❡❥❛♠ u✱ v ∈ W 1,p(I) ❝♦♠ 1 ≤ p ≤ ∞✳ ❊♥tã♦

uv ∈ W 1,p(I)
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❡

(uv)x = ux v + u vx.

❆❞❡♠❛✐s✱ ✈❛❧❡ ❛ ❢♦r♠✉❧❛ ❞❡ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s
∫ z

y

uxv dx = u(z)v(z)− u(y)v(y)−
∫ z

y

uvx dx, ∀x, y ∈ I.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✻❪✱ ♣✳ ✷✶✺✳

❈♦r♦❧ár✐♦ ✶✳✸✼✳ ❙❡❥❛ G ∈ C1(R) t❛❧ q✉❡ G(0) = 0✱ ❡ s❡❥❛ u ∈ W 1,p(I) ❝♦♠
1 ≤ p ≤ ∞✳ ❊♥tã♦

G ◦ u ∈ W 1,p(I) ❡ (G ◦ u)x = (Gx ◦ u)ux.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✻❪✱ ♣✳ ✷✶✺✳

❉❡✜♥✐çã♦ ✶✳✸✽✳ ❉❛❞♦ 1 ≤ p <∞✱ ❞❡♥♦t❛♠♦s ♣♦r W 1,p
0 (I) ♦ ❢❡❝❤♦ ❞❡ C1

0(I) ❡♠
W 1,p(I)✱ ❡q✉✐♣❛❞♦ ❝♦♠ ❛ ♥♦r♠❛ ❞❡ W 1,p(I)✳

❖ ❡s♣❛ç♦ H1
0 (I) = W

1,2
0 (I) é ❡q✉✐♣❛❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❞❡ H1(I)✳

❚❡♦r❡♠❛ ✶✳✸✾✳ ❙❡❥❛ u ∈ W 1,p(I)✳ ❊♥tã♦ u ∈ W
1,p
0 (I) s❡✱ s♦♠❡♥t❡ s❡✱ u = 0 ❡♠

∂I✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✻❪✱ ♣✳ ✷✶✼✳

❚❡♦r❡♠❛ ✶✳✹✵ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✮✳ ❙✉♣♦♥❤❛♠♦s I ✉♠ ✐♥t❡r✈❛❧♦
❧✐♠✐t❛❞♦✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Cp ≥ 0✱ q✉❡ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞♦
❝♦♠♣r✐♠❡♥t♦ ❞♦ ✐♥t❡r✈❛❧♦ I✱ t❛❧ q✉❡

‖u‖W 1,p ≤ Cp‖ux‖Lp ∀u ∈ W
1,p
0 (I).

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❡♠ W
1,p
0 (I)✱ ‖ux‖Lp é ✉♠❛ ♥♦r♠❛ ❡q✉✐✈❛❧❡♥t❡ à ♥♦r♠❛ ❞❡

W 1,p(I)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s ❬✻❪✱ ♣✳ ✷✶✽✳

❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❞♦ R
N ✳ P❛r❛ m ∈ N ❡ 1 ≤ p ≤ ∞✱ Wm,p(Ω) é ❞❡✜♥✐❞♦

❝♦♠♦ ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s u ∈ Lp(Ω) ❝✉❥❛s ❞❡r✐✈❛❞❛s ❞✐str✐❜✉❝✐♦♥❛✐s ❛té ❛ ♦r❞❡♠
m t❛♠❜é♠ ❡stã♦ ❡♠ Lp(Ω)✳ ➱ ❜❡♠ ❝♦♥❤❡❝✐❞♦✱ ✈❡r ❍✳ ❇r❡③✐s ❬✻❪✱ q✉❡ Wm,p(Ω) é
✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛ ♥♦r♠❛

‖u‖Wm,p(Ω) =

( ∑

|α|≤m

‖Dαu‖pLp(Ω)

)1/p

,

♦♥❞❡ α = (α1, · · · , αn) ∈ N
n✱ |α| = α1 + · · · + αn✱ Dαu = ∂α1+···+αn

∂x
α1
1

···∂xαn
n

u. ◗✉❛♥❞♦

p = 2✱ ✉s✉❛❧♠❡♥t❡ ❞❡♥♦t❛♠♦s Wm,p(Ω) ♣♦r Hm(Ω) ❡ ❡st❡ é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt
❝♦♠ ♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦✳
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Pr♦♣♦s✐çã♦ ✶✳✹✶✳ ❙❡❥❛ Ω ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❞♦ R
N ❝♦♠ ❢r♦♥t❡✐r❛ ∂Ω ❞❡

❝❧❛ss❡ C1✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C ❞❡♣❡♥❞❡♥❞♦ ❛♣❡♥❛s ❞❡ Ω ❡ N t❛❧ q✉❡
♣❛r❛ t♦❞♦ u ∈ H1(Ω) t❡♠✲s❡

‖u‖L2(Ω) ≤ C

(
‖∇u‖L2(Ω) +

∣∣∣∣
∫

Ω

u dx

∣∣∣∣
)

❉❡♠♦♥str❛çã♦✳ ❱❡r ▲✐✉ ❡ ❩❤❡♥❣ ❬✸✸❪✱ ♣✳ ✶✶✳

✶✳✸ ❙❡♠✐❣r✉♣♦s ❞❡ ❝❧❛ss❡ C0

◆❡st❛ s❡çã♦ ✈❛♠♦s ❞❡s❝r❡✈❡r ❛s ♥♦t❛çõ❡s✱ ❞❡✜♥✐çõ❡s ❡ ❛❧❣✉♥s t❡♦r❡♠❛s s♦❜r❡
s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 q✉❡ s❡rã♦ ✉s❛❞♦s ❛♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s
❝♦♥s✉❧t❛r ●♦♠❡s ❬✶✸❪ ♦✉ P❛③② ❬✷✺❪✳

❉❡✜♥✐çã♦ ✶✳✹✷ ✭❙❡♠✐❣r✉♣♦✮✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ L(X) ❛ á❧❣❡❜r❛ ❞♦s
♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❧✐♠✐t❛❞♦s ❞❡ X✳ ❉✐③✲s❡ q✉❡ ✉♠❛ ❛♣❧✐❝❛çã♦ S : R+ → L(X) é
✉♠ s❡♠✐❣r✉♣♦ ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❧✐♠✐t❛❞♦s ❞❡ X s❡✿

■✮ S(0) = I✱ ♦♥❞❡ I é ♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡ ❞❡ L(X)✳

■■✮ S(t+ s) = S(t)S(s)✱ ∀ t✱ s ∈ R
+✳

❉✐③✲s❡ q✉❡ ♦ s❡♠✐❣r✉♣♦ S é ❞❡ ❝❧❛ss❡ C0 s❡

■■■✮ lim
t→0+

‖ (S(t)− I) x‖X = 0✱ ∀ x ∈ X✳

❉❡✜♥✐çã♦ ✶✳✹✸ ✭●❡r❛❞♦r ■♥✜♥✐t❡s✐♠❛❧✮✳ ❈♦♥s✐❞❡r❡

D(A) = {x ∈ X ; lim
h→0

S(h)− I

h
x ❡①✐st❡}.

❖ ♦♣❡r❛❞♦r A ❞❡✜♥✐❞♦ ♣♦r

Ax = lim
h→0

S(h)− I

h
x, ∀x ∈ D(A)

é ❞✐t♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ s❡♠✐❣r✉♣♦ S✳

Pr♦♣♦s✐çã♦ ✶✳✹✹✳ ❙❡❥❛ {S(t)}t≥0 ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ❝♦♠ ❣❡r❛❞♦r
✐♥✜♥✐t❡s✐♠❛❧ A✳

✐✮ ❙❡ x ∈ D(A)✱ ❡♥tã♦ S(t)x ∈ D(A) ∀t ≥ 0 ❡

d

dt
S(t)x = AS(t)x = S(t)Ax.
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✐✐✮ ❙❡ x ∈ D(A)✱ ❡♥tã♦

S(t)x− S(s)x =

∫ t

s

AS(τ)x dτ =

∫ t

s

S(τ)Ax dτ.

✐✐✐✮ ❙❡ x ∈ D(A)✱ ❡♥tã♦
∫ t

0

S(τ)x dτ ∈ D(A) ❡

S(t)x− x = A
∫ t

s

S(τ)x dτ.

❉❡♠♦♥str❛çã♦✳ ❱❡r ●♦♠❡s ❆✳ ▼✱ ❬✶✸❪✱ ♣✳ ✶✸✳

Pr♦♣♦s✐çã♦ ✶✳✹✺✳ ✭✐✮ ❖ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 é
✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❢❡❝❤❛❞♦ ❡ s❡✉ ❞♦♠í♥✐♦ é ❞❡♥s♦ ❡♠ X✳

✭✐✐✮ ❯♠ ♦♣❡r❛❞♦r ❧✐♥❡r A✱ ❢❡❝❤❛❞♦ ❡ ❝♦♠ ❞♦♠í♥✐♦ ❞❡♥s♦ ❡♠ X✱ é ♦ ❣❡r❛❞♦r
✐♥✜♥✐t❡s✐♠❛❧ ❞❡✱ ♥♦ ♠á①✐♠♦✱ ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ●♦♠❡s ❆✳ ▼✱ ❬✶✸❪✱ ♣✳ ✶✺✳

❉❡✜♥✐çã♦ ✶✳✹✻✳ ❙❡❥❛ {S(t)}t≥0 ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ❡ A s❡✉ ❣❡r❛❞♦r
✐♥✜♥✐t❡s✐♠❛❧✳ ❆ss✉♠✐♥❞♦ A0 = I✱ A1 = A ❡✱ s✉♣♦♥❞♦ q✉❡ An−1 ❡st❡❥❛ ❞❡✜♥✐❞♦✱
❝♦♥s✐❞❡r❡♠♦s

D(An) = {x ; x ∈ D(A) ❡ An−1x ∈ D(A)}.

❱❛♠♦s ❞❡✜♥✐r An ❝♦♠♦✿

Anx = A(An−1x), ∀x ∈ D(An).

Pr♦♣♦s✐çã♦ ✶✳✹✼✳ ❙❡❥❛ {S(t)}t≥0 ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ❡ A s❡✉ ❣❡r❛❞♦r
✐♥✜♥✐t❡s✐♠❛❧✳

✐✮ D(An) é ✉♠ s✉❜❡s♣❛ç♦ ❞❡♥s♦ ❞❡ X ❡ An é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❞❡ X✳

✐✐✮ ❙❡ x ∈ D(An)✱ ❡♥tã♦ S(t)x ∈ D(An)✱ ∀t ≥ 0 ❡

dn

dtn
S(t)x = AnS(t)x = S(t)Anx, ∀n ∈ N.

✐✐✐✮ ➱ ✈❛❧✐❞❛ ❛ ❢ór♠✉❧❛ ❞❡ ❚❛②❧♦r✿ s❡ x ∈ D(An)✱ ❡♥tã♦

S(t)x =
n−1∑

k=0

(t− a)k

k!
AkS(a)x+

1

(n− 1)!

∫ t

a

(t− τ)n−1AnS(τ)x dτ.

✐✈✮ (S(t)− I)nx =

∫ t

0

· · ·
∫ t

0

S(τ1 · · · τn)Anx dτ1 · · · dτn ∀x ∈ D(An)✳
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✈✮
⋂

n

D(An) é ❞❡♥s♦ ❡♠ ❳✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ●♦♠❡s ❆✳ ▼✱ ❬✶✸❪✱ ♣✳ ✷✵✳

Pr♦♣♦s✐çã♦ ✶✳✹✽✳ ❙❡❥❛ A ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❢❡❝❤❛❞♦ ❞❡ X✳ P♦♥❞♦✱ ♣❛r❛ ❝❛❞❛
x ∈ D(Ak)✱

‖x‖D(A) =
k∑

j=0

‖Ajx‖X , ✭✶✳✶✮

♦ ❢✉♥❝✐♦♥❛❧ ‖·‖D(A) é ✉♠❛ ♥♦r♠❛ ❡♠ D(Ak)✱ ♠✉♥✐❞♦ ❞❛ q✉❛❧ D(Ak) é ✉♠ ❡s♣❛ç♦
❞❡ ❇❛♥❛❝❤✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ●♦♠❡s ❆✳ ▼✱ ❬✶✸❪✱ ♣✳ ✷✷✳

❉❡✜♥✐çã♦ ✶✳✹✾✳ ❆ ♥♦r♠❛ ✭✶✳✶✮ é ❞✐t❛ ♥♦r♠❛ ❞♦ ❣rá✜❝♦✳ ❖ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤
q✉❡ s❡ ♦❜té♠ ♠✉♥✐❞♦ D(Ak) ❞❛ ♥♦r♠❛ ✭✶✳✶✮ s❡rá r❡♣r❡s❡♥t❛❞♦ ♣♦r [D(Ak)]✳

Pr♦♣♦s✐çã♦ ✶✳✺✵✳ ❙❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦✱ {S(t)}t≥0✱ ❞❡
❝❧❛ss❡ C0✱ ❡♥tã♦✱ ∀x ∈ D(An)✱ S(t)x ∈ Cn−k

(
[0,∞) ; [D(Ak)]

)
✱ k = 0, 1, 2, ..., n.

❉❡♠♦♥str❛çã♦✳ ❱❡r ●♦♠❡s ❆✳ ▼✱ ❬✶✸❪✱ ♣✳ ✷✸✳

❚❡♦r❡♠❛ ✶✳✺✶✳ ❙❡❥❛ {S(t)}t≥0 ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ❝♦♠ ❣❡r❛❞♦r
✐♥✜♥✐t❡s✐♠❛❧ A✳ ❙❡ Re λ > ω0✱ ♦♥❞❡

ω0 = lim
t→∞

log ‖S(t)‖L(X)

t
,

❡♥tã♦ λ ∈ ρ(A)✱ ❡①✐st❡ ❛ ✐♥t❡❣r❛❧
∫ ∞

0

e−λtS(t)x dt ∀x ∈ X,

❡

R(λ,A)x =

∫ ∞

0

e−λtS(t)x dt ∀x ∈ X.

❉❡♠♦♥str❛çã♦✳ ❱❡r ●♦♠❡s ❆✳ ▼✱ ❬✶✸❪✱ ♣✳ ✸✵✳

❚❡♦r❡♠❛ ✶✳✺✷ ✭❍✐❧❧❡✲❨♦s✐❞❛✮✳ P❛r❛ q✉❡ ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r A✱ ❞❡✜♥✐❞♦ ❡♠
D(A) ⊂ X ❡ ❝♦♠ ✈❛❧♦r❡s ❡♠ X✱ s❡❥❛ ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦
{S(t)}t≥0 ❞❡ ❝❧❛ss❡ C0 t❛❧ q✉❡ ‖S(t)‖L(X) ≤ eωt✱ t > 0✱ é ♥❡❝❡ssár✐♦ ❡ s✉✜❝✐❡♥t❡
q✉❡✿

✐✮ A s❡❥❛ ❢❡❝❤❛❞♦ ❡ s❡✉ ❞♦♠í♥✐♦ s❡❥❛ ❞❡♥s♦ ❡♠ X✳
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✐✐✮ ❊①✐st❛ ω t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ r❡❛❧ λ > ω s❡ t❡♥❤❛ λ ∈ ρ(A) ❡

‖R(λ,A)‖L(X) ≤
1

λ− ω
.

❉❡♠♦♥str❛çã♦✳ ❱❡r ●♦♠❡s ❆✳ ▼✱ ❬✶✸❪✱✹✳✹ ❚❡♦r❡♠❛ ✭❍✐❧❧❡✲❨♦s✐❞❛✮ ♣✳ ✸✷ ❡ ✹✳✺
❈♦r♦❧ár✐♦ ♣✳ ✸✻✳

❉❡✜♥✐çã♦ ✶✳✺✸✳ ❙❡❥❛♠ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ X ′ ♦ ❞✉❛❧ ❞❡ X ❡ 〈·, ·〉 ❛
❞✉❛❧✐❞❛❞❡ ❡♥tr❡ X ❡ X ′✳ P♦♥❤❛♠♦s✱ ♣❛r❛ ❝❛❞❛ x ∈ X✱

J(x) = {x∗ ; 〈x, x∗〉 = ‖x‖2X = ‖x∗‖2X′}.

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❍❛❤♥✲❇❛♥❛❝❤✱ J(x) 6= ∅✱ ♣❛r❛ t♦❞♦ x ∈ X✳ ❯♠❛ ❛♣❧✐❝❛çã♦
❞✉❛❧✐❞❛❞❡ é ✉♠❛ ❛♣❧✐❝❛çã♦ j : X → X ′ t❛❧ q✉❡ j(x) ∈ J(x)✱ ♣❛r❛ t♦❞♦ x ∈ X✳

❉❡✜♥✐çã♦ ✶✳✺✹✳ ❉✐③ ✲ s❡ q✉❡ ♦ ♦♣❡r❛❞♦r A : D(A) ⊂ X → X é ❞✐ss✐♣❛t✐✈♦ s❡✱
♣❛r❛ ❛❧❣✉♠❛ ❛♣❧✐❝❛çã♦ ❞✉❛❧✐❞❛❞❡ j✱

Re〈Ax, j(x)〉 ≤ 0, ∀x ∈ D(A).

Pr♦♣♦s✐çã♦ ✶✳✺✺✳ ❙❡ A : D(A) → X é ❞✐ss✐♣❛t✐✈♦ ❡ λ0I − A é s♦❜r❡❥❡t♦r ♣❛r❛
❛❧❣✉♠ λ0 > 0✱ ❡♥tã♦

✭✐✮ λ0 ∈ ρ(A) ❡ A é ❢❡❝❤❛❞♦✳

✭✐✐✮ (0,∞) ⊂ ̺(A)✳

✭✐✐✐✮ λI −A é s♦❜r❡❥❡t♦r✱ ♣❛r❛ t♦❞♦ λ > 0✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ●♦♠❡s ❆✳ ▼✱ ❬✶✸❪✱ ♣✳ ✸✽✳

❚❡♦r❡♠❛ ✶✳✺✻ ✭▲✉♠♠❡r✲P❤✐❧❧✐♣s✮✳ ❯♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r A é ♦ ❣❡r❛❞♦r
✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦ {S(t)}t≥0 ❞❡ ❝❧❛ss❡ C0 ❝♦♠ ‖S(t)‖L(X) ≤ 1 s❡✱
❡ s♦♠❡♥t❡ s❡✱

✭✐✮ ♦ ♦♣❡r❛❞♦r A é ❞✐ss✐♣❛t✐✈♦❀

✭✐✐✮ ♦ ♦♣❡r❛❞♦r λ0I −A é ✉♠ ♦♣❡r❛❞♦r s♦❜r❡❥❡t♦r✱ ♣❛r❛ ❛❧❣✉♠ λ0 > 0;

✭✐✐✐✮ ♦ ♦♣❡r❛❞♦r A é ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r A s❡❥❛ ❣❡r❛❞♦r ❞❡
✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ❝♦♠ ‖S(t)‖L(X) ≤ 1✳ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✺✷ q✉❡
♦ ♦♣❡r❛❞♦r A é ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦ ❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✺✶ q✉❡ ♦ ♦♣❡r❛❞♦r λ0I −A
é ✉♠ ♦♣❡r❛❞♦r s♦❜r❡❥❡t♦r ♣❛r❛ t♦❞♦ λ0 > 0✳ ❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ❝❛❞❛ ❛♣❧✐❝❛çã♦
❞✉❛❧✐❞❛❞❡✱ j✱ t❡♠✲s❡

Re 〈S(t)x, j(x)〉 ≤ |〈S(t)x, j(x)〉| ≤ ‖S(t)x‖X‖j(x)‖X′ ≤ ‖x‖2X
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✈✐st♦ q✉❡✱ ♣♦r ❤✐♣ót❡s❡✱ ‖S(t)x‖X ≤ ‖x‖X ✱ ♣❛r❛ t♦❞♦ x ∈ X✳ P♦rt❛♥t♦✱

Re 〈S(t)x− x, j(x)〉 = Re 〈S(t)x, j(x)〉 − ‖x‖2X ≤ 0;

❡ ❞✐✈✐❞✐♥❞♦ ♣♦r t ❡ ♣❛ss❛♥❞♦ ❛♦ ❧✐♠✐t❡ ❝♦♠ t → 0+✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛
❞✉❛❧✐❞❛❞❡✱ t❡♠♦s q✉❡

Re 〈Ax, j(x)〉 ≤ 0 ∀x ∈ D(A)

❡✱ ❛ss✐♠✱ A é ❞✐ss✐♣❛t✐✈♦✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s✉♣♦♥❤❛♠♦s ✈á❧✐❞♦ (i)− (iii)✳ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✺✺ q✉❡
A é ❢❡❝❤❛❞♦ ❡ (0,∞) ⊂ ̺(A) ❡ s❡❣✉❡ ❞❛ ❤✐♣ót❡s❡ (iii) q✉❡ A é ❢❡❝❤❛❞♦ ❡ s❡✉
❞♦♠í♥✐♦ é ❞❡♥s♦ ❡♠ X✳

❉❛❞♦s x ∈ D(A) ❡ λ > 0✱ ❝♦♠♦ A é ❞✐ss✐♣❛t✐✈♦✱ ❡♥tã♦ ❞❡

〈(λI −A) x, j(x)〉 = λ‖x‖2X − 〈Ax, j(x)〉

✈❡♠

λ‖x‖2X ≤ Re〈(λI −A)x, j(x)〉 ≤ |〈(λI −A)x, j(x)〉| ≤ ‖(λI −A)x‖X‖x‖X ,

❞♦♥❞❡

‖x‖X = ‖(λI −A)(λI −A)−1x‖X ≥ λ‖(λI −A)−1x‖X , ∀x ∈ X ❡ ∀λ > 0,

♦✉ s❡❥❛✱

‖(λI −A)−1x‖X
‖x‖X

≤ 1

λ
, ∀λ > 0.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ t❡♠♦s

‖R(λ,A)‖L(X) ≤
1

λ
, ∀λ ≥ 0;

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❍✐❧❧❡✲❨♦s✐❞❛✱ ❚❡♦r❡♠❛ ✶✳✺✷ ♣❛r❛ ω = 0✱ t❡♠♦s q✉❡ A é ❣❡r❛❞♦r
✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦ {S(t)}t≥0 ❞❡ ❝❧❛ss❡ C0 ❝♦♠ ‖S(t)‖L(X) ≤ 1✳

❈♦r♦❧ár✐♦ ✶✳✺✼✳ ❙❡❥❛ A ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❞✐ss✐♣❛t✐✈♦ ❝♦♠ ❞♦♠í♥✐♦ D(A) ❞❡♥s♦
♥♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H t❛❧ q✉❡ 0 ∈ ̺(A)✳ ❊♥tã♦✱ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡
✉♠ s❡♠✐❣r✉♣♦ S ❞❡ ❝❧❛ss❡ C0 ❝♦♠ ‖S(t)‖L(H) ≤ 1✳

❉❡♠♦♥str❛çã♦✳ P♦r ❤✐♣ót❡s❡ 0 ∈ ̺(A)✱ ♣♦rt❛♥t♦ ❡①✐st❡ ❡ é ❧✐♠✐t❛❞♦ ♦ ♦♣❡r❛❞♦r
A−1✳ ❘❡❝♦rr❡♥❞♦ ❛♦ ❚❡♦r❡♠❛ ✶✳✶✾✱ t❡♠♦s q✉❡ λI − A é ✐♥✈❡rtí✈❡❧ s❡♠♣r❡ q✉❡
0 < λ < ‖A−1‖−1

L(H)✳ ❆ss✐♠✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ▲✉♠♠❡r✲P❤✐❧❧✐♣s✱ ❚❡♦r❡♠❛
✶✳✺✻✱ q✉❡ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦ {S(t)}t≥0 s♦❜r❡ H✱ ❞❡
♠♦❞♦ q✉❡ ‖S(t)‖L(H) ≤ 1✳

❚❡♦r❡♠❛ ✶✳✺✽✳ ❙❡ A : D(A) → X ✱ ♦♣❡r❛❞♦r ❧✐♥❡❛r✱ é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧
❞❡ ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ❡♥tã♦✱ ♣❛r❛ ❝❛❞❛ x ∈ D(A)✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②



✶✺ ✶✳✸✳ ❙❊▼■●❘❯P❖❙ ❉❊ ❈▲❆❙❙❊ C0

❆❜str❛t♦✱ 



du

dt
= Au(t) t > 0,

u(0) = x.

t❡♠ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦

u ∈ C ([0,∞); [D(A)]) ∩ C1 ([0,∞);X) .

❉❡♠♦♥str❛çã♦✳ ❱❡r ●♦♠❡s ❆✳ ▼✱ ❬✶✸❪✱ ♣✳ ✶✵✹✳

▲❡♠❛ ✶✳✺✾✳ ❙❡❥❛♠ λ1 , λ2 ∈ R ❝♦♠ λ1λ2 > 0 ❡ f , g ∈ L2(0, L)✳ ❊♥tã♦ ❡①✐st❡♠
v ∈ H1

0 (0, L) ❡ u ∈ H1(0, L) t❛✐s q✉❡

ux + λ1v = f,

vx − λ2u = g.

❆❧é♠ ❞✐ss♦✱ s❡
∫ L

0

g(x)dx = 0✱ ❡♥tã♦
∫ L

0

u(x)dx = 0✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛

h(x) = g(x) + λ2

∫ x

0

f(z)dz.

❈♦♥s✐❞❡r❡ ❛ ❊❉❖ ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠

yxx(x) + λ1λ2y(x) = h(x).

❯s❛♥❞♦ ♠ét♦❞♦ ❞❡ ✈❛r✐❛çã♦ ❞❡ ♣❛râ♠❡tr♦s ✈❡♠♦s q✉❡ ❡st❛ ❡q✉❛çã♦ ♣♦ss✉✐ s♦❧✉çã♦
y(x) t❛❧ q✉❡ yx ∈ H1

0 (0, L)✱ ❞❛❞❛ ♣♦r

y(x) = C1 cos(
√
λ1λ2x)− cos(

√
λ1λ2x)

∫ x

0

h(z) sen(
√
λ1λ2z)

λ1λ2
dz

+ sen(
√
λ1λ2x)

∫ x

0

h(z) cos(
√
λ1λ2z)

λ1λ2
dz,

♦♥❞❡

C1 =
1

λ1λ2

∫ L

0

h(z) cos(
√
λ1λ2z)dz +

cotg(
√
λ1λ2L)

λ1λ2

∫ L

0

h(z) sen(
√
λ1λ2z)dz.

❉❡✜♥❛ ❛❣♦r❛

v(x) = yx(x) ❡ u(x) =
∫ x

0

f(z)dz − λ1

∫ x

0

v(z)dz. ✭✶✳✷✮

❆ss✐♠ v ∈ H1
0 (0, L) ❡ u ∈ H1(0, L)✳ ❆❧é♠ ❞✐ss♦✱

ux(x) + λ1v(x) = f(x)− λ1v(x) + λ1v(x) = f(x)

vx(x)− λ2u(x) = yxx(x)− λ2u(x) = h(x)− λ1λ2y(x)− λ2u(x) = g(x)



✶✻ ✶✳✹✳ ❊❙P❆➬❖❙ LP (0, T ;X)

❖❜s❡r✈❡✱ ❛❣♦r❛✱ q✉❡ ♣❡❧❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ t❡♠♦s

∫ L

0

vx(x)dx− λ2

∫ L

0

u(x)dx =

∫ L

0

g(x)dx.

❉❛í✱ s❡
∫ L

0

g(x)dx = 0 ❡♥tã♦
∫ L

0

u(x)dx = 0✳

✶✳✹ ❊s♣❛ç♦s Lp(0, T ;X)

❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ s❡♣❛rá✈❡❧✳ ❯♠❛ ❢✉♥çã♦ u ❞❡✜♥✐❞❛ ❡♠ (0, T ) ❝♦♠
✈❛❧♦r❡s ❡♠ X é ♠❡♥s✉rá✈❡❧ q✉❛♥❞♦ ♣❛r❛ t♦❞❛ f ∈ X ′ ✭❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ X✮ ❛
❢✉♥çã♦ ♥✉♠ér✐❝❛ t 7→ 〈f, u(t)〉X′×X ❢♦r ♠❡♥s✉rá✈❡❧ ❛ ▲❡❜❡s❣✉❡ ❡♠ (0, T )✳

❆ ❢✉♥çã♦ u : (0, T ) → X é ✐♥t❡❣rá✈❡❧ ♥♦ s❡♥t✐❞♦ ❞❡ ❇♦❝❤♥❡r ❡♠ ✭✵✱❚✮✱ s❡
u ❢♦r ♠❡♥s✉rá✈❡❧ ❡ ❛ ❢✉♥çã♦ t 7→ ‖u(t)‖X ❢♦r ✐♥t❡❣rá✈❡❧ à ▲❡❜❡s❣✉❡ ❡♠ (0, T )✳

◆❡st❡ ❝❛s♦✱ ❛ ✐♥t❡❣r❛❧ ❞❡ ❇♦❝❤♥❡r ❞❡ u é ♦ ✈❡t♦r ❞❡ X ❞❡♥♦t❛❞♦ ♣♦r
∫ T

0

u(t) dt ❡

❝❛r❛❝t❡r✐③❛❞♦ ♣♦r

〈
f,

∫ T

0

u(t) dt

〉

X′×X

=

∫ T

0

〈f, u(t)〉X′×X dt, ∀f ∈ X ′.

❙❡❥❛♠ 1 ≤ p < ∞ ❡ T > 0 ♥ú♠❡r♦s r❡❛✐s✳ ❉❡♥♦t❛♠♦s ♣♦r Lp(0, T ;X) ♦ ❡s♣❛ç♦
✈❡t♦r✐❛❧ ❞❛s ✭ ❝❧❛ss❡s ✮ ❢✉♥çõ❡s u : (0, T ) 7→ X ♠❡♥s✉rá✈❡✐s ❡ t❛✐s q✉❡ ❛ ❛♣❧✐❝❛çã♦
t 7→ ‖u(t)‖pX é ▲❡❜❡s❣✉❡ ✐♥t❡❣rá✈❡❧ ❡♠ (0, T )✳ ❊♠ Lp(0, T ;X) ❞❡✜♥❡✲s❡ ❛ ♥♦r♠❛

‖u‖Lp(0,T ;X) =

[∫ T

0

‖u(t)‖pX dt

] 1

p

,

❡♠ r❡❧❛çã♦ ❛ q✉❛❧ Lp(0, T ;X) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❖❜s❡r✈❛çã♦ ✶✳✻✵✳ ❙❡ p = 2 ❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ❡♥tã♦ L2(0, T ;X) é
✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ♠✉♥✐❞♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈u, v〉L2(0,T ;X) =

∫ T

0

〈u(t), v(t)〉X dt, ∀u, v ∈ L2(0, T ;X).

P♦r L∞(0, T ;X) ❡st❛r❡♠♦s ❞❡♥♦t❛♥❞♦ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛s ✭❝❧❛ss❡s✮ ❢✉♥çõ❡s
♠❡♥s✉rá✈❡✐s u : (0, t) 7→ X t❛✐s q✉❡

sup ess
t∈(0,T )

‖u(t)‖X ≤ ∞.

◆❡st❡ ❡s♣❛ç♦✱ ❞❡✜♥✐♠♦s ❛ ♥♦r♠❛

‖u‖L∞(0,T ;X) = sup ess
t∈(0,T )

‖u(t)‖X .

❡♠ r❡❧❛çã♦ ❛ q✉❛❧ L∞(0, T ;X) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳
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❙❡ 1 ≤ p < ∞✱ ♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ Lp(0, T ;X) s❡ ✐❞❡♥t✐✜❝❛ ❝♦♠ ♦ ❡s♣❛ç♦

Lp
′
(0, T ;X ′)✱ ♦♥❞❡

1

p
+

1

p′
= 1 ✳ ❉❡♠♦♥str❛✲s❡ t❛♠❜é♠ q✉❡ s❡ X ❢♦r r❡✢❡①✐✈♦

✭r❡s♣❡❝t✐✈❛♠❡♥t❡ s❡♣❛rá✈❡❧✮ ❡ 1 < p < ∞ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ 1 ≤ p < ∞ ✮ ❡♥tã♦
Lp(0, T ;X) é r❡✢❡①✐✈♦ ❡ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ s❡♣❛rá✈❡❧✮✳ ❈♦♠ ❡st❛ ✐❞❡♥t✐✜❝❛çã♦
t❡♠♦s

〈f, u〉Lp′ (0,T ;X′)×Lp(0,T ;X) =

∫ T

0

〈f(t), u(t)〉X′×X dt,

♣❛r❛ t♦❞♦ f ∈ Lp
′
(0, T ;X ′) ❡ ♣❛r❛ t♦❞♦ u ∈ Lp(0, T ;X)✳

❚❡♠♦s t❛♠❜é♠ q✉❡ ♦ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ ❞❡ L1(0, T ;X) s❡ ✐❞❡♥t✐✜❝❛ ❝♦♠ ♦ ❡s♣❛ç♦
L∞(0, T ;X)✳

✶✳✺ ❉✐str✐❜✉✐çõ❡s ✈❡t♦r✐❛✐s

◆♦ q✉❡ s❡❣✉❡✱ ✐r❡♠♦s s✉♣♦r q✉❡ ♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤X é s❡♠♣r❡ r❡❛❧✱ s❡♣ár❛✈❡❧
❡ r❡✢❡①✐✈♦✳ ❊♠ ♠✉✐t❛s s✐t✉❛çõ❡s✱ X s❡rá ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳

❙✉♣♦♥❤❛♠♦s u ∈ Lp(0, T ;X) ❡ ♣❛r❛ ϕ ∈ D(0, T ) ❝♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦
ũ : D(0, t) → X ❞❡✜♥✐❞❛ ♣♦r

〈ũ, ϕ〉 =
∫ T

0

u(s)ϕ(s) ds ∈ X, ✭✶✳✸✮

♦♥❞❡ ❛ ✐♥t❡❣r❛❧ é ❡♥t❡♥❞✐❞❛ ❝♦♠♦ ❛ ✐♥t❡❣r❛❧ ❞❡ ❇♦❝❤♥❡r ❡♠ X✳ ❆ ❡q✉❛çã♦ ✭✶✳✸✮
❞❡✜♥❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉❛ ❞❡ D(0, T ) ❡♠ X✳ P♦rt❛♥t♦✱ ũ ♣❡rt❡♥❝❡
❛♦ ❡s♣❛ç♦ ❞❛s ❞✐str✐❜✉✐çõ❡s ✈❡t♦r✐❛✐s ❞❡✜♥✐❞❛s ❡♠ D(0, T ) ❝♦♠ ✈❛❧♦r❡s ❡♠ X✱ ♦
q✉❛❧ r❡♣r❡s❡♥t❛✲s❡ ♣♦r D′(0, T ;X)✳ ❆❧é♠ ❞✐ss♦✱ ❞❡♠♦♥str❛✲s❡ ✭✈❡r ♣♦r ❡①❡♠♣❧♦✱
❘✳ ❚❡♠❛♠ ❬✸✵❪✮ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ũ é ✉♥✐✈♦❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r u✱ ❞❡ ♠♦❞♦
q✉❡ ♣♦❞❡ ♣♦❞❡♠♦s ✐❞❡♥t✐✜❝❛r u ❝♦♠ ũ✳ ◆❡st❡ s❡♥t✐❞♦✱ ✐❞❡♥t✐✜❝❛✲s❡ Lp(0, T ;X)
❝♦♠ ❛ ♣❛rt❡ ❞❡ D′(0, T ;X)✱ ✐st♦ é✱ Lp(0, T ;X) ⊂ D′(0, T ;X)✳ ❉❡st❛ ❢♦r♠❛✱ s❡♥❞♦
t♦❞♦ ❡❧❡♠❡♥t♦ u ❞❡ Lp(0, T ;X) ✉♠❛ ❞✐str✐❜✉✐çã♦✱ u ♣♦ss✉✐ ❞❡r✐✈❛❞❛ ♥♦ s❡♥t✐❞♦
❞❛s ❞✐str✐❜✉✐çõ❡s✱ ✐st♦ é✱ u′ ∈ D′(0, T ;X) ❛ q✉❛❧ é ❞❡✜♥✐❞♦ ♣♦r✿

〈u′, ϕ〉 = −〈u, ϕ′〉 = −
∫ T

0

u(s)ϕ′(s) ds.

❉✐③✲s❡ q✉❡ ✉♠❛ s✉❝❡ssã♦ (un)n∈N ❞❡ ✈❡t♦r❡s ❞❡ D′(0, T ;X) ❝♦♥✈❡r❣❡ ♣❛r❛ ❛
❞✐str✐❜✉✐çã♦ u ❡♠ D′(0, T ;X) s❡ 〈un, ϕ〉 → 〈u, ϕ〉 ♣❛r❛ t♦❞❛ ϕ ∈ D(0, T )✳

❙❡❥❛♠ V ❡ H ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt r❡❛✐s✳ ❙✉♣♦♥❤❛♠♦s q✉❡ V é ❞❡♥s♦ ❡♠ H ❡
q✉❡ ❛ ✐♥❥❡çã♦ V ❡♠ H é ❝♦♥tí♥✉❛✳ ❊s❝r❡✈❡♠♦s V →֒ H ♣❛r❛ ✐♥❞✐❝❛r t❛❧ s✐t✉❛çã♦✳
■❞❡♥t✐✜❝❛♥❞♦✲s❡ H ❝♦♠ s❡✉ ❞✉❛❧ t♦♣♦❧ó❣✐❝♦ H ′ s❡❣✉❡ q✉❡

V →֒ H ≡ H ′ →֒ V ′.

❆ s❡❣✉✐r ❡♥✉♥❝✐❛r❡♠♦s r❡s✉❧t❛❞♦s ❝✉❥❛s ❞❡♠♦♥str❛çõ❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s
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❡♠ ❬✸✵❪✳

Pr♦♣♦s✐çã♦ ✶✳✻✶✳ ❙❡ u ❡ v ∈ L2(0, T ;V ) ❡ u′✱ v′ ∈ L2(0, T ;V ) ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦
t 7→ (u(t), v(t))H é ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛ ❡♠ [0, T ] ❡ ✈❛❧❡ ❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡

d

dt
(u(t), v(t))H = 〈u′(t), v(t)〉V ′×V + 〈u(t), v′(t)〉V ′×V ,

♦♥❞❡ ❛ ❞❡r✐✈❛❞❛ ♥♦ ♣r✐♠❡✐r♦ ♠❡♠❜r♦ ❞❛ ✐❣✉❛❧❞❛❞❡ é ❛ ❞❡r✐✈❛❞❛ ♥♦ s❡♥t✐❞♦ ❞❛s
❞✐str✐❜✉✐çõ❡s s♦❜r❡ (0, T ) ❞❛s ❢✉♥çõ❡s (u(t), v(t))H ✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❚❡♠❛♥✱ ❬✸✵❪✱ ♣✳ ✷✻✶✳

❈♦r♦❧ár✐♦ ✶✳✻✷✳ ❙❡ v ∈ L2(0, T ;V )✱ u✱ v′ ∈ L2(0, T,H) ❡ u′ ∈ L2(0, T, V ′)✱
❡♥tã♦

d

dt
(u(t), v(t))H = 〈u′(t), v(t)〉V ′×V + 〈u(t), v′(t)〉H .

❉❡♠♦♥str❛çã♦✳ ❱❡r ❚❡♠❛♥✱ ❬✸✵❪✱ ♣✳ ✷✻✶✳

❈♦r♦❧ár✐♦ ✶✳✻✸✳ ❙❡ u ∈ L2(0, T ;V ) ❡ u′ ∈ L2(0, T ;V ′)✱ ❡♥tã♦ u é✱ ❛♣ós ✉♠❛
♠♦❞✐✜❝❛çã♦ ❡✈❡♥t✉❛❧ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛✱ ❝♦♥tí♥✉❛ ❞❡ [0, T ] ❡♠ H✱
✐st♦ é✱ u ∈ C([0, T ], H)✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡ ♥♦ s❡♥t✐❞♦ ❞❛s
❞✐str✐❜✉✐çõ❡s ❡s❝❛❧❛r❡s s♦❜r❡ (0, T )

d

dt
‖u(t)‖2H = 2〈u′(t), u(t)〉V ′×V .

❉❡♠♦♥str❛çã♦✳ ❱❡r ❚❡♠❛♥✱ ❬✸✵❪✱ ♣✳ ✷✻✶✳

✶✳✻ ❊st❛❜✐❧✐❞❛❞❡

❉❡✜♥✐çã♦ ✶✳✻✹✳ ❯♠ s❡♠✐❣r✉♣♦ {S(t)}t≥0 é ❞✐t♦ s❡r ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧

s❡ ❡①✐st✐r❡♠ ❝♦♥st❛♥t❡s α > 0 ❡ M ≥ 1 t❛✐s q✉❡

‖S(t)‖L(X) ≤Me−αt, ∀t ≥ 0.

❖ ♣ró①✐♠♦ t❡♦r❡♠❛✱ ❞❡✈✐❞♦ ❛ Prüss✱ ❝❛r❛❝t❡r✐③❛ ❛ ❡st❛❜✐❧❞✐❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ❞❡
✉♠ s❡♠✐❣r✉♣♦ {S(t)}t≥0✱ t❛❧ q✉❡ ‖S(t)‖L(X) ≤ 1✳

❚❡♦r❡♠❛ ✶✳✻✺✳ ❙❡❥❛ {S(t)}t≥0 ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ♥✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt
H s❛t✐s❢❛③❡♥❞♦ ‖S(t)‖L(H) ≤ 1 ❡ A ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ S✳ ❊♥tã♦ S(t) é
❡①♣♦♥❡❝✐❛❧♠❡♥t❡ ❡stá✈❡❧ s❡✱ s♦♠❡♥t❡ s❡✱

iR = {iβ ; β ∈ R} ⊂ ̺(A)

❡

lim sup
|β|→∞

‖(iβI − A)−1‖L(H) <∞.



✶✾ ✶✳✻✳ ❊❙❚❆❇■▲■❉❆❉❊

❉❡♠♦♥str❛çã♦✳ ❱❡r Prüss ❬✷✻❪✳

❉❡✜♥✐çã♦ ✶✳✻✻✳ ❯♠ s❡♠✐❣r✉♣♦ {S(t)}t≥0 s♦❜r❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H é ❞✐t♦
♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❡stá✈❡❧ s❡ ❡①✐st✐r❡♠ ❝♦♥st❛♥t❡s C > 0 ❡ γ > 0 t❛✐s q✉❡

‖S(t)u‖H ≤ C

tγ
‖u‖D(A), ∀ u ∈ D(A).

❖ ♣ró①✐♠♦ t❡♦r❡♠❛✱ ❞❡ ❆✳ ❇♦r✐❝❤❡✈ ❡ ❨✳ ❚♦♠✐❧♦✈✱ ❝❛r❛❝t❡r✐③❛ ❛ ❡st❛❜✐❧✐❞❛❞❡
♣♦❧✐♥♦♠✐❛❧ ❞❡ s❡♠✐❣r✉♣♦s C0 ❧✐♠✐t❛❞♦s s♦❜r❡ ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt✳

❚❡♦r❡♠❛ ✶✳✻✼✳ ❙❡❥❛ {S(t)}t≥0 ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0✱ ❝♦♠ ❣❡r❛❞♦r
✐♥✜♥✐t❡s✐♠❛❧ A✱ s♦❜r❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H t❛❧ q✉❡ iR ⊂ ̺(A)✳ ❊♥tã♦ ♣❛r❛
α > 0 ✜①❛❞♦✱ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

(I) ‖(iλI −A)−1‖L(H) = O (|λ|α) , |λ| → ∞✳

(II) ‖S(t)A−1‖L(H) = O
(
t−

1

α

)
, t→ ∞✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❇♦r✐❝❤❡✈✱ ❆✳✱ ❚♦♠✐❧♦✈✱ ❨✳ ❬✹❪✳



❈❛♣ít✉❧♦ ✷

❙✐st❡♠❛ ❞❡ ❇r❡ss❡

✷✳✶ ■♥tr♦❞✉çã♦

◆❡st❡ ❝❛♣ít✉❧♦ ❝♦♥s✐❞❡r❛♠♦s ♦ s✐st❡♠❛ ❞❡ ❇r❡ss❡ ❝♦♠ ❞✐ss✐♣❛çã♦ ❢r✐❝❝✐♦♥❛❧ ❡♠
✉♠❛ ❞❡ s✉❛s ❡q✉❛çõ❡s✳ ❊st❡ s✐st❡♠❛ é ❞❛❞♦ ♣❡❧♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s
❞✐❢❡r❡♥❝✐❛✐s ♣❛r❝✐❛✐s

ρ1ϕtt − k(ϕx+ ψ + lω)x − k0l(ωx − lϕ) = 0, ✭✷✳✶✮

ρ2ψtt − bψxx + k(ϕx + ψ + lω)x + γψt = 0, ✭✷✳✷✮

ρ1ωtt − k0(ωx − lϕ)x + kl(ϕx + ψ + lω) = 0, ✭✷✳✸✮

♣❛r❛ x ∈ (0, L) ❡ t ∈ (0,∞)✱ s✉❥❡✐t♦ às ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s

ϕ(·, 0) = ϕ0, ϕt(·, 0) = ϕ1, ψ(·, 0) = ψ0, ψt(·, 0) = ψ1,

ω(·, 0) = ω0, ωt(·, 0) = ω1

✭✷✳✹✮

❡ às ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ♦✉ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t✲❉✐r✐❝❤❧❡t✲❉✐r✐❝❤❧❡t

ϕ(0, t) = ϕ(L, t) = ψ(0, t) = ψ(L, t) = ω(0, t) = ω(L, t) = 0, t > 0 ✭✷✳✺✮

♦✉ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t✲◆❡✉♠❛♥♥✲ ◆❡✉♠❛♥♥

ϕ(0, t) = ϕ(L, t) = ψx(0, t) = ψx(L, t) = ωx(0, t) = ωx(L, t) = 0.t > 0 ✭✷✳✻✮

P❛r❛ ❡♥❝♦♥tr❛r♠♦s ❛ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛✱ ♣r♦❝❡❞❡♠♦s ❢♦r♠❛❧♠❡♥t❡✳
▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✶✮ ♣♦r ϕt✱ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❞❡ 0 ❛ L ❡ ✉s❛♥❞♦
❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ t❡♠♦s

1

2

d

dt

∫ L

0

ρ1(ϕt)
2dx+

∫ L

0

k(ϕx + ψ + lω)ϕtxdx− k0l

∫ L

0

(ωx − lϕ)ϕtdx = 0. ✭✷✳✼✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛❣♦r❛ ❛ ❡q✉❛çã♦ ✭✷✳✷✮ ♣♦r ψt✱ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❡ ✉s❛♥❞♦ ❛s

✷✵
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❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ♦❜t❡♠♦s

1

2

d

dt

∫ L

0

[ρ2(ψt)
2 + b(ψx)

2]dx+

∫ L

0

k(ϕx + ψ + lω)ψtdx+

∫ L

0

γ(ψt)
2dx = 0.✭✷✳✽✮

P♦r ✜♠✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✸✮ ♣♦r ωt✱ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❡ ✉s❛♥❞♦ ❛s
❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ s❡❣✉❡ q✉❡

1

2

d

dt

∫ L

0

ρ2(ωt)
2dx+

∫ L

0

k0(ωx − lϕ)ωtxdx+

∫ L

0

kl(ϕx + ψ + lω)ωtdx = 0. ✭✷✳✾✮

❙♦♠❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✼✮ ✱ ✭✷✳✽✮ ❡ ✭✷✳✾✮ ❝❤❡❣❛♠♦s ❛

1

2

d

dt

∫ L

0

[ρ1(ϕt)
2 + ρ2(ψt)

2 + ρ1(ωt)
2 + b(ψx)

2]dx

+
1

2

d

dt

∫ L

0

[k|ϕx + ψ + lω|2 + κ0|ωx − lϕ|2]dx = −
∫ L

0

γ(ψt)
2dx.

❆ss✐♠✱ ❞❡✜♥✐♠♦s ❛ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞❛ ❛♦ s✐st❡♠❛ ❝♦♠♦ s❡♥❞♦

E(t) =
1

2

∫ L

0

[ρ1(ϕt)
2 + ρ2(ψt)

2 + ρ1(ωt)
2 + b(ψx)

2]dx

+
1

2

∫ L

0

[k(ϕx + ψ + lω)2 + k0(ωx − lϕ)2]dx

✭✷✳✶✵✮

❡ s❡❣✉❡ q✉❡

d

dt
E(t) = −

∫ L

0

γ(ψt)
2dx ≤ 0.

❉❡st❛ ❢♦r♠❛✱ ♦ s✐st❡♠❛ é ❞✐ss✐♣❛t✐✈♦✱ ♦✉ s❡❥❛✱ ❛ ❡♥❡r❣✐❛ é ❞❡❝r❡s❝❡♥t❡✳

◆♦ss♦ ♦❜❥❡t✐✈♦ ♥❡st❡ tr❛❜❛❧❤♦ é ❛✈❡r✐❣✉❛r q✉❛✐s ❛s ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❡
s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ s❡ t❡♥❤❛ lim

t→∞
E(t) = 0 ✉♥✐❢♦r♠❡♥t❡ ❡♠ r❡❧❛çã♦ ❛♦s ❞❛❞♦s

✐♥✐❝✐❛✐s✳ ❆♥t❡s✱ ♣♦ré♠✱ ✈❛♠♦s ♠♦str❛r q✉❡ ♦ s✐st❡♠❛ ❇r❡ss❡ é ❜❡♠ ♣♦st♦✳ P❛r❛
✐st♦✱ ✉s❛r❡♠♦s ❛ t❡♦r✐❛ ❞❡ C0✲s❡♠✐❣r✉♣♦s ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s✳

✷✳✷ ❊①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦

❆q✉✐ ❡ ♥♦s ❝❛♣ít✉❧♦s s❡❣✉✐♥t❡s✱ ❛ss✉♠✐♠♦s q✉❡ l 6= nπ
L
✱ ♣❛r❛ t♦❞♦ n ∈ N✳
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✷✳✷✳✶ ❈♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t✲❉✐r✐❝❤❧❡t✲

❉✐r✐❝❤❧❡t

❈♦♥s✐❞❡r❡ ♥❡st❛ s❡❝çã♦ ♦ s✐st❡♠❛ ❞❡ ❇r❡ss❡ ✭✷✳✶✮ ✲ ✭✷✳✹✮ s✉❥❡✐t♦ ❛s ❝♦♥❞✐çõ❡s
❞❡ ❢r♦♥t❡✐r❛

ϕ(t, 0) = ϕ(t, L) = ψ(t, 0) = ψ(t, L) = ω(t, 0) = ω(t, L) = 0, t > 0. ✭✷✳✶✶✮

❖ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛

H =
[
H1

0 (0, L)× L2(0, L)
]3

✭✷✳✶✷✮

❡q✉✐♣❛❞♦ ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈U1, U2〉 =
∫ L

0

[ρ1Φ
1Φ2 + ρ2Ψ

1Ψ2 + ρ1W
1W 2 + bψ1

xψ
2
x]dx

+

∫ L

0

[k(ϕ2
x + ψ2 + lω1)(ϕ2

x + ψ2
x + lω2

x) + k0(ω
1
x − lϕ1)(ω2

x − lϕ2)]dx,

✭✷✳✶✸✮

s❡♥❞♦ Ui = (ϕi,Φi, ψi,Ψi, ωi,W i) ∈ H ❡ ❝♦♠ ❛ ♥♦r♠❛ ✐♥❞✉③✐❞❛

||U1||H =

∫ L

0

[
ρ1|Φ1|2 + ρ2|Ψ1|2 + ρ1|W 1|2 + b|ψ1

x|2
]
dx

+k

∫ L

0

[
|ϕ1
x + ψ1 + lω1|2 + k0|ω1

x − lϕ1|2
]
dx.

✭✷✳✶✹✮

❊st❛ ♥♦r♠❛ é ❡q✉✐✈❛❧❡♥t❡ ❛ ♥♦r♠❛ ✉s✉❛❧ ❞❡ H✱ ❝♦♥❢♦r♠❡ é ♠♦str❛❞♦ ♥❛ s❡❣✉✐♥t❡
♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✶✳ ❆ ♥♦r♠❛ ‖U‖H é ❡q✉✐✈❛❧❡♥t❡ à ♥♦r♠❛

‖U‖2∗ = ‖Φ‖2L2 + ‖Ψ‖2L2 + ‖W‖2L2 + b‖ψx‖2L2 + ‖ϕx‖2L2 + ‖ωx‖2L2 .

❆❧é♠ ❞✐ss♦✱ H é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳

❉❡♠♦♥str❛çã♦✳ ❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ (a+ b)p ≤ 2p(ap + bp) t❡♠♦s

‖ϕx + ψ + lω‖2L2 ≤ (‖ϕx‖L2 + ‖ψ‖L2 + l‖ω‖L2)2

≤ 4((‖ϕx‖L2 + ‖ψ‖L2)2 + l2‖ω‖2L2)

≤ 4(4(‖ϕx‖2L2 + ‖ψ‖2L2) + l2‖ω‖2L2)

≤ 16(‖ϕx‖2L2 + ‖ψ‖2L2) + 4l2‖ω‖2L2 .

❉♦ ♠❡s♠♦ ♠♦❞♦✱

‖ωx − lϕ‖2L2 ≤ 4(‖ωx‖2L2 + ‖lϕ‖2L2).
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❉❡st❛ ❢♦r♠❛✱

‖U‖2H = ‖(ϕ,Φ, ψ,Ψ, ω,W )‖H
= ρ1‖Φ‖2L2 + ρ2‖Ψ‖2L2 + ρ1‖W‖2L2 + b‖ψx‖2L2

+ k‖ϕx + ψ + lω‖2L2 + k0‖ωx − lϕ‖2L2

≤ ρ1‖Φ‖2L2 + ρ2‖Ψ‖2L2 + ρ1‖W‖2L2 +max{b, 16}
(
‖ψx‖2L2 + ‖ψ‖2L2

)

+max{16, 4l2}
(
‖ϕx‖2L2 + ‖ϕ‖2L2

)
+max{4, 4l2}

(
‖ω‖2L2 + ‖ωx‖2L2

)

= ρ1‖Φ‖2L2 + ρ2‖Ψ‖2L2 + ρ1‖W‖2L2 + C1‖ϕ‖2H1
0

+ C2‖ψ‖2H1
0

+ C3‖ω‖2H1
0

.

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré ✭✶✳✹✵✮ t❡♠♦s

‖U‖2H ≤ C2
(
‖Φ‖2L2 + ‖Ψ‖2L2 + ‖W‖2L2 + ‖ϕx‖2L2 + ‖ψx‖2L2 + ‖ω‖2L2

)
= C2‖U‖2∗.

❊①tr❛✐♥❞♦ ❛ r❛✐③ ❡♠ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r ♦❜t❡♠♦s

‖U‖H ≤ C‖U‖∗. ✭✷✳✶✺✮

P❛r❛ ♠♦str❛♠♦s q✉❡ ❡①✐st❡ C > 0 t❛❧ q✉❡ ‖U‖∗ ≤ C‖U‖H✱ ❝♦♥s✐❞❡r❡♠♦s

ϕx + ψ + lω = F ⇒ ϕx + lω = F − ψ, ✭✷✳✶✻✮

ωx − lϕ = G ⇒ ωx − lϕ = G. ✭✷✳✶✼✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✶✻✮ ♣♦r xϕ ❡ ✭✷✳✶✼✮ ♣♦r xω ✈❡♠

xϕxϕ+ xlωϕ = x(F − ψ)ϕ,

xωxω − xlϕω = xGω.

❚♦♠❛♥❞♦ ❛ ♣❛rt❡ r❡❛❧ ❞❡st❛s ❡q✉❛çõ❡s✱ ✐♥t❡❣r❛♥❞♦✲❛s ❞❡ 0 ❛ L ❡ s♦♠❛♥❞♦ ❛s
❡q✉❛çõ❡s r❡s✉❧t❛♥t❡s ♦❜t❡♠♦s

1

2

∫ L

0

x
d

dx
|ϕ|2dx+ 1

2

∫ L

0

x
d

dx
|ω|2dx = Re

∫ L

0

x(F − ψ)ϕdx+ Re

∫ L

0

xGωdx.

❊❢❡t✉❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s s❡❣✉❡ q✉❡

1

2

∫ L

0

(|ϕ|2 + |ω|2)dx = −Re

[∫ L

0

x(F − ψ)ϕdx+

∫ L

0

xGωdx

]
,

♦✉ s❡❥❛✱

∫ L

0

(|ϕ|2 + |ω|2)dx ≤ 2L

∫ L

0

|F − ψ||ϕ|dx+ 2L

∫ L

0

|G||ω|dx.

❆ss✐♠✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ❨♦✉♥❣ r❡s✉❧t❛

∫ L

0

(|ϕ|2 + |ω|2)dx ≤ 2L2

∫ L

0

|F − ψ|2dx+ 1

2

∫ L

0

|ϕ|2dx

+ 2L2

∫ L

0

|G|2dx+ 1

2

∫ L

0

|ω|2dx.
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❉❛í✱ ❝♦♥❝❧✉í♠♦s q✉❡

∫ L

0

(|ϕ|2 + |ω|2)dx ≤ C

∫ L

0

(|F − ψ|2 + |G|2)dx, ✭✷✳✶✽✮

♦♥❞❡ C = 4L2✳ ❯s❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✶✻✮ ❡ ✭✷✳✶✼✮ ✈❡♠♦s

|ϕx|2 ≤ |F − ψ|2 + 2lRe (F − ψ)ω + l2|ω|2,
|ωx|2 ≤ |G|2 + 2lReGϕ+ l2|ϕ|2. ✭✷✳✶✾✮

❘❡s✉❧t❛ ❞❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✷✳✶✽✮ ❡ ✭✷✳✶✾✮ q✉❡

∫ L

0

(|ϕx|2 + |ωx|2)dx ≤
∫ L

0

(|F − ψ|2 + |G|2)dx+ 2l

∫ L

0

(|F − ψ||ω|+ |G|ϕ|)dx

+ l2
∫ L

0

(|ϕ|2 + |ω|2)dx

≤
∫ L

0

(|F − ψ|2 + |G|2)dx+ 2l2
∫ L

0

|F − ψ|2dx+ 1

2

∫ L

0

|ω|2dx

+ 2l2
∫ L

0

|G|2dx+ 1

2
|ϕ|2dx+ Cl2

∫ L

0

(|F − ψ|2 + |G|2)dx.

P♦rt❛♥t♦✱ ✉s❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❨♦✉♥❣ ❡ P♦✐♥❝❛ré ♦❜t❡♠♦s

∫ L

0

(|ϕx|2 + |ωx|2)dx ≤ C

∫ L

0

(|F − ψ|2 + |G|2)dx ≤ C

∫ L

0

(|F |2 + |G|2 + ψx|2)dx

♦♥❞❡ C é ❛ ♠❛✐♦r ❞❡♥tr❡ ❛s ❝♦♥st❛♥t❡s ❡♥❝♦♥tr❛❞❛s ❛❝✐♠❛✳ ▲♦❣♦

‖ϕx‖2L2 + ‖ωx‖2L2 ≤ C
(
‖F‖2L2 + ‖G‖2L2 + ‖ψx‖2L2

)
.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

‖U‖2∗ = ‖Φ‖2L2 + ‖Ψ‖2L2 + ‖W‖2L2 + ‖ϕx‖2L2 + ‖ψx‖2L2 + ‖ωx‖2L2

≤
(

1

ρ1
+

1

ρ2
+

1

ρ1
+

1

b
+ C

)
‖U‖2H + C‖F‖2L2 + C‖G‖2L2

= C‖U‖2H + C‖ϕx + ψ + lω‖2L2 + C‖ωx − lϕ‖2L2

❡ ❝♦♥❝❧✉í♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖U‖∗ ≤ C‖U‖H. ✭✷✳✷✵✮

❱❛❧❡ r❡ss❛❧t❛r q✉❡ ♥❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r ♣♦❞❡rí❛♠♦s ❝♦♥❝❧✉✐r ✭✷✳✷✵✮ ✉s❛♥❞♦
❛r❣✉♠❡♥t♦ ❞❡ ❝♦♥tr❛❞✐çã♦✳

❖ ♣ró①✐♠♦ ♣❛ss♦ ❝♦♥s✐st❡ ❡♠ r❡❡s❝r❡✈❡r ♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✲✭✷✳✸✮ ❝♦♠♦ ✉♠
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♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② ❞❛ ❢♦r♠❛

d

dt
U(t) = AU(t)

U(0) = U0,
✭✷✳✷✶✮

♦♥❞❡ U0 = (ϕ0,Φ0, ψ0,Ψ0, ω0,W0). ❈♦♠ ❡st❛ ✜♥❛❧✐❞❛❞❡✱ ❝♦♥s✐❞❡r❡ Φ = ϕt✱
Ψ = ψt✱ W = ωt ❡ U(t) = (ϕ,Φ, ψ,Ψ, ω,W )✳ ❆ss✐♠✱ ✉s❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✶✮✲
✭✷✳✸✮ ♥ã♦ é ❞✐❢í❝✐❧ ♦❜t❡r ✭✷✳✷✶✮ ♦♥❞❡ A : D(A) ⊂ H → H é ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r
♥ã♦✲❧✐♠✐t❛❞♦ ❞❡✜♥✐❞♦ ♣♦r

A =




0 Id(·) 0 0 0 0

k
ρ1
∂2x(·)− k0l

ρ2
Id(·) 0 k

ρ1
∂x(·) 0 k+k0l

ρ1
∂x(·) 0

0 0 0 Id(·) 0 0

− k
ρ2
∂x(·) 0 b

ρ2
∂2x(·)− k

ρ2
Id(·) −γ

ρ2
Id(·) − k

ρ2
Id(·)

0 0 0 0 0 Id(·)

−kl+k0
ρ1

∂x(·) 0 −kl
ρ1
Id(·) 0 k0l

ρ1
∂2x(·)− kl2

ρ1
Id(·) 0




,

❝✉❥♦ ❞♦♠í♥✐♦ é ❞❛❞♦ ♣♦r

D(A) = [(H1
0 (0, L) ∩H2(0, L))×H1

0 (0, L)]
2. ✭✷✳✷✷✮

❉❡ ❢❛t♦✱ ❝♦♠♦ AU ∈ H ❡♥tã♦

Φ,Ψ,W ∈ H1
0 (0, L),

k

ρ1
(ϕx + ψ + ω)x +

k0l

ρ1
(ωx − lϕ) ∈ L2(0, L),

b

ρ2
ψxx −

k

ρ2
(ϕx + ψ + lω)− γΨ ∈ L2(0, L),

k0

ρ1
(ωx − lϕ)x −

kl

ρ1
(ϕx + ψ + lω) ∈ L2(0, L).

❈♦♠♦ U ∈ H s❡❣✉❡ ❞❛s ❡q✉❛çõ❡s ❛❝✐♠❛ q✉❡ ϕ, ψ, ω ∈ H2(0, L)✳

Pr♦♣♦s✐çã♦ ✷✳✷✳ ❖ ♦♣❡r❛❞♦r A é ❞✐ss✐♣❛t✐✈♦✱ ♦✉ s❡❥❛✱ s❡ U ∈ D(A) ❡♥tã♦

Re 〈AU,U〉H ≤ 0.

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ U = (ϕ,Φ, ψ,Ψ, ω,W ) ∈ D(A)✳ ❊♥tã♦ ✉s❛♥❞♦ ❛
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❞❡✜♥✐çã♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ H ❡ ❞♦ ♦♣❡r❛❞♦r A ❡♥❝♦♥tr❛♠♦s

〈AU,U〉H =

∫ L

0

{
[k(ϕx + ψ + lω)x + k0l(ωx − lϕ)]Φ

}
dx

+
{
[bψxx − k(ϕx + ψ + lω)− γΨ]Ψ

}
dx

+

∫ L

0

{
[k0(ωx − lϕ)x − kl(ϕx + ψ + lω)]Θ + bΨxψx

}
dx

+

∫ L

0

{
[k(Φx +Ψ+ lΘ)(ϕx + ψ + lω) + k0(Θx − lΦ)(ωx − lϕ)

}
dx.

❯s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ s❡❣✉❡ q✉❡

〈AU,U〉H = b

∫ L

0

[
Ψxψx − ψxΨx

]
dx− γ

∫ L

0

|Ψ|2dx

+ k

∫ L

0

[
(Φx +Ψ+ lW )(ϕx + ψ + lω)− (ϕx + ψ + lω)(Φx +Ψ+ lW )

]
dx

+ k0

∫ L

0

[
(Wx − lΦ)(ωx − lϕ)− (ωx − lϕ)Wx − lΦ)

]
dx.

❚♦♠❛♥❞♦✲s❡ ❛ ♣❛rt❡ r❡❛❧ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❛❝✐♠❛ ♦❜t❡♠♦s

Re 〈AU,U〉H = −γ
∫ L

0

|Ψ|2dx ≤ 0. ✭✷✳✷✸✮

❆❣♦r❛✱ ✈❛♠♦s ♠♦str❛r q✉❡ 0 ∈ ρ(A)✱ ♦✉ s❡❥❛✱ A é ❜✐❥❡t✐✈♦ ❡ A−1 ∈ L(H)✳
▼♦str❛r❡♠♦s q✉❡ 0 ∈ ρ(A) ❡ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✶✾ t❡r❡♠♦s ♦ r❡s✉❧t❛❞♦✳

❙❡❥❛♠ F = (f 1, f 2, f 3, f 4, f 5, f 6) ∈ H ❡ U = (ϕ,Φ, ψ,Ψ, ω,W )✳ ❆ ❡q✉❛çã♦
r❡s♦❧✈❡♥t❡ AU = F é ❡q✉✐✈❛❧❡♥t❡ ❛♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s

Φ = f 1 ❡♠ H1
0 (0, L), ✭✷✳✷✹✮

k

ρ1
(ϕx + ψx + lω)x +

k0l

ρ1
(ωx − lϕ) = f 2 ❡♠ L2(0, L), ✭✷✳✷✺✮

Ψ = f 3, ❡♠ H1
0 (0, L), ✭✷✳✷✻✮

b

ρ2
ψxx −

k

ρ2
(ϕx + ψ + lω)− γ

ρ2
Ψ = f 4 ❡♠ L2(0, L), ✭✷✳✷✼✮

W = f 5 ❡♠ H1
0 (0, L), ✭✷✳✷✽✮

k

ρ1
(ωx − lϕ)x −

kl

ρ1
(ϕx + ψ + lω) = f 6 ❡♠ L2(0, L). ✭✷✳✷✾✮

❉❡st❛ ❢♦r♠❛✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r♠♦s Φ = f 1,Ψ = f 3 ❡ W = f 5 ❡ ❛ss✐♠ ♣❡❧❛s
❡q✉❛çõ❡s ✭✷✳✷✹✮ ✱ ✭✷✳✷✻✮ ❡ ✭✷✳✷✽✮ s❡❣✉❡ q✉❡ Φ,Ψ,W ∈ H1

0 (0, L) ✳ ❙✉❜st✐t✉✐♥❞♦



✷✼ ✷✳✷✳ ❊❳■❙❚✃◆❈■❆ ❊ ❯◆■❈■❉❆❉❊ ❉❊ ❙❖▲❯➬➹❖

❡st❛s ✐❣✉❛❧❞❛❞❡s ♥❛s ♦✉tr❛s ❡q✉❛çõ❡s t❡♠♦s

k(ϕx + ψ + lω)x + k0l(ωx − lϕ) = ρ1f
2, ❡♠ L2(0, L) ✭✷✳✸✵✮

bψxx − k(ϕx + ψ + lω) = ρ2f
4 + γf 3 ❡♠ L2(0, L), ✭✷✳✸✶✮

k0(ωx − lϕ)x − kl(ϕx + ψ + lω) = ρ1f
6 ❡♠ L2(0, L). ✭✷✳✸✷✮

❈♦♥s✐❞❡r❛♥❞♦ f = ρ1f
2 ✱ g = ρ2f

4 + γf 3 ❡ h = ρ1f
6✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ✭✷✳✸✵✮ ♣♦r

φ ∈ H1
0 (0, L) ✱ ✭✷✳✸✶✮ ♣♦r η ∈ H1

0 (0, L) ❡ ✭✷✳✸✷✮ ♣♦r ξ ∈ H1
0 (0, L) ❡ ✐♥t❡❣r❛♥❞♦ ♣♦r

♣❛rt❡s ❞❡ 0 ❛ L r❡s✉❧t❛ q✉❡

k

∫ L

0

(ϕx + ψ + lω)φxdx−
∫ L

0

k0l(ωx − lϕ)φdx = −
∫ L

0

fφdx,

b

∫ L

0

ψxηxdx+ k

∫ L

0

(ϕx + ψ + lω)ηdx = −
∫ L

0

gηdx,

k0

∫ L

0

(ωx − lϕ)ξxdx+ kl

∫ L

0

(ϕx + ψ + lω)ξdx = −
∫ L

0

hξdx.

❙♦♠❛♥❞♦ ❛s ❡q✉❛çõ❡s ❛❝✐♠❛ ❡♥❝♦♥tr❛♠♦s

b

∫ L

0

ψxηxdx + k

∫ L

0

(ϕx + ψ + lω)(φx + η + lξ)dx

+ k0

∫ L

0

(ωx − lϕ)(ξx − lφ)dx = −
[∫ L

0

fφ+ gη + hξdx

]
.

❊st❛ ✐❣✉❛❧❞❛❞❡ ♥♦s ✐♥❞✉③ ❛ ✉s❛r ♦ t❡♦r❡♠❛ ❞❡ ▲❛①✲▼✐❧❣r❛♥ ♣❛r❛ ❝♦♥❝❧✉✐r ❛
❜✐❥❡t✐✈✐❞❛❞❡ ❞♦ ♦♣❡r❛❞♦r A.

❙❡❥❛ ♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt W = H1
0 (0, L) × H1

0 (0, L) × H1
0 (0, L) ♠✉♥✐❞♦ ❝♦♠

♥♦r♠❛

‖(φ, η, ξ)‖2W = ‖φx + η + lξ‖2L2 + ‖ξx − lφ‖2L2 + ‖ηx‖2L2 .

❉❡✜♥❛♠♦s ❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r a : W ×W −→ C ♣♦r

a ((ϕ, ψ, ω), (φ, η, ξ)) = b

∫ L

0

ψxηxdx + k

∫ L

0

(ϕx + ψ + lω)(φx + η + lξ)dx

+ k0

∫ L

0

(ωx − lϕ)(ξx − lφ)dx.

▲❡♠❛ ✷✳✸✳ ❆ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r a : W ×W −→ C é ❝♦♥tí♥✉❛ ❡ ❝♦❡r❝✐✈❛✱ ✐st♦ é✱
❡①✐st❡♠ ❝♦♥st❛♥t❡s C1 > 0 ❡ C2 > 0 t❛✐s q✉❡
(i) |a ((ϕ, ψ, ω), (φ, η, ξ)) | ≤ C1‖(ϕ, ψ, ω)‖2W‖(φ, η, ξ)‖2W ,
(ii) a ((ϕ, ψ, ω), (ϕ, ψ, ω)) ≥ C2‖(ϕ, ψ, ω)‖2W ,
♣❛r❛ q✉❛✐sq✉❡r (ϕ, ψ, ω), (φ, η, ξ) ∈ W✳
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❉❡♠♦♥str❛çã♦✳ (ii) P❛r❛ q✉✐sq✉❡r (ϕ, ψ, ω) ∈ W t❡♠✲s❡

|a ((ϕ, ψ, ω), (ϕ, ψ, ω)) | = k

∫ L

0

[
|ϕx + ψ + lω|2 + k0|ωx − lϕ|2 + b|ψx|2

]
dx

= b‖ψ‖2L2 + k‖ϕx + ψ + lω‖2L2 + k0‖ωx − lϕ‖2L2dx

≥ C
(
‖ϕx + ψ + lω‖2L2 + ‖ωx − lϕ‖2L2 + ‖ψx‖2L2

)

= C‖(ϕ, ψ, ω)‖2W ,

♦♥❞❡ C = min{k, k0, b}✳ ▲♦❣♦✱ ❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r a é ❝♦❡r❝✐✈❛✳

(i) ❉❛❞♦s (ϕ, ψ, ω), (φ, η, ξ) ∈ W t❡♠♦s

a ((ϕ, ψ, ω), (φ, η, ξ)) = k

∫ L

0

(ϕx + ψ + lω)(φx + η + lξ)dx

+ k0

∫ L

0

(ωx − lϕ)(ξx − lφ)dx+ b

∫ L

0

ψxηxdx.

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ (a+b)p ≤ 2p(ap+bp)
✈❡♠♦s q✉❡

|a ((ϕ, ψ, ω), (φ, η, ξ)) |2 ≤ +16k2‖ϕx + ψ + lω‖2L2‖φx + η + lξ‖2L2

+ 16k20‖ωx − lϕ‖2L2‖ξx − lφ‖2L2 + 4b2‖ψx‖2L2‖ηx‖2L2

≤ max{16k2, 16k20, 4b2}‖(ϕ, ψ, ω)‖2W‖(φ, η, ξ)‖2W .

❊♥✜♠✱ ❞❡♥♦t❛♥❞♦ C2 = max{16k2, 16k20, 4b2} t❡♠♦s

|a ((ϕ, ψ, ω), (φ, η, ξ)) | ≤ C‖(ϕ, ψ, ω)‖W‖(φ, η, ξ)‖W .

P♦rt❛♥t♦✱ ❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r a é ❝♦♥tí♥✉❛✳

❈♦♥s✐❞❡r❡♠♦s✱ ❛❣♦r❛✱ ♦ ❢✉♥❝✐♦♥❛❧ ❛♥t✐❧✐♥❡❛r f : W −→ C ❞❛❞♦ ♣♦r

f((φ, η, ξ)) = −
[∫ L

0

fφ+ gη + hξdx

]
,

♦♥❞❡ f = ρ1f
2✱ g = γf 3 + ρ2f

4 ❡ h = ρ1f
6✳ ❉❡st❛ ❢♦r♠❛✱ f ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ é

❛♥t✐❧✐♥❡❛r ❡✱ ❛❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ❞❡ P♦✐♥❝❛ré r❡s✉❧t❛
q✉❡

|f((φ, η, ξ))| ≤
∫ L

0

(|f ||φ|+ |g||η|+ |h||ξ|) dx

≤ ‖f‖L2‖φ‖L2 + ‖g‖L2‖η‖L2 + ‖h‖L2‖ξ‖L2

≤ max{ |f‖L2 , ‖g‖L2 , ‖h‖L2} (‖φ‖L2 + ‖η‖L2 + ‖ξ‖L2)

≤ C(‖φx‖L2 + ‖ηx‖L2 + ‖ξx‖L2), ∀(φ, η, ξ) ∈ W
≤ C‖(φ, η, ξ)‖S, ∀(φ, η, ξ) ∈ W .
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❙❡❣✉❡ ♣❡❧❛s ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ♥♦r♠❛s q✉❡ W

|f((φ, η))| ≤ C‖(φ, η, ξ)‖W , ∀(φ, η, ξ) ∈ W

P♦rt❛♥t♦✱ ♦ ❢✉♥❝✐♦♥❛❧ ❛♥t✐❧✐♥❡❛r ❛❝✐♠❛ é ❝♦♥tí♥✉♦✳ P❡❧♦ t❡♦r❡♠❛ ❞❡ ▲❛①✲▼✐❧❣r❛♠✱
❡①✐st❡ ✉♠ ú♥✐❝♦ (ϕ, ψ, ω) ∈ W t❛❧ q✉❡

a((ϕ, ψ, ω), (φ, η, ξ)) = f(φ, η, ξ), ∀(φ, η, ξ) ∈ W . ✭✷✳✸✸✮

❈♦♥s✐❞❡r❛♥❞♦ ❡♠ ✭✷✳✸✸✮ η = ξ = 0 t❡♠♦s

k

∫ L

0

(ϕx + ψ + lω)φxdx− k0

∫ L

0

(ωx − lϕ)lφdx = −
∫ L

0

fφdx, ∀φ ∈ C∞
0 (0, L)

♦✉ s❡❥❛✱

∫ L

0

k(ϕx + ψ + lω)φxdx = −
∫ L

0

[f − k0l(ωx − lϕ)]φdx.

P❡❧❛ ❞❡✜♥✐çã♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ H1(0, L) = W 1,2(0, L) t❡♠♦s q✉❡

k(ϕx + ψ + lω) ∈ H1(0, L) ❡ k(ϕx + ψ + lω)x = f − k0l(ωx − lϕ) ∈ L2(0, L).

❉❛í ❝♦♥❝❧✉í♠♦s q✉❡

ϕ ∈ H2(0, L) ❡ k(ϕx + ψ + lω)x + k0l(ωx − lϕ) = f = ρ1f
1. ✭✷✳✸✹✮

❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ❡①♣r❡ssã♦ ✭✷✳✸✸✮ ❝♦♠ φ = η = 0 t❡♠♦s

k

∫ L

0

(ϕx + ψ + lω)lξdx+ k0

∫ L

0

(ωx − lϕ)lξdx = −
∫ L

0

hξdx, ∀ξ ∈ C∞
0 (0, L).

❊ ❞❡ ✉♠ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ ❛♥t❡r✐♦r ❝♦♥❝❧✉í♠♦s q✉❡

ω ∈ H2(0, L) ❡ k0(ωx − lϕ)x − kl(ϕx + ψ + lω) = h = ρ1f
6. ✭✷✳✸✺✮

P♦r ✜♠ ✉s❛♥❞♦ ❛ ❡①♣r❡ssã♦ ✭✷✳✸✸✮ ❝♦♠ φ = ξ = 0 t❡♠♦s

k

∫ L

0

(ϕx + ψ + lω)ηdx+ b

∫ L

0

ψxηxdx = −
∫ L

0

gηdx, ∀η ∈ C∞
0 (0, L).

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦s ❛♥t❡r✐♦r❡s ✈❡♠♦s q✉❡

ψ ∈ H2(0, L) ❡ bψxx − k(ϕx + ψ + lω) = g = γf 3 + ρ2f
4. ✭✷✳✸✻✮

❙❡❣✉❡ ❞❡ ✭✷✳✸✹✮ ✲ ✭✷✳✸✻✮ q✉❡ ❡①✐st❡♠ ú♥✐❝♦s ϕ, ψ, ω ∈ H2 ∩ H1
0 s❛t✐s❢❛③❡♥❞♦ ❛s

❡q✉❛çõ❡s ✭✷✳✸✶✮✲ ✭✷✳✸✷✮✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡①✐st❡ ú♥✐❝♦ U ∈ D(A) s❛t✐s❢❛③❡♥❞♦
AU = F ✱ ♦✉ s❡❥❛✱ ♦♣❡r❛❞♦r A é ✉♠ ♦♣❡r❛❞♦r ❜✐❥❡t✐✈♦✳

▼♦str❛r❡♠♦s ❛❣♦r❛ q✉❡ s❡✉ ✐♥✈❡rs♦ A−1 é ❧✐♠✐t❛❞♦✳ ❉❛❞♦ F ∈ H s❡❥❛
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U ∈ D(A) t❛❧ q✉❡ AU = F ✳ ❆ss✐♠

‖A−1F‖H ≤ C‖F‖H ⇔ ‖U‖H ≤ ‖F‖H.

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✷✺✮ ♣♦r ϕ ∈ H1
0 (0, L)✱ ✭✷✳✷✼✮ ♣♦r ψ ∈ H1

0 (0, L) ✱ ✭✷✳✷✾✮
♣♦r ω ∈ H1

0 (0, L) ✱ ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ L ❡ s♦♠❛♥❞♦ ✈❡♠

k

∫ L

0

|ϕx + ψ + lω|2dx + k0

∫ L

0

|ωx − lϕ|2dx+ b

∫ L

0

|ψx|2 =
∫ L

0

ρ1f
2ϕdx

+

∫ L

0

(γf 3 + ρ2f
4)ψdx+

∫ L

0

ρ1f
6ωdx.

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ♥♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r ✈❡♠♦s
q✉❡✱

k

∫ L

0

|ϕx + ψ + lω|2dx+ k0

∫ L

0

|ωx − lϕ|2dx+ b

∫ L

0

|ψx|2

≤ρ1‖f 2‖L2‖ϕ‖L2 + ρ1‖f 6‖L2‖ω‖L2 + ‖γf 3 + ρ2f
4‖L2

≤ρ1‖F‖H(‖ϕ‖L2 + ‖ψ‖L2) + max{γ, ρ2}‖F‖H‖ψ‖L2

≤C‖F‖H(‖ϕx‖L2 + ‖ψx‖L2 + ‖ωx‖L2)

≤C‖F‖H‖U‖S.

❘❡s✉❧t❛ ✉s❛♥❞♦ ❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s ♥♦r♠❛s q✉❡

∫ L

0

[
k|ϕx + ψ + lω|2dx+ k0|ωx − lϕ|2 + b|ψx|2

]
dx ≤ C‖F‖H‖U‖H. ✭✷✳✸✼✮

P❡❧❛ ❡q✉❛çã♦ ✭✷✳✷✹✮ t❡♠♦s

∫ L

0

ρ1|Φ|2dx ≤
∫ L

0

ρ1|f 1||Φ|dx ≤ ρ1

2

∫ L

0

|Φ|2dx+ ρ1

2
‖f 1‖2L2 .

❆ss✐♠✱

∫ L

0

ρ1|Φ|2dx ≤ C‖F‖2H. ✭✷✳✸✽✮

❈♦♠ ✉♠ ❛r❣✉♠❡♥t♦ ❛♥á❧♦❣♦ ❛♦ ❛♥t❡r✐♦r✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛s ❡q✉❛çõ❡s
✭✷✳✷✻✮ ❡ ✭✷✳✷✽✮ ❝❤❡❣❛♠♦s ❡♠

∫ L

0

ρ2|Ψ|2dx ≤ C‖F‖2H ❡
∫ L

0

ρ1|W |2dx ≤ C‖F‖2H. ✭✷✳✸✾✮
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❏✉♥t❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✸✼✮✱ ✭✷✳✸✽✮ ❡ ✭✷✳✸✾✮ ❝♦♥❝❧✉í♠♦s q✉❡

‖U‖2H =

∫ L

0

[
ρ1|Φ|2 + ρ2|Ψ|2 + ρ1|W |2 + b|ψx|2

]
dx

+ k

∫ L

0

[
|ϕx + ψ + lω|2 + k0|ωx − lϕ|2

]
dx

≤ C‖F‖H‖U‖H + C‖F‖2H + C‖F‖2H + C4‖F‖2H
≤ C‖F‖2H +

1

2
‖U‖2H.

❊ ❛ss✐♠

‖U‖H ≤ C‖F‖H ⇒ ‖A−1F‖H ≤ ‖F‖H. ✭✷✳✹✵✮

P♦rt❛♥t♦✱ ♦ ♦♣❡r❛❞♦r A−1 é ❧✐♠✐t❛❞♦ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ 0 ∈ ρ(A)✳

Pr♦♣♦s✐çã♦ ✷✳✹✳ ❊①✐st❡ λ > 0 t❛❧ q✉❡ λ ∈ ρ(A)✱ ✐st♦ é✱ ❡①✐st❡ λ ♣♦s✐t✐✈♦ t❛❧ q✉❡
(λI −A) é ✐♥✈❡rs✐✈❡❧ ❝♦♠ (λI −A)−1 ∈ L(H)✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ 0 ∈ ρ(A)✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✶✾ t❡♠♦s q✉❡ (λI − A) =
A(λA−1 − I) é ✐♥✈❡rs✐✈❡❧ ❝♦♠ ✐♥✈❡rs♦ ❧✐♠✐t❛❞♦ ❞❡s❞❡ q✉❡

‖λA−1‖ ≤ 1

‖I−1‖ = 1 ⇔ λ ∈ (−‖A−1‖−1, ‖A−1‖−1).

▲♦❣♦✱ ❡①✐st❡ 0 < λ0 ∈ ρ(A)✳

▲❡♠❛ ✷✳✺✳ ❖ ♦♣❡r❛❞♦r A é ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦ ✱ ✐st♦ é✱ D(A) = H✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♠♦str❛r q✉❡ D(A) = H✱ s❡❥❛ U ∈ D(A)
⊥
❞❡ ♠♦❞♦ q✉❡

〈V, U〉H = 0, ∀ V ∈ D(A).

❈♦♠♦ ❡①✐st❡ λ0 ∈ ρ(A)✱ t♦♠❛♥❞♦ V0 = (λ0I −A)−1U t❡♠♦s

λ0‖V0‖2H − 〈AV0, V0〉H = 0

λ0‖V0‖2H +

∫ L

0

γ|Ψ|2dx = 0 ⇒ V0 = 0

P♦rt❛♥t♦✱ U = (λ0I−A)V0 = 0✱ ♦✉ s❡❥❛✱ D(A)⊥ = {0}✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✺ t❡♠♦s
D(A) ❞❡♥s♦ ❡♠ H.

Pr♦♣♦s✐çã♦ ✷✳✻✳ ❖ ♦♣❡r❛❞♦r A é ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦
{SA(t)}t≥0 ❞❡ ❝♦♥tr❛çõ❡s ❞❡ ❝❧❛ss❡ C0✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ♣♦✐s ♦ ♦♣❡r❛❞♦r A é ❞✐ss✐♣❛t✐✈♦ ✱ ❡①✐st❡ λ > 0 t❛❧ q✉❡
λ ∈ ρ(A) ❡ D(A) é ❞❡♥s♦ ❡♠ H✱ ❡♥tã♦ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▲✉♠❡r✲
P❤✐❧✐♣s✱ ❚❡♦r❡♠❛ ✶✳✺✻✳
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❈♦♥s✐❞❡r❡ {SA(t)}t≥0 ♦ s❡♠✐❣r✉♣♦ ❞❛ ♣r♦♣♦s✐çã♦ ❛♥t❡r✐♦r✳ ❙❡ U0 ∈ D(A)
t❡♠♦s q✉❡ U(t) = SA(t)U0 é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❢♦rt❡ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❇r❡ss❡ ❝♦♠
❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t✲❉✐r✐❝❤❧❡t✲❉✐r✐❝❤❧❡t✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦
❚❡♦r❡♠❛ ✶✳✺✽ t❡♠♦s q✉❡ U ∈ C0([0,∞);D(A)) ∩ C1([0,∞);H)✳

✷✳✷✳✷ ❈♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t✲◆❡✉♠❛♥♥✲

◆❡✉♠❛♥♥

◆❡st❛ s❡❝çã♦✱ ❝♦♥s✐❞❡r❛♠♦s ♦ s✐st❡♠❛ ❞❡ ❇r❡ss❡ ✭✷✳✶✮ ✲ ✭✷✳✹✮ s✉❥❡✐t♦ às
❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t ✲◆❡✉♠❛♥♥✲◆❡✉♠❛♥♥

ϕ(t, 0) = ϕ(t, L) = ψx(t, 0) = ψx(t, L) = ωx(t, 0) = ωx(t, L) = 0, ✭✷✳✹✶✮

♣❛r❛ t ∈ (0,∞)✳

❆ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛ s❡rá ❞❛❞❛ ♣❡❧❛ ♠❡s♠❛ ❡①♣r❡ssã♦ ✭✷✳✶✵✮✱ ♣♦ré♠ ❛❣♦r❛ ♦
❡s♣❛ç♦ ❞❡ ❡♥❡r❣✐❛ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ s❡rá ♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt

H = H1
0 (0, L)× L2(0, L)×

[
H1

∗ (0, L)× L2
∗(0, L)

]2
✭✷✳✹✷✮

♦♥❞❡

L2
∗(0, L) =

{
u ∈ L2(0, L);

∫ L

0

udx = 0

}
❡ H1

∗ (0, L) = H1(0, L) ∩ L2
∗(0, L).

❖❜s❡r✈❛♠♦s q✉❡✱ ❞❡✈✐❞♦ à Pr♦♣♦s✐çã♦ ✶✳✹✶✱ ❡♠ H1
∗ (0, L) é ✈á❧✐❞❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

❞❡ P♦✐♥❝❛ré✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♠♦str❛✲s❡ q✉❡

‖U‖2H = ‖ϕ,Φ, ψ,Ψ, ω,W‖2

=

∫ L

0

[
ρ1|Φ|2 + ρ2|Ψ|2 + ρ1|W |2 + b|ψx|2

]
dx

+

∫ L

0

[
k|ϕx + ψ + lω|2 + k0|ωx − lϕ|2

]
dx

❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ ❡♠ H ❡q✉✐✈❛❧❡♥t❡ à ♥♦r♠❛ ✉s✉❛❧✳

❖ s✐st❡♠❛ ♥♦✈❛♠❡♥t❡ ♣♦❞❡ s❡r ❡s❝r✐t♦ ♥❛ ❢♦r♠❛ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②
❞♦ t✐♣♦

d

dt
U(t) = AU(t),

U(0) = U0,
✭✷✳✹✸✮

♦♥❞❡ ♦ ♦♣❡r❛❞♦r A s❡rá ❞❛❞♦ ♣♦r
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A =




0 Id(·) 0 0 0 0

k
ρ1
∂2x(·)− k0l

ρ2
Id(·) 0 k

ρ1
∂x(·) 0 k+k0l

ρ1
∂x(·) 0

0 0 0 Id(·) 0 0

− k
ρ2
∂x(·) 0 b

ρ2
∂2x(·)− k

ρ2
Id(·) −γ

ρ2
Id(·) − k

ρ2
Id(·)

0 0 0 0 0 Id(·)

−kl+k0
ρ1

∂x(·) 0 −kl
ρ1
Id(·) 0 k0l

ρ1
∂2x(·)− kl2

ρ1
Id(·) 0




❝♦♠ ❞♦♠í♥✐♦

D(A) =
{
(ϕ,Φ, ψ,Ψ, ω,W ) ∈ H;ϕ, ψ, ω ∈ H2,Φ ∈ H1

0 ,Ψ,W ∈ H1
∗ , ψx, ωx ∈ H1

0

}
.

P❛r❛ ❝♦♥❝❧✉ír♠♦s ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▲✉♠♠❡r✲P❤✐❧❧✐♣s ✱ ❚❡♦r❡♠❛ ✶✳✺✻✱ q✉❡ ❡①✐st❡
✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✹✸✮ ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡ ♣❛r❛ ♦ s✐st❡♠❛
✭✷✳✶✮ ✲ ✭✷✳✹✮✱ ❜❛st❛ ♠♦str❛r♠♦s q✉❡ 0 ∈ ρ(A)✱ ♣♦✐s ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷ ♦ ♦♣❡r❛❞♦r
A é ❞✐ss✐♣❛t✐✈♦✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✺ s❡❣✉❡ q✉❡ A é ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦✳

❙❡❥❛♠ F = (f 1, f 2, f 3, f 4, f 5, f 6) ∈ H ❡ U = (ϕ,Φ, ψ,Ψ, ω,W )✳ ❆ ❡q✉❛çã♦
r❡s♦❧✈❡♥t❡ AU = F é ❡q✉✐✈❛❧❡♥t❡ ❛♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ✭✷✳✷✹✮✲✭✷✳✷✾✮✳ ❉❡st❛
❢♦r♠❛ ❜❛st❛ ❝♦♥s✐❞❡r❛r♠♦s Φ = f 1,Ψ = f 3 ❡ W = f 5 ❡ ❛ss✐♠ ♣❡❧❛s ❡q✉❛çõ❡s
✭✷✳✷✹✮ ✱ ✭✷✳✷✻✮ ❡ ✭✷✳✷✽✮ s❡❣✉❡ q✉❡ Φ,Ψ,W ∈ H1

∗ (0, L)✳ ❙✉❜st✐t✉✐♥❞♦ ❡st❛s
✐❣✉❛❧❞❛❞❡s ♥❛s ♦✉tr❛s ❡q✉❛çõ❡s t❡♠♦s

k(ϕx + ψ + lω)x + k0l(ωx − lϕ) = ρ1f
2, ❡♠ L2(0, L), ✭✷✳✹✹✮

bψxx − k(ϕx + ψ + lω) = ρ2f
4 + γf 3, ❡♠ L2(0, L), ✭✷✳✹✺✮

k0(ωx − lϕ)x − kl(ϕx + ψ + lω) = ρ1f
6, ❡♠ L2(0, L). ✭✷✳✹✻✮

▲❡♠❛ ✷✳✼✳ ❉❛❞♦s g1 ∈ L2(0, L) , g2 , g3 ∈ L2
∗(0, L)✱ ♦ s✐st❡♠❛

k(ϕx + ψ + lω)x + k0l(ωx − lϕ) = g1, ❡♠ L2(0, L), ✭✷✳✹✼✮

bψxx − k(ϕx + ψ + lω) = g2, ❡♠ L2
∗(0, L), ✭✷✳✹✽✮

k0(ωx − lϕ)x − kl(ϕx + ψ + lω) = g3, ❡♠ L2
∗(0, L) ✭✷✳✹✾✮

♣♦ss✉✐ ú♥✐❝❛ s♦❧✉çã♦ (ϕ, ψ, ω) ∈ [H2(0, L) ∩H1
0 (0, L)] × [H2(0, L) ∩H1

∗ (0, L)]
2

❝♦♠ ψx , ϕx ∈ H1
0 (0, L)✳

❉❡♠♦♥str❛çã♦✳ ❊①✐stê♥❝✐❛✿ P❡❧♦ ▲❡♠❛ ✶✳✺✾ t❡♠♦s q✉❡ ❡①✐st❡♠ v ∈ H1
0 (0, L) ❡

u ∈ H1(0, L) t❛✐s q✉❡

kux + k0lv = g1,

k0vx − klu = g3.



✸✹ ✷✳✷✳ ❊❳■❙❚✃◆❈■❆ ❊ ❯◆■❈■❉❆❉❊ ❉❊ ❙❖▲❯➬➹❖

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ g3 ∈ L2
∗(0, L) t❡♠♦s

∫ L

0

g3(x)dx = 0.

▲♦❣♦

∫ L

0

u(x)dx = 0,

♦✉ s❡❥❛✱ u ∈ H1
∗ (0, L)✳ ❉❡✜♥❛✱

ψ(x) =
1

b

∫ x

0

∫ z

0

(g2(s) + ku(s))dsdz − 1

bL

∫ L

0

∫ r

0

∫ z

0

(g2(s) + ku(s))dsdrdz.

❖❜s❡r✈❡ q✉❡ ❝♦♠♦ g2, u ∈ L2
∗(0, L) s❡❣✉❡ q✉❡ ψ ∈ H2(0, L)∩H1

∗ (0, L)✳ ◆♦t❡ ❛✐♥❞❛
q✉❡

ψx(x) =
1

b

∫ x

0

(g2(s) + ku(s))ds,

❞❛í ψx ∈ H1
0 (0, L).

❆♣❧✐❝❛♥❞♦✱ ♥♦✈❛♠❡♥t❡✱ ♦ ▲❡♠❛ ✶✳✺✾ r❡s✉❧t❛ q✉❡ ❡①✐st❡♠ ϕ ∈ H1
0 (0, L) ❡

ω ∈ H1
∗ (0, L) t❛✐s q✉❡

ωx − lϕ = v,

ϕx + lω = u− ψ.

❆ss✐♠✱ ❝♦♥❝❧✉✐♠♦s q✉❡

ωx = v + lϕ ∈ H1
0 (0, L) ⇒ ω ∈ H2(0, L)

ϕx = u− ψ − lω ∈ H1
∗ (0, L).

❉❡st❛ ❢♦r♠❛✱ ♦❜t❡♠♦s

k(ϕx + ψ + lω)x + k0l(ωx − lϕ) = kux + k0lv = g1,

k0(ωx − lϕ)x − kl(ϕx + ψ + lω) = k0vx − klu = g3.

❆❧é♠ ❞✐ss♦✱

bψxx = b
1

b

(∫ x

0

(g2(s) + ku(s))dx

)

x

= g2(x) + ku(x) = g2 + k(ϕx + ψ + lω).

P♦rt❛♥t♦✱ ♦ s✐st❡♠❛ ✭✷✳✹✼✮✲✭✷✳✹✾✮ t❡♠ s♦❧✉çã♦ ❝♦♠ r❡❣✉❧❛r✐❞❛❞❡ ❞❡s❡❥❛❞❛✳

❯♥✐❝✐❞❛❞❡✿ ❈♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt W = H1
0 (0, L)×H1

∗ (0, L)×H1
∗ (0, L)
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❡q✉✐♣❛❞♦ ❝♦♠ ❛ ♥♦r♠❛

‖(φ, η, ξ)‖2W = ‖φx + η + lξ‖2L2 + ‖ξx − lφ‖2L2 + ‖ηx‖2L2 .

❉❡✜♥❛ ❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r✱ a : W ×W −→ C ♣♦r

a ((ϕ, ψ, ω), (φ, η, ξ)) = b

∫ L

0

ψxηxdx + k

∫ L

0

(ϕx + ψ + lω)(φx + η + lξ)dx

+ k0

∫ L

0

(ωx − lϕ)(ξx − lφ)dx.

❏á ❢♦✐ ♠♦str❛❞♦ q✉❡ a é ✉♠❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r ❝♦♥t✐♥✉❛ ❡ ❝♦❡r❝✐✈❛✳ ❆❧é♠ ❞✐ss♦✱
❝♦♥s✐❞❡r❛♠♦s ♦ ❢✉♥❝✐♦♥❛❧ ❛♥t✐❧✐♥❡❛r f : W −→ C ❞❛❞♦ ♣♦r

f((φ, η, ξ)) = −
[∫ L

0

fφ+ gη + hξdx

]
,

♦♥❞❡ f = ρ1f
2✱ g = γf 3 + ρ2f

4 ❡ h = ρ1f
6✳ ❉❡st❛ ❢♦r♠❛✱ f ❡stá ❜❡♠ ❞❡✜♥✐❞❛

❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ❞❡ P♦✐♥❝❛ré r❡s✉❧t❛ q✉❡ f é ❝♦♥tí♥✉♦✳ P❡❧♦
❚❡♦r❡♠❛ ❞❡ ▲❛①✲▼✐❧❣r❛♥ ❡①✐st❡ ú♥✐❝♦ (ϕ, ψ, ω) ∈ W t❛❧ q✉❡

a((ϕ, ψ, ω), (u, v, p)) = f(u, v, p) , ∀(u, v, p) ∈ W .

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦ s✐st❡♠❛ ✭✷✳✹✼✮✲✭✷✳✹✾✮ t❡♠ ú♥✐❝❛ s♦❧✉çã♦ ❝♦♠ r❡❣✉❧❛r✐❞❛❞❡
❞❡s❡❥❛❞❛✳

❈♦♥s✐❞❡r❛♥❞♦ ♥♦ ▲❡♠❛ ✷✳✼ g1 = ρ1f
1 ✱ g2 = ρ2f

4 + γf 3 ❡ g3 = ρ1f
5✱ ✈❡♠♦s

q✉❡ ♦ s✐st❡♠❛ ✭✷✳✹✹✮✲✭✷✳✹✻✮ t❡♠ ú♥✐❝❛ s♦❧✉çã♦

(ϕ, ψ, ω) ∈
[
H2(0, L) ∩H1

0 (0, L)
]
×
[
H2(0, L) ∩H1

∗ (0, L)
]2

❝♦♠ ψx , ωx ∈ H1
0 (0, L)✳ ▼♦str❛♥❞♦ ❛ss✐♠ q✉❡ ❡①✐st❡ ú♥✐❝♦ U ∈ D(A) t❛❧ q✉❡

AU = F ✱ ♦✉ s❡❥❛✱ ♦ ♦♣❡r❛❞♦r A é ❜✐❥❡t♦r✳

Pr♦❝❡❞❡♥❞♦ ❞❡ ♠♦❞♦ ❛♥á❧♦❣♦ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♣❛r❛ ♦ ❝❛s♦ ❞❛s ❝♦♥❞✐çõ❡s ❞❡
❉✐r✐❝❤❧❡t✲❉✐r✐❝❤❧❡t✲❉✐r✐❝❤❧❡t✱ ❝♦♥❝❧✉í♠♦s q✉❡ A−1 é ❧✐♠✐t❛❞♦✳ P♦rt❛♥t♦✱ 0 ∈ ρ(A)✳
❊ ❛ss✐♠ ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❞❡ ❇r❡ss❡ ❝♦♠ ❝♦♥❞✐çõ❡s
❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t✲◆❡✉♠❛♥♥✲◆❡✉♠❛♥♥ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ▲✉♠♠❡r✲
P❤✐❧✐♣s✱ ❚❡♦r❡♠❛ ✶✳✺✻✱ ❡ ❚❡♦r❡♠❛ ✶✳✺✽✳



❈❛♣ít✉❧♦ ✸

❊st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ❞♦ s✐st❡♠❛

❞❡ ❇r❡ss❡

✸✳✶ ❊st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧

◆❡st❡ ❝❛♣ít✉❧♦✱ tr❛t❛r❡♠♦s ❞❛ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ❞♦ s✐st❡♠❛

ρ1ϕtt − k(ϕx+ ψ + lω)x − k0l(ωx − lϕ) = 0, ✭✸✳✶✮

ρ2ψtt − bψxx + k(ϕx + ψ + lω) + γψt = 0, ✭✸✳✷✮

ρ1ωtt − k0(ωx − lϕ)x + kl(ϕx + ψ + lω) = 0, ✭✸✳✸✮

♣❛r❛ x ∈ (0, L) ❡ t ∈ (0,∞)✱ s✉❥❡✐t♦ às ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t✲
❉✐r✐❝❤❧❡t✲❉✐r✐❝❤❧❡t

ϕ(0, ·) = ϕ(L, ·) = ψ(0, ·) = ψ(L, ·) = ω(0, ·) = ω(L, ·) = 0 ❡♠ (0,∞), ✭✸✳✹✮

❡ às ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s

u(·, 0) = u0, ut(·, 0) = u1, ψ(·, 0) = ψ0, ψt(·, 0) = ψ1 ❡♠ (0, L). ✭✸✳✺✮

P❛r❛ s✐♠♣❧✐✜❝❛r✱ ❛❞♦t❛r❡♠♦s ❛s s❡❣✉✐♥t❡s ♥♦t❛çõ❡s

χ0 =

∣∣∣∣
kρ2 − bρ1

k

∣∣∣∣ ❡ ν0 =

∣∣∣∣
k0 − k

k0

∣∣∣∣ . ✭✸✳✻✮

❆♥t❡s ❞❡ ❝♦♠❡ç❛r♠♦s ❛ ♦❜t❡r ✈ár✐❛s ❡st✐♠❛t✐✈❛s✱ ❞✐str✐❜✉í❞❛s ❡♠ ❞✐❢❡r❡♥t❡s
❧❡♠❛s✱ ♥❡❝❡ssár✐❛s ♣❛r❛ ❝❤❡❣❛r♠♦s ❛♦ ♥♦ss♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦✱ ♦❜s❡r✈❛♠♦s q✉❡
❡st❛s ❡st✐♠❛t✐✈❛s t❛♠❜é♠ sã♦ ✈á❧✐❞❛s q✉❛♥❞♦ s❡ ❝♦♥s✐❞❡r❛ ♦ s✐st❡♠❛ ❇r❡ss❡ s✉❥❡✐t♦
às ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ✭✷✳✻✮ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t✲◆❡✉♠❛♥♥✲◆❡✇♠❛♥♥✳ ❈♦♥t✉❞♦✱
♠♦str❛r ❛ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ♦ s✐st❡♠❛ ✭✸✳✶✮✲✭✸✳✸✮ ❝♦♠ ❛s ❝♦♥❞✐çõ❡s
❞❡ ❢r♦♥t❡✐r❛ ✭✸✳✹✮ é ♠❛✐s ❞✐❢í❝✐❧✱ ♣♦✐s ♥❡st❡ ❝❛s♦ ❛♣❛r❡❝❡♠ t❡r♠♦s ♣♦♥t✉❛✐s q✉❡
t❛♠❜é♠ ❞❡✈❡♠ s❡r ❡st✐♠❛❞♦s✳

✸✻
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❖s r❡s✉❧t❛❞♦s q✉❡ ❛♣r❡s❡♥t❛♠♦s ❛ s❡❣✉✐r s❡ ❜❛s❡✐❛♠ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❆❧❛❜❛✉✲
❇♦✉ss♦✉✐r❛✱ ❘✐✈❡r❛ ❡ ❆❧♠❡✐❞❛ ❏ú♥✐♦r❬✶✵❪✳

❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r♠♦s✱ ❝❤❛♠❛♠♦s ❛ ❛t❡♥çã♦ ♥♦✈❛♠❡♥t❡ ♣❛r❛ ❛s ❞✐✈❡rs❛s
❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s q✉❡ ❛♣❛r❡❝❡♠ ♥♦ t❡①t♦✱ r❡♣r❡s❡♥t❛❞❛s ♣❡❧❛ ❧❡tr❛ C✳ ◆❛
♠❛✐♦r✐❛ ❞❛s ✈❡③❡s✱ ❛ ❝♦♥st❛♥t❡ C t❡♠ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ♠✉❞❛♥❞♦ ❞❡ ✉♠❛ ❧✐♥❤❛
♣❛r❛ ♦✉tr❛ ❧✐♥❤❛✳

◆♦ss❛ ♣r✐♥❝✐♣❛❧ ❢❡rr❛♠❡♥t❛✱ ♥❡st❡ ❝❛♣ít✉❧♦✱ é ♦ ❚❡♦r❡♠❛ ✶✳✻✺✳

❉❛❞♦s F = (f1, f2, f3, f4, f5, f6) ∈ H ❡ β ∈ R s❡❥❛ U = (ϕ,Φ, ψ,Ψ, ω,W ) ∈
D(A) s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ r❡s♦❧✈❡♥t❡ (iβI −A)U = F ✱ ❛ q✉❛❧ ❡♠ t❡r♠♦s ❞❡ s✉❛s
❝♦♠♣♦♥❡♥t❡s ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s

iβϕ− Φ = f1 ❡♠ H1
0 (0, L), ✭✸✳✼✮

iβρ1Φ− k(ϕx + ψ + lω)x − k0l(ωx − lϕ) = ρ1f2 ❡♠ L2(0, L), ✭✸✳✽✮

iβψ −Ψ = f3 ❡♠ H1(0, L), ✭✸✳✾✮

iβρ2Ψ− bψxx + k(ϕx + ψ + lω) + γΨ = ρ2f4 ❡♠ L2(0, L), ✭✸✳✶✵✮

iβω −W = f5 ❡♠ H1(0, L), ✭✸✳✶✶✮

iβρ1W − k0(ωx − lϕ)x + kl(ϕx + ψ + lω) = ρ1f6 ❡♠ L2(0, L). ✭✸✳✶✷✮

▲❡♠❛ ✸✳✶✳ ❖ ❡✐①♦ ✐♠❛❣✐♥❛r✐♦ ❡stá ❝♦♥t✐❞♦ ♥♦ r❡s♦❧✈❡♥t❡ ❞♦ ♦♣❡r❛❞♦r A✱ ♦✉ s❡❥❛✱
{iβ; β ∈ R} ⊂ ρ(A)✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ A é ♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ C0✲s❡♠✐❣r✉♣♦✱ s❡❣✉❡
q✉❡ A é ❢❡❝❤❛❞♦✳ ❆❧é♠ ❞✐ss♦✱ ❞❡✈✐❞♦ às ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈ A−1 é ❝♦♠♣❛❝t♦✳
❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✷✵ q✉❡ σ(A) = σp(A)✱ ♦✉ s❡❥❛✱ σ(A) é ❝♦♥st✐t✉í❞♦ ❛♣❡♥❛s ❞❡
❛✉t♦✈❛❧♦r❡s ❞❡ A✳ ❙✉♣♦♥❤❛✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ ❡①✐st❛ β ∈ R t❛❧ q✉❡ iβ ∈ σ(A)✳
❉❛í✱ ❡①✐st❡ 0 6= U ∈ D(A) t❛❧ q✉❡ (iβI −A)U = 0✳ ❉❡st❛ ❢♦r♠❛✱

〈(iβI −A)U,U〉H = 0 ⇔ iβ‖U‖2H − 〈AU,U〉H = 0

❚♦♠❛♥❞♦ ❛ ♣❛rt❡ r❡❛❧ ❞❛ ❡①♣r❡ssã♦ ❛♥t❡r✐♦r s❡❣✉❡ q✉❡ Re〈AU,U〉H = 0 ❡ ❛ss✐♠
♣❡❧❛ ❡①♣r❡ssã♦ ✭✷✳✷✸✮ t❡♠♦s q✉❡ Ψ = 0✳ ❯s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✾✮ t❡♠♦s q✉❡ ψ = 0✳
❙✉❜st✐t✉✐♥❞♦ ❡st❡s ✈❛❧♦r❡s ♥♦ s✐st❡♠❛ ✭✸✳✼✮✲✭✸✳✶✷✮♦❜t❡♠♦s

−ρ1β2ϕ− k(ϕx + lω)x − k0l(ωx − lϕ) = 0, ✭✸✳✶✸✮

k(ϕx + lω) = 0, ✭✸✳✶✹✮

−ρ1β2ω − k0(ωx − lϕ)x + kl(ϕx + ω) = 0. ✭✸✳✶✺✮

P❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✹✮ r❡s✉❧t❛ q✉❡ ϕx+ lω = 0✱ ✉s❛♥❞♦ ❡st❛ ✐❣✉❛❧❞❛❞❡ ♥❛s ❡q✉❛çõ❡s
✭✸✳✶✸✮ ❡ ✭✸✳✶✺✮ ♥♦ s✐st❡♠❛ ❛♥t❡r✐♦r t❡♠♦s q✉❡

ρ1β
2ϕ+ k0l(ωx − lϕ) = 0, ✭✸✳✶✻✮

ρ1β
2lω + k0l(ωx − lϕ)x = 0.
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❉❡r✐✈❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✶✻✮ ♦❜t❡♠♦s

ρ1β
2ϕx + k0l(ωx − lϕ)x = 0,

ρ1β
2lω + k0l(ωx − lϕ)x = 0.

❆ss✐♠ ✈❡♠♦s q✉❡ ϕx − lω = 0✳ P♦rt❛♥t♦✱

ϕx + lω = 0,

ϕx − lω = 0.

❘❡s♦❧✈❡♥❞♦ ❡st❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ♦❜t❡♠♦s q✉❡ ϕx = ω = 0✱ ♦✉ s❡❥❛✱ ϕ é
❝♦♥st❛♥t❡ ❡♠ r❡❧❛çã♦ à x✱ ❝♦♠♦ ϕ(L) = 0 t❡♠♦s q✉❡ ϕ = 0✳ ▲♦❣♦✱ ♣❡❧❛s
❡q✉❛çõ❡s ✭✸✳✼✮ ❡ ✭✸✳✶✶✮ ❝♦♥❝❧✉í♠♦s q✉❡ U = 0✳ ❊st❛ ❝♦♥tr❛❞✐çã♦ ♠♦str❛ q✉❡
{iβ; β ∈ R} ⊂ ρ(A)✳

❆❣♦r❛✱ ✈❡r❡♠♦s ❛❧❣✉♥s ❧❡♠❛s q✉❡ s❡rã♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♣♦❞❡r♠♦s ❝♦♥❝❧✉✐r
q✉❡

lim sup
|β|→∞

‖(iβI −A)−1‖L(H <∞,

❞❡s❞❡ q✉❡ χ0 = 0 ❡ ν0 = 0✳

▲❡♠❛ ✸✳✷✳ ❙♦❜ ❛s ❝♦♥❞✐çõ❡s ❛♥t❡r✐♦r❡s t❡♠♦s

∫ L

0

(
|Φ|2 + |ω|2

)
dx ≤ C‖ϕx + ψ + lω‖2L2 + C‖ψ‖2L2 +

C

|β|2‖F‖
2
H,

♣❛r❛ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C ❡ |β| s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❉❡♠♦♥str❛çã♦✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✽✮ ♣♦r ϕ ♦❜t❡♠♦s

iβρ1Φϕ− k(ϕx + ψ + lω)xϕ− k0l(ωx − lϕ)ϕ = ρ1f2ϕ, ✭✸✳✶✼✮

✉s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✼✮ ❡♠ ✭✸✳✶✼✮ ❡ ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ L r❡s✉❧t❛ q✉❡

−ρ1
∫ L

0

Φ(Φ + f1)dx − k

∫ L

0

(ϕx + ψ + lω)xϕdx− k0l

∫ L

0

(ωx − lϕ)ϕdx

= ρ1

∫ L

0

f2ϕdx.

❉❛í✱ ✉s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ❡ t♦♠❛♥❞♦ ❛ ♣❛rt❡ r❡❛❧✱ t❡♠♦s q✉❡

ρ1

∫ L

0

|Φ|2dx = kRe

∫ L

0

(ϕx + ψ + lω)ϕxdx+ k0l
2

∫ L

0

|ϕ|2dx

+ k0lRe

∫ L

0

ωϕxdx− ρ1 Re

∫ L

0

f2ϕdx− ρ1 Re

∫ L

0

Φf1dx.
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❘❡❛❥✉st❛♥❞♦ ♦s t❡r♠♦s ♥❛ ❡q✉❛çã♦ ❛❝✐♠❛ ❡♥❝♦♥tr❛♠♦s

ρ1

∫ L

0

|Φ|2dx = kRe

∫ L

0

(ϕx + ψ + lω)ϕxdx+ k0l

∫ L

0

(
ωϕx + l|ϕ|2

)
dx

− ρ1 Re

∫ L

0

f2ϕdx− ρ1 Re

∫ L

0

Φf1dx. ✭✸✳✶✽✮

❙♦♠❛♥❞♦ ❡ s✉❜tr❛✐♥❞♦ t❡r♠♦s à ❡q✉❛çã♦ ❛♥t❡r✐♦r ♦❜t❡♠♦s

ρ1

∫ L

0

|Φ|2dx = kRe

∫ L

0

(ϕx + ψ + lω)ϕxdx+ kRe

∫ L

0

(ϕx + ψ + lω)(ψ + lω)dx

− kRe

∫ L

0

(ϕx + ψ + lω)(ψ + lω)dx+ k0lRe

∫ L

0

ω(ψ + lω)dx

+ k0lRe

∫ L

0

ωϕxdx− k0lRe

∫ L

0

ω(ψ + lω)dx+ k0l
2

∫ L

0

|ϕ|2dx

− ρ1 Re

∫ L

0

f2ϕdx− ρ1 Re

∫ L

0

Φf1dx.

▲♦❣♦✱

ρ1

∫ L

0

|Φ|2dx + k0l
2

∫ L

0

|ω|2dx =

= k‖ϕx + ψ + lω‖2L2 + k0lRe

∫ L

0

ω(ϕx + ψ + lω)dx

− kRe

∫ L

0

(ϕx + ψ + lω)(ψ + lω)dx− k0lRe

∫ L

0

ωϕdx

+ k0l
2

∫ L

0

|ϕ|2dx− ρ1 Re

∫ L

0

Φf1dx− ρ1 Re

∫ L

0

f2ϕdx.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦❜t❡♠♦s

ρ1

∫ L

0

|Φ|2dx + k0l
2

∫ L

0

|ω|2dx ≤

≤ k‖ϕx + ψ + lω‖2L2 + k0l

∫ L

0

|ω||ϕx + ψ + lω|dx

+ k

∫ L

0

|ϕx + ψ + lω||ψ + lω|dx+ k0l

∫ L

0

|ω||ϕ|dx

+ k0l
2

∫ L

0

|ϕ|2dx+ ρ1

∫ L

0

|Φ||f1|dx+ ρ1

∫ L

0

|f2||ϕ|dx.
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❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r r❡s✉❧t❛ q✉❡

ρ1

∫ L

0

|Φ|2dx + k0l
2

∫ L

0

|ω|2dx ≤

≤ k‖ϕx + ψ + lω‖2L2 + k‖ϕx + ψ + lω‖L2‖ψ + lω‖L2

+ k0l‖ω‖L2‖ψ‖L2 + ρ1‖Φ‖L2‖f1‖L2 + ρ1‖f2‖L2‖ϕ‖L2

+ k0l‖ϕx + ψ + lω‖L2‖ω‖L2 + k0l
2‖ϕ‖2L2 .

❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡

k‖ψ‖L2‖ϕx + ψ + lω‖L2 ≤ k

2
‖ϕx + ψ + lω‖2L2 +

k

2
‖ψ‖2L2

kl‖ω‖L2‖ϕx + ψ + lω‖L2 =

(
l
√
k0√
3
‖ω‖L2

)(
k
√
3√
k0

‖ϕx + ψ + lω‖L2

)

≤ k0l
2

6
‖ω‖2L2 +

3k2

2k0
‖ϕx + ψ + lω‖2L2

k0l‖ω‖L2‖ϕx + ψ + lω‖L2 = k0

(
l√
3
‖ω‖L2

)(√
3‖ϕx + ψ + lω‖L2

)

≤ k0l
2

6
‖ω‖2L2 +

3k0
2

‖ϕx + ψ + lω‖2L2

k0l‖ω‖L2‖ψ‖L2 = k0

(
l√
3
‖ω‖L2

)(√
3‖ψ‖L2

)

≤ k0l
2

6
‖ω‖2L2 +

3k0
2

‖ψ‖2L2 .

❈♦♥❝❧✉í♠♦s ♣❡❧❛s ú❧t✐♠❛s ❞❡s✐❣✉❛❧❞❛❞❡s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

ρ1

∫ L

0

|Φ|2dx+ k0l
2

2

∫ L

0

|ω|2dx ≤ C‖ϕx + ψ + lω‖2L2 + C‖ψ‖2L2 ✭✸✳✶✾✮

+ k0l
2‖ϕ‖2L2 + C‖F‖2H.

P❡❧❛ ❡q✉❛çã♦ ✭✸✳✼✮ t❡♠♦s

iβϕ− Φ = f1 ⇔ ϕ =
Φ+ f1

iβ
.

❈♦♠♦

k0l
2‖ϕ‖2L2 = k0l

2

∣∣∣∣
∣∣∣∣
Φ + f1

iβ

∣∣∣∣
∣∣∣∣
2

L2

≤ 2k0l
2

|β|2 ‖Φ‖2L2 +
2k0l

2

|β|2 ‖f1‖2L2

≤ 2k0l
2

|β|2 ‖Φ‖2L2 +
C

|β|2‖F‖
2
H,

❝♦♥s✐❞❡r❛♠♦s |β| s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❞❡ ♠♦❞♦ q✉❡
k0l

2

|β|2 ≤ ρ1

4
✱ ♦✉ s❡❥❛✱



✹✶ ✸✳✶✳ ❊❙❚❆❇■▲■❉❆❉❊ ❊❳P❖◆❊◆❈■❆▲

|β| ≥ 2

√
k0

ρ1
l✳ ❆ss✐♠✱

k0l
2‖ϕ‖2L2 ≤ ρ1

2
‖Φ‖2L2 +

C

|β|2‖F‖
2
H

❡ s❡❣✉❡ ❞❡ ✭✸✳✶✾✮ q✉❡

ρ1

2

∫ L

0

|Φ|2dx+ k0l
2

2

∫ L

0

|ω|2dx ≤ C‖ϕx + ψ + lω‖2L2 + C‖ψ‖2L2 +
C

|β|2‖F‖H,

s❡ |β| ≥ 2

√
k0

ρ1
l✳ ❖ ❧❡♠❛ ❡stá ♣r♦✈❛❞♦✳

▲❡♠❛ ✸✳✸✳ ❙♦❜ ❛s ❝♦♥❞✐çõ❡s ❛♥t❡r✐♦r❡s ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C ♣♦s✐t✐✈❛ t❛❧ q✉❡

∫ L

0

|ψx|2dx ≤ C‖Ψ‖L2‖ϕx + ψ + lω‖L2 + C‖U‖H‖F‖H,

♣❛r❛ |β| > 1✳

❉❡♠♦♥str❛çã♦✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✶✵✮ ♣♦r ψ ♦❜t❡♠♦s

iβρ2Ψψ − bψxxψ + k(ϕx + ψ + lω)ψ + γΨψ = ρ2f4ψ, ✭✸✳✷✵✮

■♥t❡❣r❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✷✵✮ ♣♦r ♣❛rt❡s ❞❡ 0 ❛ L ❡ t♦♠❛♥❞♦ ❛ ♣❛rt❡ r❡❛❧ ♦❜t❡♠♦s

b

∫ L

0

|ψx|2dx = − kRe

∫ L

0

(ϕx + ψ + lω)ψdx+ ρ2 Re

∫ L

0

Ψ(iβψ)dx

− γ Re

∫ L

0

Ψψdx+ ρ2 Re

∫ L

0

f4ψdx.

P❡❧❛ ❛ ❡q✉❛çã♦ ✭✸✳✾✮ t❡♠♦s q✉❡ iβψ = −(f3 +Ψ)✱ ❞❛í

b

∫ L

0

|ψx|2dx = − kRe

∫ L

0

(ϕx + ψ + lω)ψdx− ρ2 Re

∫ L

0

Ψ(f3 +Ψ)dx

+ γ Re

∫ L

0

Ψ

(
f3 +Ψ

iβ

)
dx+ ρ1 Re

∫ L

0

f4ψdx.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s❡❣✉❡ q✉❡

b

∫ L

0

|ψx|2dx ≤ k

∫ L

0

|ϕx + ψ + lω|
∣∣∣∣
Ψ+ f3

iβ

∣∣∣∣dx+ ρ2

∫ L

0

|Ψ|2dx+ ρ2

∫ L

0

|Ψ||f3|dx

+
γ

|β|

∫ L

0

|Ψ|2dx+ γ

|β|

∫ L

0

|Ψ||f3|dx+ ρ1

∫ L

0

|f4||ψ|dx.
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❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r r❡s✉❧t❛ q✉❡

b

∫ L

0

|ψx|2dx ≤ k‖ϕx + ψ + lω‖L2‖Ψ‖L2 +

(
ρ2 +

γ

|β|

)
‖Ψ‖2L2

+

(
C +

C

|β|

)
‖U‖H‖F‖H. ✭✸✳✷✶✮

❆❣♦r❛✱ ♥♦t❡ q✉❡

(iβI −A)U = F ⇔ 〈(iβI −A)U,U〉H = 〈F, U〉H

❡✱ ❛ss✐♠✱

−Re〈AU,U〉H ≤ |〈AU,U〉H| ≤ ‖U‖H‖F‖H.

▲♦❣♦✱ ❞❡ ✭✷✳✷✸✮ t❡♠♦s

γ‖Ψ‖2L2 ≤ ‖U‖H‖F‖H. ✭✸✳✷✷✮

❘❡s✉❧t❛ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✷✷✮ ❡♠ ✭✸✳✷✶✮ q✉❡ ❡①✐st❡ C > 0 t❛❧ q✉❡

b

∫ L

0

|ψx|2dx ≤ C‖ϕx + ψ + lω‖L2‖Ψ‖L2 + C‖U‖H‖F‖H, ✭✸✳✷✸✮

♣❛r❛ |β| > 1✳

❆❣♦r❛✱ ✐♥tr♦❞✉③✐♠♦s ❛s s❡❣✉✐♥t❡s ♥♦t❛çõ❡s

Iψ = |ψx(L)|2 + |ψx(0)|2,
Iω = |ωx(L)|2 + |ωx(0)|2,
Iϕ = |ϕx(L)|2 + |ϕx(0)|2.

▲❡♠❛ ✸✳✹✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

(a) Iψ ≤ C‖ϕx + ψ + lω‖L2‖Ψ‖L2 + C‖ψ‖L2‖U‖H + C‖U‖H‖F‖H + C‖F‖2H,
(b) Iω ≤ C‖U‖2H + C‖F‖2H,
(c) Iϕ ≤ C‖U‖2H + C‖F‖2H.

❆❧é♠ ❞✐ss♦✱ t❡♠♦s

Iϕ ≤ CN , ✭✸✳✷✹✮

❝♦♠

N = ‖ϕx + ψ + lω‖2L2 + ‖ϕx + ψ + lω‖L2‖U‖H + ‖ψ‖L2‖U‖H ✭✸✳✷✺✮

+ ‖U‖H‖F‖H +
1

|β|2‖F‖H.
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❉❡♠♦♥str❛çã♦✳ (a) ❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✾✮ ❡♠ ✭✸✳✶✵✮ t❡♠♦s

−ρ2β2ψ − bψxx + k(ϕx + ψ + lω) + γΨ = ρ2f4 + iβρ2f3. ✭✸✳✷✻✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♣♦r qψx✱ ♦♥❞❡ q(x) = x− L
2
✱ ❡ ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛

L ♦❜t❡♠♦s

−ρ2β2

∫ L

0

qψψxdx− b

∫ L

0

qψxxψxdx+ k

∫ L

0

q(ϕx + ψ + lω)ψxdx

+ γ

∫ L

0

qΨψxdx =

∫ L

0

q(ρ2f4 + iβρ2f3)ψxdx.

❚♦♠❛♥❞♦✲s❡ ❛ ♣❛rt❡ r❡❛❧ ❞❛ ❡①♣r❡ssã♦ ❛♥t❡r✐♦r r❡s✉❧t❛ q✉❡

−ρ2β
2

2

∫ L

0

q
d

dx
|ψ|2dx− b

2

∫ L

0

q
d

dx
|ψx|2dx+ kRe

∫ L

0

q(ϕx + ψ + lω)ψxdx

+ γ Re

∫ L

0

qΨψxdx = Re

∫ L

0

q(ρ2f4 + iβρ2f3)ψxdx.

❯s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ψ(0) = ψ(L) = 0✱
♦❜t❡♠♦s

ρ2β
2

2

∫ L

0

|ψ|2dx− bL

4

(
|ψx(0)|2 + |ψx(L)|2

)
+
b

2

∫ L

0

|ψx|2dx+ γ Re

∫ L

0

qΨψxdx

+ kRe

∫ L

0

qψx(ϕx + ψ + lω)dx = Re

∫ L

0

q(ρ2f4 + iβρ2f3)ψxdx.

▲♦❣♦✱

bL

4
Iψ =

ρ2β
2

2

∫ L

0

|ψ|2dx
︸ ︷︷ ︸

:=I1

+
b

2

∫ L

0

|ψx|2dx+ kRe

∫ L

0

qψx(ϕx + ψ + lω)dx

︸ ︷︷ ︸
:=I2

+ γ Re

∫ L

0

qΨψxdx

︸ ︷︷ ︸
:=I3

−Re

∫ L

0

q(ρ2f4 + iβρ2f3)ψxdx. ✭✸✳✷✼✮

❆❣♦r❛✱ ✈❛♠♦s ♦❜t❡r ❡st✐♠❛t✐✈❛s ♣❛r❛ I1, I2 ❡ I3✳ ❯s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ❡
❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ❉✐r✐❝❤✐❧❡t t❡♠♦s

I2 = − kRe

∫ L

0

qψ[(ϕx + ψ + lω)x]dx− kRe

∫ L

0

ψ(ϕx + ψ + lω)dx

✭✸✳✽✮
= − kRe

∫ L

0

qψ [iβρ1Φ− k0l(ωx − lϕ)− ρ1f2] dx− kRe

∫ L

0

ψ(ϕx + ψ + lω)dx

= kρ1 Re

∫ L

0

q[iβψ]Φdx+ k0klRe

∫ L

0

qψ(ωx − lϕ)dx+ kρ1 Re

∫ L

0

qψf2dx

− kRe

∫ L

0

ψ(ϕx + ψ + lω)dx.
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❆ss✐♠

I2 ≤
kρ1L

2

∫ L

0

|Φ[iβψ|dx+ k0klL

2

∫ L

0

|ψ||ωx − lϕ|dx+ ρ1kL

2

∫ L

0

|ψ||f2|dx

+
kL

2

∫ L

0

|ψ||ϕx + ψ + lω|dx. ✭✸✳✷✽✮

❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✾✮ ❡♠ ✭✸✳✷✽✮ ♦❜t❡♠♦s

I2 ≤ kρ1L

2

∫ L

0

|Φ(Ψ + f3)|dx+ C‖ψ‖L2 (‖ωx − lϕ‖l2 + ‖ϕx + ψ + lω‖L2)︸ ︷︷ ︸
≤C‖U‖H

+
ρ1kL

2
‖ψ‖L2‖f2‖L2 .

❉❡st❛ ❢♦r♠❛✱ ❝♦♥❝❧✉í♠♦s q✉❡

I2 ≤ C

∫ L

0

|ΦΨ|dx+ C‖ψ‖L2‖U‖H + C‖U‖H‖F‖H.

❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❡ q✉❡

I1 =
ρ2β

2

2

∫ L

0

|ψ|2dx = C

∫ L

0

|iβψ|2dx =

∫ L

0

|f3 +Ψ|2dx

❡ ❛✐♥❞❛ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ t❡♠♦s

I3 = γ Re

∫ L

0

qΨψxdx ≤ C

∫ L

0

|Ψ|2dx+ C

∫ L

0

|ψx|2dx.

P♦rt❛♥t♦✱ ✉s❛♥❞♦ ❛s ❡st✐♠❛t✐✈❛s ♦❜t✐❞❛s ♣❛r❛ I1, I2 ❡ I3 ❡♠ ✭✸✳✷✼✮ r❡s✉❧t❛ q✉❡

bL

2
Iψ ≤ C

∫ L

0

|f3 +Ψ|2dx+ C

∫ L

0

|ψx|2dx+ C

∫ L

0

|Φ|2dx+ C

∫ L

0

|Ψ|2dx

+ C‖ψ‖L2‖U‖H + C‖U‖H‖F‖H

❯s❛♥❞♦ ❛❣♦r❛ ♦s ▲❡♠❛s ✸✳✷ ❡ ✸✳✸ ❡ ❛ ❡st✐♠❛t✐✈❛

γ

∫ L

0

|Ψ|2dx ≤ ‖U‖H‖F‖H

r❡s✉❧t❛ q✉❡

Iψ ≤ C‖ϕx + ψ + lω‖L2‖Ψ‖L2 + C‖ψ‖L2‖U‖H + C‖U‖H‖F‖H
+

C

|β|‖U‖H‖F‖H + C‖F‖2H.

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ C > 0✳ P♦rt❛♥t♦✱ ♣❛r❛ |β| s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ r❡s✉❧t❛
q✉❡

Iψ ≤ C‖ϕx + ψ + lω‖L2‖Ψ‖L2 + C‖ψ‖L2‖U‖H + C‖U‖H‖F‖H + C‖F‖2H.
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(c) ▼✉❧t✐♣❧✐❝❛♥❞♦✱ ❛❣♦r❛✱ ❛ ❡q✉❛çã♦ ✭✸✳✽✮ ♣♦r q(ϕx + ψ + lω) ❡ ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛
L t❡♠♦s

k

∫ L

0

q(ϕx + ψ + lω)x(ϕx + ψ + lω)dx = ρ1iβ

∫ L

0

Φq(ϕx + ψ + lω)dx

− k0

∫ L

0

q(ωx − lϕ)(ϕx + ψ + lω)dx− ρ1

∫ L

0

qf2(ϕx + ψ + lω)dx.

❚♦♠❛♥❞♦ ❛ ♣❛rt❡ r❡❛❧ ❞❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ r❡s✉❧t❛ q✉❡

k

2

∫ L

0

q
d

dx
|ϕx + ψ + lω|2dx = ρ1 Re

∫ L

0

iβΦq(ϕx + ψ + lω)dx

︸ ︷︷ ︸
:=I4

−k0 Re
∫ L

0

q(ωx − lϕ)(ϕx + ψ + lω)dx− ρ1 Re

∫ L

0

qf2(ϕx + ψ + lω)dx.

✭✸✳✷✾✮
◆♦t❡ q✉❡

I4 =− ρ1 Re

∫ L

0

qΦ(iβϕx)dx− ρ1 Re

∫ L

0

qΦ(iβψ)dx− lρ1 Re

∫ L

0

qΦ(iβω)dx

= − ρ1 Re

∫ L

0

qΦ(Φx + f1x)dx− ρ1 Re

∫ L

0

qΦ(Ψ + f3)dx

− ρ1 Re

∫ L

0

qΦ(W + f5)dx

= − ρ1

∫ L

0

q
d

dx
|Φ|2dx− ρ1 Re

∫ L

0

qΦf1xdx− ρ1 Re

∫ L

0

qΦΨdx

− ρ1 Re

∫ L

0

qΦf3dx− ρ1lRe

∫ L

0

qΦWdx− ρ1lRe

∫ L

0

qΦf5dx.

P♦rt❛♥t♦✱ ✉s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s r❡s✉❧t❛ q✉❡

I4 ≤ − ρ1L

2

(
|Φ(L)|2 + |Φ(0)|2

)

︸ ︷︷ ︸
:=0

+C

∫ L

0

|Φ|2dx+ C‖U‖H‖F‖H

+ C

∫ L

0

|Φ||Ψ|dx+ C

∫ L

0

|Φ||W |2dx,

♣❛r❛ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✳ ❉❡st❛ ❢♦r♠❛✱ ❝❤❡❣❛♠♦s ❛

I4 ≤ C‖Φ‖2L2 + C‖Φ‖L2‖U‖H + C‖U‖H |F‖H.

❯s❛♥❞♦ ❡st❛ ❡st✐♠❛t✐✈❛ ❡♠ ✭✸✳✷✾✮ r❡s✉❧t❛ q✉❡

kL

4

(
|(ϕx + ψ + lω)(L)|2 + |(ϕx + ψ + lω)(0)|2

)

≤ k‖ϕx + ψ + lω‖2L2 + C‖Φ‖2L2 + C‖Φ‖L2‖U‖H + C‖U‖H‖F‖H
+

k0L

2
‖ωx − lϕ‖L2‖ϕx + ψ + lω‖L2 +

ρ1L

2
‖f2‖L2‖ϕx + ψ + lω‖L2 .
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❙❡❣✉❡ q✉❡

Iϕ ≤ C
(
‖U‖2H + ‖F‖2H

)
.

❆❧é♠ ❞✐ss♦✱ ♣❡❧♦s ▲❡♠❛s ✸✳✷ ❡ ✸✳✸ ❡♥❝♦♥tr❛♠♦s

Iϕ ≤ CN

♦♥❞❡

N = ‖ϕx + ψ + lω‖2L2 + ‖ϕx + ψ + lω‖L2‖U‖H + ‖ψ‖L2‖U‖H
+ ‖U‖H‖F‖H +

1

|β|2‖F‖H.

(b) ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛❣♦r❛ ❛ ❡q✉❛çã♦ ✭✸✳✶✷✮ ♣♦r q(ωx − lϕ) ❡ ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ L
t❡♠♦s

k0

2

∫ L

0

q
d

dx
|ωx − lϕ|2dx = ρ1 Re

∫ L

0

iβqW (ωx − lϕ)dx

︸ ︷︷ ︸
:=I5

+ klRe

∫ L

0

(ϕx + ψ + lω)(ωx − lϕ)dx− ρ1 Re

∫ L

0

qf5(ωx − lϕ)dx. ✭✸✳✸✵✮

❊st✐♠❛♥❞♦ I5✱ t❡♠♦s

I5 = −ρ1 Re
∫ L

0

qW (iβωx)dx+ lρ1 Re

∫ L

0

qW (iβϕ)dx

= −ρ1 Re
∫ L

0

qW (Wx + f5x)dx+ lρ1 Re

∫ L

0

qW (Φ + f1)dx

= −ρ1
2

∫ L

0

q
d

dx
|W |2dx− ρ1 Re

∫ L

0

qW (f5x − lf1)dx+ lρ1 Re

∫ L

0

qWΦdx.

P♦rt❛♥t♦✱ ✉s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ♦❜t❡♠♦s

I5 ≤ −ρ1L
2

(
|W (L)|2 + |W (0)|2

)
+ ρ1

∫ L

0

|W |2 + ρ1L

2

∫ L

0

|W ||f5x|dx

+
lρ1L

2

∫ L

0

|W ||Φ|dx+ lρ1L

2

∫ L

0

|W ||f1|dx.

❉❡✈✐❞♦ às ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ♦❜t❡♠♦s

I5 ≤ ρ1‖W‖2L2 + C‖U‖H‖F‖H + C‖W‖L2‖U‖H.
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❯s❛♥❞♦ ❡st❛ ❡st✐♠❛t✐✈❛ ❡♠ ✭✸✳✸✵✮ r❡s✉❧t❛ q✉❡

k0L

4

(
|(ωx − lϕ)(L)|2 + |(ωx − lϕ)(0)|2

)
≤ C‖W‖2L2 + C‖W‖L2‖U‖H

+ C‖U‖H‖F‖H + C‖ϕx + ψ + lω‖L2‖ωx − lϕ‖L2

+ C‖ωx − lϕ‖L2‖f6‖L2 .

❙❡❣✉❡ ❞❛í ❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ q✉❡

Iω ≤ C
(
‖U‖2H + ‖F‖2H

)
.

▲❡♠❛ ✸✳✺✳ ❙♦❜ ❛s ❝♦♥❞✐çõ❡s ❛♥t❡r✐♦r❡s✱ ❞❛❞♦ ε > 0 ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ Cε > 0
t❛❧ q✉❡

∣∣ψxϕx|x=Lx=0

∣∣ ≤ ε‖ϕx + ψ + lω‖2L2 + C‖U‖H‖F‖H + C‖U‖
1

2

H‖F‖
3

2

H

+ C‖U‖
5

3

H‖F‖
1

3

H +
C

|β|‖U‖
7

4

H‖F‖
1

4

H + C‖U‖
3

2

H‖F‖
1

2

H + C‖F‖2H.

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ▲❡♠❛ ✸✳✹ s❡❣✉❡ q✉❡

Iψ ≤ C‖ϕx + ψ + lω‖L2‖Ψ‖L2 + CR, ✭✸✳✸✶✮

♦♥❞❡
R = ‖ψ‖L2‖U‖H + ‖U‖H‖F‖H + ‖F‖2H.

❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❡ q✉❡

IψIϕ =
(
|ψx(L)|2 + |ψx(0)|2

) (
|ϕx(L)|2 + |ϕx(0)|2

)
≥ |ψx(L)|2|ϕx(L)|2.

▲♦❣♦

|ψx(L)||ϕx(L)| ≤ I
1

2

ψ I
1

2
ϕ .

❉♦ ♠❡s♠♦ ♠♦❞♦✱ ❡♥❝♦♥tr❛♠♦s q✉❡ |ψx(0)||ϕx(0)| ≤ I
1

2

ψ I
1

2
ϕ ✳ ❉❛í r❡s✉❧t❛ q✉❡

∣∣ψxϕx|x=Lx=0

∣∣ =
∣∣∣∣ (ψxϕx) (L)− (ψxϕx) (0)

∣∣∣∣ ≤ |ψx(L)ϕx(L)|+ |ψx(0)ϕx(0)| ≤ 2I
1

2

ψ I
1

2
ϕ .

❆✐♥❞❛ ♣❡❧♦ ▲❡♠❛ ✸✳✹ t❡♠♦s

I
1

2
ϕ ≤ C

(
‖U‖2H + ‖F‖2H

) 1

2 ≤ C (‖U‖H + ‖F‖H) .



✹✽ ✸✳✶✳ ❊❙❚❆❇■▲■❉❆❉❊ ❊❳P❖◆❊◆❈■❆▲

❆ ❡st✐♠❛t✐✈❛ ❛❝✐♠❛ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ✭✸✳✸✶✮ ✐♠♣❧✐❝❛ q✉❡

∣∣ψxϕx|x=Lx=0

∣∣ ≤ C (‖ϕx + ψ + lω‖L2‖Ψ‖L2 +R)
1

2 (‖U‖H + ‖F‖H)
≤ C ‖ϕx + ψ + lω‖

1

2

L2‖Ψ‖
1

2

L2‖U‖H︸ ︷︷ ︸
=:J1

+CR 1

2‖U‖H︸ ︷︷ ︸
=:J2

+ CR 1

2‖F‖H︸ ︷︷ ︸
=:J3

+C‖ϕx + ψ + lω‖
1

2

L2‖Ψ‖
1

2

L2‖F‖H︸ ︷︷ ︸
=:J4

.

❙❡❣✉❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré q✉❡

‖ψ‖L2 ≤ Cp‖ψx‖L2 ≤ C‖U‖H.

❉❛í✱

R 1

2 =
(
‖ψ‖L2‖U‖H + ‖U‖H‖F‖H + ‖F‖2H

) 1

2

≤ C‖ψ‖
1

2

L2‖U‖
1

2

H + C‖U‖
1

2

H‖F‖
1

2

H + C‖F‖H
≤ C‖U‖H + C‖F‖H + C‖U‖

1

2

H‖F‖
1

2

H,

❡✱ ❛ss✐♠✱

J3 ≤ C‖U‖H‖F‖H + C‖F‖2H + C‖U‖
1

2

H‖F‖
3

2

H. ✭✸✳✸✷✮

❆❧é♠ ❞✐ss♦✱

J2 ≤ C
(
‖ψ‖L2‖U‖H + ‖U‖H‖F‖H + ‖F‖2H

) 1

2 ‖U‖H
≤ C

(
‖ψ‖

1

2

L2‖U‖
1

2

H + ‖U‖
1

2

H‖F‖
1

2

H + ‖F‖H
)
‖U‖H

≤ C

∣∣∣∣
∣∣∣∣
Ψ+ f3

iβ

∣∣∣∣
∣∣∣∣
L2

‖U‖
3

2

H + C‖U‖
3

2

H‖F‖
1

2

H + C‖U‖H‖F‖H

≤ C

|β| 12
‖Ψ‖

1

2

L2‖U‖
3

2

H +
C

|β| 12
‖U‖

3

2

H‖F‖
1

2

H + C‖U‖
3

2

H‖F‖
1

2

H + C‖U‖H‖F‖H

≤ C

|β| 12
‖U‖

7

4

L2‖F‖
1

4

H +
C

|β| 12
‖U‖

3

2

H‖F‖
1

2

H + C‖U‖
3

2

H‖F‖
1

2

H + C‖U‖H‖F‖H,

❞❡✈✐❞♦ à ❡st✐♠❛t✐✈❛ ✭✸✳✷✷✮✳ ❙❡❣✉❡ q✉❡

J2 ≤
C

|β| 12
‖U‖

7

4

L2‖F‖
1

4

H + C‖U‖
3

2

H‖F‖
1

2

H + C‖U‖H‖F‖H, ✭✸✳✸✸✮

♣❛r❛ |β| > 1✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱

J4 ≤ C‖U‖
1

2

H‖U‖
1

2

H‖F‖H ≤ C‖U‖H‖F‖H. ✭✸✳✸✹✮

❆❧é♠ ❞✐ss♦✱ ❞❛❞♦ ε > 0✱ ❛♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ♣❛r❛ p = 4 ❡ q = 4
3
✱
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♦❜t❡♠♦s

J1 =
(

4
√
ε‖ϕx + ψ + lω‖

1

2

L2

)( C
4
√
ε
‖ψ‖

1

2

L2‖U‖H
)

≤ ε

4
‖ϕx + ψ + lω‖2L2 + C‖U‖

1

3

H‖F‖
1

3

H‖U‖
4

3

H,

❞❡✈✐❞♦ à ❡st✐♠❛t✐✈❛ ✭✸✳✷✷✮✳ ❖✉ s❡❥❛✱

J1 ≤
ε

4
‖ϕx + ψ + lω‖2L2 + C‖U‖

5

3

H‖F‖
1

3

H. ✭✸✳✸✺✮

❙❡❣✉❡ ❞❛s ❡st✐♠❛t✐✈❛s ✭✸✳✸✷✮✲✭✸✳✸✺✮ q✉❡

∣∣ψxϕx|x=Lx=0

∣∣ ≤ ε‖ϕx + ψ + lω‖2L2 + C‖U‖H‖F‖H + C‖U‖
1

2

H‖F‖
3

2

H

+ C‖U‖
5

3

H‖F‖
1

3

H +
C

|β| 12
‖U‖

7

4

H‖F‖
1

4

H + C‖U‖
3

2

H‖F‖
1

2

H + C‖F‖2H,

♣❛r❛ |β| > 1 ✳

▲❡♠❛ ✸✳✻✳ ◆❛s ❝♦♥❞✐çõ❡s ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡
∣∣ωxϕx|x=Lx=0

∣∣ ≤ C
(
‖U‖2H + ‖F‖2H

)
. ✭✸✳✸✻✮

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡ q✉❡

IωIϕ =
(
|ωx(0)|2 + |ωx(L)|2

) (
|ϕx(0)|2 + |ϕx(L)|2

)
≥ |ωx(L)ϕx(L)|2.

▲♦❣♦✱

|ωx(L)ϕx(L)| ≤
√
IωIϕ.

❉♦ ♠❡s♠♦ ♠♦❞♦ ❡♥❝♦♥tr❛♠♦s q✉❡

|ωx(0)ϕx(0)| ≤
√
IωIϕ.

P♦rt❛♥t♦
∣∣ωxϕx|x=Lx=0

∣∣ = |ωx(L)ϕx(L)− ωx(0)ϕx(0)|
≤ |ωx(L)ϕx(L)|+ |ωx(0)ϕx(0)| ≤ 2

√
IωIϕ.

P❡❧♦ ▲❡♠❛ ✸✳✹ t❡♠♦s

Iϕ ≤ C
(
‖U‖2H + ‖F‖2H

)
,

Iω ≤ C
(
‖U‖2H + ‖F‖2H

)
.

❆ss✐♠✱

∣∣ωxϕx|x=Lx=0

∣∣ ≤ 2I
1

2
ω I

1

2
ϕ ≤ C

(
‖U‖2H + ‖F‖2H

) 1

2 C
(
‖U‖2H + ‖F‖2H

) 1

2

≤ C
(
‖U‖2H + ‖F‖2H

)
.
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▲❡♠❛ ✸✳✼✳ ❈♦♠ ❛s ♠❡s♠❛s ❤✐♣ót❡s❡s ❛♥t❡r✐♦r❡s t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡
C > 0 t❛❧ q✉❡

k

∫ L

0

|ϕx + ψ + lω|2dx ≤ Cχ0

∣∣∣∣
∫ L

0

ΨΦxdx

∣∣∣∣+ C‖Ψ‖L2‖U‖H

+ C‖U‖H‖F‖H + b
∣∣ψxϕx|x=Lx=0

∣∣,

❢♦r |β| > 1✳

❉❡♠♦♥str❛çã♦✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✶✵✮ ♣♦r (ϕx + ψ + lω) ❡ ✐♥t❡❣r❛♥❞♦
❞❡ 0 ❛ L t❡♠♦s

k

∫ L

0

|(ϕx + ψ + lω)|2dx =ρ2

∫ L

0

f4(ϕx + ψ + lω)dx− iβρ2

∫ L

0

Ψ(ϕx + ψ + lω)dx

+ b

∫ L

0

ψxx(ϕx + ψ + lω)dx− γ

∫ L

0

Ψ(ϕx + ψ + lω)dx,

♦✉ s❡❥❛✱

k

∫ L

0

|(ϕx + ψ + lω)|2dx = ρ2

∫ L

0

f4(ϕx + ψ + lω)dx+ ρ2

∫ L

0

Ψ(iβϕx)dx

︸ ︷︷ ︸
=:J5

+ ρ2

∫ L

0

Ψ(iβψ)dx

︸ ︷︷ ︸
=:J6

+ b

∫ L

0

ψxx(ϕx + ψ + lω)dx

︸ ︷︷ ︸
=:J7

− γ

∫ L

0

Ψ(ϕx + ψ + lω)dx

︸ ︷︷ ︸
=:J8

+ ρ2l

∫ L

0

Ψ(iβω)dx

︸ ︷︷ ︸
=:J9

.

❖❜s❡r✈❡♠♦s ❛❣♦r❛ q✉❡

J5 = ρ2

∫ L

0

Ψ(Φx + f1x)dx = ρ2

∫ L

0

ΨΦxdx+ ρ2

∫ L

0

Ψf1xdx,

J6 = ρ2

∫ L

0

Ψ(Ψ + f3)dx = ρ2

∫ L

0

|Ψ|2dx+ ρ2

∫ L

0

Ψf3dx,

J9 = lρ2

∫ L

0

Ψ(W + f5)dx = lρ2

∫ L

0

ΨWdx+ lρ2

∫ L

0

Φf5dx

❡ ✉s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s t❡♠♦s

J7 = −b
∫ L

0

ψx(ϕx + ψ + lω)x dx+ bψxϕx|x=Lx=0 .

❙❡❣✉❡ ❞❛ ❡q✉❛çã♦ ✭✸✳✽✮ q✉❡

k(ϕx + ψ + ω)x = iρ1λΦ− k0l(ωx − lϕ)− ρ1f2.
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❆ss✐♠

J7 =− b

k

∫ L

0

ψx[iβρ1Φ− k0l(ωx − lϕ)− ρ1f2]dx+ bψxϕx|x=Lx=0

=
ρ1b

k

∫ L

0

[iβψx]Φdx+
k0lb

k

∫ L

0

ψx(ωx − lϕ)dx+
bρ1

k

∫ L

0

ψxf2dx+ bψxϕx|x=Lx=0

= − ρ1b

k

∫ L

0

(Ψ + f3)Φxdx+
bk0l

k

∫ L

0

ψx(ωx − lϕ)dx

+
bρ1

k

∫ L

0

ψxf2dx+ bψxϕx|=Lx=0

= − ρ1b

k

∫ L

0

ΨΦxdx+
ρ1b

k

∫ L

0

f3xΦdx+
bk0l

k

∫ L

0

ψx(ωx − lϕ)dx

+
bρ1

k

∫ L

0

ψxf2dx+ bψxϕx|x=Lx=0 .

❆♣❧✐❝❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❍ö❧❞❡r ❡ ❨♦✉♥❣ ♦❜t❡♠♦s

J8 ≤ γ

∫ L

0

|Ψ||ϕx + ψ + lω|dx

≤ γ

2k

∫ L

0

|Ψ|2dx+ k

2

∫ L

0

|ϕx + ψ + lω|2dx

❙✉❜st✐t✉✐♥❞♦ J5, J6, J7, J9 ❡ ✉s❛♥❞♦ ❛ ❡st✐♠❛t✐✈❛ ♦❜t✐❞❛ ♣❛r❛ J8 t❡♠♦s

k

2

∫ L

0

|ϕx + ψ + lω|2dx ≤
(
ρ2 −

ρ1b

k

)
Re

∫ L

0

ΨΦxdx+
(
ρ2 +

γ

2k

)∫ L

0

|Ψ|2dx

+ bRe
(
ψxϕx|x=Lx=0

)
+R1 +R2

♦♥❞❡ ♣❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦ ❝♦♥s✐❞❡r❛♠♦s

R1 = ρ2 Re

∫ L

0

Ψf1xdx+ ρ2 Re

∫ L

0

Ψf3dx+ lρ2 Re

∫ L

0

Ψf5dx

+
ρ1b

k
Re

∫ L

0

f3xΦdx+
bρ1

k
Re

∫ L

0

ψxf2dx+ ρ2 Re

∫ L

0

f4(ϕx + ψ + lω)dx,

R2 =
bk0l

k
Re

∫ L

0

ψx(ωx − lϕ)dx++lρ2 Re

∫ L

0

ΨWdx.

❉❡st❛ ❢♦r♠❛✱ ✉s❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❍ö❧❞❡r ❡ P♦✐♥❝❛ré✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛
❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s ♥♦r♠❛s✱ ❡♥❝♦♥tr❛♠♦s

|R1| ≤ C‖U‖H‖F‖H. ✭✸✳✸✼✮
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P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧❛s ❡q✉❛çõ❡s ✭✸✳✼✮ ❡ ✭✸✳✶✷✮ r❡s✉❧t❛ q✉❡

R2 = − bk0l

k
Re

∫ L

0

ψ[(ωx − lϕ)x]dx+ lρ2 Re

∫ L

0

ΨWdx

= − bk0l

k
Re

∫ L

0

ψ[iβρ1W + kl(ϕx + ψ + lω)− ρ1f6]dx+ lρ2 Re

∫ L

0

ΨWdx

=
ρ1bk0l

k
Re

∫ L

0

[iβψ]Wdx− bk0l
2 Re

∫ L

0

ψ(ϕx + ψ + lω)dx

+
ρ1bk0l

k
Re

∫ L

0

ψf6dx+ lρ2 Re

∫ L

0

ΨWdx

=
ρ1bk0l

k
Re

∫ L

0

ΨWdx+
ρ1bk0l

k
Re

∫ L

0

f3Wdx+
ρ1bk0l

k
Re

∫ L

0

ψf6dx

− bk0l
2 Re

∫ L

0

ψ(ϕx + ψ + lω)dx + lρ2 Re

∫ L

0

ΨWdx.

❆ss✐♠ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ✈❡♠♦s q✉❡

|R2| ≤ C‖Ψ‖L2‖U‖H + C‖ψ‖L2‖ϕx + ψ + lω‖L2 + C‖U‖H‖F‖H. ✭✸✳✸✽✮

❉❡✈✐❞♦ às ❡st✐♠❛t✐✈❛s ✭✸✳✸✼✮ ❡ ✭✸✳✸✽✮ ❡ às ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❨♦✉♥❣ ❡ P♦✐♥❝❛ré
♦❜t❡♠♦s

k

2

∫ L

0

|ϕx + ψ + lω|2dx ≤ [kρ2 − ρ1b]

k

∣∣∣∣
∫ L

0

ΨΦxdx

∣∣∣∣+ C‖Ψ‖L2‖U‖H + C‖U‖H‖F‖H

+ C‖ψx‖2L2 +
k

4
‖ϕx + ψ + lω‖2L2 + b

∣∣ψxϕx|x=Lx=0

∣∣.

▲♦❣♦✱ ❝♦♠♦ χ0 =

∣∣∣∣
ρ2k − ρ1b

k

∣∣∣∣ ❝♦♥❝❧✉í♠♦s q✉❡

k

∫ L

0

|ϕx + ψ + lω|2dx ≤ 4χ0

∣∣∣∣
∫ L

0

ΨΦxdx

∣∣∣∣+ C

∫ L

0

|ψx|2dx+ C‖Ψ‖L2‖U‖H

+ C‖U‖H‖F‖H + b
∣∣ψxϕx|x=Lx=0

∣∣.

❈♦♠♦ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✷✷✮✱ ▲❡♠❛ ✸✳✹ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣

C

∫ L

0

|ψx|2dx ≤ k

2

∫ L

0

|ϕx + ψ + lω|2dx+ C‖U‖H‖F‖H

♣❛r❛ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ r❡s✉❧t❛ q✉❡

k

2

∫ L

0

|ϕx + ψ + lω|2dx ≤ 4χ0

∣∣∣∣
∫ L

0

ΨΦxdx

∣∣∣∣+ C‖Ψ‖L2‖U‖H

+ C‖U‖H‖F‖H + b
∣∣ψxϕx|x=Lx=0

∣∣.

❆ ♣r♦✈❛ ❞♦ ▲❡♠❛ ❡stá ❝♦♠♣❧❡t❛✳
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❖❜s❡r✈❛çã♦ ✸✳✽✳ ❚♦♠❛♥❞♦ ♥♦ ▲❡♠❛ ✸✳✺✱ ǫ = k
4
✱ ♦❜t❡♠♦s

∣∣ψxϕx|x=Lx=0

∣∣ ≤ k

4
‖ϕx + ψ + lω‖2L2 + C‖U‖H‖F‖H + C‖U‖

1

2

H‖F‖
3

2

H

+ C‖U‖
5

3

H‖F‖
1

3

H +
C

|β|‖U‖
7

4

H‖F‖
1

4

H + C‖U‖
3

2

H‖F‖
1

2

H + C‖F‖2H.

❯s❛♥❞♦ ❛ ❡st✐♠❛t✐✈❛ ❛❝✐♠❛ ♥♦ ▲❡♠❛ ✸✳✼ ❡♥❝♦♥tr❛♠♦s

k

∫ L

0

|ϕx + ψ + lω|2dx ≤ Cχ0

∣∣∣∣
∫ L

0

ΨΦxdx

∣∣∣∣+ C‖Ψ‖L2‖U‖H

+ C‖U‖H‖F‖H + C‖U‖
1

2

H‖F‖
3

2

H + C‖U‖
5

3

H‖F‖
1

3

H ✭✸✳✸✾✮

+
C

|β|‖U‖
7

4

H‖F‖
1

4

H + C‖U‖
3

2

H‖F‖
1

2

H + C‖F‖2H

♣❛r❛ |β| > 1✳

❖❜s❡r✈❛çã♦ ✸✳✾✳ ❘❡s✉❧t❛ ❞❛ ❡st✐♠❛t✐✈❛ ✭✸✳✷✷✮✱ ❞♦ ▲❡♠❛ ✸✳✼ ❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡
❞❡ ❨♦✉♥❣ q✉❡ ♣❛r❛ t♦❞♦ η > 0 ❞❛❞♦ ❡①✐st❡ C =: C(η) t❛❧ q✉❡

N ≤ C‖ϕx + ψ + lω‖2 + η‖U‖2H + C‖F‖2H,

♦♥❞❡ N é ❞❛❞♦ ❡♠ ✭✸✳✷✺✮✳ ❆ss✐♠✱ ❞❡ ✭✸✳✷✹✮ r❡s✉❧t❛ q✉❡
∣∣ϕxωx|x=Lx=0

∣∣ ≤ I1/2ϕ I1/2ω ≤ CN
(
‖U‖H + ‖F‖H

)

≤ C
(
‖ϕx + ψ + lω‖+ η‖U‖H + ‖F‖H

)
(‖U‖H + ‖F‖H

)

≤ C‖ϕx + ψ + lω‖‖U‖H + η‖U‖2H + C‖U‖H‖F‖H + C‖F‖2H.

❈♦♥❝❧✉í♠♦s✱ ❛♣❧✐❝❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✱ q✉❡ ♣❛r❛ t♦❞♦ ǫ > 0
❡①✐st❡ C := C(ǫ) > 0 t❛❧ q✉❡

∣∣ϕxωx|x=Lx=0

∣∣ ≤ C‖ϕx + ψ + lω‖2 + ǫ‖U‖2H + C‖U‖H‖F‖H + C‖F‖2H.

▲❡♠❛ ✸✳✶✵✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

k0

∫ L

0

|ωx − lϕ|2dx + ρ1

∫ L

0

|W |2dx ≤ C

∫ L

0

|ϕx + ψ + lω|2dx

+ Cν0β
2

∫ L

0

|Φ|2dx+ C‖U‖H‖F‖H + k
∣∣ϕxωx|x=Lx=0

∣∣.

♣❛r❛ |β| s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❉❡♠♦♥str❛çã♦✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✽✮ ♣♦r (ωx − lϕ) ❡ ✐♥t❡❣r❛♥❞♦ ♣♦r
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♣❛rt❡s ❛ ❡q✉❛çã♦ r❡s✉❧t❛♥t❡ s♦❜r❡ (0, L) ♦❜t❡♠♦s

k0l

∫ L

0

|ωx − lϕ|2 dx =

∫ L

0

iρ1βΦ(ωx − lϕ) dx−
∫ L

0

ρ2f1(ωx − lϕ) dx

+

∫ L

0

k(ϕx + ψ + lω)(ωx − lϕ)x dxr + kϕxωx|x=Lx=0 .

❈♦♠♦
iρ1βΦ(ωx − lϕ) = iρ1βΦωx + lρ1|Φ|2 + lρ1Φf1

❡

k(ϕx + ψ + lω)(ωx − lϕ)x =
k

κ0
(ϕx + ψ + lω)[iβρ1W + kl(ϕx + ψ + lω)− ρ1f6]

r❡s✉❧t❛ q✉❡

k0l

∫ L

0

|ωx − lϕ|2 dx ≤ Re

∫ L

0

iβρ1Φωx dx+ lρ1

∫ L

0

|Φ|2 dx+ C‖U‖H‖F‖H

+
k

k0
Re

∫ L

0

(ϕx + ψ + lω)[iβρ1W + kl(ϕx + ψ + lω)] dx

︸ ︷︷ ︸
:=J10

✭✸✳✹✵✮

+ kRe
(
ϕxωx|x=Lx=0

)
.

❆❣♦r❛ ♥♦t❡ q✉❡

J10 =
k

k0
Re

∫ L

0

(ϕx + ψ + lω)iβρ1W dx+
k2l

k0

∫ L

0

|ϕx + ψ + lω|2 dx

=
k

k0
Re

∫ L

0

ϕxiβρ1W dx

︸ ︷︷ ︸
:=J11

+
k

k0
Re

∫ L

0

ψiβρ1W dx

︸ ︷︷ ︸
:=J12

+
kl

k0
Re

∫ L

0

ωiβρ1W dx

︸ ︷︷ ︸
:=J13

+
k2l

k0

∫ L

0

|ϕx + ψ + lω|2 dx.

❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡

J13 = −klρ1
k0

Re

∫ L

0

(f5 +W )Wdx ≤ −klρ1
k0

∫ L

0

|W |2 dx+ C‖U‖H‖F‖H,

J12 = −kρ1
k0

Re

∫ L

0

(Ψ + f3)Wdx ≤ −ρ1
k0

Re

∫ L

0

ΨW dx+ C‖U‖H‖F‖H

❡ t❡♠♦s t❛♠❜é♠

J11 = −kρ1
k0

Re

∫ L

0

(Φ + f1)xWdx =
kρ1

k0
Re

∫ L

0

ΦWx dx−
kρ1

k0
Re

∫ L

0

f1xW dx

= −kρ1
k0

Re

∫ L

0

Φ[iβwx − f5x] dx−
kρ1

k0
Re

∫ L

0

f1xW dx

≤ −kρ1
k0

Re

∫ L

0

iβwxΦ dx+ C‖U‖H‖F‖H.
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P♦rt❛♥t♦ ✉s❛♥❞♦ ❛s ❡st✐♠❛t✐✈❛s ♣❛r❛ J11, J12 ❡ J13 ♦❜t❡♠♦s

J10 ≤ −klρ1
k0

∫ L

0

|W |2 dx− kρ1

k0
Re

∫ L

0

ΨW dx− kρ1

k0
Re

∫ L

0

iβωxΦ dx

+
k2l

k0
Re

∫ L

0

|ϕx + ψ + lω|2 dx+ C‖U‖H‖F‖H. ✭✸✳✹✶✮

❯s❛♥❞♦ ❛ ❡st✐♠❛t✐✈❛ ✭✸✳✹✶✮ ❡♠ ✭✸✳✹✵✮ r❡s✉❧t❛ q✉❡

k0l

∫ L

0

|ωx − lϕ|2 dx ≤ Re

∫ L

0

iβρ1Φωx dx+ lρ1

∫ L

0

|Φ|2 dx− klρ1

k0

∫ L

0

|W |2 dx

− kρ1

k0
Re

∫ L

0

ΨW dx− kρ1

k0
Re

∫ L

0

iβωxΦ dx+ k|ϕxωx|x=Lx=0

+
k2l

k0
Re

∫ L

0

|ϕx + ψ + lω|2 dx+ C‖U‖H‖F‖H,

♦✉ s❡❥❛✱ s♦♠❛♥❞♦ ❡ s✉❜tr❛✐♥❞♦ ♦❜t❡♠♦s

k0l

∫ L

0

|ωx − lϕ|2 dx ≤ ρ1

(
1− k

k0

)
Re

∫ L

0

iβΦ(ωx − lϕ) dx+ lρ1

∫ L

0

|Φ|2 dx

− ρ1l

(
1− k

k0

)
Re

∫ L

0

Φiβϕ dx+ C‖U‖H‖F‖H − kρ1l

k0

∫ L

0

|W |2 dx

+
k2

k0
l

∫ L

0

|ϕx + ψ + lω|2 dx+ kρ1

k0
Re

∫ L

0

ΨW dx+ k
∣∣ϕxωx|x=Lx=0

∣∣.

❯s❛♥❞♦ ❛❣♦r❛ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❨♦✉♥❣ ❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ♦❜t❡♠♦s

k0l

2

∫ L

0

|ωx − lϕ|2 dx+ kρ1l

2k0

∫ L

0

|W |2 dx ≤ k2l

k0

∫ L

0

|ϕx + ψ + lω|2 dx

+ C

∣∣∣∣1−
k

k0

∣∣∣∣ β
2‖Φ‖2 + C‖Φ‖2 + C‖U‖H‖F‖H + C‖Ψ‖2 + k

∣∣ϕxωx|x=Lx=0

∣∣,

P❡❧♦ ▲❡♠❛ ✸✳✷ ❡♥❝♦♥tr❛♠♦s

k0l

2

∫ L

0

|ωx − lϕ|2 dx+ kρ1l

2k0

∫ L

0

|W |2 dx ≤ C

∫ L

0

|ϕx + ψ + lω|2 dx

+Cν0β
2

∫ L

0

|Φ|2 dx+ C‖U‖H‖F‖H + k
∣∣ϕxωx|x=Lx=0

∣∣,

♣❛r❛ |β| s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❖❜s❡r✈❛çã♦ ✸✳✶✶✳ ❙❡❣✉❡ ❞❛ ♦❜s❡r✈❛çã♦ ✸✳✾ ❡ ❞♦ ▲❡♠❛ ✸✳✶✵ q✉❡ ♣❛r❛ t♦❞♦ ǫ > 0
❡①✐st❡ C > 0 t❛❧ q✉❡

k0

∫ L

0

|ωx − lϕ|2 dx+ ρ1

∫ L

0

|W |2 dx ≤ C

∫ L

0

|ϕx + ψ + lω|2 dx

+ Cν0β
2

∫ L

0

|Φ|2 dx+ C‖U‖H‖F‖H + ǫ‖U‖2H + C‖F‖2H,
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♣❛r❛ |β| s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❯s❛♥❞♦ ❛ ❡st✐♠❛t✐✈❛ ✭✸✳✸✾✮ ♦❜t❡♠♦s

k0

∫ L

0

|ωx − lϕ|2 dx+ ρ1

∫ L

0

|W |2 dx ≤ Cχ0

∣∣∣∣
∫ L

0

ΨΦxdx

∣∣∣∣

+ Cν0β
2

∫ L

0

|Φ|2 dx+ C‖U‖H‖F‖H + ǫ‖U‖2H + C‖F‖2H, ✭✸✳✹✷✮

+ C‖Ψ‖L2‖U‖H + C‖U‖
1

2

H‖F‖
3

2

H + C‖U‖
5

3

H‖F‖
1

3

H

+
C

|β|‖U‖
7

4

H‖F‖
1

4

H + C‖U‖
3

2

H‖F‖
1

2

H,

♣❛r❛ |β| s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❚❡♦r❡♠❛ ✸✳✶✷✳ ❙❡ ρ1
ρ2

= k
b
❡ k = k0 ❡♥tã♦ ♦ s❡♠✐❣r✉♣♦ {SA(t)}t≥0 ❛ss♦❝✐❛❞♦ ❛♦

s✐st❡♠❛ ✭✸✳✶✮✲✭✸✳✸✮ é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡st❛✈é❧✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ r❡❧❡♠❜r❡♠♦s ❛ ❞❡✜♥✐çã♦ ❞❛ ♥♦r♠❛ ❞❡ U ❡♠ H✿

‖U‖2H = ρ1‖Φ‖2L2 + ρ2‖Ψ‖2L2 + ρ1‖W‖2L2 + b‖ψx‖2L2 + k‖ϕx + ψ + lω‖2L2

+ k0‖ωx − lϕ‖2L2 .

❈♦♠♦✱ ♣♦r ❤✐♣ót❡s❡✱ ρ1
ρ2

= k
b
❡ k = k0 t❡♠♦s q✉❡ χ0 = ν0 = 0✳ ❊♥tã♦ s♦♠❛♥❞♦

❛s ❡st✐♠❛t✐✈❛s ✭✸✳✸✾✮ ❡ ✭✸✳✹✷✮ r❡s✉❧t❛ q✉❡ ♣❛r❛ t♦❞♦ ǫ > 0 ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡
C > 0 t❛❧ q✉❡

k‖ϕx + ψ + lω‖2L2 + k0‖ωx − lϕ‖2L2 + ρ1‖W‖2L2

≤ C‖U‖H‖F‖H + ǫ‖U‖2H + C‖F‖2H + C‖Ψ‖L2‖U‖H
+ C‖U‖

1

2

H‖F‖
3

2

H + C‖U‖
5

3

H‖F‖
1

3

H +
C

|β|‖U‖
7

4

H‖F‖
1

4

H + C‖U‖
3

2

H‖F‖
1

2

H.

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞♦s ▲❡♠❛s ✸✳✷ ❡ ✸✳✸✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✱
t❡♠♦s

ρ1‖Φ‖2L2 ≤ C‖ϕx + ψ + lω‖2L2 + C‖ψx‖2L2 +
C

|β|2‖F‖
2
H

b‖ψx‖2L2 ≤ C‖Ψ‖L2‖ϕx + ψ + lω‖L2 + C‖U‖H‖F‖H.

❉❡st❛ ❢♦r♠❛✱ s♦♠❛♥❞♦ ❛s três ú❧t✐♠❛s ❡st✐♠❛t✐✈❛s✱ ❛♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡
❨♦✉♥❣ ❡ ✉s❛♥❞♦ ✭✸✳✷✷✮ ❡ ✭✸✳✸✾✮ ❡♥❝♦♥tr❛♠♦s

(1− ǫ)‖U‖2H ≤ C‖U‖H‖F‖H + C‖F‖2H + C‖Ψ‖L2‖U‖H + C‖U‖
1

2

H‖F‖
3

2

H

+ C‖U‖
5

3

H‖F‖
1

3

H + C‖U‖
7

4

H‖F‖
1

4

H + C‖U‖
3

2

H‖F‖
1

2

H.

♣❛r❛ |β| > 1 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ❡ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳ ❆♣❧✐❝❛♥❞♦
♥♦✈❛♠❡♥t❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ❡ ✉s❛♥❞♦ ✭✸✳✷✷✮ ❝❤❡❣❛♠♦s ❛

‖U‖2H ≤ C‖F‖2H.
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❉❛í✱ t❡♠♦s

‖(iβI −A)−1F‖H = ‖U‖H ≤ C‖F‖H,

♣❛r❛ |β| > 1 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❈♦♠♦ ❛ ❢✉♥çã♦ β ∈ R → (iβI − A)−1 é
❝♦♥tí♥✉❛✱ t❡♠♦s

‖(iβI −A)−1‖H ≤ C, ∀ β ∈ R.

P♦rt❛♥t♦ t❡♠♦s q✉❡ iR ⊂ ρ(A) ❡ lim sup
|β|→∞

‖(iβI − A)−1‖H < ∞✱ ♠♦str❛♥❞♦

❡♥tã♦ q✉❡ ♦ s❡♠✐❣r✉♣♦ é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧ q✉❛♥❞♦ ρ1
ρ2

= k
b
❡ k = k0✳

✸✳✷ ❋❛❧t❛ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧

❱❡r❡♠♦s ♥❡st❛ s❡❝çã♦ q✉❡ ♦ s✐st❡♠❛ ❞❡ ❇r❡ss❡ ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛
❞♦ t✐♣♦ ❉✐r✐❝❤✐❧❡t✲◆❡✉♠❛♥♥✲◆❡✉♠❛♥♥ ♥ã♦ é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧ q✉❛♥❞♦
s✉♣♦♠♦s

ρ1

ρ2
6= k

b
♦✉ k 6= k0.

❊①✐❜✐r❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ |λn| → ∞ t❛❧ q✉❡

‖(λnI −A)−1‖H → ∞

▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♠♦str❛r❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ (Fn)n∈N ❡♠
H ❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❝♦♠♣❧❡①♦s (λn)n∈N ❡♠ iR t❛✐s q✉❡

|λn| → ∞ ❡ ‖(λnI −A)−1Fn‖H → ∞, n→ ∞.

❙❡ Un = (λnI −A)−1Fn ❡♥tã♦ (λnI −A)Un = Fn✱ ♦✉ s❡❥❛✱

λnϕ
n − Φn = f 1

n ❡♠ H1
0 (0, L), ✭✸✳✹✸✮

ρ1λnΦ
n − k(ϕnx + ψn + lωn)x − k0l(ω

n
x − lϕn = f 2

n ❡♠ L2(0, L), ✭✸✳✹✹✮

λnψ
n −Ψn = f 3

n, ❡♠ H1
∗ (0, L) ✭✸✳✹✺✮

ρ2λnΨ
n − bψnxx + k(ϕnx + ψn + lωn) + γΨn = f 4

n ❡♠ L2
∗(0, L), ✭✸✳✹✻✮

λnω
n −W n = f 5

n, ❡♠ H1
∗ (0, L) ✭✸✳✹✼✮

ρ1λnW
n − k0(ω

n
x − lϕn)x + kl(ϕnx + ψn + lωn) = f 6

n ❡♠ L2
∗(0, L). ✭✸✳✹✽✮
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❈♦♠❡ç❛r❡♠♦s ❛ ❡①✐❜✐r ❛ s❡q✉ê♥❝✐❛ (Fn)n∈N t♦♠❛♥❞♦ f 1
n = f 3

n = f 5
n = 0✳ ❆ss✐♠

❞❛s ❡q✉❛çõ❡s ✭✸✳✹✸✮✱ ✭✸✳✹✺✮ ❡ ✭✸✳✹✼✮ r❡s✉❧t❛ q✉❡

λnϕ
n = Φn ❡♠ H1

0 (0, L),

λnψ
n = Ψn ❡♠ H1

∗ (0, L),

λnω
n = W n ❡♠ H1

∗ (0, L).

❙✉❜st✐t✉✐♥❞♦ ❛s ✐❣✉❛❧❞❛❞❡s ❡♠ ✭✸✳✹✹✮✱ ✭✸✳✹✻✮ ❡ ✭✸✳✹✽✮ ♦❜t❡♠♦s✱

ρ1λ
2
nϕ

n − k(ϕnx + ψn + lωn)x − k0l(ω
n
x − lϕn) = f 2

n ❡♠ L2(0, L), ✭✸✳✹✾✮

ρ2λ
2
nψ

n − bψnxx + k(ϕnx + ψn + lωn) + γλnψ
n = f 4

n ❡♠ L2
∗(0, L), ✭✸✳✺✵✮

ρ1λ
2
nω

n − k0(ω
n
x − lϕn)x + kl(ϕnx + ψn + lωn) = f 6

n ❡♠ L2
∗(0, L). ✭✸✳✺✶✮

❈♦♥s✐❞❡r❡♠♦s✱ ❛❣♦r❛✱

f 2
n = α sin

(nπx
L

)
, f 4

n = β cos
(nπx
L

)
, f 6

n = ξ cos
(nπx
L

)
.

❉❡st❛ ❢♦r♠❛✱ t❡♠♦s q✉❡ Fn = (f 1
n, f

2
n, f

3
n, f

4
n, f

5
n, f

6
n) ∈ H ❡ ❡①✐st❡ C > 0 t❛❧ q✉❡

‖Fn‖H ≤ C✳ ❉❡✈✐❞♦ às ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛

ϕ(t, L) = ϕ(t, 0) = ψx(t, L) = ψx(t, 0) = ωx(t, L) = ωx(t, 0) = 0

♣♦❞❡♠♦s s✉♣♦r q✉❡

ϕn = An sin
(nπx
L

)
, ψn = Bn cos

(nπx
L

)
❡ ωn = Cn cos

(nπx
L

)
.

❉❛í

Φn = λnAn sin
(nπx
L

)
, Ψn = λnBn cos

(nπx
L

)
❡ ωn = λnCn cos

(nπx
L

)
.

❡ s✉❜st✐t✉✐♥❞♦ ❡ss❛s ❡①♣r❡ssõ❡s ♥❛s ❡q✉❛çõ❡s ✭✸✳✹✾✮✲✭✸✳✺✶✮ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡
s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s

[
ρ1λ

2
n + k

(nπ
L

)2
+ k0l

2

]
An + k

(nπ
L

)
Bn + (k + k0)l

(nπ
L
Cn

)
= α, ✭✸✳✺✷✮

k
(nπ
L

)
An +

[
ρ2λ

2
n + b

(nπ
L

)2
+ γλn

]
Bn + klCn = β, ✭✸✳✺✸✮

(k + k0)l
(nπ
L

)
An + klBn +

[
ρ1λ

2
n + k0

(nπ
L

)2
+ kl2

]
Cn = ξ. ✭✸✳✺✹✮

✶◦ ❈❛s♦ Pr✐♠❡✐r❛♠❡♥t❡ ✐r❡♠♦s s✉♣♦r q✉❡

ρ1

ρ2
6= k

b
❡ k = k0.
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❙❡❥❛ (λn) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡✜♥✐❞❛ ♣♦r

ρ1λ
2
n + k

(nπ
L

)2
+ kl2 = 2kl

(nπ
L

)
. ✭✸✳✺✺✮

❈♦♥s✐❞❡r❛♥❞♦ ❡st❛ s❡q✉ê♥❝✐❛ ♥❛s ❡q✉❛çõ❡s ✭✸✳✺✷✮✲✭✸✳✺✹✮ ❝♦♠ α = 1, β = 0 ❡ ξ = 0
♦❜t❡♠♦s

2kl
(nπ
L

)
An + k

(nπ
L

)
Bn + 2kl

(nπ
L

)
Cn = 1, ✭✸✳✺✻✮

k
(nπ
L

)
An +

[
ρ2λ

2
n + b

(nπ
L

)2
+ k + γλn

]
Bn + klCn = 0, ✭✸✳✺✼✮

2kl
(nπ
L

)
An + kl

(nπ
L

)
Bn + 2kl

(nπ
L

)
Cn = 0. ✭✸✳✺✽✮

❋❛③❡♥❞♦ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ❡q✉❛çõ❡s ✭✸✳✺✻✮ ❡ ✭✸✳✺✽✮ t❡♠♦s

[
k
(nπ
L

)
− kl

]
Bn = 1 ⇒ Bn =

1

k
(
nπ
L
− l
) . ✭✸✳✺✾✮

P♦rt❛♥t♦✱
lim
n→∞

Bn = 0.

❯s❛♥❞♦ ❛❣♦r❛ ❛ ❡q✉❛çã♦ ✭✸✳✺✽✮ ❡♥❝♦♥tr❛♠♦s

An = −Cn −
1

2knπ
L

(
nπ
L
− l
) .

❙✉❜st✐t✉✐♥❞♦ ✭✸✳✺✾✮ ❡♠ ✭✸✳✺✼✮ s❡❣✉❡ q✉❡

1

k
(
nπ
L
− l
)
[
ρ2

ρ1

(
2kl
(nπ
L

)
− k

(nπ
L

)2
− kl2

)
+ b
(nπ
L

)2
+ k + γλn

]

+k
(nπ
L

)[
−Cn −

1
2knπ
L

(nπ
L
− l)

]
+ klCn = 0.

▲♦❣♦✱

Cn =
1

k2
(
nπ
L
− l
)2
[
(b− k

ρ2

ρ1
)
(nπ
L

)2
+
ρ2

ρ1
2kl
(nπ
L

)
− k

ρ2

ρ1
kl2 + γλn + k

]

− 1

2k
(
nπ
L
− l
)2 .

❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡

lim
n→∞

Cn =
1

k2

(
b− k

ρ2

ρ1

)
=
b

k
− ρ2

ρ1
6= 0.
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❉❛í✱ t❡♠♦s q✉❡

lim
n→∞

An =
ρ2

ρ1
− b

k
6= 0.

P♦rt❛♥t♦ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s ❝♦♠♣❧❡①❛s (An)n∈N ✱ (Bn)n∈N ❡ (Cn)n∈N t❛✐s q✉❡
❛s ❢✉♥çõ❡s ϕn✱ ψn ❡ ωn sã♦ ♥ã♦ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛s ❡ s❛t✐s❢❛③❡♠ à ❡q✉❛çã♦
(λnI −A)Un = Fn✳ ❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❡ q✉❡

‖Un‖2H ≥
∫ L

0

k0|ωnx − lϕn|2dx = k0

∫ L

0

∣∣∣∣
(
−Cn(

nπ

L
)− lAn

)
sin
(nπx
L

) ∣∣∣∣
2

dx

= k0

∣∣∣∣Cn
(nπ
L

)
+ LAn

∣∣∣∣
2 ∫ L

0

sin2
(nπx
L

)
dx =

k0L

2

∣∣∣∣Cn
(nπ
L

)
+ lAn

∣∣∣∣
2

▲♦❣♦✱ ‖Un‖H → ∞✱ ♦✉ s❡❥❛✱ ‖(λnI −A)−1Fn‖H → ∞✳

✷◦ ❈❛s♦ ■r❡♠♦s s✉♣♦r ❛❣♦r❛ q✉❡✱

k 6= k0.

❈♦♥s✐❞❡r❛♥❞♦ α = 1, β = 0 ❡ ξ = −1✱ ❛ ❡q✉❛çã♦ ✭✸✳✺✽✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

k
(nπ
L

)
An +

k2

(k + k0)
Bn +

k

(k + k0)l

[
ρ1λ

2
n + k0

(nπ
L

)2
+ kl2

]
Cn = 0.

◆❡st❡ ❝❛s♦✱ ❡s❝♦❧❤❛♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ (λn) t❛❧ q✉❡

k

(k + k0)

(
ρ1λ

2
n + k0

(nπ
L

)2
+ kl2

)
= kl.

❆ss✐♠

ρ1λ
2
n + k0

(nπ
L

)2
+ kl2 = kl2 + k0l

2 ⇒ ρ1λ
2
n + k0

(nπ
L

)2
− k0l

2 = 0.

❙✉❜st✐t✉✐♥❞♦ (λn) ♥♦ s✐st❡♠❛ ✭✸✳✺✻✮✲✭✸✳✺✽✮ ♦❜t❡♠♦s
[
2k0l

2 + (k − k0)
(nπ
L

)2]
An + k

(nπ
L

)
Bn + (k + k0)l

(nπ
L

)
Cn = 1, ✭✸✳✻✵✮

k
(nπ
L

)
An +

[
ρ2λ

2
n + b

(nπ
L

)2
+ k + γλn

]
Bn + klCn = 0, ✭✸✳✻✶✮

k
(nπ
L

)
An +

k2

(k + k0)
Bn + klCn = −1. ✭✸✳✻✷✮

❉❛ ❡q✉❛çã♦ ✭✸✳✻✷✮ r❡s✉❧t❛ q✉❡

Cn = − 1

kl

[
k
(nπ
L

)
An +

k2

k + k0
Bn + 1

]
. ✭✸✳✻✸✮
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❙✉❜st✐t✉✐♥❞♦ ✭✸✳✻✸✮ ❡♠ ✭✸✳✻✵✮ t❡♠♦s
[
2k0l

2 + (k − k0)
(nπ
L

)2]
An + k

(nπ
L

)
Bn

+ (k + k0)l
(nπ
L

)[
−1

l

(nπ
L

)
An −

k

l(k + k0)
Bn −

1

kl

]
= 1.

r❡❛❥✉st❛♥❞♦ ♦s t❡r♠♦s ❡♥❝♦♥tr❛♠♦s
[
2k0l

2 − 2k0

(nπ
L

)2]
An = 1 +

klL

nπ

❚♦♠❛♥❞♦ ❧✐♠✐t❡ ❝♦♠ n→ ∞ t❡♠♦s q✉❡ limn→∞ n2An = − L2

2k0π2 ✳ ❆ss✐♠✱

lim
n→∞

nAn = lim
n→∞

1

n

(
n2An

)
= 0. ✭✸✳✻✹✮

❋❛③❡♥❞♦ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ❡q✉❛çõ❡s ✭✸✳✻✶✮ ❡ ✭✸✳✻✷✮ ❡ s✉❜st✐t✉✐♥❞♦ ❛ s❡q✉ê♥❝✐❛
(λn) ❡♥❝♦♥tr❛♠♦s

[
−
(
ρ2k0

ρ1
− b

)(nπ
L

)2
+ k + γλn +

ρ2k0l
2

ρ1
− k2

k + k0

]
Bn = 1. ✭✸✳✻✺✮

▲♦❣♦
[
−
(
ρ2k0 − bρ1

ρ1

)
π2

L2
+

k

n2
+ γ

λn

n2
+
ρ2k0l

2

n2ρ1
− k2

n2(k + k0)

]
n2Bn = 1, ✭✸✳✻✻✮

(i) ❙✉♣♦♥❤❛ q✉❡ ρ2k0− bρ1 6= 0✳ ❚♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ ♥❛ ❡①♣r❡ss❛♦ ✭✸✳✻✻✮ t❡♠♦s q✉❡

lim
n→∞

n2Bn =
L2ρ1

π2(bρ1 − ρ2k0)
.

P♦rt❛♥t♦✱

lim
n→∞

Bn = lim
n→∞

1

n2

(
n2Bn

)
= 0. ✭✸✳✻✼✮

P♦rt❛♥t♦✱ ✉s❛♥❞♦ ✭✸✳✻✹✮ ❡ ✭✸✳✻✼✮ ❡♠ ✭✸✳✻✸✮ t❡♠♦s

lim
n→∞

Cn = − 1

kl
.

(ii) ❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ ρ2k0− bρ1 = 0✳ ❯s❛♥❞♦ ❡st❡ ❢❛t♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✻✺✮ t❡♠♦s
[
γλn + k +

ρ2k0l
2

ρ1
− k2

k + k0

]
Bn = 1.

❉❛í ❡♥❝♦♥tr❛♠♦s
[
γλn

n
+
k

n
+
ρ2k0l

2

nρ1
− k2

n(k + k0)

]
nBn = 1. ✭✸✳✻✽✮
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❈♦♠♦ λ2n = 1
ρ1

[
k0l

2 − k0
(
nπ
L

)2]
r❡s✉❧t❛ q✉❡

lim
n→∞

λn

n
= lim

n→∞

1

n

√
k0l2

ρ1
− k0

ρ1

(nπ
L

)
=
π

L

√
k0

ρ1
i.

P❛ss❛♥❞♦ ❧✐♠✐t❡ ❡♠ ✭✸✳✻✽✮ ❡♥❝♦♥tr❛♠♦s

lim
n→∞

nBn = − L

πγ

√
ρ1

k0
i. ✭✸✳✻✾✮

❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ✭✸✳✻✹✮ ❡ ✭✸✳✻✾✮ ❡♠ ✭✸✳✻✸✮ s❡❣✉❡ q✉❡

lim
n→∞

Cn = − 1

kl
.

▲♦❣♦✱ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦♠♣❧❡①❛ (Cn)n∈N t❛❧q✉❡ ωn é ♥ã♦
✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛ ❡ (λnI−A)Un = Fn✳ ❆❧é♠ ❞✐ss♦✱❞❛ ❡q✉❛çã♦ r❡s♦❧✈❡♥t❡ t❡♠♦s

‖Un‖2H ≥ ρ1‖Wn‖2L2 = ρ1

∫ L

0

|λnωn|2dx

= ρ1

∫ L

0

|λn|2|Cn|2 cos2
(nπx
L

)
dx = ρ1

L

2
|λn|2|Cn|2 → ∞.

P♦rt❛♥t♦✱ s✉♣♦♥❞♦ ρ1
ρ2

6= k
b
♦✉ k 6= k0 t❡♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❇r❡ss❡ ✭✷✳✶✮✲

✭✷✳✸✮ ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t✲◆❡✉♠❛♥♥✲◆❡✉♠❛♥♥ ♥ã♦ é
❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧✳

❖❜s❡r✈❛çã♦ ✸✳✶✸✳ ❆ ❢❛❧t❛ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❞♦ s✐st❡♠❛ ❇r❡ss❡ ♣❛r❛ ❝♦♥❞✐çõ❡s ❞❡
❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t✲❉✐r✐❝❤❧❡t✲ ❉✐r✐❝❤❧❡t é ✉♠ ♣r♦❜❧❡♠❛ ❡♠ ❛❜❡rt♦✳



❈❛♣ít✉❧♦ ✹

❊st❛❜✐❧✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ❞♦ s✐st❡♠❛

❞❡ ❇r❡ss❡

✹✳✶ ❊st❛❜✐❧✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧

❈♦♥s✐❞❡r❡ ♦ s✐st❡♠❛ ❞❡ ❇r❡ss❡

ρ1ϕtt − k(ϕx+ ψ + lω)x − k0l(ωx − lϕ) = 0, ✭✹✳✶✮

ρ2ψtt − bψxx + k(ϕx + ψ + lω) + γψt = 0, ✭✹✳✷✮

ρ1ωtt − k0(ωx − lϕ)x + kl(ϕx + ψ + lω) = 0, ✭✹✳✸✮

❝♦♠ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s

ϕ(·, 0) = ϕ0, ϕt(·, 0) = ϕ1, ψ(·, 0) = ψ0, ψt(·, 0) = ψ1, ω(·, 0) = ω0, ωt(·, 0) = ω1

✭✹✳✹✮
❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛

ϕ(0, t) = ϕ(L, t) = ψx(0, t) = ψx(L, t) = ωx(0, t) = ωx(L, t) = 0. ✭✹✳✺✮

❈♦♥❢♦♠❡ s❛❜❡♠♦s✱ ✈❡❥❛ ♦ ❈❛♣ít✉❧♦ ✷✱ ❡st❡ s✐st❡♠❛ ♣♦ss✉✐ s♦❧✉çã♦ ú♥✐❝❛✳ ❱❡r❡♠♦s✱
❛❣♦r❛✱ q✉❡ ♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛ t❛❧ s✐st❡♠❛ é ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❡stá✈❡❧ q✉❛♥❞♦
❤á ❢❛❧t❛ ❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧✱ ♦✉ s❡❥❛✱ q✉❛♥❞♦

χ0 = 0 ♦✉ ν0 = 0.

❖s r❡s✉❧t❛❞♦s q✉❡ ❛♣r❡s❡♥t❛♠♦s ❛ s❡❣✉✐r s❡ ❜❛s❡✐❛♠ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❋❛t♦r✐ ❡
▼♦♥t❡✐r♦ ❬✾❪✳

◆♦ q✉❡ s❡❣✉❡✱ U = (ϕ,Φ, ψ,Ψ, ω,W ) ∈ D(A) é ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦
r❡s♦❧✈❡♥t❡ (βI −A)U = F ✱ ♣❛r❛ β ∈ R ❡ F ∈ H✳ ❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ U ✈❡r✐✜❝❛ ♦
s✐st❡♠❛ ✭✸✳✼✮✲✭✸✳✶✷✮✳ ❘❡❧❡♠❜r❡♠♦s ❛ ♣r✐♠❡✐r❛ ❡st✐♠❛t✐✈❛ ♦❜t✐❞❛✳ ❈♦♠♦

Re〈(iβI −A)U,U〉H = −Re〈AU,U〉H = Re〈F, U〉H

✻✸
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s❡❣✉❡ q✉❡

||Ψ||2L2 ≤ C||U ||H||F ||H. ✭✹✳✻✮

▲❡♠❛ ✹✳✶✳ ❙♦❜ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

b

∫ L

0

|ψx|2dx ≤ C

[
||Ψ||L2 ||U ||H + ||U ||H||F ||H

]
.

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ▲❡♠❛ ✸✳✸ t❡♠♦s q✉❡ ❡①✐st❡ C > 0 t❛❧ q✉❡

b

∫ L

0

|ψx|2dx ≤ C

[
||Ψ||L2 ||ϕx + ψ + lω||L2 + ||U ||H||F ||H

]
.

❈♦♠♦

||ϕx + ψ + lω||L2 ≤ 1

k
||U ||H,

r❡s✉❧t❛ q✉❡

b

∫ L

0

|ψx|2dx ≤ C

[
||Ψ||L2 ||U ||H + ||U ||H||F ||H

]
.

▲❡♠❛ ✹✳✷✳ ❈♦♠ ❛s ♠❡s♠❛s ♥♦t❛çõ❡s ❛♥t❡r✐♦r❡s ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧
q✉❡

k

∫ L

0

|ϕx + ψ + lω|2dx ≤ C

[
‖Ψ‖L2‖U‖H + ||U ||H||F ||H + |β|2χ2

0||Ψ||2L2

]
.

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ♣❡❧♦ ▲❡♠❛ ✸✳✼ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

k

∫ L

0

|ϕx + ψ + lω|2dx ≤ Cχ0

∣∣∣∣
∫ L

0

ΨΦxdx

∣∣∣∣+ C||ψ||L2 ||U ||H ✭✹✳✼✮

+ C||U ||H||F ||H + b
∣∣ψxϕx|x=Lx=0

∣∣.

♣❛r❛ |β| > 1✳ ❉❡✈✐❞♦ às ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞❡ ❉✐r✐❝❤❧❡t✲◆❡✉♠❛♥♥✲◆❡✉♠❛♥♥
s❡❣✉❡ q✉❡ ϕxψx|x=Lx=0 = 0✳ ❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❡ q✉❡

χ0

∣∣∣∣
∫ L

0

ΨΦxdx

∣∣∣∣ = χ0

∣∣∣∣
∫ L

0

Ψ(iβϕx − f 1
x)dx

∣∣∣∣ ≤ χ0

∫ L

0

[
|iβΨ||ϕx|+ |Ψ||f 1

x |
]
dx

≤ χ0|β|
∫ L

0

|Ψ||ϕx + ψ + lω|dx+ χ0|β|
∫ L

0

|Ψ||ψ + lω|dx

+ χ0

∫ L

0

|Ψ||f 1
x |dx.
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❈♦♠♦ ψ + lw =
1

iβ
(Ψ + lW + f3 + lf5) r❡s✉❧t❛ q✉❡

χ0|β|
∫ L

0

|Ψ||ψ + lw| dx ≤ C‖Ψ‖2L2 + C‖Ψ‖L2‖U‖2H + C||U ||H||F ||H
≤ C‖U‖H‖F‖H + C‖Ψ‖L2‖U‖2H.

P♦rt❛♥t♦✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ♦❜t❡♠♦s

χ0

∣∣∣∣
∫ L

0

ΨΦxdx

∣∣∣∣ ≤ Cχ2
0|β|2||Ψ||2L2 +

k

2
||ϕx + ψ + lω||L2 + C||U ||H||F ||H

+ C||U ||H||Ψ||L2 . ✭✹✳✽✮

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✹✳✽✮ ❡♠ ✭✹✳✼✮ ♦❜t❡♠♦s

k

∫ L

0

|ϕx + ψ + lω|2dx ≤ C‖U‖H‖Ψ‖L2 + C‖U‖H‖F‖H + Cχ2
0|β|2||Ψ||2L2 .

◆♦ss♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳

▲❡♠❛ ✹✳✸✳ ❙♦❜ ❛s ❝♦♥❞✐çõ❡s ❛❝✐♠❛✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

ρ1

∫ L

0

|Φ|2dx+ ρ2

∫ L

0

|Ψ|2dx+ ρ1

∫ L

0

|W |2dx+ k0l

∫ L

0

|ωx − lϕ|2dx

≤ C

[
||F ||2H + ||U ||H||F ||H + ‖Ψ|‖L2‖U‖H

]

+ C(|β|2ν0 + 2)||ϕx + ψ + lω||2L2 ,

♣❛r❛ |β| > 1 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ▲❡♠❛ ✸✳✶✵ t❡♠♦s

k0l

∫ L

0

|ωx − lϕ|2dx+ ρ1

∫ L

0

|W |2dx ≤ C

∫ L

0

|ϕx + ψ + lω|2dx+ C||U ||H||F ||H

+ Cν0|β|2
∫ L

0

|Φ|2dx+ k
∣∣ωxϕx|x=Lx=0

∣∣.

❉❡✈✐❞♦ às ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ♦❜t❡♠♦s

k0l

∫ L

0

|ωx − lϕ|2dx+ ρ1

∫ L

0

|W |2dx ≤ C

∫ L

0

|ϕx + ψ + lω|2dx+ C||U ||H||F ||H

+ Cν0|β|2
[ ∫ L

0

|Φ|2dx
]
.
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❙❡❣✉❡ ♣❡❧♦ ▲❡♠❛ ✸✳✷ q✉❡

k0l

∫ L

0

|ωx − lϕ|2dx+ ρ1

∫ L

0

|W |2dx ≤ C

∫ L

0

|ϕx + ψ + lω|2dx+ C||U ||H||F ||H

+ Cν0|β|2
(
||ϕx + ψ + lω||2L2 + ||ψ||2L2 +

1

|β|2 ||F ||
2
H

)
.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ s♦♠❛♥❞♦ t❡r♠♦s ❡♠ ❛♠❜♦s ♦s ♠❡♠❜r♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡
❛♥t❡r✐♦r ❡ ✉s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ▲❡♠❛ ✸✳✷ s❡❣✉❡ q✉❡

k0l

∫ L

0

|ωx − lϕ|2dx+ ρ1

∫ L

0

|W |2dx+
[
ρ1

∫ L

0

|Φ|2dx+ ρ2

∫ L

0

|Ψ|2dx
]

≤ C
[
||Ψ||2L2

]
+ C‖U‖H‖F |H + C

(
ν0|β|2 + 1

)
||ϕx + ψ + lω||2L2

+ Cν0‖iβψ‖2L2 + C

[
||ϕx + ψ + lω||2L2 + ||ψ||2L2 +

1

|β|2 ||F ||
2
H

]

+ Cν0||F ||2H.

▲❡♠❜r❛♥❞♦ q✉❡ iβψ = f3 + Ψ ❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré ❡ ❛
❞❡s✐❣✉❛❧❞❛❞❡ ✭✹✳✻✮ r❡s✉❧t❛ q✉❡

k0l

∫ L

0

|ωx − lϕ|2dx+ ρ1

∫ L

0

|W |2dx+ ρ1

∫ L

0

|Φ|2dx+ ρ2

∫ L

0

|Ψ|2dx

≤ C

[
(ν0|β|2 + 2)||ϕx + ψ + lω||2L2 + ||U ||H||F ||H + ||F ||2H + ||ψx||L2

]
,

♣❛r❛ |β| s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ P♦rt❛♥t♦✱ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r ❡ ❞♦ ▲❡♠❛
✹✳✶ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

❖ t❡♦r❡♠❛ s❡❣✉✐♥t❡ ❣❛r❛♥t❡ q✉❡ s❡

k

b
6= ρ1

ρ2
♦✉ k 6= k0

♦ ❞❡❝❛✐♠❡♥t♦ ❞♦ s❡♠✐❣r✉♣♦ s❡rá ❞♦ t✐♣♦ ♣♦❧✐♥♦♠✐❛❧✳

❚❡♦r❡♠❛ ✹✳✹✳ ❖ s❡♠✐❣r✉♣♦ {S(t)}t≥0 ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ ❞❡ ❇r❡ss❡ ✭✹✳✶✮✲✭✹✳✺✮
é ♣♦❧✐♥♦♠✐❛❧♠❡♥t❡ ❡stá✈❡❧ s❡ k

b
6= ρ1

ρ2
♦✉ k 6= k0. ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡

i) ||SA(t)U0||H ≤ Ct−
1

2 ||U0||D(A) s❡
ρ1

ρ2
6= k

b
❡ k = k0,

ii) ||SA(t)U0||H ≤ Ct−
1

4 ||U0||D(A) s❡ k 6= k0,

♣❛r❛ ✈❛❧♦r❡s ❣r❛♥❞❡s ❞❡ t > 0✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦s ▲❡♠❛s ✹✳✶ ✱ ✹✳✷ ❡ ✹✳✸ ♦❜t❡♠♦s q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡
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C > 0 t❛❧ q✉❡

||U ||2H = ρ1

∫ L

0

|Φ|2dx+ ρ2

∫ L

0

|Ψ|2dx+ ρ1

∫ L

0

|W |2dx+ b

∫ L

0

|ψx|2dx

+ k

∫ L

0

|ϕx + ψ + lω|2dx+ k0

∫ L

0

|ωx − lϕ|2dx

≤ C

[
||Ψ||L2 ||U ||H + ||U ||H||F ||H + ||F ||2H

]

+ Cχ2
0|β|2||Ψ||2L2 + Cν0|β|2||ϕx + ψ + lω||2L2

♣❛r❛ |β| s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❈♦♠♦ ♣❛r❛ t♦❞♦ η > 0 ❡①✐st❡ ❝♦♥st❛♥t❡ C(η) > 0 t❛❧ q✉❡

C‖U‖H‖F‖H ≤ C(η)‖F‖2H + η‖U‖2H,
C‖Ψ‖L2‖U‖H ≤ C(η)‖Ψ‖2L2 + η‖U‖2H ≤ C2(η)

η
‖F‖2H + η‖U‖2H,

♣❛r❛ η s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ♦❜t❡♠♦s

||U ||2H ≤ C||F ||2H + Cχ2
0|β|2‖U‖H‖F‖H + Cν0|β|2||ϕx + ψ + lω||2L2

♣❛r❛ |β| s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❯s❛♥❞♦ ♦ ▲❡♠❛ ✹✳✷ ♥♦✈❛♠❡♥t❡ ❝❤❡❣❛♠♦s ❛

||U ||2H ≤ C||F ||2H + Cχ2
0|β|2‖U‖H‖F‖H

+ Cν0|β|2C
[
‖Ψ‖L2‖U‖H + ||U ||H||F ||H + |β|2χ2

0||Ψ||2L2

]
.

❘❡❛rr❛♥❥❛♥❞♦ ♦s t❡r♠♦s ❡♥❝♦♥tr❛♠♦s

||U ||2H ≤ C||F ||2H + C|β|2
[
ν0||Ψ||L2 ||U ||H + (ν0 + χ2

0 + ν0χ
2
0|β|2)||U ||H||F ||H

]

✭✹✳✾✮

♣❛r❛ |β| > 1 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

i) ❙✉♣♦♥❤❛ q✉❡
ρ1

ρ2
6= k

b
❡ k = k0✳ ❆ss✐♠✱ χ0 6= 0 ❡ ν0 = 0 ❡ ♣♦r ✭✹✳✾✮ ♦❜t❡♠♦s

||U ||2H ≤ C||F ||2H + C|β|2χ2
0||U ||H||F ||H.

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ r❡s✉❧t❛ q✉❡

||U ||2H ≤ C|β|4||F ||2H ⇒ ||U ||H ≤ C|β|2||F ||H,

♣♦✐s |β| > 1✳ ❈♦♠♦ (iβI −A)U = F t❡♠♦s

||(iβI −A)−1F ||H = ||U ||H ≤ C|β|2||F ||H ⇒ ||(iβI −A)−1F ||H
||F ||H

≤ C|β|2,
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♦ q✉❡ ✐♠♣❧✐❝❛ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❛ ♥♦r♠❛ ❡♠ L(H) ❡♠

||(iβI −A)−1||L(H) ≤ C|β|2.

P❡❧♦ ❚❡♦r❡♠❛ ✶✳✻✼ ❝♦♥❝❧✉í♠♦s q✉❡

||SA(t)A−1F ||H ≤ C

t
1

2

||F ||H,

♣❛r❛ ✈❛❧♦r❡s ❣r❛♥❞❡s ❞❡ t > 0✳ ❈♦♠♦ 0 ∈ ρ(A) ❡①✐st❡ F0 ∈ H t❛❧ q✉❡ A−1F0 = U0✱
❞❛í

||SA(t)U0||H = ||SA(t)A−1F0||H ≤ C

t
1

2

||AU0||H ≤ C

t
1

2

||U0||D(A),

♣❛r❛ ✈❛❧♦r❡s ❣r❛♥❞❡s ❞❡ t > 0✳

ii) ❙✉♣♦♥❤❛♠♦s ❛❣♦r❛ q✉❡ k 6= k0✳ ❆ss✐♠✱ ν0 6= 0 ❡ ♣♦r ✭✹✳✾✮ ♦❜t❡♠♦s

||U ||2H ≤ C||F ||2H + C|β|2
[
ν0||Ψ||L2 ||U ||H + ν0||U ||H||F ||H

]
✭✹✳✶✵✮

♣❛r❛ |β| > 1 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ◆ã♦ é ❞✐❢í❝✐❧ ♠♦str❛r ✉s❛♥❞♦ ✭✹✳✻✮ ❡ ❛
❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ q✉❡

||U ||2H ≤ C|β|8||F ||2H ⇒ ||U ||H ≤ C|β|4||F ||H,

♣♦✐s |β| > 1✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✻✼ ❝♦♥❝❧✉í♠♦s q✉❡

||SA(t)A−1F ||H ≤ C

t
1

4

||F ||H,

❞❡ ♠♦❞♦ q✉❡

||SA(t)U0||H ≤ C

t
1

4

||U0||D(A),

♣❛r❛ ✈❛❧♦r❡s ❣r❛♥❞❡s ❞❡ t > 0✳

❆❣♦r❛✱ ❛ss✉♠❛
k

b
6= ρ1

ρ2
❡ k 6= k0✳ ❉❡st❛ ❢♦r♠❛✱ t❡♠♦s q✉❡ χ0 6= 0 ❡ ν0 6= 0 ❡

❛ss✐♠

||U ||2H ≤ C||F ||2H + C|β|2
[
||Ψ||L2 ||U ||H + (1 + |β|2)||U ||H||F ||H

]

≤
(
C|β|2||F ||

1

2

H

)
1

4
√
27

||U || 32 +
(
C|β|4||F ||H

)(
1

2
||U ||H

)
.

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ♦❜t❡♠♦s

||U ||H ≤ C|β|8||F ||2H +
1

2
||U ||2H.
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P♦rt❛♥t♦

||U ||H ≤ C|β|4||F ||H,

♣❛r❛ |β| > 1 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳ ❈♦♠♦ (iβI −A)U = F t❡♠♦s

||(iβI −A)−1F ||A = ||U ||H ≤ C|β|4||F ||H ⇒ ||(iβI −A)−1F ||H
||F ||H

≤ C|β|4.

P❡❧❛ ❞❡✜♥✐çã♦ ❞❛ ♥♦r♠❛ ❡♠ L(H) t❡♠♦s

||(iβI −A)−1||L(H) ≤ C|β|4.

P❡❧♦ ❚❡♦r❡♠❛ ✶✳✻✼ ♦❜t❡♠♦s

||SA(t)U0||H ≤ C

|t| 14
||U0||D(A),

♣❛r❛ t s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❖❜s❡r✈❛çã♦ ✹✳✺✳ P❛r❛ ♠♦str❛r ❛ ❡st❛❜✐❧✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ s✐st❡♠❛ ❇r❡ss❡
✭✸✳✶✮ ✲ ✭✸✳✸✮ ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❉✐r✐❝❤❧❡t✲❉✐r✐❝❤❧❡t✲❉✐r✐❝❤❧❡t ♣r♦❝❡❞❡♠♦s
❝♦♠♦ ❢❡✐t♦ ♥♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ ♦❜s❡r✈❛♥❞♦ q✉❡ ♥❡st❡ ❝❛s♦ ❛♣❛r❡❝❡♠ t❡r♠♦s
♣♦♥t✉❛✐s ❥á ❡st✐♠❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✳ ❆s t❛①❛s ❞❡ ❞❡❝❛✐♠❡♥t♦ q✉❡ s❡rã♦
❡♥❝♦♥tr❛❞❛s ♥ã♦ s❡rã♦ ❛s ♠❡s♠❛s ❞♦ ❚❡♦r❡♠❛ ✹✳✹✳

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✲



❈❛♣ít✉❧♦ ✺

❊st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ✉♠

s✐st❡♠❛ ❇r❡ss❡ ❝♦♠ ❝♦♥tr♦❧❡ ♥❛

❢r♦♥t❡✐r❛

◆❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞❛♠♦s ♦ ♣r♦❜❧❡♠❛ ❞♦ ❛r❝♦ ❝✐r❝✉❧❛r ❞❛❞♦ ♣♦r

ρ1ϕtt − k(ϕx+ ψ + lω)x − k0l(ωx − lϕ) = 0, ✭✺✳✶✮

ρ2ψtt − bψxx + k(ϕx + ψ + lω)x = 0, ✭✺✳✷✮

ρ1ωtt − k0(ωx − lϕ)x + kl(ϕx + ψ + lω)x = 0, ✭✺✳✸✮

♣❛r❛ x ∈ (0, L) ❡ t ∈ (0,∞)✱ s✉❥❡✐t♦ às ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛

k(ϕx + ψ + lω)(0, t) = γ1 ϕt(0, t), t ∈ (0,∞), ✭✺✳✹✮

bψx(0, t) = γ2 ψt(0, t), t ∈ (0,∞), ✭✺✳✺✮

k0(ωx − lϕ)(0, t) = γ3 ωt(0, t), t ∈ (0,∞), ✭✺✳✻✮

♦♥❞❡ γi > 0✱ ♣❛r❛ i = 1, 2 ❡ 3✱ ❡

ϕ(L, t) = ψ(L, t) = ω(L, t) = 0, t ∈ (0,∞). ✭✺✳✼✮

❆s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s sã♦ ❛s s❡❣✉✐♥t❡s

ϕ(·, 0) = ϕ0, ϕt(·, 0) = ϕ1, ψ(·, 0) = ψ0, ψt(·, 0) = ψ1, ω(·, 0) = ω0, ωt(·, 0) = ω1

✭✺✳✽✮
❖ s✐st❡♠❛ ✭✺✳✶✮✲✭✺✳✽✮✱ ❝♦♠♦ ✈❡r❡♠♦s✱ é ❝♦♠♣❧❡t❛♠❡♥t❡ ❞✐ss✐♣❛t✐✈♦✱ ♦✉ s❡❥❛✱ ♥ã♦
s❡rã♦ ♥❡❝❡ssár✐❛s r❡str✐çõ❡s s♦❜r❡ ❛s ❝♦♥st❛♥t❡ ❝♦♥st✐t✉t✐✈❛s ❞♦ s✐st❡♠❛ ♣❛r❛
❛ss❡❣✉r❛r s✉❛ ❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧✳ ❯♠ ♣r♦❜❧❡♠❛ ❛✐♥❞❛ ❡♠ ❛❜❡rt♦ é ❡st✉❞❛r
❛ ❡st❛❜✐❧✐❞❛❞❡ ❞♦ s✐st❡♠❛ ♦❜t✐❞♦ ✧❞✐♠✐♥✉✐♥❞♦✑ ❛ ❞✐ss✐♣❛çã♦ ♥❛ ❢r♦♥t❡✐r❛✳

❖ r❡s✉❧t❛❞♦ q✉❡ ❛♣r❡s❡♥t❛♠♦s ♥❡st❡ ❝❛♣ít✉❧♦ s❡ ❜❛s❡✐❛ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❆❧✈❡s
❡ ♦✉tr♦s✳❬✷✵❪✳

❆♥t❡s ❞❡ ♣r♦ss❡❣✉✐r♠♦s✱ ❝❤❛♠❛♠♦s ❛ ❛t❡♥çã♦ ♥♦✈❛♠❡♥t❡ ♣❛r❛ ❛s ❞✐✈❡rs❛s

✼✵
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❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s q✉❡ ❛♣❛r❡❝❡♠ ♥♦ t❡①t♦✱ r❡♣r❡s❡♥t❛❞❛s ♣❡❧❛ ❧❡tr❛ C✳ ◆❛
♠❛✐♦r✐❛ ❞❛s ✈❡③❡s✱ ❛ ❝♦♥st❛♥t❡ C t❡♠ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ♠✉❞❛♥❞♦ ❞❡ ✉♠❛ ❧✐♥❤❛
♣❛r❛ ♦✉tr❛ ❧✐♥❤❛✳

✺✳✶ ❊♥❡r❣✐❛ ❛ss♦❝✐❛❞❛ ❛♦ s✐st❡♠❛

❈♦♠♦ ❢♦✐ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♣r♦❝❡❞❡♠♦s ❢♦r♠❛❧♠❡♥t❡ ♣❛r❛ ❡♥❝♦♥tr❛r ❛
❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✺✳✶✮ ♣♦r ϕt ❡ ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛
L ♦❜t❡♠♦s

ρ1

∫ L

0

ϕtϕttdx− k

∫ L

0

(ϕx + ψ + lω)ϕtdx− k0l

∫ L

0

(ωx − lϕ)ϕtdx = 0.

❯s❛♥❞♦ ♦ ♠❡t♦❞♦ ❞❡ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s r❡s✉❧t❛ q✉❡

ρ1

2

d

dt

∫ L

0

(ϕt)
2dx+ k

∫ L

0

(ϕx + ψ + lω)ϕtxdx− k0l

∫ L

0

(ωx − lϕ)ϕtdx

= k(ϕx + ψ + lω)(L)ϕt(L)− k(ϕx + ψ + lω)(0)ϕt(0)

❉❛í ✉s❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ t❡♠♦s q✉❡

ρ1

2

d

dt

∫ L

0

(ϕt)
2dx+ k

∫ L

0

(ϕx + ψ + lω)ϕtxdx

− k0l

∫ L

0

(ωx − lϕ)ϕtdx = −γ1(ϕt(0))2. ✭✺✳✾✮

▼✉❧t✐♣❧✐❝❛♥❞♦✱ ❛❣♦r❛✱ ❛ ❡q✉❛çã♦ ✭✺✳✷✮ ♣♦r ψt t❡♠♦s

ρ2

∫ L

0

ψtψttdx− b

∫ L

0

ψxxψtdx+ k

∫ L

0

(ϕx + ψ + lω)ψtdx = 0

❯s❛♥❞♦ ♦ ♠❡t♦❞♦ ❞❡ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❡♥❝♦♥tr❛♠♦s

1

2

d

dt

∫ L

0

[
ρ2(ψt)

2 + b(ψx)
2
]
dx+ k

∫ L

0

(ϕx + ψ + lω)ψtdx = −γ2(ψt(0))2. ✭✺✳✶✵✮

❉♦ ♠❡s♠♦ ♠♦❞♦ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✺✳✸✮ ♣♦r ωt ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ L ❡
✉s❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❡♥❝♦♥tr❛♠♦s

ρ1
d

dt

∫ L

0

(ωt)
2dx+ kl

∫ L

0

(ϕx + ψ + lω)ωtdx

+ k0

∫ L

0

(ωx − lϕ)ωtxdx = −γ3(ωt(0))2. ✭✺✳✶✶✮
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❙♦♠❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✺✳✾✮✱ ✭✺✳✶✵✮ ❡ ✭✺✳✶✶✮ ♦❜t❡♠♦s

1

2

d

dt

∫ L

0

[
ρ1(ϕt)

2 + ρ2(ψt)
2 + ρ1(ωt)

2 + b(ψx)
2
]
dx ✭✺✳✶✷✮

+
1

2

d

dt

∫ L

0

[
k(ϕx + ψ + lω)2 + k0(ωx − lϕ)2

]
dx ✭✺✳✶✸✮

= −γ1(ϕt(0))2 − γ2(ψt(0))
2 − γ3(ωt(0))

2. ✭✺✳✶✹✮

❉❡✜♥✐♠♦s ❛ ❡♥❡r❣✐❛ ❞♦ s✐st❡♠❛ ❝♦♠♦ s❡♥❞♦

E(t) =
1

2

∫ L

0

[
ρ1(ϕt)

2 + ρ2(ψt)
2 + ρ1(ωt)

2 + b(ψx)
2
]
dx

+
1

2

∫ L

0

[
k(ϕx + ψ + lω)2 + k0(ωx − lϕ)2

]
dx. ✭✺✳✶✺✮

❉❡st❛ ❢♦r♠❛

dE(t)

dt
= −γ1(ϕt(0))2 − γ2(ψt(0))

2 − γ3(ωt(0))
2 ≤ 0.

❈♦♥❝❧✉í♠♦s q✉❡ ♦ s✐st❡♠❛ é ❞✐ss✐♣❛t✐✈♦✱ ♦✉ s❡❥❛✱ ❛ ❡♥❡r❣✐❛ ❞❡❝❛✐ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦
t❡♠♣♦✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r q✉❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛sM ≥ 1 ❡ δ > 0
t❛✐s q✉❡

||E(t)||H ≤Me−δt, t > 0.

♦♥❞❡ ||.||H s❡rá ❞❡✜♥✐❞❛ ❛ s❡❣✉✐r✳

✺✳✷ ❊①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡

❯s❛r❡♠♦s✱ ♥♦✈❛♠❡♥t❡✱ ❛ t❡♦r✐❛ ❞❡ C0✲s❡♠✐❣r✉♣♦s ❞❡ ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s✱ ♣❛r❛
♠♦str❛r q✉❡ ♦ s✐st❡♠❛ é ❜❡♠ ♣♦st♦✳ ◆♦ q✉❡ s❡❣✉❡ ✉s❛r❡♠♦s ❛s s❡❣✉✐♥t❡s ♥♦t❛çõ❡s

H1
L(0, L) =

{
φ ∈ H1(0, L);φ(L) = 0

}
, ✭✺✳✶✻✮

❡ U(t) = (ϕ(t),Φ(t), ψ(t),Ψ(t), ω(t),W (t))T ♦♥❞❡ Φ = ϕt✱ Ψ = ψt ❡ W = ωt✳

▲❡♠❛ ✺✳✶✳ ❙❡❥❛ u ∈ H1
L(0, L)✳ ❊♥tã♦ ✈❛❧❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré

‖u‖H1 ≤ Cp‖ux‖L2 .

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ Cp > 0✳
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❉❡♠♦♥str❛çã♦✳ P❡❧♦ t❡♦r❡♠❛ ✶✳✸✶ ❡①✐st❡ ũ ∈ C([0, L]), ũ(L) = 0✱ t❛❧ q✉❡

u = ũ q.t.p. ❡♠(0, L) ❡

ũ(y)− ũ(x) =

∫ y

x

ux(t)dt.

❉❡st❛ ❢♦r♠❛✱

ũ(L)− ũ(x) =

∫ L

x

ux(t)dt ❡♠ (0, L).

P♦rt❛♥t♦✱ ❝♦♠♦ ũ(L) = 0 s❡❣✉❡ q✉❡

∣∣u(x)
∣∣ =

∣∣∣∣
∫ L

x

ux(t)dt

∣∣∣∣ ≤
∫ L

0

|ux(t)|dt.

❆♣❧✐❝❛♥❞♦ ❛❣♦r❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r

∣∣u(x)
∣∣ ≤

(∫ L

0

dt

) 1

2
(∫ L

0

|ux(t)|2dt
) 1

2

= L
1

2‖ux‖L2 .

❆ss✐♠✱ ♦❜t❡♠♦s q✉❡

∫ L

0

|u(x)|2dx ≤
∫ L

0

L‖ux‖2L2dx.

P♦rt❛♥t♦✱ ❝❤❡❣❛♠♦s ❛

‖u‖2L2 ≤ L2‖ux‖2L2 ⇔ ‖u‖L2 ≤ L‖ux‖L2 .

❖ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ é ♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt

H =
[
H1
L(0, L)× L2(0, L)

]3
✭✺✳✶✼✮

♠✉♥✐❞♦ ❞❛ ♥♦r♠❛

‖U‖H =ρ1‖Φ‖2L2 + ρ2‖Ψ‖2L2 + ρ1‖W‖2L2 + b‖ψx‖2L2

+ k‖ϕx + ψ + lω‖2L2 + k0‖ωx − Lϕ‖2L2 . ✭✺✳✶✽✮

❈♦♠ ❡ss❛s ♥♦t❛çõ❡s ❡ ❝♦♥s✐❞❡r❛çõ❡s t❡♠♦s q✉❡ ♦ s✐st❡♠❛ ✭✺✳✶✮✲✭✺✳✸✮ é ❡q✉✐✈❛❧❡♥t❡
❛♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤②

d

dt
U(t) = AU(t)

U(0) = U0,
✭✺✳✶✾✮

♦♥❞❡ A é ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r ♥ã♦✲❧✐♠✐t❛❞♦
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A =




0 Id(·) 0 0 0 0

k
ρ1
∂2x(·)− k0l

ρ2
Id(·) 0 k

ρ1
∂x(·) 0 k+k0l

ρ1
∂x(·) 0

0 0 0 Id(·) 0 0

− k
ρ2
∂x(·) 0 b

ρ2
∂2x(·)− k

ρ2
Id(·) −γ

ρ2
Id(·) − k

ρ2
Id(·)

0 0 0 0 0 Id(·)

−kl+k0
ρ1

∂x(·) 0 −kl
ρ1

0 k0l
ρ1
∂2x(·)− kl2

ρ1
Id(·) 0




❝✉❥♦ ❞♦♠í♥✐♦ é ❞❛❞♦ ♣♦r

D(A) =
{
(ϕ,Φ, ψ,Ψ, ω,W ) ∈ H : ϕ, ψ, w ∈ H2(0, L), Φ,Ψ,W ∈ H1

L(0, L),

k(ϕx + ψ + lw)(0) = γ1 Φ(0), b ψx(0) = γ2 Ψ(0), k0 (wx − ϕ)(0) = γ3W (0)} .

Pr♦♣♦s✐çã♦ ✺✳✷✳ ❖ ♦♣❡r❛❞♦r A é ❞✐ss✐♣❛t✐✈♦✱ ✐st♦ é✱ Re〈AU,U〉 ≤ 0✱ ♣❛r❛ t♦❞♦
U ∈ D(A)✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ U = (ϕ,Φ, ψ,Ψ, ω,W ) ∈ D(A)✳ ❊♥tã♦✱ ✉s❛♥❞♦ ❛
❞❡✜♥✐çã♦ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ H ❡ ❛ ❞♦ ♦♣❡r❛❞♦r A ❡♥❝♦♥tr❛♠♦s

〈AU,U〉H =

∫ L

0

{
[k(ϕx + ψ + lω)x + k0l(ωx − lϕ)]Φ

}
dx

+
{
[bψxx − k(ϕx + ψ + lω)− γΨ]Ψ

}
dx

+

∫ L

0

{
[k0(ωx − lϕ)x − kl(ϕx + ψ + lω)]W + bΨxψx

}
dx

+

∫ L

0

{
[k(Φx +Ψ+ lW )(ϕx + ψ + lω) + k0(Wx − lΦ)(ωx − lϕ)

}
dx.

❯s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s s❡❣✉❡ q✉❡

〈AU,U〉H = b

∫ L

0

[
Ψxψx − ψxΨx

]
dx− bψx(0)Ψ(0)− k(ϕx + ψ + lω)(0)Φ(0)

+ k

∫ L

0

[
(Φx +Ψ+ lW )(ϕx + ψ + lω)− (ϕx + ψ + lω)(Φx +Ψ+ lW )

]
dx

+ k0

∫ L

0

[
(Wx − lΦ)(ωx − lϕ)− (ωx − lϕ)Wx − lΦ)

]
dx− k0(ωx − lϕ)(0)W (0).

❚♦♠❛♥❞♦ ❛ ♣❛rt❡ r❡❛❧ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❛❝✐♠❛ ❡ ✉s❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛
❡♥❝♦♥tr❛♠♦s

Re 〈AU,U〉H = −γ1(ϕt(0))2 − γ2(ψt(0))
2 − γ3(ωt(0))

2 ≤ 0. ✭✺✳✷✵✮

P♦rt❛♥t♦✱ ♦ ♦♣❡r❛❞♦r A é ❞✐ss✐♣❛t✐✈♦✳
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❆❣♦r❛ ✈❛♠♦s ♠♦str❛r q✉❡ 0 ∈ ρ(A)✱ ♦✉ s❡❥❛✱ A é ❜✐❥❡t✐✈♦ ❡ A−1 ∈ L(H)✳
▼♦str❛r❡♠♦s q✉❡ 0 ∈ ρ(A) ❡ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✶✾ t❡r❡♠♦s ♦ r❡s✉❧t❛❞♦✳

❙❡❥❛♠ F = (f 1, f 2, f 3, f 4, f 5, f 6) ∈ H ❡ U = (ϕ,Φ, ψ,Ψ, ω,W )✳ ❆ ❡q✉❛çã♦
r❡s♦❧✈❡♥t❡ AU = F é ❡q✉✐✈❛❧❡♥t❡ ❛♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s

Φ = f 1 ❡♠ H1
L(0, L), ✭✺✳✷✶✮

k(ϕx + ψx + lω)x + k0l(ωx − lϕ) = ρ1f
2 ❡♠ L2(0, L), ✭✺✳✷✷✮

Ψ = f 3 ❡♠ H1
L(0, L), ✭✺✳✷✸✮

bψxx − k(ϕx + ψ + lω) = ρ2f
4 ❡♠ L2(0, L), ✭✺✳✷✹✮

Ψ = f 5 ❡♠ H1
L(0, L), ✭✺✳✷✺✮

k(ωx − lϕ)x − kl(ϕx + ψ + lω) = ρ1f
6 ❡♠ L2(0, L). ✭✺✳✷✻✮

❉❡st❛ ❢♦r♠❛✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r♠♦s Φ = f 1,Ψ = f 3 ❡ W = f 5 ❡✱ ❛ss✐♠✱ ♣❡❧❛s
❡q✉❛çõ❡s ✭✺✳✷✶✮ ✱ ✭✺✳✷✸✮ ❡ ✭✺✳✷✺✮ s❡❣✉❡ q✉❡ Φ, Ψ, W ∈ H1

L(0, L) ✳

▼✉❧t✐♣❧✐❝❛♥❞♦✱ ❛❣♦r❛✱ ❛ ❡q✉❛çã♦ ✭✺✳✷✷✮ ♣♦r u ∈ H1
L(0, L) ♦❜t❡♠♦s

k

∫ L

0

(ϕx + ψ + lω)xudx+ k0l

∫ L

0

(ωx − lϕ)udx = ρ1

∫ L

0

f 2udx.

■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❞❡ 0 ❛ L ❡ ✉s❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ r❡s✉❧t❛ q✉❡

k

∫ L

0

(ϕx + ψ + lω)uxdx+ k0l

∫ L

0

(ωx − lϕ)(−lu)dx

= −ρ1
∫ L

0

f 2udx− γ1f
1(0)u(0). ✭✺✳✷✼✮

▼✉❧t✐♣❧✐❝❛♥❞♦✱ ❛❣♦r❛✱ ❛ ❡q✉❛çã♦ ✭✺✳✷✹✮ ♣♦r v ∈ H1
L(0, L)✱ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s

❡ ✉s❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❡♥❝♦♥tr❛♠♦s

k

∫ L

0

(ϕx + ψ + lω)vdx+ b

∫ L

0

ψx(vx)dx

= −ρ2
∫ L

0

f 4vdx− γ2f
3(0)v(0). ✭✺✳✷✽✮

P♦r ✜♠✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✺✳✷✻✮ ♣♦r p ∈ H1
L(0, L)✱ ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ L ❡

✉s❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ♦❜t❡♠♦s

k

∫ L

0

(ϕx + ψ + lω)(lp)dx+ k0

∫ L

0

(ωx − lϕ)(px)dx

= −ρ1
∫ L

0

f 6pdx− γ3f
5(0)p(0) ✭✺✳✷✾✮
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❙♦♠❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✺✳✷✼✮ ❛ ✭✺✳✷✾✮ r❡s✉❧t❛ q✉❡

k

∫ L

0

(ϕx+ψ + lω)(ux + v + lp)dx+ k0

∫ L

0

(ωx − lϕ)(px − lu)dx+ b

∫ L

0

ψx(vx)dx

=− ρ1

∫ L

0

f 2udx− ρ2

∫ L

0

f 4vdx− ρ1

∫ L

0

f 6pdx

− γ1f
1(0)u(0)− γ2f

3(0)v(0)− γ3f
5(0)p(0). ✭✺✳✸✵✮

◆♦ss♦ ♦❜❥❡t✐✈♦ é ✉s❛r ♦ ❚❡♦r❡♠❛ ❞❡ ▲❛①✲▼✐❧❣r❛♠ ♣❛r❛ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❛s
❢✉♥çõ❡s ϕ ✱ ψ✱ ω ❛❝✐♠❛✳ ❈♦♠ ❡ss❡ ✐♥t✉✐t♦ ❝♦♥s✐❞❡r❡♠♦s ♦ ❡s♣❛ç♦

W = H1
L(0, L)×H1

L(0, L)×H1
L(0, L),

♦ q✉❛❧ é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ❛ ♥♦r♠❛

‖(ϕ, ψ, ω)‖W = ‖ϕx + ψ + lω‖2L2 + ‖ωx − lϕ‖2L2 + ‖ψx‖2L2 .

◆ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ ❡st❛ ♥♦r♠❛ é ❡q✉✐✈❛❧❡♥t❡ à ♥♦r♠❛ ✉s✉❛❧✳

❈♦♥s✐❞❡r❡ ❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r a : W ×W −→ C ❞❛❞❛ ♣♦r

a ((ϕ, ψ, ω), (u, v, p)) = b

∫ L

0

ψxvxdx + k

∫ L

0

(ϕx + ψ + lω)(ux + v + lp)dx

+ k0

∫ L

0

(ωx − lϕ)(px − lu)dx.

▲❡♠❛ ✺✳✸✳ ❆ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r a(., .) é ❝♦♥tí♥✉❛ ❡ ❝♦❡r❝✐✈❛✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ q✉❛✐sq✉❡r (ϕ, ψ, ω) ∈ W t❡♠✲s❡

|a ((ϕ, ψ, ω), (ϕ, ψ, ω)) | =

∫ L

0

[
k|ϕx + ψ + lω|2 + k0|ωx − lϕ|2 + b|ψx|2

]
dx

= b‖ψ‖2L2 + k‖ϕx + ψ + lω‖2L2 + k0‖ωx − lϕ‖2L2

≥ C
(
‖ϕx + ψ + lω‖2L2 + ‖ωx − lϕ‖2L2 + ‖ψx‖2L2

)

= C‖(ϕ, ψ, ω)‖2W ,

♦♥❞❡ C = min{k, k0, b}✳ ▲♦❣♦✱ ❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r a é ❝♦❡r❝✐✈❛✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦s (ϕ, ψ, ω), (u, v, p) ∈ W t❡♠♦s

a ((ϕ, ψ, ω), (u, v, p)) = k

∫ L

0

(ϕx + ψ + lω)(ux + v + lp)dx

+ k0

∫ L

0

(ωx − lϕ)(px − lu)dx+ b

∫ L

0

ψxvxdx.
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❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ s❡❣✉❡ q✉❡

|a ((ϕ, ψ, ω), (u, v, p)) | ≤ k‖ϕx + ψ + lω‖L2‖ux + p+ lv‖L2 + b‖ψx‖L2‖px‖L2

+ k0‖ωx − lϕ‖L2‖px − lv‖L2 .

❆ss✐♠✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ (a+ b)p ≤ 2p(ap + bp) ✈❡♠♦s q✉❡

|a ((ϕ, ψ, ω), (u, v, p)) |2 ≤ 16k2‖ϕx + ψ + lω‖2L2‖ux + v + lp‖2L2

+ 16k20‖ωx − lϕ‖2L2‖px − lu‖2L2 + 4b2‖ψx‖2L2‖vx‖2L2

≤ max{16k2, 16k20, 4b2}‖(ϕ, ψ, ω)‖2W‖(u, v, p)‖2W .

❈♦♥s✐❞❡r❛♥❞♦ C2 = max{16k2, 16k20, 4b2} t❡♠♦s

|a ((ϕ, ψ, ω), (u, v, p)) | ≤ C‖(ϕ, ψ, ω)‖W‖(u, v, p)‖W .

P♦rt❛♥t♦✱ ❛ ❢♦r♠❛ s❡sq✉✐❧✐♥❡❛r a(., .) é ❝♦♥tí♥✉❛✳

❈♦♥s✐❞❡r❡♠♦s✱ ❛❣♦r❛✱ ♦ ❢✉♥❝✐♦♥❛❧ ❛♥t✐❧✐♥❡❛r f : W −→ C ❞❛❞♦ ♣♦r

f(u, v, p) = −ρ2
∫ L

0

f 4vdx− ρ1

∫ L

0

f 6pdx

− γ1f
1(0)u(0)− γ2f

3(0)v(0)− γ3f
5(0)p(0).

❉❡st❛ ❢♦r♠❛✱ f ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ é ❛♥t✐❧✐♥❡❛r ❡✱ ❛❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡
❞❡ ❍ö❧❞❡r ❡ ❞❡ P♦✐♥❝❛ré✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ✐♠❡rsã♦ ❞❡ H1(0, L) ❡♠ L∞(0, L)✱
r❡s✉❧t❛ q✉❡

|f j(0)| ≤ C‖f j‖H1 ≤ C‖f jx‖L2 , j = 1, 2, 3,

s❡♥❞♦ q✉❡ ❛ ♠❡s♠❛ ♠❛❥♦r❛çã♦ é ✈á❧✐❞❛ ♣❛r❛ u, v ❡ p✳ P♦rt❛♥t♦

|f((u, v, p))| ≤ρ1
∫ L

0

|f 1||u|dx+ ρ2

∫ L

0

|f 3||v|dx+ ρ1

∫ L

0

|f 5||p|dx

+ γ1|f 1(0)||u(0)|+ γ2|f 3(0)||v(0)|+ γ3|f 5(0)||p(0)|
≤C

(
‖f 1

x‖L2‖ux‖L2 + ‖f 3
x‖L2‖vx‖L2 + ‖f 5

x‖L2‖px‖L2

)

♣❛r❛ t♦❞♦ (u, v, p) ∈ W ✳ ❉❡✈✐❞♦ à ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s ♥♦r♠❛s ♦❜t❡♠♦s q✉❡ ❡①✐st❡
✉♠❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

|f((u, v, p))| ≤ C‖(u, v, p)‖W , ∀(u, v, p) ∈ W . ✭✺✳✸✶✮

P♦rt❛♥t♦✱ ♦ ❢✉♥❝✐♦♥❛❧ ❛♥t✐❧✐♥❡❛r ❛❝✐♠❛ é ❝♦♥tí♥✉♦✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▲❛①✲▼✐❧❣r❛♠✱
❡①✐st❡ ✉♠ ú♥✐❝♦ (ϕ, ψ, ω) ∈ W t❛❧ q✉❡

a((ϕ, ψ, ω), (u, v, p)) = f(u, v, p), ∀(u, v, p) ∈ W .

❚♦♠❛♥❞♦ v = p = 0 ♦❜t❡♠♦s

a((ϕ, ψ, ω), (u, 0, 0)) = f(u, 0, 0), ∀ u ∈ H1
L(0, L), ✭✺✳✸✷✮
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♦✉ s❡❥❛✱ t❡♠♦s

k

∫ L

0

(ϕx + ψ + lω)uxdx− k0l

∫ L

0

(ωx − lϕ)udx

= −ρ1
∫ L

0

f 2udx− γ1f
1(0)u(0), ✭✺✳✸✸✮

♣❛r❛ t♦❞♦ u ∈ H1
L(0, L)✳ ❈♦♠♦ C∞

0 (0, L) ⊂ H1
L(0, L) r❡s✉❧t❛ q✉❡

k

∫ L

0

(ϕx + ψ + lω)uxdx = −
∫ L

0

[
ρ1f

2 − k0l(ωx − lϕ)
]
udx, ∀u ∈ C∞

0 (0, L).

▲♦❣♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ H1(0, L) = W 1,2(0, L) ♦❜t❡♠♦s

ϕx + ψ + lω ∈ H1(0, L) ❡ (ϕx + ψ + lω)x = −k0l(ωx − lϕ) + ρ1f
2.

❉❡st❛ ❢♦r♠❛✱ ✈❡♠♦s q✉❡

ϕ ∈ H2(0, L) ❡ (ϕx + ψ + lω)x + k0l(ωx − lϕ) = ρ1f
2. ✭✺✳✸✹✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✺✳✸✹✮ ♣♦r u ∈ H1
L(0, L) ❡ ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ L r❡s✉❧t❛

q✉❡

k

∫ L

0

(ϕx + ψ + lω)xudx+ k0l

∫ L

0

(ωx − lϕ)udx =

∫ L

0

ρ1f
2udx

❡ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s s❡❣✉❡ q✉❡

k(ϕx + ψ + lω)(L)u(L)− k(ϕx + ψ + lω)(0)u(0)

= k

∫ L

0

(ϕx + ψ + lω)uxdx− k0l

∫ L

0

(ωx − lϕ)dxu+ ρ1

∫ L

0

f 2udx.

P❡❧❛ ❡q✉❛çã♦ ✭✺✳✸✸✮ r❡s✉❧t❛ q✉❡

−k(ϕx + ψ + lω)(0)u(0) = −γ1f 1(0)u(0), ∀u ∈ H1
L(0, L).

P❡❧❛ ❡q✉❛çã♦ ✭✺✳✷✶✮ ❡ ❝♦♥s✐❞❡r❛♥❞♦ u ∈ H1
L(0, L) t❛❧ q✉❡ u(0) 6= 0 ♦❜t❡♠♦s

k(ϕx + ψ + lω)(0) = γ1Φ(0). ✭✺✳✸✺✮

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ t♦♠❛♥❞♦ u = p = 0 ❡ u = v = 0 ♦❜t❡♠♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱
ψ ∈ H2(0, L) ❡ ω ∈ H2(0, L)✱ s❛t✐s❢❛③❡♥❞♦ ❛s ❡q✉❛çõ❡s ✭✺✳✷✹✮ ❡ ✭✺✳✷✻✮ ❝♦♠

bψx(0) = γ2Ψ(0)

k0(ωx − lϕ)(0) = γ3W (0).

P♦rt❛♥t♦✱ ❞❛❞♦ F ∈ H ❡①✐st❡ ✉♠ ú♥✐❝♦ U ∈ D(A) t❛❧ q✉❡ A(U) = F ✱ ♦✉ s❡❥❛✱ ♦
♦♣❡r❛❞♦r A é ❜✐❥❡t✐✈♦✳

▼♦str❛r❡♠♦s ❛❣♦r❛ q✉❡ s❡✉ ✐♥✈❡rs♦ A−1 é ❧✐♠✐t❛❞♦✳ ❉❛❞♦ F ∈ H s❡❥❛
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U ∈ D(A) t❛❧ q✉❡ AU = F ✳ ❆ss✐♠

‖A−1F‖H ≤ C‖F‖H ⇔ ‖U‖H ≤ ‖F‖H.

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✺✳✷✷✮ ♣♦r ϕ ∈ H1
L(0, L)✱ ✭✺✳✷✹✮ ♣♦r ψ ∈ H1

L(0, L) ✱ ✭✺✳✷✻✮
♣♦r ω ∈ H1

L(0, L) ✱ ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ L ❡ s♦♠❛♥❞♦ ✈❡♠

k

∫ L

0

|ϕx + ψ + lω|2dx+ k0

∫ L

0

|ωx − lϕ|2dx+ b

∫ L

0

|ψx|2

=ρ1

∫ L

0

f 2ϕdx+ ρ2

∫ L

0

f 4ψdx+ ρ1

∫ L

0

ρ1f
6ωdx

+ γ1f
1(0)ϕ(0) + γ2f

3(0)Ψ(0) + γ3f
5(0)ω(0).

❉❡✈✐❞♦ à ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ às ✐♠❡rsõ❡s ❞❡ ❙♦❜♦❧❡✈✱ ✉s❛❞❛s ♥❛
❞❡s✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r✱ ❝❤❡❣❛♠♦s à

k

∫ L

0

|ϕx + ψ + lω|2dx+ k0

∫ L

0

|ωx − lϕ|2dx+ b

∫ L

0

|ψx|2

≤ρ1‖f 2‖L2‖ϕ‖L2 + ρ2‖f 4‖L2‖ψ‖L2 + ρ1‖f 6‖L2‖ω‖L2

+ γ1|f 1(0)||ϕ(0)|+ γ2|f 3(0)||Ψ(0)|+ γ3|f 5(0)||ω(0)|
≤C‖F‖H(‖ϕx‖L2 + ‖ψx‖L2 + ‖ωx‖L2)

≤C‖F‖H‖U‖S.

❘❡s✉❧t❛✱ ♣❡❧❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s ♥♦r♠❛s✱ q✉❡

∫ L

0

[
k|ϕx + ψ + lω|2dx+ k0|ωx − lϕ|2 + b|ψx|2

]
dx ≤ C‖F‖H‖U‖H. ✭✺✳✸✻✮

P❡❧❛ ❡q✉❛çã♦ ✭✺✳✷✶✮ t❡♠♦s

∫ L

0

ρ1|Φ|2dx ≤
∫ L

0

ρ1|f 1||Φ|dx ≤ ρ1

2

∫ L

0

|Φ|2dx+ ρ1

2
‖f 1‖2L2 .

❆ss✐♠✱

∫ L

0

ρ1|Φ|2dx ≤ C‖F‖2H. ✭✺✳✸✼✮

❈♦♠ ✉♠ ❛r❣✉♠❡♥t♦ ❛♥á❧♦❣♦ ❛♦ ❛♥t❡r✐♦r✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ ❛s ❡q✉❛çõ❡s
✭✺✳✷✸✮ ❡ ✭✺✳✷✺✮ ❝❤❡❣❛♠♦s ❡♠

∫ L

0

ρ2|Ψ|2dx ≤ C‖F‖2H ❡
∫ L

0

ρ1|W |2dx ≤ C‖F‖2H. ✭✺✳✸✽✮
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❏✉♥t❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✺✳✸✻✮✱ ✭✺✳✸✼✮ ❡ ✭✺✳✸✽✮ ❝♦♥❝❧✉í♠♦s q✉❡

‖U‖2H =

∫ L

0

[
ρ1|Φ|2 + ρ2|Ψ|2 + ρ1|W |2 + b|ψx|2

]
dx

+ k

∫ L

0

[
|ϕx + ψ + lω|2 + k0|ωx − lϕ|2

]
dx

≤ C‖F‖H‖U‖H + C‖F‖2H + C‖F‖2H + C4‖F‖2H
≤ C‖F‖2H +

1

2
‖U‖2H.

❊ ❛ss✐♠

‖U‖H ≤ C‖F‖H ⇒ ‖A−1F‖H ≤ ‖F‖H. ✭✺✳✸✾✮

P♦rt❛♥t♦✱ ♦ ♦♣❡r❛❞♦r A−1 é ❧✐♠✐t❛❞♦ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ 0 ∈ ρ(A)✳

Pr♦♣♦s✐çã♦ ✺✳✹✳ ❊①✐st❡ λ0 > 0 t❛❧ q✉❡ λ0 ∈ ρ(A)✱ ✐st♦ é✱ ❡①✐st❡ λ0 ♣♦s✐t✐✈♦ t❛❧
q✉❡ (λ0I −A) é ✐♥✈❡rsí✈❡❧ ❝♦♠ (λ0I −A)−1 ∈ L(H)✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ 0 ∈ ρ(A)✱ ✉s❛♥❞♦ ♦ ▲❡♠❛ ✶✳✶✾ t❡♠♦s q✉❡ (λI − A) =
A(λA−1 − I) é ✐♥✈❡rsí✈❡❧ ❝♦♠ ✐♥✈❡rs♦ ❧✐♠✐t❛❞♦ ❞❡s❞❡ q✉❡

‖λA−1‖ ≤ 1

‖I−1‖ = 1 ⇔ λ ∈ (−‖A−1‖−1, ‖A−1‖−1).

▲♦❣♦✱ ❡①✐st❡ 0 < λ0 ∈ ρ(A)✳

▲❡♠❛ ✺✳✺✳ ❖ ♦♣❡r❛❞♦r A é ❞❡♥s❛♠❡♥t❡ ❞❡✜♥✐❞♦ ✱ ✐st♦ é✱ D(A) = H✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♠♦str❛r q✉❡ D(A) = H✱ s❡❥❛ U ∈ D(A)
⊥
❞❡ ♠♦❞♦ q✉❡

〈V, U〉H = 0, ∀ V ∈ D(A).

❈♦♠♦ ❡①✐st❡ λ0 ∈ ρ(A)✱ t♦♠❛♥❞♦ V0 = (λ0I −A)−1U t❡♠♦s

〈V0, U〉H = 〈V0, (λ0V0 −AV0)〉H = 0

λ0‖V0‖2H − 〈AV0, V0〉H = 0

❚♦♠❛♥❞♦ ❛ ♣❛rt❡ r❡❛❧ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡♥❝♦♥tr❛♠♦s

λ0‖V0‖2H + γ1|Φ(0)|2 + γ2|Ψ(0)|2 + γ3|W (0)|2 = 0 ⇒ V0 = 0.

P♦rt❛♥t♦ U = (λ0I −A)V0 = 0✱ ♦✉ s❡❥❛✱ D(A)⊥ = {0}✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✺
t❡♠♦s D(A) ❞❡♥s♦ ❡♠ H✳

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▲✉♠♠❡r✲P❤✐❧✐♣s✱ ❚❡♦r❡♠❛ ✶✳✺✻✱ ♦ ♦♣❡r❛❞♦r A é ❣❡r❛❞♦r
✐♥✜♥✐t❡s✐♠❛❧ ❞❡ ✉♠ s❡♠✐❣r✉♣♦ ❞❡ ❝❧❛ss❡ C0 ❞❡ ❝♦♥t❛çõ❡s {SA(t)}t>0✳ P❡❧♦ ❚❡♦r❡♠❛
✶✳✺✽ ✱ ❞❛❞♦ U0 ∈ D(A) ♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② ✭✺✳✶✾✮ ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ♦
s✐st❡♠❛ ✭✺✳✶✮✲✭✺✳✽✮ t❡♠ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ U(t) = SA(t)U0 s❛t✐s❢❛③❡♥❞♦

U ∈ C ([0,∞); [D(A)]) ∩ C1 ([0,∞);H) .
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✺✳✸ ❊st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧

◆❡st❛ s❡❝çã♦✱ ♠♦str❛r❡♠♦s q✉❡ ♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ ❞❡ ❇r❡ss❡
✭✺✳✶✮✲✭✺✳✽✮ é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧✳ P❛r❛ ✐ss♦ ✉s❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ✶✳✻✺✳

▲❡♠❛ ✺✳✻✳ ❖ ❡✐①♦ ✐♠❛❣✐♥ár✐♦ iR ❡stá ❝♦♥t✐❞♦ ♥♦ ❝♦♥❥✉♥t♦ r❡s♦❧✈❡♥t❡ ρ(A)✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ♦ ♦♣❡r❛❞♦r A é ✉♠ ♦♣❡r❛❞♦r ❢❡❝❤❛❞♦ ❡ A−1 é ✉♠ ♦♣❡r❛❞♦r
❝♦♠♣❛❝t♦ ❡♠ H✱ s❡❣✉❡ ❞♦ t❡♦r❡♠❛ ✶✳✷✵ q✉❡ ♦ ❡s♣❡❝tr♦ ❞❡ σ(A) = C\ρ(A) é
❝♦♥st✐t✉í❞♦ ❛♣❡♥❛s ❞❡ ❛✉t♦✈❛❧♦r❡s✳ ❙✉♣♦♥❤❛✱ ♣♦r ❝♦♥tr❛❞✐çã♦✱ q✉❡ ❡①✐st❛ β ∈ R

t❛❧ q✉❡ iβ ∈ σ(A)✳ ❉❛í ❡①✐st❡ U ∈ D(A) s❛t✐s❢❛③❡♥❞♦ U 6= 0 ❡ AU = iβU ✳
❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

iβϕ− Φ = 0 ❡♠ H1
L(0, L), ✭✺✳✹✵✮

iβρ1 Φ− k (ϕx + ψ + lω)x − k0l(ωx − lϕ) = 0 ❡♠ L2(0, L), ✭✺✳✹✶✮

iβψ −Ψ = 0 ❡♠ H1
L(0, L), ✭✺✳✹✷✮

iβρ2 Ψ− b ψxx + k (ϕx + ψ + lω) = 0 ❡♠ L2(0, L), ✭✺✳✹✸✮

iβw −W = 0 ❡♠ H1
L(0, L), ✭✺✳✹✹✮

iβρ1W − k0 (ωx − lϕ)x + kl (ϕx + ψ + lω) = 0 ❡♠ L2(0, L). ✭✺✳✹✺✮

❊♥tã♦✱ t♦♠❛♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ H s❡❣✉❡ q✉❡

〈iβU −AU,U〉H = 0 ⇔ iβ‖U‖2H − 〈AU,U〉H = 0.

❆ss✐♠✱

Re 〈AU,U〉H = 0 ⇔ γ1|Φ(0)|2 + γ2|Ψ(0)|2 + γ3|W (0)|2 = 0

▲♦❣♦
Φ(0) = 0, Ψ(0) = 0, W (0) = 0. ✭✺✳✹✻✮

❉❛s ❡q✉❛çõ❡s ✭✺✳✹✵✮✱ ✭✺✳✹✷✮ ❡ ✭✺✳✹✹✮ ♦❜t❡♠♦s

ϕ(0) = 0, ψ(0) = 0, ω(0) = 0. ✭✺✳✹✼✮

❆❧é♠ ❞✐ss♦✱

k(ϕx + ψ + lω)(0) = γ1Φ(0) ⇒ ϕx(0) = 0
bψx(0) = γ2Ψ(0) ⇒ ψx(0) = 0
k0(ωx − lϕ)(0) = γ3W (0) ⇒ ωx(0) = 0.

✭✺✳✹✽✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ✉s❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✺✳✹✶✮ ✱✭✺✳✹✸✮ ❡ ✭✺✳✹✺✮ t❡♠♦s

−β2ρ1 ϕ− k (ϕx + ψ + lω)x − k0l(ωx − lϕ) = 0,

−β2ρ2 ψ − b ψxx + k (ϕx + ψ + lω) = 0,

−β2ρ1w − k0 (wx − lϕ)x + kl (ϕx + ψ + lω) = 0.

✭✺✳✹✾✮



✽✷ ✺✳✸✳ ❊❙❚❆❇■▲■❉❆❉❊ ❊❳P❖◆❊◆❈■❆▲

❈♦♥s✐❞❡r❡ X = (ϕ, ψ, ω, ϕx, ψx, ωx)✳ ❊♥tã♦ ❞❡ ✭✺✳✹✼✮✱ ✭✺✳✹✽✮ ❡ ✭✺✳✹✾✮ ♦❜t❡♠♦s
♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧

d

dx
X = BX,

X(0) = 0,

✭✺✳✺✵✮

♦♥❞❡

B =




0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
k0l2

k
−1 0 −ρ1β2

k
0 − (k0+k)l

k

0 −ρ2β2+k
b

kl
b

k
b

0 0

0 kl
k0

−ρ1β2+kl2

k0

(k0+k)l
k0

0 0




.

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ P✐❝❛r❞ ♣❛r❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❞❡ ❊❉❖✱ ♦
s✐st❡♠❛ ✭✺✳✺✵✮ t❡♠ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ X = 0✳ P♦rt❛♥t♦✱ ❝♦♥❝❧✉í♠♦s q✉❡
ϕ = 0, ψ = 0, w = 0✳ ❙❡❣✉❡ ❞❡ ✭✺✳✹✵✮✱ ✭✺✳✹✷✮ ❡ ✭✺✳✹✹✮ q✉❡ Φ = 0, Ψ = 0, W = 0✱
✐st♦ é✱ U = 0✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳

▼♦str❛r❡♠♦s ❛❣♦r❛ q✉❡ lim
|β|→∞

‖(iβI −A)−1‖H <∞✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❡q✉❛çã♦

r❡s♦❧✈❡♥t❡ (iβ I −A)U = F ✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

iβϕ− Φ = f 1 ❡♠ H1
L(0, L), ✭✺✳✺✶✮

iβρ1 Φ− k (ϕx + ψ + lω)x − k0l(ωx − lϕ) = ρ1f
2 ❡♠ L2(0, L), ✭✺✳✺✷✮

iβψ −Ψ = f 3 ❡♠ H1
L(0, L), ✭✺✳✺✸✮

iβρ2 Ψ− b ψxx + k (ϕx + ψ + lω) = ρ2f
4 ❡♠ L2(0, L), ✭✺✳✺✹✮

iβw −W = f 5 ❡♠ H1
L(0, L), ✭✺✳✺✺✮

iβρ1W − k0 (ωx − lϕ)x + kl (ϕx + ψ + lω) = ρ1f
6 ❡♠ L2(0, L), ✭✺✳✺✻✮

♦♥❞❡ F = (f 1, f 2, f 3, f 4, f 5, f 6)⊤ ∈ H✳ ❚♦♠❛♥❞♦ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ H ❞❡ AU
❝♦♠ U ❡ ✉s❛♥❞♦ ✭✺✳✷✵✮ ❡♥❝♦♥tr❛♠♦s

|Re〈AU,U〉H| ≤ ‖U‖H‖F‖H.

❉❛í
|Φ(0)|2 + |Ψ(0)|2 + |W (0)|2 ≤ C‖U‖H‖F‖H, ✭✺✳✺✼✮

❡ ✉s❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✺✳✺✶✮ ✱ ✭✺✳✺✸✮ ❡ ✭✺✳✺✺✮ t❡♠♦s✱ r❡s✉❧t❛ q✉❡

|ϕ(0)|2 + |ψ(0)|2 + |ω(0)|2 ≤ C

|β|2‖U‖H‖F‖H +
C

|β|2‖F‖
2
H. ✭✺✳✺✽✮

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦

|ϕx(0) + ψ(0) + lω(0)|2 + |ψx(0)|2 + |ωx(0)− lϕ(0)|2 ≤ C‖U‖H‖F‖H ✭✺✳✺✾✮



✽✸ ✺✳✸✳ ❊❙❚❆❇■▲■❉❆❉❊ ❊❳P❖◆❊◆❈■❆▲

✉s❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s tr✐❛♥❣✉❧❛r ❡ ❞❡ ❨♦✉♥❣ ♦❜t❡♠♦s

|ϕx(0)|2 + |ψx(0)|2 + |wx(0)|2 ≤ C‖U‖H‖F‖H +
C

|β|2‖U‖H‖F‖H +
C

|β|2‖F‖
2
H.

✭✺✳✻✵✮
❈♦♥s✐❞❡r❡♠♦s✱ ❛❣♦r❛✱ ❛s s❡❣✉✐♥t❡s ♥♦t❛çõ❡s

Iϕ(s) = ρ1|Φ(s)|2 + k|ϕx(s)|2,
Iψ(s) = ρ2|Ψ(s)|2 + b|ψx(s)|2,
Iω(s) = ρ1|W (s)|2 + κ0|ωx(s)|2,

Eψ(L) =
∫ L

0

Iψ(s) ds, Eϕ(L) =
∫ L

0

Iϕ(s) ds, Eω(L) =
∫ L

0

Iω(s) ds.

▲❡♠❛ ✺✳✼✳ ❙❡❥❛ q ∈ H1(0, ℓ)✳ ❚❡♠♦s q✉❡

Eϕ(L) =qIϕ
∣∣L
0
− k0l

2q|ϕ|2
∣∣L
0
+ 2k❘❡

∫ L

0

qψxϕxdx+ k0l
2

∫ L

0

q′(x)|ϕ|2dx ✭✺✳✻✶✮

+ 2(k + k0)l❘❡
∫ L

0

q ωx ϕxdx+R1

Eψ(L) = qIψ
∣∣L
0
− kq|ψ|2

∣∣L
0
− 2k❘❡

∫ L

0

qϕxψx dx ✭✺✳✻✷✮

+k

∫ L

0

q′(s)|ψ|2dx− 2kl❘❡
∫ L

0

qωψx dx+R2.

❡

Eω(L) = qIω
∣∣L
0
− kl2q|ω|2

∣∣L
0
− 2kl❘❡

∫ L

0

qψωx dx− 2(k + k0)l❘❡
∫ L

0

qϕxωx dx

+k l2
∫ L

0

q′(s)|ω|2dx+R3, ✭✺✳✻✸✮

♦♥❞❡ Ri s❛t✐s❢❛③
|Ri| ≤ C‖U‖‖F‖, i = 1, 2, 3,

♣❛r❛ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C✳

❉❡♠♦♥str❛çã♦✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✺✳✺✷✮ ♣♦r qϕx ❡ ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ L
❡♥❝♦♥tr❛♠♦s

iβρ1

∫ L

0

Φqϕxdx− k

∫ L

0

(ϕx + ψ + lω)x q ϕxdx

− k0l

∫ L

0

(ωx − lϕ)qϕxdx = ρ1

∫ L

0

f 2 q ϕxdx
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♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱

−ρ1
∫ L

0

Φq(iβϕx)dx− k

∫ L

0

q ϕxx ϕxdx− k

∫ L

0

q ψx ϕxdx+ k0l
2

∫ L

0

qϕϕx

− (k + k0)l

∫ L

0

q ωx ϕxdx = ρ1

∫ L

0

f 2 q ϕxdx.

❚♦♠❛♥❞♦ ❛ ♣❛rt❡ r❡❛❧ ❡ ✉s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✺✳✺✶✮ ❡♥❝♦♥tr❛♠♦s

− ρ1

2

∫ L

0

q
d

dx
|Φ|2dx− k

2

∫ L

0

q
d

dx
|ϕx|2dx = ρ1 Re

∫ L

0

f 2 q ϕxdx

+ ρ1 Re

∫ L

0

Φqf 1
xdx+ k Re

∫ L

0

qψxϕxdx+ (k + k0)lRe

∫ L

0

q ωx ϕxdx

− k0l
2

2

∫ L

0

q
d

dx
|ϕ|2.

❈♦♠♦ d
dx
|u|2 = 2Re (uxu)✱ ✉s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ♦❜t❡♠♦s

∫ L

0

q′(s)[ρ1|Φ(s)|2 + k|ϕx(s)|2] ds = qIϕ
∣∣L
0
− k0l

2q|ϕ|2
∣∣L
0
+ 2k Re

∫ L

0

qψxϕxdx

+k0l
2

∫ L

0

q′(s)|ϕ|2 + 2(k + k0)lRe

∫ L1

0

q ωx ϕxdx

+2ρ1 Re

∫ L

0

Φqf 1
xdx+ 2ρ1 Re

∫ L

0

f 2 q ϕxdx

︸ ︷︷ ︸
=R1

.

❆ss✐♠✱ t❡♠♦s ❛ ✐❣✉❛❧❞❛❞❡ ✭✺✳✻✶✮ ❝♦♠

|R1| ≤
∫ L

0

|q||f 2||ϕx|dx+ ρ1

∫ L

0

|q||Φ||f 1
x |dx ≤ C‖U‖H‖F‖H.

❙✐♠✐❧❛r♠❡♥t❡✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✺✳✺✹✮ ♣♦r qψx✱ ✐♥t❡❣r❛♥❞♦ ❡♠ (0, L) ❡
t♦♠❛♥❞♦ ❛ ♣❛rt❡ r❡❛❧ r❡s✉❧t❛ q✉❡

− ρ2

2

∫ L

0

q
d

dx
|Ψ|2dx− b

2

∫ L

0

q
d

dx
|ψx|2dx = ρ2 Re

∫ L

0

f 4 q ψxdx

+ ρ2 Re

∫ L

0

Ψqf 3
xdx− k Re

∫ L

0

qψxϕxdx− klRe

∫ L

0

q ω ψxdx

− k

2

∫ L

0

q
d

dx
|ψ|2.
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❯s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ❡ ❛ ❡q✉❛çã♦ ✭✺✳✺✸✮ ✈❡♠ q✉❡

∫ L

0

q′(s)[ρ2|Ψ(s)|2 + b|ψx(s)|2] ds = qIψ
∣∣L
0
− kq|ψ|2

∣∣L
0
− 2kRe

∫ L

0

qϕxψx dx

+k

∫ L

0

q′(s)|ψ|2dx− 2klRe

∫ L

0

qωψx dx

+2ρ2 Re

∫ L

0

Ψqf 3
xdx+ 2ρ2 Re

∫ L

0

f 4 q ψxdx.

︸ ︷︷ ︸
=R2

❉❡st❛ ❢♦r♠❛✱ s❡❣✉❡ ❛ ✐❣✉❛❧❞❛❞❡ ✭✺✳✻✷✮ ❝♦♠

|R2| ≤ ρ2

∫ L

0

|q||f 4||ψx|dx+ ρ2|
∫ L

0

|q||f 3
x ||Ψ|dx ≤ C‖U‖H‖F‖H.

P♦r ✜♠✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✺✳✺✻✮ ♣♦r qωx✱ ✐♥t❡❣r❛♥❞♦ ❡♠ (0, L) ❡ t♦♠❛♥❞♦
❛ ♣❛rt❡ r❡❛❧ r❡s✉❧t❛ q✉❡

∫ L

0

q′(s)[ρ1|W (s)|2 + k0|ωx(s)|2] ds = qIω
∣∣L
0
+ kl2q|ω|2

∣∣L
0
+ 2klRe

∫ L

0

qψxωx dx

−kl2
∫ L

0

q′(s)|ω|2dx+ 2(k + k0)lRe

∫ L

0

qϕxωx dx

+2ρ1 Re

∫ L

0

qWf 5
xdx+ 2ρ1 Re

∫ L

0

qf 6ωxdx

︸ ︷︷ ︸
=R3

❉❡st❛ ❢♦r♠❛ ❡♥❝♦♥tr❛♠♦s ❛ ❡q✉❛çã♦ ✭✺✳✻✸✮ ❝♦♠

|R3| ≤ 2ρ1

∫ L

0

q|W ||f 5
x |dx+ 2ρ1

∫ L

0

q|f 6||ωx|dx ≤ C‖U‖H‖F‖H.

▲❡♠❛ ✺✳✽✳ ❖ ♦♣❡r❛❞♦r A s❛t✐s❢❛③ lim sup
|β|→∞

‖(iβI −A)−1‖L(H <∞✳

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦s F = (f 1, f 2, f 3, f 4, f 5, f 6) ∈ H ❡ β ∈ R✱ s❡❥❛ U =
(ϕ,Φ, ψ,Ψ, ω,W ) ∈ D(A) t❛❧ q✉❡ (iβI −A)U = F ✱ ♦✉ s❡❥❛ ✱ U ∈ D(A) s❛t✐s❢❛③
♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ✭✺✳✺✶✮ ✲ ✭✺✳✺✻✮✳ ❈♦♥s✐❞❡r❛♠♦s ♥♦ ▲❡♠❛ ✺✳✼✱

q(x) = x− L,
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❡ s♦♠❛♠♦s ❛s ❡q✉❛çõ❡s ✭✺✳✻✶✮✱ ✭✺✳✻✷✮ ❡ ✭✺✳✻✸✮✱ ❞❡ ♠♦❞♦ q✉❡

Eϕ(L) + Eψ(L) + Eω(L) = LIϕ(0) + LIψ(0) + LIω(0) − Lk0l
2|ϕ(0)|2 − Lk|ψ(0)|2

− Lk0|ω(0)|2 + 2kRe

∫ L

0

q(ψxϕx − ϕxψx)dx− 2klRe

∫ L

0

qψωxdx

+ 2(k + k0)lRe

∫ L

0

q(ωxϕx − ϕxωx)dx− 2klRe

∫ L

0

qωψxdx

+ k0l
2

∫ L

0

|ϕ|2dx+ k

∫ L

0

|ψ|2dx+ kl2
∫ L

0

|ω|2dx+R,

♦♥❞❡ |R| = |R1 +R2 +R3| ≤ C‖U‖H‖F‖H✳

❈♦♠♦ Re(uv − vu) = 0 s❡❣✉❡ q✉❡

Eϕ(L) + Eψ(L) + Eω(L) = L
(
Iϕ(0) + Iψ(0) + Iω(0)

)
− 2klRe

∫ L

0

qψωxdx

− L
(
k0l

2|ϕ(0)|2 + k|ψ(0)|2 + k0|ω(0)|2
)
− 2klRe

∫ L

0

qωψxdx

+ k0l
2

∫ L

0

|ϕ|2dx+ k

∫ L

0

|ψ|2dx+ kl2
∫ L

0

|ω|2dx+R.

❆❣♦r❛ ♥♦t❡ q✉❡

−2klRe

∫ L

0

qψωxdx− 2klRe

∫ L

0

qωψxdx = −2klRe

(
qψω|L0

−
∫ L

0

[ψω + qψxω]dx

)
− 2klRe

∫ L

0

qωψxdx

=− 2klLψ(0)ω(0) + 2klRe

∫ L

0

ψωdx.

❆ss✐♠

Eϕ(L) + Eψ(L) + Eω(L) = L
(
Iϕ(0) + Iψ(0) + Iω(0)

)
− 2klψ(0)ω(0)

− L
(
k0l

2|ϕ(0)|2 + k|ψ(0)|2 + k0|ω(0)|2
)
+ 2klRe

∫ L

0

ψωdx

+ k0l
2

∫ L

0

|ϕ|2dx+ k

∫ L

0

|ψ|2dx+ kl2
∫ L

0

|ω|2dx+R.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ r❡s✉❧t❛ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

Eϕ(L) + Eψ(L) + Eω(L) ≤ L
(
Iϕ(0) + Iψ(0) + Iω(0)

)
+ k0l

2

∫ L

0

|ϕ|2dx

+ L
(
k0l

2|ϕ(0)|2 + k|ψ(0)|2 + k0|ω(0)|2
)
+ k(1 + l)

∫ L

0

|ψ|2dx

+ kl2
∫ L

0

|ω|2dx+ C‖U‖H‖F‖H.
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❯s❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ✭✺✳✺✽✮ ❡ ✭✺✳✻✵✮ ❡♥❝♦♥tr❛♠♦s

Eϕ(L) + Eψ(L) + Eω(L) ≤ k0l
2

∫ L

0

|ϕ|2dx+ k(1 + l)

∫ L

0

|ϕ|2dx+ kl2
∫ L

0

|ψ|2dx

+
C

|β|2‖U‖H‖F‖H +
C

|β|2‖F‖
2
H + C‖U‖H‖F‖H.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♦❜s❡r✈❡ q✉❡

ϕ =
Φ+ f1

iβ
⇒ k0l

2

∫ L

0

|ϕ|2dx ≤ C

|β|2 (‖U‖
2
H + ‖F‖2H),

ψ =
Ψ+ f2

iβ
⇒ k(1 + l)

∫ L

0

|ψ|2dx ≤ C

|β|2 (‖U‖
2
H + ‖F‖2H),

ω =
W + f3

iβ
⇒ kl2

∫ L

0

|ω|2dx ≤ C

|β|2 (‖U‖
2
H + ‖F‖2H).

❉❛í ❝♦♥❝❧✉í♠♦s q✉❡

‖U‖2H ≤ C(Eϕ(L) + Eψ(L) + Eω(L))

≤ C

|β|2‖U‖
2
H +

C

|β|2‖F‖
2
H +

C

|β|2‖U‖H‖F‖H + C‖U‖H‖F‖H.

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ❝❤❡❣❛♠♦s ❛
(
1− C0

|β|2
)
‖U‖2H ≤ C1‖F‖2H, ♣❛r❛ β >

√
C0,

♣❛r❛ ❝♦♥st❛♥t❡s C0 ❡ C1 ♣♦s✐t✐✈❛s✳

P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦ β → (iβI −A)−1 s❡❣✉❡ q✉❡

lim sup
|β|→∞

‖(iβI −A)−1‖L(H <∞.

P❡❧♦ ❚❡♦r❡♠❛ ✭✶✳✻✺✮✱ ♦ s❡♠✐❣r✉♣♦ {SA(t)}t≥0 ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ ✭✺✳✶✮✲✭✺✳✽✮
é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧✱ ♦✉ s❡❥❛✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡ M > 1 ❡ δ > 0 t❛✐s q✉❡ ❛
s♦❧✉çã♦ U(t) = S(t)U0 ❞♦ s✐st❡♠❛ ❞❡ ❇r❡ss❡ s❛t✐s❢❛③

‖U(t)‖H ≤ ‖S(t)‖L(H)‖U0‖H ≤Me−δt.



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

◆❡st❡ tr❛❜❛❧❤♦✱ ✉s❛♠♦s ❛ t❡♦r✐❛ ❞❡ s❡♠✐❣r✉♣♦s ❧✐♥❡❛r❡s ♣❛r❛ ♣r♦✈❛r ❛
❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠ s✐st❡♠❛ ❇r❡ss❡ ❝♦♠ ❞✐ss✐♣❛çã♦ ♣♦r
❛tr✐t♦✱ ♦ q✉❛❧ r❡♣r❡s❡♥t❛ ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ✈✐❣❛s ❝✐r❝✉❧❛r❡s q✉❡ ♥❛ ♣♦s✐çã♦
❞❡ ❡q✉✐❧í❜r✐♦ ❛♣r❡s❡♥t❛ ❝♦♠♣r✐♠❡♥t♦ L✳ ❯s❛♠♦s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❣❡r❛❞♦r
✐♥✜♥✐t❡s✐♠❛❧ ❞♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ ♣❛r❛ ♠♦str❛r q✉❡ ❡❧❡ é
❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧ s❡✱ ❡ só s❡✱

ρ1

k
=

ρ2

b
❡ k = k0✳ ◗✉❛♥❞♦ ♥ã♦ ❤á

❡st❛❜✐❧✐❞❛❞❡ ❡①♣♦♥❡♥❝✐❛❧ ♠♦str❛♠♦s ❛ ❡st❛❜✐❧✐❞❛❞❡ ♣♦❧✐♥♦♠✐❛❧ ♣❛r❛ ❝♦♥❞✐çõ❡s
❞❡ ❢r♦♥t❡✐r❛ ❞♦ t✐♣♦ ❉✐r✐❝❤❧❡t✲◆❡✉♠❛♥♥✲◆❡✉♠❛♥♥✳ ❆❧é♠ ❞✐ss♦✱ ♠♦str❛♠♦s
❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠ s✐st❡♠❛ ❇r❡ss❡ ❝♦♠♣❧❡t❛♠❡♥t❡
❞✐ss✐♣❛t✐✈♦✱ ❝♦♠ ❞✐ss✐♣❛çã♦ ❛t✉❛♥❞♦ s♦❜r❡ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛✳ ◆♦✈❛♠❡♥t❡✱
✉s❛♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❣❡r❛❞♦r ✐♥✜♥✐t❡s✐♠❛❧ ❞♦ s❡♠✐❣r✉♣♦ ❛ss♦❝✐❛❞♦ ❛♦
s✐st❡♠❛ ♠♦str❛r♠♦s q✉❡ ❡❧❡ é ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧✳

✽✽
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